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Nested superstatistics: When the fluctuation parameter fluctuates
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Many nonequilibrium systems exhibit a hierarchy of well-separated dynamical scales. Typically, microscopic
variables such as energy or velocity evolve rapidly, whereas environmental parameters such as the inverse
temperature β fluctuate more slowly. This separation naturally leads to superstatistics, in which local equilibrium
factors are averaged over fluctuations of β, whose relative strength can be characterized by q = 〈β2〉/〈β〉2. Here,
we introduce an additional hierarchical level by allowing q itself to fluctuate on a still slower scale. Physically,
such fluctuations may arise when different regions or time intervals are characterized by different fluctuation
intensities, correlation structures, or effective numbers of microscopic degrees of freedom. The resulting nested
construction produces effective distributions that depend on the full distribution g(q) and, in the weak-fluctuation
regime, reduce to a universal correction governed only by the mean and variance of q. Using a Langevin model,
we show explicitly that the nested construction emerges dynamically when the three relevant timescales are
sufficiently well separated, and we provide a method for reconstructing g(q) from a time series of the fast
variable. Finally, we apply the theory to solar-wind electron distributions and cosmic-ray electron spectra, and
identify observational situations in which the systematic deviations from fixed-q superstatistics are consistent
with a fluctuating superstatistical parameter.
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I. INTRODUCTION

“Complexity frequently takes the form of hierarchy,” Her-
bert Simon observed, adding that hierarchic systems may
possess common properties that are independent of their spe-
cific content [1]. This observation is particularly pertinent to
nonequilibrium statistical mechanics. Many complex systems,
whether physical, biological, or social, are organized across
well-separated dynamical scales. A simple physical example
is a Brownian particle in a slowly varying environment: The
particle velocity changes rapidly, while the environmental
parameters controlling its local statistics, such as the temper-
ature of the surrounding medium, vary much more slowly.
When such a separation of scales holds, the statistical de-
scription can be greatly simplified. The global statistics may
then be constructed as a superposition of local equilibrium
statistics, each associated with a different value of the slowly
varying environmental parameter.

This idea has a long history in statistical mechanics, dating
back to the works of Kubo et al. and Lavenda on fluctuating
thermodynamic parameters [2,3]. Closely related construc-
tions also have a long tradition in probability theory and math-
ematical statistics, where they are known as compounding

*Contact author: kam.ourabah@gmail.com, kourabah@usthb.dz

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

or probability mixtures [4]. In the contemporary physics lit-
erature, this approach is known as superstatistics, so named
because it consists of a superposition of statistics [5]. It
has become a standard tool for describing nonequilibrium
systems characterized by a clear separation of timescales,
providing successful descriptions across a wide spectrum
of phenomena, including turbulence [6–9], plasmas [10–14],
gravity-dominated systems [15–17], and cold atoms [18,19].

One of the first successes of superstatistics, and in fact the
historical motivation behind its introduction [20,21], was to
provide a dynamical origin for q-exponential distributions.
Such distributions had already been introduced in space-
plasma physics by Olbert and Vasyliunas in the 1960s [22,23],
well before the development of nonextensive statistical me-
chanics by Tsallis [24]. In nonextensive statistical mechanics,
Tsallis distributions are usually derived by maximizing the
generalized entropy Sq, with q entering as an entropic index
[25], but their broad empirical success in complex systems
[26–30] makes the dynamical origin of this parameter a nat-
ural question. Superstatistics offers a different route: The
same distributions arise in a particular microscopic scenario in
which the inverse temperature β fluctuates slowly according
to a χ2 distribution. This case is natural when the fluctuations
of β result from the combined contribution of many indepen-
dent microscopic degrees of freedom [31]. The parameter q
then acquires a transparent physical meaning: It measures the
strength of the inverse-temperature fluctuations and is directly
related to the effective number of degrees of freedom that gen-
erate them. This picture, however, relies on a clear dynamical
hierarchy, with microscopic variables evolving rapidly and
temperature fluctuations occurring on a slower scale.

2643-1564/2026/8(4)/043119(17) 043119-1 Published by the American Physical Society

https://orcid.org/0000-0003-0515-6728
https://ror.org/02kb89c09
https://crossmark.crossref.org/dialog/?doi=10.1103/dtcy-db7k&domain=pdf&date_stamp=2026-11-02
https://doi.org/10.1103/dtcy-db7k
https://creativecommons.org/licenses/by/4.0/


KAMEL OURABAH PHYSICAL REVIEW RESEARCH 8, 043119 (2026)

This hierarchy, however, need not stop at the level of the
fluctuating temperature. In realistic nonequilibrium systems,
the intensity of the inverse-temperature fluctuations may itself
vary on an even slower scale, as the large-scale conditions
controlling the local dynamics evolve. This is natural, for in-
stance, in intermittent turbulent media, where local dissipation
rates and fluctuation amplitudes are strongly inhomogeneous,
or in space plasmas, where particle distributions and turbu-
lence properties evolve across different regions and scales
[32–35]. A more direct indication is provided by collisional
superstatistical relaxation, where the parameter q may evolve
in time [36]. In the χ2 case, this amounts to saying that the
effective number n of independent contributions generating
the fluctuations of β is no longer fixed, but becomes a slowly
varying quantity. This naturally invites the central idea of the
present paper: a nested-superstatistical description in which
the parameter controlling the fluctuations of β becomes a
fluctuating quantity in its own right.

Related ideas have appeared in the literature, although
the specific question of a fluctuating superstatistical param-
eter has received comparatively little attention. Sob’yanin
introduced generalized superstatistics, in which superstatisti-
cal systems are themselves mixed over higher-level control
parameters [37,38], while the H theory describes hierarchi-
cal chains of fluctuating intensive variables derived from an
entropy-maximization principle [39,40]. From a different an-
gle, Tsekouras and Tsallis constructed generalized entropies
from a distribution of q indices [41]. The present work takes
a more specific and dynamical route. We extend the usual χ2

superstatistical construction by promoting q, or equivalently
the effective number n of degrees of freedom, to a slow dy-
namical variable. This leads to a nested construction governed
by the distribution g(q) of the fluctuation parameter itself. We
show that this construction has a universal weak-fluctuation
regime, emerges dynamically under a three-level separation
of timescales, and can be reconstructed from time series. We
also show that simple choices of g(q) can reproduce observa-
tional features that cannot be accounted for by a single fixed
value of q.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the nested-superstatistical construction.
In Sec. III, we test its dynamical emergence with a Langevin
model and identify the required hierarchy of timescales. In
Sec. IV, we derive the universal regime of weak q fluctuations,
while Sec. V considers bimodal fluctuations of q and illus-
trates their observational relevance with solar-wind electron
distributions and cosmic-ray electron spectra. In Sec. VI, we
show how the distribution g(q) can be reconstructed from a
time series of the fast variable. Section VII concludes the
paper with a summary and some perspectives. Three Ap-
pendixes provide technical details on the construction and on
finite-time-scale corrections.

II. A HIERARCHY
OF SUPERSTATISTICAL FLUCTUATIONS

Many nonequilibrium systems display a separation of
scales: While the system as a whole is not in thermal equi-
librium, sufficiently small spatial or temporal regions may
remain close to local equilibrium. Within each such region, the

system is approximately thermalized and its statistical prop-
erties can be described by equilibrium statistical mechanics.
At larger scales, however, the temperature, or equivalently the
inverse temperature β = 1/kBT , is no longer constant, but
varies slowly from one region or observation interval to an-
other. The statistics of the complete system are then obtained
by superposing the local equilibrium statistics. This construc-
tion defines superstatistics, with an effective Boltzmann factor
of the form

B(E ) ∝
∫ ∞

0
f (β )e−βE dβ, (1)

where f (β ) is the probability density of the fluctuating inverse
temperature.

