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Bosonic entanglement and quantum sensing from energy transfer in two-tone Floquet systems
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Quantum-enhanced sensors, which surpass the standard quantum limit (SQL) and approach the fundamental
precision limits dictated by quantum mechanics, are finding applications across a wide range of scientific fields.
This quantum advantage becomes particularly significant when a large number of particles are included in the
sensing circuit. Achieving such enhancement requires introducing and preserving entanglement among many
particles, posing significant experimental challenges. In this work, we integrate concepts from Floquet theory and
quantum information to design an entangler capable of generating the desired entanglement between two paths
of a quantum interferometer. We demonstrate that our path-entangled states enable sensing beyond the SQL,
reaching the fundamental Heisenberg limit (HL) of quantum mechanics. Moreover, we show that a decoding
parity measurement maintains the HL when specific conditions from Floquet theory are satisfied—particularly
those related to the periodic driving parameters that preserve entanglement during evolution. We address the
effects of a priori phase uncertainty, imperfect transmission, and other types of noises, showing that our
method remains robust under realistic conditions. Finally, we propose a superconducting-circuit implementation
of our sensor in the microwave regime, highlighting its potential for practical applications in high-precision
measurements.
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I. INTRODUCTION

Quantum sensors are widely used today in both scientific
research [1–3] and technical applications [4–6]. For an input
with N particles, traditional quantum-enabled sensors utilize
uncorrelated (classical) states, which limits their sensitivity
to the standard quantum limit (SQL), 1√

N
, dictated by the

Heisenberg uncertainty principle [7]. In contrast, quantum-
enhanced sensors employ entangled states of many particles,
allowing them to surpass the SQL and reach the ultimate
limit set by quantum mechanics, known as the Heisenberg
limit (HL), 1

N [8]. Typically, in an interferometric setup, such
quantum-enhanced sensors use entangled qubits [9–11] or
photons [12,13] to probe an unknown parameter encoded in
a quantum operation. Among these states, the Greenberger-
Horne-Zeilinger (GHZ) state [8,14] in qubit systems and the
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N00N state [13,15] in optical systems—defined as |N00N〉 ≡
1√
2
(|N, 0〉 + |0, N〉) over two photonic modes with a total of

N photons—were shown to precisely achieve the HL. Other
types of entangled states, such as the entangled coherent
state [16], Bat state [16–18], and coherent light mixed with
a squeezed vacuum state [19], have also been demonstrated
to asymptotically reach the HL at large photon numbers. Re-
cent experiments have demonstrated the generation of such
entangled states of photons or phonons, typically with a par-
ticle number N < 10. These states can be generated through
phonon manipulation in trapped ion systems [20], paramet-
ric down-conversion and postselection [21–23], multiphoton
entanglement with deterministic single-photon sources [24],
mixing quantum and classical light [25], and employing vari-
ational optical nonlinearities [26,27]. However, developing
efficient protocols to generate entangled states with a higher
number of bosons and stabilizing the entanglement against
experimental imperfections, such as photon loss and noise,
remains a significant challenge.

The ability to engineer exotic states and phases of matter in
controllable ways gave rise to extensive theoretical [28–31] as
well as experimental [32–34] efforts. These often involve driv-
ing materials to induce behavior that lacks a static counterpart.
For instance, spins driven adiabatically by fields with different
frequencies give rise to quantized energy transfer between the
drives, effectively realizing a temporal version of the quantum
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Hall effect [35–42]. When treating the drives in such a scheme
as quantized, their state evolves as well, and the interaction
with a spin or other system elements could be used as a tool
to engineer the quantum state of the drives [43–45].

In this work, we leverage insights from Floquet engineer-
ing to design a Floquet quantum sensor that uses periodic
driving to prepare an entangled state suitable for a sub-SQL
sensitivity. We relate the sensing properties of the entangled
state to the quasienergy spectrum of the Floquet system used
to create it. We show that our protocol can generically produce
entangled N-photon states at a time T ∼ N , as opposed to
the typical quantum diffusion rate that results in N entangled
photons at times T ∼ N2. Also, we show that our protocol can
produce entangled states capable of sub-SQL measurement
resolution for phase estimation even with coherent states as
initial inputs.

As a starting point, we consider a quantum system sub-
ject to two classical periodic drives. We demonstrate that the
direction of energy transfer between the two drives is deter-
mined by the initial state of the system. Treating the drives
quantum mechanically, this allows to generate entanglement
within two modes of bosons over time. We quantify this en-
tanglement using quantum Fisher information (QFI) [46–48],
which serves as a global lower bound on the sensitivity dic-
tated by the quantum Cramér-Rao bound (qCRB) [49,50].
We show that the QFI of our path-entangled states (PESs),
generated by energy transfer in Floquet systems, can be com-
puted from the quasienergy band structure [51] of the Floquet
Hamiltonian and typically scales with the preparation time as
T 2 up to T = O(N ), when the HL scaling N2 is realized.
Furthermore, we demonstrate that for drives with identical
frequencies, a Mach-Zehnder interferometer (MZI) followed
by a parity measurement [17,18] on the output bosons can
read out the QFI with at least SQL precision. We establish
conditions on the quasienergy bands necessary for maintain-
ing such T 2 growth in the (classical) Fisher information using
parity measurement, which at T = O(N ) enables readout with
HL precision. Additionally, we address the effects of the a
priori uncertainties in the parameter (phase) to be measured
[11,52,53] as well as particle loss in imperfect transmissions
[54–56]. Our analysis suggests that our sensing protocol based
on energy transfer can, in principle, be generalized to an arbi-
trarily large number of particles. Combined with the scalable
readout by parity measurement, we anticipate that our sensing
protocol can be realized in near-term experiments.

The paper is structured as follows. In Sec. II, we briefly
review basic notions of quantum metrology. In Sec. III, we
discuss the energy transfer in two-tone Floquet systems with
classical driving fields. In Sec. IV, we quantize the drives as
bosonic quantum fields and demonstrate that path-entangled
states with QFI approaching the HL at T = O(N ) can be
generated, employing properties of the quasienergy band
structure. We apply our results to three examples of driven
qubits. Next, in Sec. V, we show that these path-entangled
states can be used within an MZI with parity measurement
to reach a sensing precision given the SQL and even the
HL, if certain conditions satisfied. In Sec. VI, we study the
effect of a priori uncertainty in the sensing parameter and
imperfect transmission (photon loss) in the interferometer.
Finally, in Sec. VII, we elaborate on the realization of the

Floquet sensor, including an entangler, a microwave beam
splitter, a phase imprinter, and the parity measurement, within
a superconducting-circuit design.

II. QUANTUM SENSING AND THE QUANTUM
FISHER INFORMATION

A. Quantum Fisher information

In this section, we review basic notions of quantum metrol-
ogy and quantum estimation theory [57]. We focus on the
estimation of a single parameter (phase) θ encoded via a
unitary transformation ρ0 → ρθ = e−iθAρ0eiθA on a probe
quantum state ρ0 prepared in a quantum sensor. Throughout
the main text, we assume that the phase θ is unknown, but
fixed in repeated runs of the experiment. This setting can be
analyzed within the quantum Fisher information framework
[57]. More generally, the parameter can be treated as a random
variable with a probability distribution P(θ ) within a Bayesian
approach (see Appendix I).

