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Quantum memory precludes mixed-unitary dynamics
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Unital quantum channels, defined by their property of leaving the maximally mixed state invariant, form
an important class of quantum operations. A distinguished subset of these channels can be represented as a
probabilistic mixture of unitary evolutions. Characterizing channels that do not admit such a decomposition
is in general a hard problem with significant implications for noise mitigation in quantum technologies and for
fundamental problems in quantum information theory. Here, we establish a link between mixed unitarity of unital
channels and the (quantum) nature of the memory effects in non-Markovian dynamics. Translating the problem
into the language of process tensors, this connection yields a hierarchy of semidefinite programs that provides
numerically efficient witnesses for non-mixed-unitary behavior, outperforming existing criteria. We demonstrate
the power of this approach through illustrative examples of unital channels in dimensions 3 and 4, and show how
the method can detect non-mixed-unitary behavior based on incomplete channel tomography.
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I. INTRODUCTION

Unital quantum channels, i.e., those that preserve the iden-
tity, £,[1] = 1, play a central role in many areas of quantum
dynamics, including resource theories [1-3], majorization and
fluctuation theorems in quantum thermodynamics [4-7], and
noise modeling in the context of quantum computing. The
dominant decoherence processes in quantum devices are often
unital, as they occur on much shorter timescales than nonuni-
tal damping channels [8-11]. A particular class of unital
channels are those of mixed-unitary (MU) type

Ewlel =) pUpUf,  piz0, Y pi=1, (1)

with the operators U; being unitary. Such channels describe
unitary quantum dynamics conditioned on classical noise and
can be seen as the result of averaging over a Hamiltonian
with a classical stochastic parameter, for example, a random
external field [12-14].

Finite-dimensional unital channels form a convex and
compact set [15]. Thus, they can always be decomposed
into the set’s extreme points & as &, = ), p;&, with p; >
0, Y, pi = 1. Any unitary is an extreme point and for Hilbert
spaces of dimension d = 2 all of these extreme elements are
unitary [16]. This implies that any unital channel on a qubit
system is MU.
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It has long been known that this is no longer true for dimen-
sions d > 3, where unital channels exist that do not admit an
MU representation [16-21]. Various special classes of such
channels have been proposed in the literature [15,17,19-24]
(see also Fig. 1). However, generally applicable tools for the
detection of non-MU unital channels are lacking and a broader
characterization of such channels remains elusive. In fact,
deciding whether a given unital channel is MU is NP-hard
in the sense of a Cook reduction [25,26]. Nevertheless, vari-
ous necessary and sufficient criteria [18], as well as methods
based on distance measures [18,20] and witnesses [15,16],
have been proposed that allow for the detection of non-MU
channels. In our current work, we add to this by rephrasing the
problem in the form of a semidefinite program (SDP). Beyond
mere academic interest, this question is of crucial practical rel-
evance: MU channels always admit an environment-assisted
error correction scheme that reverses the channel [27,28]. This
means that decoherence processes described by MU dynamics
can, in principle, be mitigated perfectly. For non-MU unital
channels, no such correction scheme can exist [27]. This is
sometimes called truly quantum decoherence, in contrast to a
classical statistical mixture of unitary operations [20].
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FIG. 1. Schematic representation of the space of quantum chan-
nels highlighting the five unital qutrit channels investigated in this
article. Two of them are MU; the other three are non-MU. The set of
unital non-MU channels is not convex.
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Recent developments have shown that qutrits, ququarts,
and even higher-dimensional quantum systems may be bene-
ficial for quantum computing [29-35], making the distinction
between MU and non-MU noise processes directly relevant
for error models and mitigation strategies. Moreover, in qubit-
based devices, noise processes that act jointly on multiple
qubits become increasingly relevant as single-qubit noise lev-
els improve.

In this article, we address the problem of detecting
non-MU unital channels from an at first sight unrelated
perspective. We map this problem to a recently developed
framework for quantum memory in non-Markovian dynam-
ics [36]. The key insight is that since any MU dynamics
can be reversed by an environment-assisted scheme, such
a reversal never necessitates quantum memory, as we will
show below. Accordingly, witnesses of quantum memory in
non-Markovian dynamics can be directly used to demonstrate
non-MU behavior.

