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Disorder-induced topological phases in a two-dimensional Chern
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Strong directional disorder in local magnetic moments coupled to a Chern insulator gives rise to topological
phases that cannot be realized in any clean system and are therefore genuinely disorder driven. We demonstrate
this in a spinful Qi-Wu-Zhang model of a two-dimensional Chern insulator coupled to disordered classical spins
of unit length. The topological phase diagram is computed numerically using two complementary approaches:
twisted boundary conditions and the topological Hamiltonian technique. Our results show that strong disorder
can act as a fundamental topological mechanism rather than merely a perturbation. For strong exchange coupling,
tuning the mass parameter reveals a transition between phases with different Chern numbers C. Remarkably, this
transition is driven by zeros, rather than poles, of the disorder-averaged Green’s function crossing the chemical
potential, and has no analog in any clean system. We further identify a strong-coupling phase with C = 0 that
is nonetheless topologically nontrivial, characterized by a distinct Chern number C (S) �= 0 over the manifold of
classical spin configurations. This phase is also disorder driven, as C (S) = 0 in the clean limit.

DOI: 10.1103/fjnq-k1wq

I. INTRODUCTION

Topologically nontrivial insulating phases at zero temper-
ature are characterized by symmetry-protected topological
invariants [1–7]. These invariants remain robust against weak
symmetry-preserving perturbations as long as the bulk band
gap does not close. Chern insulators [8] in two dimen-
sions, which exhibit the quantum anomalous Hall effect,
provide a paradigmatic example. They feature chiral conduct-
ing states along their one-dimensional boundaries and display
a quantized Hall conductivity σ = (e2/h)C determined by the
integer-valued Chern number C.

Disorder (and similarly electron correlations [9]) intro-
duces important challenges to the theory of topological
insulators. In disordered systems, the notion of a band gap
must be replaced by that of a mobility gap. First, electronic
states may exist within this gap, but if they are Anderson
localized [10], they cannot support bulk electron transport.
Localized and extended states are separated by mobility
edges. In two-dimensional systems, in particular, all eigen-
states are localized for arbitrary finite disorder strength except
at isolated critical energies where the localization length di-
verges [11,12].
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Second, in clean systems the Chern number is typically
understood as an invariant characterizing a bundle of Bloch
states over the Brillouin zone (BZ). This relies on trans-
lational symmetry and therefore breaks down in disordered
systems. This difficulty was addressed in early work [13–15],
which demonstrated that the Hall conductance of a disordered
system can be computed using twisted boundary conditions
(TBCs) and remains quantized provided the mobility gap con-
taining the chemical potential is finite and the many-electron
ground state is nondegenerate. In the clean limit, this approach
reduces to the Thouless-Kohmoto-Nightingale-den Nijs
invariant [1].

The TBC approach is closely related to real-space for-
mulations of the Chern number [16], including those based
on noncommutative geometry [17–20] and on the Bott index
[21–23]. In exceptional cases, invariance properties of the
Chern number allow exact computation of phase diagrams
directly in the thermodynamic limit [19]. In most practical
computations, however, TBCs are used for systems of finite
size. In these cases, the convergence of real-space Chern num-
bers in the thermodynamic limit must be carefully checked
numerically. The discussion in Ref. [18] shows that this is not
always straightforward.

A third issue—and the focus of the present work—is
whether disorder can also play a constructive role; i.e.,
whether sufficiently strong disorder can induce a topolog-
ically nontrivial state. This question emerged in numerical
studies [24] of the Bernevig-Hughes-Zhang model [25] with
uncorrelated on-site disorder, relevant for HgTe/CdTe quan-
tum wells. In the clean limit, this system realizes a Z2

quantum spin Hall insulator. Starting from the trivial phase
and increasing the disorder strength W , numerical evi-
dence indicated a transition to a topologically nontrivial
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state, inferred from the appearance of helical edge states.
Because this phase occurs at Fermi energies where the
clean system is metallic and has a noninverted band struc-
ture, it was termed a disorder-induced topological Anderson
insulator (TAI). The result was confirmed by several subse-
quent works [26–28] and motivated searches for analogous
phenomena in other systems [29–32]. However, it was later
shown [33] that the “TAI” region in the disordered BHZ model
is continuously connected to the quantum spin Hall phase
once the mass parameter is included in the parameter space; it
is therefore not a distinct topological phase.

Here, we revisit the possibility of a constructive role of
disorder, but for a different system: a spinful variant of
a “half-BHZ” model with explicitly broken time-reversal
symmetry—the spinful Qi-Wu-Zhang (QWZ) model [34],
which hosts Chern-insulator phases similar to those of the
Haldane model [8]. We furthermore consider a qualitatively
different form of randomness, namely, magnetic (spin) dis-
order. Specifically, the local electron spin siα at each site i
and orbital α is coupled to a classical unit-length spin Siα of
random orientation, with the exchange coupling J acting as
the disorder strength.

We map out the topological phase diagram by computing
the Chern number C as a function of J and the mass parameter
m using the TBC approach. The resulting phase structure is
supported and refined by an independent method based on
the Ishikawa-Matsuyama invariant [35,36], expressed in terms
of the disorder-averaged single-particle Green’s function 〈G〉,
in analogy with the treatment of interacting topological
systems [9,37]. After disorder averaging, 〈G〉 regains transla-
tional invariance and can be expressed in momentum space.
To compute the Chern number, we employ the topological
Hamiltonian (TH) [37]. We first adopt a local approximation
for the disorder self-energy and subsequently include its mo-
mentum dependence. In addition, we consider the recently
introduced S-space Chern number [38], which topologically
characterizes the eigenstate bundle over the manifold of clas-
sical spin configurations.

Our results reveal a highly intricate phase diagram in the
m-J parameter space, with multiple topologically trivial and
nontrivial regions. Remarkably, we identify nontrivial phases
in the strong-disorder regime that cannot be realized in the
clean J = 0 limit or in any other clean system. These phases
are characterized by a Chern number C �= 0 generated either
by zeros of the disorder-averaged Green’s function crossing
the chemical potential or by a nonzero S-space Chern number
C(S) �= 0.

The paper is organized as follows: The next section intro-
duces the model and the type of disorder studied here. After a
brief review of the twisted-boundary-condition approach and
computational details in Secs. III and IV, respectively, we
discuss the resulting topological phase diagram in Sec. V. Sec-
tion VI introduces the Ishikawa-Matsuyama invariant and the
topological Hamiltonian in the context of disordered systems.
Results obtained within the local self-energy approximation
are presented in Sec. VII, while nonlocal effects are discussed
in Sec. VIII. Section IX introduces and applies the S-space
Chern number. A summary and concluding discussion are
given in Sec. X.

II. CHERN INSULATOR WITH MAGNETIC DISORDER

We consider the spinful QWZ model [34] on the two-
dimensional square lattice as a prototypical Chern insula-
tor with an additional disorder term. The Hamiltonian is
given by H = H0 + V , where the translationally invariant
(“clean”) part,

H0 =
∑

kαα′σ

εαα′ (k)c†
kασ

ckα′σ , (1)

represents the QWZ model on a finite but large lattice with
L = Lx × Ly sites (Lx = Ly) with periodic or twisted boundary
conditions. Here, α = A, B is the orbital index, and σ =↑,↓
is the spin-projection index by which the model is trivially
made spinful: H0 = H0↑ + H0↓. The k sum runs over all al-
lowed wave vectors of the first Brillouin zone, and εαα′ (k) are
the elements of the k-dependent 2 × 2 Bloch matrix,

ε(k) = [m + t cos(kx ) + t cos(ky)]τz

+ t sin(kx )τx + t sin(ky)τy. (2)

Here, τx, τy, τz denote the Pauli matrices. We set the hopping
parameter to t = 1 to fix the energy scale. The chemical po-
tential is set to be μ = 0.

