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Geometric organization and inference of shortest path nodes in soft random geometric graphs
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The shortest path problem is related to many dynamic processes on networks, ranging from routing in
communication networks to signaling in molecular interaction networks. When the network is fully known,
the shortest path problem can be solved precisely and in polynomial time. If, however, the network of interest
is only partially observable, the shortest path problem is no longer straightforward. Inspired by the shortest
path problem in partially observable networks, we investigate the geometric properties of shortest paths in
Euclidean soft random geometric graphs (SRGGs). We find that shortest paths are aligned along geodesic curves
connecting shortest path end points. The strength of the shortest path alignment, as quantified by the average
distance to geodesic from shortest path nodes and the average path stretch, is higher for larger SRGGs with
short-range connections. In addition, we find that the strength of the shortest path alignment is nonmonotonic
with respect to the average degree of the SRGG. Based on these observations, we establish the conditions under
which the alignment of shortest paths may be sufficiently strong to allow the identification of shortest path nodes
based on their proximity to geodesic curves. We show that in partially observable networks with uncertain node
positions, our geometric approach can outperform network-based shortest path algorithms. In practical settings,
our findings may have applications to navigation, wireless routing, and flow characterization in infrastructure
networks.
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I. INTRODUCTION

In our work, we study the geometric organization and infer-
ence of shortest path nodes in soft random geometric graphs
(SRGGs).

The shortest path P∗
i j from a node i to a node j in a network

G is an ordered sequence of distinct nodes to traverse from
i to j, such that the sum of the link weights along the path
is minimized. The shortest path has been extensively studied
in the literature due to its relevance to a large array of real
problems in routing [1–5], transportation [6–10], spreading
processes [11–15], and search [16,17].

Conventional shortest path-finding algorithms like Dijk-
stra [18,19] and Bellman-Ford [19–22] find shortest paths
precisely and in polynomial time if the network of interest
is fully observable. However, the accuracy of conventional
methods quickly decreases as the number of missing network
links increases [16], due to the extreme sensitivity of shortest
paths: Even a single missing (false negative) or a spurious
(false positive) link may change the path entirely. This is the
case since conventional shortest path algorithms rely on the
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iterative exploration of network topology and are very likely
to fail if some of the links or nodes are not known [16]. Un-
fortunately, large-scale social, technological, and biological
networks are often substantially incomplete: The majority of
links and/or nodes are not known [23–25].

Finding shortest paths in partially observable networks us-
ing network reconstruction methods is very difficult, if not
impossible. The most popular network reconstruction task
is link prediction. Link prediction literature is dominated
by ad hoc methods ranking missing link candidates [26].
These approaches allow one to identify the most likely in-
dividual missing link candidates, but cannot quantify the
joint likelihood that several links are missing simultaneously.
More elaborate network reconstruction methods, e.g., those
based on the Bayesian formalism [27], allow one to for-
mulate the probability of observing any subgraph, including
a path, in a network. In practice, however, this probabil-
ity depends on the choice of the null model and must
be computed numerically, which is often computationally
expensive.

Random matrix theory allows one to denoise real net-
works of interest, and notable advances exist in community
detection [28–30], denoising correlated networks [31,32], and
studies of centrality measures [33]. Random matrix theory in
application to partially observed networks can, in principle,
denoise networks by treating missing or spurious informa-
tion as noise. However, it remains an open question whether
shortest path nodes can be accurately identified after network
denoising.
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Our work is motivated by the recent finding that proposed
a method for finding shortest and nearly shortest path nodes,
making use of their geometric alignment in hyperbolic em-
beddings of these networks: Shortest path nodes are likely
found in the geometric vicinity of geodesic curves connecting
shortest path end points [16]. To find a shortest path between
nodes A and B in network G, one needs to obtain a hyperbolic
representation of the network first, i.e., map network nodes
to points in a hyperbolic disk. Node coordinates obtained
as a result of hyperbolic embeddings allow one to draw a
geodesic curve γ (A, B) connecting shortest path end points
A and B. The likelihood for a node C to belong to a shortest
path between A and B can be estimated using the distance
to geodesic d (C, γ (A, B)) from C to γ (A, B), the smaller the
distance the higher the likelihood.

Kitsak et al. [16] have demonstrated that hyperbolic em-
beddings can be used to find shortest paths even in extremely
incomplete networks, with as few as 10% of network links
present, leading to promising applications in biomedicine and
communication networks. The caveat of the method is that it
is limited to networks whose organization is consistent with
hyperbolic geometry. It is generally accepted that networks
with scale-free degree distributions and strong clustering co-
efficients are best embedded into hyperbolic spaces [34].

While hyperbolic embeddings are effective for networks
with strong degree heterogeneity and inherent hierarchical
organization, features that facilitate alignment between short-
est paths and geodesics, these properties are entirely absent
in Euclidean geometric networks. Such networks are more
degree homogeneous and it remains unclear whether geom-
etry alone can still provide equally meaningful information
about shortest path nodes. Motivated by this, we investigate
whether shortest paths in Euclidean geometric networks are
sufficiently aligned and identifiable with geometric methods.
On the one hand, our work is fueled by earlier findings in
Euclidean random geometric graphs (RGGs) demonstrating a
certain degree of alignment of shortest paths [35–39]. On the
other hand, our work is inspired by the observation that many
networks of interest are embedded into Euclidean spaces.
Indeed, nodes of wireless communication networks are base
stations placed in various geographic areas, and the quality
of communication between any two base stations depends
on the Euclidean geographic distance between them [40–43].
Another example is transportation networks, where nodes
are intersections and road segments connecting them are
links [44,45]. Finally, of relevance to this study are critical
infrastructure networks, e.g., power grids consisting of power
stations connected with transmission lines [46,47]. In all these
networks, nodes are characterized by their geographic posi-
tions, and links are typically connecting nearby nodes.

Our work lies at the intersection of three actively studied
areas: random graph models, network geometry, and statisti-
cal inference. Therefore, before proceeding with results, we
position our work with respect to existing findings.

Shortest paths in random networks have been extensively
studied in graph theory, network science, and computer sci-
ence due to their relevance to a large number of practical
problems. While there is a large literature corpus on short-
est paths and routing paths in random graphs (see, e.g.,
Refs. [4,48,49]), there is limited literature on shortest paths

in partially observed networks and geometric properties of
shortest paths in geometric networks.

The best-studied geometric network model is the RGG.
However, these studies tend to focus not on shortest paths
but on RGG connectivity and percolation properties [50].
Recently, random hyperbolic graph (RHG) emerged as a pop-
ular network model due to its ability to reproduce common
topological properties of real networks, such as sparseness,
scale-free degree distributions, strong clustering [34,51], self-
similarity [52], and high modularity [53–56].

In random graphs built in hyperbolic spaces, the efficiency
of greedy routing has received substantial interest. In contrast
to conventional routing, greedy routing relies on forwarding
data packets using node coordinates, such that the packet is
forwarded to the node closest to the destination in the latent
space. The efficiency of greedy routing in RHG has been
conjectured to be due to greedy routing paths closely aligned
along geodesic curves in hyperbolic space [51]. However, a
recent work challenged this conjecture by demonstrating that
topological properties of hyperbolic networks are not strictly
congruent with the geometry of underlying latent spaces [57].
Almost concurrent with this work, it has been shown that
shortest paths in RHG and in real networks embedded in
hyperbolic spaces are, nevertheless, sufficiently aligned along
geodesic curves and shortest path nodes can be found using
the distance to geodesic [16]. While shortest paths are in-
tuitively expected to display a certain degree of geometric
organization in Euclidean spaces, existing works tend to focus
either on upper bounds of shortest path lengths [36–39], on
fluctuations and geometric properties of path shapes [35,58],
or on robust and data-driven shortest path optimization under
uncertainty [59].