Building on existing criteria for quantum memory [37], we
provide numerically efficient methods, based on semidefinite
programs, for detecting non-MU channels. We benchmark
these by showing that our witnesses outperform or match
known criteria for various classes of qutrit non-MU channels.
We then investigate a time-continuous joint dephasing process
of a two-qubit system and discuss how its non-MU nature can
be demonstrated experimentally without full tomography.

II. MAPPING TO A QUANTUM-MEMORY-RELATED
PROBLEM

The field of non-Markovian quantum dynamics has long
been an area of intense research. Recently, especially the ori-
gin of the memory effects has attracted much interest [36—45].
Following the definition in Refs. [36,37], a two-step dynam-
ics D = (&1, &) of two completely positive trace-preserving
(CPT) maps can be realized with a classical memory if these
maps can be decomposed as

& = Z]—"a 0Z,, with ZIa =&, 2

where F, is a family of CPT maps and the operators Z,
form a quantum instrument [46]. The reasoning behind this
definition is that the dynamics can be decomposed into a
measurement described by Z,, for the first map &;, followed
by a CPT channel F, that is conditioned on the classical
measurement outcome « (see Fig. 2). If such a decomposition
does not exist, the dynamics is said to require truly quantum
memory (see Ref. [36] for details). Based on this definition,
the following theorem can be formulated:

Theorem 1. A unital map &, is mixed unitary if and only if
the dynamics D = (&,, 1) is realizable with classical memory.

Proof. For the special case of a dynamics D = (&, &),
with £ = &, and & = 1, the definition of classical memory
in Eq. (2) reduces to a form that is identical to the existence of
an environment-assisted error correction scheme in the sense
of Ref. [27] whose equivalence to &, being MU has been
established in said reference (see Appendix A for details and
Appendix B for a corollary). |

Intuitively, the connection can be understood by the fact
that if & is a mixture of unitary channels, then the operators
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FIG. 2. Graphical depiction of a two-step dynamics D =
(&1, &). This dynamics can be realized with classical memory as in
Eq. (2) if the first map can be written in terms of quantum instruments
& =), I, whose measurement outcome « conditions the choice
of the map F, in the second step in order to obtain the overall map

=Y ,Fouol,.

F« can be chosen to be the corresponding inverse unitary op-
erations, thus restoring the initial quantum state. A correction
scheme as in Ref. [27] exists if and only if the measurement
outcomes can be used to perfectly reverse the channel &, i.e.,
if the second map in the dynamics is the identity.

III. SDP NON-MU WITNESSES

Having established the equivalence between &, being non-
MU and D = (&, 1) being a dynamics that requires quantum
memory, we can employ the existing criteria for the latter to
demonstrate the former.

The Choi state E of a completely positive map £ is defined
through the Choi-Jamiotkowski isomorphism:

= (1@ EIPTN(PT, 3

with the unnormalized Bell state |®7) = Z |k Y ® |k).

dynamics D = (&, &) can always be regarded as emerg—
ing from a process tensor in Choi representation XAB5C’
[47]. Process tensors are the generalization of quantum chan-
nels to multiple times. They describe the evolution of an
open quantum system under the influence of local interven-
tions on this system at distinct times. We consider an initial
state preparation, one intervention, and a final output. Thus,
here the Hilbert space A describes the input at time fy, B’ is
the output Hilbert space at time ¢, B is the input Hilbert space
for the second time step, and C’ is the output Hilbert space
at time f,. For X to be compatible with the dynamics, it must
reproduce the correct Choi states E; , of the maps &£ » [48,49]:

tre [XAFEC) = By ® 15, )

(F XA BB 10k ) = E». (5)

In general, there are infinitely many X that yield the dynamics

= (&1, &). However, if a dynamics admits a classical mem-
ory decomposition as in Eq. (2), there is at least one separable
realization of the form [37]

=Y 1P QFX, (6)

o

XAB BC'

where I, and F, are the Choi states of Z, and F,, respectively
[see Eq. (3)].

