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Operational coherent measurements with steering and randomness
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Measurement incompatibility underpins randomness generation in nonlocal phenomena. However, at its root, a
more fundamental quantum feature is noncommuting (or coherent) measurements. This raises a central question:
How can we operationally characterize the quantum advantage of coherent measurements within nonlocal cor-
relations? We answer this by demonstrating that coherent measurements can leverage semi-device-independent
(SDI) steering, enabling local randomness generation from any set of coherent measurements. Specifically, we
establish that a measurement assemblage can be used to demonstrate SDI steering if and only if it is coherent,
providing a complete operational characterization. To provide an application of this operational characterization,
we formulate a nonconvex resource theory for SDI steering and propose an operational monotone for the two-
setting scenario by mapping noncommuting measurements to SDI steering. Our framework enables a practical
quantum random number generator based on SDI steering that eliminates the need to certify entanglement
and tolerates arbitrarily low detection efficiency. That is, we demonstrate that genuine randomness can be
generated via coherent measurements beyond standard steerable states and even beyond entangled states under
realistic experimental conditions. These results extend the scope of quantum resources for generating nonlocal
correlations beyond measurement incompatibility, revealing the operational power of coherent measurements.
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I. INTRODUCTION

One of the fundamental aspects of quantum mechanics that
serves to distinguish between classical and quantum systems
is the noncommutativity of two or more observables, i.e.,
the Heisenberg uncertainty principle for projective measure-
ments [1]. Instead, quantum mechanics allows nonprojective
measurements, called generalized measurements, or formally
positive operator-valued measures (POVMs). For a set of
POVMs, the measurement incompatibility is studied as a
crucial resource for nonlocal correlations [2,3], i.e., Bell non-
locality, contextuality [4,5], and quantum steering [6]. Among
these correlations, quantum steering provides an operational
interpretation of measurement incompatibility in the sense
that a set of POVMs is incompatible if and only if it can
demonstrate quantum steering [7-9], and even quantify mea-
surement incompatibility [10-14]. Here, quantum steering
refers to an asymmetric nonlocal correlation, where Alice can
spatially steer Bob’s state by her local measurements [15,16].
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However, the profound noncommutativity of measure-
ments, which defines coherent measurements, is a more
fundamental property than the measurement incompatibility
of generalized measurements. In other words, the compat-
ibility is genuinely inequivalent to the commutativity or
incoherence of the measurements. In this context, noncom-
muting or coherent measurements that are compatible cannot
be detected under a standard steering scenario. Therefore, a
precise characterization of coherent measurements via non-
classical correlations remains an open question, as not all
coherent measurements can demonstrate quantum steering.
This fact limits the application of coherent measurements in
the generation of randomness [17,18].

In this work, we address the challenges of characterizing
coherent measurements through nonlocal correlations and the
limitations of practical applications under a quantum steering
scenario. We resolve these two issues by additionally assum-
ing the dimensionality of the quantum system on the steering
party’s side in the given steering scenario. This scenario is
called an SDI steering task. Due to this extra assumption,
classical randomness is no longer freely available within the
framework, leading to SDI steering as the nonconvex re-
source [19-22]. We show that a measurement assemblage
can be used to demonstrate SDI steering if and only if it
is coherent. Based on this demonstration, we next obtain a
nonconvex monotone of SDI steering in the two-setting sce-
nario. Finally, we demonstrate the operational application of
this monotone in bounding the optimal guessing probability
in a quantum random number generator (QRNG). Thus, the
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practical advantages of using SDI steering as a resource for
QRNGs are clearly illustrated. This approach demonstrates
that genuine randomness can be generated via the coherence
of measurements, eliminating the need to certify entanglement
and tolerating any low detection efficiency.

II. PRELIMINARIES

In quantum mechanics, a measurement is generally de-
scribed by a positive operator-valued measure, i.e., a finite
set {M,}, of operators 0 < M, < 1,, where 1, € C? is the
identity operator such that )", M, = 1,. A set of POVMs with
outcome a for different settings x is known as a measure-
ment assemblage M := {M|s}4.x, Where n, and n, denote
the number of settings and outcomes, respectively. Such a
measurement assemblage has pairwise mutual commutativity
if and only if [Myy, Myiw]1 =0V a,x,d,x'. Otherwise, it
has pairwise noncommutativity. In case of projective measure-
ments, i.e., My xMy|x = 840 Mg, for all x, the aforementioned
condition of noncommutativity is associated with an uncer-
tainty relation [1,23].

For a commuting measurement assemblage, all elements in
the set can be simultaneously diagonalizable in a single basis

{1i)}, i.e.,
d—1
Mae =Y ianlidil, e
i=0

with tjja,x) = (i|Myx|i). Thus, a measurement assemblage
M is termed incoherent if it admits a description in a single
orthonormal basis, i.e., when each of its elements has a di-
agonal matrix representation [24]. This is because all POVM
constituent elements can be diagonalizable within the compu-
tational basis {|i)};. Otherwise, it is said to have coherence.

