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In the conventional description of strong-field high-harmonic generation (HHG), the atom is treated quantum
mechanically while the driving laser is represented by a classical field. Quantum fluctuations of the driver can
become relevant in nanoscale interaction geometries, where tight spatial confinement can raise the vacuum-
field amplitude to ~10~2 of the mean driving-field amplitude. In this regime, fluctuations of a squeezed driver
can imprint its quadrature statistics on HHG observables. To model this interaction, we sample the positive
Wigner function of the driving field and solve the time-dependent Schrodinger equation for each sampled field
realization. Within a single-mode Gaussian framework, we show that amplitude squeezing suppresses the shot-
to-shot variance of the HHG cutoff below the coherent-state standard quantum limit (SQL) at the same mean
—2r where r is the
squeezing parameter, independently of the absolute vacuum-field amplitude. At stronger squeezing, quadratic
coupling of the antisqueezed quadrature to the field modulus competes with this suppression, yielding a variance
minimum near 7o A 1.55 for the parameters studied. A sub-SQL cutoff variance thus indicates subvacuum noise
in the quadrature probed by the cutoff, suggesting that shot-resolved HHG cutoff measurements could witness

field. To leading order in the vacuum-to-driver field ratio, the normalized variance follows e

driving-field nonclassicality.

DOI: 10.1103/ftdj-mz2y

I. INTRODUCTION

High-harmonic generation (HHG) is central to attosecond
science and is a strongly nonperturbative process whose es-
sential features are captured by the semiclassical three-step
model [1,2]. In the conventional treatment of this process,
the driving laser is assumed to be a deterministic classi-
cal field, rendering photon statistics operationally irrelevant.
This approximation is well justified in free-space focusing
geometries, where the large quantization volume strongly
suppresses the vacuum-field amplitude, making quantum
fluctuations negligible relative to the amplitude of the driv-
ing field. Built upon this deterministic-field foundation,
semiclassical strong-field theory has successfully described
isolated attosecond-pulse generation [3,4], nonsequential dou-
ble ionization [5,6], and a broad range of nonperturbative
laser-matter phenomena.

Recent developments in quantum light sources, however,
are beginning to challenge this established paradigm.
Nonclassical fields such as bright squeezed vacuum [7-9] are
now being used to drive strong-field processes, establishing
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strong-field quantum optics as a rapidly evolving experimen-
tal

frontier [10-13]. These experimental advances have
stimulated a growing theoretical effort to determine how
nonclassical driving fields reshape strong-field observables.
The photon statistics of the driver have been shown to directly
affect the strong-field electron dynamics, introducing a degree
of freedom absent from the conventional deterministic-field
description [14]. In HHG, quantum light has been predicted
to enable harmonic emission in geometries that remain
forbidden for classical drivers, and to provide control over
the quantum paths, polarization, and temporal structure of
the emitted radiation [15-20]. The statistical properties of
the driver can also be transferred to the emitted harmonics,
generating nonclassical radiation with features such as
squeezing [21,22]. In strong-field ionization, nonclassical
driving statistics likewise modify ionization yields and
photoelectron spectra [23]. Of particular relevance to
the present work, phase-space treatments of both HHG
and above-threshold ionization have shown that broad
field-amplitude distributions increase the contribution of
rare high-intensity realizations, thereby extending spectral
plateaus and shifting their cutoff positions [15,24,25]. These
studies demonstrate that strong-field observables are sensitive
to the statistical properties of the driving field.

Here, we address the complementary question of whether
HHG can serve as a quantum transducer by mapping quantum
fluctuations of the incident driving field onto experimentally
accessible observables. We show that the HHG cutoff variance

Published by the American Physical Society


https://orcid.org/0000-0001-7785-0415
https://orcid.org/0000-0002-4582-8544
https://orcid.org/0000-0002-4306-1669
https://ror.org/02sc3r913
https://ror.org/02sc3r913
https://ror.org/04sjbnx57
https://crossmark.crossref.org/dialog/?doi=10.1103/ffdj-mz2y&domain=pdf&date_stamp=2026-10-30
https://doi.org/10.1103/ffdj-mz2y
https://creativecommons.org/licenses/by/4.0/