In principle, different physical mechanisms may lead to
different forms of f (β ). A particularly relevant example is the
χ2 (or Gamma) distribution

fn(β ) = 1

�(n/2)

(
n

2β0

)n/2

βn/2−1 exp

(
− nβ

2β0

)
, (2)

which satisfies

〈β〉 = β0. (3)

This distribution has a clear statistical origin. For integer n,
it arises when the inverse temperature is proportional to the
sum of the squares of n independent Gaussian variables [31].
The parameter n can therefore be interpreted as an effective
number of degrees of freedom and controls the strength of the
inverse-temperature fluctuations through

Var(β )

β2
0

= 2

n
. (4)

Substituting Eq. (2) into Eq. (1) gives

Bn(E ) ∝
(

1 + 2β0E

n

)−n/2

. (5)

Introducing

q := 〈β2〉
〈β〉2

= 1 + 2

n
, (6)

the effective factor takes the standard q-exponential form

Bq(E ) = [1 + (q − 1)β0E ]−1/(q−1). (7)

This power-law factor belongs to the family of κ distributions
introduced in space-plasma physics by Olbert and Vasyliunas
[22,23] and can equivalently be expressed in the q-exponential
form familiar from nonextensive statistical mechanics [25].
With κ denoting the power-law exponent in Eq. (7), the cor-
responding parameters are related by κ = 1/(q − 1) = n/2.
The ordinary Boltzmann factor is recovered in the limit n →
∞, or equivalently q → 1. By construction, one has q � 1
in the present setting. When q > 1, the corresponding dis-
tributions develop heavy tails, making them well suited to
the description of a broad range of systems, from astrophysi-
cal observations [42,43] to controlled laboratory experiments
[18,19,44].

Equations (1)–(7) summarize the standard χ2 superstatisti-
cal construction. In ensemble language, superstatistics may be
viewed as a hyperensemble, namely, an ensemble of canonical
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ensembles characterized by different values of the inverse
temperature β [45]. The density fn(β ) specifies how these
canonical ensembles are weighted, while the parameter n de-
termines the structure of the hyperensemble by controlling the
magnitude and shape of the inverse-temperature fluctuations.

In the conventional formulation, n, and hence q, remains
fixed. In a heterogeneous nonequilibrium system, there is no
general reason for this effective number to remain identical in
all regions or over all observation windows. Different regions
may exhibit different fluctuation intensities, correlation struc-
tures, degrees of intermittency, or effective numbers of active
microscopic contributions. It is therefore natural to promote n
from a fixed parameter to a fluctuating quantity.

Let h(n) denote the probability density of the effective
number of degrees of freedom. The resulting effective factor
is then

B(E ) =
∫ ∞

0
h(n)Bn(E ) dn. (8)

Although n is introduced as a number of degrees of freedom,
the χ2 distribution in Eq. (2) is mathematically well defined
for any real n > 0. Indeed, Eq. (2) is a Gamma distribution
with shape parameter n/2, which need not be an integer [5]. In
this sense, n is naturally understood as an effective continuous
parameter controlling the strength of the inverse-temperature
fluctuations, rather than as a literal count of microscopic de-
grees of freedom. The integral in Eq. (8) therefore represents
a mixture over effective continuous parameters, rather than a
sum over literal counts of Gaussian variables. Using Eq. (6),
the same construction can be expressed in terms of the in-
duced distribution g(q),

B(E ) =
∫ ∞

1
g(q)[1 + (q − 1)β0E ]−1/(q−1)dq. (9)

Since

n = 2

q − 1
, (10)

the distributions h(n) and g(q) are related by

g(q) = h

(
2

q − 1

)
2

(q − 1)2
. (11)

The end points n = 0 and q = ∞ in Eqs. (8) and (9) are un-
derstood as improper integration limits, rather than admissible
parameter values. While the Gamma distribution in Eq. (2) is
defined for any n > 0, additional restrictions arise when the
effective Boltzmann factor is used to construct a normalized
probability density. For the one-dimensional velocity distri-
bution considered in Sec. III, normalization requires n > 1
(q < 3), while finite second and fourth moments require n > 3
(q < 5/3) and n > 5 (q < 7/5), respectively.

Equation (9) introduces a second statistical level beyond
ordinary superstatistics. At the first level, the inverse tempera-
ture fluctuates according to fn(β ) for a fixed value of n. At the
second level, the parameter controlling these fluctuations is
itself distributed according to h(n), or equivalently g(q). We
refer to this two-level construction as nested superstatistics.
The hyperensemble interpretation makes the additional level
particularly transparent. At fixed n, superstatistics defines a

hyperensemble of canonical ensembles with fluctuating in-
verse temperature. Allowing n to vary therefore produces an
ensemble of hyperensembles.

At the level of the final effective factor alone, Eq. (9)
may be rewritten as an ordinary one-level superstatistics
with an effective inverse-temperature distribution feff (β ) =∫

h(n) fn(β ) dn. The distinction is therefore not that nested
superstatistics produces a marginal distribution of β that could
not be cast in this form. Rather, it resolves the effective dis-
tribution into a conditional hierarchy: β fluctuates at fixed n,
while n (or equivalently q) fluctuates on a slower level. This
gives a physical meaning to g(q) and makes the hierarchy
dynamically testable.

For later use, we denote the mean and variance of the
induced q distribution by

q0 = 〈q〉, σ 2
q = 〈q2〉 − 〈q〉2 (12)

and introduce the dimensionless parameter

α = 〈q2〉
〈q〉2

= 1 + σ 2
q

q2
0

. (13)

The conventional superstatistical result is recovered when

g(q) = δ(q − q0), (14)

for which α = 1. When g(q) has a finite width, α > 1, and
the resulting effective factor is no longer described by a
single q exponential. Instead, it arises from a superposition
of q-exponential factors with different indices. The observed
statistics therefore reflect a hierarchy of fluctuations: first,
fluctuations of the inverse temperature at fixed n, and second,
fluctuations of the effective number of degrees of freedom
itself.

At fixed q, the q-exponential form (7) can also arise from
the maximization of Tsallis entropy under appropriate con-
straints [25], with the temperature parameter held fixed in
the corresponding variational construction. Equation (9) may
therefore be viewed, at the level of distribution functions,
as a superposition of such factors with different indices,
without implying that the resulting mixture itself maximizes
Tsallis entropy. In the present work, in contrast, the same
q-exponential factors emerge from fluctuations of the local in-
verse temperature β, while q varies on a still slower timescale,
providing the specific dynamical basis of nested superstatis-
tics.

Note also that we adopt the type-A formulation of su-
perstatistics, in which the unnormalized Boltzmann factor
is averaged over β before the resulting effective weight is
normalized. This prescription is convenient here because, for
the χ2 distribution, it directly yields the standard Tsallis q-
exponential form. The relation with the alternative type-B
formulation, where the local Boltzmann factor is normalized
before averaging, is briefly discussed in Appendix A.

Finally, the statistical constructions above rely on a hierar-
chy of timescales. In ordinary superstatistics, the microscopic
variables must relax toward local equilibrium on a timescale
τrel much shorter than the characteristic time τβ over which the
inverse temperature changes appreciably. The inverse temper-
ature can then be regarded as approximately constant during
each local relaxation process, which justifies Eq. (1). Nested
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superstatistics requires a third, still slower timescale: The
effective number of degrees of freedom n, or equivalently
q, must vary on a timescale τn much longer than τβ . The
complete hierarchy is therefore

τrel � τβ � τn. (15)

The dynamical validity of this hierarchy, as well as the devia-
tions that arise when it is not satisfied, is examined in the next
section.

III. DYNAMICAL EMERGENCE
OF NESTED SUPERSTATISTICS

The nested construction introduced in the previous sec-
tion involves not only a hierarchy of statistical averages, but
also an underlying hierarchy of timescales. To examine this
dynamical requirement explicitly, we perform a controlled
numerical experiment based on a minimal one-dimensional
Langevin model. The purpose is to determine whether the
nested-superstatistical prediction (8) is recovered when the
environmental variables evolve sufficiently slowly, and how
the resulting statistics are modified when the separation of
timescales is reduced.

