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Convective heat transfer patterns in plane-layer Rayleigh-Bénard convection
revealed by transient almost-invariant sets
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Horizontally extended plane-layer convection flows are characterized by characteristic patterns of turbulent
heat transfer due to the convective fluid motion consisting of a nearly regular ridge network where hot fluid rises
and cold fluid sinks. Here, we analyze this transport behavior by the so-called inflated generator framework,
which identifies quasistationary families of almost-invariant sets, derived from leading inflated generator eigen-
vectors. We demonstrate the effectiveness of this data-driven analysis framework in three-dimensional turbulent
flow, by extracting transient characteristic heat transfer patterns as families of almost-invariant sets subject to a
gradual evolution, which contribute least to the convective heat transfer.
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I. INTRODUCTION

Turbulent convection phenomena are ubiquitous starting
with heat and momentum transfer processes in stellar interiors
[1] via vortex formation in planetary atmospheres to magnetic
field generation by dynamo action in planetary cores [2] and
heat exchanger and cooling devices in technology [3]. In the
simplest setting buoyancy forces drive fluid motion, caused by
the temperature dependence of the fluid density, in a planar
fluid layer of height H that is uniformly heated from below
(z = 0) and uniformly cooled from above (z = H) [4,5]. This
is the fundamental Rayleigh-Bénard convection (RBC) case
[6,7] in which the mass density is a linear function of the
temperature deviation from a reference equilibrium state, the
working fluid is incompressible, and the material parameters,
such as thermal conductivity and kinematic viscosity, are
constant across the fluid volume. For imposed temperature
differences between top and bottom, which significantly ex-
ceed a critical threshold value, a (turbulent) fluid motion is
initialized. Heat is transferred then by diffusion and domi-
nantly by advection. This thermal driving is quantified by the
dimensionless Rayleigh number Ra [4,5].

One central question in turbulent convection is the exact
amount of heat that is transferred on average from the bottom
to the top as a function of the imposed outer temperature
difference (i.e., on Ra) and the material properties of the
working fluid in the plane layer [7–9]. Depending on the
horizontal extension (in x and y directions) of the fluid layer,
this turbulent transport proceeds frequently in the form of
regular and gradually evolving horizontal fluid flow patterns
at scales that exceed the thickness H of the layer. These
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patterns set a large-scale order, which exists despite the
fact that the convection flow is fully turbulent on smaller
scales; they are termed turbulent superstructures of convec-
tion [10–12]. Recently, it has been shown that these structures
are rooted in a hierarchical (i.e., successively coarser) network
of thermal plumes with increasing distance from the wall.
These plumes are linearly unstable fragments of the thermal
boundary layer that detach from the walls and rise into the
bulk. This implies that turbulent superstructures are formed
in a bottom-up process, starting with the smallest building
blocks—the thermal plumes—from the walls [13]. In addi-
tion, it is found that the characteristic “mesh width” of this
plume network follows a self-similar scaling with Rayleigh
number, which scales with the Rayleigh number as ∼Ra−1/3.

The large-scale patterns of plane-layer convection depend
on the thermal boundary conditions [14]. For prescribed
temperature at the top and bottom, the Dirichlet boundary
condition case (which will be considered here), we observe
a collection of circulation rolls with cross-roll modulations
that fill the layer vertically from bottom to top. They exist
as a single entity in closed cylindrical convection cells with
aspect ratio near 1 and are termed here large-scale circulation
[8,9,15].

In terms of the material transport in the turbulent fluid, i.e.,
from the perspective of the Lagrangian frame of reference,
these convection cells can be considered as coherent sets
[16]—regions that largely trap Lagrangian tracer particles for
a transient period of time in their cores and thus essentially
reduce the mixing and heat transfer from bottom to top in
the convection case. This concept has been discussed in sev-
eral other material transport problems in the atmosphere and
ocean [16–19]. The complementary perspective is to detect
and study the manifolds between the nearly coherent sets,
which can serve as barriers to material transport [20–22]. Both
frameworks stem from dynamical systems theory. Coherent
sets were investigated in RBC in different ways, e.g., by var-
ious implementations of the dynamic Laplacian or dynamic
clustering [23–27], their long-term behavior was described
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by a Markov model [28], the arising advective and diffusive
transport barriers were analyzed [29], and so-called collective
variables were calculated to model transitions between large-
scale states [30].

Despite turbulent convection flows being time-dependent,
turbulent superstructures slowly form and only gradually
change before fading away. While they exist, they are there-
fore almost-invariant sets [31]; i.e., they stay approximately
fixed in space and only slowly leak fluid. Both coherent sets
and almost-invariant sets trap fluid for times much longer
than local characteristic mixing times. The key difference
is that coherent sets may move rapidly in space (carrying
fluid within them), while almost-invariant sets remain fixed
in space while they exist. Due to the quasistationary-in-
space property of the turbulent superstructures, we analyze
the convective heat transfer (CHT) in a turbulent plane-layer
RBC flow using almost-invariant sets rather than coherent
sets. Such an approach will filter out coherent sets that are
not associated with the turbulent superstructures and better
target the superstructures. In contrast to standard almost-
invariant set analysis, which can only detect almost-invariant
sets that possess the almost-invariance property throughout
the flow duration, here we study the flow over long duration
in which we expect the birth and death of many superstruc-
tures. We seek quasistationary families of almost-invariant
sets, namely, time-dependent fluid parcels that may appear,
slowly evolve in a quasistationary-in-space manner, and ulti-
mately disappear. Each such family represents a convection
cell, as discussed above. We go beyond prior work by track-
ing the onset and decay of the convection cells and filtering
out possibly spurious coherent sets that move rapidly in
the fluid.

We employ a recent data-driven framework [32], built
around the (time-varying) infinitesimal generators Gt , which
generate the Perron-Frobenius or transfer operators, the op-
erators that describe the evolution of the distribution of a
(probability) measure in the phase space of a dynamical
system for a positive time. We “inflate” (time-extend) the
individual generators Gt from the spatial into the spatiotem-
poral domain of the time-dependent RBC flow in the plane
layer to create an inflated generator G. Through this special
time extension, we are able to capture the almost-invariant
character of the transport patterns, as well as their appearance,
time evolution, and disappearance.

An eigenvector analysis of G, which builds on the
sparse eigenbasis approximation (SEBA) [33] technique, is
subsequently used to identify quasistationary families of
almost-invariant sets. Our analysis can extract the gradually
evolving patterns in the bulk of the horizontally extended
plane-layer turbulent convection flow; they can be success-
fully compared with the time-windowed Eulerian fields of
the convective heat transfer, which correlates velocity and
temperature and thus form the important transport pattern in
the RBC flow [34]. We note that velocity data are used in the
present framework to reproduce correlations between velocity
and temperature. We thus provide a proof of concept to ap-
ply the framework from dynamical systems theory to reveal
the spatiotemporal organization of convective heat transfer
in horizontally extended plane-layer configurations, which
are termed mesoscale convection flows [12], from reduced

information. The analysis will also allow one to analyze the
correlation of the SEBA fields with uz.

The outline of the manuscript is as follows. Section II
introduces the convection flow with its parameters. Here, we
also detail the convective heat transfer, the coupled field of
velocity and temperature, which characterizes the turbulent
heat transfer due to fluid motion. Section III summarizes
the analysis methods for almost-invariant sets. Afterwards, in
Sec. IV, we present the results of our data analysis before the
final conclusions are drawn in Sec. V.

II. RAYLEIGH-BÉNARD CONVECTION MODEL

A. Boussinesq equations and parameters

The data for the analysis are generated by direct nu-
merical simulations (DNS). To this end, we solve the
three-dimensional Navier-Stokes equations in the Boussinesq
approximation numerically. This couples velocity u(x, t ) =
(ux, uy, uz ) and temperature T (x, t ) fields with x = (x, y, z)
[5,7]. The nondimensional form of the governing equations is
given by

∂u
∂t

+ (u · ∇)u = −∇p + T ẑ +
√

Pr

Ra
∇2u, (1)

∂T

∂t
+ (u · ∇)T = 1√

PrRa
∇2T, (2)

∇ · u = 0. (3)

The equations are solved by the spectral element method
(SEM) using the graphics processing unit (GPU)-accelerated
SEM solver, nekRS [35]. The computational domain is a
cuboidal cell of � = L/H = 8 with periodic boundary condi-
tions along the horizontal directions, where L is the horizontal
extension and H is the height. The horizontal coordinates are
x, y ∈ [−4, 4]. The top and bottom walls are found at z = 0
and 1. The simulation domain is the volume V = L2H .

We set no-slip condition on the velocity field and prescribe
uniform temperatures Ttop = 0 and Tbot = 1, respectively. The
two dimensionless parameters that characterize the convection
flows (in addition to the aspect ratio �) are the Rayleigh
number Ra and the Prandtl number Pr, which are given by

Ra = gαδT H3

νκ
and Pr = ν

κ
, (4)

where g is the acceleration due to gravity, δT = Tbot − Ttop >

0 is the temperature difference between the hot and cold
plates, α is the thermal expansion coefficient, κ is the thermal
diffusivity, and ν is the kinematic viscosity. The present study
uses one dataset at Ra = 105 and Pr = 0.7. The characteristic
length, velocity, and temperature scales used to obtain the
nondimensionalized Eqs. (1)–(3) are H , Uf = √

gαδT H , and
δT , respectively, where Uf is the free-fall velocity of the
thermal plumes.

We follow the same workflow as in Samuel et al. [36].
Consequently, we ensure that the meshes are fine enough to
resolve the boundary layers. The simulations are initialized
with the diffusive equilibrium state of RBC for which the fluid
is at rest and the temperature drops linearly from the bottom
to the top. This equilibrium state is infinitesimally perturbed
and develops into a turbulent convection flow for a transient
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period. The turbulent state is statistically stationary; i.e., sta-
tistical moments and correlations are time-independent. Time
averages, indicated by 〈·〉t , are taken in the following always
as an arithmetic average over a sequence of statistically inde-
pendent snapshot realizations of the turbulent fluid flow. We
obtain such series of realizations from one long trajectory (in
other words, a single very long DNS run). The time interval
between the snapshots is one free-fall time Tf (which will be
defined further below), sufficiently large such that the small-
scale temporal correlations of the temperature and velocity
fields have decayed. These time averages are combined with
averages over the horizontal cross section plane A = L2 or the
simulation domain V = AH and denoted by 〈·〉A,t and 〈·〉V,t ,
respectively. Error bars are then standard deviation from this
statistical analysis.