KHURELBAATAR, SANG, AND LITVINYUK

PHYSICAL REVIEW RESEARCH 8, 043107 (2026)

provides an operational probe of the amplitude-quadrature
noise of the driving field, including its suppression below
the coherent-state reference level. Realizing this transduction
requires two conditions: First, the vacuum-field amplitude
must be sufficiently large for quantum fluctuations of the
driver to produce measurable variations in the HHG cutoff.
This requirement favors nanoscale interaction geometries, in-
cluding nanoplasmonic hot spots, metallic nanotips, semicon-
ductor nanostructures, and dielectric metasurfaces [26-30],
where strong spatial confinement reduces the effective mode
volume. The resulting enhancement of the vacuum field can
increase the relative field fluctuations to the order of 1072
of the mean driving-field amplitude for typical strong-field
intensities (~10'* W /cm?), as discussed in Sec. II B. Second,
these fluctuations must be controllable rather than isotropic.
Squeezed light provides this control by redistributing the
quadrature noise anisotropically, reducing it in one quadrature
while enhancing it in the conjugate quadrature. Because the
HHG cutoff responds differently to conjugate quadratures,
it maps this quadrature-dependent noise onto experimentally
accessible shot-to-shot cutoff variations.

To model this transduction, we sample the positive Wigner
function of the driving field, producing a stochastic en-
semble of field amplitudes that reproduces its quadrature
statistics [31]. Each sampled field realization then serves
as a prescribed classical driving field in an independent
time-dependent Schrodinger equation (TDSE) calculation,
mapping the quantum field statistics onto the correspond-
ing distribution of single-shot HHG cutoffs. Within this
framework, we obtain three main results. First, amplitude
squeezing suppresses the HHG cutoff variance below the
coherent-state standard quantum limit (SQL): The normalized
cutoff-variance ratio R = AH?/AHg, , in which AHg,, is
defined operationally as the cutoff variance obtained with
a coherent-state driver at the same mean field and un-
der otherwise identical experimental conditions, obeys the
leading-order scaling

~ ,—2r
R~e ™,

independent of the absolute vacuum-field amplitude for mod-
erate amplitude squeezing. Second, the cutoff variance varies
with the squeezing angle 6, mapping the orientation of the
Wigner covariance ellipse onto the HHG response. Third, the
enhanced conjugate-quadrature variance introduces compet-
ing noise channels, dominated by the quadratic coupling of the
antisqueezed quadrature to the field modulus, which produce
a variance minimum near rop A 1.55. The cutoff-variance
ratio therefore functions both as a self-normalized witness
of driving-field nonclassicality and as a quantum transducer
of conjugate-quadrature fluctuations into an experimentally
accessible strong-field observable.

II. THEORETICAL FRAMEWORK

A. Squeezed coherent states

To capture the interplay between quantum statistics and
strong-field dynamics, we employ squeezed coherent states
(SCS), also referred to as displaced squeezed states: canonical
nonclassical Gaussian states in which the quantum noise of
one field quadrature is reduced below the vacuum level while

that of the conjugate quadrature is correspondingly increased,
redistributing rather than removing the Heisenberg-mandated
uncertainty. In phase space, squeezing stretches the isotropic
circular profile of a coherent state into an area-preserving
ellipse, as illustrated in Figs. 1(a)-1(c).

The driving field is the SCS obtained by displacing the
squeezed vacuum,

o, €) = D(a) $(£)]0), (1

defined by a complex displacement o = |az|e’® and a squeez-
ing parameter £ = re’?, where r >0 denotes the squeezing
magnitude and 6 the orientation of the squeezed quadrature
in phase space. The displacement, D(«), is applied after the
squeezing operator, S(£), so that « specifies the mean co-
herent amplitude and optical phase; we set ¢ = 0 without
loss of generality, so that the mean field lies along X. In this
convention, 8 = 0 corresponds to amplitude squeezing (AS),
which suppresses fluctuations of the in-phase quadrature X
below the vacuum level, whereas 6 = 7 /2 corresponds to
phase squeezing (PS), suppressing fluctuations of the orthog-
onal quadrature P. We adopt this correspondence as a fixed
convention: Wherever a double sign (F or %) appears in the
following, the upper sign refers to AS (6 = 0) and the lower
sign to PS (6 = 7 /2), with » > 0 in both cases.

