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Polarons in two-dimensional polar materials: All-coupling variational theory
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We present a detailed and self-contained theoretical study of polarons in two-dimensional (2D) polar materials,
which extends the classical macroscopic theory of Fröhlich polarons to the 2D case. The theory is fully
determined by experimentally accessible parameters, the static and optical 2D polarizabilities of a monolayer,
the frequency of transverse optical phonons, and the effective mass of charge carriers. We define a single
dimensionless parameter, which characterizes the coupling of electrons with longitudinal optical phonons,
analyze both weak- and strong-coupling regimes, and adapt the Feynman variational path-integral approach
for a high-quality interpolation between these limits. Our results provide insight into the ground-state energy
and effective mass of polarons in modern 2D polar monolayers.
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I. INTRODUCTION

An electron moving in a polar solid interacts with ions in
the lattice sites and locally polarizes the crystal. This leads
to the formation of polaron, a quasiparticle composed of
an electron surrounded by the local lattice deformation, as
schematically shown in Fig. 1. Polarons play an essential role
in elucidating the transport and optical properties of polar
materials [1–3]. Originally, the idea of polaron was proposed
by Landau and further elaborated by Pekar [4–6]. In the
Landau-Pekar (LP) picture, the polar crystal is viewed as a
polarizable medium that adiabatically follows the electron,
forming a self-consistent polarization cloud around it. This re-
duces the electron energy and can lead to its self-trapping in a
polarization well. In the 1950s, a complementary picture of an
electron dressed by virtual longitudinal optical (LO) phonons
was developed by Fröhlich based on a perturbative treatment
of the problem [7], and somewhat later it was restated in a
variational form by Lee, Low, and Pines (LLP) [8]. Shortly,
Feynman made further significant progress in the theory of po-
larons by adopting for this purpose a path-integral variational
formalism [9]. The adiabatic LP and the perturbative Fröhlich
approaches describe, respectively, the regimes of strong and
weak coupling of an electron to the lattice polarization. In
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contrast, the Feynman theory is valid for arbitrary interaction
strength, providing a high-quality interpolation between the
weak- and strong-coupling limits. Despite its conceptual sim-
plicity, the Feynman approach provides a remarkably accurate
description of polarons [10], as has been confirmed by subse-
quent Monte Carlo calculations [11–13]. In fact, the Feynman
theory of polarons is one of the most successful practical
applications of the path-integral technique.

Due to their importance for physics of polar crystals, such
as alkali halides and certain oxides, polaron effects have been
extensively studied both theoretically and experimentally
[14,15], providing a prototype for strong-coupling electron-
phonon physics. Over the past decades, various theoretical
techniques, including diagrammatic Monte Carlo [11–13] and
first-principles DFT-based [16–18] methods, have been used
to capture different aspects of polaron physics. An excellent
account of the theory of polarons, including an extensive list
of literature, can be found in the lecture notes of Ref. [3].

Starting from the earlier classical works by Landau, Pekar,
Fröhlich, and Feynman, the formation of polarons has been
mostly studied for three-dimensional (3D) polar crystals, first
in the bulk and, beginning from the 1970s, on the surface
[13,19–22]. Until very recently, the quasi-two-dimensional
(2D) polarons, appearing due to the interaction with surface
LO phonons on boundaries of 3D crystals, represented the
only well-studied example of low-dimensional polarons. The
studies of genuine 2D polarons remained relatively sparse,
despite rapid progress in the discovery and synthesis of 2D
materials [23]. Experimental reports on 2D polarons exist,
for example, in hexagonal boron nitride (hBN) [24], MoS2

monolayers [25], and SrTiO3 surfaces [26,27].
A key feature of 2D polar materials, relevant for po-

laron physics, is their reduced, nonlocal dielectric screening
[28–30]. This very special screening is responsible for the
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FIG. 1. Schematic illustration of a polaron in a polar lattice.
The blue sphere represents an electron, whose interaction with the
surrounding ions locally deforms the lattice (indicated by the orange
halo), effectively dressing the electron with a phonon cloud.

nontrivial dispersion of long-wavelength LO phonons and
fundamental modifications of electron-phonon interactions
[31–35]. Some aspects of polaron physics in 2D polar mono-
layers have been studied within a first-principles extension of
Landau-Pekar theory [36], and by perturbatively computing
polaron shifts of Landau levels [37]. There are recent reports
on 2D polarons in various material platforms [38–40]. In a
recent work [41], we have proposed a macroscopic approach
to optical phonon modes and electron-LO phonon coupling in
2D polar materials, which generalizes the classical textbook
theory of 3D polar crystals [42,43]. Similarly to the 3D case,
in this approach, the effective electron-phonon Hamiltonian is
parametrized solely in terms of macroscopic experimentally
accessible quantities—2D polarizabilities of the monolayer
at low and high frequencies. In Ref. [41], the proposed the-
ory of 2D polar material has been applied to study polarons
and polaron-excitons within a variational scheme of LLP,
which, strictly speaking, should be valid in the weak-coupling
regime.

In the present paper, we combine the macroscopic frame-
work of Ref. [41] with Feynman’s path-integral variational
theory, known for its remarkable accuracy, to describe Fröh-
lich polarons in 2D polar crystals without any restriction to the
strength of electron-phonon coupling. As a first step, we re-
state the 2D electron-phonon Hamiltonian derived in Ref. [41]
in a form essentially identical to the standard 3D Fröhlich
Hamiltonian. However, in the 2D case, the dimensionless
Fröhlich constant α(q) and the frequency of LO phonons ωl,q

become functions of the wave vector q. This q dependence
is encoded in the effective nonlocal 2D permittivities at high
ε∞(q) and low ε0(q) frequencies, reflecting the long-range
nonlocality characteristic for the electrostatic response of 2D
dielectrics [30]. The lack of a single Fröhlich constant in 2D
makes characterization of the coupling strength not obvious.
Here, we show that a properly defined upper bound αm of the
function α(q) provides a natural measure of electron-phonon
coupling in 2D polar materials. With this formulation at hand,
we derive an all-coupling Feynman’s variational functional
that explicitly retains the effects of 2D nonlocal screening

and smoothly interpolates between the LLP/weak-coupling
and LP/strong-coupling limits, while providing closed expres-
sions for the ground-state energy and the polaron effective
mass for arbitrary coupling. Therefore, the present work
goes well beyond both Ref. [41], in which polarons are de-
scribed within LLP scheme, and Ref. [36], where the adiabatic
LP-type approximation is adopted. Using our all-coupling
theory for realistic sets of material parameters, we identify
a robust crossover between the weak (LLP)- and the strong
(LP)-coupling regimes at the effective coupling constant of
α∗

m ≈ 5. Moreover, we show that all currently known mono-
layers are on the weak-to-intermediate (LLP) side of the
crossover, while the LP regime is never realized.

The paper is organized as follows. To make the paper
self-contained and to restate the theory in a form suitable
for a subsequent application of the path-integral technique,
in Sec. II we derive the classical Lagrangian and Hamilto-
nian describing TO and LO phonons in 2D polar crystals,
obtain the dispersion relation of LO phonons, and discuss
its interpretation as a nonlocal Lyddane-Sachs-Teller (LST)
relation. The electron-phonon coupling terms, in both the
Lagrangian and Hamiltonian settings, are derived in Sec. III.
Here, we also discuss relevant dimensionless parameters and
introduce the effective coupling constant that measures the
strength of electron-LO phonon interaction in 2D crystals. In
Sec. IV, we consider the polaron ground state in the weak-
and strong-coupling limits. In Sec. V, the Feynman variational
path-integral approach is adopted for our case of 2D polar
crystals. We show how it interpolates between the limits of
weak and strong coupling, providing quantitative estimates of
both the polaron binding energy and effective mass. The re-
sults of numerical calculations within the Feynman approach
are presented in Sec. VI. We discuss applications to specific
materials and provide a general analysis of the crossover
between the weak- and strong-coupling regimes. The main
results of this work are summarized in Sec. VII, with a dis-
cussion of the broader implications for transport and optical
properties of 2D polar materials.

II. MACROSCOPIC THEORY OF 2D OPTICAL PHONONS

Let us consider a generic 2D polar crystal containing
sublattices of positive and negative ions. The macroscopic
theory of long-wavelength optical phonons in the 3D case
dates back to the works of Born and Huang Kun [42], and
by now constitutes a classical part of solid-state physics (see,
for example, Ref. [43]). A proper 2D generalization of this
macroscopic approach has been developed in our previous
work [41]. Here, to make the paper self-contained, we present
the main results of that theory and adapt its formulation for
the specific purpose of this work.