The other type of nonclassicality of the measurement
assemblage is the measurement incompatibility, captured
through nonjoint measurability [6]. Specifically, a measure-
ment assemblage is jointly measurable if there is a single
POVM {G,}, such that each element of the assemblage can
be obtained as

M. =) plalx, V)G, )
A

where p(alx, A) is a conditional probability. It is obvious to
see that any incoherent measurement assemblage is compati-
ble; however, the converse is not true because the coherence
of the given measurement assemblage does not necessarily
imply incompatibility [7]. Evidently, admission of Eq. (1)
by a measurement assemblage implies admission of Eq. (2);
nevertheless, this implication is not reversible. This follows
because the set of incoherent assemblages of the given d-
dimensional quantum system forms a nonconvex set, whereas
the compatible set has convexity.

Any incompatible measurement assemblage has an opera-
tional characterization via quantum steering [8,9]. This char-
acterization is demonstrated by a steering protocol [15,16,25]
where Alice and Bob share a bipartite quantum state p4p.
To steer Bob’s reduced state into different ensembles, Al-
ice performs measurements on her subsystem. Through this
measurement assemblage, she prepares the resulting state

assemblage S;’; = {04x}a,x for Bob. Each element in the state
assemblage is given by the set of unnormalized conditional
states

O = Tra((Myx ® 1)pag) You € S, 3)

which gives the conditional probability of obtaining Alice’s
outcome as p(alx) = Tr(o,,) and the reduced state of Bob as
PB =) ,0qx A state assemblage is unsteerable if it has a
local-hidden-state (LHS) model [16], i.e., for all a, x, there is
a decomposition of oy, in the form

O = Y _ pOM)plalx, )ps, )
A

where A denotes the classical random variable that occurs with
probability p(1); p,’s satisfy p, > 0 and Tr(p;) = 1. Other-
wise, it is called steerable. Steerability can be operationally
identified as the certification of entanglement of the shared
state in a one-sided device-independent (1SDI) way or the
certification of measurement incompatibility at the untrusted
side [9,16]. Besides, quantum steering can be applied as a
resource to 1SDI QRNGs [17,18].

There is also a strong connection between the incom-
patibility of any measurement assemblage and steerability.
The key notion to establish this correspondence is steering-
equivalent observables (SEO), which map a state assemblage
to steering-equivalent POVMs via

By = pgl/20a|xp;1/2 if pp is full-rank. (5)
For a non-full-rank pp, an analogous expression should be
written with an isometry that maps pp to a subspace where
it has support. This connection establishes a one-to-one corre-
spondence: A measurement assemblage is compatible if and
only if it cannot demonstrate steerability, while an incompati-
ble measurement assemblage can always demonstrate it [8,9].

Our objective is to provide an operational characterization
of the coherence of any given measurement assemblage in a
nonlocal scenario. To this end, we consider steering-inspired
tasks in the one-sided semi-device-independent (1SSDI) con-
text [20,22] instead of the 1SDI context of steering tasks
observing Einstein-Podolsky-Rosen steering [15,16,25]. The
difference between these two contexts is that the Hilbert space
dimension on the untrusted side is assumed in the 1SSDI
context, whereas the untrusted side is fully device independent
in the 1SDI context. This dimensional assumption resembles
that of the prepare-and-measure scenarios, where preparation
is trusted, but measurements are not characterized to pro-
vide SDI applications [26]. For example, these applications
include SDI certification of quantum measurements [27]. In
the case of steering-inspired tasks, the 1SSDI context is there-
fore relevant in scenarios where preparation can be trusted to
demonstrate the phenomenon. In the present work, we provide
SDI characterization of the coherence of measurements in the
1SSDI context.

As a consequence of the dimensional assumption of the
quantum state in the 1SSDI context, the hidden variable A in
witnessing steerability also has the same dimensional restric-
tion. The SDI steering [20], which is a steering-inspired task,
is defined as follows.
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Definition 1. Suppose that a state assemblage S is pro-
duced in the given 1SSDI scenario. We say that SDI steering
is demonstrated if and only if the state assemblage does not
admit a decomposition of the form

d,—1

Oax = Y pO)plalx, \)px

A=0

Vaalx € Srr[lf ’ (6)

with d; < dy, where dj is the dimension of Alice’s system,
over all such decompositions.

All steerable states in the 1SDI context can obviously be
used to demonstrate SDI steering. The dimensional assump-
tion in the definition of SDI steering relaxes the convexity
constraint of the standard steering [19,22]; in other words,
operationally, the dimensional assumption implies that when
using SDI steering as a resource, shared classical randomness
is not freely available. Also note that for the experimental
context of observing steering, classical randomness can be
a resource. Classical randomness as a resource was used in
Refs. [28,29], providing an operational motivation to identify
quantum resources beyond convexity for quantum technolo-
gies [22,30,31]. The 1SSDI context for observing steering
with classical randomness as a resource is analogous to the
prepare-and-measure context with independent preparation
and measurement devices as employed in Ref. [29] to provide
an SDI QRNG.