The observed variable is a velocity v(t ) governed by

dv = −γ v dt +
√

2γ

mβ(t )
dWt , (16)

where γ is the relaxation rate, m is the particle mass, and dWt

denotes a Wiener increment. For a fixed value of β, Eq. (16)
reduces to an Ornstein-Uhlenbeck process and relaxes toward
the corresponding local Maxwellian distribution on the char-
acteristic timescale

τv = γ −1. (17)

The environmental variables are updated according to a
two-level protocol. The inverse temperature β(t ) is kept con-
stant over intervals of duration τβ , while the parameter n is
kept fixed over a longer interval τn. The sampling protocol
is chosen so that, in the adiabatic limit, the stationary velocity
distribution reproduces the type-A nested-superstatistical con-
struction introduced in Sec. II. The technical relation between
this sampling protocol and the type-A weights is given in
Appendix A.

In the numerical simulations, the prescribed weight h(n) is
chosen to be log-normal and may be generated as

n = n0 exp(η), (18)

where η is a Gaussian random variable with mean −σ 2
η /2

and variance σ 2
η . This choice guarantees positivity and gives

〈n〉h = n0, while ση controls the amplitude of the fluctuations.
Through the relation q = 1 + 2/n, the same prescription
induces fluctuations of the parameter q. The log-normal
distribution provides a convenient continuous realization of
positive fluctuations in n, but is not a requirement of the nested
construction. Other admissible choices are possible, including
a rescaled beta distribution for g(q), whose bounded support
allows the range of q to be restricted directly to physically
admissible values. The log-normal parent distribution is trun-
cated to n > 5.05, slightly above the threshold n > 5 required

for a finite fourth moment of the one-dimensional velocity
distribution.

For the numerical analysis, we introduce the dimensionless
velocity

u = v

v0
, v0 =

√
2

mβ0
. (19)

In the adiabatic regime,

τv � τβ � τn, (20)

each quantity has sufficient time to relax locally. The sta-
tionary velocity statistics are then expected to approach the
(normalized) nested-superstatistical reference (8).

We test this expectation through two numerical experi-
ments based on the same Langevin equation and the same
environmental sampling protocol, but with different sepa-
rations between the characteristic timescales. In the slow
dynamics, the hierarchy in Eq. (20) is well satisfied, so that
the velocity can relax before the environmental parameters
are updated. In the fast dynamics, the environmental variables
change before this local relaxation is completed. Since the
distributions are identical in both simulations, the comparison
isolates the effect of the timescale separation.

The comparison is performed through the survival proba-
bility

S(U ) = Prob(|u| > U ), (21)

which is particularly sensitive to differences in the tails of the
velocity distribution.

Figure 1(a) shows that, in the slow regime, the numeri-
cal dynamics reproduces the adiabatic nested-superstatistical
reference (8) with high accuracy, whereas reducing the
separation of timescales leads to visible deviations. These
differences are quantified in Fig. 1(b) through the ratios of
the simulated survival probabilities to the reference curve.
The ratio associated with the slow dynamics remains close to
unity, while that of the fast dynamics departs systematically
from it, confirming that the nested-superstatistical prediction
is recovered only in the adiabatic regime.

These results show that the nested-superstatistical limit
emerges only when the three dynamical levels remain suffi-
ciently well separated. In that regime, the velocity equilibrates
locally before β changes, while the statistics of β are sam-
pled before n evolves. Once this ordering is weakened, the
stationary distribution no longer coincides with the adiabatic
reference.

The departure from the adiabatic limit can be quantified
perturbatively in the ratios τv/τβ and τv/τn. The leading finite-
time-scale corrections are derived in Appendix B, where they
are shown to reduce the excess kurtosis relative to its adiabatic
value, consistently with the suppression of the tails observed
in the fast dynamics.

IV. UNIVERSAL REGIME OF WEAK q FLUCTUATIONS

As in ordinary superstatistics, where the distribution f (β )
determines the departure from Boltzmann statistics, the dis-
tribution g(q) controls how the nested construction departs
from the q-exponential distribution (7). When g(q) is sharply
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FIG. 1. Dynamical test of nested superstatistics through a controlled Langevin experiment. (a) Survival probability S(U ) = Prob(|u| > U ),
with u = v/v0, for the adiabatic nested-superstatistical reference and for slow and fast environmental dynamics. The slow dynamics closely
follows the reference, whereas the fast dynamics shows clear deviations. (b) Corresponding ratios to the adiabatic reference. The slow dynamics
remains close to unity, while the fast dynamics departs systematically from it. The ratios are shown only where the survival probabilities remain
statistically resolved.

peaked around its mean value q0 = 〈q〉, however, the leading
correction becomes universal, depending only on the mean
and variance of q rather than on the detailed form of g(q).
It is therefore useful to examine this weak-fluctuation regime
before turning to specific models for g(q).

Expanding the q-exponential factor in Eq. (9) around
q = q0 gives

Bq(E ) = Bq0 (E ) + (q − q0)

× ∂Bq(E )

∂q

∣∣∣∣
q0

+ (q − q0)2

2

∂2Bq(E )

∂q2

∣∣∣∣
q0

+ · · · .

(22)

Since 〈q − q0〉 = 0, the linear contribution vanishes after
averaging. To leading nontrivial order, one therefore obtains

B(E ) � Bq0 (E ) + σ 2
q

2

∂2Bq(E )

∂q2

∣∣∣∣
q0

, (23)

where σ 2
q = q2

0(α − 1). Equation (23) is universal in the sense
that, at this order, the correction depends on g(q) only through
its mean and variance. The skewness and higher moments of
g(q) enter only at higher orders.

Introducing the dimensionless quantities

x = β0E , s0 = q0 − 1 (24)

and evaluating the second derivative of the q exponential in
Eq. (7), the weak-fluctuation correction can be written in the
form

B(E ) � Bq0 (E )
[
1 + q2

0(α − 1)F (x, q0)
]
, (25)

where

F (x, q0) = 1
2

[
D2

1 (x, s0) + D2(x, s0)
]
, (26)

with

D1(x, s) = ln(1 + sx)

s2
− x

s(1 + sx)
(27)

and

D2(x, s) = −2 ln(1 + sx)

s3
+ 2x

s2(1 + sx)
+ x2

s(1 + sx)2
. (28)

Note that, although Eqs. (27) and (28) contain inverse powers
of s, their apparent singularities at s = 0 are removable. Their
limiting values are D1(x, 0) = x2/2 and D2(x, 0) = −2x3/3.

If, in addition, the mean value q0 is close to the Boltzmann
limit q0 ≈ 1, the correction function simplifies to

F (x, q0) = x4

8
− x3

3
+ O(q0 − 1). (29)

In this regime, Eq. (25) reduces to the compact expression

B(E ) � Bq0 (E )

[
1 + q2

0(α − 1)

(
(β0E )4

8
− (β0E )3

3

)]
.

(30)

The behavior of the universal correction is illustrated in
Fig. 2, where F (x, q0) is shown for several values of q0

and compared with its near-Boltzmann approximation. As q0

approaches unity, the exact result converges to the polynomial
form in Eq. (29). Since the correction in Eq. (25) is propor-
tional to F (x, q0), its sign determines whether fluctuations of
q produce a relative suppression or enhancement with respect
to the fixed-q0 factor. In the near-Boltzmann limit, the sign
change occurs at x = 8/3, whereas for finite q0 the zero is
progressively shifted toward higher energies.

The expansion is valid provided that

q2
0(α − 1)|F (β0E , q0)| � 1, (31)

over the energy range considered. Beyond this perturbative
regime, the detailed structure of g(q) becomes important. In
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FIG. 2. Universal weak-fluctuation correction function F (x, q0 ),
defined in Eq. (26), as a function of x = β0E for several values of
q0 ≡ 〈q〉. The long-dashed gray curve shows the near-Boltzmann
approximation F (x, q0) � x4/8 − x3/3, while the finely dashed ver-
tical line marks its zero at x = 8/3. As q0 → 1, the exact correction
approaches the near-Boltzmann result.

the following sections, we therefore turn to two complemen-
tary questions: first, how a simple nonperturbative choice of
g(q) can improve the description of observational data, and
second, how such a distribution may be reconstructed from a
time series.

