PHYSICAL REVIEW RESEARCH 8, L.042003 (2026)

Ultraslow diffusion emerging from local symmetry breaking in quenched disorder
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Many dynamical systems operate in disordered environments. In this Letter, we investigate how quenched
randomness modifies particle diffusion. We show that, in finite-strength potential landscapes, low disorder
densities can induce logarithmically ultraslow diffusion. The underlying mechanism originates from local
symmetry breaking in particular potential configurations: Barrier-well structures form directional channels,
causing particles to undergo hierarchical capture, escape, and recapture processes. A coarse-grained channel
theory yields an approximate scaling prediction for the mean-square displacement. Counterintuitively, when the
disorder density reaches the fully disordered limit, the system returns to normal diffusion, revealing a nontrivial,
nonmonotonic relationship between disorder density and transport type. This mechanism is observed in both

nonlinear maps and stochastic systems.

DOI: 10.1103/cvmv-86bh

Imagine embarking on a long-distance journey where,
upon reaching your destination, you engage in a series of
localized activities (like lodging and sightseeing) that may
trigger smaller-scale movements (e.g., commuting between
hotels and restaurants). Remarkably, despite continuous pro-
gression of activities, macroscopic analysis reveals that the
spatial expansion of your trajectory exhibits gradual decel-
eration in displacement over time. This phenomenon aligns
with the experimental findings of Song er al. [1], demonstrat-
ing that the mean-square displacement (MSD) in long-term
human mobility patterns follows an ultraslow diffusion char-
acterized by MSD(¢) ~ (In¢)*. This law is found in a wealth
of systems, including relaxation processes in Anderson in-
sulators [2], local structural relaxation in DNA [3], paper
crumpling under heavy pistons [4], frictional strengthening
[5], grain compactification [6], glass systems [7], and frac-
tional dynamics in languages [8].

Currently, theoretical studies on ultraslow diffusion remain
relatively scarce and are predominantly modeled through
stochastic systems. The mechanisms involve the introduc-
tion of complex spatiotemporal structures, exemplified by
distributed-order fractional derivative models [9,10], struc-
tural derivative models [11,12], and comb models [13-15],
as well as super-heavy-tailed waiting time distributions as
implemented in enhanced continuous-time random walk mod-
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els [16-19]. Alternatively, one-dimensional maps represent
the simplest dynamical systems capable of generating dif-
fusion [20-31], when defined on infinite domains, typically
by periodic continuation. These maps emerged as simpli-
fied representations to capture essential characteristics of
driven damped particle motion in a periodic potential [20-22].
While time-dependent periodic potentials represent one limit-
ing case of this scenario, the opposite extreme—disordered
potentials—remains understudied in chaotic dynamical sys-
tems theory [32,33]. Across multiple physical domains, it is
well established that static randomness can profoundly al-
ter macroscopic quantities [34-36]. Nevertheless, developing
deterministic map versions capable of producing ultraslow
diffusion remains highly challenging. To date, meaningful
progress has been achieved only in studies by Radons [37,38]
and Driger and Klafter [39]. The former demonstrated sup-
pressed diffusion equivalent to the Sinai model [40], requiring
the overcoming of increasingly deeper Brownian path random
potentials in the continuous limit. The latter revealed through
a fully deterministic one-dimensional lifted map that ultraslow
diffusion originates from the anomalously broad distribution
of waiting times in the corresponding random walk process,
which under specific conditions can reproduce Sinai’s classi-
cal results.

In this Letter, we demonstrate a universal mechanism
generating ultraslow diffusion. By introducing quenched
disordered finite-strength potentials in our models (both
deterministic and stochastic versions)—fundamentally dif-
ferent from the deep potential well mechanism underlying
Golosov localization [41,42] in Sinai’s and Radons’s works—
we observe an unexpected nontrivial nonmonotonic transport
transition where particle diffusion in low-disorder-density
(sparse) potentials (corresponding to ultraslow diffusion)
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FIG. 1. Schematic illustration of the chaotic map modeling un-
der quenched disorder and its representative particle trajectories.
(a) The potential landscape comprises static random barriers and
wells with finite strength ¢ (upper panel). The wells and barriers
in map (2) are modeled by vertically shifting the function profiles
within adjacent lattice sites (lower panel), thereby modifying particle
escape probabilities in corresponding regions. (b) Particle trajectories
exhibit Brownian-like motion [43] at r = 0.4 with ¢ = 0.2. (c) When
¢ increases to 0.33 while maintaining » = 0.4, the particle motion
demonstrates distinct transport transition characteristics, where hier-
archical escape events and recurrent trapping significantly suppress
diffusion efficiency. (d) Brownian-like dynamics is globally restored
at long timescales when the disorder density reaches r = 1 (fully
disordered). Insets in panels (b)—(d) display characteristic configu-
rations of the corresponding potential distributions ¢V;.

paradoxically becomes slower than that in the fully disordered
case (normal diffusion) at extended timescales. We establish
that this phenomenon originates from symmetry breaking in
localized potential configurations.