The band structure of the clean model is obtained as
ε±(k) = ±[t2 ∑

r=x,y sin2 kr + (m + t
∑

r=x,y cos kr )2]1/2. At
critical values mc = −2t, 0, 2t of the mass parameter m, the
band gap � = min{ε+(k) − ε−(k) | k ∈ BZ} closes at criti-
cal high-symmetry points in the BZ, at kc = (0, 0), at kc =
(0, 1), (1, 0), or at kc = (1, 1), respectively. For m = mc, the
low-energy effective theory is given by a linear Dirac model
with k-independent mass term. In the gapped phases, for
−2t < m < 0 and for 0 < m < 2t , the Chern number is C =
−2 and C = +2, respectively, while C = 0 for |m| > 2t . The
spinless QWZ model is invariant under a unitarily represented
particle-hole transformation that squares to the identity. It is
not invariant under time reversal. Thus, it belongs to sym-
metry class D in the Altland-Zirnbauer classification scheme
[39,40] with C ∈ Z. The reason that C ∈ 2Z rather than C ∈
Z is simply that the spinful QWZ model is obtained by trivial
additive doubling of the original spinless model.

The disorder term V is most conveniently specified in the
real-space representation of the model where a site-orbital-
spin one-particle basis {|i, α, σ 〉} is used. The clean part
in this representation, H0 = ∑

ii′
∑

αα′
∑

σ tiα,i′α′c†
iασ ci′α′σ , is

obtained via Fourier transformation c†
kασ

= 1√
L

∑
i eikRi c†

Riασ ,
where Ri denote the lattice vectors. The disorder term has the
form of a local exchange coupling,

V = J
L∑

i=1

∑
α=A,B

siα · Siα, (3)

where siα = 1
2

∑
σ,σ ′ c†

iασ τσσ ′ciασ ′ is the electron spin at site
i and orbital α, with τ = (τx, τy, τz ), and Siα is a “classical”
spin, i.e., a local magnetic moment of fixed length |Siα| = 1.
The Siα for different i, α are uncorrelated random variables,
each uniformly distributed over a 2-sphere S2; i.e., Eq. (3)
describes local, uncorrelated, and directional disorder of clas-
sical spins. The disorder strength is given by the strength of
the exchange coupling J . The clean limit is given by J = 0.
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The set of all configurations S ≡ (S1A, S1B, ..., SLA, SLB) of
the classical spins (with |Siα| = 1) forms the 4L-dimensional
S-space manifold S = S2 × · · · × S2. The Hamiltonian H =
H (S), and thus its eigenenergies and eigenstates depend on
the spin configuration S.

III. TWISTED BOUNDARY CONDITIONS

For a generic random spin configuration S ∈ S, the system
lacks translational symmetries and, hence, the eigenstates of
H = H (S) can no longer be characterized by wave vectors
k ∈ BZ. In a first step, we replace periodic boundary condi-
tions by twisted boundary conditions [1,16,17]. The hopping
amplitudes tx linking edge sites R = (1, Ry) and R = (Lx, Ry)
along the x direction are replaced as tx → txeiθx , and anal-
ogous for the y direction, ty → tyeiθy . With this, the model
is defined on a 2-torus T 2 ∼= T = {(θx, θy) | θx, θy ∈ [0, 2π ]}
spanned by the twist angles, and we have H = H (θx, θy) =
H (θx + 2π, θy) = H (θx, θy + 2π ). Diagonalization yields an
orthonormal basis of single-particle eigenstates |ψn(θ)〉 for
each pair of twist angles θ = (θx, θy).

We consider the spinful model with spin projection σ =↑
,↓ and with two orbitals α = A, B at half filling, such that
the energy spectrum consists of 2L occupied and of 2L un-
occupied eigenstates. We assume that, for each point in T ,
there is no gap closure due to a delocalized state, such that the
projector onto the occupied states, defined as Pθ = P(θx, θy) =∑occ.

n |ψn(θ)〉〈ψn(θ)|, is a smooth function on T . With this,
we get a well-defined Chern number C(S) ∈ 2Z for a given
spin configuration S as

C(S) = −1

2π i

∫ 2π

0

∫ 2π

0
dθxdθy tr(Pθ [∂θx Pθ, ∂θy Pθ]). (4)

In the clean limit, the Chern number, given by Eq. (4) and
obtained via TBC, is the same as the Chern number that is
obtained with the BZ as the base manifold [16].

Operationally, at finite disorder strength, we draw indepen-
dent configurations S from the local uncorrelated distribution
on S. For each S, the Hamiltonian H (S) = H0 + V (S) is diag-
onalized to construct the eigenstates |ψn(θx, θy)〉 at a random
pair θ = (θx, θy) of twist angles. The occupied eigenstates and
their derivatives with respect to θx and θy are used to construct
the projector Pθ . Furthermore, we profit from the fact that
there is no significant dependence on the twist angles [41],
such that the integration in Eq. (4) is trivially achieved by
multiplying the integrand by the 2-torus surface area 4π2.
Calculations of C(S) are repeated for different S to obtain the
average Chern number C and its standard deviation.

IV. PHASE DIAGRAM AND COMPUTATIONAL DETAILS

We have performed numerical calculations for systems of
finite size using twisted boundary conditions. The resulting
disorder-averaged Chern number C, as obtained from Eq. (4)
for a sample of Nconf = 50 random spin configurations S ∈ S,
turns out as quantized with values C = −2, 0, 2 for param-
eters deep in a gapped phase, as expected. This is seen in
Fig. 1 in the clean limit (J = 0) and in the dark blue (C = −2)
and dark red (C = 2) colored phases up to moderate disorder
strength J ≈ 2. Contrary, at phase boundaries and also in para-

FIG. 1. Disorder-averaged Chern number (color code) as ob-
tained from the TBC approach as a function of the mass parameter m
and disorder strength J . Results obtained for a system with Lx × Ly =
10 × 10 sites and Nconf. = 50 disorder configurations. Chemical po-
tential μ = 0. See text for discussion of phases I, II, III, and IV and
the full yellow line.

metric vicinity to the boundaries, noninteger values for C are
obtained numerically. For example, at strong J � 4 and m > 0
within the (red colored) phase II, we find that C deviates from
the integer value C = 2.

Noninteger values of C are due to noninteger values
of C(S), i.e., of the Chern numbers for individual spin
configurations [see Eq. (4)] and must be interpreted as finite-
size artifacts. Quantization of C(S) requires that states at
μ = 0 be localized, making them insensitive to changes of
the twist angles and preventing them from contributing to the
integral in Eq. (4). Conversely, the presence of a delocalized
state at μ = 0 is necessary for a topological phase transition
[18]. For a system of finite size, states with a localization
length ξloc ∼ Lx, Ly, however, do contribute to C(S) and thus
destroy the quantization. This is a well-known finite-size arti-
fact, which has been discussed in Refs. [16,33], for example.

The calculations underlying Fig. 2 have been performed
for L = Lx × Ly = 102 = 100, i.e., for 400 spin orbitals. The
results for the disorder-averaged Chern number C shown in
the figure are well converged with respect to the sample size
(Nconf. = 50). Note that less configurations are required with
increasing L, since C is self-averaging. Averaging over dif-
ferent spin configurations smoothens the results but does not
reinforce quantization. It is important to stress that the size
dependence turns out as crucial, and with L = O(102) one is
still far from converged and integer values for C.

Quantized values C = −2, 0, 2 are expected in the thermo-
dynamical limit L → ∞. The deviations from these integers
seen in Fig. 2 are consistent with the computed standard
deviation σ of the Chern number, which is shown in Fig. 2
(upper panel). Deep in the C = ±2 and C = 0 phases, σ

vanishes, while for strong J and in particular close to the phase
boundaries the deviation is large, σ ≈ 1.

