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Dispersive topological bound states in the continuum for controllable quantum-state
transport in three-state discrete-time quantum walks
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We show that a three-state discrete-time quantum walk (DTQW) on a square lattice, with an SU(3) coin,
realizes stroboscopic Floquet phases that host dispersive topological bound states in the continuum (TBICs).
Time-independent step operations act as the periodic drive and map the one-step unitary to an effective
Floquet Hamiltonian. Chern-number calculations resolve three quasienergy bands and their phase boundaries
as the rotation angles are varied, and bulk-boundary correspondence in semi-infinite and fully finite geometries

accounts for the edge spectra. At interfaces between media with the same bandwise Chern numbers but different
coin parameters, nonchiral edge modes become embedded yet localized TBICs with tunable group velocity
and selective excitation, while numerics indicate robustness to moderate coin disorder. Together with feasible
routes in trapped-ion, cold-atom, and photonic platforms and an explicit decoherence model, these results

identify DTQWs as a controllable setting for protected quantum-state transport and storage, relevant to quantum

information and communication technologies.

DOI: 10.1103/dgby-6471

I. INTRODUCTION

Bound states in the continuum (BICs) are localized states
that exist within the bulk of electronic or photonic bands,
enabling radiative-loss-free transport and propagation. This
unique property has driven advancements in applications
such as lasing [1-5], wave front manipulation, and nonlin-
ear processes like frequency conversion and mixing [6—12].
Expanding on this concept, topological bound states in
the continuum (TBICs) harness key features of topolog-
ical systems—such as bulk-boundary correspondence and
edge-state protection—to enable backscatter-free transport
and directional propagation [9,13—18]. Previous studies have
largely focused on TBICs in higher-order or nonlinear topo-
logical systems, where their formation is often attributed
to symmetry manipulation in the Hamiltonian [14,15,18] or
non-Abelian couplings between lattice sites [19]. Notably,
dispersive TBICs have also been observed in systems com-
prising two distinct valley topological insulators [17]. In this
work, we demonstrate that lower-order dispersive TBICs nat-
urally emerge in periodically driven Floquet systems realized
as colored quantum walks (cQWs) on discrete lattice struc-
tures. Unlike conventional two-state systems [20-22], the
cQW framework introduces three internal degrees of freedom,
termed “colors,” which provide unprecedented control over
Floquet states and TBICs [23-33]. By leveraging the SU(3)
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group to describe the quantum walker’s spatial evolution, the
cQW offers an intrinsic route to realizing Floquet systems, for
which fixed external operations at each time step of quantum
walk would act as periodic drives. Through tunable rotation
parameters, we uncover unconventional edge-state properties,
including localized states within topological band gaps and
dispersive TBICs that emerge as edge states embedded within
the bulk of other topological bands, features absent in anal-
ogous systems with spin-1/2 particle and SU(2) symmetry.
These TBICs exhibit tunable group velocity and precise ex-
citation control, arising as intrinsic features of the cQW’s
dynamics.

Conceptually, our approach extends previous studies that
use additional internal degrees of freedom to induce the
formation of TBICs. However, it introduces a distinct mech-
anism: by leveraging SU(3) symmetry and the color structure
of the discrete-time quantum walk (DTQW) to generate
TBICs as localized edge rather than localized corner states.
This first-order realization of TBICs links the gap between
higher-order topological states and lower-order systems, pro-
viding a controllable platform for investigating the interplay
between topology and Floquet dynamics. Moreover, our re-
sults establish discrete-time cQWSs as a versatile framework
for robust quantum Floquet systems, opening avenues for
applications in quantum computation and communication
technologies [34—40].

To realize TBIC edge state, we consider the motion of a
periodically driven DTQW, the quantum analog of a classical
random walk. In this system, the dynamics are governed by
the internal quantum states of the particle and a coin op-
erator [23-25]. However, unlike classical random walks or
conventional DTQWs with two internal degrees of freedom
(e.g., spin or light polarization), we introduce three internal
states. The coin operator, modeled as a rotation acting on these
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internal states, followed by a conditional shift, together gen-
erating dynamics described by a Floquet Hamiltonian. This
methodology, based on the SU(3) group, uniquely enables
the formation of TBICs on a square lattice, distinguishing
our approach from previous models. Our cQW model is ex-
perimentally feasible using different platforms such as atoms
(trapped ions and optical lattices), light, and synthetic dimen-
sions [41-44]. Specific to ions [45-47] or cold atoms, colors
can be three different states of atoms, while for light, colors
can be three different orbital-angular momentum states. For
atoms and light, coin operations are equivalent to sequential
applications of coherent laser pulses, and mode engineering
of their angular momentum states using spatial modulators (or
q plates) [48-50], respectively. Furthermore, the shift oper-
ation in atoms is realizable with a state-dependent optical
dipole force, while for light, beam splitters enable spatial
motion control. Despite this well-defined motion, challenges
in implementation would then be related to the various deco-
herence mechanisms in atoms (such as spontaneous emission
and dephasing) or unwanted light scatterings, which can be
reduced using metastable atomic transitions or by minimizing
light scattering.