Our aim is to learn (estimate) the unknown parameter θ

from measurements on ρθ . We model such measurement with
a positive operator-valued measure (POVM) � specified by
a set of positive Hermitian operators {�̂μ} and corresponding
outcomes πμ, satisfying

∑M
μ=1 �̂μ = 1̂ , where M is the num-

ber of possible measurement outcomes. Here, the probability
p(πμ|θ ) to observe outcome πμ, given an a priori value of θ ,
is given by

p(πμ|θ ) = Tr[ρθ�̂μ]. (1)

Finally, an estimator function θest is given such that for each
outcome πμ, the estimated value of the a priori phase θ is
given by θest(πμ), with mean value over repetitions θ est =∑M

μ=1 θest(πμ)p(πμ|θ ) and variance

�θ2
est =

M∑
μ=1

(θest(πμ) − θ est )
2 p(πμ|θ ). (2)

The choice of the (classical) estimation function is crucial
for the success of the estimation procedure. In the following,
we concentrate on locally unbiased estimators that faithfully
estimate θ est = θ in an (at least infinitesimal) local environ-
ment around its fixed value, ∂θest(πμ)/∂θ = 1. In this case, the
celebrated Cramer-Rao bound [57] lower bounds the variance
of the estimator

�θ2
est � 1

Fθ [ρ0, A,�]
. (3)

Here, Fθ [ρ0, A,�] is the classical Fisher information:

Fθ [ρ0, A,�] =
M∑

μ=1

[∂θ ln p(πμ|θ )]2 p(πμ|θ ). (4)

We note that Fθ [ρ0, A,�] depends on the choice of mea-
surement (the POVM) and probe state ρθ . We can optimize
Fθ [ρ0, A,�] over all possible POVMs � to obtain the mea-
surement that allows to estimate θ with minimal uncertainty
(variance). The corresponding maximal Fisher information

Fq[ρ0, A] = sup
�

Fθ [ρ0, A,�] (5)
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FIG. 1. Quantum sensing from energy transfer. (a) A circuit diagram of a Mach-Zehnder interferometer: Two modes of input bosons
are first entangled by an entangler ÛMZI

en . An unknown phase θ is then imprinted by a θ -dependent unitary ÛMZI
θ . Finally, a decoding circuit

ÛMZI
de together with a set of POVM measurements are applied to the probe state. An estimator (computer) deduces the value of θ based on

the measurement outcome. (b) Energy transfer between two classical drives with commensurate frequencies ω1
ω2

∈ Q and initial phases φ1,2.
Depending on the initial configuration of the qudit, energy is converted from one mode to the other. (c) Quantum sensor based on energy
transfer in two-tone Floquet systems. The circuit differs from a Mach-Zehnder interferometer in the entangler: Two modes of input bosons are
now coupled to a finite-dimensional ancilla. The entangled output of bosons is then generated by projecting out the ancilla degrees of freedom.

is called the quantum Fisher information Fq[ρ0, A] [57,58]. It
can be computed explicitly and takes a θ -independent form

Fq[ρ0, A] = 2
∑

k,l,λk+λl >0

(λk − λl )2

λk + λl
|〈k|A|l〉|2, (6)

where λk are the eigenvalues of the probe state ρ0 with eigen-
vectors |k〉 [57]. For a pure probe state ρ0 = |ψ0〉〈ψ0|, the QFI
has a much simpler expression Fq[ρ0, A] = 4(〈A2〉 − 〈A〉2).
Inserting into Eq. (3), this yields the quantum Cramer-Rao
bound

�θ2
est � 1

Fq[ρ0, A]
, (7)

which fundamentally limits the sensing precision for param-
eter θ encoded via an operator A into a quantum state ρ0.
For a quantum state ρ0 of N particles, the scaling of the
quantum Fisher information with N is of central importance:
The standard quantum limit Fq[ρ0, A] ∝ N applies to states
with only classically correlated (or uncorrelated) particles. It
originates from the Heisenberg uncertainty relation for each
particle. Entanglement (quantum correlations) between the
particles allows us to surpass this and reach the Heisenberg
limit Fq[ρ0, A] ∝ N2.

A lot of research has thus been dedicated to devising
and implementing probe states ρ0 with large quantum Fisher
information (see Refs. [49,59] and references therein). Addi-
tionally, the QFI involves a nontrivial optimization over all
possible POVMs allowed by quantum mechanics, with the
optimal POVM often not known or difficult to implement
[49,59]. A second challenge concerns thus the realization
of a measurement � such that the corresponding classical

Fisher information is close to the optimal quantum Fisher
information. Various examples of such sensors are known in
the literature, which we will discuss in the next subsection.

B. Examples of quantum sensors

Typical quantum sensors built from photons and atoms
are the MZI [16,60,61] and the Ramsey interferometer (RI)
[11,52,53,62]. In these systems, the experimental quantum
sensing protocol can be summarized as follows [Fig. 1(a)]:
First, the probe state ρ0 is prepared via an entangling operation
Uen starting from a simple initial (product) state of photons or
atoms, ρ0 = UenρIU †

en. Second, the phase is encoded ρ0 →
ρθ = e−iθAρ0eiθA. Finally, the POVM measurement is real-
ized by a decoding operation UdeρθU †

de followed by projective
measurement.

In a Mach-Zehnder interferometer [Fig. 1(b)], two modes
of photons â1 and â2 are sent to a 50 − 50 beam splitter repre-
sented by ÛMZI

en = e−iĴy
π
2 with Ĵy = i

2 (â†
1â2 − â†

2â1). The beam
splitter separates the output photons to two interferometric
paths, in which a phase θ is imprinted by a unitary operator
ÛMZI

θ = e−iĴzθ with Ĵz = 1
2 (â†

1â1 − â†
2â2). After imprinting the

phase, the probe state is sent to another 50–50 beam splitter
given by ÛMZI

de = e−iĴx
π
2 with Ĵx = 1

2 (â†
1â2 + â†

2â1). Finally,
a photocounting or parity measurement of the output pho-
tons are applied to decode the phase information. Note that
in a Mach-Zehnder interferometer, Ĵx,y,z form the Schwinger
representation of angular momentum, and hence is an exam-
ple of the SU(2) interferometer [63]. To maximize the QFI
Fq = Fq[ρ0, Ĵz] corresponding to the generator Ĵz, the (pure)
probe state ρ0 should maximize the variance of Ĵz, i.e., of
the number difference of photons in the two modes. For an
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N-photon input, the probe state that maximizes such QFI is
the N00N state |N00N〉 = 1√

2
(|N〉 ⊗ |0〉 + |0〉 ⊗ |N〉), where

|N〉 and |0〉 are the N-photon Fock state and the vacuum state,
respectively. The N00N state yields a QFI Fq = N2 that scales
quadratically with the number of photons N . In comparison,
in a classical (i.e., with classically nonentangled photons as
probes) interferometer, Fq can at most scale linearly as N [64].
Entanglement between interferometric paths then improves
the QFI by a factor of N . In the context of metrology, such
entanglement between two interferometric paths is therefore
expected to enhance the sensitivity of phase estimation.