For a cross-check, additional calculations were performed
for the same system but with open boundaries. In this
case, due to the bulk-boundary correspondence, we expect a
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FIG. 2. Upper panel: Standard deviation of the Chern number
C corresponding to the average shown in Fig. 1. Lower panel:
Disorder-averaged (Nconf. = 300) weight 〈wedge〉 of the zero-energy
(spin-degenerate) chiral eigenstate at the edge sites of same system
as in Fig. 1 but with open boundaries, as a function of m and J . The
total weight summed over all sites is normalized to unity.

dispersive chiral edge mode to cross the gap. Figure 2 (lower
panel) shows the results obtained for the total weight, wedge, of
the (spin-degenerate) eigenstate with closest energy to μ = 0
on the edge sites. For weak J and for m deep in the C = ±2
phases, the edge mode is strongly localized on the edge sites,
with almost negligible weight spreading into the bulk, i.e.,
wedge � 1. For strong J and in the topologically nontrivial
phases, the total weight on the edge sites decreases though
it remains significantly higher than wedge in the C = 0 phase.
A vanishing wedge is obviously possible only in the limit of
infinite lattices (L → ∞).

One important difference of magnetic disorder as com-
pared to potential disorder with, e.g., the on-site energies
εi ∈ [−W/2,W/2] distributed homogeneously within an en-
ergy range W is that energy eigenstates are generically less
localized. This makes a full finite-size scaling computation-
ally highly demanding. The stronger delocalization in the
case of magnetic disorder is seen as follows: Addressing
the strong-disorder (strong J) regime by expanding around the
t = 0 atomic limit, there is an overlap ∝ cos(ϑ/2) between

two atomic states at neighboring sites i, j, which is relevant
at second order in t , where ϑ is the angle enclosed by the re-
spective classical spins. This is generically finite, such that the
overlap is of order one. On the other hand, the generic overlap
between states localized at neighboring sites is exponentially
small in the case of potential disorder for W → ∞.

V. DISCUSSION OF THE TOPOLOGICAL
PHASE DIAGRAM

The unitary gauge transformation ciασ �→ (−1)iciασ ,
where (−1)i is the staggered sign factor on the bipartite
lattice, maps H = H (m, S), given a mass parameter m and
a spin configuration S, to −H (−m, S). The Chern number
of the transformed system, and therefore of the system with
the Hamiltonian +H (−m, S), changes sign, i.e., C(−m, S) =
−C(m, S). Hence, the topological phase diagram is antisym-
metric with respect to the m = 0 axis. When discussing the
phase diagram in Fig. 1, we exploit this antisymmetry and
focus primarily on the range m � 0.

The topologically trivial and nontrivial phases with Chern
numbers C = 0 and C = +2 in the clean limit (phases I and II
in Fig. 1) continuously extend to finite J . For weak disorder,
J � 2, the boundary between I and II is weakly J dependent,
and phase II only slightly extends to mass parameters m > 2.

For fixed mass parameter in the range 0 < m < 2 and in-
creasing J , phase II with C = 2 (in red) continuously evolves
from the J = 0 phase until, at a critical disorder strength
Jc(m) (for small m within the range 2.5 � Jc � 3.5), there is
a transition to a different nontrivial phase III with C = −2 (at
m > 0, blue color). This transition from phase II to III will be
discussed more precisely below. At still stronger J , we find a
second transition at Jc2(m) > Jc(m), and the system ends up
in a trivial phase with C = 0 (phase IV).

For m > 2, the system is in the trivial C = 0 phase I at
J = 0. Keeping m > 2 fixed and increasing J , we find three
phase transitions with m-dependent boundaries: from phase I
to phase II at another critical coupling Jc1(m), from phase II
to phase III at Jc(m), and finally from phase III to phase IV at
Jc2(m). These critical couplings Jc1 < Jc < Jc2 are strongly m
dependent and become linear-in-m functions for large m. The
situation for m → 0, on the other hand, is less clear due to the
lack of data for large system sizes (see also Sec. VI).

For strong disorder, 3 � J < ∞, there is a trivial phase
around m = 0, and its m extension grows as J increases. This
C = 0 phase IV separates the two C = −2 (m < 0) and C = 2
(m > 0) phases, which are connected to the corresponding
weak-J phases. However, it furthermore separates two addi-
tional phases with C = +2 and C = −2 for m < 0 and m > 0,
respectively. These phases are only found at strong J .

For phase II, this is different: While for fixed m > 2, the
clean system is topologically trivial (C = 0), the nontrivial
phase II (C = 2) emerges at finite and sufficiently strong
J > Jc1(m); see the dashed black lines in Fig. 1. This situation
is reminiscent of a long-standing discussion of a nontrivial
“topological Anderson insulator” phase found [24] in the BHZ
model [25] with local potential disorder, which is disorder-
induced, i.e., topologically trivial when disorder is switched
off. However, it finally turned out [33] that the phase is con-
tinuously connected with a corresponding clean-limit phase
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and, therefore, actually does not represent a new phase. Phase
III, on the other hand, cannot be connected continuously by
varying m, J , or the chemical potential μ to the C = −2
phase at weak J seen in the negative m range (blue color).
We emphasize that, at this point, one cannot exclude that the
two phases could finally turn out as continuously connected
via extra dimensions in parameter space and that, on the other
hand, equal Chern numbers C = −2 does not imply that such
a continuous connection must exist. However, we will come
back to this issue in Sec. VI.

Generally, any transition between phases with different
Chern numbers requires the presence of a delocalized eigen-
state at μ (see, e.g., Ref. [42] and references therein). The
energy of such a state with divergent localization length
marks a boundary of a mobility gap. To quantify the de-
gree of localization, we have computed for each eigenstate
|ψ〉 (with 〈ψ |ψ〉 = 1) the inverse participation ratio ρ =∑

iασ |〈i, α, σ |ψ〉|4. This can be used [43] to get an estimate
for the localization length ξloc via ξloc = 1/

√
2πρ (if ξloc �

Lx, Ly).
A generic example is given with Fig. 3, which provides an

overview of the spectrum of eigenenergies ε and the corre-
sponding localization lengths ξloc at m = 0 (upper panel) and
m = 1 (lower panel) and as function of J . Note that there is
a particle-hole symmetry of the model for arbitrary m, which
implies that the spectrum is symmetric to ε = 0.

In the clean J = 0 limit, the system is in a semimetallic
state at m = 0 with a gap closure at k = (0, π ). At finite
disorder strength up to J � 2, the states at ε = μ = 0 remain
delocalized; i.e., the respective localization length remains
close to the linear size of the system. For J ≈ 2.5, a spectral
gap around ε = 0 opens and widens with inreasing J . Only
shortly before the gap reopens, the localization length strongly
drops to ξloc ≈ 1.

For m = 1 (see lower panel of the figures), the band gap
� = 2 (�/εmax = 2/3) is at a maximum in the clean limit.
The spectral gap shrinks with increasing J . For coupling
strengths greater than J ≈ 2.7, the system exhibits states at
ε = μ = 0 but with a localization length ξloc smaller than the
linear system size. At J ≈ 3, however, ξloc reaches a maxi-
mum with ξloc ≈ Lx = Ly. Interpreting this maximum as the
appearance of a delocalized state at μ = 0 is consistent with
the critical disorder strength Jc ≈ 3 at m = 1, which can be
read off from the phase diagram in Fig. 1.

