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Scalable quantum algorithm for meson scattering in a lattice gauge theory
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Scattering processes are essential for understanding the structure of matter, yet their real-time dynamics remain
challenging to simulate classically. Quantum computers offer a promising path toward efficient simulation of
such physical systems. Here, we present a general and scalable framework for simulating meson scattering
in lattice gauge theories on digital quantum hardware. Our approach addresses two key challenges: First, we
introduce a symmetry-preserving quantum subspace expansion method for constructing high-fidelity meson
creation operators across a wide range of coupling and momenta. Second, we design a quantum circuit for meson
wave packet preparation using Givens rotations, improving accuracy while reducing circuit depth compared
to existing approaches. We demonstrate the method in a (1 + 1)-dimensional Z2 gauge theory and explore
meson scattering dynamics with tensor network simulations. We study both elastic and inelastic scattering and
provide a comprehensive characterization of the scattering process in terms of energy transfer, entanglement
entropy, and heavier particle production during the dynamics. Our work provides a scalable, nonvariational
approach for simulating meson scattering on near-term quantum devices and offers a concrete strategy for
probing nonperturbative dynamics in confining gauge theories.
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I. INTRODUCTION

Scattering processes are central to our understanding of
the fundamental interactions of matter, as they govern its
structure. Particle collision experiments, such as those at the
Large Hadron Collider [1], probe theoretical predictions and
search for physics beyond the Standard Model. However,
simulating the real-time dynamics of scattering events from
first principles remains a major challenge. This is because
the conventional numerical approach to gauge field theories,
which relies on discretizing the Lagrangian on a Euclidean
spacetime lattice, is not directly applicable to dynamical pro-
cesses. While this formulation enables the use of sophisticated
Monte Carlo methods and has proven itself highly successful
for static observables [2–6], it suffers from the sign problem
when applied in Minkowski spacetime required for simulating
real-time dynamics [7]. In this case, the probability weights
become complex, which prevents an efficient Monte Carlo
sampling. As a result, many key aspects such as the interme-
diate states or the evolution of quantum correlations during
the scattering process are poorly understood, as they are also
difficult to probe experimentally.

Consequently, there is an ongoing search for alternative
methods that can overcome these limitations. In particu-
lar, quantum-inspired methods, such as tensor network (TN)
states, provide a promising alternative for addressing regimes
inaccessible with conventional Monte Carlo methods. While
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TN methods have already been successfully demonstrated
to overcome the sign problem [8–15], they are only effi-
cient in situations where the entanglement is moderate. In
out-of-equilibrium processes like particle collisions, entan-
glement generation can be significant, making dynamical
simulations with TN eventually costly [16–18]. In addition,
although meson scattering has been simulated with TN in
(1 + 1)-dimensional gauge models [14,19], those studies rely
on analytical knowledge specific to certain coupling regimes
to approximate meson creation operators. A general method
to construct such operators across all coupling strengths with
high fidelities is still lacking, and the resource requirements
remain unclear.

Quantum computing offers a promising path forward
for simulating dynamical problems, as its efficiency is not
limited by the maximum amount of entanglement. Several
proof-of-principle quantum simulations have been realized
in simple quantum field theories and lattice gauge models
[20–30]. However, implementing scattering processes on
a digital quantum computer poses specific challenges, in
particular, preparing particle wave packets, which generally
involves nonunitary particle creation operators that cannot be
directly realized with unitary quantum gates. Reference [26]
has addressed this issue for fermion scattering through circuit
decompositions based on Givens rotation. For composite
particles such as mesons, wave packet preparation is more
challenging.

Recent works [25,31–33] have employed variational opti-
mization of quantum circuits to prepare particle wave packets,
which have shown strong performance for the φ4 scalar field
theory and the Ising model, but remain challenging to ex-
tend to gauge theories with fermionic matter, where mesons
have a more complex internal structure. In Ref. [34], meson
creation operators in gauge theories are constructed via the
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variational quantum eigensolver (VQE), reaching high fidelity
at low momentum. However, maintaining similar accuracy at
high momentum and in the small-mass/weak-coupling regime
remains difficult, which is relevant to the high-energy inelastic
scattering and for approaching the continuum limit, respec-
tively. Their proposed circuit decomposition for the meson
wave packet operator, based on Trotterization and singular
value decomposition [35], has a depth scaling as O(L3NTrotter )
for general case, with L the lattice size and NTrotter the Trotter
steps. Especially on near-term devices, a large circuit depth
and Trotter errors can reduce the accuracy of the prepared ini-
tial state, which in turn degrades the fidelity of the simulated
dynamics.

This work addresses both challenges in a scalable and
generalizable way. First, we introduce a symmetry-preserving
quantum subspace expansion (QSE) approach for
systematically constructing high-fidelity meson creation
operators across a wide range of couplings and momenta.
Unlike previous variational approaches, our method avoids
costly hybrid quantum-classical optimization, can be
performed entirely classically using TNs or other Hamiltonian
methods, and achieves fidelities above 0.99 even in parameter
regimes where VQE-based approaches drop below 0.9.
Second, we develop an accurate and resource-efficient
circuit decomposition for meson wave packet preparation
based on Givens rotations, reducing the circuit depth
from O(L3) to O(L) while requiring only nearest- and
next-nearest-neighbor connectivity. Although demonstrated
here in the (1 + 1)-dimensional Z2 lattice gauge theory
(LGT) [36–38], our methods are general and readily extend
to higher-dimensional theories and other gauge groups.

Beyond algorithmic development, we demonstrate the ca-
pabilities of our framework through classical simulations of
full real-time scattering using matrix product states (MPS),
a particular kind of one-dimensional TN. Our results capture
both elastic and inelastic processes, including flux string for-
mation and breaking, particle production, energy transfer, and
rapid entanglement growth. We provide qualitative diagnos-
tics to analyze these phenomena, offering a concrete strategy
for using quantum computing to extract physical insight from
real-time scattering. These advances together establish a path
toward scalable, interpretable quantum simulations of high-
energy dynamics.

This paper is organized as follows. In Sec. II, we introduce
the lattice Z2 gauge theory and its symmetries. In Sec. III, we
introduce the QSE construction of meson creation operators.
Section IV shows our numerical results, including elastic and
inelastic scattering. In Sec. V, we propose an efficient quan-
tum circuit for the preparation of meson wave packets and
analyze its resource scaling. Finally, we summarize our results
and discuss future research directions in Sec. VI.

II. THE MODEL

In this work, we focus on a Z2 LGT [36] coupled to
staggered fermions [37,38]. It is arguably one of the simplest
lattice gauge theories with fermionic matter, as the gauge
degrees of freedom on each link correspond to spins with
just two states. The Hamiltonian consists of three parts, H =

Hkin + Hmass + Hel, where the first part corresponds to the
kinetic term, the second to the mass term, and the third to
the electric energy term. On a lattice with L matter sites, these
read

Hkin = 1

2a

L∑
n=1

(ξ †
n Zg,nξn+1 + H.c.),

Hmass = m
L∑

n=1

(−1)nξ †
n ξn, (1)

Hel = ε

L∑
n=1

Xg,n.

In the above expression, the operators ξ †
n (ξn) represent

fermionic creation (annihilation) operators on matter site n,
and Xg,n, Zg,n are the usual Pauli matrices acting on the gauge
links connecting sites n and n + 1. Periodic boundary condi-
tions are used to have a good definition of momentum, where
site L + 1 is identified with 1 in the kinetic term. The parame-
ters a, m, and ε correspond to the lattice spacing, the fermion
mass, and the coupling, respectively. The gauge degrees of
freedom on each link can be described by the eigenstates of
the Pauli-X operator Xg,n, |+〉, |−〉 corresponding to electric
field values +1 and −1. The physical states of the theory have
to fulfill Gauss law, ∀n Gn|ψ〉 = |ψ〉, where

Gn = Xg,n−1 exp(iπQn)Xg,n (2)

and Qn = ξ †
n ξn − (1 − (−1)n)/2 is the staggered fermionic

charge. Figure 1(a) provides an illustration of the lattice
system. Note that the staggered formulation essentially cor-
responds to separating the upper (lower) components of the
Dirac spinor to even (odd) sites; hence, we focus on even
values of L for the rest of the paper. In addition, throughout
this work we target the sector with vanishing total charge,∑

n Qn = 0, which corresponds to half filling, i.e.,
∑

n ξ †
n ξn =

L/2. Besides, we use the dimensionless rescaling of the
Hamiltonian aH and set a = 1 without loss of generality. As a
result, both the fermion mass m and the electric field coupling
ε are expressed in units of the lattice spacing and are treated
as dimensionless parameters. We vary m and ε to explore
different physical regimes of the theory.

The Hamiltonian in Eq. (1) is invariant under charge con-
jugation. Due to the staggered formulation corresponding to
separating the components of the Dirac spinor to different
sites, the lattice version of the charge conjugation operator
C cannot be defined on a single staggered site, and involves
translation by one lattice site [39–41]

CξnC
−1 = (−1)nξ

†
n+1, CZg,nC

−1 = Zg,n+1. (3)

Note that C2 corresponds to a translation by two stag-
gered lattice sites, which leaves the Hamiltonian invariant,
too, and allows for the definition of a lattice momentum.
Hence, there exists an eigenbasis for the Hamiltonian in
which its eigenstates have a well-defined momentum and
charge conjugation quantum number: C|k, c〉 = ce−ika|k, c〉.
Here, c = ±1 is the charge conjugation quantum number
and k is the lattice momentum with possible values k ∈ � =
(2π/aL){−L/2,−L/2 + 1, . . . , L/2 − 1}. In the continuum
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FIG. 1. Illustration of one-dimensional Z2 LGT. (a) Example
configurations satisfying the Gauss law. The pink (blue) circles cor-
respond to odd (even) sites, and solid (empty) circles represent filled
(empty) fermions. The fermions are connected by Z2 gauge field,
represented by horizontal lines. The empty (filled) line corresponds
to the electric field in the eigenstate |−〉 (|+〉), with eigenvalues
−1 (+1), respectively. Other valid configurations can be obtained
by simultaneously flipping all gauge field qubits. (b) The upper
part shows the ground state in the strong coupling limit ε → ∞,
where all electric fields take the lowest eigenvalue state, and all odd
(even) fermion qubits are spin up (down). A gauge link is connected
between the last and first site due to the periodic boundary condition
used here. The lower plot shows a meson excitation created by the
operator ξ1Zg,1ξ

†
2 , which annihilates a fermion at site 1 (thereby

effectively creating an antifermion) and creates a fermion at site 2,
resulting in an antifermion-fermion pair connected by an electric flux
string to satisfy the Gauss law.

limit, ka → 0, C will reduce to the usual charge conjugation
operator.