For states aligned with the principal quadratures, these
squeezed states saturate the Heisenberg uncertainty relation,

Oox0Op = % 2

where oy and op denote the standard deviations of the dimen-
sionless quadratures.

Along these principal axes, the variances scale exponen-

tially with r,

2 2 2 +2

og(r) =™, op(r) =t 3)

Atomic units (A = m, = e = ayp = 1) are used throughout un-
less otherwise stated.

B. Wigner phase-space mapping

We incorporate the quantum fluctuations of the driving
field by sampling its Wigner phase-space distribution. For
an SCS, the Wigner function is a positive Gaussian and can
therefore be sampled directly as an ensemble of quadrature
pairs (X;, P;) [31-33]. Each pair defines a deterministic time-
dependent field used in an independent TDSE calculation,
and the resulting observables are averaged over the ensem-
ble. This procedure preserves the quadrature statistics of the
prepared optical state while treating the driver as an effec-
tive single mode with a fixed pulse envelope: The sampled
quadratures generate shot-to-shot variations in carrier ampli-
tude and phase, whereas multimode correlations, atom-field
entanglement, driver depletion, and dynamical backaction on
the driver are excluded (see the Supplemental Material [34]).

The Wigner distribution is

_ I Y A
W(q) = p[ 2(q Q) X (q q)], 4

1
—————ex
2mwA/det ¥
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FIG. 1. Wigner phase-space representation and stochastic field realizations. Top row: Wigner distributions for (a) a coherent state (CS),
(b) an amplitude-squeezed state (AS, r = 1), and (c) a phase-squeezed state (PS, r = 1). Teal points are sampled quadrature pairs (X;, P;); solid
black ellipses show the 1o contours; and dashed crimson circles indicate the coherent-state vacuum-noise contour. Bottom row: Corresponding
time-domain field realizations for (d) coherent, (e) amplitude-squeezed, and (f) phase-squeezed driving. Thin teal lines show individual
realizations, while the solid black line denotes the mean field. The highlighted high-amplitude realization in panel (f) illustrates the rare

events that extend the HHG cutoff.

where q = (X, P)”, @ = (+/2 |/, 0)7, and

1,-2r
5€ 0

E(r,e):R(e)( 0 le+2r>RT(0)’ Q)
2

with R(0) the phase-space rotation matrix. Because the driv-
ing field couples to the in-phase quadrature at the carrier
maximum, the leading amplitude response is governed by the
corresponding marginal variance, i.e., the leading diagonal
element of Eq. (5). Its general angular form is required only
for the angular sweep analyzed in Sec. III C and is given there
[Eq. 2D)].
Each sampled pair defines the field realization

E(t) =& am2( - ’
i = Cyac €X - n A
P 27N
X (X; cos wt + P; sin wt), 6)
where w is the carrier frequency, N is the field-envelope full

width at half maximum (FWHM) in optical cycles, and

4w

gvac = .
Vet

)

Here, &, is the vacuum-field amplitude and Vg the effec-
tive mode volume. With the present quadrature convention,
the vacuum rms field is Eyae/ V2, and the mean peak field
is Eg = V2 Evac||. Representative realizations are shown in
Figs. 1(d)-1(f). AS suppresses field-amplitude fluctuations
[Fig. 1(e)], whereas PS broadens them and produces rare
high-amplitude realizations [Fig. 1(f)] that extend the HHG
cutoff.

C. Stochastic TDSE and the cutoff observable

We numerically solve the one-dimensional length-gauge
TDSE for a soft-core argon model atom [38,39] driven by
a linearly polarized N = 2 pulse (~7.1 fs intensity FWHM)
at A = 1500 nm with a peak intensity Iy = 1 x 10'* W /cm?.
These parameters place the electron dynamics in the tunnel
ionization regime, with Keldysh parameter y =~ 0.6 [40]. For
each realization, the electric field E;(¢) is sampled according
to Eq. (6). Nanoscale spatial confinement is parametrized
in the model by the effective mode volume V., which
determines the vacuum-field amplitude &,,.. We consider
a representative strong-confinement regime with &y,./Ey ~
1072; the corresponding mode-volume estimate, numerical
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details, and convergence tests are provided in the Supplemen-
tal Material [34].