III. OPERATIONAL COHERENCE OF MEASUREMENTS

Here, we demonstrate that all coherent measurements can
be operationally characterized via SDI steering. To do this,
we start with the following theorem for any SEO SO;¢ :=
{Byjx}a,x in the 1SSDI context.

Theorem 1. Any given SEO SO, is incoherent if and only
if the state assemblage admits a dlmenswnally restricted LHS
model as in Eq. (6) with d;, < da.

The proof of this theorem is given in Appendix A.

Next, note that any incoherent measurement assemblage
can only be used to obtain an incoherent SEO for any
state pap. In this context, the state assemblage produced on
Bob’s side using an incoherent measurement assemblage as in
Eq. (1) is given by

Oalx = Y Aittan Tra () (i @ 1)pap), (7)

which is an LHS model with the dimension of the hidden vari-
able bounded by d; < dj4. Thus, any incoherent measurement
assemblage always leads to incoherent SEO. On the other
hand, any measurement assemblage M that has coherence
can be used to obtain a state assemblage whose SEO has
coherence. To see this, consider any pure entangled state in
the Schmidt decomposition |¢f)) = Z,tol A; |ii) . Any state
assemblage arising from a pure entangled state is given by

N ®)
where Manc is the transpose of M,,. Then, the SEO of the
state assemblage that has the above decomposition is given
by By, = Ma‘x, which is incoherent if and only if the mea-
surement assemblage is incoherent. Thus, as an implication of
Theorem 1, we have the following corollary.

Corollary 1. Suppose that the given state assemblage S,
is produced by the measurement assemblage M. Then, S"“
admits a decomposition of a dimensionally restncted LHS
model, as in Eq. (6), for any state pup if and only if M) is
incoherent. '

In the above corollary, we have established that the coher-
ence of any measurements can be detected by the coherence
of SEO in the 1SSDI scenario. Thus, the coherence of any
measurements has SDI characterization through detection via
SDI steering. To provide an application of this operational
coherence of measurements to randomness, we are now going
to establish a quantitative SDI steering based on the SEO’s
property in the following.

IV. QUANTIFICATION OF SDI STEERABILITY

As another implication of Theorem 1, we have the follow-
ing tight criterion for SDI steering.

Corollary 2. SDI steering is demonstrated if and only if
SEO SO;¢ has pairwise noncommutativity.

Proof. A state assemblage admits a decomposition of the
dimensionally restricted LHS model with dj < dj if and only
if the SEO commute, i.e., [Byjx, By w] =0 for all a, x, a', x'.
On the other hand, any SEO with noncommutativity implies
that the state assemblage does not have the above-mentioned
decomposition. |

Based on the property of SEO in the 1SSDI context stated
in Corollary 2, we now define a resource-theoretic quantifica-
tion of the phenomenon. Before that, we need to formulate the
resource theory of steerability in the 1SSDI context. In this
resource theory, the free resources are all state assemblages
that have the dimensionally restricted LHS model with d; <
dy, while the standard 1SDI does not admit this restriction
[32-34]. On the other hand, in the following theorem, we
identify the free operations.

Theorem 2. The free operations of the resource theory of
SDI steering are any local operations without shared random-
ness of the form given by

oo = Y, pw)pdla, X', Wp(elx', WE©Oa),  (9)

a,x,

where the state assemblage {0 e }o x 18 obtained from the
original state assemblage {o4x}ax, pP(1t), p(d'la,x’, ), and
p(x|x’, u) are probabilities and £: C? — C?, is the com-
pletely positive trace-preserving (CPTP) map.

The proof of this theorem is given in Appendix B. Within
the framework of local operations without shared randomness
as stated in Theorem 2, the term nonlocal correlations is
used in the current work. In this broader framework, nonlocal
correlations include both SDI steerable and standard steerable
correlations. Now, we construct a proper quantification of SDI
steerability in the context of the above resource theory. In a
two-setting 1SSDI scenario, a measure based on the amount of
SEO’s noncommutativity can be captured through a Schatten
p-norm ||Al]|, of an operator A. Let o; denote the singular
values of A. ||A], is defined as

lAll, := i(zja;’)p7

man 0j,

for [p € 1, oo[,
for p = oo,
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where the summation and the maximum go over all the sin-
gular values of A (including multiplicities). For any given
measurement assemblage ./\/l;“, the amount of noncommuta-
tivity can be defined as follows:

Yp(Mape) =Y [1[Maj0, M1l - (10)

The above measure has been studied in Ref. [35]. For any
measurement assemblage M7 in C4, the measure of non-

commutativity satisfies 0 < 1, < 2rd~/d — 1. Note that T,
is concave.

Using the measure of noncommutativity of SEO as in
Eq. (10), we then define the quantification of SDI steerability
S, as follows.