In a Ramsey interferometer, the input state is instead
a direct-product state |0〉 ⊗ |0〉 ⊗ · · · ⊗ |0〉 of N two-level
atoms. Accordingly, the entangler ÛRI

en = e−iŜy
π
2 , phase im-

printer ÛRI
θ = e−iŜzθ , and the decoder ÛRI

de = e−iŜx
π
2 are real-

ized via global rotations of the atoms Ŝx,y,z = 1
2

∑N
j=1 σ̂

x,y,z
j

with σ̂
x,y,z
j the Pauli operators of the jth atom. It is, again,

clear from the construction that Ŝx,y,z form a representation of
the SU(2) group and hence is another example of the SU(2)
interferometer. The counterpart of the N00N state, which
maximizes the QFI in the Mach-Zehnder interferometer,
becomes the GHZ state defined as the macroscopically en-
tangled state between atoms |GHZ〉 = 1√

2
(|0〉 ⊗ · · · ⊗ |0〉 +

|1〉 ⊗ · · · ⊗ |1〉), which gives an N2-scaling QFI with respect
to Ŝz.

C. This work: Floquet quantum sensor

In the previous paragraphs, we discussed the MZI and RI,
where metrologically useful quantum states are generated by
applying entangling gates to the system’s photons and qubits,
respectively. Alternatively, it was proposed to couple the sys-
tem to ancillary degrees of freedom and use operations on the
ancilla to entangle the system’s constituents [65–67]. In line
with this approach, we study a setup in this work involving
two bosonic modes coupled to an ancilla qubit [Fig. 1(b)].

Previous studies showed that in the limit of classical
drives—i.e., an ancilla qubit driven by two periodic classi-
cal driving fields—the ancilla qubit can mediate an energy
transfer between the drives, a process known as frequency
conversion [35,68]. In this work, we explore the full quantum
system and demonstrate that the energy transfer between the
classical drives, mediated by the ancilla qubit, leads to the
generation of path-entangled states in the quantum system,
also mediated by the ancilla qubit. Crucially, these path-
entangled states are metrologically significant, with their QFI
approaching the Heisenberg limit. We further show that this
can be applied in an MZI-like interferometer to estimate
phases with Heisenberg-limit sensitivity via a parity measure-
ment under specific conditions.

In short, we propose a Floquet quantum sensor [Fig. 1(c)]
as follows: Two initially uncorrelated modes of bosons with,
in total, N bosons, for instance a product state of two coherent
states or Fock states, first interact with a qubit (or qudit) for
a time T . Following this interaction, a projective measure-
ment on the qubit (or qudit) generates path-entangled bosonic
modes as the output state. A phase θ is then encoded using
ÛMZI

θ as in the MZI. Finally, a readout circuit, comprising a
decoder ÛMZI

de followed by a parity measurement, is applied

to the phase-encoded state. Under certain conditions on the
initial states of the bosonic modes and their interaction with
the qubit (see below), this allows to estimate the phase θ

with sensitivity �2θ ∼ 1/T 2 improving quadratically in T
and reaching the HL at times T = O(N ).

III. ENERGY TRANSFER BETWEEN CLASSICAL DRIVES

In this section, we discuss the energy transfer between
two classical fields driving a single qubit acting as a media-
tor. We assume the qubit is governed by static Hamiltonian
Ĥ0 and subject to two periodic classical drives described by
the coupling Hamiltonians Ĥ1,2(ω1,2t + φ1,2) = Ĥ1,2[ω1,2(t +
T1,2) + φ1,2] [Fig. 1(b)]. Here, ω1,2 denote the frequencies,
T1,2 = 2π/ω1,2 the periods, and φ1,2 the initial phases of the
drives. The full Hamiltonian reads as

Ĥ (t ) = Ĥ0 + Ĥ1(ω1t + φ1) + Ĥ2(ω2t + φ2). (8)

To obtain a Floquet system, we require that two frequencies
ω1,2 are commensurate, i.e., that their ratio, ω1/ω2 ∈ Q, is a
rational number. Consequently, the Hamiltonian Ĥ (t ) exhibits
a period Tcom (with Tcom the least common multiple of T1,2)
such that Ĥ (t + Tcom) = Ĥ (t ).

Generally, the time evolution of the system is described by
Û (t ) = T e−i

∫ t
0 Ĥ (τ )dτ , where T is the time-ordering symbol.

In the following, we are interested in the system at strobo-
scopic times T = kTcom with k an integer. We can express the
qubit state conveniently in terms of the (quasi)eigenenergies
εn and eigenstates |n〉 with n = 1, 2 of the Floquet Hamilto-
nian HF ≡ i/Tcom logU (Tcom) such that (h̄ = 1)

U (T ) = U (Tcom)k =
∑

n=1,2

e−iεnkTcom |n〉〈n|. (9)

We are interested in the long-time energy transfer be-
tween the two classical drives, viewing the quantum sys-
tem as a mediator. We study the power Pj (t ) = Ė j (t ) ≡
〈ψ (t )| dĤj (ω j t+φ j )

dt |ψ (t )〉 absorbed from drive j at time t . Here,
|ψ (t )〉 = Û (t )|ψ (0)〉 is the quantum state evolved in time
under Ĥ (t ) with initial state |ψ (0)〉. In general, Pj (t ) varies
over time. The average power absorbed by drive j over a time
window [0, T ] is given by the time average [68]

Pj (T ) = 1

T

∫ T

0
dt〈ψ (t )|dĤj

dt
|ψ (t )〉

= 〈ψ (0)|iω j
1

T
Û†(T )∂φ j Û (T )|ψ (0)〉

= ω j〈ψ (0)|P̂j (T )|ψ (0)〉. (10)

Here, P̂j (T ) ≡ i
T Û†(T )∂φ j Û (T ) and we suppress the initial

phases φ1,2 subscript. For Floquet systems, at T = kTcom

(k ∈ N), we can derive a compact form of Pj (T ) for large T
(Appendix A):

P̂j (T ) =
∑

n=1,2

(
∂φ j εn

)|n〉〈n| + O

(
1

T

)
. (11)

We denote the long-time limit as P̂j ≡∑n=1,2 (∂φ j εn)|n〉〈n|,
the “power operator.” We note that this expression is specific
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for driven qubits (two-level systems). We derive correspond-
ing expressions for qudits (d-level systems) in Appendix A. P̂j

is solely determined by properties of the Floquet Hamiltonian.
Crucially, the transferred energy is, however, specified by the
expectation value of P̂j with respect to the initial state of the
system. This introduces controllability: By varying the initial
state |ψ (0)〉, we can control the energy transfer between the
two classical drives.

We now demonstrate explicitly that it is indeed feasible to
completely revert the energy transfer between the two drives
by choosing the appropriate initial states of the driven quan-
tum system. We focus first on the power operator P̂1. We show
in Appendix A that it is traceless, Tr[P̂1] = 0 (equivalently, it
also holds Tr[P̂2] = 0). This ensures two opposite eigenvalues
±P of P̂1. Further denoting the corresponding eigenstates as
|±P〉, this enables us to define two states |0〉, |1〉 as

|0〉 = |P〉,
|1〉 = |−P〉. (12)

Equivalently, we have opposite eigenvalues of P̂2 with
eigenstates |±P〉′ and define the corresponding states |0〉′ and
|1〉′. It follows from energy conservation ω1P̂1 + ω2P̂2 = 0
(see Appendix A) that these states are closely related, |0〉′ =
|1〉 and |1〉′ = |0〉. Thus, by preparing the qubit in state |0〉
(|1〉), we can reverse the power transferred from drive 1 to
drive 2.