In summary, shortest paths in RHG and networks em-
beddable in hyperbolic spaces are aligned along geodesic
curves, and shortest path nodes can be found even if a large
fraction of network links are not observed. In Euclidean ran-
dom network models, shortest paths are expected to align
along geodesics, but this problem has not been studied di-
rectly. Further, it is not known if shortest path nodes in
Euclidean random network can be identified using geome-
try of latent spaces. In our work, we fill in this knowledge
gap by studying the extent of alignment of shortest paths in
Euclidean SRGGs and develop a geometric method to find
shortest path nodes in SRGGs under uncertainty of node co-
ordinates. Soft random geometric graphs [35,60,61] can be
regarded as a special case of the geometric inhomogeneous
random graph (GIRG) model [62,63]. In an SRGG, nodes are
positioned at random in a latent metric space M and con-
nections between nodes are established independently with
probabilities that are functions of distances between nodes
in M.

We find that in SRGGs, shortest path nodes tend to be
significantly close to geodesic curves connecting path end
points than expected by chance. In other words, we establish
that shortest paths are geometrically aligned along geodesic
curves. These alignments exhibit nontrivial behavior as a
function of graph properties such as the average degree and
the clustering coefficient. We find that under optimal con-
ditions, the alignment of shortest paths allows one to find
them using node coordinates in the latent space. Further, we
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demonstrate that the geometric path-finding methods have a
competitive advantage over conventional path-finding meth-
ods in situations when network topology is not completely
observable.

The remainder of this paper is organized as follows. In
Sec. II, we formalize the problem and introduce the SRGG
model, together with the simulation framework used to quan-
tify shortest path alignment and to infer shortest path nodes
based on their distance-to-geodesic curves. In Sec. III A, we
study the alignment of shortest paths in soft random geometric
graphs as a function of their parameters. Relying on the results
of Sec. III A, we examine the problem of the identification of
shortest path nodes in Sec. III B. We conclude our work with
the discussion and outlook in Sec. IV.

II. METHODS

A. Random geometric graph and soft random geometric graph

An RGG [50,64] is an undirected graph constructed by ran-
domly placing N nodes into a metric space M and connecting
any two nodes i and j if the distance di j between them is less
than a certain radius r. In our work, we consider RGGs built
in a two-dimensional unit square, where N nodes are placed
uniformly at random. If the connection radius r � 1, the link
density in the RGG with L links

pRGG ≡ L

Lmax
≈ πr2, (1)

where Lmax = 1
2 N (N − 1) (see, e.g., Ref. [65]).

Thus, ignoring boundary effects, the probability that a node
i has exactly k connections is

Pr[Di = k] =
(

N − 1

k

)
(pRGG)k (1 − pRGG)N−k−1, (2)

and the expected degree of a node is

E[Di] = (N − 1)pRGG, (3)

where pRGG is the link density given by Eq. (1).
An SRGG can be regarded as a generalization of the

random geometric graph in which links are established in-
dependently with probabilities that are functions of distances
between the nodes in M. An SRGG can be generated as
follows:

(1) Sprinkle N nodes with probability density function
(pdf) ρ(x) into latent space M.

(2) Calculate the distances dM(i j) between each (i, j)
node pair.

(3) Connect each (i, j) node pair independently with prob-
ability pi j , which is a function of distances dM(i j) between
nodes i and j, pi j = f (dM(i j)).

While, in principle, f : R+ → [0, 1] can be any function, f
is often selected to be a decreasing function to model networks
where connections over short distances are preferable. One
common choice for f is

f (d ) = βe−
(

d
d0

)η

, (4)

where β ∈ (0, 1], d0 > 0, and η > 0 are tunable parameters.
In particular, the η = 1 case is known as the Waxman graph
model [50,66], and η = ∞ case reduces the SRGG model

FIG. 1. Panel (a) shows an example of how the clustering co-
efficient changes with the input inverse temperature parameter in
SRGGs. Panel (b) shows an example of how the real average degree
changes with the input expected degree in SRGGs. The x axis is the
input expected degree, while the y axis is the real average degree.

to the RGG. The choice of η ∈ [2, 6.5] corresponds to the
Rayleigh fading connection function [41,67] used to model
radio signal’s amplitude and phase fluctuations in multipath
environments.

In this work, we study SRGGs with a different connection
probability function, which is inspired by the Fermi-Dirac
statistics:

f (d ) = 1

1 + (
d
d0

)β
, (5)

where d0 > 0 and β > 0 are again parameters tuning topo-
logical properties of resulting graphs. The SRGG model is
closely related to the SD heterogeneous graph model [51] if
node hidden variables in SD are constant, and is also closely
related to the GIRG model [68].

An SRGG model with assigned node coordinates can be in-
terpreted through an analogy with a statistical-physics system
in which energy levels εi j depend on node distances di j [51].
In this picture, links correspond to fermionic occupation of
states, with at most one link per state [51]. Here, the parameter
β acts as an inverse temperature, β = 1/τ , and controls the
average link length in the system; high values of β favor short-
distance connections, while low values allow longer-distance
connections. Following this statistical physics analogy, we
refer to β as the inverse temperature parameter throughout the
text.

We consider the case of SRGGs built on a unit square, with
uniform node density, ρ(x) = 1. Ignoring the boundary ef-
fects, one can establish that the expected degree of the SRGG
model is given by

E[D] = E[Di] ≈ cNd2
0

β sin 2π
β

, (6)

when β > 2, and the proportionality coefficient c > 0, aris-
ing due to finite-size effects, can be tuned numerically.
Equation (6) indicates that parameter d0 can be used to tune
the expected degree of SRGG graphs. Indeed, greater d0 val-
ues effectively rescale distances in the SRGG, allowing nodes
to connect to other nodes over larger distances. Equation (6)
holds well for small and moderate expected degree values
[Fig. 1(b)]. For large expected degree values, the boundaries
of the unit square become non-negligible, making Eq. (6) less
precise.
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In each simulation of the SRGG model defined by
Eq. (5), the parameter d0 is computed from Eq. (6) as d0 =√

E[D]β sin( 2π
β

)

cN . To fix the remaining constant c, we first in-
troduce an arbitrarily chosen reference configuration, in our
case N = 104, β = 128, and E[D] = 1. For this setup, we
determine c numerically such that the theoretical expectation
E[D] approximately matches the realized average degree of
the generated network yielding c ≈ 25.

Importantly, due to finite-size effects and the intrinsic
stochasticity of the SRGG construction, the theoretically ex-
pected degree generally does not exactly coincide with the
empirically observed average degree for all β, N unless c
is properly calibrated. To make this distinction explicit, we
carefully distinguish the theoretical expected degree E[D] of
the SRGG model from the realized average degree 〈D〉 of the
SRGG, which we measure as 〈D〉 ≡ 2L/N [see Fig. 1(b)].
Finally, for given values of N , β, and target average degree
〈D〉, the parameter c is fixed to its reference-configuration
value, while E[D] is iteratively calibrated so that the resulting
network exhibits an average degree equal to the prescribed 〈D〉
within a specified tolerance range.

While inverse temperature β also affects the average de-
gree, it plays a far more important role by tuning the effective
range of connections. When β is large, connections are mostly
limited to distances d � d0. Smaller β values increase the
probability of connections at larger distances. As a result, β

allows one to tune the average clustering coefficient in SRGGs
[see Fig. 1(a)].

In our work, we parametrize SRGGs by the inverse tem-
perature parameter β and expected degree E[D]. To generate
an SRGG with desired parameters β and E[D], we use Eq. (6)
to determine parameter d0. We then use parameters d0 and β

to determine connection probabilities for all node pairs in the
network.

