
PHYSICAL REVIEW RESEARCH 7, 043090 (2025)
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We present a general framework for engineering two-dimensional subwavelength topological optical lattices
using spatially dependent atomic dark states in a �-type configuration of the atom-light coupling. By properly
designing the spatial profiles of the laser fields inducing coupling between the atomic internal states, we show
how to generate subwavelength Kronig-Penney-like geometric scalar potential accompanied by narrow and
strong patches of the synthetic magnetic field localized in the same areas as the scalar potential. These sharply
peaked magnetic fluxes are compensated by a smooth background magnetic field of opposite sign, resulting in
zero net flux per unit cell while still enabling topologically nontrivial band structures. Specifically, for sufficiently
narrow peaks, their influence is minimum, and the behavior of the system in a remaining smooth background
magnetic field resembles the Landau problem, allowing for the formation of nearly flat energy bands with
unit Chern numbers. Numerical analysis confirms the existence of ideal Chern bands and the robustness of
the topological phases against nonadiabatic effects and losses. This makes the scheme well suited for simulating
quantum Hall systems and fractional Chern insulators in ultracold atomic gases, offering a platform for exploring
strongly correlated topological phases with high tunability.
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I. INTRODUCTION

Topological effects play an important roles in various areas
of physics, including condensed matter [1,2], ultracold atoms
[3–7], optics and photonics [8–10], acoustics [11], and its non-
linear realizations [12]. Ultracold atoms represent a flexible
platform for simulating topological and many-body phenom-
ena of condensed matter and high-energy physics [13–17].
The use of atomic dark states offers additional possibilities
for such simulations. The dark states are long-lived superpo-
sitions of atomic internal ground states immune to atom-light
coupling [18,19]. Making the dark states position-dependent,
one can create unconventional optical lattices or generate a
synthetic magnetic field for ultracold atoms adiabatically fol-
lowing the dark states [3,4]. In particular, using this method,
one can create a one-dimensional (1D) array of subwavelength
barriers [20–24], thus providing optical lattices that were real-
ized experimentally [25,26]. Recently, two-dimensional (2D)
dark state lattices were also considered [27–29]. In particular,
it was demonstrated that in addition to the geometric scalar
potential, the dark state atoms can also be affected by a geo-
metric vector potential corresponding to a nonzero magnetic
field. The magnetic flux produced in this way is staggered
[27], but can have features of the nonstaggered flux for a very
specific set of parameters [28].

Here, we provide a general description of 2D topological
dark state lattices elucidating an interplay with the
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subwavelength lattices. In particular, we demonstrate that
one can create a toplogical 2D Kronig-Penney-like lattice
that contains periodically distributed narrow peaks of strong
scalar potential and strong nonstaggered magnetic field,
the latter located at the same positions as the peaks of the
scalar potential. Away from these subwavelength patches of
the strong magnetic field, there is a smooth magnetic field
of the opposite sign, compensating for the former peaks,
so the total magnetic flux over an elementary cell is zero.
Nevertheless, the system supports topological phases due
to the flux variation over a unit cell, involving large areas
of smooth magnetic field. In particular, as the width of
the subwavelength peaks of the magnetic fluxes becomes
sufficiently small, their influence diminishes and the problem
reduces to the motion of the particle in a nearly uniform
background field akin to the Landau problem for a particle
moving in a constant magnetic field [30,31] . This work paves
the way for experimental exploration of topological phases
in 2D subwavelength dark state optical lattices, offering
possibilities for simulating quantum Hall systems, fractional
Chern insulators (FCIs), and related strongly correlated
phases.

The paper is organized as follows. In Sec. II, we in-
troduce the � scheme of the atom-light coupling and
define the dark states that are immune to the atom-light
coupling. Section III provides the general description of
adiabatic motion of the dark state atoms affected by the
geometric scalar and vector potential, as well as the cor-
responding magnetic field. Section IV considers specific
light fields for the � scheme providing a 2D subwave-
length topological lattice for the atomic motion in the dark
state manifold. The concluding Sec. V summarizes the
findings.

2643-1564/2025/7(4)/043090(10) 043090-1 Published by the American Physical Society

https://orcid.org/0000-0001-5162-1112
https://orcid.org/0000-0002-0677-6446
https://ror.org/03nadee84
https://crossmark.crossref.org/dialog/?doi=10.1103/dhkv-zvwg&domain=pdf&date_stamp=2025-10-22
https://doi.org/10.1103/dhkv-zvwg
https://creativecommons.org/licenses/by/4.0/
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FIG. 1. (a) The Lambda scheme of the atom-light coupling. Two
laser fields characterized by Rabi frequencies �1 and �2 couple
resonantly (or nearly resonantly with a single photon detuning �)
two atomic ground states |1〉 and |2〉 to a common excited state |e〉.
(b) The position dependence of the modulus of Rabi frequencies �1

and �2 given by Eqs. (25) and (26) for ε = 1 and ν = 0.95. Arrows
indicate the direction of the phase winding of �1 around its zero
points.

II. FORMULATION

A. Hamiltonian

Let us consider atoms in the � configuration of energy lev-
els involving two ground states |1〉 and |2〉 and an excited state
|e〉 depicted in Fig. 1(a). Both ground states are resonantly (or
nearly resonantly with a single photon detuning �) coupled
to the same excited state |e〉 by laser fields characterized by
the Rabi frequencies �1 and �2. The Rabi frequencies �1 ≡
�1(r) and �2 ≡ �2(r) are generally position dependent, as
shown in Fig. 1(b), but this r dependence will be mostly kept
implicit. Applying the rotating wave approximation [18], the
Hamiltonian describing the atom-light coupling is

V̂ /h̄ =
(

−� − i

2
�

)
|e〉〈e| +

2∑
j=1

(
� j

2
|e〉〈 j| + H.c.