In the well-studied Schwinger model, the two stable
particles are the vector and the scalar meson, which are
characterized by their charge conjugation number [42,43]. We
observe the same behavior for the lattice Z2 gauge theory
in our numerical results: The ground state lies in the charge
conjugation sector c = +1, and the first zero-momentum exci-
tation is directly above the ground states with c = −1; hence,
we refer to it as the vector meson. Similar to Ref. [43], we
observe the second zero-momentum excitation having c =
+1, which we refer to as the scalar meson in analogy to the
Schwinger model.

In order to simulate the model on a quantum computer,
we map the fermionic degrees of freedom to spins using a
Jordan-Wigner transformation (JWT)

ξ †
n =

∏
l<n

( − iσ z
l

)
σ+

n , ξn =
∏
l<n

(
iσ z

l

)
σ−

n , (4)

where σ±
n = (σ x

n ± iσ y
n ), and we use σ a

n , a = x, y, z, for Pauli
matrices acting on the matter sites to explicitly distinguish
them from the gauge degrees of freedom. The resulting spin
Hamiltonian reads

H = − i

2a

L−1∑
n=1

(σ+
n Zg,nσ

−
n+1 − H.c.)

+ 1

2a

(∏
l<L

( − iσ z
l

)
σ+

L Zg,Lσ−
1 + H.c.

)

+ m

2

L∑
n=1

(−1)nσ z
n + ε

L∑
n=1

Xg,n, (5)

where the second line arises due to the periodic boundary
conditions and we have omitted the constant

∑L
n=1(−1)nm/2

in mass term, as it evaluates to zero for even values of L used
in this work. The Gauss law in spin language corresponds to

Gn = (−1)n+1Xg,n−1σ
z
n Xg,n. (6)

Consequently, a total of N = 2L qubits are required to rep-
resent both the fermionic matter fields and the gauge degrees
of freedom in a system comprising L sites.

III. MESON OPERATOR CONSTRUCTION

In order to be able to create meson wave packets, we first
need to find operators that allow us to create an interacting
meson on top of a given state. Constructing accurate me-
son creation operators is particularly challenging, and several
approaches have been suggested. Reference [32] proposes
preparing a wave packet based on a W state and optimizing
it using a translationally invariant quantum circuit to mini-
mize energy, aiming to generate the lightest particle in the
interacting theory. Their approach performs well for the Ising
model and the φ4 scalar field theory. Applied to the Schwinger
model, the observed fidelities are lower, likely due to the more
complex internal structure of the mesons.

Reference [34] uses VQE to optimize ansatz parame-
ters for constructing the lowest-energy eigenstate at fixed
momentum in a (1 + 1)-dimensional Z2 LGT as well as
the Schwinger model. This method shows high fidelity for
small systems (L � 10) in the strong-coupling or large-mass
regime, but maintaining high fidelity in the small-mass and
weak-coupling regime, especially for high momenta, seems
challenging. Moreover, VQE can be difficult to scale in
practice due to the generally large number of measurements
required and hardware imperfections that can degrade the
tractability of this procedure, particularly as the system size
increases [44–46].

In this work, we instead propose to use QSE [47–50] to
determine operators that allow us to create a meson on top of
the ground state. We demonstrate that this approach is able
to produce meson states in the Z2 LGT with high fidelity
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over a wide range of system sizes, momenta, and Hamiltonian
parameters.

In the sector of vanishing total charge, because of con-
finement in the Z2 gauge theory [27], the mesons represent
bound states of a fermion and an antifermion. This picture
becomes more clear in the strong coupling limit, ε → ∞, for
which the contribution of the kinetic and the mass term in the
Hamiltonian can be omitted. The ground state in this limit is
given by

|	∞〉 = |1〉|−〉|0〉|−〉|1〉 · · · |−〉|0〉|−〉, (7)

where all gauge links are arranged in the configuration min-
imizing the electric energy, and the odd (even) sites are
occupied (empty) due to the fact that the staggered charge has
to vanish to fulfill the Gauss law in Eq. (2) for this electric field
configuration. Note that this state also minimizes the mass
energy in the absence of the kinetic term. The excited states
in this limit correspond to fermion-antifermion pairs between
nearest neighbors, which must be connected by a flux tube to
satisfy the Gauss law [cf. Fig. 1(b)]. These excitations can be
represented as

|k = 0, c = −1〉b =
∑

n

(ξ †
n Zg,nξn+1 − H.c.)|	∞〉, (8)

where the subscript b denotes a meson state, k = 0 represents
the meson’s momentum, and c = −1 specifies the charge
conjugation of this meson. In contrast, in the weak coupling
region, a meson state can be approximated as the product
of zero-momentum fermions and antifermions [19]. In this
situation, the meson has a looser structure and the fermion-
antifermion pairs are connected by longer flux tubes compared
to the strong coupling limit. In general, we expect the operator
creating a meson with momentum k and charge conjugation c
to have the form

b†
k,c =

L∑
n,l=1

a(k,c)
n,l ξ †

n Wn,lξl ≡
∑

I

a(k,c)
I MI , (9)

where a(k,c)
n,l are complex coefficients. To simplify the equa-

tions for the QSE later on, we define a multi-index I = (n, l )
and the shorthand operator MI = ξ †

n Wn,lξl . The operator Wn,l

is the Wilson line connecting the fermionic operators at sites n
and l . Since we consider a periodic boundary condition, there
are two possible paths to connect these two sites, where it
is energetically favorable to choose the shorter one to have
a lower electric field energy. For n < l , the Wilson line is
defined as

Wn,l =
⎧⎨
⎩

∏l−1
r=n Zg,r, l − n � L

2 ,(∏n−1
r=1 Zg,r

)(∏L
r=l Zg,r

)
, l − n � L

2 ,
(10)

and similarly for the case n > l . Note that the Wilson line
only involves Pauli-Z operators acting on the links and, thus,
is self-adjoint.

With appropriate choice of coefficients a(k,c)
I , the operator

b†
k,c will excite a proper meson state from the ground state |	〉,

|k, c〉b = b†
k,c|	〉 =

∑
I

a(k,c)
I MI |	〉, (11)

which is an eigenstate of both the Hamiltonian and the charge
conjugation operator

H |k, c〉b = E |k, c〉b, C|k, c〉b = ceik|k, c〉b. (12)

To find the optimal coefficients �a(k,c) = {a(k,c)
1,1 , a(k,c)

1,2 , . . .}, we
use a subspace expansion method (see Appendix A). To this
end, we solve the generalized eigenvalue problem

(H + C)�a(k,c) = λ S�a(k,c), (13)

on the subspace

{MI |	〉|I ∈ {1, 2, . . . , L}2}. (14)

In Eq. (13), the generalized eigenvalues are given by λ = E +
ce−ika and the matrices H, C, and S have the entries

HI,J = 〈	|M†
I HMJ |	〉,

CI,J = 〈	|M†
I CMJ |	〉, (15)

SI,J = 〈	|M†
I MJ |	〉.

The above matrix elements are expectation values of oper-
ators. Here, we choose to compute them with MPS [51],
but any other Hamiltonian method that allows for computing
these matrix elements is equally applicable. In particular, on
quantum hardware, expectation values of Hermitian operators
can be measured directly, while the non-Hermitian operators
appearing above can be decomposed into linear combinations
of Pauli operators. The desired matrix elements are then ob-
tained by combining the individually measured contributions.

In addition, the meson annihilation operator bk,c should
satisfy bk,c|	〉 = 0. This condition can be ensured by adding
an additional term to the QSE equations; otherwise, the so-
lution of Eq. (13) may yield coefficients contaminated by
unwanted annihilation operators. A simple example is opera-
tors like b̃†

k,c = b†
k,c + bk′,c′ , where bk′,c′ is an arbitrary meson

annihilation operator. While b̃†
k,c will still excite eigenstates of

H and C, it will generally not fulfill the condition b̃k,c|	〉 =
b†

k′,c′ |	〉 �= 0. Hence, an extra term has to be added to enforce

that the norm NZ ≡ 〈	|b†
k,cbk,c|	〉 is zero, as explained in

Appendix A,

ZI,J = 〈	|MJM†
I |	〉. (16)

The final QSE equation including all terms to satisfy all re-
quirements reads

(H + C + Z )�a(k,c) = λ S�a(k,c), (17)

where now λ = E + ce−ika + NZ . After normalizing the
coefficients to satisfy NS ≡ �a(k,c)†S�a(k,c) = 1, the physical
quantities can be extracted separately by

E = �a(k,c)†H�a(k,c),

ce−ik = �a(k,c)†C�a(k,c), (18)

NZ = �a(k,c)†Z�a(k,c).

We select the vectors �a(k,c) with lowest values of E + NZ to
ensure both low energy and minimal annihilation contribution.
In our simulations, we typically find values of NZ ∼ 0.001
for m = 0.1, ε = 1.0, and ∼0.01 for m = 0.1, ε = 0.2. For
k �= 0, states with momentum k and −k have the same energy
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FIG. 2. Energy difference of the excited states with respect to
the ground state for L = 30, m = 0.1, and ε = 1.0 [panel (a)], and
0.2 [panel (c)]. The blue (red) markers correspond to the vector
(scalar) meson excitations, circles indicate the energies obtained by
QSE, and crosses indicate those from MPS simulations. The x axis
is the corresponding integer lattice momenta k in units of L/2π .
Panels (b) and (d) show the corresponding infidelity between the
states obtained by our QSE approach and the excited states obtained
directly from the MPS simulation. The red dashed horizontal line in
panel (c) indicates the mass of the scalar meson obtained from the
MPS approach.

and can be distinguished by the eigenvalue of the charge
conjugation operator: ce−ik . We note that when only a specific
momentum mode is targeted, the operator pool in Eq. (14) can
be substantially reduced by exploiting translation invariance,
as detailed in Appendix G.