We determined Nusselt number, Nu, and Reynolds number,
Re, which are the global measures of heat and momentum
transport, respectively. To this end, we compute Nu from the
nondimensionalized temperature gradient at the bottom wall,
whereas Re is calculated from the volume-averaged root mean
square (rms) velocity [see also Eq. (4)]

Nu = −∂〈T 〉A,t

∂z

∣∣∣∣
z=0

, Re = Urms

√
Ra

Pr
. (5)

The dimensionless root mean square velocity Urms in Eq. (5)
is computed for the volume V , Urms = 〈|u|2〉1/2

V,t . Recall that
velocities are given in units of Uf .

To solve the system of Eqs. (1)–(3) using SEM, we dis-
cretize the domain into Ne = 300 × 300 × 64 elements. Each
element is further discretized into Gauss-Lobatto-Legendre
nodes from fifth-order (p = 5) Legendre polynomials along
each direction, yielding a total of Ne × p3 = 720 million col-
location points.

Each snapshot generated from DNS contains velocity,
pressure, and temperature data at all collocation points. We
obtained 150 such snapshots within steady state, separated by
unit Tf , where Tf = H/Uf is the free-fall time used to nondi-
mensionalize time, covering a total of 150 Tf (resulting in 3.6
TB of data). The free-fall time Tf is a characteristic time that
estimates how long cold dense fluid falls across a distance H
under the action of buoyancy forces. To ensure a statistically
steady state, data were sampled after an initial period of 2000
Tf . Note that although the DNS is performed at sufficiently
high spectral resolution—necessary to accurately calculate the
temporal evolution of the velocity and temperature fields—the
datasets are subsequently downsampled for the detection of
the quasistationary almost-invariant sets.

Averaging over a sequence of statistically independent
snapshots in the statistically stationary regime, we obtain the
Nusselt number from our DNS to be Nu = 4.264 ± 0.058,
and the Reynolds number is Re = 92.66 ± 1.03. These values
are consistent with those obtained by Samuel et al. [36]. The
slightly reduced value of Re is also consistent with the obser-
vations made for larger aspect ratios as shown for Ra = 109

in the same work.

B. Convective heat transfer field

While the global heat transport is quantified in nondimen-
sional units using the Nusselt number, a local measure can be

obtained the CHT field, which is given by

Hc(x, t ) = uz(x, t )θ (x, t ), (6)

where uz(x, t ) is the component of the velocity field along the
vertical z direction, and

θ (x, t ) = T (x, t ) − 〈T 〉A,t (z) (7)

the temperature fluctuation, obtained after subtracting the
mean temperature profile 〈T 〉A,t (z). Here, 〈·〉A,t is a combined
average over the horizontal cross section A = L2 and time t .
Using Eq. (6), it is possible to calculate the Nusselt number in
an alternative way to Eq. (5), which is given by

Nu = 1 +
√

RaPr〈Hc(x, t )〉V,t . (8)

Computing Nu using this formula, we get Nu = 4.264 ±
0.086, which is in excellent agreement with the former value
of Nu computed from near-wall temperature gradient (5). This
underlines that the numerical simulations are well-resolved,
both in the bulk of the layer and the near-wall regions.

We obtain a sequence of 102 three-dimensional data snap-
shots of the velocity and temperature fields of RBC flow
for times 2001Tf < t < 2103Tf with a time interval of 1 Tf

between successive snapshots. The field data are subsequently
interpolated spectrally to a coarser three-dimensional grid
with uniform mesh size 	 in all three space directions (see
also Sec. III C). The coarse grid will be used for the data
analysis. Note that the original fields are much more finely
resolved with a vertically nonuniform spectral element grid,
in particular close to the bottom and top walls.

Figure 1 shows two-dimensional slice cuts through the
temperature fluctuation field θ (x, t0) in panels (a) and (d),
the vertical velocity field uz(x, t0) in panels (b) and (e), and
the CHT field Hc(x, t0) in panels (c) and (f) at t0 = 2052Tf ,
which is the snapshot in the middle of the sequence. In the top
row of the figure, horizontal cross sections at the midplane at
z = 1/2 are shown. In the three subsequent rows, we show the
corresponding vertical cuts through the volume V at y = 0.
While the horizontal cuts display the spatial organization of
the convection patterns by means of three fields viewed from
the top, the vertical cut highlights the thermal plume structures
of the convection flow across the layer, which carry the heat
from bottom to top.

The horizontal organization into turbulent superstructure
patterns, which we observe here in panels (a)–(c) of Fig. 1,
remains intact for higher Rayleigh numbers and different
Prandtl numbers than discussed here (see, e.g., Refs. [10–12]).
With increasing Ra and thus with increasing vigor of the
convective turbulence, an ever finer network of linelike ther-
mal plumes forms. These plumes are the structures which
protrude vertically from both top and bottom walls, visible in
the vertical cross-section plots, such as panel (d) of Fig. 1. As
mentioned in Sec. I, the plume network becomes coarser with
increasing distance from the wall. This results in prominent
plume clusters, which are the superstructures in the bulk of
the layer. This process sustains the superstructure pattern, also
for higher Rayleigh numbers; in Refs. [13,37], we showed its
presence up to Ra = 1011.

The characteristic size of cells that form the superstructure
pattern depends on the Prandtl number [10]. This dependence
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FIG. 1. Snapshots of the temperature fluctuation θ , in panels (a) and (d), the vertical velocity uz in panels (b) and (e), and convective heat
transfer field in panels (c) and (f) for the time instant at t = 2052 Tf . The top row displays horizontal cuts at z = 1/2, and the three bottom
rows vertical cuts at y = 0.

is not yet fully understood. However, it is connected to the
stem width of the thermal plumes, which are unstable de-
tached fragments of the thermal boundary layer. The boundary
layers have a Pr-dependent width that is well documented
by scaling theories and simulations [7,9]. In a nutshell, the
lower Pr at fixed Ra, the thicker the thermal boundary layer
width.

It is seen in Figs. 1(c) and 1(f) that CHT is locally maximal
where hot fluid rises and cold fluid sinks to the bottom; in
both cases locally Hc > 0. Note, that in both cases, heat is
carried from the bottom to the top. For the vertical cut at y =
0, this is dominantly done by cold fluid falling down as seen
by relating panels (d) and (e) with panel (f) of Fig. 1. These
fields fluctuate strongly with respect to space and time. We
thus smooth the snapshot data by a sliding time average over
a time window [tk − m, tk + m] of length τ = (2m + 1) Tf for
the upcoming analysis. We will take m = 2 and thus a time
window of length 5 Tf . This filtering with respect to time,
which will be denoted by 〈·〉τ , highlights the large-scale and
gradually evolving convection cells better, which we aim to
analyze with the present framework.

Figure 2 provides a three-dimensional view of the fields
θ (left) and uz (right) for the same snapshot as in Fig. 1.
Although the structures appear like isosurfaces, they are iso-
volumes defined by narrow ranges in their corresponding
fields. As a result, blue isovolumes in panel (a) denoting nega-
tive values of temperature fluctuations are defined by a band of
θ corresponding to the interval [−0.23,−0.22]. Similarly, the
red isovolumes in panel (a) are defined by θ ∈ [0.22, 0.23].
Correspondingly in panel (b), the low and high values of the
vertical velocity uz are defined by the ranges [−0.25,−0.24]
(blue isovolumes) and [0.24, 0.25] (red isovolumes), respec-
tively. We note that the upwelling hot fluid and downwelling
cold fluid are equally distributed within the flow domain.

While the short-time fluctuations of the fields are smoothed
by the sliding average, mean transport properties of the flow
remain unaffected by this procedure. To demonstrate this, we
choose a single snapshot at a time t0 and calculate the mean
vertical CHT profile 〈Hc(t0)〉A(z). This is compared in Fig. 3
with the mean profiles that are obtained from an average
that combines the time window-average centered about t0
and plane average of CHT fields, 〈Hc〉A,τ (z). We see that the
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FIG. 2. Three-dimensional structure of (a) θ and (b) uz at t = 2052Tf , corresponding to the snapshots shown in Fig. 1. The faint contours
near the bottom walls are at z = 0.005. The red regions in panel (a) correspond to θ ∈ [0.22, 0.23], and those in panel (b) correspond to
uz ∈ [0.24, 0.25]. The blue regions correspond to θ ∈ [−0.23, −0.22] and uz ∈ [−0.25, −0.24], respectively.

vertical mean profiles overlap for time windows of different
lengths τ , which are indicated in the legend. All CHT pro-
files are Hc = 0 at the walls, which is caused by the no-slip
boundary condition at the walls, z = 0, 1, which states that
ux = uy = uz = 0. The averaged CHT profiles become max-
imal in the center or bulk of the convection layer, as seen in
Fig. 3.

III. ANALYSIS METHOD FOR QUASISTATIONARY
FAMILIES OF ALMOST-INVARIANT SETS

As discussed in the introduction, we aim to characterize the
three-dimensional fluid motion using the concept of quasista-
tionary families of almost-invariant sets [32]. In our RBC flow
setting, a single family is a time-parameterized family of sub-
sets of the cuboidal cell domain. For our turbulent RBC flow,
we expect many such families to be present simultaneously,
although each individual family may not exist throughout the
full time duration we consider from 2001Tf to 2103Tf . The
almost-invariant aspect of these time-parameterized families

means that for a given family at any given time instant t
the instantaneous rate of fluid loss from the family element
at time t is very low. The quasistationary aspect relates to
the families being approximately fixed in the spatial domain
through time, and also allows for families to emerge and
disappear. These families are the manifestation of the slow
dynamics of the large-scale turbulent superstructure patterns;
the spatial complement of the families will be responsible for
the major fraction of the CHT across the plane layer.

