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We construct the first self-consistent framework for holographic thermodynamics in finite-cutoff holography,
thereby capturing gravitational thermodynamics beyond the anti-de Sitter (AdS) boundary. We formulate two
distinct first laws of thermodynamics: for the gravitational bulk, a Schwarzschild-AdS black hole with a finite
Dirichlet cutoff, and for its dual T2 deformed conformal field theory (CFT) on the boundary. The central
innovation is promoting the deformation parameter to a thermodynamic variable on the boundary, which maps
precisely to the cutoff radius in the bulk. We demonstrate exact duality between these two thermodynamic laws,
establishing a complete holographic dictionary. This framework reveals that the T2 deformation never lowers the
confinement-deconfinement phase transition temperature below that of the original undeformed CFT, which acts
as a global minimum. These results offer insights into gravitational thermodynamics with boundary constraints

and quantum gravity in finite spacetime regions.
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I. INTRODUCTION

The equivalence principle and the relativistic paradigm
introduce a fundamentally new geometric framework for un-
derstanding gravity at macroscopic and cosmological scales.
Contradistinctively, the development of the standard model
has demonstrated that the electromagnetic, weak, and strong
nuclear forces are effectively described by gauge theories
grounded in the principle of gauge symmetry [1,2]. Another
foundational concept—the holographic principle [2,3]—
states that gravitational physics is dual to quantum physics.
This principle is embodied by the anti-de Sitter/conformal
field theory (AdS/CFT) correspondence [4-8], which pro-
poses that a gravitational theory in a (d + 1)-dimensional AdS
spacetime (e.g., an AdS black hole) is equivalent to a strongly
coupled gauge theory (at finite temperature in the case of a
black hole) defined on its d-dimensional conformal boundary.
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The thermodynamics of AdS black holes has been exten-
sively studied following the discovery of the Hawking-Page
phase transition in Schwarzschild-AdS black holes [9]. Phase
structures analogous to the van der Waals liquid-gas system
have been identified for charged Reissner-Nordstrom AdS
black holes, exhibiting first-order phase transitions and critical
phenomena [10-12]. Significant advances have been achieved
by treating the cosmological constant as a thermodynamic
variable, revealing phenomena such as fluid/superfluid phase
transitions [13], black hole microstructures [14], and more
[15-20]. The subject is now known as black hole chemistry
[21,22].

The holographic interpretation of black hole chemistry
(i.e., holographic thermodynamics) has recently garnered sig-
nificantly more attention. Holographically, the Hawking-Page
phase transition of the Schwarzschild-AdS (SAdS) black hole
corresponds to the confinement-deconfinement phase transi-
tion of the quark-gluon plasma in the boundary CFT [23],
and was subsequently understood as a solid-liquid transition
in the context of black hole chemistry [24]. Exploratory stud-
ies [25-29] indicate that the thermodynamic pressure P and
its conjugate volume V in the bulk correspond to the cen-
tral charge ¢ and its conjugate chemical potential x on the
boundary. Given that the background metric for the CFT is
obtained through conformal completion of the AdS bulk, there
is flexibility in rescaling the spatial radius of the boundary
CFT. Specifically, the boundary radius R may either match
the AdS radius ¢ directly [30] or differ by a conformal factor
w = R/C [5,6]. Rather than varying Newton’s constant [31]
or fixing the spatial volume of the boundary CFT [32], a
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recent study has treated the conformal rescaling factor as an
independent thermodynamic parameter [33]. This approach
established an exact duality between the first law of extended
black hole thermodynamics in the bulk and the first law in
the dual CFT, ensuring independent variations of the central
charge and spatial volume in the dual theory.

Up to now, holographic thermodynamics has fundamen-
tally built upon the AdS/CFT correspondence, where the CFT
is ultraviolet (UV) complete, located at spatial infinity. In
this setup, an external observer measures properties of gravity
contained within an infinite AdS enclosure. A key question is:
how can we capture the perspective of observers localized in a
region of AdS space, defining bulk observables at some finite
distance while making sense of gravity beyond the region’s
boundary yet well below the AdS scale? Specifically, can
holographic thermodynamics within a finite-cutoff boundary
be defined?