)
,

(1)
where an imaginary contribution −i�/2 is added to the energy
of the excited state to describe its decay at the rate �.

B. Dark and bright state basis

The atom-light Hamiltonian [Eq. (1)] can be represented in
terms of the excited and bright states

V̂ /h̄ =
(

−� − i

2
�

)
|e〉〈e| + �

2
(|e〉〈B̃| + |B̃〉〈e|), (2)

where the bright state |B̃〉 is a superposition of the atomic
ground states |1〉 and |2〉 directly coupled to the excited state
|e〉:

∣∣B̃〉 = 1

�
(�∗

1|1〉 + �∗
2|2〉), (3)

with

� =
√

|�1|2 + |�2|2 (4)

being the total Rabi frequency. The third atomic state is the
dark state representing a superposition of ground states or-
thogonal to the bright state

∣∣D̃〉 = 1

�
(�2|1〉 − �1|2〉). (5)

Both dark and bright states are position-dependent atomic
dressed states. The spatial variation of these states comes
from the position dependence of the Rabi frequencies �1(r)
and �2(r). The dark state is not featured in V̂ , so it is not
affected by the atom-light coupling and is characterized by
zero eigenenergy, i.e., V̂ |D̃〉 = 0.

The dark and bright states can be defined up to a (position-
dependent) phase factor. The use of a different set of dark and
bright states corresponds to another gauge choice. It is conve-
nient to use the dark and bright states |D〉 and |B〉 expressed
in terms of a relative Rabi frequency ζ = �1/�2:

|D〉 ≡ |�2|
�2

∣∣D̃〉 = |1〉 − ζ |2〉√
1 + |ζ |2

, (6)

|B〉 ≡ |�2|
�∗

2

∣∣B̃〉 = 1√
1 + |ζ |2

(ζ ∗|1〉 + |2〉). (7)

In the present paper, we will concentrate on the situation
where �2 is real, so the two sets of dark and bright states
coincide up to a sign of �2.

For a sufficiently large single photon detuning, � � �,
one can adiabatically eliminate the excited state |e〉. Specif-
ically, applying the Schrieffer-Wolff transformation (see, e.g.,
the Supplemental Material of Ref. [32]), the effective Hamil-
tonian describing the atomic dynamics in the ground-state
manifold is

V̂eff = V0

4
|B̃〉〈B̃| = V0

4
|B〉〈B|, (8)

with

V0 = �2

� + i�/2
, (9)

where the real and imaginary parts of V0 describe, respec-
tively, the light shift and the decay of the bright state. The dark
state is characterized by zero eigenenergy also in the projected
description V̂eff |D̃〉 = 0, so the dark state neither decays nor
experiences the light shift, like in the full description involving
all three atomic internal states.

III. ADIABATIC MOTION IN THE DARK
STATE MANIFOLD

Including the kinetic energy, the combined internal
and center of mass atomic dynamics is described by the
Hamiltonian:

Ĥ = p̂2

2M
+ V̂ , (10)

where p = −ih̄∇ is the momentum operator, M is the atomic
mass, and V̂ is the atom-light coupling Hamiltonian given by
Eqs. (1) or (2).

The atomic combined internal and center of mass dynam-
ics is generally described by a multicomponent state vector
|ψ (r)〉, which can be cast in terms of bare atomic internal
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states |1〉, |2〉, and |e〉, or alternatively, in the basis of dark,
bright, and excited states |D〉 ≡ |D(r)〉, |B〉 ≡ |D(r)〉, and |e〉:

|ψ (r)〉 = ψD(r)|D(r)〉 + ψB(r)|B(r)〉 + ψe(r)|e〉, (11)

where ψD(r), ψB(r), and ψe(r) are wavefunctions for the
center of motion of atoms in the corresponding internal states.
For a sufficiently large detuning, � � �, one can consider
the state vector projected onto the dark and bright state man-
ifolds |ψeff (r)〉 = ψD(r)|D(r)〉 + ψB(r)|B(r)〉. The evolution
of |ψeff (r)〉 is then governed by the effective Hamiltonian Ĥeff ,
which has the form of Eq. (10) with the atom-light operator
V̂ replaced by the effective operator V̂eff given by Eq. (8).
Such an approach has been applied in Refs. [28,33] (with the
real-valued coupling strength V0 corresponding to neglection
of losses) [34]. Our numerical analysis will be based on the
dynamics of the complete state vector |ψ (r)〉 governed by the
full Hamiltonian Ĥ of Eq. (10), and a comparison to the pro-
jected dynamics described by Ĥeff will be discussed. We will
see that in the regime where the atoms adiabatically follow the
dark state, the complete and projected dynamics governed by
the Hamiltonian Ĥ and Ĥeff yield very similar energy spectra
(especially for lower energies) even for moderate detuning �.
Interestingly, the effects of losses are also similar using the
two approaches, and the reason for this will be elucidated in
Sec. IV D.

A. Adiabatic approximation

When the total Rabi frequency � greatly exceeds the char-
acteristic energy of the atomic center of mass motion, the
atoms adiabatically follow the lossless dark state to a good
approximation. The atomic center of mass motion can then
be described by the dark state wavefunction ψD(r) whose
evolution is governed by the following Hamiltonian [3,4,35]:

ĤD = 1

2M
(−ih̄∇ − A)2 + φ, (12)

where A ≡ A(r) and φ ≡ φ(r) are geometric vector and
scalar potentials

A = ih̄〈D|∇|D〉 and φ = 1

2m
ADB · ABD, (13)

with

ADB = ih̄〈D|∇|B〉 and ABD = A∗
DB (14)

being the off-diagonal matrix elements of the vector potential
associated with the nonadiabatic transitions between the dark
and bright states. Note that the Hamiltonian [Eq. (12)] does
not contain the dark state energy, as it equals to zero. Thus, the
adiabatic following of the dark state is not accompanied with
any additional scalar potential due to the position dependence
of the dark state energy, which facilitates simulation of the
situation close to the quantum Hall physics.