We use the approach of Ref. [32] to construct multiple qua-
sistationary families of almost-invariant sets. This approach
rests on a spectral analysis of generators for stochastic drift-
diffusion equations, where the drift is given by u(t, x):

dxs = u(t, x) ds + ε dws, (9)

where {ws} is Brownian motion and ε > 0 is small.

A. Almost-invariant sets and generators of steady flows

This section provides background on identifying almost-
invariant sets in steady flows, i.e., where u(t, x) = u(x); in the

FIG. 3. Mean values of CHT across the horizontal plane at different z levels plotted against these z levels, at t = 2052Tf , and averaged
over time windows of length 5, 9, 13, 17, and 21 Tf , centered at time t = 2052Tf . Similar results are obtained at other times.
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next section, we extend these ideas to time-dependent velocity
fields. For a steady vector field u, we consider trajectories {xt }
of the stochastic differential equation (SDE) (9). We say that
S ⊂ M is almost-invariant if

ρs(A) := Prob(x0 ∈ A, xs ∈ A)

Prob(x0 ∈ A)
≈ 1 (10)

for short durations s, where Prob is the probability of the event
occurring if x0 is initialized uniformly over M.

Following Ref. [38], one may construct a first-order-in-s
formula for ρs(S):

ρs(A) = 1 + GA1A

V (A)
s + o(s), (11)

where V denotes volume in M and 1A is the indicator function
on A. The operator GA is defined as

GA f := lim
s→0

∫
A

Ps f − f

s
dV, (12)

where Ps is the Perron-Frobenius operator, describing evolu-
tion of a density f by the Fokker-Planck equation

∂ f (t, x)

∂t
= −∇ · (u(x) f (t, x)) + ε2

2

 f (t, x) (13)

for a duration s. From Eq. (12), it is clear that GA1A � 0
and returning to Eq. (11), we see that almost-invariant sets
A should have GA1A � 0. To obtain multiple almost-invariant
sets A, following Ref. [38], one computes several leading real
eigenfunctions of the generator G, where

G f := lim
s→0

Ps
t f − f

s
. (14)

That is, we solve the linear eigenproblem G f = λ f with pe-
riodic boundary conditions applied at the vertical “sides” of
M and Neumann boundary conditions applied at the floor and
ceiling of M.

B. Quasistationary families of almost-invariant sets
and the inflated generator

In this and subsequent sections, we assume that u is time-
varying. We define the spacetime domain M = [0, τ ] × M,
which should be thought of as a continuum of copies of M
across times from 0 to τ . We now define spacetime versions
of u, the SDE in Eq. (9), the invariance ratio ρs, and the
generator G.

Following Ref. [32], we define a time-expanded domain
M = [0, τ ] × M and construct a stochastic process as so that

(1) in the time coordinate, introduce diffusion with inten-
sity a > 0,

(2) in the original phase space coordinates, on M at time t ,
we have the usual SDE on M, namely, diffusion with intensity
ε and drift given by u(t, ·).

More precisely, we define a spacetime vector field U by

U (t, x) =
(

0
u(t, x)

)

and a spacetime SDE as

dX s = U (X s) ds + � dW s, (15)

where X = (t, x) ∈ M and

� =
(

a 0
0 εI3

)
.

The scalar ε > 0 continues to represent diffusion in space, and
a > 0 is the diffusion coefficient along the temporal coordi-
nate. Note that Eq. (15) is an autonomous SDE on M.

Similarly to the previous subsection, we will say that the
spacetime set A ⊂ M is almost-invariant if Eq. (10),

ρs(A) := Prob(X 0 ∈ A, X s ∈ A)

Prob(X s ∈ A)
≈ 1, (16)

where X 0 is distributed uniformly on M. Let us write the
spacetime set A = ⋃

t∈[0,τ ]({t} × At ), where each At ⊂ M,
t ∈ [0, τ ], and interpret what almost-invariance in spacetime
means. Stochastic trajectory escape from a spacetime set A
can occur in the space coordinates or the time coordinate, and
if ρs(A) ≈ 1, both types of escape should be low.

Low escape in space coordinates means that on most time-
slices {t} × At , one has ρs(At ) ≈ 1, and therefore at most time
instances At is almost-invariant in the usual phase space sense.

Low escape in the time coordinate means that the boundary
of A is mostly aligned with the time axis, which means that
there is small variation of the boundary of the family At with
t ; in other words, the family {At }t∈[0,τ ] is quasistationary.

Note that the sets At may be empty during some subin-
tervals of [0, τ ]. This flexibility allows for quasistationary
families of almost-invariant sets to appear and disappear in
time.

Following Ref. [32], one may construct a first-order-in-s
formula for ρs(A):

ρs(A) = 1 + GA1A
V (A)

s + o(s), (17)

where V denotes volume in M. An operator GA is defined as

GAF := lim
s→0

∫
A

P sF − F

s
dV , (18)

where P s is the Perron-Frobenius operator, describing evolu-
tion of a density F by the Fokker-Planck equation

∂F (X )

∂s
= −∇ · (U (X )F (X )) + �2

2

F (X ) (19)

for a duration s. From Eq. (18) it is clear that GA1A � 0
and returning to Eq. (17), we see that almost-invariant sets A
should have GA1A � 0. To obtain multiple almost-invariant
sets A, following Ref. [38] (see also Refs. [39,40]), one com-
putes several leading real eigenfunctions of the generator G,
where

GF := lim
s→0

P sF − F

s
. (20)

023040-6



CONVECTIVE HEAT TRANSFER PATTERNS IN … PHYSICAL REVIEW RESEARCH 8, 023040 (2026)

FIG. 4. Sketch of the spatial domain M divided into cubic cells
for the construction of the spatial generators Gt on each time slice
with side length 	. We use periodic boundary conditions on the side
walls of the domain (which are highlighted in cyan) and Dirichlet
boundary conditions for the temperature field at the top and bottom
planes (which are highlighted in red).

In practice, we will compute eigenfunctions of the L2-adjoint
of this operator; see Ref. [32] for details. That is, we solve

G∗F ∗ = �F ∗,

∇F (x) · N(x) = 0, for X ∈ ∂M, (21)

where

G∗F (t, x) = U (t, x) · ∇F (t, x) + �2

2

F (t, x). (22)

We have periodic boundary in the x and y coordinates, and ap-
ply Neumann boundary conditions on ∂M = ({0, τ } × M ) ∪
([0, τ ] × ∂M ), where ∂M consists of the floor and ceiling of
our three-dimensional physical domain.

The spectrum of G∗ (and of G) consists of eigenvalues
�k, k = 1, 2, 3, . . . with nonpositive real part, ordered by de-
creasing real part. The eigenvalue �1 = 0 has corresponding
eigenfunction F ∗

1 ≡ 1. We separate the real eigenvalues into
two classes [32,41]. First, so-called temporal eigenfunctions
with no dependence on x; they have the form F ∗

k (t, x) =
cos(kπt/τ ), with corresponding eigenvalues −(akπ/τ )2/2.
Second, the remainder of the real eigenfunctions we call spa-
tial eigenfunctions; it is these that encode the quasistationary
almost-invariant families.

C. Numerical estimation of the inflated generator

We discretize our spacetime domain M = [0, τ ] × M,
where M = [−4, 4) × [−4, 4) × [0, 1] ⊂ R3, by splitting the
time interval [0, τ ] into equidistant time steps 0 = t0 < t1 <

· · · < tK−1 < tK = τ , each separated by 
t = τ/K , and sub-
dividing M into N cubes B1, . . . , BN of equal side length 	.
Figure 4 shows an example of what M looks like after it has
been split into N cubes.

1. Discretization of spatial generators at each time instant

At time t , we denote the operator corresponding to the
right-hand side of Eq. (13) with u(x) = u(t, x) by Gt . To con-
struct an estimate of Gt —called the spatial generator at time
t—we use “Ulam’s method for the generator” as introduced
in Ref. [38]. This approach is related to an upwind scheme
and involves computing integrals representing the rate of flux
out of all of the faces of the boxes {Bi}N

i=1. Let ni j denote the

unit normal vector to the face Bi ∩ Bj pointing out of Bi. We
construct an N × N matrix Gt as

Gt
i j =

{
Gt

drift,i j + ε2

2	2 , i �= j,

−∑
j �=i Gtk

i j, otherwise,
(23)

where S denotes surface area and

Gt
drift,i j = 1

V (Bj )

∫
Bi∩Bj

(max{u(t, x) · ni j, 0}) dS(x) (24)

denotes the deterministic (drift) component of the genera-
tor matrix Gt , which corresponds to the first term on the
right-hand side of Eq. (13). Note that at most six flux in-
tegrals are computed for each three-dimensional box. These
integrals are computed numerically using the Julia package
HCubature.jl [42,43]. All of the default choices for the
input arguments are maintained, with the exceptions of the
relative and absolute tolerances, which are both set to 10−2 for
the sake of computational efficiency. We add a small spatial
diffusion when the flux integral is nonzero, using

ε =
√

0.1u	, (25)

where u is the median RBC velocity magnitude over the entire
spacetime domain M to ensure that the eigenvalue �1 = 0 is
simple. The expression (25) for ε is obtained by setting the
term ε2/2	2 in Eq. (23) equal to 0.05u/	, which corresponds
to adding a drift of 5% to the first expression in Eq. (23); see
also Ref. [32] for a discussion.

2. Discretization of the inflated generator

To obtain the discretized inflated generator, we note that
Eq. (22) can be rewritten as

GF (t, x) = Gt F (t, x) + a2

2
∂2

t F (t, x). (26)

To create a discretized spacetime estimate of G, we index first
by space, then by time. For the terms Gt in Eq. (26), this means
creating a block-diagonal spacetime (st) matrix with generator
matrices Gt on the diagonal:

Gst :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Gt0 0 0 0 · · · 0
0 Gt1 0 0 · · · 0
0 0 Gt2 0 0

0 0 0 . . .
...

...
. . .

...

0 0 · · · 0 0 GtK

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

To construct the second term on the right-hand side of Eq.
(26), we use standard central differencing to estimate the
Laplacian in time over the full time interval [0, τ ], and pad
with N × N identity matrices to respect the spacetime index-
ing:

Lst :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−IN IN 0 0 · · · 0
IN −2IN IN 0 · · · 0

0 IN −2IN IN
...

0 0 IN
. . .