The HHG spectrum is calculated from the Fourier trans-
form of the Ehrenfest dipole acceleration,

A%
a;(t) = <_8_ - Ei(f)>7 (8)
X

following the standard approach of Refs. [41,42]. The result-
ing spectral intensity is
2

5/(Q) = ‘ / N ai(t) g(t) e ™ dt| , ©)

where 2 is the emitted angular frequency, i labels the real-
ization, and g(¢) is a Blackman window. From these spectra,
we extract the cutoff position H, expressed in harmonic or-
der (H.O.) as H = Eywoft/hw, and its shot-to-shot variance
AH? = (H?) — (H)?. For a given spectrum, H is defined as
the spectral position at which the smoothed log;, S(£2) curve
falls a predetermined number of decades below its character-
istic plateau value (see the Supplemental Material [34]).

III. RESULTS

A. Ionization and statistical filtering

In the tunnel ionization regime (y < 1) [40], the instanta-
neous ionization rate is highly nonlinear and is well described
by the Ammosov-Delone-Krainov (ADK) formula [43]:

B
F(E)NA(E)@(p(—E), (10)
where B = 3(21,)*? and A(E) is a weakly field-dependent
prefactor. The ensemble-averaged rate is obtained by averag-
ing this rate over the field distribution:

oo

(') =/ dE Q(E)I(E), an
—0o0

where Q(E) represents the marginal field distribution at the

carrier maximum.

The steep exponential structure of Eq. (10) effectively acts
as a statistical filter. Rare, high-amplitude field realizations
[e.g., see Fig. 1(f)] are weighted exponentially more strongly
than fluctuations occurring near the mean field, as visualized
in Fig. 2(a). Neglecting derivatives of the weakly varying
prefactor A(E'), we expand the dominant tunneling exponent
about Ej,

B B, 5
InI'(E) =InT'(Ey) + —50E — —30E° + O(SE”), (12)
E; Eq
and, applying a cumulant expansion tailored to the Gaus-
sian field distribution, obtain the leading correction to the
ensemble-averaged rate:

Do 2 - 2)
F(EQ)_gvaCUX(r)(zEé Eg . (13)

The bracketed coefficient captures two competing effects: a
positive enhancement arising from the squared linear term in
Eq. (12) and a partial cancellation from the negative quadratic
correction. For the physical parameters considered here, the
first term dominates, resulting in a net rate enhancement
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FIG. 2. Statistical filtering of tunnel ionization. (a) Ionization
contribution P(/)I'(/) vs normalized intensity /I, for CS (black
dashed), AS (blue), and PS (red shaded). The bare ADK rate I"(/)
(gray dotted, right axis) illustrates exponential weighting toward
rare high-intensity realizations. (b) Normalized ensemble-averaged
ionization rate (I')/Icon Vs 7, comparing numerical evaluation of
Eq. (11) for AS (blue dashed) and PS (red dashed) with the analytical
approximation of Eq. (15) (filled symbols).

whenever the amplitude distribution is broadened. If we define
the dimensional vacuum-field variance o2, = £2,_/2 and the

vac vac
dimensionless ionization-sensitivity parameter
. (B _ B 14
§=0vac ZEg_E_'g s ( )

the ensemble-averaged rate, normalized to the coherent-state
ensemble-averaged rate (I'cop), simplifies to

(I')
Ijcoh

~ exp[¢(e™ — 1)]. (15)

Since ¢ > 0 for the parameters considered here, the rate is
enhanced whenever the sampled amplitude variance exceeds
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the vacuum level: PS gives an enhancement, whereas AS gives
a slight suppression.

Figure 2(b) demonstrates that this statistical enhancement
is sensitive to the specific quadrature variance. PS states
exhibit a monotonic rate enhancement due to their broad-
ened amplitude statistics. Conversely, AS states produce
little modification; their suppressed amplitude fluctuations are
transferred into the phase quadrature, which does not couple
at leading order to the tunneling exponent in the carrier-
maximum amplitude expansion used here. We emphasize
that this enhancement is a statistical consequence, not an
exclusively quantum one: Any classical field possessing an
identical marginal amplitude distribution would generate the
same rate response. The role of the squeezed state here is
to provide an experimentally tunable, minimum-uncertainty
redistribution of the quadrature fluctuations. Quantum signa-
tures emerge when examining fluctuations of the HHG cutoff.