In order to demonstrate that our approach produces high-
fidelity mesonic excitations, we use MPS and first compute
the ground state of the Hamiltonian using standard variational
methods [52]. To obtain the excited states, we proceed in two
ways. First, we use again standard variational MPS methods
to compute the excited states of the model. Second, we create
the subspace from Eq. (14) explicitly by applying the meson
operators on the MPS ground state. This allows us to construct
the matrices in Eq. (17) and to solve the generalized eigen-
value problem and to compare the results from our method
to the MPS data. In Fig. 2, we show the energy difference
�E with respect to the ground state and the infidelity for the
lowest-lying 28 excited states obtained from both methods for
a system with L = 30, m = 0.1, and various values of ε. Note
that the data for k = 0 correspond to the meson’s mass in units
of the lattice spacing. Focusing on strong coupling, ε = 1.0,
Fig. 2(a) shows that the first 28 excitations are vector mesons,
and, as expected, the ones with k �= 0 appear in pairs having
the same absolute value of the momentum due to translation
invariance. The energies obtained from our QSE method are
in excellent agreement with the MPS solution. Looking at
infidelities in Fig. 2(b), we observe that the meson excitations
constructed using our subspace expansion approach are close
to the MPS solution and for the low-lying states we obtain fi-
delities exceeding or approaching 99.9%. Only for excitations

FIG. 3. Distribution of vector meson’s coefficients for k = 0 at
(a) ε = 1.0 and (b) ε = 0.2. The color bar represents the absolute
value of coefficients, |a0,−1

n,l |.

with large absolute momentum the accuracy drops slightly,
and for almost all states we have infidelities smaller than 1%.

At smaller values of the coupling, ε = 0.2, we see a
similar vector meson branch as for the larger coupling, but
the meson mass is significantly lighter than in the previous
case. In addition, also scalar particles appear within the
first 28 excited states [see Fig. 2(c)]. The fidelities for the
vector meson excitations obtained from QSE show a similar
behavior as for the larger value of the coupling, and most of
them are above 99%. For the scalar mesons, the fidelity is
slightly worse than for the vector branch, but still does not
drop below 94.6% despite us choosing the simplest mesonic
operators in the ansatz in Eq. (9).

Note that our approach is systematically improvable. While
we obtain very high fidelities by considering only pairs of
creation and annihilation operators in Eq. (9) in the regimes
we study, it is straightforward to include more complex
fermionic operators such as four-fermion interactions in the
ansatz for the meson creation operators. Including these op-
erators can further enhance the fidelity of scalar mesons,
potentially bringing it to the same level as for the vector
branch. This allows for systematically enlarging the sub-
space, thereby providing a way to improve the accuracy of
the results. In addition, Appendix B contains more detailed
numerical benchmarks demonstrating the high fidelity of the
QSE method across different parameter regimes, as well as its
scalability to system sizes of up to 60 sites.

Furthermore, the coefficients obtained from QSE provide
insight into the internal structure of the meson at different
coupling strengths. To illustrate this, Fig. 3 shows the dis-
tribution of vector meson’s coefficients a0,−1

n,l obtained from
Eq. (17). Looking at the vector meson at k = 0 for a large
coupling, ε = 1.0, Fig. 3(a) reveals that the coefficients for
operators acting on nearest-neighbor matter sites dominate,
i.e., a0,−1

n,n−1 and a0,−1
n,n+1. This indicates the meson is primar-

ily composed of fermion-antifermion pairs connected by one
excited electric link, as one might expect from the strong
coupling picture in Fig. 1. In contrast, at a weaker coupling
of ε = 0.2 the vector meson exhibits a looser structure, al-
lowing the fermion-antifermion pairs to separate further and
be connected by longer flux strings containing more links.
This results in more coefficients having significant values, as
Fig. 3(b) shows.
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IV. MESON SCATTERING

Using the meson operators constructed in the previous
section, we can now build operators creating vector meson
wave packets. To this end, we define

B†
k̄,x̄

=
∑
k∈�∗

φ(k)k̄,x̄b†
k,−1 =

∑
k∈�∗

∑
nl

φ(k)k̄,x̄ak,−1
nl ξ †

n Wn,lξl ,

φk̄,x̄(k) = 1√
Nφ

e−ikx̄e−(k−k̄)2/(4σ 2
k ), (19)

where φk̄,x̄(k) is a complex Gaussian distribution, x̄, k̄ rep-
resent the mean values of the wave packet’s position and
momentum, and σk corresponds to its width in momentum
space. Moreover, Nφ = ∑

k |φ(k)|2 is the normalization factor
of the Gaussian distribution. Note that �∗ does not correspond
to the entire momentum space but rather to the momenta
k ∈ � that appear when solving Eq. (17). For example, for
ε = 0.2 shown in Fig. 2(c), �∗ = (2π/L) × {−9,−8, . . . , 9}
for the vector meson, and �∗ = (2π/L) × {−4,−3, . . . , 4}
for scalar meson. Similarly, for example, with ε = 1.0, for
which only the vector meson appears [cf. Fig. 2(a)], one ob-
tains �∗ = (2π/L) × {−13,−12, . . . , 14}. The restriction of
the momentum modes in Eq. (19) will result in a wave packet
that is not perfectly Gaussian. Due to the wave packet’s local-
ization in momentum space, the truncation error introduced
by a finite momentum basis �∗ remains small as long as the
central momentum k̄ is far away from boundaries of �∗. In
such cases, momenta near the cutoff are naturally suppressed
by the Gaussian distribution, and the resulting wave packet
remains well defined. However, for wave packets with higher
momenta, e.g., |k̄| = (2π/L) × 8 with (m, ε) = (0.1, 0.2), the
momentum cutoff will introduce noticeable truncation effects.
This leads to an effectively narrower wave packet in mo-
mentum space and a broader one in position space. These
effects can be mitigated by including more excited states in
the subspace or using larger system sizes, which offer finer
momentum resolution for defining narrow wave packets and
enough spatial extent to separate broad wave packets.

To quantify the truncation effects systematically, we also
tested case (m, ε) = (0.2, 0.2) and included two more ex-
cited states, yielding a larger momentum window �∗ =
(2π/L) × {−10,−9, . . . , 10} [53]. This extended window
essentially eliminates the momentum truncation error for
(m, ε) = (0.2, 0.2). As detailed in Appendix F, the scattering
results obtained with the original truncation |k| � 9 × (2π/L)
and the extended truncation |k| � 10 × (2π/L) are fully con-
sistent. We therefore conclude that the momentum truncation
used for (m, ε) = (0.1, 0.2) does not affect the physical con-
clusions of this work.

Using the operator defined in Eq. (19), one can prepare an
initial state with two vector mesons to study their scattering
processes. More specifically, for time t = 0, the initial state
we consider is given by

|ψ (t = 0)〉 = B†
k̄,x̄1

B†
−k̄,x̄2

|	〉, (20)

where the two wave packets are initially localized at x̄1 and
x̄2, with momentum of equal magnitude |k̄| but opposite
signs and the identical width σk . The time evolution |ψ (t )〉 =

e−iHt |ψ (0)〉 can be computed with standard methods, e.g.,
using Trotterization.

To demonstrate that our method enables the preparation of
wave packets and the investigation of scattering processes, we
examine the collision of two mesons. Specifically, we consider
a system with L = 30, which corresponds to N = 60 qubits,
and we choose x̄1 = 8 and x̄2 = 23 and a width σk = 2π/L. To
compute the time evolution, we use time-evolution block dec-
imation (TEBD) with a second-order Trotter step, as detailed
in Appendix E. In order to characterize the scattering process,
we monitor various observables. In particular, we compute the
site-resolved flux configuration, 〈ψ (t )|Xg,n|ψ (t )〉, and mea-
sure the staggered fermion density operator χn on each site
[34]

χn =
{

1 − ξ †
n ξn, n ∈ odd,

ξ †
n ξn, n ∈ even.

(21)

To gain insight into the energy transfer during the scattering
process, we track the time-dependent contributions of the
kinetic, mass, and electric components of the Hamiltonian.
More specifically, we monitor

δEB(t ) = 〈ψ (t )|HB|ψ (t )〉 − 〈ψ (0)|HB|ψ (0)〉, (22)

where HB is one of the terms in Eq. (1), and the initial value at
t = 0 is subtracted to clearly show the variation of each energy
component. In addition, we also monitor the number of vector
and scalar mesons throughout the collision by computing

ρc =
∑
k∈�∗

〈ψ (t )|b†
k,cbk,c|ψ (t )〉, (23)

where c = −1 (+1) corresponds to the vector (scalar) mesons.
This allows us to draw conclusions if vector mesons are
annihilated during the scattering event at the expense of cre-
ating scalar mesons. Furthermore, at the collision point, two
localized mesons can merge due to fermion-antifermion anni-
hilation, resulting in an extended meson connected by a longer
flux string. To probe this process and the subsequent string
breaking [27], we calculate the probability Pl of observing a
single flux string of length l at time t , given by

Pl =
L−l∑
n=1

|〈ψ (t )|ξ †
n Wn,n+lξn+l |	〉|2

+
L∑

n=l+1

|〈ψ (t )|ξ †
n Wn,n−lξn−l |	〉|2, (24)

where l ∈ {1, . . . , L/2} is restricted due to the periodic
boundary conditions, consistent with Eq. (10). Note that we
include both strings between fermion and antifermion (first
line) as well as between antifermion and fermion (second
line).