Accordingly, if a unital map &£, is MU, there is a pro-
cess tensor compatible with the dynamics D = (&,, 1) that
is separable with respect to the partition AB'|BC’. Deciding
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separability is a hard problem. However, the nonexistence of
a separable representation can often be demonstrated by nu-
merically efficient SDPs subject to a positive partial transpose
(PPT) constraint. This method was employed in Ref. [37] for
the case of quantum memory detection and we will make use
of this criterion here as well. Adapted for our case of non-MU
detection, we can formulate the following SDP:

1
SQM = max <d—2(CI>+|G|<I>+) - 1), @)

st XABBC 50, (XABBCYTac » (), ®)
tro [X*P5C] = E, ® 13, )
G = (O}, IXEE |1 ). (10)

A unital map &, is non-MU, if for this witness sqm, we find
som < 0. (11)

The constraints describe the positivity of X and its partial
transpose [Eq. (8)], the marginal for the first channel, which
has to agree with the unital channel £, whose non-MU prop-
erty we are interested in [Eq. (9)], and the second marginal,
which we denote by G [Eq. (10)]. The fidelity of this marginal
G with the expected Choi state of the identity map E, =
|®*) (D] is maximized in the objective function of the SDP
[Eq. (7)] (note the scaling by d* due to the unnormalized
Choi states). If the maximum sqy is negative, the dynamics
D = (&, 1) cannot be realized with a separable process tensor
X; hence, &, is of non-MU form. Thus, sqm defines a non-MU
witness.

The PPT constraint in Eq. (8) leads to a sufficient but
not necessary witness. Stronger witnesses can be obtained by
adding further PPT constraints for symmetric extensions of
the Hilbert space of X to the SDP. In theory, such a hierarchy
is guaranteed to converge in the limit of infinite depth [50,51].
However, already the first order, given above, often provides
a strong witness, as we show in the following sections.

IV. THE LANDAU-STREATER CHANNEL (d = 3)

It is known that unital qutrit dynamics of Kraus rank r» = 2
are always MU [16]. For channels of rank r > 3, this is no
longer true. The prototypical non-MU qutrit channel is the
Landau-Streater (LS) channel &g, given by the Kraus rep-
resentation K; = |1)(2] — [2)(1], K» = [0)(2| — |2)(0|, K3 =
[0)(1] — |1)(0] [16,17]. Mixing this channel with the identity
channel, we define a family of channels

E=pl+1—-pkés, pel01] 12)

In Ref. [24], it was shown analytically that this family admits
an MU representation only in the trivial case p = 1. This
result serves as a first benchmark for our quantum-memory-
based non-MU witness. In Fig. 3, we plot the optimized
fidelity sqm [see Eq. (7)] as a function of the mixing parameter
p in Eq. (12), showing that the witness correctly detects the
non-MU behavior for all p < 1.

Criteria for the non-MU nature of unital channels often
only apply to a certain specific class with high symmetry.
A generally applicable witness for non-MU qutrit channels
was proposed by Mendl and Wolf [15]. They show that a
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FIG. 3. Witnesses of non-mixed-unitariness in the family of CPT
maps given by Eq. (12). The blue solid line represents the quantum-
memory-based witness sqm and indicates non-mixed-unitariness if
it is negative. The orange dashed line computed the witness syw
according to Eq. (13) and indicates non-mixed-unitariness if the
value is below zero, which is the case for all p < 1/3. Both witnesses
are normalized to s = —1 at p = 0.

unital qutrit channel &, is non-MU if its Choi state E,, satisfies
smw < 0, where

smw = tr[ME,], M = Q3F + 1)/3, 13)
and [ : |k, I) — |l, k). The Mendl-Wolf criterion serves as a
numerical benchmark for our witness sqm. We plot spw in
Fig. 3 for comparison. The Mendl-Wolf witness detects the
true nature of the family only for p < 1/3. Thus, our witness
performs significantly better for the channels £, in Eq. (12).

V. CONVEX MIXTURES OF EXTREMAL CHANNELS

For the 80-dimensional space of qutrit channels, it is
known that unital channels form a convex subset and therein
MU channels form another convex subset of nonzero volume
[22]. In contrast, the subset of non-MU channels is not convex
(see Appendix C).

To demonstrate the versatility of the quantum-memory-
based approach to certifying non-MU channels, we analyze
pairwise convex combinations of five different unital qutrit
channels. Two of them, the identity map 1 and the fully
depolarizing channel &p, are of MU form. The other three
are known to be non-MU: the Landau-Streater channel &g
[16,17], the Arveson-Ohno channel £ro [19,21], and one
channel &yvr of the Haagerup-Musat-Ruskai family [21].
Apart from the depolarizing channel &p, all of them are ex-
treme points of the set of unital channels (see Fig. 1).