V. BIMODAL FLUCTUATIONS OF q

In the weak-fluctuation regime, fluctuations of q induce the
universal correction derived in the previous section. Beyond
this regime, however, the resulting distributions depend ex-
plicitly on the detailed form of g(q) and may exhibit features
that cannot be captured by an ordinary superstatistical model
with a fixed value of q. For suitable choices of g(q), the
nested construction can thus provide an improved descrip-
tion of observational or experimental data for which standard
superstatistics is insufficient.

A simple yet physically meaningful realization is obtained
when q fluctuates between two preferred values. The corre-
sponding distribution is

g(q) = w δ(q − q1) + (1 − w) δ(q − q2), (32)

with

0 � w � 1, 1 < q1 < q2. (33)

The two delta peaks here need not represent strictly discrete
microscopic states. They may instead be viewed as a coarse-
grained representation of a bimodal distribution concentrated
around two characteristic values of q. In this case, the nested
construction (9) gives

B(E ) = w[1 + (q1 − 1)β0E ]−1/(q1−1)

+ (1 − w)[1 + (q2 − 1)β0E ]−1/(q2−1). (34)

The effective Boltzmann factor is therefore a weighted su-
perposition of two q-exponential factors with different tail
indices.

This is probably the simplest model of g(q). It may also
be viewed as the first step toward more general distributions,
since an arbitrary g(q) can be approximated, at least formally,
by a weighted sum of narrow peaks or Dirac delta func-
tions. Physically speaking, this construction may describe a
system containing two coexisting statistical populations or a
system alternating between two long-lived dynamical regimes
characterized by different intensities of inverse-temperature
fluctuations. In that interpretation, w is the occupation prob-
ability of the first regime at the level of the fluctuating
parameter q. In what follows, we illustrate the usefulness of
this bimodal construction in two different settings: solar-wind
electron distributions and the cosmic-ray electron spectrum.

A. Solar-wind electron distributions

A particularly relevant limit of Eq. (34) is obtained by
taking q1 → 1 and denoting q2 ≡ q > 1, such that

B(E ) = w exp(−β0E ) + (1 − w)[1 + (q − 1)β0E ]−
1

q−1 .

(35)

In this case, the first contribution is Maxwellian, whereas
the second decays algebraically. For sufficiently large w,
the Maxwellian contribution controls the central part of the
distribution, while the q-exponential component eventually
dominates the high-energy tail. Such a structure can arise
when a comparatively thermalized bulk population coexists
with a dilute suprathermal component maintained by intermit-
tent energization processes.

This situation is common in space plasmas, whose velocity
distributions often display a quasi-Maxwellian core together
with a pronounced suprathermal tail [46–49]. A standard
single-q distribution generally cannot adjust these two re-
gions independently, because the same value of q controls
both the deformation of the core and the asymptotic decay.
The bimodal nested model provides the additional flexibility
required to describe the two regions simultaneously.

To illustrate this point, we apply Eq. (35) to an electron
velocity-distribution measurement obtained by the Ulysses
spacecraft in the slow solar wind. The observation was made
on 15 January 2002, at 03:33:42 UT. The observational
data were digitized from Fig. 1 of Lazar et al. [50], which
was constructed from Ulysses/SWOOPS electron pitch-angle
measurements available through the ESA Ulysses archive
[51]. The one-dimensional velocity distribution used in the
fit is constructed from the effective Boltzmann factor (35) by
setting E = mv2/2,

f (v) = 1

Zv

B

(
1

2
mv2

)
, (36)

where m is the electron mass and Zv ensures normalization
with respect to the measured velocity variable.

The results are shown in Fig. 3. The fit is performed in
logarithmic space because the data span several orders of
magnitude. The best bimodal fit is obtained for w = 0.97
and q = 1.31, whereas the best single-q description
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FIG. 3. Base-10 logarithm of the electron velocity-distribution
function measured by Ulysses spacecraft in the slow solar wind on
day 15 of 2002 at 03:33:42 UT. The observational data are shown by
circles. The solid line is the bimodal fit obtained from Eq. (35), with
q = 1.31 and w = 0.97. The long-dashed line shows the best single-
q fit, with q = 1.16, which cannot reproduce simultaneously the
Maxwellian core and the suprathermal tail. The finely dashed gray
line represents the Maxwellian component of the bimodal model.
For all three curves, the width parameter is fixed by the core and
corresponds to β−1

0 � 3.35 eV.

corresponds to q = 1.16. One may see that the bimodal
model reproduces both the quasi-Maxwellian core and the
suprathermal tail, while the single-q distribution cannot fit
the two regions simultaneously. Quantitatively, the bimodal
model reduces the residual sum of squares by a factor of
approximately 28.5. The improvement remains strongly
favored after accounting for the additional fitting parameter.
Defining


AIC = AICsingle-q − AICbimodal,


BIC = BICsingle-q − BICbimodal, (37)

we obtain 
AIC � 165.4 and 
BIC � 163.5, so that both
criteria strongly favor the bimodal model.

B. Cosmic-ray electron spectrum

A second application of the bimodal construction arises
in cosmic-ray physics. Cosmic rays are energetic charged
particles propagating through interstellar space. They consist
predominantly of atomic nuclei, but also contain elec-
trons, positrons, and other subatomic particles. Their dif-
ferential fluxes carry information about the astrophysical
mechanisms governing their production, acceleration, and
propagation.

More specifically, we consider the cosmic-ray electron
flux measured by the Alpha Magnetic Spectrometer (AMS-
02), a magnetic particle detector operating aboard the
International Space Station. The measurement is based on
28.1 × 106 electron events collected between May 2011 and
November 2017 and covers the energy range from 0.5 GeV
to 1.4 TeV [52]. The numerical values used below are

taken from the corresponding tabulation in the Cosmic-Ray
DataBase [53].

Cosmic-ray spectra are commonly expressed in terms of
the particle rigidity,

R = pc

|Z|e , (38)

where p is the momentum and Ze is the particle charge. For
ultrarelativistic electrons, |Z| = 1 and pc � E , so that the
numerical values of R in GV and E in GeV are approximately
equal. The differential electron flux is defined as

�e− (R) = dN

dA dt d� dR
(39)

and gives the number of electrons detected per unit area,
time, solid angle, and rigidity interval. AMS-02 found that the
electron spectrum departs significantly from its lower-energy
trend above approximately 42 GeV, indicating a progressive
spectral hardening [52]. Such a gradual change of slope can
naturally emerge from a superposition of components charac-
terized by different values of q.

In the ultrarelativistic regime, the three-dimensional phase-
space factor contributes a term proportional to R2. The nested
model therefore gives

�e− (R) = AR2
∫

g(q)[1 + (q − 1)β0R]−
1

q−1 dq, (40)

where A is an overall normalization.
Before considering the bimodal case, it is useful to examine

the full fixed-q model,

�
(q)
e− (R) = AR2[1 + (q − 1)β0R]−

1
q−1 . (41)

Its local spectral index is

γeff (R) = −d ln �
(q)
e−

d ln R
= β0R

1 + (q − 1)β0R
− 2. (42)

Moreover,

dγeff

d ln R
= β0R

[1 + (q − 1)β0R]2 > 0. (43)

A single fixed-q distribution therefore predicts a gradual
steepening of the spectrum, rather than the hardening ob-
served by AMS-02. At sufficiently large rigidity,

(q − 1)β0R � 1, (44)

Equation (41) approaches a single power law,

�
(q)
e− (R) ∼ ÃR−γ (q), γ (q) = 1

q − 1
− 2, (45)

where the dependence on β0 is absorbed into the normaliza-
tion Ã. A direct fit of the full fixed-q expression (41) drives β0

toward values for which the asymptotic condition is satisfied
over the entire fitted range. In this limit, β0 becomes uniden-
tifiable and the fitted curve is numerically indistinguishable
from the pure power law (45). For this reason, the fixed-q
reference used below is represented by its best-fit asymptotic
form.
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FIG. 4. AMS-02 cosmic-ray electron flux above R = 10 GV. Panel (a) shows R3�e− as a function of rigidity. The observational data
are represented by circles, with statistical and systematic uncertainties added in quadrature. The dashed line is the best asymptotic fixed-q
reference, corresponding to q = 1.1912. The solid line is the bimodal nested model (46), with q1 = 1.1406, q2 = 1.1920, w = 0.8839, and
β0 = 2.397 GV−1. The dotted line shows the best smoothly broken power-law (47) fit. Panel (b) displays the corresponding data-to-model
ratios. The fixed-q reference exhibits systematic deviations associated with the spectral hardening, whereas the bimodal model reproduces the
data over the full fitted rigidity range.