First, we study the case of m = 0.1, ε = 1.0, for which
we did not observe any scalar mesons in the low-lying spec-
trum [cf. Fig. 2(a)]. Figure 4 displays our results for the
evolution of two vector meson wave packets with oppo-
site momenta where k̄ = 6 × (2π/L). Figure 4(a) shows the
site-resolved staggered fermion density over time, where we
subtract the fermion density of the ground state and con-
sider �〈χn〉 = 〈ψ (t )|χn|ψ (t )〉 − 〈	|χn|	〉. As indicated by
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FIG. 4. Time evolution of two meson wave packets with m =
0.1, ε = 1.0, and momentum k̄1 = 6 × (2π/L). (a) Site-resolved
staggered fermion density during the evolution. (b) Probability of
having a single flux string with length l at time t = 34, which is
around the collision of the two wave packets. (c) Change of kinetic,
mass, and electric field energies over time. (d) Vector meson number
ρ−1 over every four time steps.

the fermion density, the two vector mesons propagate toward
each other during the time evolution and eventually collide.
The collision appears to be elastic, as there is no evidence of
particle production in �〈χn〉. This is further corroborated by
the individual energy contributions in Fig. 4(c) and the vector
meson number in Fig. 4(d). In particular, we observe that the
individual parts of the Hamiltonian are almost conserved, and
ρ−1 has a value close to 2 throughout the entire evolution,
providing evidence that no particles are produced. In addition,
we monitor the probability Pl of forming a single flux string of
length l [as defined in Eq. (24)]. At the beginning, the system
has two separate flux strings coming from the two mesons,
resulting in Pl = 0. As the two mesons approach each other,
these two strings merge into a single longer string, leading
to a peak in Pl around l = 3 at t = 34 close to the collision,
as Fig. 4(b) shows. After the collision, the flux string breaks,
and Pl returns to zero, indicating the hadronization to two
separated mesons. The details of this string formation and
breaking process can be found in Appendix D.

Second, we investigate the case of a smaller coupling,
m = 0.1, ε = 0.2, for which we see a scalar meson in the
low-energy spectrum [see Fig. 2(c)]. Figure 5 shows the me-
son scattering process for various values of the momentum
of the initial wave packets. In addition to the previous case,
we also display the site-resolved electric field over time,
where we again subtract the values of the ground state and
consider �〈Xg,n〉 = 〈ψ (t )|Xg,n|ψ (t )〉 − 〈	|Xg,n|	〉. Focusing
on the case of small momentum k̄ = 4 × (2π/L) first (cf.
left column of Fig. 5), we observe indications for inelastic
scattering. While there are no direct signs for the generation
of particles, the internal structure of the mesons changes dur-
ing the collision. In particular, at the collision point around
t = 20, the staggered fermion density in Fig. 5(a) shows a

dip in the center of the system, which is accompanied by an
increase in the electric field [cf. Fig. 5(e)]. This indicates again
fermion-antifermion annihilation and the formation of strings,
which can be seen in Fig. 5(i), showing noticeable probabil-
ities for a single flux tube of length l > 1. Compared to the
case of larger coupling, longer strings are generated because
of the smaller electric field energy contribution per link. After
t = 20, the string breaks again and fermions are regenerated,
which subsequently hadronize to two outgoing vector mesons
(see Appendix D for details). This observation is also con-
firmed by the different energy contributions in Fig. 5(m) and
the vector meson number in Fig. 5(q). Around t = 20, both
mass and kinetic energy decrease and are transformed into
electric field energy. The formation of the string results in a
significant reduction of the vector meson number, which is
subsequently restored. Moreover, the scalar meson number ρ1

stays close to 0 over the entire time and only shows a slight
increase as the two vector mesons approach each other, thus
confirming that essentially no scalar mesons are produced.
The slight increase of ρ1 after t = 40 can be attributed to
the periodic boundary conditions, which cause the two vector
mesons to approach each other again.

Increasing the momentum to k̄ = 6 × (2π/L) (cf. second
column of Fig. 5), we observe a fairly similar picture. How-
ever, due to the higher momentum, the resulting strings can
extend to longer lengths, which can be observed in Fig. 5(f)
around t = 20–30 in form of an extended spatial region with
high electric flux, and in Fig. 5(j) showing a dominating
contribution for l = 7. As displayed in Fig. 5(n), during the
formation of the strings, the kinetic energy decreases and
the electric field energy increases since longer flux tubes
require higher energy. After the kinetic energy is exhausted,
the fermion-antifermion pairs at the string’s end points are
pulled back toward each other and collide again. From t = 40
onward, there are some fermion-antifermion pairs remaining
connected with flux tubes in the middle of the system (see also
Appendix D), but most of the fermions hadronize to vector
mesons going out. According to Fig. 5(r), there is a signal that
some scalar mesons are generated during the collision. How-
ever, ρ1 decreases again significantly after t = 40, indicating
that no stable scalar mesons are formed.

Studying an even larger momentum of k̄ = 8 × (2π/L),
one enters a regime where the vector meson has a higher en-
ergy than a scalar meson with k = 0, as shown by the dashed
line in Fig. 2(c). Thus, we expect that stable scalar mesons
can form during the scattering process in this case. Looking
at the fermion density and the electric field in Figs. 5(c) and
5(g), we indeed observe two outgoing particles with a slower
velocity and stronger electric field after the collision. Contrary
to the previous case, during the collision we do not observe a
significant probability for a single flux string in Fig. 5(k) and
the electric field at the collision point is significantly smaller
than before. Focusing on the different energy contributions in
Fig. 5(o), we see that the kinetic energy initially decreases
and stabilizes at a value lower than the initial one after the
collision, which is consistent with the smaller velocity of the
outgoing particles. Most of this kinetic energy is transferred
to the electric field energy, as the increase in δEel(t ) shows.
Besides, we observe a clear decrease of the vector meson
number ρ−1 from an initial value of 2 to 1 after the collision,

033298-7



YAHUI CHAI, YIBIN GUO, AND STEFAN KÜHN PHYSICAL REVIEW RESEARCH 8, 033298 (2026)

FIG. 5. Scattering process between two vector meson wave packets with ε = 0.2. Each column corresponds to different masses m and
initial momenta k̄, as indicated in the title of each column. The first row shows the staggered fermion density; the second row shows the
electric field density. Both are plotted as functions of position n (x axis) and time t (y axis), and share the same x axis. The third row shows the
probability of observing a single flux string at the collision point, plotted vs the string length l (x axis), with probability defined in Eq. (24).
The fourth row displays the time evolution of the kinetic, mass, and electric energy contributions, while the fifth row shows the number of
vector and scalar mesons over time. The x axis in the fourth and fifth rows is time t .

where simultaneously the scalar meson number ρ1 increases
and also stabilizes around a value of 1 after the collision.
This indicates that there are scalar mesons generated after
the collision, while there is still a significant probability for
two outgoing vector mesons. However, the staggered fermion
density and the electric field density only display two fairly
broad trajectories after the collision. This could be an effect
of the resulting wave packets being spread out rather than
remaining localized, and thus they overlap. The corresponding
time-resolved string probabilities are shown in Appendix D.

To obtain a clearer picture of the formation of scalar
mesons, we repeat the simulation for k̄ = 8 × (2π/L) but we
use a slightly larger mass of m = 0.2. This should result in the
scalar mesons being heavier, thus having a smaller velocity
after the collision and separating them better from the vector

mesons. The results for this case are shown in the right column
of Fig. 5. While the data are qualitatively similar to those
of the smaller mass m = 0.1, the staggered fermion density
and also the electric field now show indications for four
outgoing trajectories [see Figs. 5(d) and 5(h)]. Given energy
conservation, these particles should consist of two heavier
scalar mesons with low velocity and two vector mesons with
higher velocity. While in this case the scalar meson number ρ1

remains a little lower [see Fig. 5(t)], the separation in velocity
provides clearer evidence for the formation of stable scalar
mesons in the scattering process. The corresponding string-
formation and breaking dynamics are shown in Appendix D.

Finally, we evaluate the bipartite entanglement entropy
between the subsystems L = {n � L/2} and R = {n > L/2}.
Specifically, we calculate the von Neumann entropy S(t ) =
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FIG. 6. Bipartite entanglement entropy for both elastic and in-
elastic scattering processes with m = 0.1. Time is measured in units
of the total evolution time T to allow for comparing different scat-
tering processes in a consistent manner. The final time T is selected
such that the particles have sufficient time to propagate after the colli-
sion, but short enough to prevent them from reaching the boundaries
of the system. This choice is made to prevent an artificial increase
in entanglement entropy that would result from the wave packets
splitting as they cross the system’s boundary. The blue dotted line
corresponds to the elastic scattering with ε = 1.0, k̄ = 6 × (2π/L),
and T = 70. The orange dashed, green dash-dotted, and red solid
lines are associated with the inelastic scattering with ε = 0.2, for
momentum k̄ = 4 × (2π/L), 6 × (2π/L), 8 × (2π/L) and T = 40,
50, and 80, respectively.

−tr[ρ̃(t ) log2 ρ̃(t )], where ρ̃(t ) is the reduced density ma-
trix of one subsystem at time t , then subtract the vacuum
contribution to obtain �S(t ). We consider m = 0.1 and both
elastic scattering with ε = 1.0 as in Fig. 4, and the inelastic
scattering processes with ε = 0.2 as shown in the first three
columns of Fig. 5. For these processes, the evolution of the
bipartition entropy is shown in Fig. 6. For the elastic case
(blue dotted line), the entropy increases as the two mesons
propagate toward the center and decreases after the collision,
eventually resulting in nearly zero excess entropy relative to
the vacuum. In contrast, for the inelastic scattering processes
with ε = 0.2, the peak in entropy at the collision point is
larger, and also the final value after the scattering process is
higher, especially for a high momentum of k̄ = 8 × (2π/L).
This indicates that inelastic scattering will be more challeng-
ing for the numerical methods based on TN. Specifically, in
our MPS simulations we see that for reaching a given preci-
sion, the maximal size of the matrices required is around 55
for the elastic case (cf. blue dotted line in Fig. 6), whereas
during the simulation, it reaches around 1000 for the inelastic
scattering associated with the red solid line in Fig. 6.