Definition 2. For any state assemblage S5 produced in
the given two-setting 1SSDI scenario, the corresponding SEO
S (’)’2"’ can be constructed. Then, we define the measure of SDI
steerability Sy, (o,)y) as

_YpBar)
2edJd—1
which satisfies 0 < S, (o) < 1.

The above quantification is a faithful, nonconvex, and
monotonic measure of SDI steering. That is, the measure
in Eq. (11) satisfies the following axiomatic properties in
resource theory [36] for any p. We now formally state the
properties of our measure and prove them.

(1) Faithfulness: Sy, (oqx) = 0 if and only if the state as-
semblage is a free resource.

(2) Nonconvexity: for any state assemblages S, and S’5°,
S, (qoax + (1 — g)oy,) = qSv,(0an) + (1 — q)Sx,(0,,) for
0<g<1.

(3) Monotonicity: Let F denote a free operation as in
Eq (9) STp(f[Ua\x]) g ST,,(UH\.x)-

The first property holds because Sv, (o)) = 0 if and only
if the state assemblage is a free resource in the 1SSDI con-
text, due to Corollary 2. The second property is valid due
to the concavity property of the noncommutativity measure
[35]. The proof of the third property is given in Appendix
C. In addition, in Appendix D, using our measure STP (Oalx),
the quantification of SDI steering of specific two-qudit states
and the detection of SDI steering in the presence of any low
detection efficiency have been illustrated. Next, we aim to
relate our measure of SDI steering to the figure of merit of
a QRNG for which the coherence of the measurements is the
resource.

Y

ST,, (Oalx) =

V. CHARACTERIZATION OF SDI RANDOMNESS

Quantum randomness arises through the coherence com-
plementary relation between state and measurement. For
example, measuring a single qubit state |) = w in the
basis {|0), |1)} breaks the coherence in the state and provides
completely random outcomes. This randomness is fully un-
predictable. The intrinsic randomness of quantum systems
is exploited as a resource in QRNGs [37-39] and quantum
cryptography [40]. Obviously, QRNG based on quantumness
of single systems requires a trust in both the state and the mea-

surement so that the coherence is exploited [37]. On the other

W age)

]
OJa|x

FIG. 1. Setup for randomness certification in a 1SDI scenario,
where Alice treats her measurement device as a black box with inputs
and outputs, labeled by x and a, respectively, and Eve’s role can be
described by having a purification |Y4pg) of the state psp shared
by Alice and Bob [17]. Here, the local dimensions d, and dg of
Alice’s and Eve’s systems, respectively, are arbitrary, while the local
dimension dp of Bob’s system is trusted.

hand, entanglement-based QRNGs can be used to provide
certifiable randomness even if devices are not trusted, such as
1SDI randomness certification [17]. In this context, intrinsic
randomness is contained in {p(a|x)}, . This also holds in the
presence of an eavesdropper, Eve, who can hold a purification
|Yape) of the state shared by Alice and Bob psp, with the
dimension of Eve’s system being arbitrary [17]. However, this
randomness in a nonlocal scenario is based on measurement
incompatibility rather than the coherence of measurement, cf.
a single system randomness scenario [41].

Now, we close this fundamental gap in the 1SSDI context,
such that the randomness can be generated in a nonlocal sce-
nario with coherent measurements, as given in the following
theorem.

Theorem 3. Suppose {p(a|x)},x is observed in the given
1SSDI scenario with SEO having noncommutativity. In that
case, intrinsic randomness is contained in {p(a|x)}, , even in
the presence of an adversary, Eve, but whose system is also
dimensionally restricted as Alice’s.

The proof of Theorem 3 is given in Appendix E. Several
physical insights follow from the above theorem. First, the in-
trinsic randomness of {p(alx)}, . is certified by SDI steering,
provided that Eve’s purification, |¥4pg), has the limitation
that her dimension is limited to that of Alice. Second, the
above Theorem shows that coherence of measurements can
be applied to randomness generation in the nonlocal scenario.

In Fig. 1, the setup for randomness certification in a 1SDI
scenario is depicted, while the setup for randomness certi-
fication in the 1SSDI scenario is depicted in Fig. 2. In the
operational context of certifying randomness, the difference
between the two scenarios is that in any 1SDI scenario, Eve,
who is not dimensionally restricted, can prepare the bipar-
tite quantum state shared by Alice and Bob, whereas in any
1SSDI scenario, the trusted party, Bob, prepares the bipartite
quantum state to be shared with Alice. In the case of 1SSDI
scenario, Eve’s presence can be modeled as noise, which
is described by an internal source of randomness acting on
Alice’s device, as in the prepare-and-measure context of Ref.
[29].