A piecewise linear lifted map capable of generating normal
diffusion [44—47] is defined as

ax;, 0<x <7, a0, )
ax,+1—a, 5<x<lI,

M,(x) = {
extended to the real domain R through the periodic condition
My(x; + 1) = M,(x;) + 1. In our fundamental setup [a = 3,
black solid and dashed lines in Fig. 1(a), lower panel], we
implement a quenched disorder potential by vertically shifting
adjacent lattice functions: Specifically, shifting the left one
upward and the right downward by ¢ (defined as the potential
strength) reduces the particle escape probability to simulate
wells [maroon solid line in Fig. 1(a)]. Conversely, shifting
the left one downward and the right upward by ¢ hinders
the penetration probability to model barriers of equal strength
[48] (yellow solid line). Each well or barrier occurs with a
probability /2. Defining this system as map Q, its dynamical
equation can be expressed as

011 X1 =Ms(x) — AV,

where  V; = &pu;. 2

This is the central model discussed in our Letter, where
i = [x;] denotes the lattice site index and AV, =V, —V;
represents the potential gradient within the ith lattice site.
The disorder density is governed by Bernoulli random vari-
ables & ~ B(r): When &; = 1 (occurring with probability r),
wi ~ U{—1, 1} is uniformly sampled, where —1 corresponds
to wells and 1 to barriers. Since every two consecutive lattice
sites form a single potential unit, this sampling occurs exclu-
sively at even-indexed sites, i.e., V; = 0 for odd i. This ensures
uniform well/barrier strength. When & = 0 (with 1 — r), the
V; remains zero. Our map Q; maintains chaotic characteristics
with Lyapunov exponent In 3 [47,49].

In a system composed exclusively of either wells or bar-
riers (u; = —1 or 1), particle diffusion is hindered by such
structures. Owing to renormalization effects [35,50,51], the
system exhibits normal diffusion with a reduced diffusion
coefficient [see Fig. S1(b) of the Supplemental Material
[52]]. Intuitively, there is no reason to expect different
dynamical transitions in the map Q; (u; € {—1, 1}). How-
ever, simulations demonstrate that when r = 0.4 and ¢ =
0.2 (significantly below the localization threshold ¢, = 1/3,
as demonstrated in Sec. I of the Supplemental Material
[52]), particles maintain Brownian-like motion [Fig. 1(b)].
Conversely, when ¢ = 0.33 (approaches the critical value)
with unchanged r = 0.4 (i.e., spatially sporadic distribu-
tion of wells and barriers), trajectories exhibit prolonged
confinement within specific hierarchical layers, where es-
cape events become exceedingly rare and are accompanied
by high-probability backtracking events, resulting in sig-
nificant diffusion retardation [Fig. 1(c)]. More intriguingly,
under fixed & = 0.33, the fully disordered system (r =1,
where wells and barriers are ubiquitously distributed) recovers
Brownian-like motion at longer timescales [Fig. 1(d)], further
suggesting a potential nontrivial transport transition implied
in Fig. 1(c).

This perspective is validated by MSD analysis (Fig. 2),
based on numerical simulations of 1 x 10° initial points uni-
formly distributed in [—1, 1]. When ¢ deviates significantly
from the critical value, map Q; exhibits normal diffusion with
a reduced diffusion coefficient (green triangles). Under near-
critical sparse disorder, however, the map undergoes a subtle
dynamical transition: The growth of the MSD is strongly
suppressed, giving rise to ultraslow diffusion (blue circles
and yellow diamonds). Remarkably, normal diffusion is even-
tually restored in the fully disordered case r =1 (purple
stars). At sufficiently long times, the MSD for » = 1 exceeds
that observed for r < 1, consistent with the observations in
Figs. 1(b)-1(d): An intriguing nontrivial transition emerges
only in sparse disordered potentials.