Finally, we discuss energy conservation in the driven sys-
tem in more detail. Due to its bounded Hilbert space, the qubit
can only store a finite amount of energy. Therefore, over long
times T , there is no net flow of energy in or out of the qubit.
The qubit acts as a mediator that enables energy exchange
between the two drives. Mathematically, this poses a con-
straint on the quasienergy spectrum: εn = εn(ω1, ω2, φ1, φ2)
is only a function of φ1

ω1
− φ2

ω2
[69], which is used in defining

characteristic functions in Sec. V.

IV. ENERGY TRANSFER AND ENTANGLEMENT
GENERATION BETWEEN QUANTUM DRIVES

A. Energy transfer between two quantum drives

We now quantize the two classical driving fields and treat
them as two bosonic modes.

1. Quantizing the drives

We first rewrite the Hamiltonian in Eq. (8) to make its
periodic time dependence more explicit:

Ĥ (t ) = Ĥ0 + Ĥ1,o sin (ω1t + φ1) + Ĥ1,e cos (ω1t + φ1)

+ Ĥ2,o sin (ω2t + φ2) + Ĥ2,e cos (ω2t + φ2). (13)

Here, we have expanded Ĥj (ω jt + φ j ) in Eq. (8) into
Ĥj,o sin(ω jt + φ j ) and Ĥj,e cos(ω jt + φ j ). The subscripts
e and o in the coefficients denote even and odd contributions,
respectively. We assume that these drives are realized by
bosonic fields. Typical examples are photons from optical cav-
ities [70], bosons in superconducting circuits [71], phonons
from lattice or mechanical vibrations [72], and magnons from
spin waves [73]. The quantization of the drives is hence
accomplished via the substitution ei(ω j t+φ j ) → â j , with â j

the bosonic annihilation operator for the jth drive satisfying
[â j, â†

j ] = 1 and [â(†)
1 , â(†)

2 ] = 0. With this identification, the
two-tone Hamiltonian becomes a time-independent Hamilto-
nian for the combined system of qubit and quantum drives:

Ĥq = Ĥ0 + ĤB + Ĥ1,o
â1 − â†

1

2i
+ Ĥ1,e

â1 + â†
1

2

+ Ĥ2,o
â2 − â†

2

2i
+ Ĥ2,e

â2 + â†
2

2
. (14)

We have included a term ĤB = 1̂0 ⊗ (ω1â†
1â1 + ω2â†

2â2) to
account for the free evolution of two drives, where 1̂0 is the
identity operator on the qubit. The Hilbert space becomes a
direct product between H for the qubit and two Fock spaces
F1,2 for quantum drives, Hq = H ⊗ F1 ⊗ F2. An orthonor-
mal basis of this space is denoted as |λ〉 ⊗ |n1〉 ⊗ |n2〉, where
{|λ〉}λ=1,...,d is an orthonormal basis of H and {|n1,2〉}n1,2=0,1,...

the Fock states for F1,2, respectively.

2. Approximation by a uniform lattice model

In Sec. III, we have shown that a qubit driven by two clas-
sical fields can serve a mediator for energy transfer. We now
extend this to the quantized model. To this end, we note that
for states satisfying the sub-Poissonian condition δn1,2√

n1/2,c
� 1

with mean n1/2,c ≡ 〈â†
1,2â1,2〉 and standard deviation δn1,2 ≡√

〈(â†
1,2â1,2)2〉 − 〈â†

1,2â1,2〉2
, Hamiltonian (14) can be approx-

imated by a solvable Floquet lattice model [35,44]:

Ĥl = Ĥ0 + ĤB + Ĥc
1,o

T̂1 − T̂ †
1

2i
+ Ĥc

1,e

T̂1 + T̂ †
1

2

+ Ĥc
2,o

T̂2 − T̂ †
2

2i
+ Ĥc

2,e

T̂2 + T̂ †
2

2
. (15)

Here, we neglected terms of error O( δn1,2√
n1/2,c

) and defined the

Fock space translation operators T̂1,2 ≡∑n1,2
|n1,2 − 1〉〈n1,2|

and Ĥc
1/2,o/e = √

n1/2,cĤ1/2,o/e are renormalized qubit opera-
tors. Here, we extend n1,2 to ±∞ and impose a translation
symmetry, which allows to change to a Fourier basis |φ1,2〉 =∫ 2π

0 dn1,2eiφ1,2n1,2 |n1,2〉 and switch to an interaction picture

with respect to the bosonic Hamiltonian Û (t ) = e−iĤBt . Now,
the lattice model in Eq. (15) decomposes into a direct sum of
Bloch Hamiltonians Ĥl (t ) =⊕φ Ĥφ(t ) ⊗ |φ〉〈φ|, with

Ĥφ(t ) = Ĥ0 + Ĥc
1,o sin (ω1t + φ1) + Ĥc

1,e cos (ω1t + φ1)

+ Ĥc
2,o sin (ω2t + φ2) + Ĥc

2,e cos (ω2t + φ2), (16)

with φ ≡ (φ1, φ2) and the corresponding |φ〉 ≡ |φ1〉 ⊗ |φ2〉.
We briefly remark on the form of Ĥl (t ) in the interaction
picture. First, the phase is uniquely defined only up to mod
2π , and the corresponding states should be understood in a
periodic way |φ1,2 + 2π〉 = |φ1,2〉. Second, |φ〉 is motionless
in the interaction picture, and hence the only dynamic evo-
lution results from the (driven) system. For a given |φ〉, the
system evolves under Ĥ0 + Ĥφ(t ), which is identical to the
two-tone Floquet Hamiltonian in Eq. (13). We hence conclude
that the dynamics of each phase component is described by the
two-tone Floquet Hamiltonian in Eq. (13).
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In the following study of energy transfer and entanglement
generation, we assume the dynamics of the original model in
Eq. (14) being well described by the lattice model in Eq. (15)
and leave the numerical justification to Sec. IV C.

3. Energy transfer

We now analyze the dynamics under Eq. (16). We assume
that there is no initial entanglement or correlation between the
system and drives; i.e., we start with an initial product state

|�(0)〉 = |ψ (0)〉 ⊗
∫

BZ
d2φ f (φ)|φ〉, (17)

where |�(0)〉 and |ψ (0)〉 denote the initial system state and
initial qubit state, respectively, and d2φ ≡ dφ1dφ2 is the met-
ric of the integral over the first Brillouin zone BZ ≡ [0, 2π )2.
Finally, f (φ) is the initial field distribution of the drives satis-
fying

∫
BZ d2φ| f (φ)|2 = 1.