II. MODEL AND THEORY

A DTQW consists of a periodic sequence of unitary op-
erators (U) acting on a Hilbert space. Here, U represents
a single step of the walk. The Hilbert space of the walker,
H =H,® H., is composed of two subspaces: H,, which is
spanned by the particle’s position states, and H,, which is the
coin space spanned by the quantum states of the coin operator.
In our framework, hopping operations define the particle’s
movement across a square lattice. The walker is characterized
by three mutually orthogonal internal states, termed as red,
green, and blue, collectively forming the color basis. The coin
operation is represented by rotations within the SU(3) group
space. The walker’s dynamics are driven by an alternating
sequence of rotation and hopping operations, with adjustable
parameters and directions. These dynamics are expressed
by the unitary operator U (6y, 62) = T ,R(6,)T (R(6,), where
R(O) = €59/, T,,, are the hopping operators that control
movement along the x and y directions, respectively, and R(0)
is the coin rotation operator, defined using operators S from
the SU(3) symmetry group. The rotation operator S acts on
the internal states of the walker, creating superpositions that
influence its translational motion in the xy plane. The transla-
tion dynamics, depicted in Fig. 1, incorporate movements to
the left and right as well as stationary probabilities and are
described as follows [51,52]:

T, =i, RVGRI +1i— 1,80, S|+ i+ 1,8)( Bl (1)

Here, |r;, color) = |r;) ® |color), where r; represents position
coordinates (x or y), and color denotes the coin space or
internal basis states, whose basis are chosen in accordance
with SU(3) group, and its nomenclature borrowed from par-
ticle physics. If the walker is in the red state (R), it remains
stationary at position r, while the green state (¢) moves it
one unit to the left, and the blue state (°8) shifts it one unit
to the right along the x or y axis. The internal orthogonal
color states are represented as |color) = (R, &, B)T, where

FIG. 1. Schematic of a discrete-time cQW on a square lattice
showing Floquet dynamics and topological states. The walker has
three internal “colors”: blue/green drive motion along +x or =%y,
while red corresponds to no shift. Sequential rotations R(6;) and
R(6,) mix these colors, controlling the walker’s movement. On the
right, a topologically localized edge state, fundamental to the realiza-
tion of dispersive TBICs and Floquet states, is shown at the boundary.

the superscript T denotes the transpose. Rotations within this
group are described using the Gell-Mann matrices, A; [53-55].
To preserve the structure and dynamics of the DTQW, the
rotation operator S is chosen to be unitary, satisfying § = §:

1 V2 V2
szg(x1+x4+x6)+ix8=§ V21 V2.
V3 V2 2 =2

@

Taking into account translational invariance along the x
and y axes, the shift operators in momentum space are
T (k) = diag[1, exp(ik;a), exp(—ik;a)] for I € {x, y}, where
k = (ky, k,) represents the momentum vector within the first
Brillouin zone and a is the lattice constant. Accordingly, the
unitary operator in momentum space is defined as

Ui (61, 62) = T (ky)R(62)T (k)R(6)). 3

Following Floquet band theory [28-30], the effective static
Hamiltonian of the quantum walk, denoted as H (6, 6,) can
be derived through

e~ HOOE _ 176, 6,), “)

where we adopt units 7// = 1, corresponding to the time
duration of a unitary operator. The quasienergy bands of the
bulk Hamiltonian can be obtained from Eq. (4) using the
unitary operator defined in Eq. (3). Floquet theory predicts
that the energy spectrum exhibits periodicity along the energy
axis, similar to the periodic structure of momentum space
within the first Brillouin zone. As a result, an analogous
“energy” Brillouin zone emerges within the energy range
- < E(ke, ky) < 7.

By varying the parameters (6}, 6;), the system exhibits
a wide range of band structures, demonstrating remark-
able flexibility and control over the quasienergy spectrum.
This tunability enables the exploration of various phenom-
ena, including band crossings, topological phase transitions,
and the emergence of spectral gaps, directly influencing the
walker’s temporal dynamics [56]. The interplay between these
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FIG. 2. Energy gap and topological phase diagram in rotation
plane (6y, 6,). Panel (a) shows Ay, = |E; — E;| and panel (b) shows
Ay3 = |E; — E3| (color bar indicating the energy gap size); bright
(dark) regions correspond to larger gaps (gap closing resembling
topological phase boundaries), respectively. Each region is labeled
by the Chern numbers of bands i, j as G;; = (C; =1,C; = —1) =
—C;;. C;; = 0 indicates that the Chern number of at least one band
is zero.

parameters provides valuable insight into the system’s under-
lying physics and facilitates the design of tailored energy band
structures.

To further investigate the topological properties of the sys-
tem, we numerically compute the bulk Hamiltonian using
Eq. (4). Our analysis reveals that the eigenenergies do not
satisfy the conditions E, (k) = E,(—k) or Eg(k) = —E,(—k)
(a # B), confirming the absence of time-reversal and particle-
hole symmetries for any nonzero rotation parameters (6, 6,).
This symmetry breaking originates from the coin operator,
which introduces complex phases via rotation. Interestingly,
the eigenenergies exhibit a residual symmetry, satisfying
E (ky, ky) = E(ky, k,), which reflects an interchange symme-
try in momentum space. To further characterize the system’s
topology, we compute the Chern number for each energy band
by numerically evaluating the band curvature, following the
approach in Ref. [61].

