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Optimal sensing on an asymmetric exceptional surface
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We study the connection between exceptional points (EPs) and optimal parameter estimation, in a simple
system consisting of two counterpropagating traveling wave modes in a microring resonator. The unknown
parameter to be estimated is the strength of a perturbing cross-coupling between the two modes. Partially
reflecting the output of one mode into the other creates a non-Hermitian Hamiltonian that exhibits a family
of EPs, creating an exceptional surface (ES). We use a fully quantum treatment of field inputs and noise
sources to obtain a quantitative bound on the estimation error by calculating the quantum Fisher information
(QFI) in the output fields, whose inverse gives the Cramér-Rao lower bound on the mean-squared error
of any unbiased estimator. We determine the bounds for two input states, namely, a semiclassical coherent
state and a highly nonclassical NOON state. We find that the QFI is enhanced in the presence of an EP
for both of these input states and that both states can saturate the Cramér-Rao bound. We then identify
idealized yet experimentally feasible measurements that achieve the minimum bound for these two input
states. We also investigate how the QFI changes for parameter values that do not lie on the ES, finding
that these can have a larger QFI, suggesting alternative routes to optimize the parameter estimation for this
problem.
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I. INTRODUCTION

The utility of exceptional points (EPs) for enhanced sens-
ing has been a matter of debate in recent years [1,2]. When a
non-Hermitian system with an exceptional point of order m is
subject to a perturbation of magnitude ε, the splitting of the
complex energy eigenvalues scales as m

√
ε [3]. This contrasts

to an equivalent system with only a diabolic point (DP), that
is, when the eigenvalues are degenerate but the eigenvectors
remain distinct. For such a system, the eigenvalue splitting
only scales linearly with ε. The ratio of the two splittings,

m
√

ε/ε = ε1/m−1, diverges in the limit as ε → 0. This suggests
the possibility that measuring the energy splitting near an EP
may give a substantial improvement in detecting small values
of ε. However, despite this promise, several theoretical analy-
ses [4–8] have concluded that there is no dramatic increase in
sensitivity of an EP-based sensor.

In this paper, we address this question by quantifying the
sensitivity of a two-mode passive system using the quantum
Fisher information (QFI). We show that there is indeed an
enhanced sensitivity relative to the equivalent diabolic sys-
tem when an EP is present. This enhancement is found to
be present in a fully quantum analysis of the system, which
includes the inherent noise introduced to the system from the
input fields.
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Our system centers around a microring resonator sup-
porting two counterpropagating modes, denoted as clockwise
(CW) and counterclockwise (CCW) modes, where each
mode couples to a left or right propagating one-dimensional
(1D) input field. The setup, inspired by the systems studied
in Refs. [9,10], is characterized by a continuous two-
dimensional surface of exceptional points, i.e., an exceptional
surface (ES), and is illustrated in Fig. 1. The ES in this system
arises by partially reflecting the output of one cavity mode
into the other. This cascading has a nontrivial effect on the
system, leading to both coherent and dissipative modifications
to the system’s evolution. In fact, it generates a non-Hermitian
Hamiltonian with degenerate eigenvalues and eigenvectors
that exhibits an EP for a nonzero reflectivity ρ > 0. The refer-
ence DP is therefore the ρ = 0 configuration, i.e., the case of
complete transmission.

The quantity that we wish to estimate in this setup, ε, is
the strength of a cross-coupling between the two modes, e.g.,
as might be induced by presence of an impurity embedded in
the cavity [10,11]. The presence of such an impurity splits the
degeneracy that generates the EP. Detecting the presence of
such an impurity can have significant real-world applications.
Previous studies have shown that scattering-induced mode
splitting in ultrahigh quality resonators is a useful method for
detecting a variety of nanoparticles, ranging from polystyrene
spheres [12] to single protein complexes [13] and individual
Influenza A viruses [14].

We quantify the sensing enhancement by calculating the
quantum Fisher information IQ(ε) for all estimates of the
parameter ε. The QFI is a useful metric for parameter es-
timation because the quantum Cramér-Rao bound (QCRB)
says that the inverse of the QFI gives a lower bound on
the mean-squared error (MSE) for any unbiased estimator
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FIG. 1. Setup for asymmetric coupling in a microring resonator
(MRR). The resonator acts as a cavity that supports CW and CCW
whispering gallery modes with quantized field operators âcw and
âccw, respectively. Left/right input photons (with field operator âl/âr)
propagate in a waveguide and resonantly couple to the cavity modes
with the rate γ . The presence of an external scatterer perturbs the
resonator and induces a symmetric cross-coupling between the two
whispering gallery modes, parametrized by the real value ε. To the
right of the resonator, a beam splitter (BS) introduces the asymmetric
coupling between the CW and CCW modes by reflecting CW output
back as a CCW input. The BS is parametrized by reflection (trans-
mission) coefficient ρ (τ ) and phase angle φ.

[15], i.e.,

MSEε � 1

m IQ(ε)
, (1)

where m is the number of independent experimental runs used
in computing the estimate (see Sec. III below). Since the
QFI is intrinsically dependent on the quantum state of the
system, we perform the calculation for two different input
states, namely, a semiclassical coherent state with amplitude
β and a nonclassical NOON state.

We show in this work that for a coherent state input, the
QFI satisfies the bound IQ(0) � 64(1 + ρ)2|β|2/γ 2, where γ

is the system coupling rate and |β|2 is the average input photon
number. This shows that for constant photon number, varying
the reflectivity between the extremes of ρ = 0 and ρ = 1, i.e.,
going from the DP to the EP with a maximal reflection, results
in a change in the QFI by at most a factor of 4. While this finite
enhancement is not the unbounded improvement suggested by
the eigenvalue scaling, it nevertheless demonstrates a sensing
enhancement when operating at an EP rather than the corre-
sponding DP. We show in Appendix D that this result is also
consistent with a general bound on the sensing signal-to-noise
ratio (SNR) for a perturbed linear network and a coherent state
input that was derived in Ref. [4].

An intuitive explanation for the existence of enhancement
in this situation is the simple fact that the reflection creates
a standing wave where the interference between the right and
left traveling waves can enhance the total cavity coupling [16].
We will show that the corresponding value of the QFI strongly
depends upon the reflecting phase shift, and that for a coherent
state the optimal phase shift corresponds to the presence of an
antinode at the location where the cavity couples to the fiber
(see Fig. 1).

For input NOON states, we find that the QFI is maximized
not at an antinode, but at a point of maximal slope in the

interference pattern. Specifically, we will show below that for
the NOON state with N photons, the optimized QFI at ε = 0
obeys the bounds 64N2/γ 2 � IQ(0) � 108N2/γ 2, where the
upper (lower) bound coincides with ρ = 1 (ρ = 0), respec-
tively. While the relative enhancement of IQ(0) between the
DP and EP (108/64 ≈ 1.69) is smaller than that for a shot-
noise limited coherent state, the resulting minimum MSE for
an input NOON state scales with the number of photons as
N−2, corresponding to the 1/N Heisenberg scaling of the
standard error

√
MSEε .

The remainder of the paper is structured as follows. Sec-
tion II describes the quantitative system model and derives
the linear response transfer function for the system. Sec-
tion III calculates the QFI for a coherent state input and for
a nonclassical NOON state, while leaving some details to the
Appendixes. We also identify under what parameters the QFI
is optimized in both cases. From these optimal parameters,
Sec. IV proposes two simple detection schemes, homodyne
detection and a frequency-shifted photon-counting interfer-
ometer, are able to achieve the QCRB for a coherent state
and for a NOON state, respectively. Finally, in Sec. V we
provide a discussion of the connection between an ES and
the optimal QFI, indicating which non-Hermitian systems can
be expected to yield divergent QFI and also highlighting the
role of coherent quantum feedback in this asymmetric system
when driving with input quantum fields.

II. THE MODEL

Our analysis is based on the formalism of input/output (IO)
theory commonly used in quantum optics [17]. We assume
for simplicity that the CW and CCW modes in the MRR
have a single resonance frequency ωcav. Furthermore, we work
in a high-Q limit where each mode is modeled as a simple
harmonic oscillator, with bosonic field operators âcw and âccw

([âi, â†
j ] = δi j for i, j ∈ {cw, ccw}). The rate γ sets the char-

acteristic timescale for light to decay from the cavity and thus
also characterizes the coupling strength between the inputs
and the MRR. The high-Q limit then specifies that γ � ωcav.
In a frame rotating at frequency ωcav, the Heisenberg equa-
tions of motion for the MRR satisfy

d

dt

[
âcw

âccw

]
= −i

[−i γ

2 ε

ε −i γ

2

] [
âcw

âccw

]
+ “sources.” (2)

The diagonal terms, −iγ /2, represent the decay of the cavity
field into the coupling waveguide. The perturbing impurity
induces the cross-coupling between the cavity field modes,
which is parametrized by ε.

A detailed derivation of this equation of motion can be
found in Appendix A using the formalism of input-output
theory. Here, we summarize the analysis with a physically
motivated description.