B. Alignment of shortest paths along geodesic curves

A geodesic γ (i, j) is the shortest length curve connecting
points i and j in space M. The length of the geodesic γ (i, j)
is the distance di j between points i and j. In the case of
Euclidean space, the geodesic γ (i, j) is a straight line between
i and j, while the distance di j represents the corresponding
Euclidean distance.

The distance d (q, γ (i, j)) from a point q to the geodesic
γ (i, j) is the distance from point q to point x ∈ γ (i, j) on the
geodesic, such that distance d (q, x) is minimized:

d (q, γ (i, j)) ≡ min d (q, x), (7)

such that x ∈ γ (i, j). (8)

In Euclidean spaces, the distance from the point to a geodesic
d (q, γ (i, j)) is the length of the perpendicular line segment
from q to the geodesic line γ (i, j).

The hop count hi j of a path from a node i to a node j is the
number of links of that path from node i to node j. Further,
we define the path stretch Si j as the total geometric distance
accumulated along the path P∗

i j :

Si j ≡
∑
l∈P∗

i j

dl , (9)

FIG. 2. (a) A toy example of a geodesic, distance from a node
to the geodesic and a shortest path (highlighted by green) with the
corresponding shortest path stretch indicated by the black dashed
line along the green path. (b) The distribution of the average (avg),
maximum (max), and minimum (min) distances between shortest
path nodes and geodesics connecting shortest path end points. We
compare the resulting distributions to (ran) those between randomly
chosen nodes and the geodesic. Within an SRGG G, we randomly
select 106 shortest path end point pairs and for each (i, j) pair, we
find shortest path set P∗

i j , geodesic γ (i, j). For shortest path nodes in
P∗

i j , we compute the minimum (min), maximum (max), and average
(avg) distance to the geodesic. In addition, for each shortest path set
P∗

i j , we created a random set P rand
i j of the same cardinality containing

randomly selected nodes. Using P rand
i j , we computed average dis-

tances to the geodesic (ran). All parameters used in the experiments
are indicated in the respective panels.

where dl is the Euclidean distance between the two end nodes
of link l . Figure 2(a) depicts an example of a shortest path, a
geodesic, the distance from a node on the path to the geodesic,
and the shortest path stretch in an SRGG.

In an unweighted SRGG, there can be more than one short-
est path Pi j between a node pair (i, j). The set WP∗

i j
of all nodes

constituting shortest paths between i and j are called “shortest
path nodes,” and |WP∗

i j
| is the cardinality, i.e., the number of

elements in the set.
We quantify the alignment of shortest paths along geodesic

curves with two complementary methods. The first method is
to compare distances from shortest path nodes to the geodesic
with those from randomly selected nodes. The second method
is to compute the shortest path stretch, i.e., the distance accu-
mulated along shortest path links. The smaller the stretch the
stronger the alignment [Fig. 2(a)].

While the distance-to-geodesic metric measures the physi-
cal deviation from the ideal straight route, it does not account
for the additional distance incurred by traversing jagged, dis-
crete edges. In contrast, the average stretch reflects the total
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geometric length accumulated along the path, yet does not
distinguish whether this arises from a single large spatial de-
tour or from local zigzagging. Together, these two diagnostics
provide a more complete two-dimensional view of the shortest
path alignment phenomenon.

To assess the extent of the geometric alignment of shortest
path nodes in SRGGs with given parameters, we design the
following experiments:

(1) Generate an SRGG with the network size N , the ex-
pected degree E[D], and the inverse temperature parameter β.
We then select a number of node pairs at random.

(2) For each node pair (i, j), we obtain all shortest path
nodes WP∗

i j
.

(3) Find the geodesic curve γi j connecting node i and j.
(4) Compute the distance to geodesic d (q, γ (i, j)) for all

shortest path nodes q ∈ WP∗
i j

except for nodes i and j. Record
the average, maximum, and minimum distance for all shortest
path nodes.

(5) Randomly select m ≡ |WP∗
i j
| − 2 nodes from the graph

and compute the distance to the geodesic for each node.
(6) If there is a single shortest path connecting i and

j, compute its stretch. If there are multiple shortest paths
connecting i and j, select one shortest path at random and
compute its stretch.

C. Predicting shortest path nodes using distance to geodesic

Kitsak et al. [16] proposed a method to infer shortest path
nodes by measuring node proximities to geodesic curves con-
necting shortest path end points in hyperbolic embeddings of
networks. We extend this approach to Euclidean SRGGs. We
refer to this method as the “distance to the geodesic.”

To infer shortest path nodes connecting nodes i and j of an
SRGG in latent space M, we first find the geodesic γ (i, j)
connecting the nodes in M. Then, for each network node
q excluding i and j, we find the distance to the geodesic
d (q, γ (i, j)), and rank all network nodes in increasing order
of distance to the geodesic. The closest to the geodesic nodes
are then viewed as likely candidates for the shortest path
nodes.

As a reference for comparison, we also infer shortest path
nodes by first reconstructing network links and then identi-
fying shortest path nodes using the Dijkstra algorithm. We
consider two reconstruction strategies, denoted as SRGG+net
and RGG+net.

In the SRGG+net experiment, we use known parameters
β and E[D] and node coordinates {xi} and {yi} to rebuild
103 random graph instances G	, 	 = 1, . . . , 103. For each
instance 	, we find the set of shortest path nodes WP∗

i j (	) using
the Dijkstra algorithm on graph G	. As a result, shortest path
node candidates are nodes that appear most frequently in all
WP∗

i j (	) sets.
The RGG+net experiment is a special case of the

SRGG+net experiment when β = ∞. Since β = ∞ case cor-
responds to connecting nodes to geometrically closest nodes,
the network reconstruction procedure is equivalent to the
reconstruction of random geometric graphs, explaining the
name of the experiment. For a specific network size N , ex-
pected degree E[D], and node coordinates {xi} and {yi}, there
exists a unique RGG realization. Hence, the RGG experiment

reconstructs only one graph G. All shortest path nodes WP∗
i j

in
graph G are predicted as shortest path node candidates by our
RGG strategy.

To evaluate the accuracy of our geometry-based method,
we use the statistical precision metric [69,70]. Our evaluation
procedure can be summarized as follows:

(1) Generate an SRGG G with required parameters N ,
E[D], and β. Select a number of node pairs in G uniformly
at random.

(2) For each (i, j) node pair, we find all the shortest path
nodes WP∗

i j
. Nodes in WP∗

i j
are regarded as ground-truth set.

(3) Obtain the geodesic γ (i, j) and compute the distance
to the geodesic d (q, γ (i, j)) for all nodes, excluding nodes i
and j.

(4) Determine the set of S nodes with the smallest
distance-to-geodesic values, such that |S| = |WP∗

i j
|.

(5) Compute the precision = |S ⋂
WP∗

i j
|/|S|.

We additionally analyze the area under the precision-recall
curve (AUPR) as a supplementary performance metric to pro-
vide a more comprehensive evaluation of the method [71].

III. RESULTS

A. Quantifying the alignments of shortest paths
along geodesic curves

We begin our work with the analysis of the alignment of
shortest paths along geodesic curves in SRGGs. We generate
an instance of an SRGG of N = 104 nodes, connected with
Fermi-Dirac connection probabilities given by Eq. (5) with
inverse temperature β = 4, and parameter d0 corresponding
to the expected degree of E[D] = 5. Figure 2(b) depicts the
distributions of the maximum, the minimum, and the average
distance to geodesic from shortest path nodes for 106 ran-
domly selected path end points within the SRGG, indicating
that all three measures are substantially smaller than expected
by chance. Our observation is not specific to the choice of
SRGG parameters. We observe similar shortest path align-
ment properties in SRGGs with different parameters (Fig. 8),
and the same pattern persists when different link connection
probability functions are used (Fig. 11).