B. HHG cutoff extension

The statistical filtering of the ionization step fundamentally
shapes the ensemble-averaged HHG spectrum. Figure 3(a)
displays the ensemble-averaged HHG spectra computed at a
fixed mean field Ey. Compared with the CS reference, the
PS driver shifts the cutoff by several tens of harmonic orders,
whereas the AS spectrum remains close to the CS reference.
This cutoff extension is a direct ensemble-level consequence
of the statistical filtering detailed in Sec. II A: A small subset
of high-amplitude stochastic realizations contributes dispro-
portionately to the ensemble, generating larger ponderomotive
energies and pushing the ensemble cutoff beyond the mean-
field prediction. The standard classical cutoff law provides an
approximate description of each realization,

Ecuott = Ip + 317Up(E)v (16)

where 1, is the ionization potential and U,(E) = E*/4w? is
the ponderomotive energy of an electron oscillating in a field
of amplitude E and carrier frequency w, evaluated at the field
amplitude of that realization. The observed extension emerges
upon statistical averaging over the ensemble.

The statistic we analyze quantitatively is the rate-weighted
mean cutoff, defined as

(DE)U,(E))
(M(E)

where each realization is weighted by its own tunneling
rate. This rate-weighted mean differs from the cutoff of
the ensemble-averaged spectrum in Fig. 3(a). By expanding
U,(E) about Eg and combining this expansion with the pre-
ceding expansion of the ADK rate, we obtain an analytical
approximation for the rate-weighted mean cutoff:

El e =1, +3.17

ul

A7)

- 5 2B
Elyorr(r) = I, + 3.070,Ep) | 1+ €)1+ ) [ (8)
0

which is valid in the small-fluctuation limit. Here, the small
parameter € is the rms amplitude fluctuation of the sampled
quadrature relative to the mean driving field,

gvac
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FIG. 3. HHG cutoff extension under squeezed-field driving.
(a) Ensemble-averaged HHG spectra for a CS reference (black) and
AS (blue) and PS (red) drivers with r = 2.5. The gray dashed line
is the classical cutoff [, + 3.17U,(Ey)]/hw = 99.7 H.O. (b) Rate-
weighted mean cutoff vs » on the phase-squeezed branch (open
circles; Ngpos = 1000 shot-resolved realizations per r), compared
with Eq. (18) (red solid) and the classical cutoft (gray dashed). Error
bars are the standard error of the weighted mean.

The validity of this expansion depends both on € and on the
sensitivity of the tunneling exponent to these fluctuations,
which is characterized by (B/Ey) €, with B/Ey ~ 15.6. These
conditions bound the two branches differently. Under PS,
the sampled amplitude fluctuation grows as e, so Eq. (18)
holds only up to a maximum squeezing strength; under AS,
it decreases as e™", so € itself imposes no upper bound. The
AS branch is instead limited by the antisqueezed P quadra-
ture, which introduces corrections not controlled by € [cf.
the Cp2et*" channel of Eq. (24) and Fig. 4(d)]. Figure 3(b)
compares Eq. (18) with the TDSE-extracted cutoffs on the
PS branch. Agreement is good over the moderate-squeezing
range r < 1.5; at larger r, the analytical curve departs from
the TDSE result as higher-order terms neglected in the small-
fluctuation expansion become non-negligible.

While the cutoff extension demonstrates sensitivity to the
underlying field statistics, it does not intrinsically establish
nonclassicality: An engineered classical stochastic field with
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FIG. 4. Quadrature-resolved HHG cutoff statistics. (a) Rate-weighted cutoff position vs squeezing angle 6 at a fixed »r = 1.5 for the
squeezed state (blue circles) and the classical P >0 benchmark (dark red squares). Error bars are the standard error of the weighted mean.
(b) HHG cutoff variance AH? vs 6. The squeezed state (blue circles) falls below the coherent-state SQL at § = 0 and remains sub-SQL
up to O =~ 12.6°; the classical benchmark (dark red squares) remains SQL-bounded for all 6. Shading marks the sub-SQL region. The right
axis and purple dotted curve show the input quadrature variance o2(6), referenced to the vacuum variance 1/2, confirming that AH? tracks
0)% (0) across the full angular sweep. (c) Rate-weighted cutoff position (blue circles) and (d) HHG cutoff variance AH? vs r under amplitude

squeezing (AS). The leading-order ="

scaling [Eq. (23)] is shown by the red dotted curve. The two-channel model [Eq. (24)] is shown by

the orange dashed curve. In panels (a) and (c), the gray dashed line shows the mean-field classical cutoff. Each data point is obtained from an

ensemble of Ny,os = 1000 shots.

matched amplitude statistics would reproduce an identical
cutoff shift. To find a decisive distinction, we must look to
the fluctuations of the HHG cutoff.