A. Construction of Lagrangian density

Our main goal is to describe long-wavelength dynamics of
the relative displacement field S,

S = U+ − U−, (1)

where U+ and U− are the displacement vectors of positive and
negative ions, respectively. For further convenience, we define
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the mass-weighted displacement field ξ as follows:

ξ = S
√

nM, (2)

with n = N/A being the surface density of unit cells, where A
is the normalization area, and M the reduced ionic mass,

M = m+ m−
m+ + m−

, (3)

with m± denoting the respective ionic masses. In the long-
wavelength limit, that is, assuming that the displacement
varies on the scale much larger than the interatomic distance
and the thickness of 2D layer, we write the Lagrangian density
of the system as

L =
(

1

2
ξ̇

2 − W 2D

)
δ(z) + ε0ε

E2

2
, (4)

where the first two terms (in parentheses) represent the kinetic
and potential energy contributions (per unit area) localized
in the plane that hosts the lattice (z = 0). The last term is
the usual density of electromagnetic energy in the surround-
ing medium with the dielectric constant ε (ε0 stands for the
vacuum permittivity). It should be emphasized that while the
moving ions are bound to the 2D plane, they produce an
electric field throughout the 3D space, which is crucial for
a correct description of dielectric screening in 2D materials
[30]. The potential energy density W 2D in Eq. (4) accounts for
the elastic energy of ionic displacements and their interaction
with the electric field E. Assuming for simplicity macroscopic
isotropy of the 2D layer, we write

W 2D = 1

2
ω2

t ξ
2 − γ ξ · E(r, z = 0) − α∞

2
E2(r, z = 0),

(5)

which is analogous to the corresponding expression in the
3D case [43]. Here, ωt is the transverse optical (TO) phonon
frequency, γ parametrizes a coupling between ξ and E, and
α∞ is the high-frequency (optical) 2D polarizability of a free-
standing layer, which accounts for the electronic contribution
to the electric response [44]. By definition, the resulting two-
dimensional polarization field is

P2D = −∂W 2D

∂E
= γ ξ + α∞ E. (6)

Taking the derivative with respect to ξ gives

∂W 2D

∂ξ
= ω2

t ξ − γ E. (7)

In equilibrium (static limit ω = 0), we must have

ω2
t ξ0 − γ E = 0, (8)

which leads to the following relations:

ξ0 = γ

ω2
t

E, P2D
0 = γ ξ0 + α∞ E = α0 E. (9)

Thus, the full static 2D polarizability is identified as

α0 = α∞ + γ 2

ω2
t

, (10)

which eventually allows us to express the coupling parameter
γ in Eq. (5) in terms of experimentally accessible quantities,

the static and optical 2D polarizabilities, and the frequency of
TO phonons,

γ = ωt
√

α0 − α∞. (11)

B. Dispersion of LO phonons in 2D

The Lagrangian in Eq. (4) generates the following equa-
tion of motion for the mass-weighted displacement:

ξ̈ = −ω2
t ξ + γ E(r, z = 0). (12)

Another equation of motion corresponds to the Gauss law,
which is obtained by defining E = −∇ϕ in Eqs. (4) and (5)
and minimizing the Lagrangian with respect to the electro-
static potential ϕ. This equation relates the divergence of the
electric field to the induced charge density,

∇ · E(r, z) = ρ

ε ε0
≡ − 1

ε ε0
∇ · P2D δ(z). (13)

Hence, once ξ is specified, the electrostatic potential can be
determined.

By substituting E = −∇ϕ into the equations of motion, we
have

ξ̈ = −ω2
t ξ − γ∇ϕ|z=0, (14)

∇2ϕ(r, z) = 1

εε0
∇ · (γ ξ − α∞∇ϕ|z=0) δ(z). (15)

Assuming plane-wave normal-mode solutions with in-plane
wave vector q, we perform the Fourier transform and obtain
the following result for the Fourier component of the electro-
static potential:

ϕq,kz = − 1

εε0

1

q2 + k2
z

(
iγ q · ξq + α∞q2ϕ2D

q

)
. (16)

Here, q = |q|, and the following conventions for the Fourier
representation are used. In the plane, we define

ξq =
∫

d2r ξ(r)
e−iq·r
√

A
, ξ(r) =

∑
q

ξq
eiq·r
√

A
, (17)

while in the z direction the Fourier transform reads

gkz =
∫ ∞

−∞
dz e−ikzzg(z), g(z) =

∫ ∞

−∞

dkz

2π
eikzzgkz . (18)

We also introduce the following notation for the in-plane slice
of the potential:

ϕ2D
q = 1

2π

∫ ∞

−∞
dkz ϕq,kz ≡ ϕq(z = 0). (19)

The explicit integration with ϕq,kz of Eq. (16) gives

ϕ2D
q = − γ ξ l

q

2εε0[1 + α∞q/(2εε0)]
, (20)

where we defined the longitudinal component of the displace-
ment as ξ l

q = iq · ξq/q.
Substituting ∇ϕ|z=0 = iqϕ2D

q into Eq. (14), and assuming
a harmonic solution ξq ∼ e−iωt , we find

ω2 ξ l
q = ω2

t ξ l
q − γ q ϕ2D

q . (21)
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FIG. 2. Long-wavelength LO-phonon dispersion in two repre-
sentative monolayers, illustrating the 2D nonlocal screening. Panels
(a) (hBN) and (b) (HfSe2) show the transverse optical mode (flat
line, h̄ωt , orange) and the longitudinal optical mode (solid line,
h̄ωl,q, blue) as functions of in-plane wave vector q. In both cases,
ωl (q) starts from ωt at q → 0 and increases monotonically with q,
approaching the asymptote ωt

√
r0/r∞ = ωt

√
σ0 at large q, in accor-

dance with Eq. (22). The strength and curvature of the upshift are
material dependent and governed by the ratio σ0 of screening lengths.

Finally, using Eq. (20) and γ 2 = ω2
t (α0 − α∞), we recover the

dispersion relation for the LO phonon mode, obtained recently
in Ref. [41],

ω2
l,q = ω2

t
1 + α0q/(2εε0)

1 + α∞q/(2εε0)
= ω2

t
1 + r0q

1 + r∞q
, (22)

with 2D screening lengths, r∞ = α∞/(2ε0ε), r0 = α0/(2ε0ε),
related to optical and static polarizabilities [45]. The disper-
sion relation of Eq. (22) agrees with earlier considerations
supported by first-principles calculations [31,32,34,35]. Re-
cently, it has been observed experimentally [46]. A typical
dispersion of optical phonon modes for two representative
materials is shown in Fig. 2.

The nontrivial dispersion of LO phonons in 2D polar in-
sulators is a direct consequence of their nonlocal dielectric
screening [30]. An interesting observation is that Eq. (22)
can be interpreted as a 2D form of the LST relation. In fact,
the quantity ε(q) = ε + αq/2ε0 plays a role of an effective
dielectric constant in 2D, and therefore, Eq. (22) can naturally
be represented in the form

ω2
l,q = ω2

t
ε0(q)

ε∞(q)
. (23)

It is worth noting that this simple form of the nonlocal LST-
type relation is a consequence of the assumed macroscopic
isotropy of the crystal, which is fulfilled in many known
monolayers [32]. In low-symmetry 2D materials, by analogy
with 3D case, one naturally expects that Eq. (23) will be
replaced by a q-dependent version of the generalized LST
relation [47,48].

III. ELECTRON-PHONON LAGRANGIAN

Having in mind the subsequent application to the path-
integral formulation of the polaron problem, we now cast the
phonon Lagrangian in the form of a sum over independent
normal modes. All quantities in the following are expressed
in the momentum representation introduced in the previous
section. That is, the in-plane wave vectors, which count nor-
mal modes, assumed discrete (attributed to a large, but finite

normalization area A), while the out-of-plane wave vectors kz

are continuous and integration over kz is assumed everywhere.