For the bimodal distribution (32), the electron flux (40)
becomes

�e− (R) = AR2
{
w[1 + (q1 − 1)β0R]−

1
q1−1

+ (1 − w)[1 + (q2 − 1)β0R]−
1

q2−1

}
. (46)

Two-component q-generalized descriptions of cosmic-ray
electron and positron spectra have been considered previously
in related contexts, in particular, through combinations of
escort and nonescort distributions [54]. In the present case,
however, the two components have a different origin: They
arise from a bimodal distribution g(q) of the superstatistical
parameter itself.

We fit the AMS-02 data above R = 10 GV, excluding
the low-rigidity region where solar-modulation effects are
strongest. Statistical and systematic uncertainties are added
in quadrature. In addition to the asymptotic fixed-q reference
model (45), we also consider a smoothly broken power law, a
widely used phenomenological parametrization in cosmic-ray
studies to describe spectral hardenings or smooth transitions
between different rigidity regimes [55,56],

�SBPL(R) = C

(
R

R0

)−γ1
[

1 + (R/Rb)1/s

1 + (R0/Rb)1/s

]−s(γ2−γ1 )

, (47)

where Rb is the break rigidity and s controls the smoothness
of the transition.

The results are displayed in Fig. 4. In panel (a), we plot
R3�e− rather than the flux itself. Multiplication by R3 re-
moves most of the steep overall decrease and makes the
spectral curvature more visible. The fixed-q model displays
a clear systematic departure from the data, whereas the bi-
modal model follows the observed hardening over the full
fitted range. Panel (b) shows the corresponding data-to-model
ratios. The residuals of the fixed-q reference exhibit a coherent

rigidity dependence, while those of the bimodal model fluctu-
ate around unity without an obvious systematic trend.

The best asymptotic fixed-q reference gives

q = 1.1912, χ2 = 85.80, (48)

for 49 degrees of freedom. In contrast, the bimodal model
gives

q1 = 1.1406, q2 = 1.1920,

w = 0.8839, β0 = 2.397 GV−1, (49)

with

χ2 = 13.66 (50)

for 46 degrees of freedom. The improvement is therefore


χ2 = χ2
fixed-q − χ2

bimodal = 72.14. (51)

After accounting for the additional parameters, the in-
formation criteria remain strongly in favor of the bimodal
construction,


AIC = 66.14, 
BIC = 60.34. (52)

A parametric-bootstrap analysis confirms that the two
components are well separated, with nonoverlapping
95% confidence intervals q1 ∈ [1.1318, 1.1528] and
q2 ∈ [1.1900, 1.1940].

Beyond the goodness of fit, the physical origin of the hard-
ening is particularly transparent within this construction. The
component associated with the smaller value q1 has a steeper
asymptotic decay and dominates at low rigidities, whereas the
heavier-tailed q2 component progressively takes over at higher
rigidities despite its smaller weight. This crossover produces
a smooth hardening without the need for an explicit spectral
break. The AMS-02 spectrum therefore provides a concrete
example in which fluctuations of q generate a progressive
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hardening that cannot be reproduced by the intrinsic curvature
of a single fixed-q distribution.

For comparison, the five-parameter phenomenological
smoothly broken power law (47) gives

χ2
SBPL = 20.92, (53)

for 46 degrees of freedom, with a break rigidity close to Rb =
51 GV. Thus, for the same number of adjustable parameters,
the bimodal nested model provides a better fit, while retaining
a direct interpretation in terms of fluctuations of q.

VI. RECONSTRUCTING THE DISTRIBUTION
OF q FROM TIME SERIES

The previous section considered the simplest nontriv-
ial approximation to a fluctuating superstatistical parameter,
namely, a bimodal distribution g(q). More generally, a broad
class of distributions can be represented, at least in a coarse-
grained sense, by a weighted sum of narrow components,

g(q) �
N∑

j=1

w j δ(q − q j ),
N∑

j=1

w j = 1. (54)

The bimodal case (33) corresponds to the first nontrivial
member of this family. For sufficiently large N , such a dis-
crete representation provides a systematic approximation to a
continuous distribution g(q). This raises the natural question
of how the weights and characteristic values of q, or more
generally the full distribution g(q), can be inferred from data
rather than postulated.

In an experimental setting, neither the slowly varying in-
verse temperature nor the fluctuations of q are generally
accessible directly. It is therefore important to determine
whether the hierarchical structure underlying nested super-
statistics can be inferred from a measured time series of the
fast variable alone.

For ordinary superstatistics, a systematic procedure for
extracting the slowly varying intensive parameter from a time
series was introduced in Ref. [31]. In general terms, the idea
is to identify time windows over which the fast variable has
relaxed to a local equilibrium statistics characterized by an
approximately constant inverse temperature β. For a velocity-
like variable, as in the Langevin model, this local equilibrium
distribution is Gaussian, and β can be estimated from the local
variance. The resulting sequence of local estimates then pro-
vides an effective time series β(t ), from which the distribution
and correlation time of the β process can be reconstructed.
Here, we extend this procedure by adding a second level
of inference: Once the intermediate process β(t ) has been
reconstructed, its local statistics are used to identify the still
slower process q(t ) and its distribution g(q).

A. Reconstruction of the intermediate process

We first describe the reconstruction of the intermediate
inverse-temperature process from a velocitylike time series.
Let u(t ) denote the measured fast variable. For any time-
dependent quantity X (t ) constructed from this signal, we

define the local average over a window of duration 
 by

〈X 〉t,
 = 1




∫ t+


t
X (t ′) dt ′. (55)

The local mean and central moments of u(t ) in the same
window are

μt,
 = 〈u〉t,
, Mk (t,
) = 〈(u − μt,
)k〉t,
. (56)

The average local flatness is then

Ku(
) =
〈

M4(t,
)

[M2(t,
)]2

〉
t

, (57)

where the outer average is taken over the positions of the time
window. Following the ordinary superstatistical analysis [31],
the intermediate scale Tβ is determined from the condition

Ku(Tβ ) = 3. (58)

This condition identifies a scale at which the local distribu-
tion of u is approximately Gaussian, while its variance still
changes appreciably between different windows. A necessary
consistency condition is

τu � Tβ, (59)

where τu is the relaxation time extracted, for example, from
the autocorrelation function of u(t ).

For the dimensionless velocity defined in Eq. (19), the local
stationary distribution at fixed β has zero mean and variance

Varβ (u) = 〈u2〉β − 〈u〉2
β = 〈u2〉β = β0

2β
. (60)

Assuming that β is approximately constant over a window
of duration Tβ , the theoretical variance in Eq. (60) can be
identified with the empirical local variance of the signal. The
inverse-temperature process can therefore be estimated as

β̂(t ) = β0

2
[〈u2〉t,Tβ

− 〈u〉2
t,Tβ

] . (61)

Only the relative fluctuations of β̂(t ) are needed to infer q,
since q is determined from moment ratios such as 〈β2〉/〈β〉2.
These ratios are invariant under a constant rescaling of β, so
that the absolute calibration of β0 does not affect the recon-
struction of q.