It is a longstanding challenge to generalize AdS/CFT du-
ality to finite-cutoff holography, where an effective quantum
field theory with a UV cutoff corresponds to a dual gravity
with a finite radial cutoff [34,35] (i.e., a framework where a
quantum field theory with a sharp energy cutoff is posited to
be dual to a gravitational theory defined only within a finite
region of spacetime, bounded by a Dirichlet wall). To deal
with specified spatial boundary conditions, the framework of
the holographic Wilsonian renormalization group (RG) was
developed [36,37], where radial flow in the bulk geometry
corresponds to RG flow on the boundary theory, and a radial
cutoff in the bulk is interpreted as a Wilsonian cutoff in the
dual field theory [38—43]. On the other hand, the TT deformed
two-dimensional CFT, which possesses a large central charge
and represents the simplest nontrivial integrable deformation
of two-dimensional CFTs [44-48], admits an exact holo-
graphic RG flow equation that fully describes the effective
UV cutoff in terms of an irrelevant deformation parameter.
Applying the TT deformation for a higher dimensional CFT
has been explored in Refs. [48-50]; specifically, a holographic
formulation of a T2 deformation has been proposed [51,52].
Here, we take the first step in extending holographic black
hole chemistry in the traditional AdS/CFT setting to finite-
cutoff holographic thermodynamics, within the framework of
T? deformation. An extension to the 77T case is similar.

II. FINITE-CUTOFF HOLOGRAPHY

A CFT defined at the boundary 93 at infinity is holo-
graphically dual to quantum gravity in the asymptotically AdS
bulk region B. TT deformation of two-dimensional CFTs is
an irrelevant and integrable deformation [44,46]. It is con-
structed from the stress-energy tensor 7;,, of the deformed
quantum theory. Observables like the energy spectrum of
the deformed theory can be explicitly expressed in terms of
the undeformed theory. The generalization of TT deforma-
tions to higher-dimensional effective field theories with large
degrees of freedom and finite UV cutoffs, dual to gravita-
tional theories coupled with matter fields in the bulk, has
been recently explored [51,52]. Unlike the two-dimensional
scenario, higher-dimensional 72 deformations explicitly in-
volve background fields. Physical observables such as
the energy spectrum [34,46,47,52], stress-energy tensor

correlation functions [35,52-57], and entanglement entropy
[58,59] are computable within this deformation framework.
Generically, the action S, for a perturbed d-dimensional CFT
is governed by an exactly solvable one-parameter flow equa-
tion

o = [arEm. Gy M
where S;—g is for the undeformed theory, and F is a scalar
function of the stress-energy tensor 7;; and the background
metric G;;. The extent of the deformation is characterized
by the double trace deformation parameter A. Negative val-
ues of A yield theories with a super-Hagedorn asymptotic
density of states, resulting in ill-defined canonical ensem-
bles [45], whereas A > 0 corresponds holographically to an
AdS bulk geometry truncated by a finite radial cutoff at the
Dirichlet boundary where the dual deformed CFT resides
[34,41,51,52,60-63]. While the Dirichlet problem for general
relativity is known to be ill-posed for generic boundary data
[64], we emphasize that our analysis is restricted to the highly
symmetric case of a spherical boundary in a Schwarzschild-
AdS background. This special class of boundary conditions
is known to lead to a well-posed problem, with recent work
establishing local-in-time well-posedness under specific con-
ditions on the boundary’s extrinsic geometry that are satisfied
in our setup [65-67].