A. Normal-mode phonon Lagrangian

The original Lagrangian density of Eq. (4) explicitly reads
as follows:

L =
(

1

2
ξ̇

2 − ω2
t

2
ξ2 + γ ξ · E(r, z = 0)

+ α∞
2

E2(r, z = 0)

)
δ(z) + ε0ε

E2

2
, (24)

resulting in the Lagrangian

L =
∫

Ld2rdz. (25)

In order to obtain the Lagrangian in terms of normal modes,
we should substitute the electric field E = −∇ϕ in the
Fourier representation. Using the relation of Eq. (16), we find
the result

∇ϕ(r, z) = − iγ

ε0ε
√

A

∑
q

q ξ l
q eiq·r

1 + r∞q

×
∫ ∞

−∞

dkz

2π

q + ẑkz

q2 + k2
z

eikzz, (26)

which, at z = 0 (the location of the 2D crystal), takes the
following form:

∇ϕ(r, 0) = − iγ

2ε0ε
√

A

∑
q

q
1 + r∞q

ξ l
q eiq·r. (27)

After separating the longitudinal and transverse components
of the displacement as ξq = −i q

q ξ l
q + ξ⊥

q , using Eq. (27), and
evaluating the contribution of each term in Eqs. (24) and (25),
we find the Lagrangian of optical phonons in the following
form (see Appendix A for the details):

L = LTO + LLO, (28)

where, as expected, the contributions of the transverse and
longitudinal modes read

LTO = 1

2

∑
q

(|ξ̇⊥
q |2 − ω2

t |ξ⊥
q |2), (29)

LLO = 1

2

∑
q

(∣∣ξ̇ l
q

∣∣2 − ω2
l,q

∣∣ξ l
q

∣∣2)
. (30)

Apparently, each mode ξ l
q and ξ⊥

q behaves as an independent
harmonic oscillator with natural frequencies ωl,q and ωt , re-
spectively.

B. Electron-phonon interaction in the Lagrangian framework

Finally, to include interaction with a charge carrier (elec-
tron or hole), one notices that a charge −e located at a point re

couples to LO optical phonons via the electrostatic potential,
yielding the following correction to the Lagrangian:

�L = e
∫

d2r δ(r − re) ϕ(r, 0) = e ϕ(re, 0). (31)
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Using the representation ϕ(r, 0) = A−1/2 ∑
q ϕ2D

q eiq·r to-
gether with Eq. (20) for ϕ2D

q , we obtain

ϕ(r, 0) = − γ

2εε0

√
A

∑
q

ξ l
q

1 + r∞q
eiq·r, (32)

and therefore

�L = − eγ

2ε0ε
√

A

∑
q

ξ l
q eiq·re

1 + r∞q

= 1

2

∑
q

gq
(
eiq·reξ l

q + e−iq·reξ l
−q

)
, (33)

with a real coupling constant

gq = − eγ

2ε0ε
√

A [1 + r∞q]
. (34)

The overall electron-LO phonon Lagrangian is then

Le-ph = meṙ2
e

2
+ 1

2

∑
q

(∣∣ξ̇ l
q

∣∣2 − ω2
l,q

∣∣ξ l
q

∣∣2)

+ 1

2

∑
q

gq
(
eiq·reξ l

q + e−iq·reξ l
−q

)
. (35)

Since TO phonons do not produce a long-range electric field,
they do not interact electrostatically with electrons and are
therefore irrelevant for the Fröhlich polaron problem. We
therefore ignore the LTO part of the Lagrangian in the fol-
lowing consideration. In Sec. V, the Lagrangian (35) will
be used within the path-integral framework to develop a 2D
generalization of Feynman’s all-coupling variational theory of
the Fröhlich polaron.

C. Hamiltonian formulation

It is also useful to restate the electron-LO phonon problem
in the Hamiltonian formalism. In particular, we need it for the
next section, where the weak-coupling limit will be analyzed
within the perturbation theory.

First, within the standard canonical quantization, we ex-
press the coordinate and momentum operators for LO modes
in terms of the corresponding phonon creation and annihila-
tion operators. For each in-plane momentum q, we have

ξ l
q =

√
h̄

2ωl,q
(âq + â†

−q), (36)

π̂q = ξ̇ l
q = −i

√
h̄ωl,q

2
(âq − â†

−q), (37)

with [âq, â†
q′ ] = δq,q′ . The phonon Hamiltonian is then ob-

tained via the Legendre transform,

Ĥph =
∑

q

h̄ωl,q â†
qâq. (38)

By expressing ξ l
q in �L in terms of âq, â†

q, we get the
2D Fröhlich interaction, and eventually the electron-phonon
Hamiltonian

Ĥe-ph = p̂2
e

2me
+ Ĥph +

∑
q

Vq(eiq·r̂e âq + e−iq·r̂e â†
q), (39)

with the following coupling amplitude:

Vq = −gq

√
h̄

2ωl,q
= eωt

2ε0ε

√
h̄(α0 − α∞)

2Aωl,q

1

1 + r∞q
. (40)

This Hamiltonian is the starting point for the perturbative
weak-coupling and variational-strong coupling analyses in
Sec. IV, while the Lagrangian form above is convenient for
the path-integral approach, which we adopt in Sec. V.

Interestingly, the coupling amplitude Vq of Eq. (40) can
be represented in a form similar to the standard Fröhlich
interaction with 3D bulk LO phonons [7,8,43], and with
dispersionless 2D surface phonons at surfaces of 3D polar
crystals [13,19–22]. To this end, we introduce an effective
nonlocal dimensionless Fröhlich constant α(q):

α(q) = e2

4πε0

1

h̄ωl,q

√
meωl,q

2h̄

[
1

ε∞(q)
− 1

ε0(q)

]
, (41)

where ε0,∞(q) = ε(1 + r0,∞q) are the effective 2D dielectric
“constants”, and the frequency of LO phonons satisfies the
nonlocal Lyddane-Sachs-Teller relation of Eq. (23):

ωl,q = ωt

√
ε0(q)

ε∞(q)
. (42)

Then, the amplitude of 2D electron-phonon coupling in
Eq. (40) can be represented as follows:

Vq =
[
πα(q)h̄

Aq
h̄ωl,q

√
2h̄ωl,q

me

]1/2

, (43)

which is exactly the form commonly used for the coupling
to quasi-2D surface phonons [13,19–22]. However, in the
present case of genuine 2D phonons, both the Fröhlich cou-
pling constant and the frequency of LO phonons become q
dependent. This dependence, reflecting the long-range nonlo-
cality of 2D dielectric screening, is a unique feature of the
Fröhlich polaron problem in 2D, which makes it substantially
different from the corresponding problems both in the bulk
and on the surface of 3D polar materials.

D. Characterization of the coupling strength in 2D

In the cases of 3D crystals, both in the bulk and on the
surface, the polaron problem is fully determined by a single
dimensionless parameter, the coupling constant α. In 2D, the
effective Fröhlich constant Eq. (41) acquires the wave vector
dependence, and the very characterization of the coupling
strength becomes nontrivial.

In general, the electron-phonon problem of Eqs. (39) and
(40) contains four length scales, the screening lengths, r∞ and
r0, the effective Bohr radius aB, and the oscillator length rt

related to the frequency of TO phonons:

aB = 4πε0εh̄2

e2me
, rt =

√
h̄

2meωt
. (44)

Three independent ratios of these lengths determine three
independent dimensionless parameters that fully characterize
the problem of the 2D Fröhlich polaron.
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TABLE I. Comparison of key parameters of the polaron problem in 3D and 2D polar materials. Here, 1/ε∗ = 1/ε∞ − 1/ε0 and 1/ε∗(q) =
1/ε∞(q) − 1/ε0(q).

Quantity 3D 2D

Material parameters High-frequency screening ε∞ ε∞(q) = ε(1 + r∞q)
Static screening ε0 ε0(q) = ε(1 + r0q)

TO phonon frequency ωTO ωt

LO phonon dispersion Lyddane-Sachs-Teller relation ωLO = ωTO
√

ε0/ε∞ ωl,q = ωt
√

ε0(q)/ε∞(q)

Fröhlich coupling constant α = e2

4πε0ε∗
√

me
2h̄3ωLO

α(q) = e2

4πε0ε∗ (q)

√
me

2h̄3ωl,q

Electron-phonon coupling Vq = − i
q [ αh̄

V h̄ωLO

√
h̄ωLO
2me

]
1
2 Vq = [ πα(q)h̄

Aq h̄ωl,q

√
2h̄ωl,q

me
]

1
2

Length scales Polaron radius le =
√

h̄
2meωLO

lt =
√

h̄
2meωt

Bohr radius aB = 4πε0
h̄2

e2me
aB = 4πε0ε

h̄2

e2me

High-frequency screening length r∞
Static screening length r0

Effective coupling strength α = le
aB

[ 1
ε∞ − 1

ε0
] αm = rt

aB

√
r0−√

r∞√
r0+√

r∞ > α(q)

Our choice of these three parameters is based on the
following observation. By inspecting the q dependence of
the coupling constant in Eq. (41), we notice that α(q) is
bounded from above. First, the frequency of LO phonons
always satisfies the inequality ωl,q � ωt . Second, the factor
ε−1
∞ (q) − ε−1

∞ (q) vanishes in the limits q → 0 and q → ∞,
and has a single maximum at q = qm = 1/

√
r0r∞. Therefore,

by replacing ωl,q → ωt and evaluating ε−1
∞ (q) − ε−1

0 (q) at
q = qm, we find the following upper bound for α(q):

α(q) < αm = rt

aB

√
r0 − √

r∞√
r0 + √

r∞
. (45)

In the following, we choose the value of αm as the first dimen-
sionless parameter characterizing the system, while the other
two are defined by the ratios

σ0 = r0

r∞
> 1, σt = rt

r∞
. (46)

On physical grounds, it is natural to expect that αm indeed
provides a proper measure of the coupling strength, which
generalizes the notion of Fröhlich constant to the case of 2D
polar materials [49]. This expectation is confirmed in the fol-
lowing sections by explicitly analyzing the polaron problem.
We will see that the polaron energy depends most strongly
on αm with the value of αm ∼ 5 separating the weak- and
strong-coupling regimes. Moreover, for any value of αm, the
dependency on the other parameters is moderate.