B. Second-level inference

Once the intermediate process β̂(t ) has been reconstructed,
it can be analyzed as the fluctuating variable of the second
statistical level. The idea is to divide the β̂ time series into
longer windows, within which the value of q is approximately
constant while the fluctuations of β̂ are sufficiently well sam-
pled. Denoting the duration of these outer windows by 
q, the
required hierarchy is

Tβ � 
q � τq, (62)

where τq is the characteristic timescale of the slowest process.
Let the �th outer window be centered at time t�. Within this

window, we compute the local moment ratio

R� = 〈β̂2〉t�,
q

〈β̂〉2
t�,
q

. (63)
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For a χ2 distribution sampled directly, this ratio would
itself provide the local estimate of q := 〈β2〉/〈β〉2.

Within each outer window, the local fluctuations of β̂ are
then used to estimate a local value of the superstatistical
parameter q̂�. Operationally, this can be done either from local
moment ratios or from a local maximum-likelihood fit of
the conditional β̂ statistics. Because the Langevin dynamics
samples locally normalized Maxwellian states, the relation
between these local statistics and the type-A parameter q is
slightly different from the standard χ2 moment relation. The
explicit estimators and the consistency relations used in the
reconstruction are given in Appendix C.

The choice of 
q is part of the reconstruction. If 
q is too
short, the local fluctuations of β̂ are poorly sampled and the
estimates q̂� are noisy. If 
q is too long, different values of
q are mixed within the same window and the reconstructed
distribution is artificially smoothed. The appropriate range
of 
q is therefore the range over which the conditional β̂

statistics remain compatible with the local χ2 form and the
estimates of q̂� are stable. Once the sequence q̂� has been
obtained, its autocorrelation function provides an independent
estimate of the slow timescale τq.

C. Empirical reconstruction of g(q)

The sequence of reconstructed values q̂� provides an em-
pirical sampling of the slow superstatistical fluctuations. It can
therefore be used to construct a nonparametric approximation
of the distribution g(q). In its most general weighted form, this
empirical measure is written as

ĝM (q) =
M∑

�=1

w� δ(q − q̂�),
M∑

�=1

w� = 1. (64)

For uniformly sampled values, one has w� = 1/M, while more
general weights can be used to account for the sampling pro-
cedure. The explicit expressions used in the reconstruction are
given in Appendix C.

The corresponding effective factor reconstructed from the
time series is then

B̂M (E ) =
M∑

�=1

w�[1 + (q̂� − 1)β0E ]−
1

q̂�−1 . (65)

Thus, a finite superposition of q exponentials arises natu-
rally as the empirical representation of an otherwise unknown
distribution g(q). The bimodal model considered in Sec. V
corresponds to the minimal nontrivial case in which the empir-
ical measure is concentrated around two well-separated values
of q. A continuous distribution is recovered in the weak limit
as the number of resolved values increases.

D. Numerical reconstruction test

We now test the reconstruction procedure on the hierar-
chical Langevin dynamics introduced in Sec. III. In contrast
with the direct comparison performed there, the environmen-
tal variables are not used in the analysis. Only the simulated
trajectory of the fast variable u(t ) is retained, and the
processes β(t ) and q(t ) are treated as hidden variables.

The slowest fluctuations are chosen so as to generate a
smooth distribution of the superstatistical parameter q. In the
present example, this distribution is obtained from a log-
normal modulation of the slow variable controlling q, as
specified in Appendix C. This choice provides a continuous
target distribution rather than a finite number of prescribed
states, and therefore tests whether a broad distribution g(q)
can be recovered from the temporal organization of the fast
signal alone.

The analysis proceeds in three steps. First, the relaxation
time of u is estimated from its autocorrelation function, and
the intermediate scale Tβ is determined from the local-flatness
condition (58). Second, the intermediate process β̂(t ) is recon-
structed from the local variance of u(t ) using Eq. (61). Third,
the reconstructed β̂(t ) signal is divided into outer windows,
from which the local values q̂� are inferred. These values
define the empirical measure ĝM (q) and the corresponding

reconstructed effective factor B̂M (E ).
The result is shown in Fig. 5. Panel (a) shows how the

average local flatness Ku(
) changes with the window dura-
tion. The intermediate scale Tβ is not imposed externally; it is
selected operationally as the value of 
 for which Ku(
) = 3.
This is the scale at which the local statistics of the fast variable
become approximately Gaussian.

Panel (b) provides a consistency check on the temporal
hierarchy. The autocorrelations of u and of the reconstructed
β̂ decay on scales much shorter than the slow decay of q̂.
Together with the selection of Tβ in panel (a), this supports
the ordering

τu � Tβ � τq. (66)

This separation is essential for the reconstruction: Tβ must
be long enough for the fast variable to be locally Gaussian,
while the outer windows used to infer q̂� must remain short
compared with the evolution time of the slowest process.

Panel (c) compares the reconstructed empirical distribu-
tion ĝM (q) with the prescribed distribution g(q). Although
the reconstruction is necessarily coarse grained by the finite
number of outer windows, it recovers both the location and
the width of the underlying distribution. This shows that
the slow fluctuations of the superstatistical parameter can be
inferred without direct access to the hidden environmental
variables.

Finally, panel (d) tests the reconstructed distribution at the

level of the effective statistical factor. The ratio B̂M (x)/Btrue(x)
shows that the empirical reconstruction captures the main
effect of the fluctuating superstatistical parameter, but also
that finite-window and finite-sample errors are amplified at
large x. This sensitivity is expected, since the large-x behavior
depends strongly on the tail of the reconstructed distribution
g(q). Nevertheless, the reconstructed factor remains sub-
stantially closer to the exact nested result than the fixed-q
approximation evaluated at the reconstructed mean value q̂0.
This shows that retaining the distribution of q contains infor-
mation that is lost when the nested fluctuations are reduced to
a single effective value.

This numerical experiment gives an operational mean-
ing to the finite-mixture representation introduced above.
The discrete measure in Eq. (64) should not be interpreted
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FIG. 5. Reconstruction of nested superstatistics from a single simulated time series. The environmental variables β(t ) and q(t ) are hidden
during the analysis, and only the fast trajectory u(t ) is used. (a) Average local flatness Ku(
) as a function of the window duration 
. The
horizontal dashed line marks the Gaussian value Ku = 3, and the vertical dotted line marks the value 
 = Tβ selected by this criterion.
(b) Normalized autocorrelation functions of the observed variable u and of the reconstructed processes β̂ and q̂, plotted as functions of the
time lag. The much slower decay of q̂ compared with u and β̂ displays the separation between the slowest level and the faster reconstructed
variables. (c) Comparison between the prescribed distribution g(q) and the empirical distribution ĝM (q) reconstructed from the time series.

(d) Ratios of the reconstructed effective factor B̂M (x) and of the fixed-q approximation Bq̂0 (x) to the exact nested factor, with x = β0E and
q̂0 =∑� w�q̂�.

as requiring genuinely discrete physical states. Rather, it is
the finite-resolution empirical representation of a continuous
distribution of slow superstatistical fluctuations.

VII. CONCLUSION

In this paper, we have introduced a nested extension of
superstatistics in which the parameter controlling the strength
of the fluctuations is itself allowed to fluctuate. We focused
on the physically important case of a χ2-distributed inverse
temperature, for which ordinary superstatistics leads to the
family of Tsallis, or q-exponential, distributions [20,21,31].
These distributions appear in a wide range of nonequilibrium
systems [26–30]. In the χ2 superstatistical setting, the param-
eter q has a direct interpretation as a measure of the intensity
of the inverse-temperature fluctuations [31]. The central idea

developed here is that this intensity need not be fixed. In
heterogeneous nonequilibrium systems, different regions or
time intervals may be characterized by different fluctuation
strengths, correlation structures, or effective numbers of active
microscopic contributions. This naturally leads to a three-level
hierarchy: a fast microscopic variable, a more slowly fluctuat-
ing inverse temperature β, and a still slower fluctuation of the
superstatistical parameter q, or equivalently of the effective
number of degrees of freedom.