Bn(k) = izexy<ax1/fn(k)|ayWn(k)>a €xy = —€yx = 17

X,y

1
Co=—=— | d*kB,k), §))
27T BZ

where v, (k) represents the eigenstate of the nth quasienergy
band of the bulk Hamiltonian. The calculated Chern numbers
for each energy band as a function of the rotation parameters
(01, 6,) are shown in Fig. 2, marked by green numbers in the
center of each gapped region. Figure 2(a) illustrates the energy
gap A, between the first and second bands (A;; = |E; — Ej|),
while Fig. 2(b) shows the gap A3 between the second and
third bands. The color gradient indicates the magnitude of
the energy gap, with darker shades corresponding to smaller
gaps and brighter shades indicating larger gaps. Darker re-
gions, where the gap closes, delineate the boundaries between
regions with distinct topological phases. The Chern number
of topological bands i, j within each region is expressed as

O 0)

) S o
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o

Q
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FIG. 3. Semifinite structure of a DTQW with finite size along
the x axis. Panel (a) shows slab configuration of two media with
periodic boundary conditions applied to the external (left and right)
boundaries. The light orange and blue arrows indicate the transition
of rotation parameters across the middle boundary, while the rotation
parameters at each boundary are determined by their initial position
parameters. Panel (b) presents the energy spectrum of two topologi-
cally trivial media (C = 0), highlighting extended states in black and
chiral edge states in blue/red, whose spatial localization corresponds
to the external/middle boundaries shown by blue/red big arrows in
panel (a). Left and right media consist of %z = .2} = 60 sites. The
rotation parameters for the left medium are (6., 6,.) = (7, 7 /4) and
for the right medium are (6x, 62g) = (0, 7).

Cij = (G, Cj) = (1, —1), with representative values such as
(1, —1) or their opposites (C; i = —C;j). The regions are clas-
sified as topologically trivial when the Chern numbers in both
panels are zero. Conversely, if one panel displays a zero Chern
number while the other does not, the topological nature of the
bands is determined by the nonzero panel.

III. RESULTS

To further explore the distinct topological phases, we ana-
lyze the bulk-boundary correspondence using a semifinite slab
structure. In this setup, we assume translational invariance
along the y axis, while the two media consist of a finite number
of lattice sites along the x axis. Periodic boundary conditions
are applied to the external boundaries, as depicted in Fig. 3(a).
The topological invariants of the left and right media govern
the number of edge states that appear at both the internal and
external boundaries of the system.

We first consider two topologically trivial phases char-
acterized by zero Chern numbers, but with distinct sets of
rotation parameters, as shown in Fig. 3(b). This configuration
includes one interface at the middle and another at the exter-
nal boundaries due to the periodic boundary conditions. At
the boundaries, each medium retains the rotation parameters
corresponding to its initial position. For example, as shown in
Fig. 3(a), 6, determines the transitions from the left (L) to
the right (R) medium (light blue arrow), while 6,z determines
the reverse transition (light red arrow). The energy spectrum in
Fig. 3(b) reveals chiral anomalous edge states localized at both
boundaries. In agreement with the bulk-boundary correspon-
dence in Floquet systems [30], the difference in the number of
edge states above and below each bandwidth determines the
topological invariant associated with that band. In this case,
an equal number of edge states on either side of each band
means that the bands are topologically trivial. The localized
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FIG. 4. Energy spectrum of a semifinite structure with two dis-
tinct topological phases. Top panels: left medium trivial; bottom row,
both media have distinct nonzero topological invariants. Shown in
yellow within the bandwidth are the band Chern numbers (C., Cg)
for the left (L) and right (R) media. The color coding for local-
ized edge states is the same as Fig. 3. The rotation parameters
for the left and right media, from top left to bottom right, are
O, 01, O1r, Oar) = (=7 /32, =7, /3, —m), (w, 7w /32, 7w, —7 /3),
(4,-2.5,5.3,-2.5),and (7 /3, —m, 4, —2.5).

edge states at the middle (external) boundary with negative
(positive) chirality are depicted in red (blue). Importantly,
swapping the left and right media changes only the chirality
of these localized edge states.