Physical observables such as the energy spectrum
[34,46,47,52], stress-energy tensor correlation functions
[35,52-57], and entanglement entropy [58,59] are computable
within this deformation framework. From the holographic
viewpoint, a positively deformed CFT corresponds pre-
cisely to a bulk geometry truncated by a finite cutoff
[34,41,51,52,60-63], described by the Fefferman-Graham ex-
pansion [68,69], the AdS bulk geometry is described by

02 .
ds? = ﬁ(dr2 + gij(x, r)dx'dx’), r>re, )

where r. is the cutoff radius, £ is the AdS length scale,
x' are a set of the boundary coordinates, and the metric
8ij(x, r) = guj + rzg(g)ij + r3g(3),-j + --- admits an expan-
sion in powers of the radial coordinate r, which in turn yields
the boundary stress-energy tensor [70]. The holographic dic-
tionary relating gravity and effective field theory is succinctly
expressed as

Zgrr[A, Vij] = Zgrav [g(O) = rfyij] (3)

with y;; denoting the metric of the deformed CFT. This equiv-
alence indicates that the generating functional of the deformed
CFT defined by Eq. (1) matches the gravitational path integral
for a finite cutoff geometry (2), applicable both to pure gravity
[34] and to gravity theories coupled with matter [52]. To be
specific, we focus on the case where d = 3 in what follows.

First, let us introduce the holographic black hole chem-
istry. The standard holographic dictionary in four-dimensional
spacetime is attained via Eq. (3) in the limit r. — co. The
background metric of the seed CFT in static coordinates is
given by

ds* = *( — di* 4 £2dQ3), @)

013208-2



FINITE-CUTOFF HOLOGRAPHIC THERMODYNAMICS

PHYSICAL REVIEW RESEARCH 8, 013208 (2026)

which can be obtained by a Weyl rescaling of the asymptotic
AdS metric [71,72]. Here, w is a variable conformal factor,
and dQ% is the line element of a unit sphere. The thermody-
namic first law

dM =TdS +VdP + - -- 5)
in the gravitational bulk is holographically dual to
dE =TdS — PdV + pdc + - - - (6)

on the conformal boundary at spatial infinity [33,73,74]. Here,
M,T,S,V, P, respectively, represent the bulk mass, temper-
ature, entropy, thermodynamic volume, and thermodynamic
pressure, while £, T, S, V, P denote their boundary counter-
parts. Note that there is an extra pair (c, u) of conjugate
variables, with ¢ being the central charge and p its conjugate
chemical potential, relative to the bulk. As pointed out in
Ref. [75], the internal energy of the large-N SU(N) gauge
theories with conformal symmetry depends not only on the
extensive quantities S and V, but also on the intensive quantity
¢ ~ N2. This is consistent with the scenario of working in the
extended phase space, where P = 3/(87 G¢?) relates the AdS
radius to the thermodynamic pressure, with Newton’s constant
G. Variation of the pressure is equivalent to varying central
charge and volume of the CFT. The standard extrapolated
holographic dictionary reads [23,76-78]

_ - 2
M=wE, S=§ c¢c=—. @)
4G
The holographic temperature relation is
T =owT 8)

via the first laws for the bulk and boundary.

Turning to the finite-cutoff holographic thermodynamics,
we now consider a deformed CFT residing at a Dirichlet wall
at r = r,. To consistently implement finite-cutoff holographic
thermodynamics, the standard thermodynamic quantities must
be suitably adapted. On the gravitational side, the bulk mass
M in Eq. (5) must be replaced by a cutoff-dependent en-
ergy £(r.), which approaches M in Eq. (5) in the asymptotic
limit as

lim E(r,) =M. C))
re—>00
Correspondingly, the energy E of the undeformed boundary
seed CFT in Eq. (6) is generalized to a deformed energy g,
which satisfies the UV consistency condition

lim £) = E. (10)

In light of Eq. (7), the dictionary between the bulk mass and
boundary energies becomes

E(re) = wEX). (11

Note the conformal factor w is independent of both r, and A.
Due to Eq. (3), the holographic relation for the Bekenstein-
Hawking entropy S and the entropy S for the deformed CFT
remains unchanged [34]. Moreover, the Brown-Henneaux-
like relation [79] in Eq. (7) still holds.