The geometric vector and scalar potentials acting on atoms
the dark state |D〉, as well as the corresponding magnetic field
B = ∇ × A read [35]

A = ih̄

2

ζ ∗∇ζ − ζ∇ζ ∗

1 + |ζ |2 = −h̄
η2

1 + η2
∇S, (15)

φ = h̄2

2m

∇ζ ∗ · ∇ζ

(1 + |ζ |2)2 = h̄2

2m

η2(∇S)2 + (∇η)2

(1 + η2)2 , (16)

and

B = ih̄
1

(1 + |ζ |2)2 ∇ζ ∗ × ∇ζ = h̄
(∇S) × ∇η2

(1 + η2)2 , (17)

where η and S are, respectively, the real-valued amplitude and
the phase of the relative Rabi frequency

ζ = �1/�2 = ηeiS, (18)

where η can be positive or negative.

B. Magnetic flux for periodic atom-light coupling

In what follows, the Rabi frequencies �1 and �2 and
thus the atom-light coupling V̂ are considered to be spatially
periodic in the ex-ey plane

�1,2(r + rn,m) = �1,2(r) and V̂ (r + rn,m) = V̂ (r),
(19)

with rn,m = na1 + ma2, where a1 and a2 are primitive vectors
defining the 2D lattice, n and m being integers.

Let us first consider the general properties of the vector
potential A = A(r) and the corresponding magnetic field B =
B(r) for atoms adiabatically following a certain dressed state
representing a nondegenerate eigenstate of a spatially periodic
atom-light coupling operator V̂ (r). In the present situation,
such a dressed state represents the dark state |D〉 = |D(r)〉,
but the same arguments apply to atoms adiabatically following
any nondegenerate dressed state corresponding to any spa-
tially periodic atom-light coupling [36]. Atomic dressed states
have the lattice periodicity, so the corresponding geometric
vector potential is also periodic: A(r + rn,m) = A(r). For this
reason, the total magnetic flux over an elementary cell is zero:

α =
∮

cell
A · dr = 0. (20)

Using the Stokes theorem, the total magnetic flux α can be
represented as

α = α′ +
∑∮

singul
A · dr, (21)

where the first term is the flux due to the actual (continuous)
magnetic field B = ∇ × A:

α′ =
∫∫

cell
B · dS. (22)

The second term in Eq. (21) involves integration around all
(gauge-dependent) singular points of the vector potential.
From Eqs. (20) and (21), it follows that the actual magnetic
flux α′ over the elementary cell is determined by the singular-
ities of the vector potential [28,36]:

α′ = −
∑ ∮

singul
A · dr. (23)

Note that, if the atom-light coupling involves two atomic
internal states, the eigenstates of such a two-level system (the
dressed states) can be parameterized by the azimuthal and
polar angles of the Bloch sphere. Such dressed states are
not single valued in the south or north poles of the Bloch
sphere, at which the vector potential for the adiabatic motion
in one of the dressed states can be singular [3]. By properly
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choosing the atom-light coupling, one can thus get a nonzero
magnetic flux over a plaquette α′ equal to an integer number
of the Dirac quanta 2π h̄ [36–38]. The nonzero magnetic flux
over a plaquette α′ can also be created for a more general
situation of any spin or quasispin (not necessarily quasispin
1/2) adiabatically following an effective magnetic field [36].

The situation is different for atoms adiabatically following
the dark state of the � scheme. In fact, the dark state |D̃〉
given by Eq. (5) is fully determined by the Rabi frequencies
�1 and �2 and thus is single valued, as long as the total Rabi
frequency � is nonzero, i.e., as long as the dark state is not
degenerate with the bright state and thus the adiabatic concept
is applicable. As a result, atoms adiabatically following the
dark state are affected by the vector potential, which does not
have singularities and thus the magnetic flux over a plaquette
is zero:

α′ = 0. (24)

The same holds for the dark state |D〉 given by Eq. (6),
corresponding to another gauge, as the gauge transformation
cannot change the measurable magnetic flux α′. Thus, one
cannot create a nonstaggered magnetic flux for the dark state
atoms of the � scheme within the adiabatic approach. Yet,
as we will see later, the nonstaggered magnetic field can be
composed of a smooth background magnetic field and a set of
narrow tubes of a strong magnetic field with an opposite sign
compensating the background flux. If the flux tubes are nar-
row enough, they will not influence significantly the atomic
motion in the uniform background magnetic flux. Thus, one
arrives effectively at a situation close to motion of a particle
in the uniform magnetic field.

IV. ATOM-LIGHT COUPLING

A. Coupling scheme

The situation described above can be implemented using
the � scheme with the following Rabi frequencies of the
atom-light coupling depicted in Fig. 1(b):

�1(r) = �0[sin (k(x + y)) − i sin (k(x − y))] (25)

and

�2(r) = ε�0

[
1 + ν

2
cos (2kx) + ν

2
cos (2ky)

]
. (26)

The experimental feasibility of this setup will be discussed
later in the paper.

The Rabi frequencies given by Eqs. (25) and (26) accom-
modate the schemes considered in Refs. [27] and [28]. For
ν = 0, the scheme reduces to a situation analyzed in Ref. [27].
In particular, it was demonstrated that for ν = 0 and ε 	 1
one can create a 2D Kronig-Penney lattice representing a set
of 2D subwavelength potential peaks affected by a staggered
magnetic flux [27]. On the other hand, Ref. [28] concentrated
on the situation where ε = 1 and ν = 1 for creating topologi-
cal bands.