For each value of φ, the qubit evolves under a Flo-
quet Hamiltonian i∂t |ψ (φ, t )〉 = Ĥφ(t )|ψ (φ, t )〉. As before,
we want to quantify power transferred to the jth drive with
j = 1, 2:

Pj (T ) = ω j

T
(〈â†

j â j〉0
− 〈â†

j â j〉T
), (18)

where 〈�〉0 = 〈�(0)|�|�(0)〉 and 〈�〉T = 〈�(T )|�|�(T )〉
are expectation values of � at t = 0 and t = T , respec-
tively. We observe the dynamics at stroboscopic times T =
kTcom with k = 0, 1, 2, . . .. In Appendix B, we show that
the long-time limit limT →∞ Pj (T ) = ω j〈ψ (0)|P̂j[ f ]|ψ (0)〉 is
determined by the “functional power operator”

P̂j[ f ] =
∫

BZ
d2φ | f (φ)|2P̂j (φ). (19)

Here, P̂j (φ) =∑n=1,2 [∂φ j εn(φ)]|n(φ)〉〈n(φ)| is the power
operator defined with respect to the φ-dependent Floquet
Hamiltonian Ĥφ(t ), analogous to Sec. III. Since P̂j[ f ] is
a weighted sum of power operators P̂j (φ), it directly in-
herits properties such as tracelessness Tr[P̂j[ f ]] = 0 and
energy conservation ω1P̂1[ f ] + ω2P̂2[ f ] = 0 (see Sec. III and
Appendix B).

As its classical counterpart, the tracelessness of P̂j[ f ] en-
sures two opposite eigenvalues ±Pf with eigenstates |±P〉 f ,
which enables us to define two states

|0〉 f = |P〉 f ,

|1〉 f = |−P〉 f , (20)

which physically results in opposite energy flow from the jth
drive as 〈0| f P̂j[ f ]|0〉 f + 〈1| f P̂j[ f ]|1〉 f = 0. We note that the
functional power operator P̂j[ f ] depends on the field distri-
bution f (φ) and so do its eigenvalues ±Pf and eigenstates
|±P〉 f . As a result, different initial field distributions f (φ)
result in different states |0〉 f and |1〉 f .

B. Quadratically growing quantum Fisher information

We have observed that flipping the qubit from |0〉 f to |1〉 f
(and vice versa) changes the direction of energy flow accord-
ingly. We now ask: How should we initialize the qubit so that

useful entanglement for metrology can be generated at a later
time?

Within the lattice approximation, we can address this ques-
tion with the following statement: Given the initial field
distribution f (φ) of the drives and a nonzero power operator
P̂j[ f ], a path-entangled state can be prepared by first initial-
izing the ancilla qubit in |β,+〉 f = 1√

2
(|0〉 f + eiβ |1〉 f ), then

evolving the qubit-drives system for some time T = kTcom

according to Ĥl , and finally measuring the qubit in the initial
state basis |β,+〉 f , |β,−〉 f . In what follows, we assume the
outcome is +; and thus, the resulting state is given by

|PES〉T ≡ 1

NT
�̂βe−iĤl T

[
|β,+〉 f ⊗

∫
BZ

d2φ f (φ)|φ〉
]
, (21)

where �̂β ≡ |β,+〉 f 〈β,+| f is the projection to the qubit state
|β,+〉 f and “PES” is the abbreviation for “path-entangled
state.” NT is a T -dependent normalization factor. We note
that, as shown in Appendix C, the two outcomes (+ and −) of
the qubit measurement are equally likely for long times T .
If the outcome is −, it simply introduces a known phase
shift in the sensing procedure, which can be corrected as
we know the measurement result. Thus, our protocol remains
unaffected.

The QFI of |PES〉T with respect to Ĵz (recall the
MZI) asymptotically exhibits a T 2 scaling with prefactor
bounded by

1

2
P2[ f ] � lim

T →∞
1

T 2
Fq[|PES〉T , Ĵz] � 2P2[ f ], (22)

with Ĵz = 1
2 (â†

1â1 − â†
2â2) and the scalar bound

P2[ f ] ≡ 1

2

∫
BZ

d2φ| f 2(φ)|{[(∂�φ )ε1]2 + [(∂�φ )ε2]2}, (23)

where �φ ≡ φ1 − φ2 and ∂�φ ≡ ∂φ1 − ∂φ2 . We note that the
T → ∞ limit is formally valid only in the lattice approxi-
mation [cf. discussion below Eq. (15)]. For any finite initial
number of photons N = n1,c + n2,c, the QFI stops growing at
T = O(N ), which is consistent with the fundamental Heisen-
berg limit (see also Sec. IV C 4).

While the proof is left to Appendix D, we clarify here
the terminology used and the physical implications of the
statement. The term “path-entangled state” is borrowed from
optical interferometry [74], where two spatially distinguish-
able photonic modes enter different interferometric arms or
paths. Introducing (mode) entanglement between two modes
yields “path entanglement.” Proper path entanglement can
endow the interferometer with HL sensitivity. Conversely,
however, HL sensitivity (expressed in the QFI) does not
necessarily imply path entanglement, unlike in qubit sys-
tems [49,75,76]. Examples of this are single-mode cat states
1
2 [|α〉 ± |−α〉] [77], squeezed states [2], etc. Nevertheless, we
demonstrate in Appendix E that path entanglement in |PES〉T
significantly enhances the quantum Fisher information. The
generalization and optimization of the quantum Fisher infor-
mation for a d-level ancilla are discussed in Appendix F.

Within the lattice approximation [Eq. (15)], this quadratic
scaling (Fq ∝ T 2) can be understood as the ballistic (∝ T 2)
expansion of a wave function in a quantum random walk—
contrasting with the diffusive (∝ T ) spreading seen in classical
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FIG. 2. Quantum Fisher information and wave function profiles of qubit-drive systems. (a), (d), (g) Two-level system with circularly
polarized drives; (b), (e), (h) polarization conversion; and (c), (f), (i) oscillating Zeeman field. In PANELS (a)–(c), we plot both

√
FQ ≡√

Fq[|PES〉T , Ĵz] (left panels) and Floquet quasienergy bands (right panels) for three models. In the left panels, we plot
√

FQ for both coherent

state (green solid) and Fock state (blue solid) input of the driving field. The corresponding bonds [upper and lower; see Eq. (22)] P2[ f ]
are notated as green and blue dashed lines. In the right panels, we plot the quasienergy bands and indicate regions in the FIRST Brillouin
zone φ1 − φ2 ∈ [0, 2π ), over which f (φ) spreads for both coherent (green dashed lines and dots) and Fock (blue solid curves) inputs. In panels
(d)–(i), we plot wave function profiles |�|2 of the second drive for both coherent [panels (d)–(f)] and Fock [panels (g)–(i)] inputs as a function of
time T (left panels) and their cross sections (right panels) at a single moment indicated by the black dashed lines in the left panels. For all three
models, we start with average 50 bosons in each drive. For coherent-state inputs, we introduce an initial phase difference φ20 − φ10 = 0.6π

between two drives. Other parameters in different models are given as follows: For the oscillating Zeeman field, B0 = B1,2 gB0 = ω1,2; for the
two-level system with circularly polarized drives, ω = ω0

4 , A = ω0
8 ; and for the polarization conversion, ω = ω0, A = ω0

2 . The corresponding
parameters in the quantized models can be obtained via the procedure given in the main text (see Sec. IV).

random walks [78,79]. Under standard assumptions of a local
graph with local jumps, T 2 is indeed the fastest quantum
mechanically allowed spreading possible in the corresponding
lattice model.

Finally, since the power operator P̂j[ f ] and the bound
P2[ f ] on the QFI are completely determined by the Floquet
spectrum {εn, |n〉} with initial field distributions f (φ), the
sensing ability of |PES〉T can be assessed before the experi-
ment. In Sec. V, we will extend this observation to a specific
choice of POVM measurement and determine the maximal
measurement sensitivity from the classical Floquet spectrum
for Eq. (16).