The coupling waveguide is assumed to support a single
spatial mode with both left and right propagating 1D optical
fields (see Fig. 1). We are interested in input states of light
that are near resonance with the cavity and so we assume that
the field inputs have a center carrier frequency equal to ωcav.
When the input states of light are restricted to a bandwidth
B ∼ γ � ωcav, we can model the 1D input fields as quantum
white noise [18]. In a quantum white noise model, the left
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(right) input field is modeled by delta-commuting bosonic
operators âin

l (t ) (âin
r (t )), where [âin

i (t ), âin†
j (t ′)] = δi jδ(t − t ′)

for i, j ∈ {l, r}. We note that, in order for these input fields to
have a commutation relation proportional to a delta function
in time (which has units of sec−1), they must have units of
sec−1/2.

The source terms in Eq. (2) originate from a linear coupling
between the cavity modes and the left/right input fields. The
source for the CW mode is simply proportional to the left-side
input field, âin

l (t ), with a proportionality constant of −√
γ .

The reason for this particular proportionality constant is that
the linear Heisenberg-Langevin equation (HLE),

d
dt âcw = − γ

2 âcw + g âin
l (t ), (3)

with a complex coupling coefficient g, has the solution

âcw(t ) = âcw(0) e−γ t/2 + g
∫ t

0
ds e−γ (t−s)/2 âin

l (s). (4)

The initial value of the cavity field, âcw(0), is assumed to be
statistically independent from the input fields and therefore
commutes with âin

l (t ) and âin †
l (t ). However, in order for the

equal-time canonical commutation relations to be stationary,
i.e., for

[âcw(t ), â†
cw(t )] = [âcw(0), â†

cw(0)] = 1, (5)

it must be true that |g|2 = γ . This can be seen by explicitly
computing [âcw(t ), â†

cw(t )] from Eq. (4) and its adjoint. Our
choice of g = −√

γ , rather than some other complex phase
value, is for convenience, since this particular choice simpli-
fies the phase relationship between the input field and the field
exiting the cavity. This is further discussed in Appendix A.

In light of this, the source term for the CCW mode will
have two contributions. The first is proportional to the trans-
mitted part of âin

r (t ). The second part is proportional to the
field reflected from the left side of the beam splitter. However,
the key point is that this reflection itself has two parts. The
first is the reflection from âin

l (t ) and the second is the decaying
output from the CW cavity mode. Putting all of this together
results in

“sources” = −√
γ

[
âin

l (t )

τeiφ âin
r (t ) + ρei2φ

(
âin

l (t ) + √
γ âcw

)
]
,

(6)

where φ (2φ) is the phase change when transmitting (re-
flecting) across the system, respectively. Combined into a
matrix equation, the vector of cavity field operators âcav(t ) =
[âcw(t ), âccw(t )]T obeys the HLE:

d

dt
âcav(t ) = −i H̃ε · âcav(t ) − B · âin(t ), (7)

where the Hamiltonian H̃ε is given by

H̃ε =
[ −i γ

2 ε

ε − iγ ρ ei2φ −i γ

2

]
(8)

and the transformation matrix B is given by

B = √
γ

[
1 0

ρ ei2φ τ eiφ

]
. (9)

The eigenvalues of H̃ε are

	± = −i γ

2 ±
√

ε2 − iεγ ρei2φ, (10)

which become degenerate when ε = 0. In addition to being
degenerate, for ρ > 0 the two eigenvectors of H̃0 ≡ H̃ε=0

coalesce and is an EP. When viewed as a function of the
remaining parameters (γ , ρ, φ), H̃0 will remain singular, so
that the continuous set of all parametrizations with ε = 0
comprises an exceptional surface.

The general solution to Eq. (7) is

âcav(t ) = exp[−iH̃ε (t − t0)] · âcav(t0)

−
∫ t

t0

ds exp[−iH̃ε (t − s) ] · B · âin(s). (11)

We assume that the initial time t0 is in the distant past and take
the limit t0 → −∞ so that any effect of the initial condition
will have decayed away. From here on, we ignore the initial
value term and focus solely on the second source term of
Eq. (11).

In IO theory, both the system (cavity) and the input fields
âin

i (t ) evolve under a joint unitary U (t ). To ensure a unitary
description, we assume that all losses can be modeled by ad-
ditional IO modes. However, any light lost to an unmeasured
environment will reduce the amount of information gained.
Therefore, in order to find an optimum bound, we focus on
the ideal lossless system. For the vector of inputs âin(t ) =
[âin

l (t ), âin
r (t )]T , the Heisenberg evolution under U (t ) results

in a unitary transformation between the input and output
modes. In general, we have âout (t ) = U †(t ) âin(t )U (t ). All
estimates of ε are obtained from measurements of the output
light, i.e., from the statistics of observables constructed from
âout (t ) and âout†(t ).

In the absence of the cavity (e.g., γ = 0), the IO relation is
given by a simple beam splitter transformation

âout (t ) = S · âin(t ), (12)

where

S =
[
ρ ei2φ τ eiφ

τ eiφ −ρ

]
(13)

and is unitary. The left-side scattering phase shift φ is included
in S to explicitly account for the optical path length between
the resonator and the reflecting beam splitter. We assume that
the light travel time across this length is negligible when
compared to the cavity decay time 1/γ .

For a nonzero cavity coupling γ > 0, the output fields are
given by the superposed sum of the beam splitter transformed
input fields [S · âin(t )] with the sources from the cavity. In
particular, the right-side output has a contribution from the
CW mode, after transmitting through the BS. However, the
left-side output contains all of the light from the CCW mode,
as well as the CW reflection from the BS. Combining this
results in the IO relation,

âout (t ) = S · âin(t ) + √
γ

[
ρ ei2φ 1
τ eiφ 0

]
· âcav(t )

= S · âin(t ) + S · B† · âcav(t ). (14)
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While it is not immediately obvious that the second line
follows from the first, it is easily verified by computing the
product S · B† and comparing terms.

Since the cavity fields âcav(t ) from Eq. (11) are given
by a linear response integral over the past input fields, this
solution is best expressed in the frequency domain where the
transformation is given by a local pointwise transfer function
of frequency. Upon taking the Fourier transform of Eq. (14)
(and ignoring the initial value term), the IO relation is

âout (ω) =
(

S − SB† · 1

iH̃ε − iω
· B

)
· âin(ω),

âout (ω) ≡ Kε (ω) · âin(ω),

(15)

with the transfer function Kε (ω) defined as

Kε (ω) = S · (I + iB† · Rε (ω) · B). (16)

Here, I is the 2 × 2 identity matrix and Rε (ω) is the resolvent
of Hε , defined as Rε (ω) ≡ (H̃ε − ωI)−1. In our system, Kε

has the matrix elements,

Kll = −iγ
ε(1 + ρ2ei4φ ) + 2ρei2φω

(ω − 	+)(ω − 	−)
+ ρei2φ, (17a)

Klr = −iγ τeiφ ω + i γ

2 + ερei2φ

(ω − 	+)(ω − 	−)
+ τeiφ, (17b)

Krr = −iγ
ε τ 2ei2φ

(ω − 	+)(ω − 	−)
− ρ, (17c)

Krl = Klr, (17d)

where 	± are the complex eigenvalues of H̃ε given in Eq. (10).
These matrix elements were computed using the symbolic
mathematics library SymPy [19].

While it is not apparent from the above matrix elements,
it can be confirmed that K(ω) is a unitary matrix. A de-
tailed discussion is given in Appendix B, where we show
that a necessary and sufficient condition for unitarity is that
Im H̃ε = − 1

2 BB†, which is the case for this system. Then, us-
ing Eq. (15) we will find that the commutation relations for the
input fields are correctly preserved when transforming to the
outputs, e.g., [âout

l (ω1), âout†
r (ω2)] = [âin

l (ω1), âin†
r (ω2)] = 0.

III. FISHER INFORMATION

When discussing the precision of sensing a particular pa-
rameter ε, a useful quantifying metric is the MSE of a specific
estimator for that parameter. We denote the estimator for ε as
ε̂. The utility of this particular metric is that the (classical)
Cramér-Rao bound sets a lower bound on the MSE and de-
pends only on the underlying probability distribution p(x|ε),
given no statistical biases in ε̂.

In the quantum setting, the model is traditionally formu-
lated as a set of density matrices {ρε : ε ∈ E} for an index
set of valid parameter values E ⊆ R. The general framework
for modeling a quantum measurement whose outcomes x are
drawn from the set X is to specify the positive operator-
valued measure (POVM) with elements {Ex : x ∈ X }. When
given the state ρε , the probability (density) for outcome x is
p(x|ε) = tr[Exρε]. In order for the POVM to define a valid
probability measure for any state ρ, the elements Ex must
be positive operators (i.e., Ex � 0) and satisfy the constraint

∑
x∈X Ex = I. Our estimator is then a (classical) function ε̂ :

X → E , which returns an estimate εest given a measurement
outcome x.