Now, we show that the relationship between SDI QRNG
and SDI steerability is even tighter. Specifically, we demon-
strate the quantitative relation between the amount of intrinsic
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FIG. 2. Setup for randomness certification in the 1SSDI scenario,
where only the dimension of Alice is trusted, but she performs
uncharacterized measurements. Here, the fully trusted party Bob
prepares the bipartite state p4p and sends one half of it to Alice.
Eve’s role can be described by local randomness ., which accounts
for noise acting on Alice’s side.

randomness in {p(a|x)}, for the given x with two dichotomic
measurements and the measure of SDI steerability, STp’ given
by Definition 2. We restrict ourselves to d4 = 2 in the follow-
ing because the required mathematical tools are not available
for higher dimensional cases to establish the aforementioned
tighter relationship.

Using SDI steerability as a resource for randomness gener-
ation at the untrusted side, Eve cannot use shared randomness
between Alice and Bob, and her purification has the limitation
stated in Theorem 3. Thus, Eve’s role can be modeled as a
source of internal randomness p at the untrusted side [19,29].
Then, {p(alx)}, . observed in the 1SSDI scenario is given by

plalx) = /dw(u)p(alx, w) = Tr(papMap @ 12)),  (12)

where (’s occur with probability distribution () and pap is
the two-qubit state shared by Alice and Bob. Here, the internal
randomness describing the noise at the level of measurements
is as follows:

L 1 ap =
Moy = [ durGoM) = 3+ (17T 50 a3)

where 7, is the Bloch vector of Alice’s measurement and & is
the vector of Pauli matrices. Similarly, at the level of the state
assemblage, we have

Ol = /dur(u)a;(;). (14)

The figure of merit of the random number generation pro-
tocol is the best guessing probability, i.e., p, = max, p(alx),
for the given x and the state assemblage produced at Bob’s
side. Given x and the knowledge of the internal state w that
occurs with probability ¢g,, the best guess for a is given by
max, p(alx, ;). The upper bound on the figure of merit is then
given as

1
Pe =) qumax plalx, p) < 5(1 + m (15)
m

The proof of the above inequality is given in Appendix F.
Inequality (15) implies that maximal local randomness,
i.e., Hyin := —log, p, = 1 is certified using any pure entan-
gled state. This follows because Sy, = 1 can be achieved by
any pure entangled state [see Eq. (D2)]. For the two-qubit
isotropic states, ,oi(szo) = a|¢f))(¢>f)| + 'TT"‘IL‘, the certified
randomness using SDI steerability of the state is given by

Hyin = — logz(%(l + +/1 — @?)), which is nonzero for any
|| > 0. Thus, SDI local randomness can also be achieved by
an entangled state that is unsteerable in the standard steering
context or by a separable state. Such SDI local randomness
that does not require using standard steering or entanglement
can also be obtained using prepare-and-measure correlations,
as demonstrated in Ref. [29]. Our framework demonstrates
that the quantum communication advantage of the protocol in
Ref. [29] can also be achieved by our operational coherence
of measurements via SDI steering.

Finally, we compare the framework of the certification of
randomness studied by us with that of the standard steering.
First, in Ref. [18], it was demonstrated that maximal ran-
domness can be witnessed through the optimal violation of
the steering inequality using a two-qudit system. Otherwise,
they use a semidefinite program to estimate the randomness
in a noisy scenario. Here, we demonstrate an analytical re-
lation directly through the quantification of SDI steering, as
in Eq. (15). In addition, incompatible measurements and de-
tection efficiency higher than a certain threshold value are
required for randomness generation in the standard steering
scenario [17]. On the other hand, SDI local randomness indi-
cated by a nonzero Sy, can also be achieved by the isotropic
two-qubit states for noisy coherent mutually unbiased bases,
which are not necessarily incompatible. In Appendix D, we
have shown that in the presence of any low detection effi-
ciency, SDI local randomness can still be achieved by the
isotropic two-qubit state for any |o| > 0.

VI. CONCLUSIONS AND DISCUSSIONS

We have established that coherent measurements can be
operationally characterized through SDI steering, proving that
a measurement assemblage demonstrates SDI steering if and
only if it is coherent. This fundamentally differs from standard
steering, as coherent but compatible measurements, which
cannot be used to demonstrate standard steering, can never-
theless be used to demonstrate SDI steering. By formulating
a nonconvex resource theory and introducing an operational
monotone, we provided quantification of SDI steerability and
applied it to design a QRNG that eliminates the need to
certify entanglement and tolerate arbitrarily low detection
efficiency. These results reveal that coherent measurements,
the fundamental quantum feature underlying the Heisenberg
uncertainty principle, serve as an operational resource for
quantum information tasks, opening new avenues for SDI
protocols under realistic experimental conditions.