With increasing m, this critical coupling Jc = Jc(m), sep-
arating phases II and III, becomes a linear function of m.
This observation and the very existence of a delocalized state
at μ = 0 can easily be understood analytically: We focus
on mass parameters m � 0, for simplicity, and arrange the
Hamiltonian H = H0 + V [see Eqs. (1) and (3)] as H =
Hlocal + Hnonlocal, where the local part consists of the mass and
the disorder terms:

Hlocal =
∑

iαα′σσ ′

[
mδσσ ′τz,αα′ + J

2
δαα′τσσ ′Siα

]
c†

iασ ciα′σ ′ . (5)

The remaining nonlocal part Hnonlocal is just the (spinful and
clean) QWZ model at m = 0. Diagonalization of the atomic
4 × 4 Hamilton matrix in Eq. (5) at a site i, yields two eigen-
values ε±,high = ±(m + J/2), which diverge for m, J → ∞,

FIG. 3. Eigenenergies ε and localization length ξloc (color code)
of corresponding eigenstates, as a function of the disorder strength J .
Upper panel: m = 0. Lower panel: m = 1. ξloc as obtained from the
inverse participation ratio; see text. The energy spectrum is normal-
ized to the maximum eigenenergy εmax for each J (for J = 0: εmax =
2 at m = 0 and εmax = 3 at m = 1). System size: Lx × Ly = 10 × 10
sites. Nconfig = 10. Chemical potential μ = 0.

and two eigenvalues ε±,low = ±(m − J/2), which stay finite if
δ ≡ 2m − J is finite. In the m, J → ∞ limit with δ = const,
the low-energy eigenstates are given by |ε+,low〉 = |A〉 ⊗ | −
SiA〉 ≡ | − SiA〉, i.e., an α = A orbital with the electron spin
aligned antiparallel to the classical spin SiA at that site, and
analogously |ε−,low〉 = | + SiB〉. With the projector

Plow =
∑

i

(|ε+,low〉〈ε+,low| + |ε−,low〉〈ε−,low|) (6)

we can project out the high-energy states, Hlocal �→
PlowHlocalPlow. This leaves us, to leading order, with an effec-
tive Hamiltonian given by

Heff = 1

2
δ
∑

i

(| − SiA〉〈−SiA| − | + SiB〉〈+SiB|)

+ HQWZ,m=0. (7)
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This effective model applies to the m, J → ∞ regime of
the phase diagram, where δ = 2m − J = O(t ) is small. It
comprises the m = 0 QWZ model with an additional local
disordered part proportional to δ. Importantly, for δ = 0, only
the QWZ term remains, and thus all eigenstates are fully de-
localized. Furthermore, since only the QWZ model at m = 0
contributes, the system is critical. We conclude that, in the
limit m, J → ∞, the full model is gapless on the line J = 2m.
Hence, this strictly implies the existence of an extended state
at the chemical potential. Asymptotically, for large m, the J =
2m line in fact perfectly corresponds to the phase boundary
between the C = 2 and the C = −2 topological phase; see the
full yellow line in Fig. 1.

The effective model can be also written in the form

Heff = 1

2
δ

∑
iαα′σσ ′

1

2

(
δσσ ′τ

(z)
αα′ − Siα · τσσ ′δαα′

)
c†

iασ ciα′σ ′

+ HQWZ,m=0. (8)

For small δ �= 0, this is simply the original Hamiltonian but
with renormalized parameters m �→ m′ = δ/4 and J �→ J ′ =
−δ/2. This shows that in the limit m, J → ∞ with small
δ = 2m − J > 0 (just below the yellow line in the figure),
we have C = +2, as in the original system with m = δ/4
and J = −δ/2. Here, we exploit the fact that the topological
phase diagram is symmetric under the parameter transforma-
tion J → −J , since this is compensated by a transformation
of the spin configuration S �→ −S and thus leaves the Chern
number invariant. Analogously, we have C = −2 for small
δ = 2m − J < 0. The Chern numbers C = ±2 are consistent
with our expectation that the numerical data for C at strong
m and J should converge to C = ±2 in the limit L → ∞.
Importantly, the mapping of the model for m, J → ∞ onto
the original model with m′, J ′ only holds for small δ, since the
neglected high-energy terms increasingly affect the delicate
balance between strong disorder J , enforcing singly occu-
pied (half filled) orbitals niα = ∑

σ=↑,↓〈c†
iασ ciασ 〉 → 1, and a

strong mass parameter, enforcing saturated orbital polariza-
tion p = 1

2 (niB − niA) → ±1 with full or empty orbitals.

VI. CHERN NUMBER FROM DISORDER-AVERAGED
GREEN’S FUNCTION

We compare the phase diagram Fig. 1, as obtained by
using TBC, with the results of an alternative “topological-
Hamiltonian” approach. Here, we consider the frequency-
dependent single-particle Green’s function G(S)(ω) with
elements G(S)

iασ,i′α′σ ′ (ω) for a given spin configuration S ∈ S.
These are obtained by matrix inversion for a frequency ω ∈
C \ R, i.e., G(S)(ω) = (ω − t )−1, from the hopping matrix t
that represents the Hamiltonian H = H0 + V [see Eqs. (1) and
((3) in the basis {|i, α, σ 〉}:

H =
∑

ii′

∑
αα′σσ ′

tiασ,i′α′σ ′c†
iασ ci′α′σ ′ . (9)

Here, t = t0 + V , and the elements of t0 are obtained by
Fourier transformation from the k-dependent Bloch-matrix
elements εαα′ (k) [see Eq. (2)], while Viασ,i′α′σ ′ = 1

2 Jδii′δαα′

τσσ ′ · Siα .

The disorder-averaged Green’s function G(ω) ≡ 〈G(S)(ω)〉
is invariant under lattice translations. Therefore, after Fourier
transformation to reciprocal space, it is diagonal with re-
spect to the wave vector k, and its elements are of the form
Gασ,α′σ ′ (k, ω). Hence, 4 × 4 matrix inversion for each ω and
k yields the disorder self-energy

�(k, ω) = G0(k, ω)−1 − G(k, ω)−1, (10)

where G0(k, ω)−1 = ω + μ − ε(k) is the Green’s function for
V = 0.

Disorder-averaged Green’s functions and disorder self-
energies are usually utilized in the context of mean-field
approximations, like the coherent-potential approximation,
and cluster extensions, as discussed, e.g., in Refs. [44,45]
in the context of disordered and correlated electron systems.
Here, we employ the Green’s function to construct a homo-
topy invariant [35,36,46]

N2 = 1

24π2

∫∫∫
d (iω)dkxdky

×
∑
μνρ

tr(εμνρG∂μG−1G∂νG−1G∂ρG−1), (11)

where μ, ν, ρ run over iω, kx, ky (with iω ∈ iR). In Ref. [37],
it is demonstrated that the inconvenient integration along
the imaginary frequency axis can be avoided and that
the Ishikawa-Matsuyama invariant [Eq. (11)] of a two-
dimensional gapped interacting electron system can be
computed equivalently from the Chern number C of the much
simpler fictive noninteracting “topological Hamiltonian.” The
argumentation in Ref. [37] is based on very general analytical
and causal properties of single-particle Green’s functions and
on the assumption that the Green’s function of the interacting
system is nonsingular, i.e., without a pole of the Green’s func-
tion or of the self-energy at ω = 0. With the same assumption,
we can transfer the argument to a disordered system. This
means that the homotopy invariant N2 ∈ Z of the disordered
system is equivalent to the Chern number C obtained via the
topological Hamiltonian

Htop = H0 +
∑

ii′

∑
αα′σσ ′

�iασ,i′α′σ ′ (ω = iη)c†
iασ ci′α′σ ′ , (12)

from the disorder self-energy. Here, η is a positive infinitesi-
mal, and only the retarded zero-frequency self-energy matrix
� ≡ �(ω + iη)|ω=0 is required.

The absence of self-energy poles at ω = 0 is guaranteed,
if the retarded disorder self-energy [Eq. (10)] is Hermitian. In
particular, we must have

− 1

π
Im �ασ,ασ (k, ω + iη)|ω=0

!= 0 (13)

for the diagonal elements. This condition will be met if there
is a finite spectral gap around ω = 0. If the gap is a mobility
gap only, the presence of localized states at ω = 0 will lead
to a non-Hermitian contribution to the disorder self-energy.
However, since localized states cannot cause a change of the
Chern number, we can ignore this part and only employ the
Hermitian part of the self-energy in the topological Hamilto-
nian [Eq. (12)]. In fact, this has been done in various previous
approaches to systems with local on-site disorder, in particular
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FIG. 4. Topological phase diagram (as in Fig. 1) but now ob-
tained from the topological Hamiltonian approach with disorder
self-energy averaged of the BZ. See the color code for the Chern
number. Results obtained for a system with Lx × Ly = 8 × 8 sites
with periodic boundary conditions. The disorder-averaged Green’s
function is obtained for Nconf. = 50 disorder configurations. Chem-
ical potential μ = 0. η = 0.01 in all calculations using the TH
approach.

using weak-coupling approaches such as the self-consistent
Born approximation (see, e.g., Refs. [26,28]).