We now explore scenarios involving media with distinct
topological characteristics, ensuring that at least one medium
exhibits nontrivial topology. To describe these configurations,
we assign Chern numbers to each band as (Cy, Cg). Initially,
we consider cases where one medium is topologically trivial,
while the other possesses nontrivial topology. In particular, we
examine two distinct nontrivial topological media with Chern
numbers (Cig, Cor, C3g) = (1, —1,0) and (0, —1, 1), each ad-
jacent to a topologically trivial medium. These configurations
are depicted in Figs. 4(a) and 4(b), respectively. The presence
of localized edge states between the first and second bands in
Fig. 4(a) implies that these bands have opposing Chern num-
bers. Conversely, the absence of edge states around the third
band’s bandwidth indicates its topologically trivial nature. In
Fig. 4(b), however, localized edge states emerge between the
second and third bands with reversed chirality compared to
panel (a), reflecting the differing topological numbers. This
observation allows us to define the net Chern number for each
band as C; = Cjz — C;;.. We further investigate configurations
involving two nontrivial topological media, as depicted in
Figs. 4(c) and 4(d). The quasienergy spectrum depicted in
Fig. 4(c) shows that the gap between the first and second
bands is open, while the gap between the first and third bands
is closed. This suggests that, effectively, only one band is

- -z 0 z - -z 0 z s
2 2 2 2
‘ k,a kya
0.8 © (@)
~ 0.6
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35.04;
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‘ . R -
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FIG. 5. Energy spectrum and spatial distribution of semiinfi-
nite structures exhibiting identical nontrivial topological properties
but differing rotation parameters in the left and right media. In
each panel, the Chern numbers for each band are indicated within
the bandwidth in yellow as (Cr, Cg). Localized edge states are
color-coded consistently with Fig. 3. In panels (a) and (c), the
rotation parameters are (0., 6s, Og, 62r) = (7 /3, —7, —2m,37),
corresponding to the topological invariant (Cp,Cg) = (1, —1,0).
In panels (b) and (d), the parameters are (0,6, 01r, bor) =
(—1.3, 7,6, -2.5), with (C, Cg) = (0, 1, —1). The spatial distribu-
tion of TBICs, |y |?, at momentum kya = 0 is shown in panels (c) and
(d). Here, the dispersive TBICs and midgap states are indicated with
red stars and diamonds, respectively.

topologically trivial. Nonetheless, the topological edge states
between the third and first bands remain localized within the
bands where the gap has closed. In contrast, Fig. 4(d) presents
a fully gapped band structure with net Chern numbers calcu-
lated as € = Cg — C;, = (=2, 1, 1). This net Chern number
indicates the presence of localized edge states around each
band gap. For instance, the lowest energy band has a total
Chern number of C; = —2, which corresponds to two pairs
of localized edge states.

After examining various topological configurations of the
DTQW, we now focus on scenarios where both media share
the same topological phase, including potential phase transi-
tion points. In Figs. 5(a) and 5(b), both media exhibit Chern
numbers C = (1, —1,0),C = (0, 1, —1), respectively. The re-
sults shown in Fig. 5 reveal two notable differences compared
to the previous configurations. First, the chiral edge states at
the external boundary (blue lines) form pairs with opposite
chirality originated from the same topological Chern number
of each band at both media, whereas in earlier examples,
paired chiral edge states shared the same chirality. Second,
since both media possess nontrivial topological characteris-
tics, the localized edge states at the middle boundary lack
chiral behavior as they do not connect energy bands. We refer
to these localized modes as midgap states when they appear
within an open band gap and identify them with red diamond.
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These properties make the edge states distinct from those of
trivial bands in Fig. 3(b).

In Fig. 5, two strongly localized states, marked by red stars,
coexist with the gapless bands yet remain unhybridized with
the bulk extended states (shown in gray), forming a realization
of TBICs. These states are representative examples of TBICs
formed within the continuum. While the TBIC excitation
requires the same topological properties with intervening a
phase transition, their manifestation originates in including
the additional (coin) state in the SU(3) rotation symmetry,
as its wave function is dominated by this red-color compo-
nent. Additionally, these states appear around the quasienergy
bandwidth (confined to a finite momentum range ky,a) with
negative Chern number and exhibiting nonzero momentum-
dependent group velocity, as shown in panels (a) and (b). To
illustrate the localization of these states at the middle bound-
ary, we present the spatial distribution of the TBICs in panels
(c) and (d).

These states can be actively controlled by varying the ro-
tation parameters, which modifies the quasienergy dispersion
and manipulates TBICs propagation [56]. Unlike conventional
bound states, our dispersive TBICs are topologically robust
against disorder [56], yielding tunable states with controlled
group velocity, a feature absent in flatband [62—66] or higher-
order counterparts [14,15]. Protected by both topology and
the BIC mechanism, these states unite disorder immunity
with long lifetime, enabling the preservation of information
against various loss channels and providing a robust platform
for experimental implementation, which is of fundamental
importance for understanding the internal quantum states of
the quantum walk and has an inevitable role in characterizing
light-light and light-matter interactions. Moreover, tunable
group velocity of TBICs enables controllable long-range
transport, offering a pathway toward robust waveguiding,
reconfigurable coupling, and dynamic signal processing in
photonic and quantum information [2,4,7,67]. To further in-
vestigate the physical characteristics of the BICs, we examine

a fully finite system in the xy plane, considering a finite
configuration of two media, where one medium is enclosed by
the other [56]. Chiral edge states (shown in blue) remain con-
fined along the system boundaries, whereas nonchiral modes,
including midgap states and TBICs, tend to localize near the
corners. We emphasize that these corner-localized states are
not higher-order topological modes but rather arise from the
hybridization of nonchiral edge states in the finite lattice.