C. Numerical examples

1. Example I: two identical circularly polarized drives

The first nontrivial model is a two-level system under cir-
cularly polarized drives:

Ĥφ(t ) = ω0

2
σ̂z + A[cos (ωt + φ1) + cos (ωt + φ2)]σ̂x

+ A[sin (ωt + φ1) + sin (ωt + φ2)]σ̂y. (24)

The drives’ frequencies ω, amplitudes A, and polarization
are identical. The effective Hamiltonian in the rotating frame
is given as (up to a unitary transform due to different choice

of starting time [t0, t0 + Tcom))

Ĥeff = ω0 − ω

2
σ̂z + 2A cos

(
φ1 − φ2

2

)
σ̂x, (25)

with quasienergies (back in the laboratory frame)

ε1/2 = 1

2

⎡
⎣ω ±

√
(ω0 − ω)2 + 16A2 cos2

(
φ1 − φ2

2

)⎤⎦.

(26)

Equation (26) has a nontrivial dispersion relation with
respect to φ1 − φ2, which, for a general field distribution
f (φ), exhibits nonvanishing power P̂j[ f ] and quadratically
growing quantum Fisher information Fq ∼ P2[ f ]T 2. An ex-
ception comes with a symmetric field distribution f (φ1, φ2) =
f (φ2, φ1), where the power operator vanishes, P̂j[ f ] = 0,
while P2[ f ] remains nonzero in general. In Figs. 2(b), 2(e),
and 2(h), we plot the time dependence of the QFI for |PES〉T
and the wave functions |�|2(N2) ≡ 〈|N2〉〈N2|〉T of the second
mode for different inputs. The quasienergy bands given in the
right panel of Fig. 2(b) are dispersive except at φ1 − φ2 =
0, π (it is also gapless at π for ω = ω0). Fq is given in the left
panel and is well bounded by 1

2 P2[ f ]T 2 and 2P2[ f ]T 2 rep-
resented by four dashed lines (green lines for coherent-state
input with | f (φ)|2 = δ(φ1 − φ10, φ2 − φ20), where φ10, φ20
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are the initial phases of the drives, and blue lines for Fock-
state input with | f (φ)|2 = 1

4π2 ).
Typically, energy transfer and the QFI are analogous to

the motion of waves: The mean group velocity ∂kε(k) quan-
tifies the energy transfer, while the square mean of the group
velocity [∂kε(k)]2 quantifies the QFI. In Fig. 2(e), the wave
function splits into up and down branches for a coherent-state
input with an initial phase difference φ20 − φ10 = 0.6π due
to a nonvanishing P̂j[ f ]. In comparison, in Fig. 2(h), the wave
function of a twin-Fock-state input diffuses into a “Bat state”
at later times due to a vanishing P̂j[ f ] but a nonzero P2[ f ] for
| f (φ)|2 = 1

4π2 .

2. Example II: two circularly polarized drives
with opposite chirality

Flipping the sign of sin(ωt + φ2) in Eq. (24) and shifting
the time-independent part ω0

2 σ̂x, the model now describes
energy transfer between two circularly polarized drives with
opposite chiralities (polarization conversion):

Ĥφ(t ) = ω0

2
σ̂x + A[cos (ωt + φ1) + cos (ωt + φ2)]σ̂x

+ A[sin (ωt + φ1) − sin (ωt + φ2)]σ̂y. (27)

The effective Hamiltonian of Eq. (27), as well as its
quasienergies and quasieigenstates, can only be obtained nu-
merically. Fortunately, some core properties of the spectrum
can be obtained by looking at the symmetry of the Flo-
quet Hamiltonian. Note that σ̂xĤφ1,φ2 (t )σ̂x = Ĥφ2,φ1 (t ), which
swaps the subscript φ1, φ2 → φ2, φ1. This directly leads to
ε1,2(φ1, φ2) = ε1,2(φ2, φ1), |1(φ2, φ1)〉 = σ̂x|1(φ1, φ2)〉, and
|2(φ2, φ1)〉 = σ̂x|2(φ1, φ2)〉. The σ̂x operation hence matches
quasienergies and quasieigenstates at (φ1, φ2) and (φ2, φ1).
Consequently, for a symmetric field distribution f (φ1, φ2) =
f (φ2, φ1), the functional power operator also experiences a
sign flip under σ̂x operation: σ̂xP̂j[ f ]σ̂x = −P̂j[ f ]. The initial
state of the ancilla can be hence prepared as |β,+〉 f = |↑ / ↓〉
with σ̂x|↑ / ↓〉 = ±|↑ / ↓〉 eigenstates of σ̂x.

More properties are obtained by numerically solving the
quasienergies, which are given in the right panel of Fig. 2(c).
First, the bands are gapless at φ1 = φ2 with a finite dispersion,
as the quasienergies are defined modulo ω, and hence ±0.5ω

are identified. Second, the bands are linear about φ1 − φ2 =
0, π , which results in P2[ f ] approximately independent of
the initial distribution f (φ). This is shown in Fig. 2(c), where
the QFI for the coherent-state and Fock-state inputs grows at
a similar rate and the dashed lines representing the bounds
overlap.

Another consequence of the linearity is that wave functions
do not disperse as the second derivative vanishes ∂2

�φε1,2 = 0
except at φ1 − φ2 = π with a finite gap opening. In Figs. 2(f)
and 2(i), wave functions for both coherent-state and Fock-state
inputs are translated into up and down branches and maintain
their initial shapes for each branch, analogous to soliton mo-
tion in waves. This model, therefore, functions like a quantum
beam splitter that evenly splits the inputs without introducing
unwanted superpositions. Specifically, a Fock-state input re-
sults in a N00N-like output [Fig. 2(i)], whereas the previous
model produces more superpositions [Fig. 2(h)] for the same
input.

3. Example III: two-tone oscillating Zeeman field

Consider a spin-1/2 particle interacting with a two-tone
Zeeman field B(t ) = [B0 + B1 cos(ω1t + φ1) + B2 cos(ω2t +
φ2)]ẑ, with commensurate frequencies ω1,2 along z axis:

Ĥ (t ) = −gB(t ) · Ŝ, (28)

with g the coupling strength and Ŝ = (Ŝx, Ŝy, Ŝz ) the spin
vector. The effective Hamiltonian is given as

Ĥeff = −gB0Ŝz, (29)

which is completely independent of initial phases φ =
(φ1, φ2). Since the Hamiltonian commutes with itself at dif-
ferent times [Ĥ (t ), Ĥ (t ′)] = 0. The φ-independence makes
both P̂j[ f ] and P2[ f ] vanish for any field distribution f (φ).
As a result, there is neither energy transfer between the drives
nor entanglement generation when quantizing the drives. In
Figs. 2(a), 2(d), and 2(g), we plot the time dependence of the
QFI and wave functions for different initial states of the drives.
The flat bands in the right panel of Fig. 2(a) now result in
T -independent QFI [Fig. 2(a), left panel] and wave functions
[Figs. 2(d) and 2(g)]. In other words, both energy transfer and
growing sensitivity require a dispersive quasienergy spectrum.

4. Discussion of the lattice approximation

Throughout our study of the dynamics and entangle-
ment generation, we assume that the Floquet lattice model
[Eq. (16)] provides a good approximation to the quantized-
drive model [Eq. (14)] under the condition

δn1,2√
n1/2,c

� 1

throughout the time evolution. At later times, however, this
condition breaks down because the growing �Jz causes δn1,2

to become comparable to n1/2,c [Figs. 2(e), 2(f), 2(h), and
2(i)].