VII. TOPOLOGICAL PHASE DIAGRAM AS OBTAINED
FROM THE TH APPROACH

In a first step, we assume that it is sufficient to keep the
k-averaged, ω = 0 retarded self-energy

� ≡ 1

L

∑
k

�(k, ω + iη)|ω=0 (14)

only. We refer to this approach as the local approximation. The
local approximation simplifies the computation of the Chern
number considerably, since � is diagonal with respect to the
orbital and the spin indices. Its elements have the form

�ασ,α′σ ′ ≡ � δσσ ′τz,αα′ (15)

with a scalar quantity �. This means that the disorder self-
energy leads to a renormalization of the mass parameter only:

m → m∗ = m + �. (16)

Indeed, it turns out, that this is the dominant effect, which
explains the structure of the phase diagram shown in Fig. 4.
First, let us emphasize that the phase diagram, as obtained by
the TH approach is qualitatively and even quantitatively the
same as the one obtained by the TBC approach (Fig. 1), given
the uncertainties as specified by the standard deviation in
Fig. 2 (upper panel). However, there is one exception, namely,
the scattered points around m = 0 and for strong J in Fig. 4.
These points indicate two features. First, they indicate numer-
ical artifacts, which primarily result from the coarse m-J grid
discretization used for the computations. Second, they point

to potential signatures of physics beyond the TBC approach.
This requires further analysis, which is detailed below.

To start with, it is very instructive to consider the dis-
order self-energy in the atomic limit, i.e., for vanishing
hopping t = 0, as given by the local Hamiltonian [Eq. (5)].
We consider a certain configuration S ∈ S of classical
spins, parametrized by spherical coordinates in the form
Siα = (sin ϑiα cos ϕiα, sin ϑiα sin ϕiα, cos ϑiα ). For a given dis-
order configuration S, the single-particle Green’s function
G(S)

iασ,i′α′σ ′ (ω) is readily obtained. It is diagonal in the site and

orbital indices G(S)
iασ,i′α′σ ′ (ω) = δii′δαα′G(Siα )

iα,σσ ′ (ω). For α = A,
the 2 × 2 block matrix in the spin indices reads

G(SiA )
iA (ω) =

(
ω − m + J

2 cos ϑiA
J
2 sin ϑiAe−iϕiA

J
2 sin ϑiAeiϕiA ω − m − J

2 cos ϑiA

)−1

,

(17)
while G(SiB )

iB (ω) is obtained by the substitution m → −m.
To perform the disorder average, it is sufficient to average
the local Green’s function at site i over the unit sphere:
GiA(ω) = (4π )−1

∫∫
dϕiAdϑiA sin ϑiAG(SiA )

iA (ω). The atomic-
limit disorder self-energy is obtained via Dyson’s equation,
�(ω) = GJ=0(ω)−1 − G(ω)−1, and turns out as diagonal with
diagonal elements

�iασ (ω) = J2

4

1

ω ∓ m
, (18)

and with the − sign for α = A and + for α = B. This implies
that the parameter � in Eqs. (15) and (16) is given by

� = −J2

4

1

m
≡ �(m, J ). (19)

We also note that Eq. (18) is consistent with the sum rule

− 1

π

∫ ∞

−∞
dω Im �iασ,i′α′σ ′ (ω + iη) = δii′δαα′δσσ ′

J2

4
, (20)

which is generally valid (i.e., including t �= 0) and which
can be obtained straightforwardly by considering the high-
frequency expansion of the disorder self-energy of the full
model.

Within the local approximation for the self-energy, the
Chern number C(m, J ) for a fixed mass parameter m and
disorder strength J is given in terms of the Chern number
C(m) of the clean system as

C(m, J ) = C(m∗(m, J )), (21)

i.e., it does not depend on J explicitly but only via the renor-
malized mass

m∗(m, J ) = m + �(m, J ). (22)

This implies that C(m, J ) can change its value discontinu-
ously, if and only if the Chern number of the clean system, but
with renormalized mass m∗(m, J ), changes discontinuously.
For the clean system, the critical mass parameters are mc,1 =
−2, mc,2 = 0, and mc,3 = +2. For any J > 0, the critical mass
parameters m = mc,r (J ) are thus obtained by solving the con-
ditional equations m∗(m, J ) = mc,r for m, where r = 1, 2, 3,
i.e., by solving

m + �(m, J )
!= mc,r (23)
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for m for each r = 1, 2, 3.
When additionally employing the atomic-limit approxima-

tion for the self-energy and using Eq. (19), the critical mass
parameters are analytically found as the solutions of Eq. (23)
with �(m, J ) = −J2/4m, i.e., as the solutions of the quadratic
equations m − J2

4
1
m = mc,r . This yields

mc,r (J ) = mc,r

2
± J

2

√
1 + m2

c,r

J2
for r = 1, 2, 3. (24)

If at all, the simple atomic-limit approximation applies
to the strong-J regime. Neglecting terms of order m2

c,r/J2,
we find critical mass parameters to be mc(J ) = ±(J/2 − 1),
mc(J ) = ±J/2, and mc(J ) = ±(J/2 + 1). These critical val-
ues nearly quantitatively explain the strong-J regime of the
phase diagram (see Fig. 4). Furthermore, we recover the cor-
rect sequence of Chern numbers as a function of increasing
m: C = 0/ − 2/ + 2/0 for m < 0, and once more C = 0/ −
2/ + 2/0 for m > 0. This doubling of topological phases is
controlled by the poles of the self-energy at ω = ±m [see
Eq. (19)]. The strength of its residues, J2/4, explains the
asymptotically linear-in-J shift of the nontrivial phases to
ever-larger |m|.

For weak J , the atomic-limit approximation breaks down
even qualitatively. Although the pole structure of �iασ (ω) [see
Eq. (19)] remains the same, there is only a single sequence of
phases found numerically. In the weak-disorder regime, the
widening of the C = ±2 phases with J indicates that the mass
is still renormalized to smaller values, i.e., �(m, J ) < 0 [see
Eqs. (22) and (23)].

There is a tetra-critical point at m = 0 and J ≈ 2.5 in the
phase diagram shown in Fig. 4, where four topological phases
meet. This point separates the weak-disorder from the strong-
disorder regime. Indeed, the two regimes are qualitatively
different. For J � 2.5, the C = −2 and C = +2 phases are
separated at m = 0 by a pole of the disorder-averaged Green’s
function at zero frequency. This pole evolves continuously
from the zero-frequency pole of the averaged Green’s function
in the clean limit. There it corresponds to the gap closure
at the X = (π, 0) point in the Brillouin zone, which causes
the semimetal phase. For J � 2.5, on the other hand, the
C = +2 and C = −2 phases are separated at m = 0 by a pole
of the disorder self-energy at zero frequency, if the atomic-
limit approximation is qualitatively correct. This pole evolves
continuously from the pole of the self-energy at ω = 0 for
m = 0 and J → ∞, where the atomic approximation for the
self-energy is reasonable. Hence, for m = 0 and with increas-
ing J , the pole of the disorder-averaged Green’s function at
ω = 0 ceases to exist at the tetra-critical point and is replaced
by a pole of the self-energy at ω = 0.

Note that a zero-frequency pole of the self-energy in-
duces a zero of the Green’s function at zero frequency. This
means that det G(ω) = 0 for ω = 0 and implies a singular-
ity of G(ω)−1 in the Ishikawa-Matsuyama invariant given
by Eq. (11). Therefore, the Chern number can change as a
function of m at m = 0. In the range 2.5 � J � 3.3, the Chern
number does change at m = 0 in fact. Phase boundaries that
emerge due to a zero of the Green’s function are not possible
in the clean (J = 0) limit. Therefore, if the atomic-limit ap-
proximation qualitatively correctly captures the physics, then

FIG. 5. Imaginary (upper panel) and real part (lower panel) of
the retarded (k-averaged) disorder self-energy at ω = 0 for α = A as
a function of m in the range −1 � m � 1. Red: J = 4, blue: J = 6.
Results as obtained for a system with 10 × 10 sites, and with Nconf. =
200 disorder configurations. Lorentzian broadening η = 0.01.

the phase transition from C = +2 to C = −2 at m = 0 in
this J range and, therefore, the C = +2 and C = −2 phases
represent phases, which have no counterpart in the clean limit,
since the clean-limit Green’s function cannot have zeros.