. . . 0
...

...
. . . −2IN IN

0 0 · · · 0 IN −IN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

/
t2.
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The discretization of G is then

Ga = Gst + (a2/2)Lst. (27)

3. Selecting the temporal diffusion strength

The temporal diffusion matrix in Eq. (27) is scaled by a
temporal diffusion strength a. We discuss a posteriori and a
priori heuristics for initial choices of a. Suppose that we seek
approximately Q quasistationary families and that the average
lifetimes of these families are approximately (1/T )τ . Then,
a should be chosen so that the Qth spatial eigenvalue of Ga

is approximately equal to the T th temporal eigenvalue of Ga.
This involves an explicit computation of the eigenvalues of
Ga.

In order to create an a priori initial estimate of a, we
additionally require information about the domain M in or-
der to estimate the temporal and nontemporal eigenvalues.
As discussed earlier, the kth temporal eigenvalue of Ga is
−(akπ/τ )2/2. We now need to compute the eigenvalues of
(ε2/2)
 on our spatial domain M = 8S1 × 8S1 × [0, 1]. The
eigenfunctions will be combinations of real Fourier modes
and of the form

cos(2πkx/8) cos(2π ly/8) cos(πmz),

cos(2πkx/8) sin(2π ly/8) cos(πmz),

sin(2πkx/8) cos(2π ly/8) cos(πmz),

sin(2πkx/8) sin(2π ly/8) cos(πmz),

where k, l, m ∈ N, due to periodicity in the x and y
directions and Dirichlet boundary conditions at the do-
main floor and ceiling. One may verify that the leading
eigenvalues of 
 on M are (multiplicities in parenthesis):
0 (1),−π2/16 (4),−π2/8 (4),−π2/4 (4),−5π2/16 (8),
−π2/2 (4),−9π2/16 (4),−5π2/8 (8), . . . In our experi-
ments, we select Q = 30 and T = 2. From the list above, we
see that the 30th eigenvalue of (ε2/2)
 is −5ε2π2/16 and the
2nd temporal eigenvalue is −4a2π2/2τ 2. Following Sec. B 1
[32], there is numerical diffusion introduced by the Ulam-for-
the-generator scheme, which means that when determining a
heuristic a value, we use an “effective” ε defined by

εeff =
√

1.1u	 ≈ 0.1228. (28)

Equating these eigenvalues yields

ainit =
√

5/32 εeffτ ≈ 4.9532. (29)

The drift term in Eq. (26) may cause many of the leading
Q = 30 nontemporal eigenvalues to be complex. Therefore,
the estimate for ainit in Eq. (29), which assumes all real
eigenvalues, may need to be increased in order to match the
second temporal eigenvalue with the 30th real nontemporal
(i.e., spatial) eigenvalue.

We remark that when Q = T = 2 (the simplest case of two
quasistationary families with lifetime half of the time extent
τ ), one may compute the a priori heuristic choice for the
parameter a as

ainit = 2τ
√

1.1u	/Lmax= 2εeffτ/Lmax. (30)

Lmax is the longest side length of the spatial domain M, which
in this case will be � = 8. Note that the units of ainit in

Eq. (30) are the same as those in Eq. (29) because Lmax is
already part of the numerical coefficient in Eq. (29). The
heuristic for a in Eq. (30) was derived in Ref. [32], and has
been adjusted by a factor of 22 = 4 here to account for the
periodic boundary conditions in the x and y coordinates (see
similar periodic/nonperiodic domain discussions in Ref. [41]).

D. Extracting individual quasistationary families
from eigenvectors of the inflated generator and SEBA

We compute the large-magnitude eigenvalues and the
corresponding eigenvectors of the discretized inflated gen-
erator G∗

a with the Arnoldi method using the Julia package
ArnoldiMethod.jl [44] to obtain the leading real-valued
spatial eigenvalues �

spat
k < 0 (with values closer to 0) and

their corresponding eigenvectors Fspat
k . To distinguish the real-

valued eigenvalues/eigenvectors (spatial and temporal) from
their complex-valued counterparts, check that the imaginary
part of �k is 0 within a certain tolerance (10−12 is sufficient for
this study). To distinguish the spatial eigenvalues/eigenvectors
from the temporal ones, calculate the variance of the eigenvec-
tor F∗

k on the K + 1 blocks of indices kN + 1, . . . , (k + 1)N ,
k = 0, . . . , K (in other words, calculate the variance of the
eigenvector data across each point in our spatial domain M
for each of the K + 1 time steps), then take the average of
these variances. If this average spatial variance is close to 0
(again, within a specified tolerance, 10−8 was sufficient in
this case), then the eigenvector is constant on all points in
space for each time step and the eigenvalue/eigenvector pair is
therefore temporal. Otherwise, we have a real-valued spatial
eigenvalue �

spat
k and its corresponding eigenvector Fspat

k , the
latter of which we use in the SEBA algorithm.

Each of the leading real-valued spatial eigenvectors of the
inflated generator Fspat

k contains signatures of possibly multi-
ple quasistationary families of almost-invariant sets.

To isolate individual families of sets from the span of the
leading spatial eigenvectors, as has been done with isolating
individual coherent sets within an RBC flow system [25,45],
we use the SEBA algorithm [33] to derive a sparse basis for
this eigenspace. Each SEBA vector will isolate one quasista-
tionary family of almost-invariant sets.

Let V = [Fspat
1 |Fspat

2 | · · · |Fspat
Q ] be a matrix whose columns

are the leading Q spatial eigenvectors of the inflated generator,
let S be a matrix whose columns form a basis of sparse vectors
each of the same length as the spatial eigenvectors Fspat

k , and
let μ > 0 be a small sparsity penalty. We seek a sparse array
S whose column space is approximately the same as the
column space of V . We achieve this through the following
optimization problem:

argminS,R‖V − SR‖2
F + μ‖S‖1. (31)

We solve Eq. (31) by alternately fixing R and solving for S
exactly using soft-thresholding, and fixing S and solving for
R exactly using singular value decomposition (SVD). When
the algorithm converges, we are guaranteed a local optimum,
which in practice is frequently the global optimum.

The Q columns of S form our basis of SEBA vectors
{S1, . . . , SQ}.

023040-8



CONVECTIVE HEAT TRANSFER PATTERNS IN … PHYSICAL REVIEW RESEARCH 8, 023040 (2026)

ALGORITHM 1. Sparse eigenbasis approximation (SEBA).

Inputs: A matrix V of size P × Q, whose columns are the Q
leading real-valued spatial eigenvectors of G∗

a , Fspat
k , k = 1, . . . , Q,

each of length P.
Outputs: A P × Q matrix S, whose columns are the Q SEBA
vectors S1, . . . , SQ, which approximately span {Fspat

1 , . . . , Fspat
Q }.

1. Define a sparsity parameter μ = 0.99/
√

P (the largest
possible value) and initialize the rotation matrix R = IQ.

2. To avoid degeneracies, apply a tiny random perturbation to
any of the eigenvectors Vspat

j that are constant vectors or
close to constant. In practice, this is usually only required
for the trivial eigenvector Vspat

1 .
3. Apply a soft thresholding to the columns of S:

S j = Cμ((VR�) j )/‖Cμ((VR�) j )‖, j = 1, . . . , Q, where
Cμ(z) = sign(z) max{|z| − μ, 0}.

4. Update the orthogonal matrix R: let USV � be the singular
value decomposition of S�V , and set R = UV �.

5. Repeat the previous two steps until the matrix two-norm
between the newly calculated matrix R and the matrix R
calculated from the previous step is below a certain
threshold (we used 10−12).

6. Ensure that each column of S is predominantly nonnegative
by setting S j → sign(

∑P
i=1 Si j )S j , for j = 1, . . . , Q.

7. Scale the columns of S so that each one has a maximum
value of 1: S j → S j/ maxi Si j , for j = 1, . . . , Q.

8. Reorder the columns of S in decreasing order of their
minimum value. Those columns with 0 or negative values
close to zero are more reliable and appear first in the
ordering.

We now summarize the full numerical approach, following
Algorithm 1 in Ref. [32], to extracting quasistationary fami-
lies of almost-invariant sets.

IV. RESULTS

In this section, we provide computational specifics for the
inflated generator method applied to our RBC flow system,
show relevant results obtained from these methods, and then
compare the results from this method with the CHT results
shown in Sec. 2 in an attempt to establish a connection
between strong convective heat transfer and the lack of qua-
sistationary, almost-invariant flow behavior (or conversely, a
connection between low convective heat transfer and quasis-
tationary almost-invariant flow behavior) within this system.
We compare these results both qualitatively, through visual
comparisons of scalar fields, and quantitatively through com-
putation of the correlation between the maxima of the SEBA
vectors produced from the inflated generator method and both
instantaneous and time-averaged CHT data.

A. Quasistationary families of almost-invariant sets
from the inflated generator

To execute the inflated generator method on the RBC flow
system, we follow the steps outlined in Algorithms 1 and
2, starting by discretizing our spatial domain M = [−4, 4) ×
[−4, 4) × [0, 1] into N cubes of equal side length 	 at each
of our K + 1 time steps. We take 35 equispaced time steps

ALGORITHM 2. Identify quasistationary families of almost-
invariant sets.

Inputs: A state space M, a time-varying velocity field u on M, a
time duration [t0, t0 + τ ].
Outputs: Estimates of families of quasistationary almost-invariant
sets at discrete time points in [t0, t0 + τ ].

1. Discretize the spatial domain M into cubes B1, . . . , BN , and
the time interval [t0, t0 + τ ] into time nodes tk ,
k = 0, . . . , K .

2. Calculate ε using Eq. (25) and compute the discrete
generator matrices Gtk for k = 0, . . . , K as described in
Sec. III C using Eq. (23).

3. Combine the Gtk to form Ga as described in Sec. III C using
Eq. (27), where the temporal strength parameter a is
initially selected using Eq. (29).