To study the convergence to the lattice model more quan-
titatively as nc increases, Fig. 3 shows the growth of the
QFI, Fq[|PES〉T , Ĵz], for Fock-state inputs with different initial
photon numbers (colored lines). Here, we use the Hamiltonian
from Eq. (27). For comparison, the growth of the QFI under
the corresponding lattice model is plotted in gray. For the
original model [Eq. (14)], the T 2 scaling of the QFI arises
from the energy transfer between the two modes (cf. Appendix
D), which necessarily ends at T = O(N ) for an initial popu-
lation of N bosons (by this time, one of the modes is nearly
empty). Hence, the ∝ T 2 growth in the QFI only persists up
to T = O(N ). Indeed, for each colored line, the QFI ceases
to grow at T = O(N ). Consistent with this picture, our nu-
merical simulations show that, for generic POVMs, the Fisher
information also ceases to grow once T reaches O(N ).

Therefore, to attain the full Heisenberg-level sensitivity of
∼N2, we require a POVM that retains the T 2 scaling of the
Fisher information up to T = O(N ). In Sec. V, we show that,
under suitable conditions on the Floquet band structure, parity
measurements fulfill this role.

However, as the initial photon number increases, the QFI
dynamics under Eq. (27) aligns more closely, and for longer
times, with its lattice approximation. We observe a similar
behavior for the coherent-state input. Therefore, we conclude
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FIG. 3. Quality of the lattice approximation. In this figure, we
plot the quantum Fisher information

√
FQ as a function of time T

for Fock-state inputs with different initial photon numbers per mode,
ranging from nc = 10 to nc = 100. As nc increases,

√
FQ converges

to the linear growth (gray line) predicted by the lattice model.

that the early-time dynamics of the quantized-drive model
[Eq. (14)] is well described by Eq. (16) as a direct sum of
two-tone Floquet Hamiltonians [Eq. (13)].

V. DECODING A PHASE WITH PARITY MEASUREMENTS

A. General requirements on drive frequencies
and band structure

We have shown that PESs with QFI scaling as T 2 up
to T = O(N ) can be generated in preparation time T using
various Floquet models of the form Eq. (14). This raises a
natural question: Can such T 2 scaling of the QFI be preserved
under measurements accessible to current experiments? In this
section, we aim to identify general conditions under which
models of the form IN Eq. (14) yield classical Fisher informa-
tion (FI) ∝ T 2 using experimentally feasible measurements.
For quantized-drive models, this implies HL sensitivity scal-
ing as N2 at T = O(N ). Importantly, our definition of the HL
refers to the N2 scaling with respect to the number of photons
N in the probe—and we study the preparation time to realize
states with HL scaling—, in contrast to definitions based on
the interrogation time used in Refs. [80–82].

In optical interferometry, one widely used measurement
is the parity of an output mode of an interferometer [17]
and is shown to approach sub-SQL sensitivity for various
path-entangled states [16,18,83,84]. In principle, the parity
measurement is scalable to large number of photons with
recent experimental success [85,86]. We thus concentrate in
this section on the use of the parity measurement.

As described in Sec. II C, we adopt a parity measure-
ment on the second output mode �̂ ≡ (−1)â†

2 â2 after a
Mach-Zehnder interferometer as our POVM measurement
[Fig. 1(c)]. By the end of this section, we will filter out
Floquet models in Eq. (14) capable of generating PESs
that exhibit sub-SQL sensitivity from a single-shot parity
measurement. Recall that the phase imprinter and decoder in a

Mach-Zehnder interferometer are given as ÛMZI
θ = e−iĴzθ and

ÛMZI
de = e−iĴx

π
2 , respectively. The parity operator, under these

transforms, becomes

�̂θ = ÛMZI,†
θ ÛMZI,†

de �̂ ÛMZI
de ÛMZI

θ = e2iĴz(θ− π
2 )Ŝ, (30)

where Ŝ =∑∞
n,m=1 |n〉〈m| ⊗ |m〉〈n| is the SWAP operator

over two input bosonic modes. Redefining the phase θ̃ ≡
θ − π

2 , the parity operator has a simple dependence on

θ̃ as �̂θ̃ = e2iĴz θ̃ Ŝ. The derivation of Eq. (30) is left to
Appendix G.

From classical information theory (Sec. II), the variance of
an unbiased estimator Vub(θ̃ ) is lower bounded by the inverse
of the classical Fisher information Fθ̃ [Eq. (4)], which, for the
parity operator �̂θ̃ , is given by [17]

Fθ̃ = |∂θ̃ 〈�θ̃ 〉PES|2
1 − 〈�θ̃ 〉2

PES

, (31)

where 〈�〉PES ≡ 〈PES|T �|PES〉T the expectation value of �
with respect to the PES.

For ω1 �= ω2, we expect Eq. (31) to be unable to reach
either the SQL or the HL. We leave the analytic arguments to
Appendix H. Instead, here we provide the physical intuition
behind this observation: In an SU(2) interferometer, all uni-
tary operators commute with the total number operator, which
is the total spin Ŝ2 = Ŝ2

x + Ŝ2
y + Ŝ2

z in a Ramsey interferom-

eter and the total number of photons N̂ = â†
1â1 + â†

2â2 in a
Mach-Zehnder interferometer. In other words, each operation
in the sensing circuit preserves the angular momentum or total
number of particles. Superposition and interference can hence
only exist between states with identical angular momentum
or number of particles. In the language of functional power
operators, the conservation of particle number is translated
into P̂1[ f ] + P̂2[ f ] = 0. This is consistent with the energy
conservation ω1P̂1[ f ] + ω2P̂2[ f ] = 0 if and only if two fre-
quencies are identical, ω1 = ω2. We thus find that a necessary
condition for approaching the SQL or HL is having drives
with identical frequencies.

For ω1 = ω2 = ω, in general, we show in Appendix H
that the asymptotic behaviors of 〈�θ̃ 〉PES and ∂θ̃ 〈�θ̃ 〉PES are,
instead, governed by 〈�θ̃ 〉PES = O( 1√

T
) and ∂θ̃ 〈�θ̃ 〉PES =

O(
√

T ), which endow Fθ̃ = O(T ) that approaches the SQL
(∼N) at T = O(N ). Although the QFI of path-entangled states
|PES〉T exhibits the T 2 scaling in general, the parity measure-
ment 〈�θ̃ 〉PES can only extract this phase information with
precision given by the SQL. This is because the time evolution
appears in exponentials e−iεn (φ)T [Eq. (9)] oscillating fast at
T � 1 and wiping out a significant amount of information as
most of them average to 0 in 〈�̂θ̃ 〉.