The fully depolarizing channel of a qutrit Ep[p] = trpl/3
maps every state to the maximally mixed state. It is known
that mixing this channel with any other unital channel as
in Eq. (12) is MU for p > 7/8 in the qutrit case [22]. The
Landau-Streater channel [16,17], which, in the qutrit case, is
related to the Werner-Holevo channel [52], is a unital qutrit
channel without MU representation. It is extremal not only
in the set of unital channels but also in the set of all qutrit
channels.

There are also unital qutrit channels without MU represen-
tations that are extremal unital channels but not extremal in
the set of all channels. Two known examples are the Arveson-
Ohno channel £yp and a family constructed by Haagerup,
Musat, and Ruskai. Both have in common that they are rank-4
channels. One representation of the Arveson-Ohno channel
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FIG. 4. Overview of the performance of the quantum memory
(QM) witness and the Mendl-Wolf (MW) witness for convex combi-
nations of different unital channels. The three channels & s, Ea0, and
Eumr are verifiably non-MU, while the fully depolarizing channel
&p and the identity channel 1 have known MU decompositions. It
can be seen that for the convex combination of & g and &p, the QM
witness (blue thin line) performs equally well as the Mendl-Wolf
witness (orange thick line), while it outperforms the latter one in
every other of the investigated convex combinations. The solid gray
lines indicate parameter ranges for which it is known that the channel
is MU [22], while dashed gray lines indicate parameter ranges for
which nothing can be concluded from the witnesses. The details and
parameter ranges depicted in this figure can be found in Table I in
Appendix D.

Eno 18 given by [19]

K> = 0)(1] 4+ V/2[1)(2],

Ky = vV2I1)(01 +v/312)(1], Ky = [2)(0] + ~/2]0)(2].
(14)

Ky =10)(01,

The family Egmr (e, B) is non-MU for almost all «, 8 € C,
with |&|? 4+ |B|*> = 1. A Kraus representation is given by [21]

Ky = a|0)(0] + [1)(2], K> = BI0)(2] + [2)(1],
K3 = —|0)(1] — B*12)(0l, Ky = [1)(0] +*[2){2]. (15)

The parameters chosen for the investigation in Table I are o« =
1/ V5and g =2 / NG They are chosen such that the absolute
value of sqm according to the SDP in Eq. (7) is maximal.

We will now investigate all possible convex combinations
of two of such channels using our non-MU witness. For most
of those convex combinations, no analytical results exist, but
we compare the performance of our witness sqom in Eq. (7)
with the witness syw from Eq. (13). The results are visualized
in Fig. 4. Both witnesses detect the same parameter range for
the non-MU behavior of the channel & g mixed with a fully
depolarizing channel &y. For all other convex combinations,
the quantum-memory-based witness sqom is able to demon-
strate the non-MU property in significantly larger parameter
regions than the witness sy .

VI. DETECTION OF GENUINE QUANTUM
DECOHERENCE

For a single qubit, every unital channel is MU and there-
fore qubit decoherence processes can in principle always be
corrected by a measure and feedback scheme on the environ-
ment [27]. This is no longer true for a multiqubit system that

couples jointly to its surrounding. Here, we analyze the non-
MU detection through our quantum-memory-based witness
for the prototypical case of this class: A two-qubit system that
experiences a joint dephasing dynamics.

From an experimental point of view, the witness squm de-
scribed in Eq. (7) requires a full tomography of the unital
channel &, as an input. For the two-qubit case, this could, for
example, be achieved by measuring all correlators

Ciju = tr[€ulo: ® 0/lox ® 01] = tr[E0; ® GJ-T ® o ® oyl,
(16)

with i, j, k, 1 € {0, 1, 2, 3}, and o; are the Pauli operators with
o9 = 1. However, if we are only interested in demonstrating
the non-MU nature of a channel—for example, in order to rule
out the existence of an error mitigation scheme—this com-
plete characterization of the channel is unnecessary. Instead, it
often suffices to measure only some correlators C;jx; [37]. This
is particularly important for systems of higher dimension,
as a full tomography becomes exponentially expensive with
growing dimension. Thus, keeping the number of measured
correlators, and therefore also the number of variables in the
SDP, low is necessary for a practical implementation. Clearly,
such a restricted witness is by construction weaker than the
full one and its performance will very much depend on the
choice of measured correlators and the given dynamics under
investigation.
Let us define a Hermitian operator