We conclude this section by collecting in Table I a concise
side-by-side list of key differences between the electron-LO-
phonon problems in 3D and 2D polar crystals.

IV. POLARON PROBLEM IN WEAK-
AND STRONG-COUPLING LIMITS

A. Weak-coupling regime: second-order perturbation theory

In the limit αm � 1, we adopt the perturbation theory,
assuming the unperturbed ground state, which consists of an
electron with zero momentum and the phonon vacuum, |0〉 =
|P=0〉 ⊗ |0〉ph. Since the interaction vertex Vq(eiq·r̂e âq −
e−iq·r̂e â†

q) changes the phonon number by ±1, the first-order
correction to the energy vanishes. The leading energy shift

appears in the second order,

�E0 = −
∑
n �=0

|〈n|Ĥint|0〉|2
E (0)

n − E (0)
0

, (47)

where the intermediate states |n〉 contain one LO phonon with
the wave vector q and the electron recoiling with momentum
−q. Evaluating the matrix elements, we get the following
result:

�E0 = −
∑

q

|Vq|2
h̄2q2

2me
+ h̄ωl,q

. (48)

After replacing summation by integration
∑

q → A
(2π )2

∫
d2q,

using Eq. (43) to express Vq in terms of α(q), the perturbative
correction to the energy reduces to the following form:

�E0 = −h̄
∫ ∞

0
dq

α(q) h̄ωl,q

h̄2q2

2me
+ h̄ωl,q

√
h̄ωl,q

2me
, (49)

where we performed a trivial angular integration. Finally,
we change the integration variable p = r∞ q and express the
polaron energy shift in terms of dimensionless parameters
introduced in Sec. III D,

E0 = �E0 = −αm h̄ωtI0(σ0, σt ), (50)

where the dimensionless integral coefficient reads

I0(σ0, σt ) =
∫ ∞

0

σt (
√

σ0 + 1)2 pdp

(1 + p)(1 + σ0 p)
(
σ 2

t p2/�p + 1
) , (51)

with �p = √
(1 + σ0 p)/(1 + p) being the dimensionless fre-

quency of LO phonons.
It is clear from Eq. (50) that the parameter αm indeed

plays the same role as the coupling constant in the 3D Fröh-
lich problem. The remaining integral coefficient defined by
Eq. (51) turns out to be a well-behaved dimensionless function
of the order of unity in a wide range of its arguments. This
allows us to roughly estimate the polaron binding energy as
Eb ≈ αm h̄ωt .

Figure 3 displays a color map of I0(σ0, σt ) over a range
of material parameters σ0 and σt that vary by an order of
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FIG. 3. Colour map of the dimensionless weak-coupling integral
I0(σ0, σt ) defined in Eq. (51). The horizontal axis is the ratio σ0

of static to high-frequency screening lengths; the vertical axis is σt .
Stars indicate the realistic parameter sets for hBN, GaN, AlN, ZrS2,
HfS2, and HfSe2. The weak dependence on both variables (the color
scale spans only a factor of 2) justifies treating αm as the principal
measure of the electron-phonon coupling in the perturbative regime.

magnitude. The stars indicate the positions of the specific 2D
materials analyzed in Table II. Throughout the region, the
function I0(σ0, σt ) varies only moderately, taking values of
order unity, which confirms the interpretation of αm as the
effective coupling constant controlling the overall magnitude
of the polaron energy shift. We will see that this conclusion is
valid for any coupling strength.

It is well known that for 3D polar crystals, the polaron
energy shift calculated as the lowest-order perturbative cor-
rection is exactly reproduced within the so-called intermediate
coupling variational theory by Lee, Low, and Pines [8]. In 2D,
the situation is the same. In fact, the perturbative result of
Eq. (50) exactly coincides with the polaron energy obtained
in Ref. [41] within the variational LLP approach. The vari-
ational derivation of the perturbative result explains why the
linear dependence of the polaron energy extends to quite large
coupling both in 3D and in 2D, as we will see in Sec. VI.

B. Strong-coupling limit (Landau-Pekar model)

In the strong-coupling regime αm � 1, the adiabatic ap-
proximation for the phonon subsystem is justified, and the

polaron binding energy can be estimated using the Landau-
Pekar energy functional (see, e.g., Ref. [3]):

ELP
e = 〈ψ | p̂2

e

2me
|ψ〉 −

∑
k

|Vk|2|gk|2
h̄ωl,k

. (52)

Here, ψ (r) is the wave function of the self-trapped electron,
and the corresponding form factor is defined as

gk = 〈ψ |eik·r|ψ〉. (53)

1. Hydrogenlike trial wave function

For the simplest and frequently used hydrogenic trial wave
function [36] in 2D,

ψH =
√

2

π

1

a
e−r/a, (54)

the kinetic energy is

〈ψH| p̂2
e

2me
|ψH〉 = h̄2

2mea2
, (55)

and the density form factor reads

gq = 1

(1 + (aq)2/4)3/2
. (56)

Hence, the Landau-Pekar energy as a function of the varia-
tional parameter a is given as follows:

EH
LP(a) = h̄2

2mea2
−

∑
q

π h̄ α(q)

A q

√
2h̄ωl,q

me

1

[1 + (aq)2/4]3
,

(57)

where we used Eq. (43) and expressed Vq in terms of the
nonlocal coupling constant α(q) and the frequency ωl,q. Fol-
lowing the same steps as in the previous subsection, we
convert sum to integral, express everything in terms of the
three dimensionless parameters, and arrive at the final result

EH
LP(a) = h̄2

2mea2
− αm h̄ωtIH

LP(a, σ0, σt ), (58)

TABLE II. Polaron binding energies and effective masses for selected monolayers. For each carrier (electron or hole), we list the binding
energy obtained in the weak-coupling approximation (E0), the strong-coupling/Landau-Pekar approximation with a Gaussian trial state (ELP),
and the Feynman variational result (EF), all in meV. The effective masses are in units of free electron mass m0. Material parameters taken
from experimental and first-principles calculation data for a set of 2D polar materials: TO phonon energy h̄ωt , screening lengths r0, r∞a, and
electron and hole effective masses me, mh (taken from Ref. [36]).

Ee
0 Eh

0 m∗
e m∗

h h̄ωt r0 r∞
Mat. Ee

LP (meV) Ee
F Eh

LP (meV) Eh
F me m0 mF

e mh m0 mF
h αe

m αh
m (meV) (nm) (nm)

hBN 15.00 129.3 131.6 9.433 116.3 118.2 0.83 1.00 1.04 0.65 0.77 0.80 0.65 0.56 172.3 [32] 1.076 [32] 0.780 [32]
GaN 0.647 55.16 56.4 44.78 132.0 138.4 0.24 0.29 0.30 1.35 2.02 2.49 0.64 1.51 73.30 [50] 1.109 0.756
AlN 12.52 105.4 110.1 80.98 186.5 201.4 0.51 0.71 0.83 1.49 2.53 3.99 1.19 2.03 74.15 [51] 0.763 0.466
HfSe2 71.55 89.56 101.6 81.82 98.51 112.2 0.18 0.43 1.26 0.23 0.57 1.78 5.75 6.50 11.10 [52] 21.75 4.246
HfS2 92.04 123.2 137.7 127.9 155.1 174.6 0.24 0.54 1.32 0.44 1.07 3.02 5.00 6.77 17.81 [53] 13.98 2.974
ZrS2 89.92 142.9 153.2 80.58 133.7 143.2 0.31 0.58 0.93 0.26 0.48 0.74 3.80 3.48 29.82 [54] 10.62 2.826

aThe screening lengths are extracted from Ref. [36] as r0[∞] = ε0[∞]d/2, where ε0[∞] is the static (high-frequency) dielectric constant and d is
the monolayer thickness.
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where the dimensionless integral in the second term reads

IH
LP =

∫ ∞

0

σt (
√

σ0 + 1)2 dp

(1 + p)(1 + σ0 p)[1 + (pa/2r∞)2]3
. (59)

Minimizing the function Eq. (57) [or, equivalently, Eq. (58)]
with respect to a gives the polaron binding energy in the
strong-coupling limit. The above Landau-Pekar type theory
with the hydrogenic trial function can be directly compared
with similar calculations in Ref. [36] based on a simpli-
fied model of electron-LO phonon coupling that neglects the
phonon dispersion. As we have demonstrated recently [41],
for sufficiently strong coupling, the correct treatment of the
dispersion and the related nonlocality of the coupling constant
becomes highly important (see the Supplemental Material in
Ref. [41]).