V. PREPARING WAVE PACKETS ON A DIGITAL
QUANTUM COMPUTER

In the previous sections, we discussed how to construct
proper operators for creating meson wave packets and investi-
gated scattering processes using MPS simulations. Our results

show that inelastic scattering processes can be challenging
to simulate classically with TN, motivating the exploration
of quantum computing as a promising alternative for these
regimes. As outlined in Sec. IV, simulating the scattering
process on a quantum computer requires first preparing the
initial state comprising particle wave packets, followed by
applying time evolution. The quantum circuit for time evo-
lution can be implemented using Trotterization. However,
constructing a quantum circuit for preparing wave packets
is nontrivial, as the particle creation operator is not unitary.
Reference [34] addresses this challenge using a quantum cir-
cuit inspired by the Jordan-Lee-Preskill protocol [54,55], in
which the wave packet preparation is approximated through
Trotterization of an auxiliary Hamiltonian. The resulting CNOT

gate count scales as O(L3NTrotter ) for the general case, where
NTrotter denotes the number of Trotter steps. Trotter errors and
deep circuits make the accurate state preparation challenging
on current noisy devices, which in turn can lead to deviations
from the correct results in the subsequent dynamics.

In this section, we present an alternative approach to
preparing meson wave packets that avoids these limitations.
Our method constructs the desired state exactly, without any
Trotter error, and reduces the circuit depth from O(L3) to
O(L). The total number of CNOT gates required scales as
O(L2), and the circuit relies only on nearest- and next-
nearest-neighbor connectivity (in fact, only nearest-neighbor
connectivity is strictly required, since the next-nearest-
neighbor CNOT gates can be compiled into nearest-neighbor
ones at a constant factor overhead), making it well suited for
current quantum hardware. These improvements in efficiency
and accuracy are crucial for scaling to larger system sizes and
for ensuring reliable simulation of the dynamics.

More specifically, the initial state we want to prepare con-
sists of the vacuum state |	〉 and meson creation operators
B†

k̄,x̄
applied to it, as defined in Eq. (20). The vacuum state

|	〉 can be obtained by VQE [31,56] or other techniques
[47,57,58]. The operator B†

k̄,x̄
is nonunitary, making it non-

trivial to design a quantum circuit for its implementation. To
address this problem, we propose decomposing these oper-
ators using Givens rotations [59–61]. For convenience, we
define a Hermitian operator A†

k̄,x̄
= B†

k̄,x̄
+ Bk̄,x̄. In principle,

A†
k̄,x̄

|	〉 = B†
k̄,x̄

|	〉, as Bk̄,x̄|	〉 = 0 due to the annihilation
property bk|	〉 = 0. Although this equality might be slightly
violated when using the operator obtained via QSE, our nu-
merical simulations show that the state A†

k̄,x̄
|	〉 achieves a

fidelity of 99.9% with the state B†
k̄,x̄

|	〉.
The Hermitian operator Ak̄,x̄ can be expressed as

A†
k̄,x̄

=
∑

nl

Mnl ξ̃
†
n ξ̃l , (25)

where Mnl are coefficients corresponding to the wave
packet’s amplitude φs

k and the coefficients of vector meson
operators ak,−1

nl , similar as in Eq. (19). The fermionic operators
ξ̃ †

n , ξ̃n incorporate a string of link variables starting from site 1

ξ̃ †
n = ξ †

n Wn,1, ξ̃n = W1,nξn. (26)

Thus, the operator ξ̃ †
n ξ̃l is gauge invariant. The coefficient ma-

trix M is Hermitian and with dimension L × L; hence, it can
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be diagonalized as M = uDu†, where u is a unitary matrix
and D = diag(λ1, λ2, . . . , λL ) is a real diagonal matrix. This
allows us to rewrite the operator A†

k̄,x̄
as

A†
k̄,x̄

=
∑
nlr

ξ̃ †
n (unrDrru†

rl )ξ̃l

=
∑

r

(∑
n

ξ̃ †
n unr

)
λr

(∑
l

u∗
lr ξ̃l

)

=
∑

r

(V (u, ξ̃ ) ξ̃ †
r V (u, ξ̃ )†)λr (V (u, ξ̃ ) ξ̃r V (u, ξ̃ )†)

= V (u, ξ̃ )ODV (u, ξ̃ )†, (27)

where OD = (
∑

r λr ξ̃
†
r ξ̃r ) is diagonal in fermionic Fock basis

for the matter sites and the Pauli-Z basis for the links. In the
third line, we used the property that a linear combination of
fermionic operators can be realized as a unitary transforma-
tion. ∑

l

ξ̃
†
l uln = V (u, ξ̃ ) ξ̃ †

n V (u, ξ̃ )†,

∑
l

ξ̃l u
∗
ln = V (u, ξ̃ ) ξ̃n V (u, ξ̃ )†, (28)

with V (u, ξ̃ ) being a unitary operator defined as

V (u, ξ̃ ) = exp

(∑
nl

ξ̃ †
n [ln u]nl ξ̃l

)
. (29)

The proof of Eq. (28) is provided in Appendix C. In the
following, we will introduce the quantum circuit correspond-
ing to Eq. (27). Specifically, we will introduce the circuit for
V (u, ξ̃ ) in Sec. V A, where we will closely follow the methods
introduced in Ref. [26]. The implementation of the diagonal
part OD is discussed in Sec. V B, before we provide a resource
estimation for the full circuit implementing the operator A†

k̄,x̄
in Sec. V C.

A. Circuit for V (u, ξ̃)

The operator V (u, ξ̃ ) mathematically has the same struc-
ture as the one in Ref. [26], although the model considered
here is not a purely fermionic one, in contrast to the reference.
Hence, we can closely follow the methods developed therein
to find a circuit implementing it. In particular, V (u, ξ̃ ) satis-
fies the homomorphism property under matrix multiplication,
i.e., V (v, ξ̃ ) × V (u, ξ̃ ) = V (v × u, ξ̃ ), which is proven in Ap-
pendix C. Utilizing this property, V (u, ξ̃ ) can be decomposed
into local operators with a QR decomposition of u via Givens
rotations, as shown in Refs. [60,61]. In summary, V (u, ξ̃ ) can
be decomposed by L(L − 1)/2 local operators with 2L − 3
layers [60]. Specifically, the local operators corresponding to
the Givens rotations are of the following form:

R†
nl (θ, ξ̃ ) = exp(θn,l [ξ̃

†
n−1ξ̃n − ξ̃ †

n ξ̃n−1])

= exp(θn,l [ξ
†
n−1Zg,n−1ξn − ξ †

n Zg,n−1ξn−1])

JWT= exp

(
− i

θn,l

2

[
σ x

n−1Zg,n−1σ
x
n + σ

y
n−1Zg,n−1σ

y
n

])
,

(30)

(a)

(b)

FIG. 7. (a) Decomposition of V (u, ξ̃ ) for a system with L = 4
using six Givens rotations. (b) Decomposition of the local Givens
rotations R†

nl (θ, ξ̃ ) into four CNOT gates and single-qubit rotation
gates. Qubits labeled as fn represent the matter field at site n, and the
qubits labeled as gn−1 represent the gauge field on the link between
the sites n − 1 and n.

where θn,l is determined by the ratio of matrix elements in
u, as detailed in Appendix A of Ref. [26]. These operators
are a specific instance of the general construction in Eq. (29),
chosen to eliminate the matrix element unl via Givens rota-
tion [62]. For clarity, we omit the single-qubit rotation gates
associated with the complex phases of the matrix elements,
which are also described in Appendix A of Ref. [26]. The
final expression in Eq. (30) follows from applying the Jordan-
Wigner transformation in Eq. (4).

To illustrate the result, we take an example with four sites
and show the circuit for V (u, ξ̃ ) in Fig. 7(a). The decom-
position of R†

nl (θ, ξ̃ ) in standard single and two-qubit gates
is depicted in Fig. 7(b) and comprises four CNOT gates. In
total, the decomposition of V (u, ξ̃ ) for a system with L sites
requires 2L(L − 1) CNOT gates and results in a circuit depth
of 8L − 12.

B. Circuit for the diagonal operator OD

The diagonal part OD in Eq. (27) also needs to be de-
composed into quantum gates. This operator is not present in
earlier constructions, and here we provide a circuit implemen-
tation using an ancilla qubit whose depth is linear in system
size. After applying the JWT, the diagonal part reads

OD = I

2

∑
n

λn + λ1

2
σ z

1 + λ2

2
σ z

2 + · · · + λL

2
σ z

L. (31)

To find a circuit implementing OD, we consider a more general
expression, which includes the above equation as a special
case

OD =
∑
n<L

λnPn, (32)

with Pn ∈ {I, σ x, σ y, σ z}⊗L a Pauli string and we require
[Pn, Pl ] = 0. To realize such a linear combination of Pauli
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operators, we need to define some ancillary fermionic oper-
ators on the qubits representing the gauge field, which will
ultimately have no effect on these qubits. To distinguish these
from the fermionic operators ξ representing the matter fields,
we define these ancillary fermionic operators as

ψ†
g,n =

∏
l<n

(−iZg,l )
Xg,n + iYg,n

2
,

ψg,n =
∏
l<n

(iZg,l )
Xg,n − iYg,n

2
, (33)

X̃g,n = ψ†
g,n + ψg,n√

2
,

where the operators Xg,n,Yg,n, Zg,n are Pauli operators acting
on the gauge field qubits as before. The operators defined in
Eq. (33) fulfill the anticommutation relations

{ψ†
g,n, ψg,l} = δn,l ,

{ψg,n, ψg,l} = {ψ†
g,n, ψ

†
g,l} = 0, (34)

{X̃g,n, X̃g,l} = δn,l .

In addition, all of them commute with Pauli strings Pn acting
on the matter sites, as they operate on disjoint sets of qubits.