3
T T
W= Y wjo @0 @o®0c, wyueR (17
i,j.k,1=0

It follows directly from Theorem 12 in Ref. [37] and our The-
orem 1 that this W together with another Hermitian operator
P defines a valid non-MU witness for a two-qubit channel if
there are two positive semidefinite operators Q and R such that

1 , y /
EWAB +PAC ® |q>+><q)+|BB — Q +RTBC’. (18)

The value of the witness is defined by
w = tr[WE,] + (®F|P|DT), 19)

and the unital channel &, is non-MU if we find w < 0. The
second term in Eq. (19) is a real number fixed by P. The
first term can experimentally be determined by measuring
the correlators Cjj; in Eq. (16) for a given channel &£, and
weighting them by the numbers w; ji; in Eq. (17).

Suitable operators W and P can be found by an SDP if the
experimentally expected channel £, is known. An experimen-
tal verification of the non-MU nature would then only require
an implementation of the observable W to determine w in Eq.
(19). We show in the following that this approach is viable for
the detection of non-MU dynamics in a two-qubit dephasing
process.

A model that produces such an evolution is shown in
Fig. 5(a). The two system qubits couple to a single envi-
ronmental qubit, which in turn is damped by a Markovian
channel. The global evolution of an initial product state
P = Psys @ Peny 18 determined by the three-qubit Hamiltonian
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FIG. 5. (a) Model for a joint dephasing of a two-qubit system.
The system qubits interact with a single environmental qubit through
the Hamiltonian in Eq. (20). The environmental qubit undergoes a
Markovian damping with strength y. (b) Value of the witness w in
Eq. (19) at time ¢ = 1.325 as a function of the damping strength y.
Model parameters as in Fig. 6. The operator W has been constraint to
28 independent terms, which makes an experimental implementation
significantly easier than a full channel tomography (see subsection
of Sec. VI).

H = Hin + Heny, with
Hmt — Kl( sys, 1 ® O,env) + Kz( sys,2 ® O,env) (20)

and H.,, = r. G, where 6 = (oy, 0y, 0;). Here, the numbers
k; are the interaction strengths between system qubit i and
the environmental qubit, and the numbers I'; € R determine
the local Hamiltonian on the environmental qubit. The lat-
ter is damped by a Lindblad operator L = o_ = |0)(1]| with
strength y [53,54]. The three-qubit dynamics is thus deter-
mined by p = —i[H, p] + L[p], with L[p] = y[LpL/2 —
(L'Lp + pL'L)]. Tracing over the environmental qubit, this
leads to a time-continuous non-Markovian unital decoherence
dynamics &,(t) of the two-qubit system.

Applying the criterion in Eq. (7), one can verify that £,(¢)
has no MU representation for a large parameter range. We
plot the numerical results for example parameters in Fig. 6.
Note that an extension of the Mendl-Wolf criterion in Eq. (13)
to even dimensions leads to a trivial witness syw not plotted
here [15].

The general form of W in Eq. (17) contains 4* = 256 lin-
earily independent terms. However, crucially, we can reduce
the number of terms significantly while still obtaining a strong

0
0.000
—0.001;
o -0.002;

-0.003"

-0.004"

FIG. 6. Non-MU witness from Eq. (7) applied to the joint
dephasing dynamics generated by the model in Fig. 5(a). The pa-
rameters kK, =04, k, =12, I, =04, T, =0, I', = 1.0, and the
initial peny = |1)(1]| are chosen such that the dynamics has no MU
representation [20].

witness, as shown in Fig. 5(b), where we plot w in Eq. (19) as
a function of the damping constant y for a witness operator
W restricted to 28 independent terms. We choose ¢ = 1.325,
where the MU violation is particularly pronounced for all
damping rates (see Fig. 6). W and P are optimized by an SDP
for the expected channel £, and we will now show how they
can be obtained.

How to find W and P

Adapting results for quantum memory witnesses [37], we
obtain suitable W and P in Eq. (19) for a given unital channel
Er by the following SDP:

wh = r‘}vl?p w[WE'] + (®F|P|®T),
. 1B¢ : :
st: WA @ — 4 PAC ooty (ot BB
_ QAB’BC’ +( RAB/BC’)TBC,’
O,R >0, W,P Hermitian, tr[W]=1, 21

where the last constraint fixes the normalization of W. If w* <
0, the channel &£ with Choi state E; is non-MU. A weaker
but computationally even more favorable version w} can be
constructed by setting Q = 0 in Eq. (21). By construction,
these w* and wjy are weaker than sqm in Eq. (7). We show
its performance on the investigated qutrit channels in Table I.