2. Gaussian trial wave function

Another popular variational ansatz, which typically gives
lower energy, employs the normalized Gaussian that in 2D
reads

ψG(r) =
√

1

πa2
e−r2/2a2

. (60)

The corresponding expectation value of the kinetic energy
coincides with the one for hydrogenic ansatz,

〈ψG| p̂2
e

2me
|ψG〉 = h̄2

2mea2
, (61)

while the form factor is now

gq(a) = e−a2q2/4. (62)

Substituting Eqs. (61) and (62) in the Landau-Pekar functional
and expressing the coupling through the nonlocal Fröhlich
constant, we obtain the following variational energy:

EG
LP(a) = h̄2

2mea2
−

∑
q

π h̄ α(q)

A q

√
2h̄ωl,q

me
e−a2q2/2, (63)

which eventually reduces to the form similar to Eq. (58),

EG
LP(a) = h̄2

2mea2
− αm h̄ωtIG

LP(a, σ0, σt ), (64)

where for the Gaussian trial function, the dimensionless inte-
gral reads

IG
LP =

∫ ∞

0

σt (
√

σ0 + 1)2 p

(1 + p)(1 + σ0 p)
exp

(
− p2a2

2r2∞

)
dp. (65)

By minimizing the energy of Eq. (64) with respect to the vari-
ational parameter a, we get the Landau-Pekar polaron energy
in the Gaussian trial class. As we have already mentioned, the
Gaussian ansatz yields a better energy estimate compared to
the hydrogenic one (see Sec. IV and Fig. 5). However, most
importantly, it corresponds to the exact strong-coupling limit
of Feynman’s variational theory, which we consider in the
following sections.

FIG. 4. Normalized energy Ee
F/Ee

F (σ0 = 1, σt = 0.5) for four
values of the coupling prefactor αm: (a) αm = 1, (b) αm = 4, (c) αm =
7, and (d) αm = 10. The color scale (different in each panel) indicates
the magnitude of the normalized energy over the plane spanned
by the ratios of characteristic length scales, σ0 = r0/r∞ and σt =
rt/r∞. For weak coupling, it remains close to unity, reproducing the
perturbative behavior. Stronger coupling progressively amplifies the
dependence on the material parameters, but it still remains moderate.

V. FEYNMAN VARIATIONAL SOLUTION
OF THE POLARON PROBLEM IN 2D

Feynman’s variational solution of the polaron problem,
based on the path-integral formalism [9], is known to provide
a high-quality all-coupling theory that smoothly interpo-
lates between weak- and strong-coupling limits and perfectly
agrees with essentially exact Monte Carlo results for both the
bulk 3D and the surface quasi-2D polarons [11–13]. In this
section, we adapt this approach to the case of genuine 2D po-
larons. As the standard derivation [9,55] of the corresponding
variational problem assumes from the very beginning disper-
sionless phonons and q-independent Fröhlich coupling, its 2D
generalization requires some care. Therefore, in the following,
we carefully adapt the key steps of the Feynman derivation to
our specific situation, avoiding unnecessary assumptions. This
in particular allows us to keep the paper fully self-contained.

A. Effective action

Following Feynman’s variational path-integral approach
[9,55], in the 2D case, we start from the electron-phonon
Lagrangian of Eq. (35) and rotate to imaginary time t →
−iu to obtain the path-integral representation of the partition
function. After that, the LO phonon coordinates appearing in
Eq. (35) are integrated out, and Gaussian elimination yields a
nonlocal Euclidean action for the electron trajectory re(u),

Seff [re] =
∫ β h̄

0
du

me

2
ṙ2

e (u) − 1

2h̄

∫ β h̄

0
dt

∫ β h̄

0
ds

×
∑

k

|Vk|2 e−ωl,k |t−s| e ik·[re(t )−re(s)], (66)

where |Vk|2 and ωl,k are, respectively, the 2D coupling ampli-
tude and the frequency of LO phonons, defined by Eqs. (42)
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FIG. 5. (a)–(f) Binding energy as a function of the coupling
constant αm for six pairs of parameters (σ0, σt ) corresponding to
indicated polar monolayers. The legend in panel (a) refers to all
other panels, namely, solid turquoise (F): Feynman variational re-
sult; dashed blue (WC): weak-coupling approximation; solid orange
(SCG): strong-coupling approximation with Gaussian trial function;
dotted orange (SCH): strong-coupling approximation with hydro-
genic trial function. The vertical dashed line indicates the physical
value αe

m for each material. The star marks the crossover α∗
m where

the strong-coupling branch overtakes the weak-coupling one. (g)
Histogram of α∗

m obtained from a random scan over the region
σ0 ∈ [1, 10] and σt ∈ [0.4, 10] in the (σ0, σt ) plane.

and (43) in Sec. III. Equation (66) is the starting point for
the all-coupling variational analysis used below. The inter-
mediate steps in the derivation of Eq. (66) are presented in
Appendix B 1.

B. Upper bound for the ground-state energy

The ground-state energy E , corresponding to the action
Seff [r], can be obtained from the Feynman variational prin-
ciple, which states that for a trial/reference action S0[r] the
following inequality holds true [55]:

E � E0 + lim
β→∞

1

β h̄
〈Seff − S0〉0, (67)

where E0 is the ground-state energy of the reference system,
β = 1/(kBT ) is the inverse temperature with kB denoting the
Boltzmann constant, and 〈· · · 〉0 stands for the averaging with
the reference action S0.

Here, we follow the original Feynman’s proposal and use
the quadratic reference action that preserves translational in-
variance and captures retardation,

S0[re] =
∫ β h̄

0
du

me

2
ṙ2

e (u) + C

2

∫ β h̄

0
du

∫ β h̄

0
du′

× e−W |u−u′||re(u) − re(u′)|2, (68)

characterized by two positive parameters C and W . It is
customary to reparametrize the strength C of the effective
harmonic interaction in Eq. (68), using the following combi-
nation:

V =
√

W 2 + 4C

meW
> W, (69)

as the second independent parameter. In particular, in terms
of the parameters V and W , the ground-state energy of the
reference state takes the following simple form: E0 = h̄ (V −
W ) [55].

An explicit calculation of the right-hand side in Eq. (67) is
presented in Appendix B 2. The final variational upper bound
for the ground-state energy, expressed in terms of dimension-
less variational parameters,

v = V

ωt
, w = W

ωt
, (70)

the effective 2D Fröhlich coupling constant αm, and the pair
of material parameters (σ0, σt ), can be represented as follows:

E � h̄ωt
(v − w)2

2v
− h̄ωt αm IF(σ0, σt ; v,w), (71)

with the dimensionless function

IF(σ0, σt ; v,w)

=
∫ ∞

0
dτ

∫ ∞

0
dp

σt (
√

σ0 + 1)2 p e−τ

(1 + p)(1 + σ0 p)

× exp

{
−σ 2

t p2

�p

[
w2

v2
τ + �p

v2 − w2

v3
(1 − e−vτ/�p )

]}
.

(72)

The variational problem defined by Eqs. (71) and (72) general-
izes the all-coupling Feynman solution of the polaron problem
to the case of 2D polar materials. Minimization of the right-
hand side with respect to the variational parameters v and w

yields the Feynman estimate EF of the ground-state energy of
the 2D Fröhlich polaron.

It is easy to see that in the weak- and strong-coupling
regimes, the Feynman solution recovers the results of Sec. IV.
In the limit αm � 1, the right-hand side in Eq. (71) is domi-
nated by the first term, which is minimized when v = w. The
polaron energy is then given by the second term evaluated
at this point. By setting v = w and performing the trivial
integration over τ in Eq. (72), we find

IF(σ0, σt ; v, v) = I0(σ0, σt ), (73)

where I0(σ0, σt ) is defined by Eq. (51), which is the weak-
coupling result derived in Sec. IV A.