4. Compute the eigenvalues 0 = �1 > �2 � · · · of the sparse
matrix G∗

a whose real parts are closest to 0, along with their
corresponding spacetime eigenvectors F∗

1, F∗
2, . . .. Note that

F∗
1 should be a constant vector 1.

5. Remove the complex-valued eigenvectors as well as the
constant-in-space temporal eigenvectors using the steps
outlined at the beginning of this subsection.

6. Isolate Q quasistationary families of almost-invariant sets by
applying SEBA to the leading Q spatial eigenvectors
(including the trivial constant vector F∗

1) to obtain
spacetime SEBA vectors S1, . . . , SQ. Each SEBA vector
should support one of these quasistationary families of
almost-invariant sets in spacetime.

spaced 
t = 3 Tf apart on the time interval [t0, t0 + τ ] =
[2001, 2103] Tf of length τ = 102. We have tried three dif-
ferent values of 	 for the inflated generator method in this
case, these being 0.25, 0.125, and 0.0625 (which, respectively,
gives N = 4096, 32 768, and 262 144). In this paper, we focus
on the results generated with 	 = 0.0625 as this provides the
best spatial resolution for M and allows us to identify quasis-
tationary families of almost-invariant sets with greater clarity.
We compute the discrete generator matrices Gtk on each of
our 35 time steps using Eq. (23). Using Eq. (25), we compute
the value for the spatial diffusion parameter ε ≈ 0.0370, given
the box side length 	 = 0.0625 and the median velocity u
over the entire spacetime domain M taking an approximate
value of 0.2195. As we have a large number of flux integrals
to compute in this case (at most, 6 × 262 144 = 1572 864
as each cube will have at most six neighboring cubes), we
make this process more efficient using standard multithread-
ing in Julia so that multiple flux integrals can be evaluated at
once. We then construct the full discretized inflated generator
matrix using Eq. (27), which, given 	 = 0.0625, will be a
relatively large matrix of size 9175 040 × 9175 040 for our
spacetime domain M = [2001, 2103] × M. Using Eq. (29),
we calculate an initial heuristic for the temporal diffusion pa-
rameter a, ainit ≈ 4.9532, given τ = 102 and Lmax = � = 8.
We then compute the leading eigenvalues/eigenvectors of the
discretized inflated generator using the Arnoldi method. To
make this process more efficient for a large inflated generator
matrix, large matrices such as the inflated generator and the
Krylov subspace matrix for the Arnoldi method are defined
on a GPU so that matrix multiplications that form part of the
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FIG. 5. The spectrum of the inflated generator for the three-
dimensional RBC flow with a = ainit ≈ 4.95, showing the leading
30 real-valued spatial eigenvalues (indicated by blue circles), the
first three temporal eigenvalues (indicated by red crosses), and an
extensive collection of complex-valued eigenvalues (indicated by
black dots).

Arnoldi method can be executed more quickly. We construct
the inflated generator matrix using the initial heuristic for a
[Eq. (29)].

Figure 5 shows the corresponding eigenspectrum, where
the 30 leading real eigenvalues shown as blue circles collec-
tively encode 30 families of quasistationary almost-invariant
sets. Real parts closer to zero correspond to stronger qua-
sistationarity and almost-invariance properties. The second
temporal eigenvalue roughly matches the 30th nontemporal
eigenvalue; however, many of the nontemporal eigenvalues
with larger real part than the second temporal eigenvalue are
a mix of complex and spatial eigenvalues. In order for the
second temporal eigenvalue to match with the 30th spatial
eigenvalue (which in this case is the 285th overall), the value
of the parameter a would have to be increased to around a =
9.15. However, such an increase in a would reduce the amount
of temporal variation between time slices of the inflated gen-
erator eigenvectors and the SEBA vectors. To emphasize this
temporal variation, we reduce a slightly to a value of 4.1 for
subsequent experiments with a single value of a.

Since we seek several quasistationary families of almost-
invariant sets within this flow system (in this case, roughly
20–30 within the time interval of interest), we take the cor-
responding eigenvectors Fspat

1 , . . . , Fspat
30 of these 30 spatial

eigenvalues and we insert these into the SEBA algorithm in
order to isolate signatures of the quasistationary families of
almost-invariant sets present within the RBC flow system.
Since the matrices V , R, and S will all be large, in similar
fashion to what was done with the Arnoldi method, we define
all of these matrices on a GPU to make Algorithm 1, in
particular steps 3–5 of this Algorithm, more efficient.

After calculating these 30 SEBA vectors S1, . . . , S30, we
further improve the spatial resolution of these spacetime vec-
tors by interpolating them over a uniform three-dimensional

grid of points within our spatial domain M with mesh size
	/2 = 0.031 25.

Figure 6 shows a typical example of a quasistationary fam-
ily of almost-invariant sets detected for the plane-layer RBC
flow system identified through three-dimensional isosurfaces
of the SEBA vector S21 taken for example at a level of 0.4
at discrete time steps. As can be seen in Fig. 6, at time
t = 2022Tf our spatial domain M is blank, indicating that our
family of sets (which will represent a transient plume of fluid
comprising an almost-invariant parcel) has not formed yet.
However, at t = 2028Tf a red object (representing a member
of our family of sets) begins to emerge along the bottom
of our fluid layer. This object then begins to grow in size,
before reaching the top of our cell at time t = 2043Tf to form
our full metastable/almost-invariant flow object. Once fully
formed, this transient family of almost-invariant sets retains its
shape for roughly 20–25 units of time, until it begins to shrink
back down toward the bottom of our cell at around time t ≈
2061Tf . By time t = 2076Tf , the family of sets has been re-
duced to a small object sitting at the bottom of the cell, and by
time t = 2082Tf the family of sets has vanished completely.

Several quasistationary families of almost-invariant sets
are present simultaneously. To illustrate this, Fig. 7 shows
four of the many distinct quasistationary families of almost-
invariant sets present at time t = 2052Tf (the central point of
our time interval), found through four different SEBA vectors
(S2, S15, S21, and S22). In a fifth panel within Fig. 7, we
superposition these four vectors to illustrate the four families
of sets existing simultaneously at this moment in time. In
Fig. 8, we restrict these four SEBA vectors, along with the
superposition panel, to the xy midplane with z = 0.5. In Fig. 8,
two-dimensional restrictions of quasistationary families of
almost-invariant sets are identifiable through solid or dark
red objects (corresponding to SEBA values of isolevel 0.4 or
higher). We again apply a cutoff of 0.4 to both Figs. 7 and 8
so that we can easily visualize the individual quasistationary
families of almost-invariant sets.

In order to produce one complete picture of the quasis-
tationary, almost-invariant flow behavior present across our
entire spacetime domain M, we calculate the maximum of the
30 SEBA vectors Smax, where

(Smax)i = max
j

Si j

over all j = 1, . . . , 30. The full collection of quasistationary,
almost-invariant plumes of fluid obtained from Smax should
fill most of our spatial domain M on each time slice, with
the remaining filaments of space not covered by these plumes
representing regions of faster and less metastable fluid trans-
port. After taking the maximum of the 30 spacetime SEBA
vectors Smax (including the four shown in Figs. 7 and 8), we
use Smax to produce the images shown in Fig. 9. We plot
horizontal restrictions of the SEBA maxima at three levels in
the xy plane, namely, the “top” (positioned along z = 1 − 	 =
0.9375, which is not on the ceiling of the cell but is still
within the upper thermal boundary layer for the cooling plate
at the top of the cell), the “midplane” (z = 0.5, the middlemost
horizontal layer), and the “bottom” (z = 	 = 0.0625, which is
within the lower thermal boundary layer for the heating plate
at the bottom of the cell). We also restrict the SEBA maxima
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FIG. 6. The evolution of a quasistationary family of almost-invariant sets (a transient plume of fluid forming a metastable parcel) within
the RBC flow over six discrete time steps as identified through the SEBA vector S21. A cutoff of 0.4 has been applied to the SEBA vector.

to two vertical midplanes, one in the xz plane (with y = 0) and
one in the yz plane (with x = 0).

In Fig. 9, as was the case in Fig. 8, the regions of our spatial
domain colored in red or deep red (corresponding to maxi-
mal SEBA values of approximately 0.4 or higher) represent
quasistationary, almost-invariant fluid objects present within
the RBC flow. Regions colored in light pink represent quasis-
tationary families of almost-invariant sets that are beginning
to either emerge or dissipate; while the thin white streaks or
filaments correspond to parts of our domain where no almost-
invariant behavior is present, and which are more likely to
correspond to thin passageways through which parcels of less
metastable fluid flow toward the top wall after being heated,
or sink toward the bottom wall after being cooled.

In summary, the results of Figs. 6–8 relate to those of Fig. 9
as follows: The first three figures selected particular eigen-
vectors of the SEBA analysis and displayed their dynamical
evolution by means of (1) an isosurface in Fig. 6, (2) different
SEBA eigenvector isosurfaces at a fixed time in Fig. 7, and (3)
their contours in the horizontal cut at midplane in Fig. 8. All
three figures show that individual eigenvectors are localized
in space. Figure 9 is a composition obtained from all SEBA
eigenvectors when taking the maximum at each point.

B. Qualitative comparisons between SEBA and CHT

We now focus on a connection between the quasistationary
families of almost-invariant sets identified from the SEBA

FIG. 7. Three-dimensional isosurfaces for 4 of the 30 SEBA vectors computed for the RBC flow (namely, S2, S15, S21, and S22) taken at
the central time step 2052 Tf . A cutoff of 0.4 has been applied to each of these SEBA vectors. In a fifth panel (right), we superimpose these
four vectors on a single three-dimensional axis to show these four families of sets co-existing within the RBC flow system at time 2052 Tf .
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FIG. 8. Snapshots of the same four SEBA vectors shown in Fig. 7 restricted to the horizontal xy midplane (with z = 0.5) at the central
time step 2052 Tf . A cutoff of 0.4 has been applied to each of these SEBA vectors. In a fifth panel (right), we take the maximum of these four
vectors and restrict this to the xy midplane to demonstrate the coexistence of these four families of sets found through the four SEBA vectors
at time 2052 Tf .

vectors and the values of CHT data for the RBC flow system.
We start with a more qualitative approach to doing this by
comparing the scalar fields for the SEBA vectors and the
CHT data. Figure 10 shows the scalar fields of the maximum
of 30 SEBA vectors computed from the inflated generator
method with a = 4.1 (as discussed in the previous subsec-
tion) and the CHT data averaged over 5 Tf in the horizontal
xy midplane and the vertical xz midplane. The full three-
dimensional CHT data are averaged over a window of length 5
Tf , [tk − 2, tk + 2] with tk = 2052 Tf , and is then restricted to
the two-dimensional horizontal xy midplane and the vertical
xz midplane. We must stress that the SEBA spacetime vectors
and CHT data are three dimensional and defined over the
entire spatial domain M; however, for ease of display we
restrict the data to these two midplanes for this qualitative
analysis. We focus on more quantitative comparisons of the
full three-dimensional data in the next two subsections.