Using these, we can consider another set of operators given
by

Oa =
∑

n

sgn(λn)
√

|λn|X̃g,n, Ob =
∑

n

√
|λn|PnX̃g,n, (35)

with real values λn. This is motivated by the fact that the val-
ues λn in Eq. (27) correspond to eigenvalues of the Hermitian
matrix M. In the expression above, sgn(λn) represents the
sign of λn. These operators satisfy the identity

{Oa, Ob} =
∑

n

λnPn. (36)

The above equation utilizes the property of Eq. (34) and the
final result is exactly OD in Eq. (32) as desired. Hence, the
problem of realizing OD reduces to decomposing the operators
Oa and Ob into a quantum circuit. Once these circuits are
constructed, the above anticommutator can be realized using a
Hadamard test. Oa can be expressed as a linear combination of
fermion operators and can be decomposed by Givens rotation,
similar to Eq. (28):

Oa =
∑

n

sgn(λn)
√

|λn|X̃g,n

=
∑

n

sgn(λn)

√
λn

2
(ψ†

g,n + ψg,n)

= V (ua, ψg)( ψ
†
g,1 + ψg,1)V (ua, ψg)†

= V (ua, ψg)Xg,1V (ua, ψg)†, (37)

where the first column of the matrix ua relates the coefficients
in Oa, i.e., 1/

√
2Nλ × (sgn(λ1)

√|λ1|, sgn(λ2)
√|λ2|, . . .)T ,

with Nλ being a normalization factor [63]. Since we are
only concerned with the first column of ua, V (ua, ψg) can
be decomposed with L − 1 Givens rotations, consists of local
operators as in Eq. (30), but with operator ψg in the formula,

(a)

(b)

FIG. 8. (a) Illustration of the circuit for Oa for L = 4. The first
three Givens rotation gates correspond to the decomposition of
V (ua, ψg)† and the last three are for V (ua, ψg). Again, the phase gates
are not shown for simplicity. (b) Decomposition of a local Givens
rotation gate R†

n1(θ, ψg), which performs the rotation between two
nearest-neighbor qubits representing the gauge fields, and can be
implemented with standard gates using two CNOT operations.

i.e., R†
n,1(θ, ψg). We show the circuit for Oa in Fig. 8(a), which

consists of 2(L − 1) Givens rotations and can be decomposed
into a total of 4(L − 1) CNOT gates. Notice that dynamical
decoupling techniques [64,65] can efficiently suppress error
accumulation caused by long idle times. Such techniques are
routinely implemented on current quantum hardware.

Regarding Ob, similar to the case of ξ̃ , we can de-
fine the fermionic operator ψ̃g,n = Pnψg,n. Since P2

n = I , and
ψ̃g,n, ψ̃

†
g,n still satisfy the standard fermionic anticommutation

relations

{ψ̃g,n, ψ̃
†
g,l} = PnPl{ψg,n, ψ

†
g,l} = δn,l ,

{ψ̃g,n, ψ̃g,l} = PnPl{ψg,n, ψg,l} = 0, (38)

Ob can be written as

Ob =
∑

n

√
|λn|PnX̃g,n

= V (ub, ψ̃g)(ψ̃†
g,1 + ψ̃g,1)V (ub, ψ̃g)†

= V (ub, ψ̃g)Xg,1V (ub, ψ̃g)†. (39)

Here, the first column of ub is 1/
√

2Nλ ×
(
√|λ1|,

√|λ2|, . . .)T , and P1 = I . Similar to V (ua, ψ ),
V (ub, ψ̃ ) can be decomposed into L − 1 Givens rotations,
where each of these is implemented by a circuit like the one
shown in Fig. 8(a), but with the Givens rotation gates being
R†

n,1(θ, ψ̃ ):

R†
n,1(θ, ψ̃ ) = exp(θn,1[ψ̃†

n−1ψ̃n − ψ̃†
n ψ̃n−1])

= exp

(
−i

θn,1

2
Pn−1Pn[Xg,n−1Xg,n + Yg,n−1Yg,n]

)

(40)
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FIG. 9. Circuit of R†
n,1(θ, ψ̃ ) for decomposing Ob, with operator

P1 = I, Pn = σ z
n−1 for n > 1 in Eq. (35).

These can be implemented with six CNOT gates as shown in
Fig. 9. All in all, Ob can be implemented with 2(L − 1) Givens
rotation gates, and 12(L − 1) CNOT gates.

C. Full circuit for wave packet preparation

Finally, we present the complete circuit for preparing a
meson wave packet in Fig. 10. Additionally, we summa-
rize the number of CNOT gates and the circuit depths in
Table I, assuming both nearest-neighbor and next-nearest-
neighbor connectivity. For simplicity, we do not include the
constant factor overhead of compiling next-nearest-neighbor
CNOT gates into nearest-neighbor ones, which would be re-
quired on hardware with only nearest-neighbor connectivity.
It is worth noting that the estimation does not account for
potential parallelization between different parts of the cir-
cuit, which could slightly reduce the circuit depth. Moreover,
the depth could be further reduced with higher connectivity,
which allows greater parallelization of Givens rotation. The
anticommutator {Oa, Ob} is implemented by the Hadamard
test, where the control gate on Oa only requires a controlled-X
gate, because the rest of the operator is identity if we remove
the X gate, as shown in Fig. 8(a). Therefore, there are only two
extra CNOT gates introduced by the Hadamard test; we will
ignore them in the overall resource estimation for simplicity.

Note that for large systems and narrow wave packets,
where L � 1/σk , only the qubits involved in the region in
which the wave packet is nontrivial need to be considered
in the circuit for preparing the wave packet. In such cases,
the parameter L in Table I can be effectively replaced by
� ∼ 1/σk .

VI. SUMMARY AND OUTLOOK

In this work, we develop a scalable and general frame-
work for preparing meson wave packets with well-defined

FIG. 10. Sketch of the full circuit for preparing a meson wave
packet. The qubit labeled a is an ancilla qubit required for
the Hadamard test. The individual operators V (u), Oa, and Ob can
be decomposed in standard single and two-qubit gates as outlined in
the text.

TABLE I. Resource estimation for preparing a meson wave
packet. The total two-qubit gate count and circuit depth include
one V (u, ξ̃ ) and one V (u, ξ̃ )†, two Oa, and one Ob, as illustrated in
Fig. 10. For a narrow wave packet, L can be replaced with � ∼ 1/σk .

CNOT gates CNOT depth

V (u, ξ̃ ) or V (u, ξ̃ )† 2L(L − 1) 4(2L − 3)
Oa 4(L − 1) 4(L − 1)
Ob 12(L − 1) 12(L − 1)
Total 4L2 + 16L − 20 36L − 44

momentum and charge conjugation quantum numbers in a
Z2 LGT. Using a symmetry-preserving QSE approach, we
constructed high-fidelity meson creation operators across a
wide range of parameters. Importantly, the QSE requires only
the expected values of operators in the ground state, mak-
ing it broadly applicable both to quantum platforms and to
classical Hamiltonian simulation methods such as TN meth-
ods. These operators, superimposed with a spatially localized
Gaussian profile, allow for the construction of spatially sep-
arated wave packets that serve as the initial state of the
scattering experiment. The method avoids variational opti-
mization of parametrized quantum circuits, is systematically
improvable, and offers the flexibility to choose between quan-
tum or classical implementations for optimal efficiency.

Utilizing this technique, we can prepare two spatially
separated meson wave packets with opposite momenta and
simulate their real-time scattering dynamics using MPS. We
observe both elastic and inelastic scattering processes across
a range of model parameters and characterize the process in
terms of local observables such as the site-resolved fermion
and electric field density, as well as studying the energy trans-
fer, meson number, and the probability of observing a single
flux string. These observables allow us to get a comprehensive
insight into the scattering process. In particular, we observe
the formation of strings during the collision followed by string
breaking and hadronization. In the case of inelastic scattering,
this process is accompanied by a significant increase in the
electric energy contribution and a decrease in the kinetic en-
ergy, indicating the formation of particles, which also show a
clear signal in the meson number. Our results thus provide
a comprehensive characterization of particle collisions and
insight into the dynamics of inelastic scattering processes,
inaccessible with conventional lattice methods.

In addition, for the inelastic case we observe a significant
growth in the bipartite entanglement entropy, which saturates
at high values after the collision, thus motivating the imple-
mentation on quantum devices. To this end, we develop an
efficient and accurate quantum circuit for meson wave packet
preparation based on Givens rotations. For a system with L
sites, this decomposition yields a circuit with depth O(L)
and requires O(L2) CNOT gates, making it well suited for
implementations on near-term quantum devices.

In this work, we used a Z2 gauge theory as a representative
example. The approach for generating meson wave packets
is not limited to this setting and can be readily extended to
other gauge models, such as the Schwinger model, and to
higher-dimensional LGTs. Hence, it provides a stepping stone
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toward studying real-time dynamics of scattering processes in
more complicated gauge theories and for a characterization of
complex phenomena, such as hadronization and fragmenta-
tion, beyond the capabilities of conventional lattice methods.