Finally, some questions remain open. To demonstrate the
quantum advantage of SDI steering in general, it would be
interesting to study a unified measure of SDI steering for
any number of settings with any number of outcomes. We
have restricted ourselves to the qubit case in designing our
SDI QRNG. Thus, it would be relevant to develop the re-
quired mathematical tools and the semi-definite-programming
method to extend our SDI QRNG to any higher dimen-
sion. Reference [42] characterized intrinsic randomness from
generalized measurements on single-qubit states, relevant to
QRNG setups similar to ours. Connecting this characteri-
zation to our QRNG framework would be an interesting
direction. Since quantum randomness is a resource for secure
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key distribution, it would be highly relevant to connect our
framework to achieve secure key distribution protocols.
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APPENDIX A: PROOF OF THEOREM 1

Suppose that any given SEO SO,* is incoherent. Then,

there exists an orthonormal basis {|i)z} on Bob’s side and
coefficients 0 < Bjjx) < 1 such that

Bae =Y Biawlidil, (A1)

with Bjjax) = (i[Baxli). It then follows that the state as-
semblage does not imply SDI steering because it has the
dimensionally restricted LHS model, as mentioned in Defi-
nition 1. To show this, we assume that Bob’s reduced state is
full rank. After plugging Eq. (A1) into the definition of SEO
in Eq. (5), we have

> Bl = p Pounpy . (A2)

From the above relation, it follows that the state assemblage
admits the decomposition given by

ax = Y Biaog 1i)(ilog. (A3)

On the right-hand side of the above equation, we can rewrite
the decomposition as follows:

Oglx = Z ﬂi\(dlx)aia
i
1/2

by introducing the unnormalized states o; = ,0119/ 2|i) (ilpg "
Obviously, this is an LHS model with i denoting a local
hidden variable. This implies that the condition for having the
dimensionally restricted LHS model with d; < dj is satisfied.

To prove the converse, consider any state assemblage that
has the dimensionally restricted LHS model given by

(A4)

d,—1

o = Y plalx, Moy,

=0
with dy < d4 and Za p(alx, A) = 1. Note that in any such
LHS model, we must have

—1/2 —1/2
Zpg / O).Pp 2= 1, Vo,
A

(AS5)

(A6)

which implies that

o5 = py *1A) (Ao, (A7)

for the orthonormal basis {|1)} that diagonalizes pg. This can
be seen as follows. Inserting o; given by Eq. (A7) in Eq. (AS5)
and summing over a, we obtain

d,—1
Y oax =Y Y plalx, g ? 1) oy
a A=0

a
dy—1

=Y oI pg* = ps. (A8)
r=0

Now, for any state assemblage that has an LHS model as in
Eq. (AS), it is readily seen that the SEO has the following
form:

Bux =Y _ plalx, WA, (A9)
A

which is incoherent. This implies that any dimensionally re-
stricted LHS model with d; < d4 leads to an SEO that is
incoherent, as in Eq. (A1).

APPENDIX B: PROOF OF THEOREM 2

To identify the free operations of the resource theory
of SDI steering, we first recall that a resource-theoretic
framework of steering was studied to characterize the nonclas-
sicality of steerable assemblages in the 1SDI context [43]. In
this framework, the key element is the precise characterization
of free operations in terms of local operations and shared
randomness (LOSR). Under an LOSR transformation, a given
state assemblage S, transforms into another assemblage S,
with the elements given by

Oy = Z p)p(dla, x', Mp(x|x’, 2)p(alx)E(pay), (B1)
Aa,x

where p(d’|a, x’, 1) encodes the classical postprocessing of
Alice’s output a, as a function of x" and shared classical ran-
domness, and &, [-] is the CPTP map corresponding to Bob’s
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local postprocessing of his quantum system, as a function of
shared classical randomness A. We now proceed to obtain the
following lemma.

Lemma 1. Under an LOSR transformation of the form
(B1), a state assemblage with commuting SEO can be trans-
formed into one with noncommuting SEO.

Proof. To prove the statement, we demonstrate that under
such an LOSR transformation given by Eq. (Bl), a state
assemblage, with an LHS model having d; < d4, can be trans-
formed into another state assemblage, with an LHS model
having a higher hidden variable dimension. To see this, let us
apply a LOSR transformation of the form (B1) with A denoted
as A to an assemblage having an LHS model with d;, < dj4 as
follows:

ol = Y pIPGP@ ), X, A )plx’, 1)
M, h,a,x

x plalx, )&y (px)- (B2)

We rewrite the above decomposition of {0, . }» . as follows:

/lx
e = )PPl X )pur, (B3)
=

where we have defined p(A") = p(AM)p(}), pld'|x', ") =
p(a/lav x/’ )‘*/)p(xl-x/? )L/)P(a|x’ )")9 and P = gk’(p)») Note
that the above decomposition is again an LHS model, but
with a hidden variable dimension d,» < d,d . Thus, the new
assemblage can have an LHS model with d;» > d,, implying
that its SEO can have noncommutativity. |

Next, we proceed to prove Theorem 2. From Lemma 1,
it follows that the shared randomness A in the LOSR (B1)
can increase the dimension d,, of the given LHS assemblage.
Therefore, to define the free operations of SDI steering, we
first uncorrelate A in Eq. (B1) by two independent sources
of randomness p and v, giving rise to transformations of the
form given by

Ope =Y p(p)p(dla, x', w)p(xlx’, )

0,0,

x p(alx)€,(palx)- (B4)

Next, by defining the CPTP map £ = ) p(v)E, and using
0g4)x = plalx)pq)x, the above transformation is equivalent to
the transformation of the form given by

oo = O pwpdla, X', WpGl', WE(oae),  (BS)

a,x,ju

as stated in Theorem 2.