B. Symmetries of Hamiltonian

The atom-light coupling operator V̂ (r) characterized by the
Rabi frequencies �1,2(r) [Eqs. (25) and (26)] is invariant with

respect to spatial shifts by the lattice vectors

a1 ≡ ax = aex and a2 ≡ ay = aey, (27)

where

a = 2π/k (28)

is the lattice constant, with ex and ey being the unit Cartesian
vectors. Additionally, as in the case of ν = 0 [27], one has

�1(r + ax/2) = �1(r + ay/2) = −�1(r),

�2(r + ax/2) = �2(r + ay/2) = �2(r). (29)

Hence, the Hamiltonian Ĥ is invariant with regard to an
operation

T̂au/2 = Û exp

(
i au · p̂

2h̄

)
(u = x, y) (30)

involving spatial translations by a half of the lattice vec-
tors accompanied by a self-inverse (involutory) unitary
operation Û [27]:

Û = |1〉〈1| − |2〉〈2| − |0〉〈0|, with Û 2 = Î. (31)

The dark state is not affected by such a combined shift:
T̂x,y|D̃〉 = |D̃〉, so the geometric vector and scalar potentials
A(r) and φ(r) have a periodicity a/2 equal to half of the
original lattice constant along the x and y axes:

A(r + au/2) = A(r), φ(r + au/2) = φ(r) (32)

with u = x, y. As the Hamiltonian Ĥ commutes with the com-
bined shift operators T̂au/2, these operators share a common
set of eigenstates ∣∣ψ (q)

s (r)
〉 = eiq·r∣∣u(q)

s (r)
〉
, (33)

with

Ĥ
∣∣ψ (q)

s (r)
〉 = Es(q)

∣∣ψ (q)
s (r)

〉
, (34)

where |u(q)
s (r)〉 is a part invariant with respect to the combined

shift by a half of the lattice constant

T̂au/2

∣∣u(q)
s (r)

〉 = ∣∣u(q)
s (r)

〉
. (35)

Here, s labels the Bloch bands characterized by the energy
Es(q) and quasimomentum q = qxex + qyey, the latter cov-
ering an extended Brillouin zone, which is twice larger in
each Cartesian direction: −2π/a � qx,y < 2π/a. In calculat-
ing the energy spectrum of the system, we will look for the
eigenstates of the form of Eq. (33). Note that describing the
atom-light coupling in terms of the projected operator V̂eff

given by Eq. (8), the operator Û featured in the combined shift
operator [Eq. ((30) reduces to the σz, as in Ref. [28].

Consider next the time reversal operation T involving
the complex conjugation K and a spatial shift by a half of
the lattice constant along both axes simultaneously: r → r +
(ax + ay)/2:

T = exp

(
i (ax + ay) · p̂

2h̄

)
K. (36)

Without including the excited state decay (� = 0), the time
reversal transformation flips the sign of the parameter ν in the
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FIG. 2. Spatial dependence of the magnetic field Bz for ε = 1
and ν = {1, 0.9, 0.5, 0} when � = 2000ER, � = 1000ER, and �0 =
2000ER. Note that the magnetic fields around the narrow peaks
are far beyond the range of their values shown. Specifically, the
largest |Bz| are equal approximately to {1, 400, 16, 4}h̄k2 for ν =
{1, 0.9, 0.5, 0}, respectively. The geometric scalar potential φ be-
haves very similar to the absolute value of Bz.

Hamiltonian Ĥ ≡ Ĥν :

T : Ĥν → Ĥ−ν, (37)

so the Hamiltonian Ĥ = Ĥν breaks the time reversal sym-
metry unless ν = 0. Generally, 2D systems without the time
reversal symmetry are characterized by integer Chern num-
bers describing the quantum Hall response [39,40]. Thus, for
ν �= 0 the energy bands of the system can be characterized by
nonzero Chern numbers c, which reverse the sign c → −c by
changing ν → −ν, leading to reversal of the currents in the
chiral edge states.

C. Effective magnetic field and scalar potential

1. Plots

Figure 2 shows the amplitude Bz of the effective magnetic
field B = Bzez for ε = 1 and different values of ν � 0. For
ν = 0, the positive and negative values of Bz are distributed
in the same way, but are shifted with respect to each other
by (ax + ay)/2 or (ax − ay)/2, i.e., by half of a lattice con-
stant a simultaneously along both Cartesian axes x and y.
Increasing ν, the negative magnetic field spreads out, whereas
the positive magnetic field becomes concentrated in smaller
spots with a larger strength, so that the total magnetic flux
over an elementary cell sums to zero, as required by Eq. (24).
Note that for ν → ±1, the flux tubes become infinitely narrow
and thus reduce to the 2D Dirac delta functions that are not
visible in Fig. 2 for ε = ν = 1. Outside the areas of the narrow
peaks, the magnetic field is the most uniform for ε = 1 and
ν → 1, as one can see in Fig. 3. Reversing the sign of ν, the
magnetic field remains distributed the same as in Fig. 2 subject
to the spatial shift by (ax + ay)/2 or (ax − ay)/2, as well
as the reversal of the sign of the magnetic field. Therefore,
in what follows we will concentrate mostly on the situation
where ν � 0. The geometric scalar potential φ behaves very
similarly to the absolute value of the magnetic field |Bz| and

FIG. 3. Dependence of the standard deviation of magnetic field
Bz on ε and ν (upper plot), as well as on ν for ε = 1 (lower plot).
Other parameters are � = 2000ER, � = 1000ER, and �0 = 2000ER.
For ν �= 1, we have eliminated narrow peaks of the magnetic field by
cutting the magnetic field exceeding the maximum of the absolute
value of Bz corresponding to ε = 1 and ν = 0. The standard devi-
ation of the scalar potential φ is characterized by nearly identical
plots.

has the same kind of narrow peaks, as follows from Eqs. (41)
and (43).