Importantly, the operators W and Q, optimized for a chan-
nel £ in Eq. (21), define a valid witness in the sense of
Eq. (19) for arbitrary channels &£,. Thus, in an experimental
setting, only the Hermitian operator W needs to be measured
in order to confirm the non-MU nature of a unital channel. No
full process tomography is necessary to verify the expected
channel. Clearly, if the experimentally realized channel does
not match the expected channel W was optimized for, the
measurement of W might not reveal the non-MU nature.

The form of W can be constraint, for example, so as to only
contain observables that are measurable in a given experimen-
tal setup or to reduce the number of independent terms in W
[see Eq. (17)]. Exploiting the symmetry of the problem, the
numerical values in Fig. 5(b) were obtained by constraining
W to the form W = Wiz + Wxy, with

Wiz = Z a;juo; ® 0; ® 0; 0y (22)
i,j,k,1€{0,3)

and Wxy = Z}il v;V;, with
V =IXIX — IYIY+ZXZX +ZYZY,
Vo = —i(IZ)V,, Vs = (IZ)V,,
Vs = XIXI + XZXZ — YIYI — YZYZ,
Vo = (IZ2)Vs, V7 =i1(1Z1)Vs, Vg = i(IIZZ)Vs,
Vo = XXXX — XYXY — YXYX — YYYY,

Vio = i(IZ)Ve, Vii =i(MIZDVs, Vip = —(1ZZ)Vs,
(23)

where I, X, Y, Z =1, oy, oy, o;. Thus, the SDP in Eq. (21)
optimizes 16 parameters a;j;; and 12 parameters v; instead of
the general number of 256 independent w;j; in Eq. (17).

=i(IIZZ)V},
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Previous results on demonstrating the truly quantum nature
of decoherence processes in d = 4 either relied on the knowl-
edge of the evolution of the environment or required involved
numerical methods [20]. Our SDP approach is numerically
straightforward and provides a sufficient witness for non-MU
channels that can simplify experimental demonstrations sig-
nificantly.

VII. CONCLUSION

Determining whether a unital quantum channel admits an
MU representation is a problem of both fundamental and
practical importance, yet remains hard in general. In this ar-
ticle, we have presented an efficient method to rule out MU
decompositions by establishing a fundamental connection to
quantum memory criteria in non-Markovian dynamics. By
mapping the problem to that of identifying separable pro-
cess tensors, we obtain a hierarchy of semidefinite programs
that, in principle, fully characterizes the set of MU channels.
Already the lowest level of this hierarchy yields strong wit-
nesses, as demonstrated for multiple prototypical classes of
unital qutrit channels, where our approach compares favorably
with existing methods.

The connection between quantum memory and mixed uni-
tarity extends well beyond the specific witnesses constructed
here. Any advance in detecting quantum memory—an active
area of research—translates directly into new tools for char-
acterizing unital channels, making the framework naturally
extensible.

The witnesses are also readily adaptable to experimental
constraints. For the time-continuous joint dephasing dynamics
of a two-qubit system, we devise a simplified form of the
witness that can facilitate the experimental verification of
non-MU channels without the need for full channel tomogra-
phy. As genuinely quantum decoherence processes described
by non-MU channels represent a central challenge for noise
mitigation in emerging quantum technologies, we expect our
framework to find application in the characterization and
benchmarking of realistic quantum devices.
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APPENDIX A: PROOF OF THEOREM 1

Proof. For the details on the proof of Theorem 1, let us
first compare the definition of a dynamics D = (&, &) with
CPT maps &, &, having classical memory with the definition

of a correction scheme restoring quantum information for a
map 7. Such a scheme leading to the corrected channel T,
is defined as [27]

EOHZZROKOTOK’ ZTaZT’
a a

where R, represent a family of CPT maps. The similarity be-
tween Egs. (2) and (A1) becomes obvious once one identifies

(AD)

&= T, 52 = Tcorrv Ia = las ]:ot = Rrx- (AZ)
There is hence a one-to-one correspondence between dynam-
ics with classical memory and those with correction schemes.
We will now show that £ being MU is the same as D = (£, 1)
having classical memory, which again is equivalent to the
existence of a scheme restoring quantum information for £.