Based on the above basic requirements of Eqgs. (9)—(11),
we are now ready to construct finite-cutoff holographic ther-
modynamics. To be specific, in the bulk, we consider a

four-dimensional SAdS black hole subject to a finite Dirichlet
cutoff; on the cutoff surface, the dual theory is a three-
dimensional dual T2 deformed CFT.

III. FINITE-CUTOFF HOLOGRAPHIC
THERMODYNAMICS: BOUNDARY SIDE

The background geometry of the T2 deformed CFT is
specified by [52]

ds?* = —dt? + R*dQ3, (12)

where R?d23 denotes the standard metric on a two-sphere of
radius R. The spatial volume of the deformed CFT is thus

V =4nR. 13)

This expression matches the volume inferred from Eq. (4)
provided the conformal factor satisfies w = R/f. Note that
in so doing, we have defined T = wt. The finite-size energy
spectrum of a large-N T2 deformed three-dimensional CFT is
given by

6 r2/3
R? ’

_  4mR? oA 3AE
£ = 1+ —4/1 (14)

3A R?  27R?

where, using the Brown-Henneaux-like relation (7) for c,
o = 043 /(4672 GH3) = 3 /(2Y/37%?). Note that ac-
cording to Eq. (14), a shock singularity [46] emerges for
A > m/cV32/35%2 The quantity £ has some differences
compared to the energy spectrum given in Ref. [52]. The
consistency condition (10) is satisfied by replacing M/R in
Ref. [52] with E, which also renders the energy £ as a homo-
geneous function. Most importantly, we now have £ = E(R),
and by using the holographic dictionary (7) for the seed CFT,
it can be explicitly specified as [73,80,81]

4eS + §?
27/eSVo

where V) is the volume of the undeformed CFT. Since the
conformal factor @ can be chosen freely, we identify Vo = V.
These reformulations of the original energy spectrum obtained
in Ref. [52] still make Eq. (14) a solution of the T? flow
equation, and it also makes it possible to construct a first law
for the deformed CFT.

Substituting this explicit form of E into Eq. (14) and con-
sidering Eq. (13), we obtain the first law

d€ = Td3 — PdV + pdc + vda (16)

for deformed CFT dual to the cutoff AdS bulk, where we have
chemical potentials w, v conjugate to the central charge ¢ and
the deformation parameter A. All conjugate quantities in Eq.
(16) can be directly attained via differentiation using Eq. (14)
(see Appendix A for details). The corresponding holographic
Euler relation for the deformed CFT reads

E=T8+ pc—vr. (17)

E= (15)

This relation reduces to the one for the seed CFT as A — 0
and it is a result of the scaling law

EWCS, V,ce, t7'N=¢EBS, V, ¢, M), (18)
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where ¢ is a dimensionless parameter. The equation of state
for the seed CFT is P = E/(2V) [33]. This must be modified
for the deformed CFT. We find another scaling law

ES, PV, e, ¢n) =7 1RES V.o e (19)
that yields the equation of state of the deformed CFT as

~ & 3rv
2V * 2v 0)
According to Eq. (10), the standard equation of state of the
seed CFT can be restored for A — 0.

IV. FINITE-CUTOFF HOLOGRAPHIC
THERMODYNAMICS: BULK SIDE

In the framework of finite-cutoff holography, the 72 defor-
mation of the three-dimensional CFT is holographically dual
to the SAdS black hole with a finite Dirichlet radial cutoff, and
there is an agreement between the dressed energy spectrum
(14) of the deformed field theory and the quasilocal energy
of the SAdS black hole evaluated within the region r < r,,
given by