2. Analysis in a vicinity of zero points of �1(r)

The appearance of narrow magnetic flux tubes featured
in Fig. 2, as ν is close to the unity, can be understood
from the following arguments. The Rabi frequency �1(r)
given by Eq. (25) equals to zero when x + y = na/2 and
x − y = ma/2, where n and m are integers. Around these zero
points of �1(r), one can write x + y = na/2 + ρ cos ϕ and
x − y = ma/2 − ρ sin ϕ, with ρ 	 a. Thus, the relative Rabi
frequency ζ given by Eq. (18) reads up to the leading terms in
the radial deviation ρ:

ζ ≈ ηρe±iϕ, with ηρ = (−1)n kρ

ε(1 ± ν ∓ νk2ρ2/2)
,

(38)
where the sign ±1 = (−1)n+m corresponds to the phase wind-
ing of the Rabi frequency �1(r), represented by arrows in
Fig. 1(b). In the denominator of ηρ , we have retained a term
quadratic in ρ, because the constant term 1 ± ν becomes
vanishingly small as ν → ∓1. Using Eq. (15) for A with ζ

given by Eq. (38), the magnetic flux over the radius ρ is

αρ =
∮

ρ

A · dr = ∓2π h̄
η2

ρ

1 + η2
ρ

. (39)

If ν �= ∓1, then the magnetic flux αρ is zero for ρ = 0.
Subsequently, the flux increases with ρ and approaches the
maximum flux value equal to ∓2π h̄ as η2

ρ � 1, where 2π h̄ is
the Dirac flux quantum. A characteristic radius ρ0 over which
the magnetic field is concentrated can be estimated by taking
η2

ρ0
≈ 1, which gives for ε|1 ± ν| 	 1:

kρ0 = ε|1 ± ν|. (40)
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FIG. 4. Spatial dependence of the magnetic field Bz for ν =
0 and ε = {0.1, 0.3} when � = 2000ER, � = 1000ER, and �0 =
2000ER. Note that the magnetic fields around the narrow peaks are
far beyond the range of their values shown. Specifically, the largest
|Bz| are equal approximately to {400, 44.4444}h̄k2 for ε = {0.1, 0.3}.
The geometric scalar potential φ looks very similar to the absolute
value of Bz.

Consider next the synthetic magnetic field and the geometric
scalar potential around the zero points of �1(r) with ε|1 ±
ν| 	 1, where |�2(r)| is minimum [see Fig. 1(b)], so the
changes of the relative Rabi frequency ζ = �1/�2 generating
the geometric potentials are maximum. Substituting Eq. (38)
into Eqs. (16) and (17), one has

Bz = ∓2h̄k2 f (ρ), φ = 2ER f (ρ), (41)

where

ER = h̄2k2

2m
(42)

is the recoil energy and

f (ρ) = k2ρ2
0(

k2ρ2 + k2ρ2
0

)2 , (43)

with ρ0 as in Eq. (40). Thus, close to the zero points of
�1(r) with ε|1 ± ν| 	 1, the effective magnetic field Bz and
geometric scalar potential φ have the spatial dependence
characterized by the same function f (ρ), like the geometric
potentials produced by vortex light beams [41]. As kρ0 	 1,
the function f (ρ) describes narrow and large peaks of the
magnetic field and the scalar potential with the radius ρ0 =
ε|1 ± ν|/k much smaller than the lattice constant a = 2π/k.
For example, if ν > 0, the condition ε|1 ± ν| 	 1 is fulfilled
for the lower sign (odd n + m) corresponding to the minima
of |�2(r)| in Fig. 1(b). This provides narrow positive peaks
of the magnetic field at the zero points of �1(r) with odd
n + m, as one can see in Fig. 2. On the other hand, if ε 	 1,
the narrow peaks of the magnetic field and the scalar potential
can be formed also for the time-reversal case with ν = 0 [27].
In such a situation, the narrow magnetic fluxes proportional to
∓1 = (−1)n+m+1 alternate their sign depending on the parity
of n + m, and there is no smooth background magnetic flux, as
illustrated in Fig. 4. It is instructive that width of the function
f (ρ) defining the magnetic field and the geometric scalar
potential in Eqs. (41)–(43) is proportional to ρ0, whereas the
height of the peaks goes as 1/ρ2

0 . Therefore, the function
f (ρ) becomes proportional to the 2D Dirac delta function as
kρ0 → 0. Note that for 1D dark state lattices one can also
produce the subwavelength potential barriers of the width x0

and the height proportional 1/x2
0 [20,21]. Yet the area over

such a 1D barrier is proportional to 1/x0 and thus increases to
infinity as x0 goes to zero, making the tunneling over the 1D
subwavelength dark state barriers fully suppressed.

For ν = ∓1, Eq. (38) yields ηρ ∝ 1/ρ, so the magnetic flux
αρ given by Eq. (39) reaches a finite value ∓2π h̄ as ρ → 0.
Hence, the narrow magnetic fluxes, featured for ε|1 ± ν| 	 1,
reduce to the Aharonov-Bohm-type singularities as ν = ∓1.
Yet, in practice one cannot have the perfect tuning; even a tiny
deviation from ν = ∓1 makes the magnetic flux somewhat ex-
tended around ρ = 0, removing the perfect Aharonov-Bohm
singularity. On the other hand, if ν = ∓1 and hence ρ0 = 0,
the dark and bright states are degenerate at ρ = 0. Strictly
speaking, in this region the adiabatic approach is no longer
applicable and one cannot use the concept of the geometric
vector potential and magnetic field, as well as the geometric
scalar potential. Let us consider this issue in more detail.