Note added. Two related publications appeared concur-
rently with our work. Reference [66] reports a quantum
experiment of hadron scattering in a quantum link model
using IBM’s ibm_marrakesh quantum computer. Reference
[67] presents a meson scattering experiment in the same
Z2 LGT as considered here, performed on the trapped-
ion platform IonQ Forte, with a focus on improving
VQE-based meson operator construction and demonstrating
early-time dynamics. In contrast, our work develops a scalable
framework for preparing particle wave packets using a non-
variational quantum subspace expansion method, along with
an accurate circuit decomposition based on Givens rotations.
We further explore the full scattering process, including in-
elastic dynamics and hadronization. Together with Ref. [67],
our study represents a complementary effort, addressing both
algorithmic and experimental aspects of quantum simulations
of scattering.
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APPENDIX A: QUANTUM SUBSPACE EXPANSION

In this Appendix, we provide details on the QSE method
used in our work. Reference [68] offers a concise review
of QSE in Appendix S1. Here, we extend the approach to
include the additional constraints in our setup, namely, the
conditions that mesons should be an eigenstate of the charge
conjugation operator C and be annihilated by the operator bk,c.
As introduced in Ref. [68], a commonly employed strategy
for obtaining the eigenstates of a Hamiltonian is based on
the Ritz variational principle [69]. This approach involves
minimizing the following cost function for the quantum state
|ψ̃〉 = ∑

I aI MI |	〉, defined within the subspace specified in
Eq. (14),

L = 〈ψ̃ |H |ψ̃〉 − λ(〈ψ̃ |ψ̃〉 − 1)

=
∑
I,J

a∗
I aJ 〈	|M†

I HMJ |	〉

− λ

⎛
⎝∑

I,J

a∗
I aJ 〈	|M†

I MJ |	〉 − 1

⎞
⎠, (A1)

where the λ is the Lagrange multiplier to enforce the normal-
ization of the wave function. From the stationarity condition,
∂a∗

I
L = 0, the following generalized eigenvalue equation can

be derived

H�a = λS�a, (A2)

where H and S are matrix elements as in Eq. (15). By
solving the above equation, we can obtain the coefficients
�a = (a1,1, a1,2, . . . , a2,1, a2,2, . . .) that yield the eigenstate,
with λ being an eigenvalue E of the Hamiltonian.

In this work, we also want to impose that the solution is
an eigenstate of the operator C, which commutes with Hamil-
tonian; hence, there exists a common set of eigenfunctions.
Besides, the annihilation condition, bk,c|	〉 = 0, needs to be
included, too. The corresponding generalization of Eq. (A1)
then reads as

L = 〈	|bk,c H b†
k,c|	〉 + 〈	|bk,c C b†

k,c|	〉 + 〈	|b†
k,cbk,c|	〉

− λ(〈	|bk,cb†
k,c|	〉 − 1)

=
∑
I,J

a(k,c)∗
I a(k,c)

J 〈	|M†
I HMJ |	〉

+
∑
I,J

a(k,c)∗
I a(k,c)

J 〈	|M†
I CMJ |	〉

+
∑
I,J

a(k,c)∗
I a(k,c)

J 〈	|MJM†
I |	〉

− λ

⎛
⎝∑

I,J

a(k,c)∗
I a(k,c)

J 〈	|M†
I MJ |	〉 − 1

⎞
⎠. (A3)

Here, we label the coefficients with superscripts since the
solution will also yield an eigenstate of C with eigenvalue c
and momentum k. By imposing ∂ak,c∗

I
L = 0, we can obtain the

following equation:

(H + C + Z ) �a(k,c) = λ S�a(k,c), (A4)

where the matrices C, Z are the same as Eq. (16). The val-
ues λ now include various contributions: λ = E + ce−ika +
〈	|b†

k,cbk,c|	〉. Ideally, the last term should vanish; however,
due to the finite basis employed, it generally yields nonzero,
albeit small, values.

APPENDIX B: PERFORMANCE OF QSE

To enable a direct comparison with Ref. [34], we present a
heat map of the infidelity across a grid of (m, ε) values at fixed
system size L = 30. For each parameter point, we compute the
ground state and the first ten excited states using both direct
MPS simulation and our QSE approach, and then evaluate
the fidelity F between the corresponding states. The infidelity
in a logarithmic scale log10(1 − F ) is shown in Fig. 11. The
color scale is chosen to match Fig. 5 of Ref. [34] for easier
visual comparison. We present three representative momenta
of vector mesons in the figure. The result indicates small
ε values at m ∼ 0.1 present greater challenges, particularly
at low momentum. Nonetheless, the fidelity remains above
0.99 throughout the parameter space, including for higher
momenta.
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FIG. 11. Heat map of the infidelities presented on a logarithmic scale, log10(1 − F ), as indicated by the color bar in the (m, ε) plane for
L = 30. The different panels correspond to distinct momentum values: (a) k = 0, (b) k = 2 × (2π/L), and (c) k = 4 × (2π/L).

To further assess scalability, we study how the fidelity
behaves as the system size increases. For system sizes from
L = 30 to L = 60, we compute the lowest ten excited states
using both QSE and MPS at fixed parameters (m, ε) =
(0.3, 0.3) and evaluate the fidelity between them. To reduce
simulation cost, we restrict the operator pool to fermion-
antifermion operators with Wilson-line length shorter than
10, which is motivated by confinement as indicated in Fig. 3
in the main text. For the regime we consider, all of states
correspond to different momentum excitations of the vec-
tor meson. We focused on two representative low-energy
excitations and benchmarked their fidelities across system
sizes.

As shown in Fig. 12(a), both momenta maintain fidelities
above 0.999 even at L = 60 (120 qubits). There is a very
mild, gradual decrease in fidelity as system size increases.
It is worth noting that the fidelity is computed relative to
MPS states, which are themselves approximations, and when
computing excited states, errors can accumulate. The algo-
rithm for excitations is based on modifying the Hamiltonian
by adding a sufficiently large energy penalty term to push up
the previously calculated low-energy states, and the energy
gradually grows with system size; this also leads to the larger
errors for highly excited states.

To estimate how close the QSE-prepared states are to
exact eigenstates, we analyze the fluctuations of conserved
quantities, specifically the energy and the charge conjugation
operator. These should vanish for an exact eigenstate:

�O =
√

|〈O2〉 − 〈O〉2|, O ∈ {H,C}. (B1)

In Fig. 12(b), the MPS ground state exhibits small energy fluc-
tuations, while its excited states show increasing fluctuations
with system size, likely due to loss of translational symmetry
and accumulated truncation errors. In contrast, the excited
states extracted with QSE show slightly decreasing energy
fluctuations as the system grows, comparable to the behavior
of the vacuum.

Moreover, Fig. 12(c) shows the fluctuations of the charge
conjugation operator. Here, QSE shows signs of advantage
over simulation by MPS with OBC: The QSE states preserve
the charge conjugation quantum number much more faith-
fully across system sizes. This is expected, as MPS states do
not conserve translation symmetry by construction, and the
charge conjugation operator in staggered fermions mixes with
translation [see Eqs. (3) and (12)]. In contrast, QSE explicitly
restores both translation and charge conjugation symmetry
by diagonalizing the operator C in subspace, ensuring �C
remains minimal, even for higher excited states.

FIG. 12. Performance scaling of QSE with system size up to 60 sites (120 qubits), for fixed parameters (m, ε) = (0.3, 0.3). Two momentum
modes are shown: k = 0 × (2π/L) (blue dots) and k = 2 × (2π/L) (orange triangles). (a) Infidelity between QSE and direct MPS results.
(b) Relative energy fluctuation of the QSE states (solid markers with lines) and MPS states (empty markers with dashed lines). The vacuum
obtained from MPS simulation is also shown as a reference (gray star). (c) Charge conjugation fluctuation of the QSE states and MPS states.
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FIG. 13. Pl at different times with m = 0.1, ε = 1.0, k̄ = 6 × (2π )/L, corresponding to the elastic scattering process shown in Fig. 4.
(a) Time slice before collision, where the two meson wave packets start to overlap, and the two separate flux strings associated with each
meson start to merge into a longer single string. (b) Time slice during the collision, the overlap between two wave packets is enhanced and
single flux tube is generated. (c) Shortly after the collision, the single flux string breaks and corresponding probability decreases. (d) The time
when two mesons are well separated, where the probability for a single flux string remaining is essentially zero, indicating that the strings
broke and hadronized into the outgoing mesons.

APPENDIX C: GIVENS ROTATION FOR FERMIONIC
OPERATORS

References [60,61] have already demonstrated that the uni-
tary transformation of the single-particle basis for fermions
can be realized using Givens rotations. Here, we extend this
idea from fermions to general fermionic operators, showing
that Givens rotation can be applied to arbitrary operators,
e.g., to fermion operators coupled with bosonic operators, as
long as the anticommutation relations hold. Specifically, this
applies to the operators ξ̃n defined in Eq. (26). The proof
of Eq. (28) follows a similar approach to the Appendix of
Ref. [60]. For completeness, we present the proof below.

For the fermionic operators ξ̃ †
n , ξ̃n, the usual anticommuta-

tion relations are satisfied

{ξ̃ †
n , ξ̃l} = δnl , {ξ̃n, ξ̃l} = {ξ̃ †

n , ξ̃
†
l } = 0. (C1)

Hence, for the operator K = ∑
nl ln(u)nl ξ̃

†
n ξ̃l , with u being a

unitary matrix, the following equations hold

[K, ξ̃ †
r ] =

∑
n

ξ̃ †
n ln(u)nr, [K, ξ̃r] =

∑
n

ξ̃n ln(u)∗nr . (C2)

Considering the transformation by operator V (u, ξ̃ ) = eK , one
finds

V (u, ξ̃ )ξ̃ †
r V (u, ξ̃ )† = eK ξ̃ †

r e−K (C3)

= ξ̃ †
r + [K, ξ̃ †

r ] + 1

2
[K, [K, ξ̃ †

r ]] · · · (C4)

= ξ̃ †
r +

∑
n

ξ̃ †
n ln(u)nr

+ 1

2

∑
nl

ξ̃
†
l ln(u)ln ln(u)nr · · · (C5)

=
∑

n

ξ̃ †
n

{
δnr + ln(u)nr + 1

2
ln(u)2

nr · · ·
}

(C6)

=
∑

n

ξ̃ †
n unr, (C7)

where we used the Baker-Campbell-Hausdorff expansion in
the second line.

Next, we show that V (u, ξ̃ ) satisfies the homomorphism
property under matrix multiplication. With two unitary matri-
ces u and v, V (v, ξ̃ ) × V (u, ξ̃ ) = V (v × u, ξ̃ ), which can be
proven as follows:

V (v, ξ̃ )V (u, ξ̃ )ξ̃ †
r V (u, ξ̃ )†V (v, ξ̃ )†

= V (v, ξ̃ )

(∑
n

ξ̃ †
n unr

)
V (v, ξ̃ )

=
∑

nl

ξ̃
†
l vlnunr

=
∑

l

ξ̃
†
l (vu)lr

= V (vu, ξ̃ )ξ̃ †
r V (vu, ξ̃ )†. (C8)

The above equation holds for arbitrary ξ̃ †
r , so we conclude

V (v, ξ̃ ) × V (u, ξ̃ ) = V (v × u, ξ̃ ).