We have shown explicitly that this nested-superstatistical
construction can emerge dynamically in a Langevin model,
provided that the three relevant timescales are sufficiently
well separated. In the weak-fluctuation regime, the effect
of the fluctuating parameter reduces to a universal cor-
rection governed only by the mean and variance of q.
Beyond this perturbative regime, simple nontrivial choices of

043119-11



KAMEL OURABAH PHYSICAL REVIEW RESEARCH 8, 043119 (2026)

g(q) can generate observable features that are absent from
fixed-q superstatistics. This was illustrated with two exam-
ples: the electron velocity distribution in the solar wind, where
a bimodal distribution of q accounts simultaneously for the
quasi-Maxwellian core and the suprathermal tail, and the
cosmic-ray electron spectrum, where it naturally produces a
progressive spectral hardening. Finally, we have provided a
procedure for reconstructing g(q) from a time series of the
fast variable, thereby making the nested construction directly
testable from dynamical data.

The present work also opens several directions, both at
the fundamental level and in applications. At the fundamental
level, a natural direction is to extend the nested construction
to the other universality classes of superstatistics. Indeed,
besides the χ2 class considered here, which is the most promi-
nent because of its direct connection with Tsallis statistics,
two other universality classes have been identified: inverse-
χ2 superstatistics and log-normal superstatistics [31,57]. The
latter is particularly relevant when the fluctuations of β are
not generated by additive microscopic random variables, but
by multiplicative processes, as in turbulence and cascade
dynamics [9,31–33]. It would therefore be interesting to ex-
amine whether the fluctuation parameter associated with these
classes can also develop slow fluctuations, leading to analo-
gous nested constructions.

At the applied level, an important direction is to confront
the nested construction with high-precision data for which
a single Tsallis or q-exponential distribution gives a good
first description but leaves systematic residuals. The aim is
not merely to introduce additional fitting flexibility. Rather,
the question is whether these residuals can be organized in
terms of a distribution g(q), whose width would quantify
slow heterogeneity in the local fluctuation intensity. In this
sense, deviations from a fixed-q description may provide di-
rect evidence for a second level of superstatistical fluctuations.
This possibility should be relevant in systems such as turbu-
lent flows, space and astrophysical plasmas, and high-energy
particle spectra, where approximate q-exponential behavior
is common but a single value of q is often too restrictive
[6,7,9,11–14,54].
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APPENDIX A: TYPE-A VERSUS TYPE-B
SUPERSTATISTICS AND THE LANGEVIN MODEL

This Appendix presents the difference between type-A
and type-B superstatistics and collects the technical details
connecting the type-A nested-superstatistical weights used in
the main text to the normalized distributions sampled by the
Langevin dynamics. It also gives the corresponding adiabatic
reference distribution used in Sec. III.

In the type-A formulation adopted in the main text, the
unnormalized Boltzmann factor is averaged over the inverse-
temperature distribution and the resulting effective weight is
normalized only afterward. Thus, for an energy variable E ,

BA(E ) ∝
∫ ∞

0
f (β ) exp(−βE ) dβ. (A1)

The alternative type-B formulation instead averages locally
normalized canonical distributions,

BB(E ) =
∫ ∞

0
f (β )

exp(−βE )

Z (β )
dβ, (A2)

where Z (β ) is the local partition function. The two prescrip-
tions are related by a reweighting of the inverse-temperature
density: A type-B average with f (β ) is equivalent to a type-A
average with

f̃ (β ) = f (β )/Z (β )∫ ∞

0
f (β ′)/Z (β ′) dβ ′

. (A3)

This point is relevant for the Langevin dynamics used in
Sec. III. For the dimensionless velocity (19), the local station-
ary distribution at fixed β is

p(u | β ) = 1

Zu(β )
exp

(
−βu2

β0

)
, Zu(β ) =

√
πβ0

β
. (A4)

If the Langevin process sampled the type-A density fn(β )
directly, the resulting marginal would contain the additional
factor 1/Zu(β ) and would therefore correspond to a type-B
average. To reproduce the type-A weight dynamically, the
residence distribution of β at fixed n must instead be

ρ(β | n) = Zu(β ) fn(β )

Zn
, (A5)

with

Zn =
∫ ∞

0
Zu(β ) fn(β ) dβ. (A6)

For the χ2 weight (2), this normalization is

Zn =
√

πn

2

�
(

n−1
2

)
�
(

n
2

) , (A7)

and the residence distribution becomes

ρ(β | n) = 1

�
(

n−1
2

)( n

2β0

) n−1
2

β
n−3

2 exp

(
− nβ

2β0

)
, (A8)

which is well defined for n > 1. Thus, the residence distri-
bution is again a χ2 distribution, but with the shape parameter
shifted from n/2 to (n − 1)/2 because of the local Maxwellian
normalization.
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The same reweighting must be applied at the slower level.
If h(n) denotes the prescribed type-A distribution of the effec-
tive number of degrees of freedom, the values of n visited by
the Langevin protocol must be drawn from

ρn(n) = h(n)Zn∫ ∞

0
h(n′)Zn′ dn′

. (A9)

The factor Zn appears because different values of n have
different intermediate normalizations after averaging over the
locally sampled values of β.

The stationary marginal generated by the locally normal-
ized Langevin dynamics is then

pdyn(u) =
∫ ∞

0
ρn(n)

∫ ∞

0
ρ(β | n)p(u | β ) dβ dn. (A10)

Substituting Eqs. (A4)–(A9) gives

pdyn(u) =

∫ ∞

0
h(n)Bn

(
u2/β0

)
dn∫ ∞

0
h(n)Zn dn

. (A11)

This is the normalized type-A nested-superstatistical refer-
ence used in Sec. III.

The distinction between the type-A and type-B prescrip-
tions affects the precise reference distribution, but not the
dynamical conclusion tested in Sec. III. If the Langevin pro-
tocol is implemented directly with the unmodified densities
fn(β ) and h(n), the corresponding adiabatic limit is the type-
B nested distribution. In that case, the same numerical test
shows the same qualitative behavior: The slow dynamics ap-
proaches its appropriate adiabatic reference, whereas the fast
dynamics departs from it. The role of the reweighting used
above is therefore not to create the timescale effect, but only to
ensure that the adiabatic reference coincides with the type-A
construction adopted throughout the main text.

APPENDIX B: FINITE-TIME-SCALE CORRECTIONS
TO THE ADIABATIC LIMIT

The adiabatic reference associated with the hierarchical
Langevin dynamics is recovered when the relaxation of the
velocity is much faster than the evolution of the environmental
variables. Here, we derive the leading corrections produced
by a finite separation of timescales for the piecewise-constant
protocol used in Sec. III. We assume

τv � τβ � τn, (B1)

and, for simplicity, that τn = Nτβ , with N an integer. The
velocity is sampled along the stationary trajectory, and the
corresponding adiabatic reference is derived in Appendix A.

Using the dimensionless velocity (19), the Langevin dy-
namics at fixed β has stationary variance

w(β ) = β0

2β
. (B2)

Over a time interval s during which β remains constant, the
Ornstein-Uhlenbeck propagator gives

u(t + s) = a(s)u(t ) +
√

1 − a2(s) ξβ, a(s) = e−s/τv ,

(B3)
where ξβ is a centered Gaussian variable with variance w(β ).
At fixed n, let

�n(k) =
∫ ∞

0
ρ(β | n) exp

[
−k2

2
w(β )

]
dβ (B4)

denote the characteristic function of the adiabatic velocity
distribution. Averaging over the fluctuations of n gives

�ad(k) =
∫ ∞

0
ρn(n)�n(k) dn. (B5)

After a renewal of β at fixed n, Eq. (B3) yields the transient
characteristic function

�tr
β (k, s | n) = �n(a(s)k)�n(

√
1 − a2(s) k). (B6)

If the renewal also changes n, averaging independently
over the old and new environments gives

�tr
n (k, s) = �ad(a(s)k)�ad(

√
1 − a2(s) k). (B7)

Since each transient lasts for a time of order τv , their lead-
ing contributions can be added independently in the adiabatic
regime. Because τv � τβ , the upper integration limit may be
extended to infinity. The stationary characteristic function is
then

�(k) � �ad(k) +
(

1

τβ

− 1

τn

)
Cβ (k) + 1

τn
Cn(k), (B8)

where

Cβ (k) =
∫ ∞

0
ds

[∫ ∞

0
ρn(n)�tr

β (k, s | n) dn − �ad(k)

]
(B9)

and

Cn(k) =
∫ ∞

0
ds
[
�tr

n (k, s) − �ad(k)
]
. (B10)

Equations (B8)–(B10) show that the two finite-time-scale
corrections are controlled by τv/τβ and τv/τn, respectively.