Given {Ex} and an estimator ε̂, this estimator is called
unbiased if, for all parameter values ε ∈ E ,

Eε (ε̂) ≡
∑
x∈X

ε̂(x) tr[Exρε] = ε, (18)

i.e., the estimator performs correctly on average. When ε̂ is
unbiased, the single trial MSE is equal to its variance,

MSEε ≡
∑
x∈X

(ε̂(x)2 − ε2) tr(Ex ρε ) = Vε (ε̂). (19)

The QCRB states that after m independent trials, the MSE of
an unbiased estimator satisfies the inequality [15,20]

Vε (ε̂) � 1

m IQ(ε)
, (20)

where the QFI, IQ, is independent of ε̂ and depends only on
ρε and dρε/dε. Since the number of trials only enters the
discussion as a multiplicative factor, we will now set m = 1
and focus solely on the QFI.

Formally, the QFI is given by IQ(ε) ≡ tr[ρεL2
ε ], where Lε

is the symmetric logarithmic derivative of ρε . Subtleties arise
when Lε becomes unbounded and result in discontinuities
in IQ(ε) [21], which generally occur when the rank of ρε

changes.
When Lε is bounded, the Fisher information IQ(ε) is con-

tinuous and can be expressed as the limit of the Bures distance
between the state ρε and ρε+δε ,

dB(ρε, ρε+δε )2 = 2(1 −
√
F (ρε, ρε+δε )), (21)

where the fidelity is

F (ρ, σ ) = tr

[√√
σρ

√
σ

]2

. (22)

Given this, the QFI is then [20]

IQ(ε) = 4 lim
δε→0

dB(ρε, ρε+δε )2

δε2
. (23)

This expression will ultimately be more convenient for
computing the QFI directly than evaluating the expectation
value of the square of the symmetric logarithmic derivative,
tr[ρεL2

ε ]. We show below that it is relatively straightforward
to calculate the fidelity between two possible output fields for
our system and hence to find the limit defined in Eq. (23).
This is done below for two possible input states: a coherent
state of amplitude β and a nonclassical NOON state. In order
to lighten the notation and easily compare the QFI given these
two states, we will denote IQ for a coherent state as Iβ and
for a NOON state, QFI will be denoted as IN .

A. Coherent state inputs

If we have a vector of coherent input amplitudes, βin(ω) =
[βl (ω), βr (ω)]T , and the fact that a coherent state |ψ[βin]〉 is
an eigenstate of âi(ω) with eigenvalue βi(ω), we then have the
state transformation

|ψ[βout]〉 = |ψ[K · βin]〉. (24)
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The fidelity between two pure coherent states with ampli-
tudes β and β′ is

|〈ψ[β′]| ψ[β]〉|2 = exp(−‖β′‖2 − ‖β‖2 + 2 Re〈β′,β〉),
(25)

where we have introduced the inner product in the space of
coherent state wave packets [22]:

〈β′,β〉 =
∑

i

∫
dω β ′∗

i (ω)βi(ω). (26)

Defining

βε (ω) ≡ Kε (ω) · β(ω), (27)

the fidelity becomes

|〈ψ[βε]|ψ[βε+δε]〉|2 = exp(−2‖β‖2 + 2 Re 〈βε,βε+δε〉)

= exp(−2‖β‖2 + 2 Re 〈Kεβ, Kε+δεβ〉)

= exp(−2‖β‖2 + 2 Re 〈β, K†
εKε+δεβ〉).

(28)

Expanding this equation to second order in δε results in a
straightforward calculation of the QFI in Eq. (23).

In Appendix B, we show that when the Hamiltonian H̃ε =
H̃0 + εV is subject to the perturbation ε �→ ε + δε we have
the relation

K†
εKε+δε = I + i Aε δε +

(
−A2

ε + i
∂Aε

∂ε

)
δε2

2
+ O(δε3),

(29)

where Aε is the Hermitian generator for local changes in ε,
which is defined as

Aε = −B†R†
ε V Rε B

= −iK†
ε

∂Kε

∂ε
. (30)

Here, the second line follows from Eq. (29). This matrix plays
a special role in optical scattering theory, where it is called
a generalized Wigner-Smith matrix (GWSM) [23]. Were this
to contain a derivative with respect to ω, rather than ε, then
A would be the Wigner-Smith matrix whose eigenvalues are
the “proper time delays” in the scattering process. Rather than
determining how the scattering phase shift changes with fre-
quency, our GWSM, Aε , is the matrix describing the response
of K to an infinitesimal change in ε. However, as momentum
generates translations in its conjugate variable position, Aε is
a generalized momentum conjugate to ε.

Returning to the fidelity, we note that this only depends
upon the real part of the inner product 〈β, K†

εKε+δε β〉, so that
the output coherent state fidelity is equal to

F (βε,βε+δε ) = 1 − 〈
β, A2

εβ
〉
δε2 + O(δε3). (31)

This results in a coherent state QFI of

Iβ (ε) = 4
〈
β, A2

εβ
〉
, (32)

which is maximized when β is proportional to the eigenstate
of A2

ε with a maximal eigenvalue λ2
abs. Thus, we have the

bound

Iβ (ε) � 4λ2
abs ‖β‖2. (33)

Note that because Aε is a matrix whose entries are func-
tions of frequency, it can be viewed as an operator that is
diagonal in the frequency domain. Thus, its eigenstates will
be single-mode plane waves and are subject to a delta-function
normalization condition. We note that, in practice, the actual
input state will be some smooth normalizable wave packet,
e.g., a Gaussian, so that any frequency-optimized quantities
we calculate are technically upper bounds on the QFI.

B. NOON state inputs

It is known that, in general, for bounded resources certain
entangled states are able to achieve a larger Fisher infor-
mation than nonentangled classical states [24]. Furthermore,
when changes in the parameter ε are given by a unitary
transformation U (ε) = exp(iεG), then the optimal state is a
superposition where all N are either in the maximal or in the
minimal eigenstate of the generator G—a so-called NOON
state when the given eigenstates are for two distinct optical
modes.

In our continuous mode context, we will construct our
NOON state out of orthogonal temporal and/or spatial modes
propagating in the optical network. Mathematically, we
will consider two mode functions ψ1(ω) and ψ2(ω) such
that 〈ψn,ψm〉 = δnm. We then have the frequency-smeared
field operators â†[ψn] ≡ ∑

n

∫
dω âin †(ω) · ψn(ω). (Note that

[â[ψn], â†[ψm]] = δnm.) Finally, our NOON input state is

|�〉 = 1√
2N!

2∑
n=1

â†[ψn]
N |vac〉, (34)

where |vac〉 is the zero-photon vacuum state.
The statistics of the outgoing light is calculated via the

input-output transformation of Eq. (15). For example, the
N-photon Fock state |ψN 〉 has the left-going output photon-
number spectral density

〈ψN |âout †
l (ω)âout

l (ω)|ψN 〉 = ∥∥âout
l (ω) |ψN 〉∥∥2

= ‖
√

N el · K(ω) · ψ(ω)|ψN−1〉‖2

≡ N
∣∣ψout

l (ω)
∣∣2

, (35)

where in the output Schrodinger picture, we have defined the
single photon amplitude ψout (ω).

ψout (ω) = Kε (ω) · ψin(ω). (36)

Thus, at the value of ε, the output NOON state is

|�ε〉 = 1√
2N!

2∑
n=1

(∫
dω â†(ω) · ψn

out (ω)

)N

|vac〉. (37)

Calculating the NOON state fidelity, |〈�ε |�ε+δε〉|2, begins
with implementing Wick’s theorem to calculate

〈�ε |�ε+δε〉 = N!

2N!

2∑
n,m=1

〈Kε · ψn, Kε+δε · ψm〉N

= 1

2

2∑
n,m=1

〈ψn, K†
εKε+δεψm〉N . (38)
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In Appendix C, we expand |〈�ε |�ε+δε〉|2 out to second
order in δε. We then write this fidelity in terms of an N-
fold tensor product of “single particle wave functions” ψn;
|NOON〉 = (|ψ⊗N

1 〉 + |ψ⊗N
2 〉)/

√
2 and the expectation value

of a collective operator Atot
ε = ∑N

i=1 A(n)
ε . The resulting form

of the fidelity is ultimately given by

F (ε, ε + δε) = 1 − δε2
(
�Atot

ε

)2 + O(δε3), (39)

where �Atot
ε is the variance of Atot

ε under the input NOON
state. The QFI given a NOON state is then

IN (ε) = 4
(
�Atot

ε

)2
. (40)

If Aε is bounded such that λmin � Aε � λmax, we then have
the following upper bound on the variance [25]:

(
�Atot

ε

)2 � N2

4
(λmax − λmin)2, (41)

which leads to the upper bound

IN (ε) � N2 (λmax − λmin)2. (42)

This bound is saturated by a NOON state composed of the
equivalent eigenstates ψ1 = |λmin〉 and ψ2 = |λmax〉.