Given some dynamics D = (£, 1) has classical memory,
according to the identifications in Eq. (A2) this implies that
& = Teorr = 1. In Ref. [27], a correction scheme restor-
ing quantum information is defined exactly by the fact that
Ton=1.

Suppose now there is a scheme correcting quantum infor-
mation for &, so Tyor = 1. Then, due to the no information
gain without disturbance theorem, every single term in the
first sum in Eq. (A1) has to be proportional to the identity
[27]. This can only be satisfied if KJK(X = po1 such that the
map has to be a convex mixture of unitary dynamics and is
hence of the MU type.

Now, finally assume £ is MU such that the Kraus operators
are proportional to U,. Choosing F,[p] = U; pU,, we find

D Fuoly=) paUi(UupUf)Us=p.  (A3)

where we used that the operators U, are unitary and the prob-
abilities p, sum up to 1. It hence follows that for an MU map
& the dynamics D = (&, 1) has classical memory [27,36]. W

APPENDIX B: COROLLARY

Note that Theorem 1 is equivalent to the following corol-
lary:

Corollary B1. A unital map &, is mixed unitary if and
only if the dynamics D = (&,, &) has classical memory for
all choices of &.

Proof. This is trivial since 1 is one particular choice for &.

This is also quite intuitive. Suppose D = (&, 1) has clas-
sical memory. Then, the dynamics D = (&, &) also only
requires classical memory:

8025()0]]. (Bl)

=& [ > f,-[K,»pK,T]} =Y FlKieK[]. (B2
i=1 i=1

where we used the linearity of CPT maps and defined F; =
&y o F;. This result is precisely the definition of classical
memory; thus, we have shown that if the identity can be
reached with classical memory, no further memory is neces-
sary to reach any other map &. |
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TABLE I. Overview of the performance of the different non-MU witnesses for the convex combinations of the five selected unital qutrit
channels. The investigated families take the form £, = p€4 + (1 — p)&p and the cells of the table contain the parameter ranges of p for which

&, being non-MU can be certified with the according witness.

Ea Ep sqm < 0 w* <0 wy <0 smw < 0
1 Eis p<1 p<1 p<l1 p <033
ép Eis p<0.5 p <05 p <0.02 p<05
Ero ELs Vp p < 0.50 p < 0.08 p < 0.51
Enmr Eis p ¢10.89,0.91] p ¢ [0.89,0.91] p <0.07 p < 0.63
1 Eno p < 0.08 p < 0.08 p=0

ép Ero p <0.18 p <0.18 p=0

Eumr Eno p ¢10.71,0.94] p ¢ [0.69,0.96] p=0

gD gHMR p< 0.03 P < 0.02

1 EUMR p<1 p<1

APPENDIX C: NONCONVEXITY OF THE SET
OF NON-MU CHANNELS

Proof. Let us consider the fully depolarizing channel given
in an MU representation Ep[p] := Z?:l U; ,oUiT /9 with nine
unitary operators

U=1, Uy=Y, U=2Z Uy=Y* U=YZ,
Us=Y22, U =YZ%, Us=Y*2% Uy=22 (Cl)
where
01 0 1 0 0
y=10 o 1], z=10 o 0], (C2)
1 0 0 0 0 o?

with w = exp(2wi/3). We can, however, also describe this
channel as a convex combination of non-MU channels. Note
that whenever € is non-MU, the channel £ = € o U is also
non-MU, if U is a unitary map. Using the Landau-Streater
channel from Eq. (12) with p = 0 as channel £, we can de-
fine & = € oU;, withU;[p] := U,-,oUl.T. The convex mixture of

these non-MU ¢&; with p; = 1/9 yields the fully depolarizing
channel that is MU:

9
Zpigi[p] = 5|:Z PiUi,OU,-T:| = E[&plpll = Eplpl.

APPENDIX D: PERFORMANCE OF DIFFERENT
WITNESSES

We investigate convex combinations of the form &, =
pEa + (1 — p)Ep with respect to the property of being non-
MU. The graphical representation in Fig. 4 is based on the
numerical results summarized in Table I. There, in addi-
tion to the quantum memory witness sqm from Eq. (7) and
the Mendl-Wolf witness syw from Eq. (13), we also show
the variants w* and wj of the quantum memory witness in
Eq. (21). Those require, on the one hand, less computing time
but are, on the other hand, weaker than the full quantum mem-
ory witness. In higher dimensions, this may be advantageous.
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