After establishing that shortest path nodes are closer to
geodesics than expected by chance, we next investigate how
topological properties of SRGGs affect path alignments. We
measure the average distance to geodesic 〈d〉 and the average
shortest path stretch 〈S〉, as described in Sec. II B. For each
set of SRGG parameters, we generate 100 SRGG realizations
if N � 100 and 1 realization for N > 100. For each generated
graph Gi, 1 � i � 100, we consider 1000 shortest paths be-
tween randomly selected connected node pairs when N > 100,
and all connected node pairs in graphs with N � 100.

Figure 3 depicts the average shortest path distance to
geodesic 〈d〉 and the average shortest path stretch 〈S〉 as a
function of inverse temperature β and the average degree 〈D〉.

We observe that the average distance to the geodesic and
the average path stretch decrease as β increases [Figs. 3(a)
and 3(c)]. This observation is expected. Indeed, by design,
larger inverse temperature β values favor short-distance con-
nections in the SRGG [see Eq. (5)]. As a result, shortest
path nodes are located closer to each other and closer to
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(a) (b)

(c) (d)
( )

( )

FIG. 3. (a) The average distance to the geodesic 〈d〉 as a function of inverse temperature β for SRGGs with E[D] = 10 and variable size N .
The inset displays the average distance to the geodesic 〈d〉 as a function of the number of nodes N for SRGGs with expected degree E[D] = 10
and the inverse temperature β = 8. (b) The average distance to the geodesic 〈d〉 as a function of the average degree 〈D〉 for SRGGs of variable
size N and the inverse temperature β = 4. The inset depicts the three phases discussed in the text. (c) The average shortest path stretch 〈S〉
as a function of the inverse temperature β for SRGGs of E[D] = 10 and variable size N . The inset displays the average shortest path stretch
〈S〉 as a function of the number of nodes N for SRGGs with expected degree E[D] = 10 and the inverse temperature β = 8. (d) The average
shortest path stretch 〈S〉 as a function of the average degree 〈D〉 for SRGGs of variable size N and the inverse temperature parameter β = 128.
All plots correspond to the average of 1000 randomly selected shortest paths, while the error bars quantify the standard deviations.

the geodesic connecting path end points, decreasing the av-
erage distance to the geodesic and the average shortest path
stretch.

We also observe that the average distance to geodesic 〈d〉
and the average stretch 〈S〉 decrease as the network size N in-
creases, if the remaining SRGG parameters are held constant.
Indeed, the density of nodes in the latent space increases as
the network size N increases. Therefore, distances between
connected nodes must decrease on average to preserve the
expected degree E[D]. It is the decrease of distances between
connected nodes that leads to the decrease of the average
distance to geodesic 〈d〉 and the average shortest path stretch
〈S〉, observed in Figs. 3(a) and 3(c).

Additionally, the average distance to geodesics 〈d〉 and the
average path stretch 〈S〉 exhibit a nonmonotonic behavior as a
function of the graph average degree 〈D〉 as demonstrated in
Figs. 3(b) and 3(d). Initially, 〈d〉 and 〈S〉 increase as the aver-
age degree 〈D〉 increases, Phase I in Figs. 3(b) and 3(d). After
reaching the local maximum, 〈d〉 and 〈S〉 tend to decrease
as the average degree increases, Phase II, reaching minimum
values 〈dmin〉 〈Smin〉. After reaching local minima, the average
distance 〈d〉 and the average stretch 〈S〉 resume their growth as
a function of average degree in Phase III, as seen in Figs. 3(b)
and 3(d).

We hypothesize that the initial growth of the average dis-
tance 〈d〉 and the average shortest path stretch 〈S〉 in Phase
I is related to the onset of the giant connected component
(GCC) in the SRGGs. Indeed, when the average degree 〈D〉
is small, the network is fragmented into a large number of
small disjoint subgraphs [Fig. 13(b)]. As the average degree
increases, disjoint subgraphs eventually merge into a GCC
of a size comparable to that of the entire graph. Right above
the critical value of 〈D〉 = 〈D〉c corresponding to the onset of
the GCC, most of the nodes in the graph are connected, but
the shortest paths between them may be arbitrarily long [see
Fig. 13(a) and Appendix C]. As a result, the local maximum
in the distance to geodesic 〈d〉 and the shortest path stretch
〈S〉 at the border of Phases I and II may coincide with the
critical value 〈D〉c corresponding to the emergence of the
GCC. To check if this is the case, we compared the 〈D〉
values corresponding to the local maximum of the distance to
geodesic 〈d〉 with those corresponding to the GCC emergence
for a rangle of SRGG parameters. As seen in Fig. 4(b), the
two values are nearly equal, leading to a strong correlation,
Pearson R = 0.99. The results support our hypothesis that the
growth of the distance to geodesic 〈d〉 and the shortest path
stretch 〈S〉 in Phase I are driven by the formation of the giant
connected component in SRGG.
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(a) (b)

(c) (d)

(e)

(f)

FIG. 4. (a) The average shortest path stretch 〈S〉 as a function of the average degree 〈D〉 for inverse temperatures β = 1, β = 8, and
β = 128. The plots for beta β = 8 and β = 128 are scaled by multiplicative factors 10−1 and 10−2, respectively, to avoid their overlap. The error
bars depict standard deviation values. (b) Critical degree values 〈D〉c corresponding to the onset of the GCC as a function of expected degrees
〈D〉max corresponding to the largest distance to geodesic. The scatter plot includes 20 points corresponding to different inverse temperature
values β selected uniformly at random from the (2, 128] interval. (c) The average link length 〈d〉	 as a function of the average degree 〈D〉 in
SRGGs with different inverse temperatures β. The solid lines are power-law curves with exponents τ = min(1/2, β/2 − 1). (d) The average
shortest path hop count 〈h〉 as a function of the average degree 〈D〉 in SRGGs with different inverse temperatures β. The solid lines are empirical
fits for β = 2.5 and β = 128 values. The average shortest path stretch 〈S〉 as a function of the average degree 〈D〉 for inverse temperatures
(e) β = 2.5 and (f) β = 128. (e) The left inset depicts 〈S〉〈D〉−τ as a function of ln〈D〉−1. Note that 〈S〉〈D〉−τ ∝ ln〈D〉−1, confirming the
low-degree behavior of the shortest path stretch 〈S〉. The right inset depicts 〈S〉〈D〉−τ as a function of 〈D〉. Note that 〈S〉〈D〉−τ reaches a
horizontal asymptote, confirming the power-law scaling of the shortest path stretch for large 〈D〉 values. (f) The inset depicts 〈S〉−2〈D〉 as a
function of 〈D〉 − 〈D〉c, testing the low-degree behavior of the shortest path stretch. Note that the shortest path stretch 〈S〉 is nearly independent
of 〈D〉 for a large range of 〈D〉 values.
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After reaching the local maximum, as seen in Figs. 3(b)
and 3(d) the average path distance to geodesic 〈d〉 and the
average path stretch 〈S〉 decrease as the average degree 〈D〉
increases until they reach their local minima at the border of
Phases II and III.

We explain these nonmonotonic behaviors of 〈S〉 and 〈d〉 as
resulting from the interplay of two competing effects. On the
one hand, as the average degree increases, the average number
of hops of a shortest path decreases, improving its alignment
along a geodesic. On the other hand, larger average degrees
result in larger distances between connected nodes, leading to
larger deviations from the geodesic and larger stretch values.
Based on Figs. 3(b) and 3(d), which show the nonmonotonic
dependence as the network size grows, we expect this behav-
ior to persist in the asymptotic limit, i.e., as N → ∞.