C. Optimization of the Fisher information

For both of the states we have considered in this work,
the QFI is ultimately constrained by the eigenvalues of Aε ,
namely, λ±(ω), which depend on the system parameters ε, ρ,
φ, and γ . We will ignore the γ dependence, as its only role
is to set the characteristic interaction timescale, which will
effectively be set to 1. For a given parameter set, we will then
optimize the input state by maximizing the QFI for a known
nominal value of ε, e.g., ε = 0. This pointwise optimization
results in input states being either a single monochromatic
plane wave or a superposition of two plane waves, depending
upon the choice of coherent or NOON input state. In principle,
one could construct a polychromatic input state, one that is
optimized for a particular prior distribution over ε. We will
leave this form of Bayesian region estimators for future work.
For brevity, we will call this frequency-optimized QFI the
o-QFI.

In an abundance of clarity, we define the frequency-
optimized values:

λmax = max
ω∈R

λ+(ω), (43a)

λmin = min
ω∈R

λ−(ω), (43b)

λabs = max {|λmin|, |λmax|}. (43c)

These extrema generally occur at different values of ω,
which will also vary for different parameter values. Therefore,
λmax and its maximizing frequency ωmax ≡ argmaxωλ(ω) re-
main implicit functions of ε, φ, and ρ. The same is true for
λmin and the corresponding frequency ωmin. While we will
in principle have different values of the frequency-optimized
quantum Fisher information (o-QFI) for different system pa-
rameter values, we will also like to identify for what parameter
values the o-QFI reaches a global maximum. In particular, by
comparing the o-QFI for different values of ρ, we are able
to compare the optimal sensitivity of the ε = 0 ES to the

corresponding DP. In order to perform this comparison, we
now explicitly calculate the matrix elements of Aε .

Indexing the rows and columns by the input mode labels l
and r, symbolic evaluation of Aε results in

Aε =
[

All Alr

Arl Arr

]
, (44)

with the matrix elements,

All = −γ (ε(1 + ρ2)ζ + ρe−i2φ (ζ 2 + ε2))

|ζ 2 − ε(ε − iγ ρei2φ )|2 + c.c., (45a)

Arr = −γ ετ 2(ζ + ζ ∗)

|ζ 2 − ε(ε − iγ ρei2φ )|2 , (45b)

Alr = A∗
rl = −γ τeiφ (ε2 + 2ερe−i2φ ζ + |ζ |2)

|ζ 2 − ε(ε − iγ ρei2φ )|2 , (45c)

where ζ = ω + iγ /2 and c.c. stands for the complex conju-
gate of the preceding term. We note that the denominator for
each Ai j is equal to | det(H̃ε − ωI)|2.

From the above matrix elements All and Arr and noting that
ρ2 + τ 2 = 1, the trace of Aε simplifies to

tr(Aε ) = −γ (2εζ + ρe−i2φ (ζ 2 + ε2))

|ζ 2 − ε(ε − iρei2φ )|2 + c.c. (46)

A far less trivial calculation results in

det(Aε ) = −γ 2 τ 2

|ζ 2 − ε(ε − iρei2φ )|2 , (47)

which we have again computed symbolically. In terms
of these quantities, the eigenvalues are λ

(ε)
± = tr(Aε )/2 ±√

tr(Aε )2 − 4 det(Aε )/2. For the special case of ε = 0, this
evaluates to

λ
(0)
∓ (ω) = − γ

|ζ |2
(
ρ Re(ei2φζ ∗/ζ )

±
√

τ 2 + ρ2 Re(ζ ∗ei2φ/ζ )2
)
, (48)

which we denoted as a function of ω, via the frequency de-
pendence of ζ . Since | Re(ei2φζ ∗/ζ )| � 1, we have the bound

λ
(0)
+ � γ

|ζ |2 (1 + ρ) � 4

γ
(1 + ρ), (49)

which saturates at ω = 0 and φ = n π for integer n. [Likewise,
we have λ

(0)
− = − 4

γ
(1 + ρ) for ω = 0 and φ = π (n + 1/2).]

Thus, regardless of the sign of λ
(0)
± (ω), we find that λ

(0)
± (ω)2 �

16(1 + ρ)2/γ 2, so that at ε = 0, the coherent state QFI has the
phase-independent upper bound

Iβ (0) � 64 (1 + ρ)2|β|2/γ 2 � 256 |β|2/γ 2. (50)

This unambiguously shows that an input coherent state has
a larger sensitivity on the ε = 0 ES, when compared to the
corresponding DP at ρ = 0. Figures 2(a) and 2(c) plot the
coherent state o-QFI for ε = 0, as a function of ρ and φ for av-
erage photon numbers of |β|2 = 2 and |β|2 = 3, respectively.
The fact that the o-QFI is maximized at φ = nπ/2 (for integer
n) is physically equivalent to having the field-cavity coupling
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FIG. 2. Frequency-optimized quantum Fisher information (o-
QFI) on the ES ε = 0. This figure shows the o-QFI for a coherent
state Iβ [left column, panels (a) and (c)] and for a NOON state IN
[right column, panels (b) and (d)] as a function of the reflectivity
ρ and the reflection phase φ. The ES is defined for all values of
φ and ρ > 0. The first row, panels (a) and (b), shows results for
|β|2 = N = 2, while the second row, panels (c) and (d), shows results
for |β|2 = N = 3. For both input states, the peak QFI occurs at ρ = 1
and is periodic in φ where the coherent (NOON) state is maximal at
even (odd) multiples of π/4, respectively. The maximal contrast is
exactly a factor of 4 for a coherent state, a factor of 108/64 = 1.6875
for a NOON state, and both are independent of the number of
photons. The crossover between shot-noise limited and Heisenberg
scaling occurs at N = 3, which shows a larger o-QFI for the NOON
state.

occur at an antinode in a standing wave formed by the beam
splitter reflection. The factor of 2 increase in λ(0)

max is therefore
equivalent to the factor of 2 increase in a standing wave over
its nominal value. The total contrast in the o-QFI is therefore
a factor of 4, consistent with Eq. (50).

For comparison, Figs. 2(b) and 2(d) show the numerically
computed NOON state o-QFI as a function of ρ and φ for N =
2 and N = 3 input photons, respectively. These plots show
that, like the coherent state, the NOON state o-QFI is globally
maximized (minimized) at ρ = 1 (ρ = 0), and therefore also
has an enhanced ES sensitivity. The maximum contrast be-
tween min and max o-QFI is 108/64 = 1.6875, slightly less
than that of the coherent state. Rather than peaking at the
antinode, the maximum o-QFI occurs for φ = (2n + 1)π/4,
suggesting that the NOON state is maximized at a node in
the standing wave, where the field has a maximum gradient.
Interestingly, the N = 2 photon NOON state has a smaller
maximum QFI than the coherent state with an equal average
photon number. However, for N � 3 the Heisenberg scaling
of the NOON state (QFI ∝ N2) overtakes the coherent state’s
shot-noise limited scaling (∝ |β|2 = N̄).

The different values for the maximum contrast in the o-QFI
arise simply because 4λ2

abs is generally different from (λmax −
λmin)2. When ρ = 1 and φ is an odd multiple of π/4, Eq. (48)

simplifies to

λ
(0)
+ (ω) = 2γ ω(

γ 2

4 + ω2
)2 . (51)

Because this is antisymmetric in ω, we can see that for this
value of the phase we have λ(0)

max = −λ
(0)
min. We then calcu-

late the extrema by solving dλ
(0)
+ /dω = 0, which yields the

value λ(0)
max = √

27/γ with ωmax = γ /
√

12. This results in the
NOON state QFI having the absolute maximum bound

IN � 4
(
λ(0)

max

)2
N2 = 108 N2/γ 2 (52)

for the ε = 0 ES.
To compare the performance of o-QFI at the corresponding

DP, we evaluate Eq. (48) for ρ = 0 and τ = 1 to find λ
(0)
± =

± γ

γ 2

4 +ω2
. Interestingly, the eigenvalues reach their respec-

tive maxima/minima at the same frequency ωmax = ωmin = 0,
with λmax = −λmin = 4/γ . Therefore, the NOON state o-QFI
at the DP can only reach the value

IN (dp) � (λ(0)
+ − λ

(0)
− )2N2 = 64N2/γ 2. (53)

Thus, the maximum enhancement due to operating on the ES
with finite ρ with a NOON state input with N photons is at
most 108/64 = 1.6875.

We note that at the DP, the maximal value of the NOON
state o-QFI, IN (dp) = 64 N2/γ 2, is greater than the maximal
value of the coherent state QFI, I (dp)

β = 64 N/γ 2, due to the
Heisenberg scaling. Finally, we also note that while the opti-
mal NOON state is actually degenerate in frequency, it will
instead be an equal quantum superposition over two spatial
modes. The first mode is itself a symmetric combination of
left and right inputs, while the second is an antisymmetric
combination.