IV. CONCLUSION

In summary, we have shown that a three-state DTQW
with an SU(3) coin realizes tunable Floquet topology and
dispersive TBICs. Chern-number analysis identifies three
quasienergy bands and the associated phase transitions, while
bulk-boundary correspondence explains the edge spectra in
semi-infinite and finite geometries. When topologically equiv-
alent media with different coin parameters are interfaced,
localized edge modes become embedded yet localized TBICs
with tunable velocity and selective excitation, and they remain
numerically robust to moderate disorder. These controllable,
protected modes make discrete-time quantum walks a com-
pact platform for engineered quantum-state transport and
storage, with direct relevance to quantum information and
communication technologies.

ACKNOWLEDGMENTS

O.H. gratefully acknowledges funding from Research
Ireland via the METAQUANT Research Professorship Pro-
gramme (Grant No. 18/RP/6236). Z.J.M. acknowledges
TCHPC for providing computational resources.

DATA AVAILABILITY

The data are not publicly available. The data are available
from the authors upon reasonable request.

[1] Q. Song, J. Hu, S. Dai, C. Zheng, D. Han, J. Zi, Z. Q. Zhang,
and C. T. Chan, Coexistence of a new type of bound state
in the continuum and a lasing threshold mode induced by PT
symmetry, Sci. Adv. 6, eabc1160 (2020).

[2] C. W. Hsu, B. Zhen, A. D. Stone, J. D. Joannopoulos, and M.
Soljaci¢, Bound states in the continuum, Nat. Rev. Mater. 1,
16048 (2016).

[3] Y. Plotnik, O. Peleg, F. Dreisow, M. Heinrich, S. Nolte, A.
Szameit, and M. Segev, Experimental observation of optical
bound states in the continuum, Phys. Rev. Lett. 107, 183901
(2011).

[4] K. Koshelev, A. Bogdanov, and Y. Kivshar, Engineering with
bound states in the continuum, Opt. Photonics News 31, 38
(2020).

[5] Y. Liang, D. P. Tsai, and Y. Kivshar, From local to nonlocal
high-¢g plasmonic metasurfaces, Phys. Rev. Lett. 133, 053801
(2024).

[6] B. Huang, Y. Ke, H. Zhong, Y. S. Kivshar, and C. Lee,
Interaction-induced multiparticle bound states in the contin-
uum, Phys. Rev. Lett. 133, 140202 (2024).

[71 M. Kang, T. Liu, C. T. Chan, and M. Xiao, Applications of
bound states in the continuum in photonics, Nat. Rev. Phys. 5,
659 (2023).

[8] S. I. Azzam and A. V. Kildishev, Photonic bound states in the
continuum: From basics to applications, Adv. Opt. Mater. 9,
2001469 (2021).

[9] Z. Hu, D. Bongiovanni, D. Jukié, E. Jajti¢, S. Xia, D. Song, J.
Xu, R. Morandotti, H. Buljan, and Z. Chen, Nonlinear control
of photonic higher-order topological bound states in the contin-
uum, Light. Sci. Appl. 10, 164 (2021).

[10] W. Wang, Y. K. Srivastava, T. C. Tan, Z. Wang, and R. Singh,
Brillouin zone folding driven bound states in the continuum,
Nat. Commun. 14, 2811 (2023).

[11] Y. Chen, H. Deng, X. Sha, W. Chen, R. Wang, Y.-H. Chen, D.
Wu, J. Chu, Y. S. Kivshar, S. Xiao, and C.-W. Qiu, Observa-
tion of intrinsic chiral bound states in the continuum, Nature
(London) 613, 474 (2023).

[12] Y. Liang, K. Koshelev, F. Zhang, H. Lin, S. Lin, J. Wu, B. Jia,
and Y. Kivshar, Bound states in the continuum in anisotropic
plasmonic metasurfaces, Nano Lett. 20, 6351 (2020).

013271-5


https://doi.org/10.1126/sciadv.abc1160
https://doi.org/10.1038/natrevmats.2016.48
https://doi.org/10.1103/PhysRevLett.107.183901
https://doi.org/10.1364/OPN.31.1.000038
https://doi.org/10.1103/PhysRevLett.133.053801
https://doi.org/10.1103/PhysRevLett.133.140202
https://doi.org/10.1038/s42254-023-00642-8
https://doi.org/10.1002/adom.202001469
https://doi.org/10.1038/s41377-021-00607-5
https://doi.org/10.1038/s41467-023-38367-y
https://doi.org/10.1038/s41586-022-05467-6
https://doi.org/10.1021/acs.nanolett.0c01752

ZAHRA JALALI-MOLA AND ORTWIN HESS

PHYSICAL REVIEW RESEARCH 8, 013271 (2026)

[13] B.-J. Yang, M. Saeed Bahramy, and N. Nagaosa, Topo-
logical protection of bound states against the hybridization,
Nat. Commun. 4, 1524 (2013).

[14] A. Cerjan, M. Jiirgensen, W. A. Benalcazar, S. Mukherjee, and
M. C. Rechtsman, Observation of a higher-order topological
bound state in the continuum, Phys. Rev. Lett. 125, 213901
(2020).