C. Quadrature-resolved cutoff statistics

To establish a classicality criterion, it is important to dis-
tinguish Wigner positivity from optical classicality. The SCS
considered here have positive Gaussian Wigner functions,
and Hudson’s theorem identifies Gaussian states as the only
pure states with non-negative Wigner functions [44]. This
positivity, however, does not imply classicality. The Wigner
representation is less restrictive than the Glauber-Sudarshan P
representation: The Wigner function is obtained by Gaussian
smoothing of the P distribution and can therefore remain
positive even when no non-negative P distribution exists. A
single-mode field is classical in the quantum-optical sense
if it admits a non-negative Glauber-Sudarshan representation
(P >0) [45,46]. Such a field is a statistical mixture of coherent
states, and its quadrature covariance can therefore be written
as

Y= %H + Eexu z:exc = 0’ (20)

where %]I is the vacuum contribution and X represents
classical excess fluctuations. Consequently, the variance along
any rotated quadrature X, = X cos ¢ + P sin ¢ satisfies o)%q) >
1/2, irrespective of classical cross-correlations. A subvacuum
quadrature variance therefore provides a sufficient witness of
optical nonclassicality.

For the strong-field interaction considered here, the field
amplitude at the carrier maximum is governed, to leading
order, by the X quadrature. The sampled amplitude variance
at squeezing angle 6 is

og(r,0) = %(e_zr cos’ 0 + e sin” 0).

2y

We therefore construct a Gaussian classical benchmark that
retains the orientation and antisqueezed principal variance of
the squeezed state while replacing its subvacuum principal
variance by the vacuum limit,

1/2
0

0

Ta(0) = R(9)< le+2r) RT(0). (22)
2

Since X — %]I > 0, this covariance admits a non-negative
Gaussian P representation and hence constitutes a classical
reference with the same antisqueezed noise scale. Relative
to the squeezed state, the benchmark’s sampled amplitude
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variance is increased only by %(1 — e ") cos? 6. This differ-
ence is largest for amplitude squeezing (6 = 0), where the
benchmark reaches the classical lower bound a)%’cl =1/2.
Any further suppression of the amplitude variance at this
orientation therefore directly certifies nonclassicality.

Having established this classicality criterion and the cor-
responding Gaussian benchmark, we now compare its HHG
response directly with that of the squeezed-state driver. The
HHG cutoff position is closely reproduced by the classical
benchmark. Figure 4(a) plots the rate-weighted mean HHG
cutoff position versus 6 at a fixed r = 1.5, consistent with
Eq. (18). The normalized cutoff variance, however, distin-
guishes between the two regimes [Fig. 4(b)]. The classical
benchmark remains SQL-bounded for all 6, whereas the
squeezed state falls below the SQL, reaching a minimum at
6 = 0. Across the full angular sweep, AH? tracks o (6),
yielding a quadrature-resolved mapping between the input
quadrature covariance and the cutoff observable. This sepa-
rates sensitivity to field statistics from certification of optical
nonclassicality. The cutoff shift is governed by the marginal
amplitude distribution and can therefore be reproduced by a
classical stochastic field with the same distribution [Fig. 4(a)],
whereas the cutoff fluctuations transduce the driving-field
quadrature noise. Within the linear-response regime, where
the tested and coherent-state drivers share the same cutoff
response coefficient, a cutoff variance below the coherent-
state SQL thus witnesses subvacuum noise in the sampled
quadrature and is incompatible with any single-mode state ad-
mitting a non-negative Glauber-Sudarshan P representation:
The nonclassical signature resides not in the cutoff extension,
but in the covariance-sensitive cutoff fluctuations [Fig. 4(b)].