D. Properties of the local generator Aε

We have shown above that as ρ increases from 0 to 1, the
optimal ε = 0 QFI also increases from a minimal value on the
DP (ρ = 0) to a maximal value on the ES at the location ρ = 1
and with a phase φ that depends on the choice of input state.
However, this does not indicate whether this improvement
is directly caused by the presence of an EP in the system.
If the root cause of this increase is due to the ES, then the
surface defined by ε = 0 should contain the largest obtainable
QFI, even when maximized over all possible parameter values
including ε itself. However, here we demonstrate that for the
asymmetric microring resonator model of Fig. 1, this is not
the case and that for both coherent and NOON states, the
optimal value of the QFI can actually increase for values of
ε trending away from the ES. This implies that for sensing
nonperturbatively small values of ε, greater sensitivity could
actually be achieved by operating at points not on the ES.

To understand this phenomenon, we note first that on the
ES the QFI is maximized for ρ = 1. Therefore, we examine
the spectrum of Aε for the fixed value of ρ = 1. From Eq. (45),
it is evident that when ρ = 1 (and thus τ = 0), the only
nonzero matrix element is All . Therefore, the two eigenvalues
of Aε are All and 0, i.e., if All > 0 (All < 0), then λ

(ε)
+ =

All (λ(ε)
− = All ), respectively, and the remaining eigenvalue is
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FIG. 3. Panels (a) and (b) show contour plots of All (ω, ε) for complete reflection (ρ = 1), when All is the only nonzero matrix element
of Aε . In panel (a), the phase is fixed for the coherent state optimal value of φ = 0, and in panel (b) the phase is fixed at the NOON state
optimal value of φ = π/4 (see Fig. 2). Panels (c) and (d) show All (ω) for constant values of ε with φ = 0 in panel (c) and φ = π/4 in
panel (d). The coupling parameter values are for the ES ε = 0 (blue lines) and the nondegenerate value of ε = −0.4γ (orange lines). When
φ = π/4, All (ω, ε) becomes ill-defined at ω = 0 and ε = −0.5 γ , showing sharply peaked oscillations in panel (d). At these values, H̃ε has
the eigenvalues {−iγ , 0}, and so the resolvent Rε (ω) is undefined at ω = 0.

zero. Figure 3 shows the ρ = 1 behavior of All for the values
of φ where the coherent state, panels (a) and (c), and NOON
state, panels (b) and (d), obtained the largest o-QFI. Specif-
ically, panels (a) and (b) show All as a contour plot over the
two remaining free parameters ω and ε. The lower panels (c)
and (d) show horizontal slices at fixed ε = 0 (blue lines) and
ε = −0.4 γ (orange lines). The ε = 0 slice in panel (c) reveals
that the value of ω = 0 maximizes the QFI for the coherent
state, while panel (d) shows that for the NOON state the QFI
eigenvalues λmax (λmin) occur at ω = γ /

√
12 (ω = −γ /

√
12),

respectively. Note that for ε = 0 (the blue lines) the absolute
maximum in panel (c) is larger than the maximum in panel
(d), which shows why, for the coherent state input, the phase
φ = 0 is optimal. In contrast, it turns out that when φ = 0, the
maximum eigenvalue difference λmax − λmin = 9/γ , while
when φ = π/4, λmax − λmin = 2

√
27/γ ≈ 10.4γ , implying

that the phase φ = π/4 gives a larger QFI for a NOON state
input.

However, close analysis of panels (a) and (b) shows that
these peaks on the ε = 0 surfaces are not global optima. When
φ = 0 [panel (a)], the origin (ω = 0, ε = 0) constitutes a sad-
dle point with increasing gradient on the line ε ≈ −0.68 ω

and decreasing gradient along the line perpendicular to this.
(It is interesting to note that, along the true diagonal ε = −ω,
All (ε, ω) has a constant value of 8/γ .)

A more complex scenario occurs for the NOON state input
with φ = π/4. For this case, Fig. 3(b) shows an increasingly
large variation of All (ω, ε) until an apparent divergence occurs
at the point (ω = 0, ε = −γ /2). This divergence stems from
a resonance in H̃ε at ε = −γ /2, such that at these parameter
values the two Hamiltonian eigenvalues become {0,−iγ }.
The existence of a zero eigenvalue means that det(H̃ − ω ·
I)|ω=0 = 0 and thus the resolvent Rε (0) is undefined at ε =
−γ /2. Figure 3(d) further reveals that along the orange line
ε = −0.4γ , All (ω, ε) has a larger variation than that seen
along the blue ε = 0 line. This behavior increases on further
approaching the singularity in panel (d) as ε → −γ /2, appar-
ently without bound. The physical effect of this resonance is
that the phase of Kll (ω) becomes equal to π/2 + 2γω(ε +
γ /2)−2 + O(ω3), which is singular when ε → −γ /2. [See
Sec. IV B and Eq. (61) below.] In practice, any unavoidable
optical losses that are ignored here will broaden this resonance
and place a finite upper bound on All (ω, ε) at this point.

IV. DETECTION SCHEMES

While the QCRB shows what sensitivity is in princi-
ple achievable, it does not readily indicate what practical
measurement saturates this bound. Given that the QFI is
the maximum classical Fisher information generated by any
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FIG. 4. Balanced homodyne detection. The input coherent state
β interacts with the system and is spatially separated from the input
by a circulator. The ε-dependent output βε is then interfered on
a symmetric 50:50 beam splitter with a large amplitude coherent
state α. The difference in photon counts gives a mean signal μ =
2 Im〈α, βε〉 and a variance σ 2 = ‖α‖2 + ‖β‖2. When ‖β‖ � ‖α‖,
the difference signal is a normal random variable of mean μ and
variance σ 2.

POVM, any specific measurement can be compared to the
QFI by computing the classical Fisher information for the
observed probabilities. Thus, given a specific measurement, if
one shows that the classical Fisher information agrees with the
QFI, then that measurement is optimal. Here, we show that for
a coherent state input, a homodyne detection scheme achieves
the QCRB, and that for a NOON state input, a different
measurement, namely, a frequency-shifted photon-counting
interferometer, saturates the QCRB. Thus, in both cases it is
possible to undertake optimal sensing of a perturbatively small
cavity mode coupling parameter ε.

A. Coherent state—Homodyne detection

For a normal random variable whose mean μ(ε) depends
upon ε, while its variance σ 2 does not, the classical Fisher
information is [26]

Inorm =
(

∂μ

∂ε

)2 1

σ 2
. (54)

We pause to note that Eq. (54) emphasizes that when max-
imizing the sensitivity of a measurement to ε, one does not
want to maximize the direct signal-to-noise ratio, i.e., μ/σ .
Rather, one wishes to maximize the change in the mean of the
measurement relative to the noise, i.e., ( dμ

dε
/σ )2. For a given

input coherent state [with a vector amplitude β(ω)], balanced
homodyne detection computes the difference in photon counts
between the output coherent amplitude βε and an input coher-
ent state α, as illustrated in Fig. 4. The mean μ and variance

σ 2 of the photon difference are easily calculated [27], yielding
μ = 2 Im〈α,βε〉 and σ 2 = ‖α‖2 + ‖β‖2. Utilizing Eqs. (27)
and (30), we have

dμ

dε
= 2 Im

〈
α,

d

dε
Kεβ

〉

= 2 Im 〈α, iKεAεβ〉
= 2 Re〈K†

εα, Aεβ〉. (55)

When β is an eigenvector of Aε , βabs, with eigenvalue λabs, we
then have ∣∣∣∣dμ

dε

∣∣∣∣ = 2 |λabs Re〈K†
εα, βabs〉|

� 2 |λabs| ‖α‖ ‖βabs‖. (56)

The second line derives from an application of the Cauchy-
Schwartz inequality, which is saturated when α ∝ Kεβabs. In
other words if

αopt =
√

N� Kεβabs/‖βabs‖, (57)

then

| Re〈K†
εαopt, βabs〉| =

√
N� | Re〈K†

εKεβabs, βabs〉|/‖βabs‖
=

√
N� | Re〈βabs, βabs〉|/‖βabs‖

=
√

N� ‖βabs‖, (58)

which indeed saturates the above Cauchy-Schwartz inequal-
ity. Here, we set the average local oscillator photon number
to be ‖αopt‖2 ≡ N�, where for homodyne detection N� �
‖βabs‖2.

Thus, the optimal Fisher information is

Inorm = (2 λabs ‖αopt‖ ‖βabs‖)2/σ 2

= 4 λ2
abs ‖βabs‖2 N�

N� + ‖βabs‖2

= 4 λ2
abs ‖βabs‖2 + O

(‖βabs‖2

N�

)
, (59)

which is equal to the QFI for coherent input states in Eq. (33)
when ‖βabs‖2

N�
→ 0.

As a final note, we have also compared the above coherent
state QFI to the SNR computed in Ref. [4]. The setting of that
work is to consider a coherent state introduced via a single
input port, which then couples to a linear network of oscilla-
tors. This network is subjected to a perturbation proportional
to ε � 1. The authors considered the statistics of a homodyne
measurement of the reflected input and calculated a limiting
bound on the SNR. In Appendix D, we translate our system
to the framework of Ref. [4] to relate the maximum SNR to
the QFI, showing that the maximum SNR is precisely equal to
ε2 Iβ (0).