Recall that locally enhanced turbulent heat transfer in the
RBC layer implies that CHT becomes large and positive; that
is the case either if cold fluid is moved from top to bottom
(uz < 0 and θ < 0) or hot fluid from bottom to top (uz > 0
and θ > 0). Local maxima of CHT in our manuscript appear
to approximately correlate with the interfaces between the
almost-invariant sets. These interfaces are the local minima
in the SEBA maxima scalar fields, shown in Figs. 9 and 10
[upper row (left) and second row]. The inflated generator

approach thus identifies these enhanced transport regions as
the spatial complement to the almost-invariant sets, likely
due to the strong transport violating the almost-invariance
property. This is seen in Fig. 10 when comparing the first two
plots in the top row and the plots in the second and third rows.

For brevity, we restrict the qualitative analysis in this paper
to one value of the temporal diffusion parameter a = 4.1 for
the inflated generator method to produce the SEBA vectors,
and one length of time over which we average the CHT data
(5 Tf ). To the naked eye, some connections can be drawn
between the SEBA and CHT fields in Fig. 10. For instance,
at a region in the neighborhood of the point (0, 2) in the xy
midplane, the crucifix-shaped purple object in the CHT field
roughly coincides with a web of white filaments centered at
the same location in the maximum SEBA field. In the xz
midplane, we can also spot some of these similarities, such
as a thin white colored stem roughly close to the vertical line
x = −1.5 in the maximum SEBA field lining up with a purple
vertical object (a little thicker than the white stem) in the
CHT field. Other examples like these can be deduced from
the scalar fields, signifying a potential connection between
low SEBA (and therefore less metastable fluid behavior) and
high average CHT (corresponding to faster fluid movement
as heated fluid rises from the bottom of our cell and cooled
fluid sinks from the top). That said, while the regions of
high CHT usually take the shape of thicker purple or black

023040-12



CONVECTIVE HEAT TRANSFER PATTERNS IN … PHYSICAL REVIEW RESEARCH 8, 023040 (2026)

FIG. 9. Snapshots of the maximum of 30 SEBA vectors computed for the RBC flow taken at 2052Tf along five two-dimensional restrictions
of the spatial domain M. We take horizontal restrictions of the SEBA maxima (shown in the top row) along the xy plane at three vertical levels
(from left to right, the “bottom” of the cell (z = 0.0625), the “midplane” (z = 0.5), and the “top” of the cell (z = 0.9375)); and we take vertical
restrictions of the SEBA maxima in the xz midplane with y = 0 (middle row) and in the yz midplane with x = 0 (bottom row).

blobs, the white ridges of minimal SEBA are little more than
wafer-thin filaments that separate the quasistationary families
of almost-invariant sets.

This connection is not perfect, as there are a few visual
inconsistencies between the two fields. This is particularly
true in the opposite case, where we seek connections between
high SEBA (quasistationary families of almost-invariant sets)
and low CHT (reduced transfer of heat from reduced fluid
movement as large metastable objects form). As we can see in
Fig. 10, while there are some overlaps between the red regions
of the SEBA fields and the deep orange or yellow regions of
the CHT fields, the shapes of the red objects in the SEBA
field do not completely line up with orange or yellow objects
in the CHT field. These observations suggest a qualitative
connection (albeit weak) does exist between SEBA and CHT
when the movement of fluid is more rapid and convective
heat transfer is stronger, but not within regions of the domain
where fluid movement is more quasistationary and metastable
(or at least, not to as great an extent).

In the xy midplane, we note that the |θ | field, much like the
CHT (Hc) field, does share common features with the SEBA
field, particularly between the thin white streaks of the SEBA
field and the yellow regions of high |θ |, reinforcing that there
is some connection between regions of less metastable fluid

advection and increased temperature fluctuation (in absolute
value, disregarding whether this is a net positive or negative
fluctuation). However, when we focus on the vertical xz mid-
plane, it is much more difficult to develop some connection
between SEBA and the |θ | field, in contrast to CHT.

Thus, it appears that it is difficult to detect transient
almost-invariant regions in this turbulent flow using physical
properties of the fluid directly, and one requires the more
specialized inflated generator method, which targets precisely
the emergence and dissipation of almost-invariant objects.

C. Correlation between SEBA and CHT

We quantitatively compare the SEBA field and other fields
such as CHT by computing correlations. Let SEBAt,i and
CHTt,i, respectively, denote the values of the SEBA and CHT
fields at time t and pixel i. Pearson’s correlation coefficient at
time t is computed with

Corrt (SEBA, CHT)

:=
∑N

i=1(SEBAt,i − SEBAt )(CHTt,i − CHTt )√∑N
i=1(SEBAt,i−SEBAt )2

√∑N
i=1(CHTt,i−CHTt )2

,

(32)
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FIG. 10. The maximum of 30 SEBA vectors [first row (left) and second row], CHT averaged over 5 Tf [first row (middle) and third row]
and |θ | also averaged over 5 Tf [first row (right) and fourth row] for the RBC flow taken at time 2052 Tf . We restrict these three-dimensional
quantities to the horizontal xy midplane (with z = 0.5) in the first row, and to the vertical xz midplane (with y = 0) in all subsequent rows.

where

SEBAt = 1

N

N∑
i=1

SEBAt,i and CHTt = 1

N

N∑
i=1

CHTt,i.

In Fig. 11, we plot the correlation between the full three-
dimensional SEBA data and CHT data against time at every 3
Tf (as this is the temporal resolution of the SEBA spacetime
vectors). We also plot the correlation between SEBA and CHT
restricted to the xy midplane. In this instance, we focus on

FIG. 11. Plots of correlation values between SEBA and CHT against time. In the left-hand panel, we take SEBA and CHT data over the
entire three-dimensional spatial domain M and in the right-hand panel we restrict the data to the xy midplane. The SEBA vectors have been
computed from the inflated generator method with a set to 4.1. Each color represents the length of time over which the CHT data are averaged,
and the correlation values are plotted at the midpoints tk of the time intervals [tk − m, tk + m] over which we compute the averages for the CHT
data. Included in the plot’s legend are the means of the correlation values μ taken over time for each curve.
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SEBA data computed from the inflated generator with a =
4.1, while the CHT data are taken at instantaneous moments
in time, and are also averaged over subintervals of time of
length 5, 9, 13, 17, and 21. The subintervals in question take
the form [tk − m, tk + m], where tk is the central time point of
the interval and m = 2p, p = 1, . . . , 5. The correlation values
computed between SEBA and average CHT are plotted at
these central time points tk .

From the left-hand graph in Fig. 11, we observe a (weak)
negative correlation between SEBA and CHT. This correlation
is considerably weaker when we calculate it using single-
time instances of CHT; however, as the length of the time
window over which we compute CHT averages increases,
the correlation between SEBA and CHT becomes more nega-
tive and therefore improves. This implies that the removal of
noise/diffusion from the CHT data by averaging the data helps
improve the correlation between CHT and SEBA. One could
argue that it is possible to improve the correlation values even
further by taking CHT averages over longer time windows
than those already considered (e.g., in the region of 60–90 Tf ).
However, the observed “bunching” of the curves as the time
window length increases suggests that we are approaching
some limit for the improvement of these correlation values,
where increasing the window of time over which we average
the CHT data will only be effective at improving the correla-
tion up to a point.

This weak correlation observed between SEBA and CHT is
likely due to the fact that we are computing these correlation
values over the entire three-dimensional spatial domain M,
and the correlation between these quantities is weaker within
some parts of the domain compared to others, such as the ther-
mal boundary layers along the top and bottom of the cell. To
that end, we also compute the correlation between SEBA and
CHT after restricting these datasets to the xy midplane, with
the graphs for these correlation values shown in the right-hand
panel of Fig. 11. Similar to the left panel in Fig. 11, the time
window over which we compute CHT averages changes, but
the temporal diffusion parameter a remains fixed at 4.1. We do
not observe a great difference between the correlation values
for the three-dimensional data and the xy-midplane data when
CHT is defined on a single time step. However, as the length
of the time window over which we compute the CHT averages
increases, we see an improvement in these correlation values
compared to those generated using the full three-dimensional
data. These correlation values are still relatively weak as they
roughly range between −0.25 and −0.1 (when CHT has been
averaged).

A likely reason for this lack of a stronger correlation is
to do with the observation of a weaker qualitative connection
between high SEBA and low-to-medium CHT values in the
xy midplane, as observed in Fig. 10. For a stronger negative
correlation between these two quantities (i.e., corresponding
to a correlation value close to −1), quasistationary families
of almost-invariant sets (identified through high values of
SEBA) would have to align near perfectly with regions of M
corresponding to low to no convective heat transfer. At the
same time, the correlation values are not zero because we
do observe some qualitative connections between low SEBA
and high CHT. The volume covered by these relatively thin
filaments is much smaller compared to the volume covered

by the metastable plumes of fluid identified through quasista-
tionary families of almost-invariant sets and low CHT; hence,
this correlation between SEBA and CHT exists over a lower
volume of M and contributes to the correlation values being
closer to 0 in Fig. 11.