The decisive question is whether the above-described sce-
nario is merely an artifact of the rather crude atomic-limit
approximation. In a first step, we have therefore computed the
full but still local disorder self-energy at ω = 0 numerically in
a very narrow range around m = 0. Figure 5 shows the imagi-
nary and the real parts of the A component of �A = �iAσ (iη),
i.e., at ω = 0 + iη, for a small broadening parameter η = 0.01
and as a function of m. For the B orbital, we find �B = −�A

(not shown). The m dependence of �A is found to be qualita-
tively different for J � 5 and J � 5.

For strong disorder (J � 5, see data for J = 6 in the figure),
there are two negative peaks of Im �A as a function of m,
symmetrically located around m = 0. This two-peak structure
differs from the atomic-limit approximation [Eq. (18)], which
predicts Im �A = −(πJ2/4)δ(m), i.e., a single delta peak at
m = 0. However, it is plausible that a weak but a nonvanishing
hybridization between the A and B orbitals emerges at the
order t2/J in a perturbative expansion around the atomic limit.
This hybridization is expected to produce a splitting ±�m of
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the single pole at m = 0 on a scale �m ∼ t2/J ≈ 0.167 at
J = 6. In fact, this estimate compares well with the splitting
between the two peaks of Im �A seen in the figure.

For intermediate disorder strengths (2.5 � J � 5), see the
data for J = 4 in the figure, there is a single broader peak
of Im �A centered around m = 0. In the narrow m range
between m ≈ ±0.5, the real part of the local self-energy �A

at ω = 0 first strongly increases with increasing m, reaching
a maximum Re �A ≈ 18 at m ≈ −0.3, and then rapidly de-
creases to zero at m = 0. Following the symmetry relation
Re �A(m) = −Re �A(−m), this behavior continues for m >

0. Within the local approximation [see Eq. (15)], we
have Re �A(m) = �, and we can therefore argue as above
and use the resulting mass renormalization m∗ = m + � to
find the Chern number from Eq. (21). This yields another
sequence of phases with C = 0/ + 2/ − 2/0 emerging close
to and centered around m = 0, where m = 0 marks the bound-
ary between phases with C = +2 and C = −2. Compared
with the clean-limit phase diagram, note that the sequence
is inverted due to the strictly decreasing Re �A in the range
−0.3 � m � 0.3. This inverted sequence is exactly what is
seen in the phase diagram (Fig. 4) at J = 4, but only a few
pixels represent the very narrow m range.

For J � 5 (see J = 6 in Fig. 5), the situation is more
complicated due to the additional structure in Re �A(m) in
the even narrower range −0.05 � m � 0.05, resulting in three
additional sequences of C values rather than one in the range
−0.3 � m � 0.3. As m increases, we find the sequence C =
0/ + 2/ − 2/0 for m < 0. This sequence is roughly centered
around the first zero-crossing of Re �A and inverted as com-
pared to the clean-limit phase diagram due to the strictly
decreasing Re �A. Next is the sequence C = 0/ − 2/ + 2/0,

centered around the second zero-crossing at m = 0 and in the
same order as for J = 0 but in the tiny m range, where Re �A

strictly increases with m. Finally, there is another (inverted)
sequence C = 0/ + 2/ − 2/0 for m > 0 around the third zero-
crossing. Note that these sequences cannot be resolved with
the discretization of the m and J grids used for the overview
phase diagram in Fig. 4.

VIII. NONLOCALITY OF THE DISORDER SELF-ENERGY

Finally, we discuss the k dependence of the disorder self-
energy, or its nonlocality, which has been neglected so far
[see Eq. (14)]. At ω = 0 the k dependence leads to a k-
dependent renormalization of the mass parameter and thus
to a k-dependent deformation of the topological Hamiltonian
[Eq. (12)], i.e., a more complex deformation beyond a simple
single-parameter renormalization.

The strength of the k dependence of the self-energy
depends sensitively on the orbital polarization, which is
defined in terms of the average site occupations niα =∑

σ=↑,↓〈c†
iασ ciασ 〉 as

p = 1
2 (niB − niA). (25)

A strong polarization p → 1 implies that the A (B) orbitals
are nearly unoccupied (fully occupied) and vice versa for
p → −1. Therefore, the ground-state expectation value of the
local electron spin 〈siα〉 on an α = A (B) orbital becomes
small such that the coupling term [Eq. (3)] is less active. Even

FIG. 6. Average orbital polarization p = 1
2 (niB − niA ) in the m-J

plane. Results obtained for L = 16 × 16 and Nconf. = 1 and the full,
k-dependent self-energy.

for strong J , this leads to an effectively weak disorder and thus
to a nearly local self-energy.

The polarization p is controlled by the mass parameter m.
Figure 6 demonstrates that full polarization, p → ±1, is ob-
tained for m → ±∞ for any fixed J and that with increasing
m the orbital polarization smoothly increases. For strong m
and J with J = ±2m, we find p ≈ ±0.5. Importantly, p = 0
for m = 0, irrespective of J , and furthermore the polarization
almost vanishes in an ever larger m interval around m = 0
with increasing J . Hence, in this regime, we expect a possibly
significant k dependence and corresponding changes of the
phase boundaries.

FIG. 7. Real part (upper panels for J = 2 and J = 6) and imag-
inary part (lower panels for J = 2 and J = 6) of the disorder
self-energy �(k, ω) at ω = 0 along high-symmetry directions in the
two-dimensional Brillouin zone. Left panels: m = 1. Right panels:
m = 3. Blue lines: AA component of the self-energy. Red: BB.
Green/orange: Off-diagonal AB/BA components. Results as obtained
for L = 20 × 20, Nconf. = 300, and η = 0.01.
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Figure 7 shows the k dependence of the real part (up-
per panels) and the imaginary part (lower panels) of the
retarded self-energy at ω = 0. We first concentrate on the real
part. Here, the orbital-diagonal (AA and BB) components are
strongly dominating for all m, J combinations. The effect of
orbital polarization on the k dependence becomes obvious by
comparing the results for m = 1 with those for m = 3 at a
weak disorder strength J = 2. For m = 1, there is a finite k
dependence of Re �(k, 0) for both, the intraorbital (AA, BB)
as well as of the interorbital (AB/BA) components. Contrary,
for m = 3 the k dependence of Re �(k, 0) is negligibly small.
This correlates with the much stronger polarization at m = 3
(see Fig. 6). For strong disorder, J = 6, the polarization is not
strong enough in both cases, m = 1 and m = 3, to suppress
the k dependence of Re �(k, 0).

The strength of the k dependence can be quantified by
the difference �� between the maximum and the minimum
values of the components of Re �(k, 0) along the high-
symmetry directions in the Brillouin zone. We find that the
relative strength of the k dependence, i.e., �� compared to
the k-averaged values Re �(k, 0), component by component,
is almost the same in all cases, except for m = 3, J = 2,
where the k dependence is nearly vanishing due to the strong
polarization.

As demonstrated with the lower panels of Fig. 7, the imag-
inary parts of the components of the self-energy Im �(k, 0)
follow the same trends as the reals parts. We also note that the
interorbital components sum up to zero.

For the model with two orbitals A and B per site, the
k-dependent disorder self-energy is a 2 × 2 matrix �(k, ω)
and, thus, there are two bands of self-energy poles ω j (k) with
j = 1, 2. Since a pole of the self-energy implies a zero of
the disorder-averaged Green’s function at the same frequency
ω j (k), we refer to them as zero bands, a concept that is well
known from correlated electron systems [46,47]. The width
of the single peak for J = 4 and the widths of the two peaks
for J = 6 of Im �A (see Fig. 5) are only to a marginal extent
induced by the damping constant η. This is demonstrated by
repeating the computation of Im �A with η = 0.001, i.e., a
damping constant that is by a factor 10 smaller than the one
used to get the results shown in Fig. 5. As is shown in Fig. 8,
the peak widths are basically unaffected by the smaller η, and
only the scattering of the data increases.