re | ¢ e

2GM  r?
M_G 2rc+£ ! re el @
where M denotes the mass of the SAdS black hole without
a radial cutoff. We note that there is a degree of freedom of
choice for the zero-point configuration &, for the quasilocal
energy [82]. In Eq. (21), we have chosen ¢y = —(£/(2r,) +
r./£)/(4mr.) by implementing constraints of erecting a self-
consistent holographic dictionary so that the energy vanishes
at r. — oo. At large r., M — M/r. + O(1/r?), we thus
rescale the quasilocal energy (21) by a dimensionless factor
r./£, which results in a rescaled bulk mass

reM JA(=23/2VFGP +4GPA, + 3)
¢ 12/7G ’

where F = A.(2GPA, + 3) — /A, (2/GS(3 4+ 8G2PS)) with
A, = 47r? representing the size of the transverse space, i.e.,
the area of the cutoff surface.

The advantage of this redefined observable, which is in-
variant under all gauge transformations of the theory [83],
is that for A, — oo, it reduces to the ADM mass M of the
SAdS black hole as limg, o £(A;) — M. For the vacuum
AdS case, it also reduces to zero energy. A similar rescaling
was also used to calculate the holographic mass of accelerat-
ing black holes [84]. Note that the boundary stress tensor 7;;
is related to the bulk Brown-York tensor f} j via rc7~} i =T
The stripping off of the asymptotically decaying factor £/r,
in Eq. (22) for M can be viewed as an approach to extracting
the holographic mass of cutoff SAdS black hole, similar to
methods for extracting the full CFT stress-energy tensor from
the corresponding supergravity solutions [85].

With the well-defined rescaled mass &, it is possible to
form a quasilocal first law for the finite-cutoff spacetime.
Given that the mass of the SAdS black hole without a cutoff

& (22)

is [86]

2
Y VS(8G2PS + 3)’ 23)

6/ G
the first law of thermodynamics for the cutoff SAdS black hole
takes the form

d€ =TdS + VdP + tdA,, 24)
and the associated Smarr relation is
E=2TS —2VP +21A.. (25)

The conjugate quantities, temperature 7', thermodynamic vol-
ume V, and tension 7, can be obtained via differentiation after
substituting the bulk mass (22) into (24) (see Appendix A for
their explicit forms). Note that the temperature is independent
of the zero-point configuration &.

To establish the relation in Eq. (11), which connects the
redefined energy &£ of the deformed CFT in Eq. (14) to the
modified bulk mass £ in Eq. (22) via a conformal scaling
parameter w, we relate the cutoff radius 7, to the deformation
parameter A through the holographic dictionary

A 4 GL 2%
R3 3r3 (26)
This dictionary makes ££ = RE;in the limit r, — 00, A — 0,
we have ¢M = RE, consistent with Eq. (7). The thermo-
dynamic first law (16) for the deformed CFT and its bulk
counterpart (24) can be derived from each other. To illustrate
this connection, we outline how the former can be obtained
from the latter. For the left-hand side of Eq. (24), we have
d€ = d(RE/¢). For the right-hand side of Eq. (24), expressing
all the bulk quantities S, P, A, £, r. in terms of the boundary
counterparts, we just solve d€ to find that the TdS term
becomes TdS, the VdP term along with part of TdA,. term be-
come —PdV 4+ pdc, and vdA term arises from the remaining
part of the TdA, term (see Appendix B for details).

V. PHASE TRANSITIONS

Hawking-Page transitions, originally discovered between
pure AdS and SAdS for A =0, also persist in cutoff sce-
narios with nonvanishing A. The (rescaled) coexistence curve
(T(A), S(A)) (phase boundary) follows from the condition
G = 0 for the cutoff Gibbs free energy G(S, P,A;,) =& — TS,
as the vacuum AdS background has vanishing free energy.
Through holographic duality, this transition corresponds to
a confinement/deconfinement transition in the dual cutoff
CFT, captured by the same coexistence curve (7 (1), S(A))
obtained from the intersection of G =0 and G(S,V,c, A) =
& — TS. Figure 1 shows the coexistence curve traced out by
the boundary confinement/deconfinement and bulk Hawking-
Page phase transition points. Due to holographic duality, the
T vs § and T /w vs S curves coincide and are plotted together.
Starting from the undeformed CFT at Xy (A = 0), increas-
ing the deformation parameter A drives the system along a
trajectory Xo — X; — X, — X{ before continuing along the
branch toward X3, with X coincides with Xo, and d7 /d§ =
0, oo at Xj, X,, respectively. The region above the curve is
broadly the deconfinement (black hole) phase and below is the
confinement (AdS vacuum) phase. This curve reveals several
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FIG. 1. Coexistence curve of the boundary confine-
ment/deconfinement and bulk Hawking-Page phase transitions
withc =4,V = 20.