3. Applicability of adiabaticity

The applicability of adiabaticity can be characterized by
the ratio γ (ρ) between the scalar potential φ (describing the
nonadiabatic transitions) and the energy difference between
the dark and bright states EBD ≈ �2/�, with � ≡ �(r). In a
vicinity of ρ = 0, the energy difference reads

EBD ≈ �2
0k2

(
ρ2 + ρ2

0

)
/�. (44)

Using also Eqs. (41)–(43) for φ, the ratio γ (ρ) is

γ (ρ) = φ

EBD
≈ ρ4

c1ρ
2
0(

ρ2 + ρ2
0

)3 , (45)

with

k4ρ4
c1 = 2ER�

�2
0

, (46)

where kρc1 	 1, as the recoil energy ER is usually several
orders of magnitude smaller than the Rabi frequency �0,
while the detuning � can be of the order of �0. The ratio
γ (ρ) is maximum for ρ = 0, where

γ (ρ)|ρ=0 = γ0 = ρ4
c1/ρ

4
0 . (47)

If the radius ρ0 describing the width of the effective magnetic
field and the geometric scalar potential is equal to ρc1, i.e.,
ρ0 = ρc1, the ratio γ0 equals to the unity, and the nonadiabatic
transitions become significant in a vicinity of ρ = 0. The
distance ρ0 = ρc1 thus represents the first borderline when the
nonadiabatic transitions and losses start to be important. By
further decreasing ρ0, one reaches the point ρ0 = ρc2 < ρc1

for which γ (ρ) = 1 at ρ = ρ0 = ρc2. Using Eq. (45), the latter
radius is

ρc2 = 2−3/4ρc1 ≈ 0.6ρc1. (48)

In this way, reducing the ρ0 to ρ0 = ρc2, the nonadiabatic
transitions become important for the area ρ < ρc2, in which
the scalar potential and the magnetic field are concentrated.
In this region, the atoms no longer adiabatically follow the
dark state and thus no longer feel the scalar potential and the
magnetic field. The laser fields are then too weak to induce a
sufficient splitting between the dark and bright states and also
to provide substantial losses. In this “gray area” with ρ < ρc2,
the center of mass evolution does not alter the atomic internal
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FIG. 5. Dependence of eigenenergies E on the amplitude �0 of
the Rabi frequency for the four lowest Bloch bands belonging to
the dark state manifold for ε = 1 and ν = {1.2, 1.0, 0.9, 0.8}, with
� = 2000ER and � = 1000ER. The calculations have been done
using the full Hamiltonian [see Eq. (10)] with the atom-light cou-
pling operator V̂ involving all three atomic internal states. Colors
correspond to the excited state population of the eigenstates |〈e|ψ〉|2
due to nonadiabatic effects.

state in any considerable way. In fact, for ρ > ρ0 = ρc2 the
atomic dark state is close to the internal state |2〉, and the
atoms remain in this state also for ρ < ρc2 where the Rabi
frequency � is too small to change the atomic internal state.
In the limit where ν → ∓1, both critical radii ρc1 and ρc2 go
to zero, so there is no issue with the nonadiabaticity due to
the infinitely narrow spots of the magnetic field and the vector
potential at ρ = 0.

D. Spectrum

Figure 5 shows the dependence of the energy spectrum
of the system on the atom-light coupling strength �0 when
ε = 1 and ν is close to the unity. The plots include the four
lowest bands of the dark state manifold; the colors indicate the
population for the corresponding energy of the lossy excited
state due to nonadiabatic effects. The excited state population
is proportional to the imaginary part of the energy and is
thus a measure of losses. For ν = 1, the excited state pop-
ulation is very close to zero as long as �0 is not too small
and thus the adiabatic following of the dark state holds to a
good approximation. As ν deviates from the unity, the excited
state population increases, especially in the upper parts of the
energy spectrum. This is because departure from ν = 1 leads
to formation of the finite-width peaks of magnetic fluxes and
geometric scalar potential φ around the zero points of �1

corresponding to odd n + m, as one can see in Fig. 2. Yet, ac-
cording to Eq. (13), the geometric potential φ is proportional
to |ADB|2, where ADB is the off-diagonal matrix element of
the vector potential responsible for the nonadiabatic coupling
between the dark and bright states. Hence, the nonadiabatic
coupling is significant around the peaks of the scalar potential
and magnetic field.

The calculations presented in Fig. 5 have been carried out
using the complete Hamiltonian [Eq. ((10) with the atom-
light coupling operator V̂ [given by Eqs. (1), (25), and (26)]
involving all three atomic internal states. We have checked

FIG. 6. Spatial dependence of the total atomic population ρ in
the lowest energy Bloch state with zero quasimomentum q = 0
for ε = 1.0, ν = {1.0, 0.98, 0.95, 0.90}, � = 2000ER, � = 1000ER,
and �0 = 2000ER.

that almost the same energy spectrum and the same losses
are obtained replacing the full atom-light coupling operator
V̂ by the projected operator V̂eff [given by Eq. (8)] acting
on the manifold of the dark and bright states. This can be
understand from the fact that for a sufficiently large total Rabi
frequency � the atoms adiabatically follow the dark state, so
the atomic dynamics is determined exclusively by the position
dependence of the dark state defining the geometric vector
and scalar potentials A and φ in Eqs. (13) and (14). In such
an adiabatic dynamics, the losses originate mostly from the
spatial areas close to the zero points of the Rabi frequency
� ≡ �(r) where the adiabaticity holds weaker. Yet close to its
zero points the total Rabi frequency �(r) is so small that the
condition �(r) 	 � holds even if the detuning � is equal to
the Rabi frequency �0, as it is the case for the plots presented
in Fig. 5. As a result, the projected description works well to
describe the losses.