We now demonstrate that operations of the form given by
Eq. (BS) cannot transform a state assemblage with commuting
SEO into one with noncommuting SEO. Note that under any
operation of the form (BS5), the assemblage having an LHS
model with d; < dj4 transforms as follows:

Oy = Z p(u)p(dla, x', w)p(xlx', w)
a,x,

d,—1

x €| D pplalx, M (B6)

A=0

=Y pup(dla, x', wplx', 1)

a,x, L
d,—1
x Y p(plalx, Mp, (B7)
A=0
d,—1
=Y pOIp|x, 1)p;, (B8)
r=0

where in the second equality we have defined p; := £(p,) and
in the last equality we have defined

pl@ ¥, 2) ==Y p(p(dla, x', w)p(xlx', wplalx, 1).

a,x,ju

Note that Eq. (B8) implies another dimensionally restricted
LHS model for {U;qx/}a',x' with dj < dy4. Therefore, under any
local operation of the form (B5), any commuting SEO cannot
be transformed into a noncommuting SEO.

APPENDIX C: PROOF OF MONOTONICITY
OF THE MEASURE IN DEFINITION 2

First, we demonstrate the monotonicity of the measure of
noncommutativity of any given SEO under free operations F.

Tp(f[Bu\x])

= Y lpGp@’la, x, wpElx', wpalx)E By,

a,d.a".a" x.x

p(wpa”la, x", pelx”, Wp@)E Bawll, — (C1)
<) MEBapl, ET Bl (€2)
< Y MBaos Banlllp = Yp(Bayo). (€3)

a,a

where in the second line we have used the triangle
inequality for the Schatten norms }_,,;l|[piEqs, Flll, <
Y10 Yo Ea Filllp = 3 IEa, Fyllip. for any  two
measurements and probability distribution {p;};, with
pi >0 and ) ;p;=1. In the third line, we have used
that under CPTP maps £: C? — C¢ any free resource in
the 1SSDI framework cannot be transformed into one with
SDI steerability, in other words, noncommuting SEO cannot
be created from commuting ones. The monotonicity of the
measure of noncommutativity under F as shown above in
turn implies that the measure of SDI steerability given by
Definition 2 also has the same property.

APPENDIX D: ILLUSTRATION OF THE
QUANTIFICATION SDI STEERABILITY

As an illustration of the quantification of SDI steerability
in Definition 2, we apply it to specific two-qudit states. First,
we consider any pure entangled state |¢5Lk)) with the given
Schmidt number k. Suppose that Alice uses a measurement
assemblage in two mutually unbiased bases (MUBs) given by
Mgy = |a){al, and M, = Fla){a|F?, where F is the discrete
Fourier transform of d dimension. Then, using Eq. (8), the
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SEO is given by
Bgjo = |a){al,
By = Fla)(alF", (D1)
which implies that
(k)
ST/) (Utl(lﬁc )) - 1’ (DZ)

k
where {aal(li(*))} is the state assemblage arising from |¢f)) for
the two MUBSs. Thus, all pure entangled states attain the same
maximal value of the measure Sv,(0g). This is due to the
concavity property of the noncommutativity measure.
Next, we consider the two-qudit isotropic state given by
1
ﬂdz ——dz_léaél,
(D3)
which is the maximally entangled state |¢ +) subjected to
white noise. These states are separable for —dz— <a< #
and entangled otherwise [44]. For the two MUBs used in
the case of pure entangled states above, the state assemblage
arising from the two-qudit isotropic state satisfies

P = alp\)p\" ;!

S+, (o, j';“) = |al,

which is nonzero for any || > 0. Thus, even when the state is
unsteerable in the standard steering context or separable, SDI
steering is demonstrated for any |a| > 0.

Finally, we calculate S, of ,olso using the same measure-
ment as above, but with detectlon efficiency 5. That is, instead
of ideal measurements with elements M,,, we consider ineffi-
cient measurements M((l'fx) , with one additional outcome a = (J,
given by

(D4)

a# 0,
a=1.

Ma)m
alx (1 _ n)ﬂ’

Now, using the two MUBs for M, Sg;’p)(p,(d)) of ,o.(d) in the

1S0 180
presence of inefficient measurements is given by

d
Sv, (o) = nlal, (D6)

which implies that for any low detection efficiency n,
(d)

S, (ap ) is nonzero for any |x| > 0. Whereas, for the
steermg demonstration in the 1SDI context, the detection effi-
ciency must be greater than a certain threshold. For example,
in the case of the maximally entangled two-qubit state, a
genuine demonstration of steering requires that the detection
efficiency be greater than 50% [17], which may be too de-
manding for experimental implementation [45].