From the discussion of the local approximation for the
self-energy (see Sec. VII), where the zero bands are flat
with ωA(k) = m and ωB(k) = −m, we know that the Chern
number changes from C = +2 to C = −2 with increasing
m at m = 0, where both flat zero bands cross ω = 0. In the
dispersive case, a crossing of the zero bands at ω = 0 must
therefore, by continuity, lead to the same change of the Chern
number, at least in the simpler case J = 4, where the real
part is strictly decreasing function of m close to m = 0. This
transition is still expected to take place at m = 0 because
of the particle-hole symmetry of the system. We strongly
emphasize that a crossing of poles of the Green’s function
cannot be responsible for the topological transition discussed
here, since in the relevant small m interval around m = 0 at
J = 4 there is a well-developed spectral gap. This can be seen
in Fig. 3: There are no states with eigenenergies and thus no

FIG. 8. Imaginary part of the self-energy for J = 4 (red) and J =
6 (blue) as in Fig. 5 but for η = 0.001.

poles of the Green’s function at ω = 0 in an extended interval
−1 < m < 1 around m = 0.

For the accessible system sizes, the k-dependent zero-band
energies as a function of m cannot be reliably obtained numer-
ically. Hence, we cannot exclude a priori that the transition
from C = +2 to C = −2 with increasing m takes place via
a small but finite range �m around m = 0, where the Chern
number is ill-defined due to overlapping zero bands. Let us
emphasize that in this case the transition would still be driven
by the zero bands rather than by the poles of the Green’s
function and is thus qualitatively different from transitions in
the clean limit.

To check our expectation and, more generally, to study
the impact of the k dependence of the self-energy on
the phase boundaries in the topological phase diagram,
we compute the Chern number from the topological
Hamiltonian with k-dependent renormalization. We start
from Eq. (12) with the full nonlocal disorder self-energy
Re �iασ,i′α′,σ ′ (ω = iη), with a small imaginary damping con-
stant η = 0.01. Fourier transformation yields the k-dependent
self-energy and therewith the topological Hamiltonian Htop =∑

k,αα′,σ Htop(k)αα′c†
kασ

ckα′σ , where the 2 × 2 Bloch Hamil-
tonian is brought into the form H top(k) = ε(k) + �(k, iη) ≡
d(k) · τ. The Chern number can then be obtained via an inte-
gral [34]

C = −1

4π

∫∫
BZ

dkxdky d(k) · ∂kx d(k) × ∂ky d(k) (26)

over the Brillouin zone.
The resulting Chern number as a function of m for J = 4

and J = 6 is shown in Fig. 9. Deviations of C from integer
values C = −2, 0, 2 indicate computational issues due to the
limited system size L = 18 × 18 and due to the necessity
to compute the partial derivatives in kx and ky directions in
Eq. (26) numerically. A first important insight concerns the
transitions at larger mass parameters |m| seen in Fig. 9: For
J = 4 (upper panel), the critical mass parameters, with dis-
continuous jumps of C in the m > 0 range, are the same as
those in Fig. 4, where mc ≈ 3.0 (boundary between phases I
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FIG. 9. Chern number as a function of m for J = 4 (upper panel)
and J = 6 (lower panel), as obtained from Eq. (26) for a lattice
with L = 18 × 18 sites, Nconf. = 200 disorder configurations, and
η = 0.01.

and II), mc ≈ 1.5 (II and III), and mc ≈ 1.2 (III and IV) within
an uncertainty of �m ≈ 0.1. At J = 6, with the same uncer-
tainty, agreement is found with mc ≈ 3.9 (boundary between
phases I and II), mc ≈ 2.7 (II and III), and mc ≈ 2.2 (III and
IV). We conclude that consideration of the k dependence of
the self-energy might only slightly shift the phase boundaries
in this regime.

Close to m = 0, the resolution in Fig. 4 is insufficient for
a meaningful comparison. Furthermore, for J = 6 (see Fig. 5)
and stronger J , there is strongly nonmonotonic behavior of
the real part of the local disorder self-energy in a very small
range around m = 0. As discussed above, within the local
approximation, this leads to a multitude of topological tran-
sitions in the same small m interval. Resolving this structure
at J = 6 in a full calculation based on the k-dependent
self-energy, is highly demanding and would require a more
elaborate computational approach. Contrary, at J = 4, the real
part of the local self-energy in the vicinity of m = 0 is a
strictly decreasing function of m (see Fig. 5), and the local
approximation predicts a single sequence of Chern numbers
C = 0/ + 2/ − 2/0 only. The full calculation (see upper panel
of Fig. 4) is in fact consistent with this result. Calculations
with a better resolution are shown in Fig. 10. While finite-

FIG. 10. Chern number as a function of m for J = 4, obtained
from the full k-dependent self-energy as in Fig. 9, but in the range
−0.25 < m < 0.25 and with Nconf. = 400, η = 0.1. Yellow lines
C = 0, ±2 are guides to the eye.

size effects are still non-negligible, we can safely confirm
the qualitative implications of the local approximation for
the sequence of Chern numbers with critical mass parameters
given by mc ≈ −0.095 (C = 0 → +2), mc ≈ 0 (C = +2 →
−2), and mc ≈ +0.095 (C = −2 → 0), with an uncertainty
of �m ≈ 0.02.

We conclude that the disorder self-energy exhibits a signif-
icant k dependence, except for regimes in the phase diagram,
where the orbital polarization is strong. In a tiny interval
−0.3 � m � 0.3 and for strong J , the k-dependent self-
energy has poles close to ω = 0 that give rise to two dispersive
Green’s-function zero bands ω1,2(k). They are related to the
two nondispersive poles of the self-energy in the atomic limit
but develop an energy splitting at m = 0 due to the nonlocal
hybridization between the A and B orbitals. As a function of
m, these zero bands are crossing the chemical potential and
lead to topological transitions between phases characterized
by different Chern numbers. This implies that the transition
between phase III for m < 0 (C = +2) and phase III for m >

0 (C = −2) is qualitatively different from phase transitions in
the clean limit. Hence, phase III itself (for m < 0 and m > 0)
is a topologically nontrivial phase, where the topology is
carried by Green’s-function zeros. Since this is impossible in
the case of a clean-limit Green’s function, phase III represents
a phase that is induced by disorder and that might be called a
topological Anderson insulator.

IX. S-SPACE CHERN NUMBER

The phases I and IV in the phase diagram shown in Fig. 1
are both “topologically trivial” in the sense that C = 0. Recall
that the Chern number C is the usual invariant for two-
dimensional noninteracting systems in the Altland-Zirnbauer
class D [39,40]. It topologically characterizes the bundle of
Bloch states over the first Brillouin zone, i.e., over the two-
dimensional manifold of wave vectors k. In addition to this
“k-space topology,” the presence of the manifold S of classical
spin configurations S ∈ S allows an independent topological
characterization. Analogous to the k-space Chern number C,
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we can compute the S-space Chern number C(S), which has
been introduced recently [38] for tight-binding systems con-
taining a single or a few classical impurity spins. For systems
with R classical spins coupled to the electron system via, e.g.,
an exchange interaction of the form Eq. (3), the closed and
simply connected parameter manifold S = S2 × · · · × S2 is
2R dimensional. If the electron system has a gapped ground
state |�0〉 on S, the Rth S-space Chern number, defined via

C(S)
R = iR

(2π )R

1

R!

∮
S

tr �R, (27)

can only have integer values, C(S)
R ∈ Z [48,49]. Here, � =

dA is the S-space Berry-curvature two-form derived from
the S-space Berry-connection one-form A of the ground-state
bundle over S.