[15] W. A. Benalcazar and A. Cerjan, Bound states in the contin-
uum of higher-order topological insulators, Phys. Rev. B 101,
161116(R) (2020).

[16] Z. Jalali-mola, T. Grass, V. Kasper, M. Lewenstein, and
U. Bhattacharya, Topological Bogoliubov quasiparticles from
Bose-Einstein condensate in a flat band system, Phys. Rev. Lett.
131, 226601 (2023).

[17] S. Yin, L. Ye, H. He, X. Huang, M. Ke, W. Deng, J. Lu, and
Z. Liu, Valley edge states as bound states in the continuum,
Sci. Bull. 69, 1660 (2024).

[18] W. Wang, X. Wang, and G. Ma, Extended state in a localized
continuum, Phys. Rev. Lett. 129, 264301 (2022).

[19] L. Qian, W. Zhang, H. Sun, and X. Zhang, Non-Abelian topo-
logical bound states in the continuum, Phys. Rev. Lett. 132,
046601 (2024).

[20] C. Chen, X. Ding, J. Qin, Y. He, Y.-H. Luo, M.-C. Chen, C.
Liu, X.-L. Wang, W.-J. Zhang, H. Li, L.-X. You, Z. Wang,
D.-W. Wang, B. C. Sanders, C.-Y. Lu, and J.-W. Pan, Ob-
servation of topologically protected edge states in a photonic
two-dimensional quantum walk, Phys. Rev. Lett. 121, 100502
(2018).

[21] J. Wu, W.-W. Zhang, and B. C. Sanders, Topological quan-
tum walks: Theory and experiments, Front. Phys. 14, 61301
(2019).

[22] C. Chen, X. Ding, J. Qin, J. Wu, Y. He, C.-Y. Lu, L. Li, X.-J.
Liu, B. C. Sanders, and J.-W. Pan, Topological spin texture of
chiral edge states in photonic two-dimensional quantum walks,
Phys. Rev. Lett. 129, 046401 (2022).

[23] X. Qiang, S. Ma, and H. Song, Quantum walk computing: The-
ory, implementation, and application, Intell. Comput. 3, 0097
(2024).

[24] Y. Aharonov, L. Davidovich, and N. Zagury, Quantum random
walks, Phys. Rev. A 48, 1687 (1993).

[25] J. Kempe, Quantum random walks: An introductory overview,
Contemp. Phys. 44, 307 (2003).

[26] A. Nayak and A. Vishwanath, Quantum walk on the line,
arXiv:quant-ph/0010117.

[27] R. El Sokhen, A. Gémez-Ledn, A. F. Adiyatullin, S. Randoux,
P. Delplace, and A. Amo, Edge-dependent anomalous topology
in synthetic photonic lattices subject to discrete step walks,
Phys. Rev. Res. 6, 023282 (2024).

[28] T. Kitagawa, M. S. Rudner, E. Berg, and E. Demler, Explor-
ing topological phases with quantum walks, Phys. Rev. A 82,
033429 (2010).

[29] M. S. Rudner and L. S. Levitov, Topological transition in a
non-Hermitian quantum walk, Phys. Rev. Lett. 102, 065703
(2009).

[30] M. S. Rudner, N. H. Lindner, E. Berg, and M. Levin,
Anomalous edge states and the bulk-edge correspondence for
periodically driven two-dimensional systems, Phys. Rev. X 3,
031005 (2013).

[31] A. F. Adiyatullin, L. K. Upreti, C. Lechevalier, C. Evain, F.
Copie, P. Suret, S. Randoux, P. Delplace, and A. Amo, Topolog-

ical properties of Floquet winding bands in a photonic lattice,
Phys. Rev. Lett. 130, 056901 (2023).

[32] C. Cedzich, F. A. Griinbaum, C. Stahl, L. Veldzquez, A. H.
Werner, and R. F. Werner, Bulk-edge correspondence of one-
dimensional quantum walks, J. Phys. A: Math. Theor. 49,
21LTO1 (2016).

[33] J. K. Asbéth and H. Obuse, Bulk-boundary correspondence for
chiral symmetric quantum walks, Phys. Rev. B 88, 121406(R)
(2013).

[34] F. De Nicola, L. Sansoni, A. Crespi, R. Ramponi, R. Osellame,
V. Giovannetti, R. Fazio, P. Mataloni, and F. Sciarrino, Quantum
simulation of bosonic-fermionic noninteracting particles in dis-
ordered systems via a quantum walk, Phys. Rev. A 89, 032322
(2014).

[35] A. Schreiber, K. N. Cassemiro, V. Potocek, A. Gabris, P. J.
Mosley, E. Andersson, 1. Jex, and C. Silberhorn, Photons walk-
ing the line: A quantum walk with adjustable coin operations,
Phys. Rev. Lett. 104, 050502 (2010).

[36] A. M. Childs, D. Gosset, and Z. Webb, Universal computation
by multiparticle quantum walk, Science 339, 791 (2013).