In the opposite, strong-coupling regime αm � 1, the
phonon cloud is tightly bound to the electron. Variationally,
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this corresponds to w = 0 with v � 1. In this case, the first
term in Eq. (71) reduces to h̄ωt v/2, whereas the integral in
Eq. (72) simplifies as

IF ≈
∫ ∞

0
dp

σt (
√

σ0 + 1)2 p e− σ2
t p2

v

(1 + p)(1 + σ0 p)
. (74)

After identification v = h̄/(meωta2), we observe that in this
limit the upper bound of Eq. (71) coincides with the Landau-
Pekar functional (64) obtained in Sec. IV B for the Gaussian
trial function.

Apparently, for intermediate couplings 0 < αm < ∞,
Eqs. (71) and (72) provide a smooth interpolation between
the above two limits. In general, the effective 2D coupling
constant αm defined in Sec. III D enters the energy of Eq. (71)
only as a prefactor in front of a dimensionless integral
IF(v,w) that depends on the variational parameters v and w.
However, in contrast to the 3D case, the integral IF defined in
Eq. (72) also contains the remaining two material parameters
σ0 and σt , which is a specific 2D feature.

In Sec. III A, we have demonstrated that the strongest
dependence on the material-specific parameters is encoded
in the effective coupling constant αm, whereas the variation
of polaron energy over the (σ0, σt ) plane is moderate. This
tendency is preserved for larger coupling. Figure 4 illustrates
the dependence of the polaron energy obtained from Eq. (71)
on σ0 and σt . Each panel displays a color map of the ra-
tio EF/EF(σ0 = 1, σt = 0.5) for four representative coupling
strengths αm = 1, 4, 7, and 10. We observe that all panels
look very similar, with a slight tendency of increasing the
variations over the (σ0, σt ) plane at larger couplings. In all
panels in Fig. 4 throughout the shown region, the polaron
energy changes at most by a factor of 2. On the other hand,
it increases by more than an order of magnitude when αm

goes from 1 to 10 (see the next section). Therefore, even well
beyond the weak-coupling regime, the effective coupling con-
stant αm alone provides a good overall characterization of the
coupling strength. However, for the quantitative description
of the 2D polaron, the dependence on the other parameters be-
comes important, especially when the strong-coupling physics
comes into play.

C. Renormalization of the polaron mass

To obtain the dynamical mass of the polaron, we use Feyn-
man’s uniform-drift construction [9]. The system is set to a
steady motion with velocity U by shifting the electron trajec-
tory as re(u) → re(u) + Uu. Then, we compute the leading
correction ∼U 2 to the energy and identify the corresponding
coefficient with the effective mass. The above trajectory shift,
first, generates the trivial correction meU 2/2 to the kinetic
energy and, second, multiplies each interaction vertex by
the phase factor exp[ik · U(u − u′)]. The detailed calculation
of the modified upper bound as a function of velocity, in-
cluding the explicit expansion in powers of U , is given in
Appendix B 3. The result up to the second order in U reads
as follows [cf. Eq. (71)]:

E (U ) � m∗
eU 2

2
+ h̄ωt

(v − w)2

2v
− h̄ωtαmIF, (75)

where IF is defined by Eq. (72), and the renormalized electron
mass is m∗

e = me + δm with polaron shift

δm(v,w) = αm me MF(σ0, σt ; v,w), (76)

where

MF(σ0, σt ; v,w)

=
∫ ∞

0
dτ

∫ ∞

0
dp

σ 3
t (

√
σ0 + 1)2 p3τ 2 e−τ

(1 + σ0 p)2

× exp

{
− σ 2

t p2

�p

[
w2

v2
τ + �p

v2 − w2

v3
(1 − e−vτ/�p )

]}
.

(77)

The value of δm evaluated at the optimal point (v∗,w∗) that
minimizes the energy bound in Eq. (71) determines the effec-
tive mass of the Fröhlich polaron in 2D crystals.

In the weak-coupling regime v∗ = w∗, and the integral
over τ in Eq. (B32) can be easily calculated. By performing
the integration, we recover the mass renormalization obtained
recently using the variational approach of LLP [41]. That is,
MF(σ0, σt ; v∗, v∗) = MLLP(σ0, σt ), where

MLLP(σ0, σt ) =
∫ ∞

0

σ 3
t (

√
σ0 + 1)2 p3 dp

(1 + σ0 p)2
(
1 + σ 2

t p2
/
�p

)3 . (78)

At stronger couplings, the effective mass increases and, sim-
ilarly to the binding energy, the growth of m∗

e is governed
primarily by αm, with a moderate dependence on σ0 and σt .

VI. NUMERICAL RESULTS

The variational formalism developed in Sec. V can be
applied to real materials, provided that the parameters char-
acterizing a polar monolayer—the energy h̄ωt of TO phonons,
the static and high-frequency screening lengths r0 and r∞, and
the electron (or hole) mass me(h)—are specified. In Table II,
we summarize the input data collected from the literature for
a representative set of 2D polar materials, together with the
corresponding results for the energies and effective masses of
polarons. For each material, we show the binding energy of
the electron and hole polarons in three approximations: the
weak-coupling limit (Ee(h)

0 ), which gives results identical to
LLP approximation [41], the strong-coupling/Landau-Pekar
limit (Ee(h)

LP ), and the full Feynman variational result (Ee(h)
F ).

The same hierarchy is reported for the effective masses: the
band mass me(h), the polaron mass calculated within the weak-
coupling/LLP approach mLLP

e(h) , and the variational mass mF
e(h).

All strong coupling results in Table II are obtained with the
Gaussian trial wave function because, compared to the hy-
drogenic ansatz, it systematically produces lower variational
energies and thus stronger binding. In particular, the ratio
EG

LP/EH
LP equals 1.248 for hBN, 1.121 for HfS2, 1.117 for

HfSe2, 1.408 for GaN, 1.304 for AlN, and 1.123 for ZrS2 (see
also Fig. 5 and discussion below).

The results presented in Table II show that for materi-
als with a small effective coupling constant, such as hBN
and GaN in which αm � 1, the Feynman energies are within
a few percent of the weak-coupling predictions, while the
Landau-Pekar approximation dramatically, up to an order of
magnitude, underestimates the binding energy. Materials with
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a larger difference between the static and high-frequency
screening lengths, and softer phonons, such as HfSe2, HfS2,
and ZrS2, have a larger effective coupling constant αm ∼ 4−5.
In these materials, the accuracy of the weak-coupling results
worsens, being within 5%–10% of the Feynman estimate.
On the other hand, the quality of the Landau-Pekar energy
improves, but for all studied materials the weak-coupling/LLP
gives better results than the adiabatic strong-coupling theory.
In all cases, including weakly coupled materials, the weak-
coupling/LLP results for the polaron mass are less accurate
than those for the binding energy. In fact, the deviation of
the LLP and Feynman estimates for the effective mass ranges
from 4% in hBN to more than a factor of 3 in HfS2.

To illustrate the dependence of the polaron binding energy
on the effective coupling constant αm, we take six pairs of
parameters (σ0, σt ) corresponding to specific materials from
Table II. Then, for each pair, we plot the polaron energy,
obtained from the accurate all-coupling variational theory of
Sec. V, as a function of αm, together with the results of the
weak- and strong-coupling approximations. Figure 5 summa-
rizes these results for the case of electron polaron. Panels
(a)–(f) correspond to the pairs (σ0, σt ) of screening parameters
for the materials indicated on the panel. The vertical dashed
line shows the physical αm for each material.

The solid turquoise line is the full result of the Feynman-
type variational theory, developed in Sec. V. The dashed blue
line is the weak-coupling approximation of Sec. III A, which
can also be restated in a variational form [41]. Finally, the
solid orange line shows the strong-coupling Landau-Pekar
energy obtained with the Gaussian trial wave function. For
comparison, the dotted orange line shows the Landau-Pekar
energy computed with the hydrogenic trial function. Appar-
ently, the Gaussian ansatz in the Landau-Pekar functional is
always superior over the hydrogenic one. In the following,
when referring to the strong coupling approximation, we al-
ways mean the Gaussian trial function. The asterisk in panels
(a)–(f) of Fig. 5 indicates the intersection of the weak- and
strong-coupling curves, while α∗

m is the crossover value of
the coupling constant above which the strong-coupling ansatz
variationally wins over the weak-coupling approximation and
becomes closer to apparently the best result of Feynman’s
theory. The lower panel shows the distribution of the crossover
coupling constant α∗

m obtained by scanning over the broad
ranges of screening parameters σ0 ∈ [1, 10] and σt ∈ [0.4, 10]
in the(σ0, σt ) plane. The distribution clearly shows that most
of the systems cluster around α∗

m ≈ 5. Remarkably, this value
is about twice the smaller than the crossover value of α∗

3D =
3π ≈ 10 for bulk 3D polarons, but somewhat larger than the
threshold coupling constant α∗

surf = 4 for surface polarons.
This last value can be deduced as the crossover value between
the strong- and weak-coupling limits of the polaron binding
energy [20]. Therefore, in a sense, the Fröhlich polarons in
genuine 2D materials take an intermediate position between
the bulk and surface polarons in 3D polar crystals.