Although an exact computation of the shortest path stretch
is practically infeasible due to multiple sources of correlation,
we can still quantify the previous effects using a mean-
field-type approximation. Within this approach, the stretch is
simply expressed as the product of the average link length 〈dl〉
and the average hop count 〈h〉,

〈S〉 ≈ 〈dl〉〈h〉. (10)

More details about the above approximations can be found in
Appendix F.

We estimate the average link length 〈dl〉 using Bayes’ rule.
The conditional probability ρ(Di j = x|Ai j = 1) that the dis-
tance Di j between two randomly chosen nodes i and j equals
x, given that the two nodes are connected, Ai j = 1, depends on
the conditional probability nodes i and j are connected, given
that the distance between them equals x, P(Ai j = 1|Di j = x),
the probability density ρ(Di j = x) for a distance between two
randomly chosen nodes in the unit square, and the probabil-
ity P(Ai j = 1) that two randomly chosen SRGG nodes are
connected. Since P(Ai j = 1|Di j = x) is nothing else but the
connection probability function f (x) prescribed by Eq. (5),
we have

ρ(Di j = x|Ai j = 1) = f (x)ρ(Di j = x)

P(Ai j = 1)
. (11)

Then, the average link length 〈dl〉 can be estimated (see
Appendix D) as

〈dl〉 =
∫

x f (x)ρ(Di j = x)dx∫
f (x)ρ(Di j = x)dx

∼ 〈D〉τ , (12)

where τ = 1/2 for β > 3 and τ = β/2 − 1 for β ∈ (2, 3).
For the numerical verification of the derived scaling relation
appearing in Eq. (12), see Fig. 4(c).

Figure 4(d) depicts the behavior of the average hop count
〈h〉 as a function of the average degree 〈D〉. For large inverse
temperatures β, SRGG is similar to an RGG, and we can
approximate the behavior of the average hop count as

〈h〉 ≈ 〈δ〉
[〈D〉 − 〈D〉c]1/2 + C, β 
 3, (13)

where 〈δ〉 is the average distance between two randomly
chosen points in the unit square, 〈D〉c ≈ 4.51 is the critical
value of the average degree corresponding to the onset of the
GCC [50], and C is a constant. For small inverse temperatures

β [see Fig. 4(d)], SRGG is akin to a configurational model,
and

〈h〉 ≈ lnN

ln〈D〉 + A, β ∈ (2, 3), (14)

where N is the number of nodes and for networks
with Binomial degree distribution A = 1

2 − γ−2 ln(1−1/〈D〉)
ln〈D〉 −

2E[ln W |W >0]
ln〈D〉 . Here, γ is the Euler constant and W is the almost

sure limit of the normalized branching process [72,73]. For
graphs with expected degree E[D] > 1.3 and a binomial de-
gree distribution, E[ln W | W > 0] ∈ (−0.2, 0.2) [72]. Since
E[ln W | W > 0] is difficult to measure numerically, in this
work we estimate the entire constant A by fitting 〈h〉 versus
〈D〉 curves [see Fig. 4(d)].

The scaling behaviors of 〈dl〉 and 〈h〉 given in Eqs. (12)–
(14) account for the observed dependence of the average
stretch 〈S〉 on the average degree 〈D〉 in Phases II and III.

For small inverse temperatures, 2 < β < 3, the average
stretch scales as 〈S〉 ∝ ( lnN

ln〈D〉 + C)〈D〉 β

2 −1. Consequently, at
small 〈D〉 (the onset of Phase II), the stretch exhibits the
asymptotic behavior 〈S〉 ∼ 〈D〉β/2−1/ ln〈D〉 as seen in the left
inset of Fig. 4(e), whereas at large 〈D〉 (deep in Phase III),
the logarithmic correction becomes negligible and 〈S〉 ∼
〈D〉β/2−1 [see the right inset of Fig. 4(e)].

For large inverse temperatures, β 
 3, the average stretch
follows 〈S〉 ≈ ( 〈δ〉

[〈D〉−〈D〉c]1/2 + C)〈D〉1/2. As a consequence, for
〈D〉 
 〈D〉c the dependence on 〈D〉 is weak, yielding stretch
values that are approximately constant, as seen in Fig. 4(f).

Overall, our results indicate that shortest paths in soft
random geometric graphs are aligned along geodesic curves
connecting shortest path end points. The alignment, as quan-
tified by the average distance to geodesic 〈d〉 and the shortest
path stretch 〈S〉, increases as the inverse temperature β and the
SRGG size N increase. In contrast, the dependence of shortest
path alignment on the average degree 〈D〉 is nonmonotonic,
reflecting the competition between two opposing effects: the
reduction of the average hop count 〈h〉 and the concurrent
increase of the average link length 〈d	〉 as connectivity in-
creases.

B. Finding shortest path nodes in soft random geometric graphs

After observing and quantifying the alignment of shortest
paths along geodesic curves in soft random geometric graphs,
we next ask if shortest path nodes are identifiable based on
their proximity to geodesic curves. To identify shortest path
nodes connecting an i − j node pair of interest, we draw a
geodesic line γ (i, j) connecting path end points i and j and
then for every other network node 	 �= i �= j we compute its
distance to geodesic d (	, γ (i, j)). The smaller the distance,
the higher the likelihood for node 	 to be a shortest path node
(see Sec. II).

Figure 5 displays the results of our path-finding exper-
iments for a combination of inverse temperature β and
expected degree E[D] parameters. We observe that precision
score for the distance to the geodesic in finding shortest
path nodes is significantly larger than expected by chance.
Figure 14 further illustrates the AUPR as a supplementary
evaluation of the geometry-based method, showing results
consistent with the precision scores.
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FIG. 5. Precision of shortest path finding using (1) distance to geodesic (geo-based), (2) SRGG (SRGG+network), and (3) RGG
(RGG+network) reconstructions. Panels display average precision as a function of the coordinate noise amplitude α and panels correspond
to different combinations of E[D] and β parameters. All experiments are performed using SRGG networks of N = 104 nodes. Each bar is the
average precision computed for 100 randomly chosen node pairs and the error bars depict standard deviations.

Inspired by this observation, we ask if there are plausi-
ble circumstances in which the distance to the geodesic can
find shortest path nodes with accuracy higher than known
state-of-the-art methods. Clearly, if network G is fully ob-
servable, existing graph theoretic algorithms, e.g., the Dijkstra
algorithm, can find shortest path nodes precisely and in poly-
nomial time. A much more challenging situation is when only
network nodes and their approximate positions are known in
network G. In more precise terms, we assumed that SRGG
links are not known. At the same time, all SRGG nodes are
known, but their coordinates are blurred with random noise of
amplitude α > 0:

x̃i = xi + αXi, ỹi = yi + αYi, (15)

where i = 1, . . . , N , and Xi and Yi are random variables drawn
from the uniform distribution U [−1, 1].

In this situation, one can still find shortest path nodes using
the distance to the geodesic method with blurred node coor-
dinates {x̃i, ỹi}. To find shortest path nodes with the Dijkstra
network-based algorithm, one needs to first reconstruct SRGG
links. To this end, we consider two strategies. The SRGG+net
strategy presumes that we know the connection probability
function f (x) used to generate the original SRGG graph. In
this case, one first generates an SRGG instance with the same
connection probability function f (x) and then applies the
Dijkstra algorithm to the resulting graph to find shortest path
nodes. Another strategy, which we call RGG+net, assumes
that the average degree 〈D〉 of the graph is known, but the
connection probability function f (x) is not. In this case, we
treat the graph at hand as a random geometric graph, we

compute its effective connectivity radius R based on
the number of nodes and the average degree, and then
connect all nodes if their blurred positions are closer than
R (see Sec. II C). In Table I, we summarize and compare
the information utilized by each method. Specifically, the
SRGG+net baseline is given full knowledge of the connection
function, including the network size, node coordinates,
inverse temperature, and expected degree, whereas the
RGG+net baseline assumes less model specification, lacking
knowledge of the inverse temperature. The geometry-based
method, in contrast, does not reconstruct links at all and uses
only proximity to the geodesic.