APPENDIX E: PROOF OF THEOREM 3

Consider that {p(a|x)},. is produced using a single quan-
tum state p4 and a measurement assemblage M. In this case,
the incoherent state ps = ), p;|i)(i| in the ba51s {li)}, and
the uninformative measurement assemblage with the elements
given by M, = p(alx)l can produce randomness in any
{p(alx)}. Thus, global measurement on any single quantum

state cannot be used to obtain intrinsic randomness. Next,
consider that { p(a|x)}, . is observed using local measurements
in the given 1SSDI scenario. Suppose that the given SEO
has commutativity. Then, {p(a|x)},.x can be produced using a
classical-quantum (CQ) state pcq = Y, pili) (il ® p(i), where
{|i)} forms an orthonormal basis and p;’s are probabilities,
for the measurement assemblage that produced the given
state assemblage with commuting SEO. Thus, observing
{p(alx)}sx in the presence of SEO that has commutativ-
ity does not imply intrinsic randomness, because it can be
produced using an incoherent-quantum state, as mentioned
above.

On the other hand, suppose {p(alx)},.x is observed in the
given 1SSDI scenario with the SEO having noncommutativity.
This implies that in the given 1SSDI scenario, the intrinsic
randomness of {p(a|x)}, . is certified by the noncommut-
ing SEO because {p(alx)}, cannot be produced using an
incoherent-quantum state. In this context, suppose that Eve
can hold a purification, |Y4pg), without any restriction on
her dimension. Then, any correlation in the state assemblage
S, can be shared with Eve if entanglement is not certified
[17,46,47]. This follows because the state assemblage can be
reproduced using a separable state, and the correlation in any
separable state can be shared with Eve by the purification.
Thus, Eve’s dimension has to be restricted to that of Alice to
certify randomness in {p(a|x)} produced by any state assem-
blage with the SEO having noncommutativity.

APPENDIX F: PROOF OF THE INEQUALITY
OF QUANTUM RANDOM NUMBER
GENERATION PROTOCOL

Here, we provide the proof of the inequality given by
Eq. (15) for the protocol of SDI quantum random number
generation based on the witness of SDI steerability given by
Definition 2. The proof is inspired by that of the inequality
used in Ref. [29] for the protocol of self-testing random num-
ber generation based on the prepare-and-measure setup.

First, considering the guessing probability p{* for the
given u, we have

p¢” = max plalx, ).

1 + cos(6,
< L),
2
where 0, is the angle between Alice’s two measurements

described by the Bloch vectors E)(’f ). The reasoning behind the
above bound is as follows. Let p(alx ) be produced from a
state p as

(FD)

plalx, w) = Tr(M{f)p). (F2)

a\x

To obtain the best guessing probability p{*), optimizing
p(alx, n), given above for one of the outcomes, over all
possible states p, p(alx, u) = cosz(é?,4 /2), which is the upper
bound in Eq. (F1). This optimal value is achieved by a pure
stz(it? that lies on the Bloch vector of the other measurement
T,

! Next, for fixed randomness w, consider the value of the
witness denoted by S¥‘ ). To provide an upper bound on S%f‘),
we make the following two observations on Sy of two-qubit
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states. Let 7 and v denote the Bloch vectors of two-qubit
POVMs B, and By, respectively. Using this Bloch represen-
tation for the two POVMs, we have ), , [|[Bao. Ba1lll, =

25+1|7|[3]| sin(F, 5), which implies that
Sv, = |IFII[3]] sinF, D). (F3)

In Ref. [48], it is known that an incompatibility quantifier of
M, upper bounds a corresponding steering quantifier of any
state assemblage that can be produced by Alice performing
those measurements. On the other hand, we have the following
analogous relationship between the quantifier of the noncom-
mutativity of M, and the noncommuativity measure of SDI
steering,

Sy < : Y, (M) = : M0, M, F4
v S oy Yo Ma) = F;"[ a0 Mol (F4)
Using Egs. (F3) and (F4), we now have obtained an upper
bound on S%r’i ) as follows:
() :
STP < sind,. (F5)

Combining Egs. (F1) and (F5), we get

1
P = E(l + W) =f(s%).  (F6)

Now, we note the following convexity property of the wit-
ness STp:

Sv, <Y quSY. (F7)
"

To prove this property, we rewrite the witness with internal
randomness w as follows:

1
a,d i
1
< Py Z a.||[BY0- B I, (F9)
a,a’

(F10)

()
=2 auSy.
0
where in the second line we have used the triangle inequality
for the Schatten norms.
We can now proceed to obtain the upper bound on the

guessing probability. Using the definition of p, together with
Egs. (F6) and (F7), we have

Pe=Y_ qupi” (F11)
n
<D auf(SY) (F12)
s
<2 auSE) (F13)
"
< f(Sv,), (F14)

where in the third line we have used Jensen’s inequality and
the concavity of f, and in the last line we have used that f
is a decreasing function. Hence, finally, we get the desired
inequality.
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