Figures 4(c) and 4(d) show the cutoff position and the vari-
ance AH? as functions of » under amplitude squeezing (6 =
0). The cutoff variance initially decreases, reaches a mini-
mum around ro, & 1.55, and then increases. To understand
the initial suppression, we linearize the classical cutoff rela-
tionship [Eq. (16)] about Ey, obtaining §H >~ (0H/0E)|g,0E.
The response coefficient is identical for quantum and classical
drivers evaluated at the same Ej. The resulting leading-order
variance is AH? >~ (0H/E)* o}y, with o, = EL.0¢(r, 0 =
0) for AS. Normalizing this expression by the coherent-state
variance at the same mean field cancels both the linear-
response prefactor and the absolute vacuum-field amplitude:

AH?(r) N o (r,0 =0) _

2 - 2
AI_]SQL o-X,vac

R(r)= (23)

At fixed r, Eq. (23) is the leading-order result in the vacuum-
to-driver field ratio &,,./Ey. This constitutes the central result
of our work: The normalized cutoff variance provides a non-
classicality witness whose leading-order scaling is determined
solely by the squeezing parameter and is independent of the
absolute vacuum-field amplitude. This scaling is observed in
the r < 1.2 region of Fig. 4(d).

The subsequent upturns in the cutoff position and variance
are absent from the leading-order description: Both Eqgs. (18)
and (23) are controlled by the sampled amplitude variance
o} = %e‘zr, which amplitude squeezing suppresses monoton-
ically. These upturns arise from the quadratic coupling of the
orthogonal quadrature to the field modulus. Geometrically, the

conjugate quadrature is orthogonal to the mean displacement,
so it cannot shift the peak driving amplitude at first order
and enters through the field modulus +/X2 + P2. Its growing
fluctuations therefore shift the mean cutoff and introduce an
additional variance channel. With Var(§P?) = 20p for Gaus-
sian fluctuations, this contribution to the variance scales as
et . Retaining the leading amplitude contribution and this
conjugate-quadrature correction gives

AH*(r) ~Cx e ™ + Cmet™. (24)

The competition between these two channels produces the ob-
served minimum in Fig. 4(d). Because the cutoff is quadratic
in the field, the strong-field response cancels in the ratio of
the two coefficients, which is fixed by the vacuum-to-driver
field ratio alone, k = Cp2/Cx = %(5\,ac /Eo)z. The minimum
of Eq. (24) therefore occurs at

1 1
Topt = 8 In i . (25)

For the present parameters, this gives 7oy 2 1.65, within ~6%
of the TDSE value 1.55. A finite positive optimum thus
arises when the growing conjugate-quadrature contribution
balances the initially dominant amplitude contribution. Unlike
the leading-order normalized variance, the position of this
optimum depends on the absolute vacuum-field amplitude and
hence on the mode volume, since k¥ Ve;fl at fixed mean field
and mode frequency.

Both the leading scaling in Eq. (23) and the conjugate-
quadrature turnover are reproduced by a three-dimensional
strong-field approximation calculation and benchmarked
against the stochastic TDSE ensemble. This agreement sup-
ports the robustness of the underlying fluctuation mechanisms
across the binding potentials, numerical methods, and contin-
uum dimensionalities examined here. The benchmark results,
coefficients, residual finite-pulse correction to the depth of
the minimum, and assessment of the truncation’s validity are
provided in the Supplemental Material [34].

IV. DISCUSSION

The witness established above concerns the driving field
alone: Our result does not imply that the emitted harmonic
field is itself squeezed or otherwise nonclassical. The cutoff-
variance criterion is not restricted to Gaussian squeezed
states. More generally, the cutoff fluctuations probe the field
noise along the quadrature selected by the strong-field re-
sponse. Consequently, any Gaussian or non-Gaussian state
with subvacuum fluctuations in that quadrature can, in prin-
ciple, produce a sub-SQL cutoff variance. The criterion is
nevertheless sufficient rather than necessary for optical non-
classicality. Nonclassical states without quadrature squeezing,
including nonvacuum Fock states and certain nonclassical
Fock-diagonal mixtures, need not produce a sub-SQL signal.
Similarly, noise suppression in a quadrature to which the
cutoff is insensitive will not be detected. The exponential
scaling reported here is therefore specific to the SCS consid-
ered, whereas the underlying nonclassicality criterion is more
general.