D. Correlation between SEBA and other quantities

To further test the possible connections between SEBA and
the characteristics of our RBC flow system, we extend this
analysis further by calculating the correlation between SEBA
and several other key quantities for the RBC flow. To this end,
we take correlations between SEBA and the following fields:

Temperature fluctuation θ , and its absolute value |θ |;
Vertical velocity uz, and its absolute value |uz|;
Convective heat transfer Hc, and its absolute value |Hc|;
Magnitude of horizontal velocity ‖(ux, uy, 0)�‖;
Magnitude of horizontal gradient of temperature fluctua-

tion ‖(∂θ/∂x, ∂θ/∂y, 0)�‖.
We average these quantities over subintervals of time of

length 5 Tf centered at tk , [tk − 2, tk + 2], as we did previously
with the CHT data. Figure 12 displays these correlation values
across time for both the full three-dimensional spatial domain
M and the restriction to the xy midplane. The mean correlation
values across time are included in the legend of Fig. 12. We
observe particularly weak correlation between SEBA and the
quantities θ , |θ |, uz, ‖(ux, uy, 0)�‖, and ‖(∂θ/∂x, ∂θ/∂y, 0)�‖
across the full three-dimensional domain. The correlation be-
tween SEBA and |uz| is somewhat less than between SEBA
and Hc and |Hc|; therefore, we can be confident that our
analysis focuses on CHT. Restricting our calculations to the
xy midplane greatly improves the correlation between SEBA
and |θ |, with the mean correlation changing from −0.0247
across the full spatial domain M to −0.1720 across the xy
midplane. Restricted to the midplane, the correlation with |θ |
exceeds the correlations with CHT. A reason for this obser-
vation might be that the strongest plume clusters, which have
clear |θ | signatures, will be observed in the xy midplane, while
smaller-scale structures formed at the floor and ceiling may
become washed out by turbulent mixing by the time they reach
the xy midplane. This was also observed in Ref. [13].

Finally, to benchmark against a featureless scalar field,
we computed the correlations between SEBA and a constant
scalar field, and between CHT and a constant scalar field.
The magnitudes of these correlations across all time windows
shown in Fig. 11 were at least an order of magnitude smaller
(not shown) than the values shown in Figs. 11 and 12.

E. Impact of the temporal diffusion parameter a

To identify what sort of impact (if any) the temporal diffu-
sion parameter a used to construct the inflated generator has
on the correlation results presented in the previous subsection,
we rerun the inflated generator method for a smaller value of
a and two larger values of a than the original value of 4.1 and
perform similar correlation analysis using the SEBA vectors
generated. As a convenient way of doing this, we rerun the
inflated generator method for a/2 = 2.05, 2a = 8.2, and 4a =
16.4. The results are shown in Fig. 13, where we calculate the
mean correlation values between SEBA and CHT across the
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FIG. 12. Plots of correlation values between SEBA and various other quantities against time: temperature fluctuation θ , vertical velocity uz,
and convective heat transfer Hc; along with the absolute values of these quantities |θ |, |uz|, |Hc|; horizontal speed ‖(ux, uy, 0)�‖, and the norm
of the horizontal gradient of θ , ‖(∂θ/∂x, ∂θ/∂y, 0)�‖. In the left-hand panel, we compute these correlations over the entire three-dimensional
spatial domain M and in the right-hand panel we restrict these calculations to the xy midplane. The SEBA vectors have been computed from
the inflated generator method with a set to 4.1. Each color represents one of the quantities of interest. The data for each of the quantities are
averaged over a duration of 5 Tf , and the correlation values are plotted at the midpoints tk of the time intervals [tk − 2, tk + 2] over which we
compute the averages for these quantities. Included in the plot’s legend are the means of the correlation values μ taken over time for each
curve.

full time interval [2001, 2103] Tf and plot these against the
lengths of the time windows over which we compute the CHT
averages. Analogously with Fig. 11, the left-hand plot shows
correlation values computed for three-dimensional SEBA and
CHT data, while the right-hand plot shows these values for
SEBA and CHT data restricted to the xy midplane.

Between our two smaller values of a (2.05 and 4.1), we
see roughly no impact on the correlation between SEBA and
single-time instances of CHT; though as the time window
taken to compute the CHT averages increases in length, the
mean correlation values improve for the larger a = 4.1 and
plateau a little more quickly when a = 2.05. When a = 8.2,
we find better mean correlation values when using single-time
instances of CHT data, and the correlation values continue
to improve as we average CHT over a larger time window.
However, when we increase a to 16.4, we do not observe any
further improvements to our correlation results. Instead, while
the mean correlation values for a = 16.4 are better than those
for a = 2.05 and 4.1, these means are slightly worse (in the
sense that they have value closer to 0, when we wish them to
tend more toward −1) than those recorded for a = 8.2. Hence,
increasing the value of the temporal diffusion parameter a for

the inflated generator does improve the correlation between
SEBA and CHT but only up to a point, after which the corre-
lation values either plateau or start to recede toward 0.

V. CONCLUSION

The main objective of our study was the application of
a recent method to detect and analyze quasistationary fam-
ilies of almost-invariant sets of convective heat transfer in
a plane-layer Rayleigh-Bénard convection flow. In this flow,
heat that is supplied at the bottom of the layer is carried to
the top, amplified by turbulent motion of the fluid layer. The
method that we used to extract these families of sets is based
on the so-called generator of the Perron-Frobenius or transfer
operator that is inflated from space to spacetime to capture
the transient dynamics of the almost-invariant sets in time.
The scalar field that was mainly analyzed in our study is the
convective heat transfer field Hc(x, t ), which is the product
of the vertical velocity component, uz, and the temperature
fluctuation, θ (x, t ). The quasistationary families of almost-
invariant sets are obtained as eigenvectors of the discretized
version of the inflated generator and a subsequent SEBA.

FIG. 13. Plots of the mean correlation values (over the full time interval [2001, 2103] Tf ) between SEBA and CHT data over the entire
three-dimensional spatial domain M (left) and restricted to the xy midplane (right) against the lengths of the time windows used to calculate the
average CHT data. The colors (and symbols) in these plots represent the a values used when executing the inflated generator method. Included
in the plot’s legend are the means of the mean correlation values μ taken over the window lengths for each curve.
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In our three-dimensional data analysis, we demonstrated
qualitative and quantitative correlations between the patterns
of convective heat transfer and the computed SEBA vectors
and thus the capability of this analytical approach to extract
the formation and dissipation of transient almost-invariant
sets in the complex dynamics of a turbulent convection flow.
This implies that the mathematical framework applied here
can describe the gradual transient dynamics of the large-scale
patterns in the plane-layer convection flow, the turbulent su-
perstructures, and reveal its central role for the turbulent heat
transfer.

Possible extensions of this work for the future could be
as follows. If the convection dynamics proceeds in a more
complex setting, e.g., in a thin shell that is subject to rotation,
then the transport patterns will become latitude-dependent and
meridional transport might be suppressed. The transport bar-
riers that would form in such a flow configuration should be
identifiable by the present framework. Finally, an application
of the framework to higher Rayleigh and different Prandtl

numbers would be interesting to explore the robustness of the
algorithm in processing increasing data sizes.

ACKNOWLEDGMENTS

The research of A.B. and G.F. was supported by the
Australian Research Council through a Discovery Project
(DP210100357) and a Laureate Fellowship (FL230100088),
respectively. The work of R.J.S. and J.S. was funded by the
European Union (ERC, MesoComp, 101052786). Views and
opinions expressed are, however, those of the authors only and
do not necessarily reflect those of the European Union or the
European Research Council.

DATA AVAILABILITY

Code and data used in this work are available at [46], and
on Zenodo [47].

[1] P. Garaud, Journey to the center of stars: The realm of low
Prandtl number fluid dynamics, Phys. Rev. Fluids 6, 030501
(2021).

[2] M. Landeau, A. Fournier, H.-C. Nataf, D. Cébron, and N.
Schaeffer, Sustaining Earth’s magnetic dynamo, Nat. Rev. Earth
Environ. 3, 255 (2022).

[3] S. Smolentsev, R. Moreau, L. Bühler, and C. Mistrangelo,
MHD thermofluid issues of liquid-metal blankets: Phenomena
and advances, Fusion Eng. Des. 85, 1196 (2010).

[4] E. L. Koschmieder, Bénard Cells and Taylor Vortices (Cam-
bridge University Press, Cambridge, UK, 1993).

[5] M. K. Verma, Physics of Buoyant Flows (World Scientific,
Singapore, 2018).

[6] O. M. Lord Rayleigh, LIX. On convection currents in a horizon-
tal layer of fluid, when the higher temperature is on the under
side, Philos. Mag. 32, 529 (1916).

[7] F. Chillà and J. Schumacher, New perspectives in turbulent
Rayleigh-Bénard convection, Eur. Phys. J. E 35, 58 (2012).

[8] L. P. Kadanoff, Turbulent heat flow: Structures and scaling,
Phys. Today 54(8), 34 (2001).

[9] G. Ahlers, S. Grossmann, and D. Lohse, Heat transfer and large
scale dynamics in turbulent Rayleigh-Bénard convection, Rev.
Mod. Phys. 81, 503 (2009).

[10] A. Pandey, J. D. Scheel, and J. Schumacher, Turbulent super-
structures in Rayleigh-Bénard convection, Nat. Commun. 9,
2118 (2018).

[11] R. J. A. M. Stevens, A. Blass, X. Zhu, R. Verzicco, and D.
Lohse, Turbulent thermal superstructures in Rayleigh-Bénard
convection, Phys. Rev. Fluids 3, 041501(R) (2018).

[12] S. Alam, D. Krasnov, A. Pandey, J. Panickacheril John, R. J.
Samuel, P. P. Vieweg, and J. Schumacher, Turbulent mesoscale
convection in the Boussinesq limit and beyond, Int. J. Heat
Fluid Flow 115, 109856 (2025).

[13] P. P. Shevkar, R. J. Samuel, G. Zinchenko, M. Bode,
J. Schumacher, and K. R. Sreenivasan, Hierarchical net-
work of thermal plumes and their dynamics in turbulent
Rayleigh–Bénard convection, Proc. Natl. Acad. Sci. USA 122,
e2502972122 (2025).

[14] P. P. Vieweg, J. D. Scheel, and J. Schumacher, Supergranule
aggregation for constant heat flux-driven turbulent convection,
Phys. Rev. Res. 3, 013231 (2021).