By comparing the precision of the distance to geodesics
with those of the alternative SRGG+net and RGG+net strate-
gies, we make several observations. When node coordinates
are known precisely, α = 0, the SRGG+net and RGG+net
strategies offer substantially higher precision scores than
those of the distance to the geodesic, as shown in Fig. 5. This
result is expected since precisely known node coordinates

TABLE I. Information utilized by different shortest path node-
finding methods.

Network Node Expected Inverse
Method size coordinates degree temperature

RGG+net � � � ×
SRGG+net � � � �
Geo-based � � × ×
Random � × × ×
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FIG. 6. Heatmap of precision. The x axis is the noise amplitude, while the y axis represents the expected degree. For each expected
degree E[D] and inverse temperature β, a 104-node SRGG is generated and the coordinates are, respectively, blurred with noise amplitude
α. The heatmaps consist of 9×9 points, each point corresponding to the average of 100 randomly selected node pairs in a (blurred) SRGG.
In the region enclosed by the black line, the distance-to-geodesic approach (geo-based) achieves higher precision compared with the SRGG
(SRGG+network) and RGG (RGG+network) reconstruction approaches.

allow for the reconstruction of graphs with relatively high
accuracy.

Second, both SRGG+net and RGG+net strategies become
more accurate in finding shortest path nodes as the inverse
temperature β increases [Figs. 5(a)–5(c)]. We explain this ob-
servation by the decrease in randomness in SRGG networks:
At higher β values, connections are preferentially established
at shorter distances, and distinct realizations of reconstructed
networks are less different. As a result, reconstructed net-
works G	 better recreate the original network G, allowing for
the identification of original shortest path nodes with higher
precision, as shown in Fig. 5.

Third, the RGG+net strategy tends to be less accu-
rate than the SRGG+net. However, the relative accuracy of
the former seems to increase as the inverse temperature β

increases. This result is also expected since larger β val-
ues favor shorter links, effectively making SRGGs closer
to RGGs.

When comparing the distance to the geodesic approach to
the SRGG+net and RGG+net strategies, we find that the pre-
cision of the distance-to-geodesic approach may exceed that
of the SRGG+net and RGG+net when the noise amplitude
α is large (Fig. 6), indicating that the distance-to-geodesic ap-
proach is more robust to coordinate uncertainties than network
reconstruction approaches SRGG+net and RGG+net. In the
case of noise magnitude α, distances between nodes may be
perturbed by at most 2α and lead to changes in some node
rankings with respect to distances to geodesics. The effects
of node coordinates on network reconstruction approaches
are potentially more disrupting. This is the case since link
probabilities in the SRGG depend nonlinearly on distances
between the nodes and even small changes in network links
may significantly alter shortest paths. As a result, shortest
paths in reconstructed networks may significantly differ from
those in the original network, reducing the accuracy of net-
work reconstruction strategies.
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To explore the limits of shortest path finding with the
distance to geodesic, we next conduct systematic experi-
ments for ranges of noise amplitude α ∈ [0, 1], average degree
E[D] ∈ [2, 29], and different inverse temperature values. As
seen in Fig. 6, the accuracy of all path-finding methods de-
creases as the average degree E[D] decreases and coordinate
uncertainty α increases. At the same time, the accuracy of
the distance to the geodesic approach is less sensitive to
noise, resulting in low average degree and high noise re-
gions [Figs. 6(c), 6(f), and 6(i)], where the distance to the
geodesic method is more accurate than network reconstruction
strategies.

IV. DISCUSSION

In summary, we analyzed the alignment of shortest paths
along geodesic lines connecting shortest path end points in
SRGGs. Some of our results are intuitive and expected. In
particular, we found that the alignments of shortest paths, as
measured by the distance to the geodesic, and the path stretch
become stronger in SRGGs as the number of nodes N and the
inverse temperature β increase.

Nevertheless, the nonmonotonic behavior of shortest path
alignment as a function of the average degree is far from
trivial. As the average degree increases, two competing phe-
nomena take place. On the one hand, the hop count of shortest
paths decreases, limiting the extent of wandering of shortest
paths. On the other hand, larger average degree values can
only be achieved by allowing nodes to connect over larger
Euclidean distances. As a result, distances between adjacent
nodes in a shortest path increase, allowing for large distances
from shortest path nodes to geodesic curves. The competition
between these two effects results in the nonmonotonic behav-
ior of the distance to the geodesic as a function of the average
degree.

We found that the alignments of shortest paths along
geodesic curves in Euclidean SRGGs are sufficiently strong
to enable shortest pathfinding, even near criticality where
deviation measures such as 〈S〉 and 〈d〉 reach their maximum
values. Shortest path nodes in Euclidean SRGGs can be iden-
tified using distance to geodesic, similar to RHG [16]. The
accuracy of such geometric shortest path finding is higher for
graphs with a larger inverse temperature β, in agreement with
our path alignment experiments.

The distance to the geodesic method uses node coordinates
to find nodes closest to the geodesic connecting shortest path
end points, and can be used in situations when node links are
not known. In contrast, to enable traditional network-based
methods in this situation, one needs first to reconstruct net-
work links, which can be a highly nontrivial task. We find
that the best advantage of the distance to the geodesic method
is achieved for small average degree values and larger node
coordinate uncertainties. While the geometric alignment of
shortest path nodes is not necessarily the strongest in this case,
network reconstruction methods are even less accurate, offer-
ing better prospects for using network geometry in finding
shortest path nodes.

Our results are not specific to the choice of the con-
nection probability function. While most of our analysis is
based on SRGGs with the Fermi-Dirac connection probability

function [Eq. (5)], we obtain qualitatively similar results for
the alignment of shortest paths for Waxman SRGGs charac-
terized by the exponentially decaying connection probabilities
[Eq. (4) and see Fig. 11].

Our findings invite follow-up questions. One of them, in-
spired by real networks, is the problem of shortest path finding
in geometric networks where nodes are distributed heteroge-
neously. Our preliminary results demonstrate that the shortest
path nodes remain closer to the geodesic than expected by
chance, even in SRGGs where nodes are not uniformly dis-
tributed (Fig. 12). While the distance to the geodesic can also
be used in geometric networks with heterogeneous spatial
node distributions, it is not clear if the accuracy of path finding
remains high. We leave this question for future investigation.

Another open question outside the scope is the geo-
metric properties of shortest paths in weighted geometric
networks. While link weights can be functions of link dis-
tances, more elaborate models were proposed in the literature
that decouple link weights from distances between connected
nodes [74–76].

Finally, the important question is whether all shortest
path nodes are equally difficult to find using distance to the
geodesic. Our preliminary experiments indicate that shortest
path nodes situated closer to path end points tend to have a
smaller distance to the geodesic and, as a result, are easier

FIG. 7. [(a), top] The distribution of shortest path node positions
with the largest distance to geodesic. [(a), bottom] The distribu-
tion of shortest path node positions with the smallest distance to
geodesic. In both distributions, we consider shortest paths of fixed
hop count, h = 25, and SRGGs with N = 104 nodes, inverse temper-
ature β = 4, and the expected degree E[D] = 5. The most remote
from the geodesic nodes are likely to be found in the middle of a
shortest path, while the closest to the geodesic nodes are likely to
be found close to the path end points. See Appendix B for plots
with other SRGG parameters. (b) The precision of finding shortest
path nodes near end points (near-end-point) and in the middle of
the path (mid-path) using the distance to the geodesic. A 104-node
SRGG is generated. Each bar is the average precision computed for
100 randomly selected node pairs and the error bars depict standard
deviations. Panel (c) shows an example illustrating the division of
near-end-point nodes and mid-path nodes on a shortest path.