In two spatial dimensions, the ground state of a disor-
dered system is generically given by a Slater determinant
formed by localized one-particle eigenstates. In this case,
the Rth S-space Chern number is invariant under continu-
ous deformations of the electronic Hamiltonian as long as
there is no gap closure due to a delocalized state for all
spin configurations S ∈ S. For the model considered here,
we have R = 2L. Upon parametrizing the spin configuration
S = (S1A, S1B, ..., SLA, SLB) by polar and azimuthal angles
λ = (λ0, ..., λ2R−1) ≡ (ϑ0, ϕ0, ..., ϑR−1, ϕR−1), we obtain

C(S)
R = iR

(2π )R

1

R!

∑
π

sign π

∫
dλ0 · · · dλ2R−1

× ∂〈�0|
∂λπ (0)

∂|�0〉
∂λπ (1)

· · · ∂〈�0|
∂λπ (2R−2)

∂|�0〉
∂λπ (2R−1)

, (28)

where the sum runs over all permutations π (see Ref. [38] for
details).

There are two limit cases where the S-space Chern number
can be determined easily. (1) In phase I for J = 0 and |m| > 2,
we trivially have C(S)

2L = 0, since all spins are decoupled. Thus,
phase I, at J = 0 and also for J < Jc1(m), is S-space topo-
logically trivial. (2) In phase IV, in the limit J → ∞ for any
fixed m, the atomic-limit Hamiltonian Hlocal given by Eq. (5)
captures the S-space topology. Hlocal = ∑

iα Hiα describes a
system of decoupled magnetic-monopole models [3,50,51]

Hiα = mzαniα + JsiαSiα, (29)

which include an additional, but topologically irrelevant,
orbital-dependent but spin-independent energy with a sign
factor defined as zA = 1 and zB = −1. Since Hlocal is additive,
the Rth S-space Chern number (R = 2L) of this effective
model factorizes into a product of the first S-space Chern
numbers C(S)

1,iα of each individual magnetic monopole. For

J > 0, we have C(S)
1,iα = +1 and thus

C(S)
2L =

L∏
i=1

∏
α=A,B

C(S)
1,iα = 1. (30)

We conclude that phases I and IV (see Fig. 1) have the same
k space but different S-space Chern numbers and thus cannot
be deformed into each other continuously.

X. CONCLUDING DISCUSSION

The QWZ model is a generic tight-binding model of a
Chern insulator. We have analyzed the topological phase
diagram of this model in the presence of an exchange cou-
pling to disordered local magnetic moments, classical spins
of unit length, by employing two complementary numerical
approaches—the TBC method and the TH approach—as well
as analytical considerations. As is well known, disorder in
two-dimensional systems leads to localization of all single-
particle eigenstates, except at certain isolated critical energies
that act as critical points between the localized states. The
TBC approach makes explicit that the appearance of localized
states at the chemical potential does not affect the topology of
the bulk system, such that topological invariants, in particular
the Chern number in the present case, remain well defined.

The topologically nontrivial phases of the clean system
turn out to be robust against weak disorder. For fixed small
exchange-coupling strength J , both the TBC and the TH ap-
proaches predict, as a function of m, the familiar sequence
of phases with Chern numbers C = 0, C = −2, C = +2, and
back to C = 0, with a slightly enlarged mass-parameter win-
dow for the C = ±2 phases.

More remarkably, we also find nontrivial topological
phases for strong magnetic disorder J . This is counterintuitive
because for systems with fixed classical spin textures strongly
coupled to itinerant electrons, nontrivial topology requires
finite scalar spin chirality, χi jk = Si × S j · Sk �= 0 [52–61].
For spin disorder, however, the average chirality vanishes,
implying no net Berry curvature from the spin background.
At the same time, while the disorder averages to an effective
restoration of time-reversal symmetry, this symmetry remains
explicitly broken by the clean QWZ Hamiltonian. Hence,
there is no symmetry-based obstruction to disorder-induced
topology in this system.

A key result of our study is that nontrivial phases persist
for arbitrarily strong disorder in the combined limit J → ∞
and m → ±∞. Specifically, the sequence C = 0/ − 2/ + 2/0
appears twice as a function of m: once near m = −J/2 and
once near m = +J/2, i.e., for δ = m ± J/2 = O(t ). Both
approaches yield identical Chern numbers and critical mass
parameters mc(J ), demonstrating the reliability of the phase
boundaries.

The underlying mechanism becomes transparent in the
atomic limit. The positions of the nontrivial phases in the
m-J plane reflect the competition between spin polarization
(set by J) and orbital polarization (set by m). The effective
low-energy Hamiltonian [Eq. (7)] predicts the m-dependent
boundaries between the C = +2 and C = −2 phases with
quantitative accuracy and directly identifies the delocalized
state at the chemical potential that drives each topological
transition.

When the disorder self-energy is approximated as local,
the TH approach effectively maps the phase boundaries in
the strongly disordered regime onto those of the clean system.
Thus, the strong-disorder topology is still rooted in the band
inversion of the clean QWZ model. In this regime, simple
analytic expressions for the boundaries emerge and agree very
well with numerical results.
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A central conceptual question that remains is whether dis-
order can generate topologically nontrivial phases that are
genuinely absent in the clean system. This issue has been
debated extensively [24,26–28,33], but so far answered neg-
atively. A convincing demonstration requires showing either
(1) that the phase possesses a topological invariant not real-
izable in the clean model, or, if the invariants coincide, (2)
that there exists a strict argument proving that the phase is
qualitatively different and cannot be realized in the clean limit.
In the present work, we provide explicit positive examples for
both strategies.

For strategy (1), we exploit the fact that the many-body
ground state defines a vector bundle over the space of
classical spin configurations S = S2 × · · · × S2. One may
thus characterize topology not only via the conventional
momentum-space Chern number but also via an “S-space”
Chern number, in particular the 2Lth spin Chern number
C(S)

2L . Although dim S = 4L renders a numerical evaluation
prohibitively difficult, analytic considerations in the clean
and atomic limits yield C(S)

2L = 0 and C(S)
2L = 1, respectively.

Because the atomic-limit (t = 0) ground state is a simple,
nondegenerate, and gapped product state, it must evolve
continuously into the J → ∞ ground state (except in the
regime m ± J/2 = O(t )). Hence, phase IV must carry C(S)

2L =
1, while the weak-disorder trivial phase (phase I) has C(S)

2L = 0.
Thus, phases I and IV are topologically distinct and cannot be
adiabatically connected.

Strategy (2) proceeds with a completely different argu-
ment. Our TH calculations show that the transition between
the m < 0 (C = +2) and m > 0 (C = −2) sectors of phase III
is not inherited from the clean model but is induced by zeros of
the disorder-averaged Green’s function crossing the chemical
potential. Indeed, the vertical m = 0 line represents a conven-
tional band-closure transition only for weak J . At J ≈ 2.5,
it passes a tetra-critical point beyond which the transition is
governed by Green’s-function zeros. Phase III (for m < 0 or
m > 0) is topologically nontrivial but the topology is carried
by Green’s-function zeros. A clean-limit Green’s function, on
the other hand, does not exhibit any zero. Hence, phase III

represents a phase that is induced by disorder and may thus be
called a “topological Anderson insulator.”

The mechanism leading to a topological Anderson
insulator is reminiscent of the topological Mott insulator
found in Ref. [47], where the topology is likewise encoded
in zeros of the interacting Green’s function. Such states host
boundary zeros that manifest only indirectly, for example,
through annihilation with edge poles when placed in contact
with a conventional topological insulator. An analogous
scenario is expected in the present strong-disorder regime,
and numerical studies in this direction are underway.

Finally, while the phase diagrams obtained from the TBC
and TH approaches agree quantitatively in almost all respects,
they differ along the m = 0 line beyond the tetra-critical
point at J ≈ 2.5. Here, the TBC data do not support any
transition between the m < 0 (C = +2) and m > 0 (C =
−2) phases. A posteriori, this is readily understood: The
TBC method computes the Chern number from the projec-
tor onto occupied states and is therefore insensitive to zeros
of the disorder-averaged Green’s function. We thus arrive
at another notable conclusion: Although the TBC and TH
invariants coincide in the clean limit, they must be regarded
as distinct topological invariants in the presence of finite
disorder.
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