To investigate the origin of this anomalous diffusion, we
draw an analogy with the renowned Sinai model [40]. For the
lattice version of the Sinai model on infinite integer lattices
[60,61], formulated as

_1+eU; = Upy)
C],’,,l - ) Te )
N N 1+€(U,‘—U,‘+1)
qii+1 = 2+C )
c+eUyr + Uiy —2U;)
qii = ) , 3)
+c
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FIG. 2. MSD and nonmonotonic transport transition in map Q.
When the potential strength is far from the critical value, Q; exhibits
normal diffusion. In contrast, under near-critical sparse disorder, the
growth of the MSD is strongly suppressed and displays ultraslow
diffusion. Counterintuitively, in the fully disordered limit r =1,
the system recovers normal diffusion at long timescales. The black
solid line shows the result for system Q, at r = 0.4, ¢ = 5.5, and
e = 0.495. After rescaling its MSD by a factor of 2, it exhibits the
same statistical trend as Q.

with
U =U_1 + &, 4

where & ~ B(r)and u; ~ U{—1, 1} hold for all integer lattice
sites i € Z, with Uy = 0, the transition probabilities g; ;_i,
gi.i+1, and g; ; (denoting jumps to i — 1, i 4+ 1, and remaining
at i, respectively) depend on the random potential U;, with
strength and scale parameters e and c.

At e = 0.5 and ¢ = 2, the MSD in the Sinai model ex-
hibits a systematic decrease with increasing r [Fig. 3(a),
initial condition iy = 0]. This observation stems from the ther-
mally activated motion within the random potential landscape
constructed from Brownian paths: Particles inherently tend
toward lower energy states, progressively becoming trapped
in deeper potential wells (probabilistic localization), with their
mean exploration range growing as (Int)? [42,62]. This mech-
anism aligns with physical intuition: The recurrent nature of
Brownian paths ensures that zero crossings of the potential
field can occur at arbitrarily distant positions from the origin
[63]. However, the distribution of equipotential points at » <
1 significantly retards this process. The schematic potential
profiles U; in Fig. 3(b) provide a visualization of this interpre-
tation.

In contrast to the classical Sinai model, our map Q; ex-
hibits counterintuitive nonmonotonic transport behavior: On
long timescales, the MSD in the fully disordered case r = 1
eventually exceeds those in the sparse disorder cases 0 <
r < 1, as indicated by the MSD crossing point in Fig. 2.
This suggests that the map Q; and Sinai dynamics are
governed by different microscopic mechanisms. This dis-
tinction is also reflected in the potential profiles shown in
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FIG. 3. The ultraslow diffusion mechanism in our stochastic sys-
tem Q, differs from the Sinai model. (a) The MSD of the Sinai
model shows ultraslow diffusion for all r. This arises because (b) its
potential variations follow a Brownian path. (c) For system Q,, the
MSD shows a parameter dependence largely consistent with that of
map Q; (Fig. 2). This correspondence originates from (d) directional
channels formed by symmetry breaking in local potential configu-
rations within 0 < r < 1 (boxed region, upper panel). Conversely,
at r = 1, these directional channels are globally eliminated (lower
panel), and the system reverts to normal diffusion.

the insets of Figs. 1(b)-1(d): The random potential in the
map Q; does not resemble a Brownian-path-like potential
landscape, but is instead composed of independent and iden-
tically distributed (i.i.d.) local barrier and well configurations
of uniform strength. Furthermore, extending thermally acti-
vated processes in random Brownian potential landscapes to
deterministic dynamical systems typically requires Markov
partitions as a fundamental premise [37]; in contrast, the dif-
fusion process observed in this Letter does not rely on such
structural constraints.

To bridge this conceptual gap, we construct our second sys-
tem O, based on the Sinai model, where the random potential
U; is defined as

Ui = &, ®)

with & and p; aligning with Eq. (4). Similar to the map
Q1 (which ensures a finite-strength potential landscape), the
system O, [Eq. (3) with Eq. (5)] incorporates analogous con-
straints. Figure 3(c) presents the MSD results for system O, at
¢ = 2, showing the dependence of the MSD on r and e (with
the critical value given by e, = 1/2 for ¢ > 2). A comparison
with the results for map Q; in Fig. 2 shows that O, exhibits a
highly similar parameter dependence in its diffusion behavior.

The microscopic dynamics originate from symmetry
breaking in local potential. At r = 1, the system O, exhibits
symmetric ascent/descent profiles across all effective wells
[lower panel of Fig. 3(d)], ensuring equal bidirectional escape
probabilities (denoted as p. = p_,). Although the system
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initially demonstrates transient ultraslow diffusion [with the
timescale determined by the mean first-passage time (7T*) ~
3((12_4'22)) required to cross the first barrier (41), for Fig. 3(c),
(T*) =~ 300], it eventually recovers to normal diffusion over
extended evolution. Conversely, when 0 < r < 1, local sym-
metry breaking characterized by “’\»»_ and “\/\”-shaped
potential configurations emerges [an example is illustrated by
the boxed region in the upper panel of Fig. 3(d), with detailed
analysis provided in Sec. II of the Supplemental Material
[52]]. When particles traverse such regions, the local escape
probability in one direction becomes significantly dominant
over the reverse process, as exemplified in the upper panel of
Fig. 3(d), where leftward escape probability far exceeds the
rightward counterpart (i.e., p > p_,). This effect reaches
maximum prominence near critical strengths e. = 1/3 (in the
map ;) and e, = 1/2 (in the system Q,). We categorize
these configurations as directional channels: reverse channels
(severely restricted escape from one side) and forward chan-
nels (preferential diffusion).