features. A single phase transition temperature T may corre-
spond to as many as three distinct phase transition entropies
S. At the temperature of local maximum X, two distinct S are
possible. Crucially, the system possesses a global minimum
phase transition temperature at the point Xy. This minimum
corresponds to a single entropy value S but two distinct de-
formation states: the undeformed seed CFT (A =0) and a
specific deformed CFT (A # 0). This demonstrates that the
T? deformation never lowers the phase transition temperature
below that of the undeformed case.

VI. DISCUSSION

We have constructed a self-consistent framework for
holographic thermodynamics, extending the AdS/CFT cor-
respondence to a finite cutoff. Our approach hinges on
formulating two distinct, parallel first laws of thermody-
namics: one for the gravitational bulk, a Schwarzschild-AdS
black hole with a Dirichlet cutoff, and one for the dual
boundary, a T? deformed CFT. The central innovation is
the promotion of the deformation parameter to a thermody-
namic variable, which we demonstrated maps precisely to the
bulk cutoff radius. We have shown the exact correspondence
between these two thermodynamic laws, establishing a com-
plete holographic dictionary. This framework, rooted in the
bulk-boundary duality, reveals a phase structure. The key re-
sult in this framework is that the confinement-deconfinement
phase transition temperature of the undeformed CFT acts as
a global minimum, a benchmark that the deformation can

J

only increase. As such, we have provided the first complete
description of holographic thermodynamics for a deformed
CFT, opening a pathway for studying quantum gravity in finite
spacetime settings.

Based on our results, several directions for future research
can be pursued. Our analysis can be readily extended to holo-
graphic thermodynamics for a CFT in general dimensions,
including d = 2, where TT holographic thermodynamics can
be constructed. The framework can also be applied to other
types of black holes (e.g., charged black holes). Additionally,
it is natural to explore the Penrose inequality [87] and the re-
verse isoperimetric inequality [88] within cutoff holographic
thermodynamics. The current study in AdS backgrounds can
be extended to other contexts, such as cosmological holog-
raphy [89-95], Cauchy holography [96-99], and black holes
with Lifshitz and hyperscaling violating asymptotics [100].
Furthermore, extensions to holographic thermodynamics with
a negative deformation parameter A [101] can be considered;
the Hagedorn singularity that can be calculated via the torus
partition function [102] may arise and be related to the phase
transition in the bulk. Investigating subleading orders in 1/N
beyond the classical level presents an additional challenge
for future work. Finally, extend the current work to other
boundary conditions [101,103—108] and other relevant inter-
pretations of black hole thermodynamics from holographic
perfect fluid [109], particularly for the finite-cutoff scenario
[110], warrant further study.
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APPENDIX A: EXPLICIT EXPRESSIONS FOR THERMODYNAMIC QUANTITIES