APPENDIX D: SINGLE FLUX TUBE GENERATION
AND STRING BREAKING

In Figs. 13–17, we present the probabilities Pl for having
a single flux tube of length l during the scattering dynamics.
To characterize the string generation and breaking, we select
four representative time slices for all cases: one before the col-
lision, one during the collision, one shortly after the collision,
and a final one where the mesons have propagated for some
time after the collision. The initial value of Pl at t = 0 is zero
for all cases, because the initial state consists of two separate
flux strings. Hence, the probability of finding a single flux tube
is zero; thus, we do not show these plots.

APPENDIX E: MPS SIMULATION DETAILS

In this work, we use MPS for our classical numerical sim-
ulations. For a system with open boundary conditions and N
sites, the ansatz is given by [70–72]

|ψ〉 =
d∑

i1,i2,··· ,iN
Ai1

1 Ai2
2 · · · AiN

N |i1〉 ⊗ |i2〉 ⊗ · · · ⊗ |iN 〉, (E1)
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FIG. 14. Pl at different times with m = 0.1, ε = 0.2, k̄ = 4 × (2π )/L, corresponding to the inelastic scattering process shown in the first
column of Fig. 5. Compared to the elastic case, more and longer single flux strings are generated due to the smaller electric field energy.
(a) Before the collision, the two mesons approach and longer strings begin to form. (b) During the collision, fermion-antifermion annihilation
is enhanced as shown in Fig. 5(a), leading to significant generation of strings. (c) Shortly after the collision, the single flux string breaks and
the corresponding probabilities decrease. (d) When the two mesons are well separated, most strings are broken, indicating hadronization again
into outgoing mesons.

FIG. 15. Pl at different times with m = 0.1, ε = 0.2, k̄ = 6 × (2π )/L, corresponding to the inelastic scattering process shown in the second
column of Fig. 5. (a) Time slice before the collision. (b) During the collision, there is an enhanced probability for forming longer strings with
l = 10 compared to Fig. 14, due to the higher momentum in this case. (c) Shortly after the collision, the probabilities for having a long flux
tube decrease again. (d) When the two mesons are well separated, we observe similar situation as for the smaller momentum.

FIG. 16. Pl at different times for m = 0.1, ε = 0.2, and k̄ = 8 × (2π/L), corresponding to the inelastic scattering process shown in the
third column of Fig. 5. Compared to the previous two inelastic scattering cases with lower momentum, a smaller probability of forming a
single flux string is observed here, indicating a faster hadronization process. (a) Before the collision. (b) During the collision. (c) Shortly after
the collision. (d) After the collision when the two mesons are well separated again.

FIG. 17. Pl at different times for m = 0.2, ε = 0.2, and k̄ = 8 × (2π/L), corresponding to the inelastic scattering process shown in the
fourth column of Fig. 5. (a) Before the collision. (b) During the collision. (c) Shortly after the collision. (d) After the collision when the two
mesons are well separated.
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where d is the local dimension of the Hilbert space on ev-
ery site and |ik〉d

k=1 is a local basis for the Hilbert space at
site k. The quantities Aik

k are complex D × D matrices for
1 < k < N and Ai1

1 (AiN
N ) is a complex D-dimensional row

(column) vector. The parameter D, which determines the num-
ber of parameters in the ansatz, is called the bond dimension
of the MPS and limits the maximum von Neumann entropy
in the state, S � log2 D, which is in turn a measure for the
amount of quantum correlations. For our numerical simula-
tions, we use the ITensor library [52]. Note that while we
are using periodic boundary conditions for our Hamiltonian,
we nevertheless use MPS with open boundary conditions.
This introduces long-range terms, which connect the first
and the last site in the MPS, and can potentially lead to
long-range correlations requiring a larger value of D to be
captured. This decision is motivated by the fact that MPS
algorithms using open boundary are in general more effi-
cient and stable than their counterparts for periodic boundary
conditions [70].

More specifically, for computing ground states and excita-
tions, we use standard variational methods and optimize the
tensors iteratively such that the energy expectation value is
minimized. For constructing the basis required for the QSE
and the simulation of time evolution, we use TEBD, where
we apply local operators to the MPS and reduce the bond
dimension of the resulting state by performing a singular
value decomposition and discarding all singular values that
are smaller than a given threshold, also referred to as cutoff.
For the QSE used to construct meson creation operators and
to generate eigenstates, we use a cutoff of 10−10. When sim-
ulating the scattering dynamics, we set the cutoff to 10−9 to
control the growth of the bond dimension D, which reaches
maximum values of approximately 1000 in the most challeng-
ing setting. Additionally, for calculating the meson numbers
defined in Eq. (23), we use a larger cutoff of 10−8, because
we need to calculate the expectation of nonlocal operators in
the state with large bond dimension after the collision.

Within TEBD, the time-evolution operator is approximated
by a second-order Trotter decomposition,

e−iHt ≈ (
e−iHodd

�t
2 e−iHeven �t e−iHodd

�t
2
)t/�t

, (E2)

where �t is the time step and e−iHeven �t (e−iHodd �t ) represents
the Hamiltonian terms starting at even (odd) matter sites given
by

e−iHeven �t =
∏

n∈even

e−iHn�t (E3)

for even sites and analogously for the odd sites. Specifically
for n < L, Hn reads

Hn = − i

2a
(σ+

n Zg,nσ
−
n+1 − H.c.)

+ m

4
(−1)n

(
σ z

n − σ z
n+1

) + εXg,n, (E4)

and for n = L:

HL = 1

2a

(∏
l<L

( − iσ z
l

)
σ+

L Zg,Lσ−
1 + H.c.

)

+ m

4
(−1)L

(
σ z

L − σ z
1

) + εXg,L, (E5)

which takes into account the periodic boundary conditions.
We employ TEBD here as a straightforward implementa-
tion; alternative MPS time-evolution algorithms such as the
time-dependent variational principle may require smaller
bond dimensions for comparable accuracy, and represent a
natural option for extending the simulations further.

APPENDIX F: EFFECT OF MOMENTUM TRUNCATION
ON THE SCATTERING DYNAMICS

In the QSE-based initial-state construction, the meson op-
erator is expanded in a finite set of momentum modes. As
discussed in Sec. IV, for (m, ε) = (0.1, 0.2), the maximum
momentum we got for the vector meson is |k| � 9 × (2π/L),
the systematic uncertainty arises from the truncation of this
momentum sum. To examine the robustness of the inelastic
features reported in the main text, we use setup (m, ε) =
(0.2, 0.2) to analyze the effect of momentum truncation. The
momentum window we got for vector meson in this setup is
|k| � 10 × (2π/L), and the weight of the discarded momenta
beyond this window is very small,∑

|k|>10(2π/L)

|φ(k)|2 ≈ 0.0045, (F1)

where φ(k) is the normalized Gaussian profile used to con-
struct the incoming wave packet. We use this result as
reference and shrink the momentum window to |k| � 9 ×
(2π/L) to analyze the truncation effect.

Figure 18 compares the original and extended-truncation
simulations for (m, ε) = (0.2, 0.2) at L = 30. The fermion
density and electric field density in the scattering process
remain qualitatively unchanged upon including the higher-
momentum modes. The characteristic inelastic features are
preserved in the extended analysis. The only visible modifica-
tion is a modest suppression of the two vector meson channel
and enhancement of two scalar meson channel, which is con-
sistent with the inclusion of energetically higher components
in the initial wave packet.

We further compare the time-dependent energy transfer
and the meson density extracted from the two truncations.
These quantities are consistent throughout the evolution,
confirming that the scattering dynamics are stable against
reasonable enlargements of the momentum window.

Taken together, these observations demonstrate that the
inelastic signatures, including (m, ε) = (0.1, 0.2) reported in
the main text, are physical effects, rather than artifacts of the
momentum truncation.

APPENDIX G: OPERATOR POOL REDUCTION VIA
TRANSLATION INVARIANCE

In Sec. III, we construct the QSE operator pool from
the full set of fermion bilinears {MI = ξ †

n Wn,lξl | I = (n, l )},
of size O(L2), and solve simultaneously for all momentum
modes. When only a specific momentum mode is required,
translation invariance allows for a significant reduction of the
operator pool.

For a target momentum k and charge-conjugation eigen-
value c, the operator pool can be restricted to translationally
invariant combinations labeled by the Wilson-line displace-
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FIG. 18. Comparison of the different momentum truncation results for (m, ε) = (0.2, 0.2) at L = 30. Left: Original results with |k| �
9 × (2π/L), showing (a) fermion density and (c) electric field. Middle: Extended results with |k| � 10 × (2π/L), shown in panels (b) and
(d). Right: Energy transfer [panel (e)] and meson density [panel (f)]; dashed (empty symbols) and solid (filled symbols) curves correspond to
|k| � 9 × (2π/L) and |k| � 10 × (2π/L), respectively.

ment d alone:

Md
e (k, c) =

∑
n∈even

e−iknξ †
n ξn+d + c(−1)d+1

∑
n∈odd

e−iknξ
†
n+dξn,

Md
o (k, c) =

∑
n∈odd

e−iknξ †
n ξn+d + c(−1)d+1

∑
n∈even

e−iknξ
†
n+dξn.

(G1)

The even- and odd-site contributions are treated separately
in order to respect the two-site translational symmetry of

staggered fermions and to ensure correct transformation prop-
erties under charge conjugation. If the maximum Wilson-line
length is restricted to D, the operator pool in a single (k, c)
sector has dimension 2D, independent of the system size L.
Solving the QSE independently for each momentum mode
k in this reduced pool is therefore typically more efficient
than constructing the full O(L2) pool and solving for all
momenta simultaneously, since the cost of computing the
relevant matrix elements scales polynomially in D alone in
the per-momentum approach.
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