033149-11



QIU, BALOGH, LIU, VAN MIEGHEM, AND KITSAK PHYSICAL REVIEW RESEARCH 8, 033149 (2026)

to infer (Fig. 7). This observation is exciting since shortest
path nodes closer to the path end points may be easier to
manipulate in networks compared to nodes in the middle of
the shortest path. Indeed, nodes in the middle of a shortest
path may be shared by other paths and can be involved in
many vital processes. As a result, altering their connections
or capacity may lead to cascades of changes throughout the
network [77–80].

Figure 7 suggests that shortest path nodes closer to path
end points are easier to find with the distance to the geodesic.
Are nodes in the middle of a shortest path easier to find with
network-based methods? This can indeed be the case since
(1) nodes in the middle of a shortest path tend to have degrees
larger than those close to its end points and (2) large degree
nodes are often characterized by large betweenness centrality
values [81,82]. As a result, nodes in the middle of shortest
paths can be identified by prioritizing large-degree nodes.
Thus, a fusion approach combining elements of the distance
to geodesic with network topology may ultimately be more

accurate in finding shortest path nodes than one of the two
approaches used separately.
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APPENDIX A: NOTATION

Table II summarizes the principal notation that we use throughout this paper.

TABLE II. Notation.

Symbol Definition

G Graph or network
N Number of nodes
L Number of links
l = i ∼ j A link between nodes i and j
CG The average clustering coefficient of graph G
E[D] The expected degree of a graph
〈D〉 The average degree of a graph
Pi j A path from node i to node j
P∗

i j A shortest path between nodes i and j
WP∗

i j
Nodes contained in all shortest paths connecting nodes i and j

h The hop count
γ (i, j) The geodesic curve between nodes i and j
di j The geometric distance between nodes i and j
dl The geometric length of link l , i.e., the distance between its two

adjacent nodes
d (q, γ (i, j)) The geometric distance from node q to the geodesic γ (i, j)
〈d〉 The average distance to the geodesic
S The shortest path stretch, i.e., the sum of its link lengths
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FIG. 8. The distribution of the average (avg), maximum (max), and minimum (min) distances between shortest path nodes and geodesics
connecting shortest path end points. For comparison, we also plot the distribution of distances to geodesic from randomly selected nodes
(ran). The distributions in panels (a)–(d) are obtained for a single SRGG realization and 106 random shortest paths. For panels (e) and (f), we
generated 103 SRGG realizations. For each Gi, i = 1, . . . , 103, we considered 103 random shortest paths.

APPENDIX B: DISTANCE TO GEODESIC

Figure 8 depicts the distributions of the distance to the
geodesic in SRGGs for a variety of expected degree E[D]
and inverse temperature β values. Figure 9 demonstrates the
distribution of the node positions X in the shortest path cor-
responding to the largest distance to the geodesic. Figure 10
demonstrates the distribution of the node positions X in the
shortest path corresponding to the minimum distance to the
geodesic.

In this Appendix, we also study the distributions of the
distance to the geodesic for different SRGG configurations,
including uniform SRGGs with a Waxman connection prob-
ability function and SRGGs with nonuniformly distributed
node coordinates and a Fermi-Dirac connection probability.
First, we consider the Waxman connection probability, which
is given by

f (d ) = βe
(
− d

d0

)η

. (B1)

Waxman SRGGs of N nodes built on the unit square with
uniform node density are characterized by the expected degree

E[D] ≈ 2πNβ
d2

0

η
�

(
2

η

)
. (B2)

Figure 11 depicts the distributions of the distance to the
geodesic for a variety of expected degree E[D] and parameter
η values. Note that the results for the Waxman SRGGs are
similar to SRGGs with the Fermi-Dirac connection probabil-
ity function.

Figure 12 further presents the distributions of the distance
to the geodesic in SRGGs where node coordinates are not
uniformly scattered. Specifically, we sample node positions
from a Gaussian mixture with randomly placed cluster centers
and heterogeneous variances, introducing controlled spatial
inhomogeneity into the SRGG. We first generate the coor-
dinates of ten cluster centers, where each center (xk, yk ), for
k = 1, . . . , 10, is independently and uniformly sampled from
(0, 1). Each cluster is then assigned a standard deviation σk .
For each node i, a cluster k is randomly selected and the
node coordinates xi and yi are, respectively, sampled from
Gaussian distributions centered at xk and yk with standard
deviation σk . Finally, given the generated node coordinates,
links in the SRGG are determined according to the connection
probability defined in Eq. (12). The results shown in Fig. 12
remain consistent with those observed in SRGGs where nodes
are uniformly distributed (Fig. 8).

APPENDIX C: THE ONSET OF THE GIANT CONNECTED
COMPONENT IN THE SRGG

In Fig. 13, we show the onset of the GCC in the SRGGs.

APPENDIX D: THE AVERAGE LINK LENGTH

To derive the expression for the average link length 〈dl〉
in SRGG models, we first define ρ(Di j = x|Ai j = 1) as the
conditional probability density that the distance Di j between
two randomly chosen nodes in the SRGG equals x, provided
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FIG. 9. Distribution of the position X of the node with the largest distance to the geodesic along shortest paths in SRGGs for different
combinations of network size N , inverse temperature β, and the expected degree E[D]. In each panel, only shortest paths with a fixed hop count
h are considered. For each shortest path, the node with the maximum distance to the geodesic is identified, and its position X ∈ {1, . . . , h}
along the path is recorded. Panel (a) averages over 103 independent SRGG realizations, while the remaining panels correspond to a single
SRGG realization. In all cases, statistics are collected from 105 randomly selected shortest paths per SRGG realization.

these nodes are connected, Ai j = 1. The average link length is

then given by 〈dl〉 = ∫ √
2

0 xρ(Di j = x|Ai j = 1)dx.
Using the Bayes’ rule, the thought pdf can be expressed as

ρ(Di j = x|Ai j = 1) = P(Ai j = 1|Di j = x)ρ(Di j = x)

P(Ai j = 1)
, (D1)

where P(Ai j = 1|Di j = x) is nothing else but the connec-
tion probability function f (x), prescribed by Eq. (5), and
ρ(Di j = x) is the distribution of distances between node pairs
in a unit square. P(Ai j = 1) is the probability that a randomly
chosen node pair is connected, P(Ai j = 1) = 2L

N (N−1) = 〈D〉
N−1 .

The average link length is then given by

〈dl〉 =
∫ √

2
0 x f (x)ρ(Di j = x)dx∫ √

2
0 f (x)ρ(Di j = x)dx

. (D2)

We approximate the distribution of distances between node
pairs in a unit square as ρ(Di j = x) = 2x

R2 , where R is the size
of a unit square, R = O(1), obtaining

〈dl〉 ≈ d0

∫ (
√

2/d0 )β

0
u3/β−1

1+u du∫ (
√

2/d0 )β

0
u2/β−1

1+u du
. (D3)

The closed-form expression for 〈dl〉 in Eq. (D3) is given
by the ratio of two hypergeometric functions. It is useful,
however, to infer its leading-order behavior as a function of
〈D〉. To this end, we recall that 1

d0
∼ N1/2 
 1 for large N .