B. NOON state—frequency-shifted photon counting

At the NOON state, optimum values of ρ = 1 and φ =
π/4,

Kε =
[

Kll (ω) 0
0 −1

]
, (60)
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FIG. 5. NOON state detection scheme. The reflected NOON
state is spatially separated from the input by a circulator. The fre-
quency content of the output is dispersed into two distinct spatial
modes. The lower frequency ω− is shifted to match ω+ via a high-
efficiency optical modulator. The common frequency beams interfere
on a 50:50 beam splitter. The mixed outputs are measured at photon
counters 1 and 2.

with Kll (ω) from Eq. (17a) simplifying to

Kll (ω) = i
(ω − iγ /2)2 − ε(ε + γ )

(ω + iγ /2)2 − ε(ε + γ )
≡ ei(2χ (ω,ε)+π/2). (61)

We define the phase χ (ω, ε) ≡ arg[(ω − iγ /2)2 − ε(ε + γ )].
Factoring out the irrelevant global phase of π/2 allows us to
utilize the symmetry χ (−ω, ε) = −χ (ω, ε). In Appendix C,
we represent a NOON state by the N-particle wave function
|NOON〉 = 1√

2
(ψ⊗N

1 + ψ⊗N
2 ). When ψi is a monochromatic

plane wave with frequency ωi interacting with the cavity, we
have

K|ωi〉⊗N = ie2Nχ (ωi )|ωi〉⊗N . (62)

We now choose the frequencies ωi so that we obtain the o-QFI
at a chosen nominal value of ε, e.g., ε = 0. In other words, we
fix ω1 = ωmax and ω2 = ωmin. When ε = 0, ωmax = −ωmin =
γ /

√
12. We define the phase θ (ε) = 2χ (ωmax, ε), so that the

reflected output state is

|MRRout〉 = ieiNθ (ε)

√
2

|ω+〉⊗N + ie−iNθ (ε)

√
2

|ω−〉⊗N . (63)

This output state is nearly the relative phases induced in the
two arms of an interferometer. The only difference is that
when interfered on a beam splitter the states |ω+〉 and |ω−〉
are orthogonal and therefore will fail to produce the required
interference.

To alleviate this problem, we consider the idealized detec-
tion setting depicted in Fig. 5. The reflected light exiting the
microring resonator is directed to a dispersive element (e.g.,
a diffraction grating), so that the bichromatic NOON state

becomes spatially separated. One of the two output beams is
then frequency shifted by a high-efficiency optical modulator,
so that the NOON state is transformed from a superposition
that is entangled between spatial mode and frequency to a
superposition that is degenerate in frequency. When mixed on
a 50:50 beam splitter, the output state then shows interference
between the two paths, i.e.,

|ψout〉 = i cos[Nθ (ε)] |ω+〉⊗N ⊗ |0〉
− sin[Nθ (ε)] |0〉 ⊗ |ω+〉⊗N , (64)

where the tensor product state |ω+〉⊗N ⊗ |0〉 represents N
photons with frequency ω+ at the first output and zero photons
at the second output.

This NOON state then has only two photon-counting out-
comes with nonzero probability, namely, either N photons are
measured at detector 1 and none at detector 2, or vice versa.
These two outcomes have the probabilities

P1 = cos2(Nθ ),

P2 = sin2(Nθ ), (65)

respectively. The fact that all photons are measured by de-
tector 1 or by detector 2 with no cross-detector coincidences
shows that this detection scheme is an N-photon version of a
Hong-Ou-Mandel inteferometer with maximum contrast [17].

To show that this measurement does achieve the QRCB,
we calculate the classical Fisher information, which for this
two-outcome measurement has the simple form

INOON = 1

P1

(
∂P1

∂ε

)2

+ 1

P2

(
∂P2

∂ε

)2

= 4N2

(
dθ (ε)

dε

)2

. (66)

At the parameter values ρ = 1 and φ = π/4, we have the
relation

∂Kll (ωmax)

∂ε
= d

dε
eiθ (ε)+iπ/2 = +iKll (ωmax)

dθ (ε)

dε

= iKll (ωmax)All (ωmax), (67)

where the second line followed from Eq. (30). Thus, we infer
that dθ

dε
= All (ωmax). However, by definition ωmax maximizes

All (ω) at the chosen value of ε, e.g., ε = 0. It can be seen
in Fig. 3(b) that for this choice in phase All (ω) = −All (−ω),
which results in the relation

(λmax − λmin)2 = (All (ωmax) − All (ωmin))2 = 4

(
dθ

dε

)2

.

(68)

This shows that INOON = N2 (λmax − λmin)2 = IN (0), satu-
rating the QCRB.

V. DISCUSSION AND CONCLUSIONS

In this work, we have studied a simple model of a bidi-
rectional cavity interacting with a retroreflected output from a
partially reflecting mirror with reflectivity ρ. This produces a
non-Hermitian Hamiltonian, which is exceptional when ρ > 0
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and the cross-coupling between modes ε is zero. The Hamil-
tonian remains exceptional as the remaining parameters are
varied, thus defining an exceptional surface. The quantum
Cramér-Rao bound states that an unbiased estimator of ε has a
mean-squared error that is bounded from below by the inverse
of the QFI evaluated at the unknown value of ε.

The fully quantum analysis carried out here shows that
experimental parameters can be chosen so that the sensitivity
of the exceptional points (ρ > 0) is greater than correspond-
ing diabatic points at ρ = 0. The optimal parameters and
final QFI critically depend upon the phase 2φ acquired when
reflecting off the mirror. In particular, when the incident light
is in a coherent state, the QFI is maximized at a phase where
the reflected output forms interference pattern that places an
antinode at the location of the cavity, while no enhancement
is found for a nodal configuration. In contrast, a nonclassi-
cal NOON state has an optimal phase shift that places the
cavity at a point of maximal slope in the standing wave.
Analysis of the behavior over the entire range of reflectivity
between ρ = 0 and ρ = 1 shows that the QFI exhibits an
enhancement that is at most a factor of 4 for a coherent input
state, while for a NOON input state with N photons, the
enhancement is at most a factor of 1.6875. The analysis also
showed that the NOON state exhibits Heisenberg scaling with
photon number N , resulting in greater values of the QFI for
N � 3. In addition to analyzing the QFI, we have identified
experimental configurations for both coherent and NOON
state inputs that allow saturation of the quantum Cramér-Rao
bound.

Our analysis revealed that the key factor determining the
magnitude of the QFI is the spectrum of the Hermitian op-
erator Aε , which is the generator for local changes in ε.
The absolute magnitude of the maximum eigenvalue of Aε

determines the optimal QFI for coherent state inputs, while the
spectral range of Aε determines the optimal value for NOON
state inputs. An interesting corollary of our analysis is then
that when considering the sensitivity on an absolute scale, it
is not possible to conclude that the presence of an ES in the
current asymmetric system is the deciding factor in optimal
sensing of arbitrary values of the ε parameter. This is because
the eigenvalues of Aε are not generally peaked around points
on the exceptional surface located at ε = 0. Specifically, near
the parameter values (ρ, φ) = (1, 0), the nonzero eigenvalue
of A0 forms a saddle point at (ω, ε) = (0, 0) [see Fig. 3(b)].
Presumably if the exceptional nature at this point on the ES
were a key factor, then (ω, ε) = (0, 0) would be at least a local
maximum that decays with increasing |ε|.

The fact that the QFI is directly related to the spectrum
of Aε shows that when maximizing a system’s sensitivity, the
natural route is then to improve the maximum bounds of the
spectrum. Here, we determined that the eigenvalues of Aε

diverge near points where H̃ has strictly real eigenvalues. This
suggests that to optimize the sensing of arbitrary values of ε it
would be best to investigate the QFI in a PT -symmetric sys-
tem where the spectrum of H̃ε is entirely real. Creating such
a system requires introducing amplifying gain, which in turn
introduces additional sources of noise. Previous models have
included gain via an input source of squeezed light [4], which
introduced gain via a modified version of our B matrix. How-
ever, this does not change the spectrum of H̃ε and therefore

FIG. 6. Quantum control schematics. (a) When ρ = 0, we have
an open control setting, where both the left and right inputs are
externally applied, without reference to the unknown ε. (b) When
ρ = 1, we have a closed loop coherent feedback setting in which the
resonator is the “plant” to which coherent proportional feedback is
applied by the external mirror, which acts as the “controller.”

provides only a limited benefit. Including a truly PT -
symmetric system Hamiltonian would require studying a
system like an optical parametric amplifier [28].

One possible explanation for the sensing improvements
seen here on the ES is that the retroreflection acts as a source
of coherent feedback. Figure 6(a) depicts the pure transmis-
sion ρ = 0 setting, with no retroflection, where there are two
free inputs and two free outputs. When computing the maxi-
mum QFI in this case, we optimize both the left and right input
fields in order to maximize the total information contained
in both output fields. Neither of these inputs contains any
dependence upon the unknown value of ε and thus can only
be optimized for a given nominal value of ε.