We now derive the logarithmic diffusion scaling from the
coarse-grained directional-channel picture for sparse disorder
near the critical potential strength. Since directional channels
arise from quenched, i.i.d. well-barrier couplings, their spa-
tial distribution is statistically translation invariant; namely, a
directional channel occurs with the same probability at any
coarse-grained spatial position. Let 7y denote the probabil-
ity of finding a single reverse channel at a coarse-grained
position. Since no global directional bias is imposed, the prob-
ability of finding a single forward channel is also ry. However,
within a finite spatial interval already explored by the particle,
the numbers of forward and reverse channels exhibit a typ-
ical imbalance due to quenched disorder fluctuations. Let L,
denote the typical number of excess reverse channels that con-
trols the dominant escape time after the particle has explored a
spatial scale x. According to the central limit theorem, the net
imbalance between forward and reverse channels grows only
as the square root of the explored distance, giving

L ~ (2rox)"/?. (6)

We next consider the time required to penetrate a single
reverse channel. Near the critical potential strength, the occlu-
sion effect of a reverse channel becomes strongly enhanced,
so that the probability p, for a particle to penetrate a single
reverse channel within one microscopic time step is very
small. Therefore, the characteristic penetration timescale of
a single reverse channel can be defined as Ar = p-! > 1.
After a particle penetrates a reverse channel, the channels that
it has previously crossed become forward channels favoring
the return direction, and may therefore recapture the particle
into previously visited regions. Thus, the total escape process
is not a simple one-way penetration process, but is controlled
by capture-escape-recapture cycles. The recursion relation for
this process and its asymptotic solution are given in Sec. III of
the Supplemental Material [52]. The leading result is that the
escape time required to overcome L, excess reverse channels
grows exponentially with L,:

Tp, ~ T(AD, @)
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FIG. 4. Fourth-root linearity test of the logarithmic fourth-power
scaling. If Eq. (8) holds, then MSD'/#(¢) should be asymptotically
linear in Inz. In a representation with ¢+ shown on a logarithmic
horizontal axis, this relation appears as long-time linear behavior.
(a) Test for the nonlinear map Q;. (b) Test for the stochastic sys-
tem (. Colored symbols denote the numerical data for MSD/4(z),
and black solid lines denote linear fits over the time window ¢ €
[1.0 x 10%,1.0 x 107]. All fits give coefficients of determination
R? > 0.999.

where 7 is a nonuniversal effective microscopic timescale.
It absorbs the initial-level escape time, finite product terms,
summation prefactors, and other constant time factors gener-
ated by the recapture process. These factors renormalize the
timescale, but do not change the leading exponential depen-
dence of 77, on L.

The typical spatial scale x that the particle can explore
within an observation time ¢ is determined by ¢ ~ 77 . Com-
bining Egs. (6) and (7), we obtain 7/t ~ (Ar)09"* Taking
the logarithm gives In(¢/7) ~ (2rox)"/? In(At). Thus, x(t) ~
(2r9)~'[In(¢ /7)/In(At)]>. In this hierarchical escape mecha-
nism, the leading scaling of the MSD is set by the square of
the typical explored distance, namely, MSD(t) ~ x*(t). We
therefore obtain

MSD(t) ~ A[In(t/7)]*, 8)

where A ocry 2[In(A)]™* is a nonuniversal coefficient.
Equation (8), as a scaling prediction of the coarse-grained
directional-channel theory, shows that the anomalous diffu-
sion observed in this Letter is not merely slowed diffusion
resulting from a reduced ordinary diffusion coefficient or
power-law subdiffusion. Instead, it is logarithmically ul-
traslow diffusion resulting from the combination of the
exponential dependence of 7;, on L, generated by capture-
escape-recapture dynamics, and the channel imbalance fluc-
tuation L, ~ x'/? in unbiased quenched disorder.