We show explicit expressions for the thermodynamic quantities in the first laws for the 72> deformed boundary field theory
and the finite-cutoff Schwarzschild-AdS black hole in what follows. For the 72 deformed CFT, the first law reads

d€ = TdS — PdV + pdce + vda,

(AD

where the energy &, temperature 7', pressure P, chemical potentials x, v conjugate to entropy S, volume V, central charge ¢, and

deformation parameter A, respectively, are

=+

3A Vv

1% 202B3)23K 6Ek+ n
/ v v

2PA2BK

+11, (A2)
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- & VE'(S
T = (—_> = — — _( ) ) (A3)
308y s JV(=6AE +V + 2K(ch)*/3)
_ 3 V(3LE'(V) =1 AE / — K(cA)??
p=_<£> _ VGEW)-1)+3 +_vo«/‘7 GO (A4)
v S,ch 3Av0\/‘7
A& NV OJAE' (¢) — 2K) + 2K g
p=(52) = 3 , (AS)
CJ5va Qupv/ cA
(€ V@K (M) —9EX) — 3wV + 3732 — Kug(ca)?? (A6)
N0 spe 912y '
where
K = _om vo = 'V + 2K (ch)2/3 — 6EA (A7)
\3/§7T2/3 bl 0 9,
4cS + §? _ 3§ +4mc -, - cS?(S + 4mc) _ S@mc—S)
=————, EQ)=——, E(V)=———F=7, E()=—"F7=. (A8)
2n A/ cSV 4w/ cSV 47 (cSV )32 AN cSV
The first law in the finite-cutoff bulk is
d§ = TdS +VdP + tdA,, (A9)

where the quasilocal mass £, temperature 7', volume V/, tension t conjugate to entropy S, pressure P, and cutoff surface area A,
respectively, are

VAL(4PA, — 2v, +3 3 2PAM'
g = YAl mAd (%) 2PAMCS) (A10)
127 3S ) o, v
v (¥ AJA(—4PA, + 2, — 3) + 12T (PM'(P) + M) AlD)
N 8P N 6ﬁ\)1 ’
( 3 ) 24 /TMPJA, — 16P*A2 + 12(v; — )PA, + 11 (3 — 2v)) A1)
T = = ,
A ) s p 24./mviVA,
with
VS(8PS + 3) 8PS + 1 4532
V) = /2PA.(2PA, +3) — 24JTMPVA,, M= Y2""2T2 0 sy = . M(P)= . Al3
L= 2PAL )— 247 o O=fmy M= @B

We have set Newton’s constant G = 1 for simplicity.

APPENDIX B: DETAILED DERIVATION OF THE FIRST LAW FROM THE BULK TO THE BOUNDARY

Here, we show in detail how the first law (A1) for the 7> deformed CFT can be derived from first law (A9) for the
Schwarzschild-AdS spacetime with finite-cutoff. The relations we will use include

A 47 GL 22 c*3 3 _ )
—_=—, ¢=—, 0=——, P=—— V =4xnR". (B1)
R 3 4G 233723 87 GL2
On the left-hand side of the bulk first law (A9), we have
RE £ R . RE
dé =d{ — ) = =dR+ —d& — —-d¢. B2
( L ) 12 + £ 2 (B2)
Applying Eq. (B1), each term on the right-hand side of Eq. (A9) turns to be
TdS =Td§, VdP=—-————d¢, tdA.=8nr.tdr.. (B3)
4w GE3
Combing Egs. (A9), (B2), and (B3), we get
. £ £ T¢ .. 8mwtlr, 3V
d€ = —=dR+ —d¢ + —dS dr. — de B4
RUT U RO T TR YT are B4)
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Furthermore, dr, term can be split into

8wtlr, 1672753 G?*3 0?3t (—LRd + ARAL + 31LdR)
re = . (BS)
R 35/3).5/3
Substituting Eq. (B5) back into Eq. (B4) and then collect like terms, we have relations
T¢ _ 168/2753G* 353 € _
?ds =TdsS, ( 220 ~ R dR = —PdV, (B6)
E 167273 G*PRee?3 k1% 1682733 G?*3Re 23
(— | 16v2n LA d¢ = pde, — V/2m T dh = vda (B7)
12 35/3)2/3 47 GR(? 35/3)5/3

Then, Eq. (B4) will be reduced to the boundary first law (A1). Note that the holographic dictionary for the temperature T =

T¢/R =T /w was used.
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