VII. CONCLUSION

We presented a macroscopic theory of Fröhlich polarons in
strictly 2D polar crystals. By construction, in our approach,
the quantitative description of polaron physics requires only

the knowledge of experimentally accessible macroscopic po-
larizabilities and effective masses. The required material
parameters can also be obtained routinely using standard first-
principles methods.

Starting from a long-wavelength continuum description of
optical phonons in 2D, we derived an effective Lagrangian
of LO phonons, interacting with electrons. It turns out that
in 2D polar materials, the electron-LO phonon interaction is
characterized by three independent dimensionless parameters.
We have identified one of them, αm in Eq. (45), as an effective
coupling constant that provides a natural measure of interac-
tion strength and can be viewed as a 2D generalization of the
standard Fröhlich constant. The dependence on the remaining
two parameters appears to be moderate, whereas it becomes
quantitatively more important at stronger coupling.

Aimed at a high-quality description at arbitrary coupling
strength, we adapt and apply Feynman’s variational path-
integral framework to the case of genuine 2D polarons; we
derived the two-parameter variational functional for the po-
laron energy and the generalization of Feynman result for the
polaron mass. By analyzing the dependence of the polaron en-
ergy on the effective coupling strength, we identified the value
of α∗

m ≈ 5 above which the weak-coupling regime crosses
over into the regime of strongly coupled polarons. However,
none of the 2D materials currently known and typically dis-
cussed in the literature [18,41] has the coupling constant
that exceeds the strong-to-weak coupling threshold. In most
cases, the weak- coupling approach [41] provides reasonable
estimates of the polaron energies, close to the Feynman vari-
ational results. However, the polaron mass shows a much
stronger dependence on the coupling strength. In fact, for
some materials studied in this work, we observed that the
weak-coupling approximation gives a polaron mass that is
up to 3–4 times smaller compared to the accurate variational
estimate.

In conclusion, the present framework provides a transpar-
ent and accurate tool for analyzing charge transport, optical
response, and many-body phenomena in polar monolayers. By
construction, the present macroscopic approach is restricted
to long-wavelength optical phonons, which is sufficient to
capture polaron effects in most realistic situation. In addition,
for the sake of simplicity, we considered the case of macro-
scopically isotropic/cubic materials with a single LO phonon
mode. This limitation can be easily relaxed along the same
lines as in the 3D case (see, for example, Ref. [47]). Exten-
sions to finite-temperature, low-symmetry materials, multiple
optical branches, and more complex quasiparticles, such as
exciton-polarons or trions dressed by LO phonons, will be the
subject of future work.
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APPENDIX A: LO PHONON DISPERSION

The Lagrangian of optical phonons is

L =
∫

Ld2rdz, (A1)

where L is the Lagrangian density defined by Eq. (24). We
separate the longitudinal and transverse components of the
displacement as ξq = −i q

q ξ l
q + ξ⊥

q . Using Eq. (27) for the
electric field in the plane, we integrate each term separately
and get, one by one, the following results:

1

2

∫
ξ̇

2
δ(z)d2r dz = 1

2

∑
q

(∣∣ξ̇ l
q

∣∣2 + |ξ̇⊥
q |2), (A2)

ω2
t

2

∫
ξ2δ(z)d2r dz = ω2

t

2

∑
q

(|ξ l
q|2 + |ξ⊥

q |2), (A3)

γ

∫
ξ · ∇ϕ(r, 0)δ(z)d2r dz

= −ω2
t

∑
q

(r0 − r∞) q

1 + r∞q

∣∣ξ l
q

∣∣2
, (A4)

α∞
2

∫
[∇ϕ(r, 0)]2δ(z)d2r dz

= ω2
t

2

∑
q

(r0 − r∞) q r∞q

(1 + r∞q)2

∣∣ξ l
q

∣∣2
, (A5)

εε0

2

∫
(∇ϕ)2d2r dz = ω2

t

2

∑
q

ε (r0 − r∞) q

(1 + r∞q)2

∣∣ξ l
q

∣∣2
. (A6)

By collecting all terms together in Eq. (24), we arrive at the
following result for the Lagrangian of optical phonons:

L = LTO + LLO, (A7)

where

LTO = 1

2

∑
q

(|ξ̇⊥
q |2 − ω2

t |ξ⊥
q |2), (A8)

LLO = 1

2

∑
q

(∣∣ξ̇ l
q

∣∣2 − ω2
l,q

∣∣ξ l
q

∣∣2)
. (A9)

APPENDIX B: DETAILS OF DERIVATION OF FEYNMAN
VARIATIONAL SOLUTION TO THE POLARON

PROBLEM IN 2D

This Appendix provides details of calculations needed for
adapting the Feynman variational approach to the case of 2D
Fröhlich polarons. Starting from the real-time Lagrangian in
Eq. (35), we perform the Wick rotation and integrate out LO
phonons to obtain the nonlocal Euclidean action. Then, for a

quadratic reference action with parameters (C,W ) (with V =√
W 2 + 4C/(meW )), compute the Gaussian form factor and

the displacement correlator, and eventually express the Feyn-
man upper bound in terms of dimensionless parameters v =
V/ωt , w = W/ωt , αm, σ0, and σt , recovering Eqs. (71)–(72).
We also implement a uniform drift to extract the polaron mass
function MF of Eq. (77). Technical conventions (Fourier,
continuum, β → ∞) are stated succinctly, and the resulting
formulas underpin the trends summarized in Fig. 4 and used
in Sec. IV.

1. Effective action

The first step is to cast the electron-phonon problem in
imaginary time, starting from the real-time Lagrangian of
Eq. (35) derived in Sec. III B. The corresponding real-time
action reads

S =
∫ tf

ti

dt

[
me

2
ṙ2

e + 1

2

∑
q

(
ξ̇ l

qξ̇
l
−q − ω2

l,qξ
l
qξ

l
−q

)

+ 1

2

∑
q

gq
(
eiq·reξ l

q + e−iq·reξ l
−q

)]
. (B1)

Introducing imaginary time u by the standard complex rota-
tion, t → −iu, dt = −i du, we generate the Euclidean action:

S −→ SE = − iS =
∫ β h̄

0
duLE, β = 1

kBT
, (B2)

where LE is obtained from the real-time Lagrangian by simply
changing the sign in front of kinetic energy terms, ˙( )

2 →
− ˙( )

2
u .

The phase factor e iS in the real-time propagator, after the
above Wick rotation, becomes a Boltzmann weight in the
path-integral representation of partition function,

Z =
∫

Dre(u)Dξ l
q(u) e−SE[re,ξ

l]/h̄. (B3)

Performing the Gaussian integration over the phonon coordi-
nates, one obtains an effective action that involves only the
electron trajectory,

Seff [re] =
∫ β h̄

0
du

me ṙ2
e (u)

2
− 1

2h̄

∫ β h̄

0

∫ β h̄

0
dt ds

×
∑

k

|Vk|2 e−ωl,k |t−s|eik·[re(t )−re(s)]. (B4)

This action is used to define the upper bound of the polaron
energy within the Feynman variational principle.

2. The upper bound of the polaron ground-state energy

The starting point here is the following relation between
the ground-state energy E and the effective action:

E = lim
β→∞

[
− 1

β
ln e−βF

]
, (B5)

where e−βF = Z is defined via the path integral,

e−βF =
∫

e−Seff [re]/h̄ Dre. (B6)
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The Feynman variational principle is formulated as fol-
lows. Let us define a trial (reference) action S0[re], and the
corresponding ground-state energy,

E0 = lim
β→∞

[
− 1

β
ln e−βF0

]
, (B7)

e−βF0 =
∫

e−S0[re]/h̄ Dre. (B8)

Then, the upper bound for the exact energy of the ground state
is given by the inequality [55]

E � E0 + lim
β→∞

1

β h̄
〈Seff − S0〉0, (B9)

where the average with respect to the trial action S0 is com-
puted as follows:

〈O〉0 =
∫
O exp[−S0/h̄]Dre∫

exp[−S0/h̄]Dre
. (B10)

The trial action should be defined with some variational free-
dom under the requirement that it does not restrict the electron
motion too strongly, remaining a good variational model.