This follows from Eq. (6) for sparse SRGGs.
Since β > 2, the integral in the denominator of Eq. (D3)

can be approximated as
∫ ∞

0
u2/β−1

1+u du = π/sin( 2π
β

). Further, if
β > 3, the integral in the numerator of Eq. (D3) can be ap-
proximated in a similar manner as

∫ ∞
0

u3/β−1

1+u du = π/sin( 3π
β

).
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FIG. 10. Distribution of the position X of the node with the smallest distance to the geodesic along shortest paths in SRGGs for different
combinations of network size N , inverse temperature β, and the expected degree E[D]. In each panel, only shortest paths with a fixed hop count
h are considered. For each shortest path, the node with the minimum distance to the geodesic is identified, and its position X ∈ {1, . . . , h}
along the path is recorded. Panel (a) averages over 103 independent SRGG realizations, while the remaining panels correspond to a single
SRGG realization. In all cases, statistics are collected from 105 randomly selected shortest paths per SRGG realization.

As a result,

〈dl〉 ≈ d0

sin
(

2π
β

)
sin

(
3π
β

) ∼ 〈D〉1/2, β > 3. (D4)

In case β ∈ (2, 3), we approximate the integral in the numer-

ator of Eq. (D3) as
∫ (

√
2/d0 )β

0 u3/β−2du, which results in

〈dl〉≈
πβ2

3−β

2 sin
(

2π
β

)
3 − β

dβ−2
0 ∼ 〈D〉β/2−1, 2 < β < 3. (D5)

APPENDIX E: EVALUATION OF GEOMETRIC
BASED METHOD USING AUPR

Since the geometry-based method produces an ordering of
nodes according to their distance to the geodesic, we further
assess its performance using the AUPR. In Fig. 14, we re-
port the results of our path-finding experiments for different

combinations of the inverse temperature β and the expected
degree E[D] in SRGGs, where node coordinates are perturbed
by random noise [Eq. (15)]. Specifically, the experiments are
executed as follows:

(1) Generate an SRGG G with given parameters N , E[D],
and β. Node coordinates are perturbed by random noise ac-
cording to Eq. (15). A set of node pairs is then selected
uniformly at random.

(2) For each node pair (i, j), we determine the set of nodes
lying on shortest paths, WP∗

i j
, which is used as the ground-truth

set.
(3) Compute the geodesic γ (i, j) and evaluate the distance

d (q, γ (i, j)) for all nodes q ∈ V \ {i, j}.
(4) Compute the AUPR using the distance-to-geodesic

ranking and the corresponding ground-truth shortest path
node sets.

The SRGG+net method (see details in Sec. II C) is also
included as a reference for comparison. As discussed in
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FIG. 11. The distribution of the average (avg), maximum (max), and minimum (min) distances between shortest path nodes and geodesics
connecting shortest path end points in Waxman SRGGs with the connection probability function given by Eq. (4). For comparison, we also
plot the distribution of distances to geodesic from randomly selected nodes (ran). The network size N = 104 and the parameter β = 1. For
each expected degree E[D] and parameter η, we generated an SRGG and considered 106 random shortest paths.

Sec. II C, the RGG+net approach reconstructs a single deter-
ministic graph for a given network size N , expected degree
E[D], and node coordinates xi and yi. Consequently, this
method yields only a single operating point, rather than a
curve obtained by varying a decision threshold or model pa-
rameter, and is therefore not included in the AUPR analysis in
this Appendix.

Consistent with the precision results shown in Fig. 5,
the AUPR of the distance-to-geodesic method for identify-
ing shortest path nodes is significantly higher than expected
by chance. Moreover, the performance of the distance-to-
geodesic approach is less sensitive to noise compared to the
SRGG reconstruction method.

APPENDIX F: APPROXIMATION OF THE STRETCH

In this Appendix, we examine the assumptions and va-
lidity of the mean-field-type approximation for the average

shortest path stretch, in which the stretch is approximated as
the product of the average edge length and the average hop
count [see Eq. (10)]. Figure 15 compares the exact average
stretch with this mean-field-type approximation as a function
of 〈D〉, for three representative values of β [β = 2.5, β = 64,
and β = 128, shown in panels (a)–(c), respectively]. The ap-
proximation shows good quantitative agreement in the large-β
regime corresponding to the RGG limit, as evidenced by the
close overlap of the two curves both in panels (b) and (c).
For small values of β, such as β = 2.5, the agreement be-
comes less accurate, although the approximation still captures
the qualitative behavior, particularly in the subcritical regime
(i.e., for 〈D〉 below the percolation threshold). Perhaps more
importantly, in each panel the approximation reproduces the
overall trend of the exact stretch, including the character-
istic nonmonotonic dependence on 〈D〉. This indicates that
the dominant mechanisms governing the stretch are already
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FIG. 12. The distribution of the average (avg), maximum (max), and minimum (min) distances between shortest path nodes and geodesics
connecting shortest path end points in SRGGs where nodes are not uniformly scattered and the connection probability function is given by
Eq. (5). The distribution of distances to geodesic from randomly selected nodes (ran) is also presented. The network size N = 104. For each
average degree 〈D〉 and standard deviation σ of the Gaussian distribution used to sample node coordinates, we generated an SRGG and
considered 106 random shortest paths.

captured within the mean-field framework, despite its simpli-
fying assumptions.

The observed deviations between the exact and ap-
proximate results arise from several sources. First, quan-
tities such as hop count and edge lengths along short-
est paths are inherently correlated. Furthermore, shortest
paths themselves emerge from a global optimization pro-
cedure, which systematically biases the selection toward
atypically short or geometrically favorable edges. These
effects introduce nontrivial statistical dependencies that ren-
der an exact analytical treatment of the stretch practically
infeasible.

The mean-field approximation simplifies this picture by
treating all node pairs as statistically equivalent and assuming
that edge lengths along shortest paths are homogeneous and

representative of the overall link-length distribution. Formally,
this corresponds to replacing the conditional expectation
〈dl | l〉 with the unconditional mean 〈dl〉, and neglecting cor-
relations between hop count and edge lengths. Under these
assumptions, the average stretch factorizes as 〈S〉 ≈ 〈dl〉〈h〉,
as given in Eq. (10). Although highly simplified, this approach
still enables an analytical treatment of the stretch, which
would otherwise be intractable. The accuracy of the approxi-
mation, however, depends strongly on β. In the large-β limit,
edge lengths are narrowly distributed and variability along
shortest paths is limited, reducing correlations and improving
the validity of the mean-field assumption. In contrast, for
small β, the broader distribution of edge lengths enhances
correlations, leading to larger deviations. This behavior is
consistent with the trends observed in the panels of Fig. 15.
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FIG. 13. (a) Visualizations of toy SRGGs with N = 50 nodes and inverse temperature β = 4 for increasing expected degree, from left to
right: E[D] = 2, E[D] = 3.5. In each graph, a representative shortest path is highlighted in black. (b) Average sizes of the largest connected
component (LCC) and the second largest connected component (SLCC) for SRGGs with N = 50 and β = 4 as a function of the expected
degree E[D]. The emergence of a giant connected component occurs at the critical expected degree Dc = 3.5, identified by the maximum
of the SLCC. All LCC and SLCC values are averaged over 100 independent realizations. Accordingly, the graph visualizations in panel
(a) correspond to the disconnected and critically connected regimes.

FIG. 14. AUPR of shortest path identification using the distance-to-geodesic (geometry-based) method. Panels show the average AUPR as
a function of the coordinate noise amplitude α, for different combinations of E[D] and β. All experiments are performed on SRGG networks
with N = 104 nodes. Each bar represents the average AUPR over 102 randomly selected node pairs and the error bars indicate standard
deviations.
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FIG. 15. Comparison of the average stretch and the product of the average link length and average hop count as functions of the average
degree for SRGG networks with N = 104 nodes, for different values of β. The average stretch is computed over 106 randomly selected node
pairs, and the error bars indicate standard deviations.
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