[37] N. B. Lovett, S. Cooper, M. Everitt, M. Trevers, and V. Kendon,
Universal quantum computation using the discrete-time quan-
tum walk, Phys. Rev. A 81, 042330 (2010).

[38] F. D. Colandrea, A. Babazadeh, A. Dauphin, P. Massignan, L.
Marrucci, and F. Cardano, Ultra-long quantum walks via spin—
orbit photonics, Optica 10, 324 (2023).

[39] F. Xia, J. Liu, H. Nie, Y. Fu, L. Wan, and X. Kong, Random
walks: A review of algorithms and applications, IEEE Trans.
Emerg. Top. Comput. Intell. 4, 95 (2020).

[40] N. Shenvi, J. Kempe, and K. Birgitta Whaley, Quantum
random-walk search algorithm, Phys. Rev. A 67, 052307
(2003).

[41] J. Argiiello-Luengo, U. Bhattacharya, A. Celi, R. W. Chhajlany,
T. Grass, M. Plodzien, D. Rakshit, T. Salamon, P. Stornati, L.
Tarruell, and M. Lewenstein, Synthetic dimensions for topolog-
ical and quantum phases, Commun. Phys. 7, 143 (2024).

[42] R. He, Y. Zhao, C. Sheng, J. Duan, Y. Wei, C. Sun, L. Lu, Y.-X.
Gong, S. Zhu, and H. Liu, Experimental realization of quantum
walks near synthetic horizons on photonic lattices, Phys. Rev.
Res. 6, 013233 (2024).

[43] S. Wang, B. Wang, C. Liu, C. Qin, L. Zhao, W. Liu, S. Longhi,
and P. Lu, Nonlinear non-Hermitian skin effect and skin solitons
in temporal photonic feedforward lattices, Phys. Rev. Lett. 134,
243805 (2025).

[44] S. Lin, L. Wang, L. Yuan, and X. Chen, All-optical control of
the photonic Hall lattice in a pumped waveguide array, Phys.
Rev. Appl. 17, 064029 (2022).

[45] H. Schmitz, R. Matjeschk, C. Schneider, J. Glueckert, M.
Enderlein, T. Huber, and T. Schaetz, Quantum walk of a trapped
ion in phase space, Phys. Rev. Lett. 103, 090504 (2009).

[46] R. Blatt and C. F. Roos, Quantum simulations with trapped ions,
Nat. Phys. 8, 277 (2012).

[47] D. Leibfried, R. Blatt, C. Monroe, and D. Wineland, Quantum
dynamics of single trapped ions, Rev. Mod. Phys. 75, 281
(2003).

[48] F. Cardano, F. Massa, H. Qassim, E. Karimi, S. Slussarenko,
D. Paparo, C. de Lisio, F. Sciarrino, E. Santamato, R. W.
Boyd, and L. Marrucci, Quantum walks and wavepacket dy-
namics on a lattice with twisted photons, Sci. Adv. 1, e1500087
(2015).

013271-6


https://doi.org/10.1038/ncomms2524
https://doi.org/10.1103/PhysRevLett.125.213901
https://doi.org/10.1103/PhysRevB.101.161116
https://doi.org/10.1103/PhysRevLett.131.226601
https://doi.org/10.1016/j.scib.2024.04.007
https://doi.org/10.1103/PhysRevLett.129.264301
https://doi.org/10.1103/PhysRevLett.132.046601
https://doi.org/10.1103/PhysRevLett.121.100502
https://doi.org/10.1007/s11467-019-0918-z
https://doi.org/10.1103/PhysRevLett.129.046401
https://doi.org/10.34133/icomputing.0097
https://doi.org/10.1103/PhysRevA.48.1687
https://doi.org/10.1080/00107151031000110776
https://arxiv.org/abs/quant-ph/0010117
https://doi.org/10.1103/PhysRevResearch.6.023282
https://doi.org/10.1103/PhysRevA.82.033429
https://doi.org/10.1103/PhysRevLett.102.065703
https://doi.org/10.1103/PhysRevX.3.031005
https://doi.org/10.1103/PhysRevLett.130.056901
https://doi.org/10.1088/1751-8113/49/21/21LT01
https://doi.org/10.1103/PhysRevB.88.121406
https://doi.org/10.1103/PhysRevA.89.032322
https://doi.org/10.1103/PhysRevLett.104.050502
https://doi.org/10.1126/science.1229957
https://doi.org/10.1103/PhysRevA.81.042330
https://doi.org/10.1364/OPTICA.474542
https://doi.org/10.1109/TETCI.2019.2952908
https://doi.org/10.1103/PhysRevA.67.052307
https://doi.org/10.1038/s42005-024-01636-3
https://doi.org/10.1103/PhysRevResearch.6.013233
https://doi.org/10.1103/PhysRevLett.134.243805
https://doi.org/10.1103/PhysRevApplied.17.064029
https://doi.org/10.1103/PhysRevLett.103.090504
https://doi.org/10.1038/nphys2252
https://doi.org/10.1103/RevModPhys.75.281
https://doi.org/10.1126/sciadv.1500087

DISPERSIVE TOPOLOGICAL BOUND STATES IN THE ...