For ν close to the unity and large enough values of �0, the
energy bands shown in Fig. 5 are nearly equally spaced and
have nontrivial topology characterized by unit Chern numbers
[42], as for the perfect tuning when ν = 1 [28]. The ratio of
the width of individual bands to the band gap is the smallest
for ν = 1 and increases with the deviation from this value.
This can be understood from the fact that for ν → 1 both the
magnetic field and the scalar potential are the most uniform
(see Fig. 3), so the situation is the closest to the Landau
problem of motion of a particle in the uniform magnetic field
and uniform scalar potential, where the Bloch bands are flat.
As illustrated in Fig. 6, for ν sufficiently close to the unity
(ν = 1, 0.98, and 0.95), the lowest energy Bloch state with
zero quasimomentum q = 0 has density holes centered at the
zero points of �1 corresponding to even n + m. At these
points, both the smooth geometric potential and the scalar
potential are maximum (see Fig. 2), so it is energetically more
favorable to have vortices centered there.

As the difference |1 − ν| exceeds a critical value, it be-
comes more favorable for the ground-state atoms to have
vortices circulating around the narrow peaks of magnetic
fluxes and the scalar potential corresponding to the zero points
of �1 with odd n + m. This leads to the reorganization of
the ground state taking place for ν = 0.9 in Fig. 6. For the

043090-7
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FIG. 7. Dependence on ε and ν of the position of the density dips
for the lowest Bloch band. Here, dmin is the distance of the density
dip from x = y = 0 corresponding to the zero point of �1 for even
n + m. Around ε = ν = 1, this distance is 0 (dark color). Beyond this
area with the increase of |1 − ν| the vortices become situated around
the Aharonov-Bohm spikes corresponding to the distance dmin equal
to a/2 (light color).

parameters used in Fig. 6, the value ν = 0.9 corresponds to the
radius ρ0 = ε|1 − ν|/k equal to the critical radius ρc2 given
by Eqs. (46)–(48), at which the atoms start feeling the narrow
peaks of the scalar potential and effective magnetic field. The
reorganization of the ground state is presented in Fig. 7, show-
ing how the position of the vortex changes with ν for various
values of ε. Around ε = ν = 1, the vortices are located at the
zero point of �1 for even n + m. For larger values of 1 − ν, the
vortices become located around the Aharonov-Bohm spikes
corresponding to the zero points of �1 for odd n + m. By
further increasing 1 − ν, the narrow peaks of the vector and
scalar potential widen, so it becomes unfavorable for hosting
there the vortices that return to the original position character-
istic for ν ≈ 1. Note that reorganization of the Bloch states
featured in Fig. 6 takes place before the bands touch each
other and become topologically trivial.

The � scheme with the Rabi frequencies given by
Eqs. (25) and (26) provides the topological subwavelength
optical lattice of the square geometry. Such a scheme can be
implemented if the ground states |1〉 and |2〉 are nondegen-
erate. Because of the energy difference between the atomic
ground states, the optical transitions |1〉 → |e〉 and |2〉 → |e〉
can be individually accessed by the laser fields with the
polarizations that are not necessarily well defined. The energy
difference between the ground states can be achieved using
two different hyperfine ground states or applying a strong
bias magnetic field splitting the two hyperfine states with
different spin projections. The degeneracy of the two ground
states would prevent realization of this setup because of the
polarization constraint due to the transversality of the standing
electromagnetic waves and the square geometry used. Note
that a similar kind of the subwavelength topological lattice can
be created using the � scheme with degenerate ground states
for the triangular geometry of the light fields [28]. In that case,

going beyond the fine-tuned parameter regime considered
in Ref. [28], we have found that both the effective magnetic
field and the geometric scalar potential exhibits then narrow
and intense subwavelength peaks distributed in a hexagonal
way. Away from these subwavelength spots, magnetic field
changes the sign and becomes smooth, as in the square lattice.
Topological subwavelength lattices of nonsquare geometry
will be considered in more detail elsewhere.

E. Existence of ideal Chern bands

There has been a considerable recent interest in simulating
an FCI using different platforms, including ultracold atoms
[38,43,44]. While having a nonzero Chern number is a nec-
essary condition for formation of FCI, it is not sufficient to
stabilize the many-body FCI phase [45–47]. Thus, the energy
bands must satisfy certain conditions, which allow a mapping
to Landau levels. This can be studied via the quantum geo-
metric tensor (QGT) Qab

q , which is defined as [48]

Qab
q =

∑
s∈S

〈∂auqs|R̂q|∂buqs〉, (49)

where the partial derivatives ∂a and ∂b are taken with re-
spect to the quasimomentum components qa and qb, with
a, b ∈ {qx, qy}. Here, |uqs〉 is the periodic Bloch state vector at
quasimomentum q for the sth band, S is the set of bands under
consideration, the operator R̂q = Î − ∑

s∈S |uqs〉〈uqs| projects
onto the complement subspace, and Î is the identity operator.
No summation over s is to be taken if we are considering a
geometric tensor just for a single Bloch band s.