The Feynman classic approach employs a Gaussian trial
action, which allows for an analytic treatment of the result-
ing path integrals and yields highly accurate results for the
polaron energy, effective mass, and related characteristics.
Specifically, the trial action is taken in the following form:

S0 =
∫ β h̄

0

meṙ2
e (u)

2
du + C

2

∫ β h̄

0

∫ β h̄

0
du du′

× e−W |u−u′ ||re(u) − re(u′)|2, (B11)

where [W ] = s−1 and [C] = kg s−3 are two variational
parameters.

In order to evaluate the second term in the right-hand side
in Eq. (B9), one needs two building blocks, first, the form
factor,

I (k; u, v) = 〈e ik·[re(u)−re(u′ )]〉0, (B12)

and, second, the displacement correlator, which can be found
by differentiating I (k; u, u′) with respect to k:

〈|re(u) − re(v)|2〉0 = −∇2
kI (k; u, u′)|k=0. (B13)

Explicitly, the form factor I (k; u, u′) in the limit β → ∞ reads

I (k; u, u′) = exp

[
−k2

2

(
W 2h̄

V 2me
|u − u′|

+ 4Ch̄

WV 3m2
e

[1 − e−V |u−u′|]
)]

, (B14)

where V =
√

W 2 + 4C/(meW ).
Having the expression for I (k; u, u′) at hand, we can evalu-

ate the average 〈Seff − S0〉0. Rewriting it in terms of I (k; u, u′),

one finds

〈Seff − S0〉0

= −
∑

k

|Vk|2
2h̄

∫ β h̄

0
du

∫ β h̄

0
du′ e−ωl,k |u−u′|I (k; u, u′)

− C

2

∫ β h̄

0
du

∫ β h̄

0
du′ e−W |u−u′| [∇2

kI (k; u, u′)
]

k=0,

(B15)

We now evaluate three contributions entering the bound of
Eq. (B9): (1) the C term originating from S0; (2) the reference
ground-state energy E0; and (3) the genuine electron-phonon
contribution that contains |Vk|2.

a. The C term

Using the definition of the displacement correlator and the
explicit form of Eq. (B14), one finds in the limit β → ∞,

C

2

∫ β h̄

0
du

∫ β h̄

0
du′ e−W |u−u′ |

[
−2

dI (k, u, u′)
dk2

]
k=0

(B16)

= 2C β h̄2

meWV
= h̄2β

V 2 − W 2

2V
, (B17)

where we expressed the parameter C in terms of V and W as
C = meW

4 (V 2 − W 2).

b. Trial ground-state energy E0

The free energy F0(C) of the Gaussian model follows from
∂CF0 = β−1h̄−1〈∂CS0〉0. With the same Gaussian algebra that
leads to Eq. (B17), we obtain ∂CE0 = 2h̄/(meWV ). Integrat-
ing this derivative and using the condition E0(C=0) = 0 gives
the closed form of the reference energy,

E0 = h̄ (V − W ). (B18)

c. Electron-phonon part

Only this contribution depends on the phonon dispersion
and electron-phonon coupling, and therefore carries all infor-
mation about specific features of the 2D system. Keeping the
explicit coupling amplitude |Vk|2, we define

F ≡
∑

k

|Vk|2
2h̄

∫ β h̄

0
du

∫ β h̄

0
du′ e−ωl,k |u−u′ | I (k; u, v).

(B19)

Using the identity∫ β h̄

0

∫ β h̄

0
du du′ g(|u − u′|) −−−→

β→∞
2β h̄

∫ ∞

0
du g(u)

(B20)

and the fact that I (k; u, u′) in Eq. (B14) depends on |u − u′|,
we obtain

F = β
∑

k

|Vk|2
∫ ∞

0
du exp[−ωl,ku]

× exp

[
−k2

2

(
W 2h̄

V 2me
u + 4Ch̄

WV 3m2
e

[1 − e−Vu]

)]
.

(B21)

Collecting Eqs. (B17), (B18), and (B21) in the right-hand side
of Eq. (B9), we arrive at the upper bound that depends on
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two dimensionless variational parameters v = V/ωt and w =
W/ωt ,

E � h̄ωt
(v − w)2

2v

−
∫ ∞

0
du

∑
k

πα(k)

A k
h̄ωl,k

√
2h̄ωl,k

me
e−ωl,ku

× exp

[
− h̄k2

2meωt

(
w2

v2
uωt + v2 − w2

v3
[1 − e−vuωt ]

)]
.

(B22)

After replacing the sum over momenta by integral, and a q-
dependent rescaling of the time variable u → τ ωl,q, we arrive
at the following final result for the variational upper bound:

E � h̄ωt
(v − w)2

2v
− h̄ωt αm IF(σ0, σt ; v,w), (B23)

where we introduced the dimensionless function

IF(σ0, σt ; v,w)

=
∫ ∞

0
dτ

∫ ∞

0
dp

σt (
√

σ0 + 1)2 p e−τ

(1 + p)(1 + σ0 p)

× exp

{
− σ 2

t p2

�p

[
w2

v2
τ + �p

v2 − w2

v3
(1 − e−vτ/�p )

]}
.

(B24)

The last two equations provide the required generalization of
the Feynman’s variational theory of Fröhlich polarons to the
case of 2D polar materials. Equations (B23) and (B24) above
coincide, respectively, with Eqs. (71) and (72).

3. Renormalization of the polaron mass

In order to obtain the dynamical mass of the polaron, we
follow the method introduced in Ref. [9]. We set the whole
electron-phonon complex in motion at a small constant ve-
locity U and determine the quadratic increase in energy with
U . A rigid drift is implemented by shifting the electron path
according to re(u) → re(u) + U u. Under this transformation,
the Euclidean action Seff is modified in three ways: (1) the
electron kinetic term acquires the classical shift meU 2/2; (2)
every vertex factor gets an extra phase exp[ik · U(u − u′)];
and (3) the same phase appears in the trial action S0, so that
all Gaussian averages can still be performed analytically.

With the drift included, the form factor introduced above
in Eq. (B12)

IU(k; u, u′) = I (k; u, u′) exp[ik · U(u − u′)], (B25)

where I (k; u, v) is given by Eq. (B14). Expanding the ad-
ditional phase to the second order in U and noticing that
the linear term vanishes after angular integration over k, one
finds that only the U 2 contribution appears in the variational
bound. Re-evaluating 〈Seff − S0〉0 with the modified IU yields
three pieces: the C-term stemming from the trial action, the
ground-state energy E0 of the trial model, and the genuine

electron-phonon part that contains the explicit coupling |Vk|2.
The contributions that originate solely from the trial action are
identical to those in Ref. [9]:

C

2

∫ β h̄

0

∫ β h̄

0
du du′ e−W |u−u′ |(−∇2

kIU(k; u, u′)
)∣∣

k=0

= 2Cβ h̄2

meWV
+ C U2

2

∫ β h̄

0

∫ β h̄

0
du du′ (u − u′)2e−W |u−u′ |

= 2Cβ h̄2

meWV
+ 2Cβ h̄ U2

W 3
, (β → ∞),

(B26)

so that ∂E0/∂C = 2h̄/(meWV ) + 2U 2/W 3 and, after integrat-
ing with the condition E0(C=0) = 1

2 meU 2, one obtains

E0 = h̄(V − W ) + U 2

2

(
me + 4C

W 3

)
. (B27)

This is the only contribution that depends on the phonon
dispersion and the electron-phonon coupling

FU = β
∑

k

|Vk|2
∫ ∞

0
du e−ωl,ku

× I (k; u, 0)

(
1 − (k · U)2 u2

2

)

= F − β h̄
δmU 2

2
, (B28)

where we expanded exp[ i k · U (t − s)] and taking into ac-
count carrying out the angular average over k kept only two
first nontrivial terms. Collecting all contributions, we obtain

E (U ) � m∗
e U2

2
+ h̄ωt

(v − w)2

2v
− 1

β h̄
F . (B29)

The electron mass, renormalized by polaron effects, can be
read out of the first term,

m∗
e = me + δm, (B30)

where the mass correction is

δm(v,w) = αm me MF(σ0, σt ; v,w), (B31)

with

MF(σ0, σt ; v,w)

=
∫ ∞

0
dτ

∫ ∞

0
dp

σ 3
t (

√
σ0 + 1)2 p3τ 2 e−τ

(1 + σ0 p)2

× exp

{
−σ 2

t p2

�p

[
w2

v2
τ + �p

v2 − w2

v3
(1 − e−vτ/�p )

]}
.

(B32)

Upon identification 1
β h̄F = h̄ωtαmIF, Eq. (B29) gives

Eq. (75), while Eq. (B32) coincides with Eq. (77). Evaluation
of δm in Eq. (B31) at the optimal parameters (v∗,w∗) mini-
mizing the upper bound of Eq. (B23) determines the polaron
shift of the electron mass.
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