Several theoretical limitations should also be empha-
sized. The present analysis assumes a prescribed, undepleted
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single-mode Gaussian driver. Propagation through a macro-
scopic medium, spatially varying nanophotonic near fields,
mode mixing, and phase matching may further modify both
the absolute cutoff variance and its normalized response.
Multimode effects and optical loss are discussed in the Sup-
plemental Material [34].

Experimental implementation requires an intense, phase-
stable SCS, rather than the bright squeezed vacuum employed
in several recent strong-field experiments. Emerging methods
for ultrafast quantum-light generation and control indicate a
possible route toward such states at midinfrared wavelengths
[47]. In principle, gold bow-tie nanoantenna geometries ex-
plored for plasmon-enhanced HHG in noble gases [26,48]
could provide a platform for experimental implementation,
with the effective mode volume tailored through nanofab-
rication [49]. Optical loss in the driving field is another
experimental consideration. For a pure-loss channel with
transmissivity 7, the normalized cutoff variance becomes
Ry(r) = ne~?" 4 (1 — n), using a coherent-state reference at
the same transmitted mean field. Pure loss weakens the sub-
SQL suppression but cannot generate a sub-SQL signal from a
classical input within this regime (see the Supplemental Mate-
rial [34]). The measurement itself requires only shot-resolved
HHG spectra and avoids direct quadrature reconstruction by
homodyne detection. Its main experimental challenge is sepa-
rating quantum fluctuations from technical contributions such
as mean-field drift and carrier-envelope-phase noise. Inter-
leaved acquisition of coherent-state reference spectra under
otherwise identical conditions would provide an operational
SQL calibration and facilitate common-mode noise rejection,
while the residual technical-noise variance would need to be
independently characterized or bounded.

Beyond HHG, other nonlinear processes, such as high-
order above-threshold ionization (HATI), are also sensitive
to the quantum statistics of the driving field [23-25]. The
ponderomotive scaling of HATT and direct-photoelectron cut-
off energies motivates exploring whether their shot-to-shot
fluctuations could provide similar nonclassicality witnesses.
Changes in the mean cutoff or spectral shape alone, however,
do not establish sub-SQL cutoff fluctuations. Extending the
present criterion would require a dedicated analysis of the
quadrature-dependent response, including ionization and, for
HATT, rescattering, together with a consistently defined cutoff
observable and comparison with a coherent-state reference.

V. CONCLUSION

We have shown that amplitude-squeezed driving can re-
duce the shot-to-shot variance of the HHG cutoff below
the coherent-state SQL. Normalizing this variance to that of

a coherent-state driver under otherwise identical conditions
gives the ratio R. Within the linear-response regime, R <
1 certifies subvacuum noise in the driving-field quadrature
sampled by the strong-field response and thus provides a suffi-
cient, though not necessary, witness of optical nonclassicality.

Our central result is the scaling R(r) ~ e~ in the
moderate-squeezing regime. To leading order, this ratio is
independent of the absolute vacuum-field amplitude and the
effective mode volume. Normalization therefore removes the
common Efac scale, allowing the squeezing-induced variance
suppression to be identified without requiring an independent
determination of the effective nanoscale mode volume within
this approximation. At stronger squeezing, higher-order con-
tributions from the antisqueezed quadrature compete with this
suppression. The antisqueezed quadrature’s quadratic cou-
pling to the field modulus predicts a finite optimal squeezing
strength near 7,y A 1.65 for the parameters considered here.

These results show how quantum fluctuations of a driv-
ing field can be probed through an experimentally accessible
strong-field observable without direct homodyne reconstruc-
tion or photon-number-resolved measurements of the driving
mode. Although demonstrated here for SCS, the linear-
response criterion applies more generally to states with
subvacuum fluctuations in the sampled quadrature. Re-
lated processes, such as nonsequential double ionization and
strong-field photoelectron interferometry, may offer further
opportunities to probe field-quadrature fluctuations through
their nonlinear response. Establishing analogous nonclassi-
cality witnesses in these settings will require identifying the
sampled quadratures and determining how their fluctuations
enter the measured observable.
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