A simple consequence follows for the low-order moments.
Define

A1(n) = 〈w(β )〉β|n, A2(n) = 〈w2(β )〉β|n, (B11)

where the conditional averages are taken with respect to ρ(β |
n), and angular brackets with subscript ρn denote averaging
over ρn(n). The second moment is unaffected by the renewal
transients and therefore remains

〈u2〉 = 〈A1〉ρn
. (B12)

At fixed n, the transient fourth moment following a renewal
of β is

〈u4〉tr = 3A2 − 6a2(s)[1 − a2(s)](A2 − A2
1). (B13)

Using ∫ ∞

0
a2(s)[1 − a2(s)] ds = τv

4
(B14)
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and combining the contributions from renewals of β and n,
one obtains

〈u4〉 � 3〈A2〉ρn
− 3τv

2τβ

〈
A2 − A2

1

〉
ρn

− 3τv

2τn
Varρn (A1). (B15)

The corresponding excess kurtosis is therefore

κ � κad − 3τv

2〈A1〉2
ρn

[〈
A2 − A2

1

〉
ρn

τβ

+ Varρn (A1)

τn

]
, (B16)

with

κad = 3〈A2〉ρn

〈A1〉2
ρn

− 3. (B17)

Both corrections in Eq. (B16) are nonpositive. A finite
separation of timescales therefore reduces the excess kurtosis
as compared to the adiabatic value, consistently with the sup-
pression of the tails observed for the fast dynamics in Fig. 1.

For the χ2 weight (2), the sampling distribution is the χ2

law given in Eq. (A8). One then finds at fixed n,

A1(n) = n

2(n − 3)
, A2(n) = n2

4(n − 3)(n − 5)
(n > 5).

(B18)

The adiabatic excess kurtosis is then κad = 6/(n − 5), and
Eq. (B16) reduces to

κ � 6

n − 5

(
1 − τv

2τβ

)
. (B19)

The moment formulas require the corresponding moments
to exist. The second-moment result requires ρn(n) to be
supported on n > 3, while the fourth-moment and kurtosis
formulas require support on n > 5. A distribution of n ex-
tending below these thresholds must therefore be suitably
truncated if the corresponding ensemble moments are to re-
main finite. In contrast, the characteristic-function correction
in Eq. (B8) does not rely on the existence of these moments
and remains the more general result.

APPENDIX C: RECONSTRUCTION DETAILS FOR g(q)

This Appendix gives the technical details behind the re-
construction procedure used in Sec. VI. In the main text, the
measured signal u(t ) is first converted into an intermediate
reconstructed process β̂(t ) through Eq. (61). The second level
of the reconstruction then requires three additional ingredi-
ents: the estimator of the local values q̂�, the weights w�

entering the empirical measure (64), and the reference distri-
bution gtrue(q) used in the numerical test.

We first derive the estimator of q̂� from the local statistics
of β̂(t ). At fixed n, the conditional law of β sampled by the
locally normalized Langevin dynamics is given in Eq. (A8).
Using

q = 1 + 2

n
, (C1)

this conditional law can be written in terms of q as

ρ(β | q) = 1

�(ν(q)/2)[(q − 1)β0]ν(q)/2

× βν(q)/2−1 exp

[
− β

(q − 1)β0

]
, (C2)

where

ν(q) = 2

q − 1
− 1 = n − 1. (C3)

Equivalently,

2β

(q − 1)β0
∼ χ2

ν(q). (C4)

Thus, the reconstructed values of β̂ inside one outer window
are expected to follow a scaled χ2 law whose effective number
of degrees of freedom is determined by the local value of q.

The moment-ratio estimator used in Sec. VI follows di-
rectly from this conditional law. Its moments satisfy

〈β p〉q

β
p
0

=
p−1∏
j=0

[
1 +

(
j − 1

2

)
(q − 1)

]
, (C5)

for positive integers p. In particular,

Rq := 〈β2〉q

〈β〉2
q

= 1 + 2

ν(q)
= 1 + 2

n − 1
. (C6)

This is the theoretical counterpart of the empirical ratio R�

defined in Eq. (63). Since Rq is not identical to the parameter
q, Eq. (C6) must be inverted. This gives

q = 3Rq − 1

Rq + 1
. (C7)

Therefore, in the �th outer window, one may estimate

R̂� = 〈β̂2〉t�,
q

〈β̂〉2
t�,
q

(C8)

and then set

q̂� = 3R̂� − 1

R̂� + 1
. (C9)

This is the explicit moment estimator referred to in the
second-level inference step of Sec. VI.

For finite samples, a maximum-likelihood estimate may
be more stable. Treating the scale of the scaled χ2 law as a
nuisance parameter, the estimated effective number of degrees
of freedom ν̂� in the �th outer window satisfies

ln

(
ν̂�

2

)
− ψ

(
ν̂�

2

)
= ln β̂� − ln β̂�, (C10)

where ψ is the digamma function and the averages are evalu-
ated within the same outer window. The corresponding local
estimate of the superstatistical parameter is

q̂� = 1 + 2

ν̂� + 1
. (C11)

Equations (C9) and (C11) provide the two operational
ways of obtaining the sequence q̂� used in the empirical
reconstruction.
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The local χ2 assumption can be checked through moment-
closure relations. If

Mr (t,
) = 〈β̂r〉t,
, R(t,
) = M2(t,
)

M1(t,
)2
, (C12)

then an exact scaled χ2 law at fixed q satisfies

M3

M3
1

= R(2R − 1) (C13)

and
M4

M4
1

= R(2R − 1)(3R − 2). (C14)

These relations provide the consistency checks mentioned
in Sec. VI. Significant deviations indicate either insufficient
statistics inside the outer window or a window duration large
enough to mix different values of q.

We now explain the weights w� appearing in the em-
pirical measure (64). The values q̂� reconstructed from the
time-series sample the temporal distribution generated by the
slow dynamics. The distribution entering the nested statistical
factor is obtained by correcting this temporal sampling with
the normalization factor Zn defined in Appendix A. With

n(q) = 2

q − 1
, (C15)

the empirical distribution is written as

ĝM (q) =
M∑

�=1

w� δ(q − q̂�), (C16)

where

w� = d�/Zn̂�

M∑
j=1

d j/Zn̂ j

, n̂� = 2

q̂� − 1
. (C17)

Here, d� is the duration represented by the �th outer window.
For equally spaced windows of equal duration, the factors

d� cancel. These are the weights used in Eq. (64) and in the
reconstructed effective factor (65).

The moments of the reconstructed distribution are then
estimated from the same weighted empirical measure:

q̂0 =
M∑

�=1

w�q̂�, 〈̂q2〉 =
M∑

�=1

w�q̂2
�, (C18)

and

α̂ =

M∑
�=1

w�q̂2
�(

M∑
�=1

w�q̂�

)2 . (C19)

These quantities cannot be obtained directly from global mo-
ment ratios of the full reconstructed process β̂(t ), because the
conditional mean of β̂ itself depends on the local value of q.

Finally, we give the reference distribution used in the nu-
merical reconstruction test. In that test, the slow modulation
is prescribed through

n = n0 exp(η), η ∼ N
(

−σ 2
η

2
, σ 2

η

)
. (C20)

Using q = 1 + 2/n, the induced distribution of q is

gtrue(q) = 1

Nq

1

(q − 1)ση

√
2π

× exp

⎧⎪⎨⎪⎩−
[
ln
(

2
n0(q−1)

)
+ σ 2

η

2

]2

2σ 2
η

⎫⎪⎬⎪⎭,

(C21)

where Nq is the normalization constant over the domain of q
used in the numerical reconstruction. This is the distribution
denoted gtrue(q) in Fig. 5.
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