The form of QGT presented in Eq. (49) is not convenient
for numerical calculations, as one would need a continuous
phase gauge for the Bloch state vectors. Yet, one can express
the QGT in terms of gauge-invariant projectors in the follow-
ing way [48]:

Qab
q = Tr(P̂q(∂aP̂q)(∂bP̂q)), (50)

where P̂q = ∑
s∈S |uqs〉〈uqs| is the projector onto the subspace

of relevant Bloch bands.
Here, we will use two well-established quasimomentum

space criteria for q-ideal Chern bands [46]:
(1) for all quasimomenta in the Brillouin zone, the QGT

has a constant (q-independent) null vector −→w q ≡ −→w , i.e.,
Qab

q wb = 0, where the summation over the repeated index b
is implied and

(2) the integral DQGT = ∫
1BZ d2q det(Qab

q ) equals zero,
i.e., DQGT = 0.

We find that for all quasimomenta q in the Brillouin zone,
the QGT possesses a null vector up to numerical accuracy
(eigenvalues deviate from zero by ∼10−4). For an ideal Chern
band, the null vector −→w q of QGT

←→
Q q must be q-independent

across the entire Brillouin zone. To quantify the null vector’s
uniformity, we calculate its standard deviation from the
averaged value 〈−→w q〉 given by

σQGT = 1

A

∫
1BZ

d2q |−→w q − 〈−→w q〉|2, (51)
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FIG. 8. Dependence on ε and ν of the standard deviation of the
QGT null vector field σQGT (a) and DQGT (b) for the lowest Bloch
band for � = 2000ER, � = 1000ER, and �0 = 2000ER.

where A is the area of the first Brillouin zone. A small value of
the standard deviation, σQGT 	 1, indicates a nearly constant
null vector.

For parameter values near ε = ν = 1, we observe that the
standard deviation σQGT is indeed much less than unity, it is
below 0.1, as seen in Fig. 8(a). Away from the aforementioned
parameter region, the null vector obtains a more significant
q dependence and condition (1) for an ideal Chern band is
no longer satisfied. Condition (2) also applies in a range of
parameters around ε = ν = 1, as seen in Fig. 8(b), but covers
a somewhat larger region of ε-ν parameter space as compared
to Fig. 8(a). It is noteworthy that in Sec. IV D, Fig. 6, the reor-
ganization of the ground state was observed around ν = 0.95
and ε = 1, where a slight deviation from the optimal value of
condition (1) is seen in Fig. 8(a).

V. CONCLUDING REMARKS

We have developed a general framework for engineering
2D subwavelength topological optical lattices for dark state
atoms. By properly designing the spatial profiles of the laser
field coupling atomic internal states in a � scheme, one can

generate Kronig-Penney-like subwavelength scalar potentials
co-localized with intense, narrow synthetic magnetic flux
tubes. The latter are compensated by a smooth background
magnetic field of opposite sign, leading to zero net magnetic
flux per unit cell, yet still enabling topologically nontrivial
band structures. Thus, there are some similarities with the
Haldane-type lattice model [39] with zero net flux over an
elementary cell, but nontrivial topology due to nonzero fluxes
over the individual plaquettes constituting the elementary cell.
Returning to the present situation, for narrow enough flux
peaks, the atoms effectively experience a uniform background
magnetic field, resembling the Landau level problem. This
supports nearly flat Bloch bands with unit Chern numbers, like
in the quantum Hall systems.

We also verified that the system supports ideal Chern
bands, as both quantum geometric tensor conditions—null
vector constancy and vanishing determinant integral—are sat-
isfied near the perfect tuning point where ε and ν are close
to unity. This makes the scheme well suited for simulating
the fractional Chern insulators in ultracold atomic gases, of-
fering a platform for exploring strongly correlated topological
phases with high tunability.
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[6] V. Galitski, G. Juzeliūnas, and I. B. Spielman, Artificial gauge
fields with ultracold atoms, Phys. Today 72(1), 38 (2019).

[7] N. R. Cooper, J. Dalibard, and I. B. Spielman, Topological
bands for ultracold atoms, Rev. Mod. Phys. 91, 015005 (2019).

[8] T. Ozawa, H. M. Price, A. Amo, N. Goldman, M. Hafezi, L. Lu,
M. C. Rechtsman, D. Schuster, J. Simon, O. Zilberberg, and I.
Carusotto, Topological photonics, Rev. Mod. Phys. 91, 015006
(2019).

[9] Y. Shen, Q. Zhang, P. Shi, L. Du, X. Yuan, and A. V. Zayats,
Optical skyrmions and other topological quasiparticles of light,
Nat. Photon. 18, 15 (2024).

[10] A. McWilliam, C. M. Cisowski, Z. Ye, F. C. Speirits, J. B. Götte,
S. M. Barnett, and S. Franke-Arnold, Topological approach of
characterizing optical skyrmions and multi-skyrmions, Laser
Photonics Rev. 17, 2300155 (2023).

[11] H. Xue, Y. Yang, and B. Zhang, Topological acoustics, Nat. Rev.
Mater. 7, 974 (2022).

[12] X. Guo, L. Jezequel, M. Padlewski, H. Lissek, P. Delplace,
and R. Fleury, Practical realization of chiral nonlinearity
for strong topological protection, SciPost Phys. 18, 034
(2025).

043090-9

https://doi.org/10.1103/RevModPhys.83.1057
https://doi.org/10.1103/RevModPhys.82.3045
https://doi.org/10.1103/RevModPhys.83.1523
https://doi.org/10.1088/0034-4885/77/12/126401
https://doi.org/10.1016/j.crhy.2018.03.002
https://doi.org/10.1063/PT.3.4111
https://doi.org/10.1103/RevModPhys.91.015005
https://doi.org/10.1103/RevModPhys.91.015006
https://doi.org/10.1038/s41566-023-01325-7
https://doi.org/10.1002/lpor.202300155
https://doi.org/10.1038/s41578-022-00465-6
https://doi.org/10.21468/SciPostPhys.18.1.034
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