To directly test the logarithmic fourth-power scaling in
Eq. (8), we further employ a fourth-root linear representation.
If Eq. (8) holds, then MSD'*(t) ~ AY*1In(t /), or equiva-
lently, MSD!/4(¢) ~ AY*Int — A4 In t. Therefore, when ¢
is shown on a logarithmic horizontal axis, MSD'4(¢) should
become approximately linear in the long-time regime. Here,
the nonuniversal factor A'/4 determines the slope, while the
nonuniversal timescale t is absorbed into the intercept.

Figures 4(a) and 4(b) show this test for the nonlin-
ear map Q; and the stochastic system Q,, respectively.
For the ultraslow diffusion parameter sets, MSD!/4(¢) ex-
hibits good linearity with Inz over the long-time window
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t €[1.0 x 10°, 1.0 x 107]. All linear fits give coefficients
of determination R*> > 0.999. This consistency check sup-
ports the logarithmic fourth-power scaling prediction given by
Eq. (8).

In our first map Q), directional channels manifest as
“N” and “v" configurations [an example is shown within
the boxed region in the inset of Fig. 1(c)] due to the
coupling between adjacent wells and barriers. The parti-
cles become trapped within a region enclosed by a pair
of oppositely oriented directional channels (ochre-shaded
regions). They frequently approach the boundary of the
reverse channel and are reflected, causing them to spend
most of their time oscillating back and forth within this
confined area and thereby generating high-frequency fluc-
tuations. Until an escape event occurs (red arrows), the
particles will enter a larger-scale self-similar region (pale-
yellow-shaded areas) composed of another pair of oppositely
oriented directional channels. Crucially, recapture effects
from preceding channels induce high-probability backtrack-
ing (green arrows). These recurrent capture-escape-recapture
cycles persist across arbitrarily large spatial scales, progres-
sively decelerating particle motion. Consequently, the dif-
fusive spreading exhibits continuous slowdown, manifesting
macroscopically as ultraslow diffusion in ensemble-averaged
measurements. In the same near-critical sparse-disorder
regime, the system further displays aging, breakdown of self-
averaging, and weak ergodicity breaking (see Sec. IV of the
Supplemental Material [52]).

When ¢ or e deviates significantly from the critical
value, bidirectional diffusion probabilities approach near-
equilibrium [p_ = p_,, see color-shaded regions in Fig. 1(b)
and the verification in Sec. II of the Supplemental Material
[52]], despite persistent local weak symmetry breaking in
directional channels. This permits the particles to effectively
explore large regions of space within finite time frames, which
averages out the weak local symmetry breaking [64,65]. As
shown in Figs. 2 and 3(c), normal diffusion is restored un-
der these conditions on very long timescales (a conclusion
further supported over a broader parameter range, as detailed
in Sec. V of the Supplemental Material [52]). Remarkably,
with appropriate parameters, the MSD of system Q, shows
excellent agreement with that of map Q,, as indicated by the
black solid lines in Fig. 2. This correspondence substantiates
that the stochastic system (, shares identical underlying
mechanisms with our deterministic framework. To verify the

generality of our results, we employed a Sine-lifted nonlin-
ear map (Sec. VI of the Supplemental Material [52]). Under
these configurations, ultraslow diffusion remains observ-
able. Furthermore, when the strength ¢ exhibits fluctuations
(Sec. VII of the Supplemental Material [52]), this anomalous
dynamics persists, indicating that the fundamental mecha-
nism we propose for generating ultraslow diffusion is highly
robust.

In summary, we have demonstrated that sparsely dis-
tributed wells and barriers mediate qualitative changes in
diffusion dynamics via local symmetry breaking. This may
explain a long-standing puzzle: Why certain disordered sys-
tems exhibit stronger suppression of diffusion at lower
disorder densities than at higher ones [34]. Let us return
to the first example [1]. When a journey concludes, you
tend to return to your origin, with long-range displacements
only resuming at the next journey (this is not a frequent
occurrence for the majority). Such movement patterns remain
“anchored” near core locations like homes and workplaces
[analogous to the color-shaded regions in Fig. 1(c)], exhibiting
repetitive visitation (green arrows) while demonstrating infre-
quent and hierarchical exploration of new areas (red arrows).
The underlying mechanism remarkably parallels our findings,
suggesting this Letter may offer an alternative explanatory
perspective for this well-known social phenomenon. Another
noteworthy aspect is that previous studies have established the
Sinai mechanism’s fundamental reliance on potential long-
range correlations, regardless of dimensionality [66—69]. In
contrast, our work breaks with this paradigm, as the wells and
barriers in our model are i.i.d. To what extent this mechanism
generates ultraslow diffusion in higher-dimensional scenarios
presents an intriguing and important open question.
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