This lack of information in the pure transmission scenario
ρ = 0 is compared with the ρ = 1 scenario of total reflection,
which is shown in panel (b) of Fig. 6. Here, only the left-side
input is under the control of the experimentalists and is opti-
mized for a nominal value of ε. However, here the entirety of
the right-side input is the reflected output from the CW cavity
mode. The key point here is that this configuration can yield
more information about ε, since the right-side (retroreflected)
input will now contain some information about the unknown
parameter ε that was gained in the first pass from left to
right. If the reflection phase shift φ is optimally chosen, then
the second pass output contains more information than the
combined outputs in the ρ = 0 configuration.

This retroreflection scheme performs a simple form of
coherent feedback control [29]. As depicted in Fig. 6(b), the
microring resonator acts as a targeted quantum system, often
called the “plant” in the classical control literature. The mirror
acts as a coherent “controller” that provides a particularly
simple form of proportional feedback control. With the correct
tuning, the final output signal can then show an increased
sensitivity to the unknown parameter ε.

Finally, we note that by appealing to the quantum Cramér-
Rao bound, we have limited our discussion here to unbiased
point estimates of ε. A useful avenue of future research would
be to consider more sophisticated setting such as a Bayesian
estimator for a given prior and/or procedures that are robust
to likely sources of error, e.g., photon loss or finite pulse
bandwidths.
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APPENDIX A: INPUT-OUTPUT DERIVATION
OF THE HEISENBERG EQUATIONS OF MOTION

Here, we derive the Heisenberg equations of motion for
the cavity field, using the input-output formalism of quan-
tum optics [18,31,32]. In such a theory, a quantum system
(our two cavity modes) is resonantly coupled to a countable
number of one-dimensional input field modes, âin

i (t ). These
input fields are taken to be slowly varying on a timescale
that is fast when compared to the cavity resonance frequency,
ωcav. The field operators are “slowly varying” in the sense
that they represent the input changes and fluctuations of the
free electromagnetic field over a bandwidth �ω � ω0. Under
a Markov approximation, the field operators become delta-
commuting quantum white noise, such that for times t, t ′ �
1/ω0, [âin

i (t ), âin †
j (t ′)] = δi j δ(t − t ′).

The input-output formalism propagates both how the local
quantum system responds to the input fields and how the
local system changes the output fields. The entire interaction
is specified by the triple (S, L, H ) [33]. The unitary matrix
S controls how the input field operators âin

j are scattered to
the output modes âout

i . In general, the elements Si j could
depend upon system operators, but here we assume that they
are simple complex numbers, e.g., the entries of the trans-
mission and reflection coefficients of a unitary beam splitter.
The components of the vector L, Li, are system operators that
indicate how the local system acts as a source for output mode
i. Finally, H is the local Hamiltonian, which generates the
system’s coherent evolution.

When S is independent of the local system (i.e., it com-
mutes with any system observable), the time evolution of any
system operator X is given by the HLE [32]

Ẋ = i[H, X ] − 1
2 ([X, L†]L − L†[X, L])

− [X, L†]Sâin + âin †S†[X, L]. (A1)

For simplicity, we choose to work in units where h̄ = 1. Since
this expression is in the Heisenberg picture, the operators X ,
âin, L, etc. are time-dependent, which we have notationally
suppressed for clarity. We note that if the input fields are in
the vacuum state, averaging over the state of the field results
in any terms proportional to âin and âin † averaging to zero, re-
ducing this HLE to the Heisenberg form of a Lindblad master
equation with jump operators L̂i. Thus, in absence of the BS,

the cavity modes decay with the rate γ . This corresponds to
having Lcav = √

γ âcav. However, in the presence of the BS, L
takes on a different form.

The vector of outputs âout (t ) is not generally independent
from the local system due to the coupling of this to the outputs
expressed via L. In fact, L plays two roles; the first is in the
above HLE for system operators X , while the second is its
action as a source for the output fields. Specifically, the output
fields âout (t ) are related to the inputs and the system via the
simple equation [33]

âout (t ) = S âin(t ) + L(t ). (A2)

We note that because âout (t ) has units of 1/
√

s, L will have
the same units, hence the

√
γ factor in Lcav. Also, a change in

phase in the components of L changes the phase relationship
between the scattered inputs and the source fields from the
system. So, if any additional phase shift is needed, the entries
of S and L can be easily modified to reflect this. The only
constraint is that S must be a unitary matrix.

When computing the Heisenberg evolution for the cav-
ity modes in our problem, the retroreflection of the external
beam splitter adds a complication because the source from
the CW mode is then reflected back, coupling to the CCW
mode. This cascading feedforward results in a modification
to the above system’s HLE. Under the limit when the time
delay of the retroreflection is short when compared to our
“slowly varying” input fields, the cascading can be approxi-
mated as taking place pointwise in time. Namely, if the optical
path length �L from the CW cavity output to the reflecting
mirror and the travel time �t = �L/c are both negligibly
small, the right-side output is the sum of three distinct terms.
The first is âin

r (t ) having reflected off the BS. The second
is the transmission through the BS of the left-side input,
âin

l (t − �L/c) ≈ âin
l (t ). The third is the transmission of the

CW source, Lcw(t − �L/C) ≈ Lcw(t ). Thus, in total we have
the approximate output field,

âout
r (t ) ≈ −ρ âin

r (t ) + τeiφ âl (t ) + τeiφ Lcw(t ). (A3)

In addition to modifying âout
r (t ), the retroreflection modi-

fies both the left-side output and the input to the CCW mode.
Thus, if we evaluate the guided field mode to the right of the
cavity but still before the BS, we have

âout
cw (t ) = âin

l (t ) + Lcw(t ), (A4)

where Lcw(t ) = √
γ âcw(t ).

At this same point, the left-propagating input into the CCW
mode is

âin
ccw(t ) = ρe2iφ âout

cw (t − 2�L/c) + τeiφ âr (t − �L/c),

âin
ccw(t ) ≈ ρe2iφ

[
âin

l (t ) + Lcw(t )
] + τeiφ âr (t ), (A5)

The right-propagating input into the CW mode is unaffected
by the BS, thus we have âin

cw(t ) = âin
l (t ).

Substituting the above expression for âin
cw(t ) and âin

ccw(t )
into the general HLE, Eq. (A1), and then collecting terms
proportional to âin(t ) ≡ [âin

l (t )
âin

r (t )] results in a HLE of the same
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form as Eq. (A1) but now with effective parameters, i.e., with
a triple (Seff , Leff , Heff ) [29,32,33], where

Seff = S =
[
ρe2iφ τeiφ

τeiφ −ρ

]
, (A6a)

Leff =
[√

γ ρe2iφ âcw + √
γ âccw√

γ τeiφ âcw

]

= SB† · âcav, (A6b)

and

Heff = âcav† ·
[

0 ε + iγ ρe−2iφ

2

ε − iγ ρe2iφ

2 0

]
· âcav

≡ âcav† · Heff · âcav. (A6c)

The second line in Eq. (A6b) can be verified from the def-
initions of B and S in Eqs. (9) and (13), respectively. We note
that the complex-valued matrix Heff is Hermitian. The non-
Hermitian matrix H̃ε and “source” matrix B can both be
derived by evaluating the HLE in Eq. (A1) for X = âcav, with
parameters given by Eq. (A6). We note that the input-output
relation of Eq. (A2) does indeed correspond to Eq. (14) for the
above Leff . Furthermore, it is also straightforward to compute
that for any complex-valued 2 × 2 matrix [mjk], we have the
commutation relations:

[âi, mjk âk] = 0,

[âi, â†
j m jk] = mik,

[âi, â†
j m jk âk] = mik âk, (A7)

where any repeated index has an implied sum. Using this
result, we conclude that

[âcav, Leff ] = 0,

[âcav, L†
eff ] = BS†,

[âcav, Heff ] = −Heff · âcav, (A8)

where 0 is the zero matrix. Substituting these commutation
relations into Eq. (A1) with L �→ Leff and X = âcav, we find
that

d
dt âcav = −iHeff âcav − 1

2 BS†SB†âcav − BS†Sâcav

= −i
(
Heff − i

2 BB†)âcav − Bâcav. (A9)

It is then evident that this is equivalent to Eq. (7) if

H̃ε = Heff − i
2 BB†. (A10)

An exercise in matrix multiplication using Eqs. (9) and (A1)
shows that this is indeed true.

APPENDIX B: DERIVATION OF A

First note that from K = S(I + iB†RB), if K is unitary, we
have

K†K = I − iB†R†B + iB†RB + B†R†BB†RB = I. (B1)

Stripping away the superfluous elements results in the useful
relation:

iR† − iR = R†BB†R = RBB†R†. (B2)

Acting H̃† − ωI from the left and H̃ − ωI on the right shows
that unitarity is guaranteed when

Im H̃ε = − 1
2 BB†. (B3)

In other words, when all of the loss in the cavity is directed to
the output modes through B† with the required input coupling
via B, then the overall IO relation is unitary.