[15] N. Shi, M. S. Emran, and J. Schumacher, Boundary layer struc-
ture in turbulent Rayleigh-Bénard convection, J. Fluid Mech.
706, 5 (2012).

[16] G. Froyland, N. Santitissadeekorn, and A. Monaham, Trans-
port in time-dependent dynamical systems: Finite-time coherent
sets, Chaos 20, 043116 (2010).

[17] G. Froyland, C. Horenkamp, V. Rossi, N. Santitissadeekorn,
and A. S. Gupta, Three-dimensional characterization and
tracking of an Agulhas Ring, Ocean Modell. 52-53, 69
(2012).

[18] M. R. Allshouse and T. Peacock, Lagrangian based meth-
ods for coherent structure detection, Chaos 25, 097617
(2015).

[19] G. Froyland and K. Padberg-Gehle, A rough-and-ready cluster-
based approach for extracting finite-time coherent sets from
sparse and incomplete trajectory data, Chaos 25, 087406
(2015).

[20] G. Froyland and K. Padberg-Gehle, Almost-invariant and finite-
time coherent sets: Directionality, duration, and diffusion, in
Ergodic Theory, Open Dynamics, and Coherent Structures,
edited by W. Bahsoun, C. Bose, and G. Froyland (Springer, New
York, 2014), pp. 171–216.

[21] G. Haller, Lagrangian coherent structures, Annu. Rev. Fluid
Mech. 47, 137 (2015).

[22] M. C. Denes, S. R. Keating, and G. Froyland, Bathymetry
imposes a global pattern of cross-front transport in the Southern
Ocean, J. Phys. Oceanogr. 55, 317 (2025).

[23] C. Schneide, A. Pandey, K. Padberg-Gehle, and J. Schumacher,
Probing turbulent superstructures in Rayleigh-Bénard convec-
tion by Lagrangian trajectory clusters, Phys. Rev. Fluids 3,
113501 (2018).

[24] C. Schneide, M. Stahn, A. Pandey, O. Junge, P. Koltai, K.
Padberg-Gehle, and J. Schumacher, Lagrangian coherent sets
in turbulent Rayleigh-Bénard convection, Phys. Rev. E 100,
053103 (2019).

023040-17

https://doi.org/10.1103/PhysRevFluids.6.030501
https://doi.org/10.1038/s43017-022-00264-1
https://doi.org/10.1016/j.fusengdes.2010.02.038
https://doi.org/10.1080/14786441608635602
https://doi.org/10.1140/epje/i2012-12058-1
https://doi.org/10.1063/1.1404847
https://doi.org/10.1103/RevModPhys.81.503
https://doi.org/10.1038/s41467-018-04478-0
https://doi.org/10.1103/PhysRevFluids.3.041501
https://doi.org/10.1016/j.ijheatfluidflow.2025.109856
https://doi.org/10.1073/pnas.2502972122
https://doi.org/10.1103/PhysRevResearch.3.013231
https://doi.org/10.1017/jfm.2012.207
https://doi.org/10.1063/1.3502450
https://doi.org/10.1016/j.ocemod.2012.05.001
https://doi.org/10.1063/1.4922968
https://doi.org/10.1063/1.4926372
https://doi.org/10.1146/annurev-fluid-010313-141322
https://doi.org/10.1175/JPO-D-24-0038.1
https://doi.org/10.1103/PhysRevFluids.3.113501
https://doi.org/10.1103/PhysRevE.100.053103


BADZA, FROYLAND, SAMUEL, AND SCHUMACHER PHYSICAL REVIEW RESEARCH 8, 023040 (2026)

[25] A. Klünker, C. Schneide, G. Froyland, J. Schumacher, and K.
Padberg-Gehle, Set-oriented and finite-element study of coher-
ent behavior in Rayleigh-Bénard convection, in Advances in
Dynamics, Optimization and Computation, edited by O. Junge,
O. Schütze, G. Froyland, S. Ober-Blöbaum, and K. Padberg-
Gehle (Springer, Cham, 2020), pp. 86–108.

[26] P. P. Vieweg, C. Schneide, K. Padberg-Gehle, and J.
Schumacher, Lagrangian heat transport in turbulent three-
dimensional convection, Phys. Rev. Fluids 6, L041501
(2021).

[27] C. Schneide, P. P. Vieweg, J. Schumacher, and K. Padberg-
Gehle, Evolutionary clustering of Lagrangian trajectories in
turbulent Rayleigh–Bénard convection flows, Chaos 32, 013123
(2022).

[28] P. Maity, P. Koltai, and J. Schumacher, Large-scale flow in
a cubic Rayleigh–Bénard cell: Long-term turbulence statistics
and Markovianity of macrostate transitions, Phil. Trans. R. Soc.
A 380, 20210042 (2022).

[29] N. O. Aksamit, R. Hartmann, D. Lohse, and G. Haller, Interplay
between advective, diffusive and active barriers in (rotating)
Rayleigh-Bénard flow, J. Fluid Mech. 969, A27 (2023).

[30] P. Maity, A. Bittracher, P. Koltai, and J. Schumacher, Collective
variables between large-scale states in turbulent convection,
Phys. Rev. Res. 5, 033061 (2023).

[31] M. Dellnitz and O. Junge, On the approximation of complicated
dynamical behavior, SIAM J. Numer. Anal. 36, 491 (1999).

[32] A. Badza and G. Froyland, Identifying the onset and decay
of quasi-stationary families of almost-invariant sets with an
application to atmospheric blocking events, Chaos 34, 123153
(2024).

[33] G. Froyland, C. P. Rock, and K. Sakellariou, Sparse eigenbasis
approximation: Multiple feature extraction across spatiotem-
poral scales with application to coherent set identification,
Commun. Nonlinear Sci. Numer. Simulat. 77, 81 (2019).

[34] E. Fonda, A. Pandey, J. Schumacher, and K. R. Sreenivasan,
Deep learning in turbulent convection networks, Proc. Natl.
Acad. Sci. USA 116, 8667 (2019).

[35] P. F. Fischer, S. Kerkemeier, M. Min, Y.-H. Lan, M. Phillips,
T. Rathnayake, E. Merzari, A. Tomboulides, A. Karakus,
N. Chalmers, and T. Warburton, NekRS, a GPU-accelerated
spectral element Navier–Stokes solver, Parallel Comput. 114,
102982 (2022).

[36] R. J. Samuel, M. Bode, J. D. Scheel, K. R. Sreenivasan, and
J. Schumacher, No sustained mean velocity in the boundary
region of plane thermal convection, J. Fluid Mech. 996, A49
(2024).

[37] R. J. Samuel and J. Schumacher, Plane-layer Rayleigh–
Bénard convection up to Ra = 1011: near-wall fluctuations
and role of initial conditions, Fluid Dyn. Res. 57, 061401
(2025).

[38] G. Froyland, O. Junge, and P. Koltai, Estimating long-term be-
havior of flows without trajectory integration: The infinitesimal
generator approach, SIAM J. Numer. Anal. 51, 223 (2013).

[39] G. Froyland and P. Koltai, Estimating long-term behavior
of periodically driven flows without trajectory integration,
Nonlinearity 30, 1948 (2017).

[40] G. Froyland, P. Koltai, and M. Stahn, Computation and optimal
perturbation of finite-time coherent sets for aperiodic flows
without trajectory integration, SIAM J. Appl. Dyn. Syst. 19,
1659 (2020).

[41] G. Froyland and P. Koltai, Detecting the birth and death of
finite-time coherent sets, Commun. Pure Appl. Math. 76, 3642
(2023).

[42] S. G. Johnson, HCubature.jl: The HCubature.jl package for
multi-dimensional adaptive integration in Julia: v1.7.0, GitHub,
https://github.com/JuliaMath/HCubature.jl.

[43] A. C. Genz and A. A. Malik, Remarks on algorithm 006:
An adaptive algorithm for numerical integration over an n-
dimensional rectangular region, J. Comput. Appl. Math. 6, 295
(1980).

[44] H. T. Stoppels and L. Nyman, ArnoldiMethod.jl:
Arnoldi Method with Krylov-Schur restart, natively
in Julia [Computer software]: v0.4.0, GitHub, https:
//github.com/JuliaLinearAlgebra/ArnoldiMethod.jl.

[45] P. P. Vieweg, A. Klünker, J. Schumacher, and K. Padberg-
Gehle, Lagrangian studies of coherent sets and heat transport
in constant heat flux-driven turbulent Rayleigh–Bénard convec-
tion, Eur. J. Mech. B Fluids 103, 69 (2024).

[46] https://github.com/gfroyland/Inflated-Generator/tree/main/
Rayleigh-Benard%20convection

[47] A. Badza, G. Froyland, R. Samuel, and J. Schumacher,
Transient almost-invariant sets reveal convective heat transfer
patterns in plane-layer Rayleigh-Bénard convection [Dataset],
Zenodo (2025), https://doi.org/10.5281/zenodo.17252840.

023040-18

https://doi.org/10.1103/PhysRevFluids.6.L041501
https://doi.org/10.1063/5.0076035
https://doi.org/10.1098/rsta.2021.0042
https://doi.org/10.1017/jfm.2023.563
https://doi.org/10.1103/PhysRevResearch.5.033061
https://doi.org/10.1137/S0036142996313002
https://doi.org/10.1063/5.0225848
https://doi.org/10.1016/j.cnsns.2019.04.012
https://doi.org/10.1073/pnas.1900358116
https://doi.org/10.1016/j.parco.2022.102982
https://doi.org/10.1017/jfm.2024.853
https://doi.org/10.1088/1873-7005/ae27f3
https://doi.org/10.1137/110819986
https://doi.org/10.1088/1361-6544/aa6693
https://doi.org/10.1137/19M1261791
https://doi.org/10.1002/cpa.22115
https://github.com/JuliaMath/HCubature.jl
https://doi.org/10.1016/0771-050X(80)90039-X
https://github.com/JuliaLinearAlgebra/ArnoldiMethod.jl
https://doi.org/10.1016/j.euromechflu.2023.08.007
https://github.com/gfroyland/Inflated-Generator/tree/main/Rayleigh-Benard%20convection
https://doi.org/10.5281/zenodo.17252840