PHYSICAL REVIEW RESEARCH 8, 013271 (2026)

[49] P. Zhang, X.-F. Ren, X.-B. Zou, B.-H. Liu, Y.-F. Huang, and
G.-C. Guo, Demonstration of one-dimensional quantum ran-
dom walks using orbital angular momentum of photons, Phys.
Rev. A 75, 052310 (2007).

[50] I. Bloch, J. Dalibard, and S. Nascimb&ne, Quantum simulations
with ultracold quantum gases, Nat. Phys. 8, 267 (2012).

[51] L. T. Tude and M. C. de Oliveira, Temperature and entangle-
ment of the three-state quantum walk, Quantum Sci. Technol.
7, 035009 (2022).

[52] N. Inui, N. Konno, and E. Segawa, One-dimensional
three-state quantum walk, Phys. Rev. E 72, 056112
(2005).

[53] H. Georgi, Lie Algebras in Particle Physics (CRC Press, Boca
Raton, USA, 2019).

[54] M. Gell-Mann, Symmetries of baryons and mesons, Phys. Rev.
125, 1067 (1962).

[55] N. Kaiser, Solving the matrix exponential function for the
Lie groups SU(3), SU4) and SP(2), Eur. Phys. J. A 58, 170
(2022).

[56] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/dgby-6471 for additional details, which includes
Refs. [57-60].

[57] V. Kendon and B. Tregenna, Decoherence can be useful in
quantum walks, Phys. Rev. A 67, 042315 (2003).

[58] V. Kendon and B. Tregenna, Decoherence and Entropy in Com-
plex Systems: Selected Lectures from DICE 2002 (Springer,
Berlin, Heidelberg, 2004), pp. 253-267.

[59] V. Kendon, Decoherence in quantum walks—A review, Math.
Struct. Comput. Sci. 17, 1169 (2007).

[60] T. A. Brun, H. A. Carteret, and A. Ambainis, Quantum ran-
dom walks with decoherent coins, Phys. Rev. A 67, 032304
(2003).

[61] T. Fukui, Y. Hatsugai, and H. Suzuki, Chern numbers in dis-
cretized Brillouin zone: Efficient method of computing (spin)
Hall conductances, J. Phys. Soc. Jpn. 74, 1674 (2005).

[62] Y. Liang, H. Lin, S. Lin, J. Wu, W. Li, F. Meng, Y. Yang, X.
Huang, B. Jia, and Y. Kivshar, Hybrid anisotropic plasmonic
metasurfaces with multiple resonances of focused light beams,
Nano Lett. 21, 8917 (2021).

[63] J. Cui, S. Han, B. Zhu, C. Wang, Y. Chua, Q. Wang, L. Li,
A. G. Davies, E. H. Linfield, and Q. J. Wang, Ultracompact
multibound-state-assisted flat-band lasers, Nat. Photon. 19, 643
(2025).

[64] S. Lin, Y. Liang, J. Zhang, M. K. Chen, and D. P. Tsai, Con-
trollable flatbands via non-Hermiticity, Appl. Phys. Lett. 123,
221103 (2023).

[65] H. Qin, S. Chen, W. Zhang, H. Zhang, R. Pan, J. Li, L. Shi, J.
Zi, and X. Zhang, Optical moiré bound states in the continuum,
Nat. Commun. 15, 9080 (2024).

[66] N. D. Le, P. Bouteyre, A. Kheir-Aldine, F. Dubois, S. Cueff, L.
Berguiga, X. Letartre, P. Viktorovitch, T. Benyattou, and H. S.
Nguyen, Super bound states in the continuum on a photonic flat-
band: Concept, experimental realization, and optical trapping
demonstration, Phys. Rev. Lett. 132, 173802 (2024).

[67] S. Sun, Y. Ding, H. Li, P. Hu, C.-W. Cheng, Y. Sang, F. Cao,
Y. Hu, A. Alu, D. Liu, Z. Wang, S. Gwo, D. Han, and J. Shi,
Tunable plasmonic bound states in the continuum in the visible
range, Phys. Rev. B 103, 045416 (2021).

013271-7


https://doi.org/10.1103/PhysRevA.75.052310
https://doi.org/10.1038/nphys2259
https://doi.org/10.1088/2058-9565/ac6a05
https://doi.org/10.1103/PhysRevE.72.056112
https://doi.org/10.1103/PhysRev.125.1067
https://doi.org/10.1140/epja/s10050-022-00816-5
http://link.aps.org/supplemental/10.1103/dgby-6471
https://doi.org/10.1103/PhysRevA.67.042315
https://doi.org/10.1017/S0960129507006354
https://doi.org/10.1103/PhysRevA.67.032304
https://doi.org/10.1143/JPSJ.74.1674
https://doi.org/10.1021/acs.nanolett.1c02751
https://doi.org/10.1038/s41566-025-01665-6
https://doi.org/10.1063/5.0174456
https://doi.org/10.1038/s41467-024-53433-9
https://doi.org/10.1103/PhysRevLett.132.173802
https://doi.org/10.1103/PhysRevB.103.045416