The only distinguishing element between the transfer ma-
trices Kε+δε and Kε appears via the resolvent of the effective
Hamiltonian H̃ε . Computing the difference

H̃ε+δε − H̃ε = δεV, (B4)

we find

Rε (z)(H̃ε+δε − H̃ε )Rε+δε (z) = δε Rε (z)VRε+δε (z),

Rε (z) − Rε+δε (z) = δε Rε (z)VRε+δε (z),

Rε (z) = (I + δε Rε (z)V)Rε+δε (z).

(B5)

When (I + δε Rε (z)V) is invertible, i.e., the Neumann series∑∞
n=0(−δεRε (z)V)n converges to (I + δε Rε (z)V)−1, we then

have the relation

Rε+δε = (I + δε RεV)−1Rε

= Rε − δε RεVRε + δε2(RεV)2Rε + O(δε3). (B6)

We now want to apply the above expansion to the matrix
product K†

εKε+δε . First, we will write

K†
εKε+δε = (I − iB†R†

εB)(I + iB†Rε+δεB)

= I − iB†R†
εB + iB†Rε+δεB + B†R†

εBB†Rε+δεB.

(B7)

Then, expanding Rε+δε to second order in δε results in

K†
εKε+δε = I + B†(−iR†

ε + iRε + R†
εBB†Rε )B

− δε B†(iRε + R†
εBB†Rε )VRεB

+ δε2 B†(iRε + R†
εBB†Rε )(VRε )2B + O(δε3).

(B8)

Using Eq. (B2), this simplifies as

K†
εKε+δε = I − i δε B†R†

εVRεB

+ i δε2 B†R†
ε (VRε )2B + O(δε3). (B9)

Defining the matrix

A ≡ −B†R†
εVRεB (B10)

and using the relation

∂

∂ε
Rε = −RεVRε (B11)

shows that

i

2

∂A
∂ε

= i

2
B†(R†

εV)2RεB + i

2
B†R†

ε (VRε )2B. (B12)
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Manipulating Eq. (B2) shows

i

2
R†

ε = i

2
Rε + 1

2
RεBB†R†

ε , (B13)

which when combined with Eq. (B12) yields

i

2

∂A
∂ε

= 1

2
A2 + iB†R†

ε (VRε )2B. (B14)

Thus, we have the simplification presented in the main text:

K†
εKε+δε = I + i δε A −

(
A2 − i

∂A
∂ε

)
δε2

2
+ O(δε3).

(B15)

A corollary of this is that

∂Kε

∂ε
= +iKεAε, (B16)

which follows by acting Kε/δε from the left on the result
of subtracting I from Eq. (B15), and then taking the δε → 0
limit.

APPENDIX C: NOON STATE FIDELITY

Starting from the expansion of K†
εKε+δε in δε, the NOON

state overlap from Eq. (38) is

〈�ε |�ε+δε〉 = 1

2

2∑
n,m=1

(
〈ψn,ψm〉 + i〈ψn, Aεψm〉 δε − 〈ψn, A2

εψm〉δε
2

2
+ i

〈
ψn,

∂Aε

∂ε
ψm

〉
δε2

2
+ · · ·

)N

. (C1)

Expanding the multinomial up to second order in δε shows that

〈�ε |�ε+δε〉 = 1 + 1

2

2∑
n,m=1

(
iN δε 〈ψn, Aεψm〉 δN−1

i j − δε2 N (N − 1)

2
〈ψn, Aεψm〉2 δN−2

i j

− N
δε2

2

〈
ψn, A2

εψm

〉
δN−1

i j + iN
δε2

2

〈
ψn,

∂Aε

∂ε
ψm

〉
δN−1

i j + O(δε3)

)
. (C2)

Computing the square magnitude,

|〈�ε |�ε+δε〉|2 = 1 + δε2N2

4

∣∣∣∣∣∣
2∑

n,m=1

〈ψn, Aεψm〉 δN−1
i j

∣∣∣∣∣∣
2

− δε2

2

2∑
n,m=1

(
N (N − 1)〈ψn, Aεψm〉2 δN−2

i j + N〈ψn, A2
εψm〉 δN−1

i j

)

+ O(δε3). (C3)

A useful way of representing this is to consider the N-fold tensor product of the single particle states ψn, so that we have the
N particle state |ψ⊗N

n 〉, and the collective operators Atot
ε = ∑N

n=1 A(n)
ε , where A(n)

ε applies the matrix Aε to the nth copy and acts
as the identity on the remainder. In this notation, we then have the NOON state fidelity

|〈�ε |�ε+δε〉|2 = 1 + δε2

4

∣∣∣∣∣
2∑

n,m=1

〈
ψ⊗N

n , Atot
ε ψ⊗N

m

〉∣∣∣∣∣
2

− δε2

2

2∑
n,m=1

〈
ψ⊗N

n ,
(
Atot

ε

)2
ψ⊗N

m

〉 + O(δε3)

= 1 − δε2
(
�Atot

ε

)2 + O(δε3), (C4)

where the variance (�Atot
ε )2 is computed under the N particle

superposition: |NOON〉 = 1√
2
(ψ⊗N

1 + ψ⊗N
2 ).

APPENDIX D: RELATION OF THE QFI TO THE SNR
IN REF. [4]

The fundamental assumption of Lau and Clerk’s analysis
is that under a small perturbation ε, the reflected output state
can be written as the expectation value at ε = 0, plus a linear
shift proportional to ε. In other words, they assume that the
reflected output field operator âout (t ) has an expectation value
that is a linear shift,

〈aout (t )〉ε = 〈aout (t )〉0 + λ ε, (D1)

for some complex coefficient λ. The instantaneous homodyne
current is modeled as measuring the operator

Îout (t ) ≡
√

γ

2
(e−iϕ âout (t ) + eiϕ âout †(t )), (D2)

for a quadrature phase ϕ that will optimize the SNR. The
signal in the SNR, S , is defined to be the squared deviation
in the integrated homodyne current induced by ε, i.e.,

S ≡
( ∫ τ

0
dt〈Iout (t )〉ε − 〈Iout (t )〉0

)2

, (D3)

where τ is the total integration time. Substituting Îout (t ) and
the linear shift assumption results in

S = γ

2

[∫ τ

0
dt 2ε Re(e−iϕλ)

]2

� 2γ ε2 |λ|2 τ 2. (D4)
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Thus, the optimal phase angle ϕ that saturates the inequality
exactly matches the phase λ, so that eiϕ = λ/|λ|.

The noise factor N is limited by the fundamental delta-
correlated white noise associated with vacuum input noise.
In terms of the homodyne measurement, the instantaneous
current will have a delta correlated input of 〈Îout (t )Îout (t ′)〉ε =
γ

2 δ(t − t ′). When integrated over the duration τ , the signal
S has the associated noise N = γ τ/2, so that the minimum
SNR is

S/N = 4τ ε2 |λ|2. (D5)

Of the three parameters in the SNR, only λ remains unspeci-
fied, and thus a limiting bound on the SNR is equivalent to a
bound on |λ|.

In order to identify a relationship between λ and the QFI,
we must first cast the integrated homodyne current into the
frequency domain. For a probe coherent state amplitude that
is nearly all contained within the interval [0, τ ], we have∫ τ

0
dt 〈Îout (t )〉ε =

√
γ

2

∫ τ

0
dt e−iϕ〈âout (t )〉ε + c.c.

=
√

γ

2
e−iϕ

∫
dt βout

ε (t ) + c.c.

=
√

γ

2
e−iϕβout

ε (ω)|ω=0 + c.c.

=
√

γ

2
e−iϕ[Kεβ

in]1(0) + c.c., (D6)

where βin(ω) is the frequency domain vector of input ampli-
tudes.

The assumption of a linear shift is equivalent to expanding
Kε to only first order in ε, which from Eq. (B16) results in
Kε = K0 + iK0A0 ε + O(ε2). Therefore,

S = γ ε2

2
(ie−iϕ[K0A0β

in]1(0) + c.c.)2. (D7)

If we again set βin to correspond to the eigenstate of Aε with
eigenvalue λabs, βabs,

S = γ λ2
absε

2

2
(ie−iϕ[K0βabs]1(0) + c.c.)2

� 2 γ λ2
absε

2 |βabs(0)|2, (D8)

where the inequality comes from matching the homodyne
phase ϕ to equal the phase arg i[K0β

in]1(0).
If in the time domain the input coherent state is a resonant

square pulse of duration τ , and average photon flux |βlc|2, then
moving to the frequency domain results in

|βabs(0)|2 = |βlc|2 τ 2 = ‖βabs‖2 τ. (D9)

Combining all these elements to compute the SNR, we find

S/N = 2γ λ2
abs ε2‖βabs‖2 τ

γ τ/2

= 4 λ2
abs ‖βabs‖2 ε2. (D10)

Thus, we conclude that the SNR of Ref. [4] is simply equal to
the coherent state QFI, Iβ (0), multiplied by ε2.
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