To overcome such fast oscillation in the long-time limit,
stationary phases (also known as critical points) of the expo-
nentials have to be degenerate, giving a “steady region” of
εn in which the exponentials vary slowly. This, as derived in
Appendix H, can be formulated by the following condition:

∂2
x̃ Gnm(x̃, θ̃ )|x̃=x̃0 = 0, ∂θ̃Gnm(x̃0, θ̃ ) �= 0, (32)
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FIG. 4. A schematic illustration of the characteristic functions.
For the qubit model described in Eq. (34), one has two quasienergy
bands symmetric about ε = 0. Consequently, two classes of char-
acteristic functions can be defined: intraband, G11 and G22, and
interband, G12 and G21. Physically, they measure the difference in
quasienergies within and between bands. The band structure of
Eq. (34) is obtained for ω = ω0 and A = ω0

2 .

where

Gnm(x̃, θ̃ ) ≡ εn(x̃) − εm

(
−x̃ +

√
2

ω
θ̃

)
(33)

is a measure of energy difference between band n, m = 1, 2 at
x̃ and −x̃ +

√
2

ω
θ̃ , respectively. x̃ ≡ 1√

2ω
(φ1 − φ2) is the time

delay (recall, due to energy conservation, the quasienergies
only depend on a single parameter x̃) between two drives
and x̃0 the critical point defined by ∂x̃Gnm(x̃, θ̃ )|x̃=x̃0 = 0. An
asymptotic quadratic enhancement Fθ̃ ∼ T 2 at θ̃ is obtainable
from the parity measurement on |PES〉T only if Eq. (32) has
solution x̃0 for at least one choice of n, m. Here, we assume
that x̃0,−x̃0 +

√
2

ω
θ̃ lie within the support of f (φ). We hence

dub Gnm characteristic functions (of quasienergy bands) deter-
mining the sensitivity from parity measurement. A schematic
illustration of the characteristic functions Gnm for a two-level
ancilla can be found in Fig. 4.

B. Numerical examples

1. Example I: two circularly polarized drives
with same chiralities

A simple way to produce degenerate critical points,
as defined in Eq. (32), is requiring a symmetric band
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FIG. 5. Parity measurements and corresponding sensitivity for three models: (a), (d), (g) two-level system with circularly polarized drives;
(b), (e), (h) polarization conversion; and (c), (f), (i) the specific model given in Eq. (34). In PANels (a), (b), and (c), we plot the expectation
value of the parity operator �̂θ̃ as a function of θ̃ for coherent-state inputs. In panels (d), (e), and (f), the same quantity is plotted for Fock-state
inputs. The optimal sensitivity from the parity measurement for both inputs and all three models is given in panels (g), (h), and (i), where the
green (blue) curves and dashed green (blue) lines represent the sensitivity of coherent (Fock) inputs and their asymptotic scaling, respectively.
For all three models, we start with average 50 bosons in each drive, with the SQL given as �θ̃ = 10−1 (dashed gray line), the HL given as
�θ̃ = 10−2, and the parity sensitivity for the twin-Fock state indicated as dashed violet line for comparison. For coherent-state inputs, we
introduce an initial phase difference φ20 − φ10 = 0.6π between two drives. Significantly, the coherent-state input for the polarization model
yields a sub-SQL precision in panel (h), which is further illustrated in Fig. 6(a). Other parameters in different models are given as follows: For
the specific model given in Eq. (34), ω = ω0, A = ω0

2 ; for the two-level system with circularly polarized drives, ω = ω0
4 , A = ω0

8 ; and for the
polarization conversion, ω = ω0, A = ω0

2 .
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structure about some value of θ̃ . An example of symmet-
ric band structures can be seen in our previous two-level
system with identical circularly polarized drives [Eq. (24)].
In this model, two bands meet at φ1 − φ2 = π while being
symmetric about φ1 − φ2 = 0, π , which gives G11(x̃, 0) =
G22(x̃, 0) = 0 and G11(x̃, π ) = G22(x̃, π ) = 0 for all x̃ ∈
[−π/

√
2ω, π/

√
2ω).

Consequently, a generic field distribution f (φ) is expected
to exhibit an asymptotic scaling �θ̃ ∼ T −1 at T � Tcom for
θ̃ = 0, π [Fig. 5(b): from numerics, we observe that with a
Fock-state input the sensitivity scales approximately as �θ̃ ∼
T −0.98 at θ̃ = 0, π ]. However, for other values of θ̃ , critical
points of Gnm(x̃, θ̃ ) become nondegenerate and hence fail to
approach the sub-SQL sensitivity.

There is one subtlety for coherent-state inputs: A sym-
metric coherent-state input f (φ1, φ2) = f (φ2, φ1) requires a
degenerate critical point at θ̃ = 0 (Appendix H), but as the
power ∂�φε1,2 is vanishing at the same point, it fails to sat-
isfy the second condition in Eq. (32) and fails to exhibit
�θ̃ ∼ T −1. On the other hand, an asymmetric distribution
| f (φ)|2 = δ(φ1 − φ10, φ2 − φ20) for coherent-state inputs re-
quires a degenerate critical point of Gnm(x̃, θ̃ ) at θ̃ = φ10 −
φ20 (Appendix H), where φ10,20 are (different) initial phases of
the coherent drives. This is only obtainable for φ10 − φ20 = π ,
which again leads to vanishing power as ∂�φε1,2|�φ=π = 0.
As a result, this model [Eq. (24)] fails to reach the HL for any
coherent-state input with the parity measurement. Thus, for a
coherent-state input, we find somewhat counterintuitively that
the QFI grows quadratically while the parity measurement is
not sensitive to the encoded phase [Figs. 5(b) and 5(h)].

2. Example II: two circularly polarized drives
with opposite chiralities

Two ways to recover the �θ̃ ∼ T −1 scaling for coherent-
state inputs are as follows: (1) a degenerate critical point at
θ̃ = 0, π , while maintaining a finite dispersion ∂�φε1,2 �= 0,
or (2) requiring linear and symmetric dispersion about some
value of φ1 − φ2. For (1), one can simply choose a symmetric
distribution or a π -phase difference for the coherent-state
input, and the nonvanishing power ensures an asymptotic
�θ̃ ∼ T −1 scaling. For (2), the restriction on θ̃ is further
lifted, since linearity and symmetry allow Gnm(x̃, θ̃ ) with de-
generate critical points for any x̃ and −x̃ +

√
2

ω
θ̃ as long as they

both lie in such linear and symmetric regions (recall Dirac
points). Both cases can be found in our previous polariza-
tion conversion model [Eq. (27)], where the band structure
is symmetric and linear about both θ̃ = 0 and θ̃ = π , and
has a Dirac point at θ̃ = 0, resulting in a nonvanishing power
∂�φε1,2|�φ=0. For θ̃ = π , the power vanishes while retaining
its symmetry and linearity about this point. Consequently, the
model follows �θ̃ ∼ T −1 for coherent-state inputs even for a
general asymmetric distribution f (φ) that requires degenerate
critical points at θ̃ �= 0, π [Figs. 5(c) and 5(i): an initial phase
difference φ20 − φ10 = 0.6π is chosen for the coherent-state
input]. To benchmark this T −1 behavior and to show the
validity of the lattice model, in Fig. 6(a) we plot the sensitivity
�θ̃ of the parity measurement for coherent-input states with
different photon numbers nc. As nc increases from 50 to 80,
the sensitivity follows more closely the T −1 scaling predicted

by the lattice model (gray line). For Fock-state inputs, this
lifted restriction on θ̃ also poses less constraints on the a
priori knowledge of θ̃ and results in a wider range of sub-SQL
sensitivity in the spectrum [Fig. 5(f)].

3. Example III: a specific driven qubit model

Finally, we consider the sensitivity of the parity measure-
ment for a specific model given as

Ĥφ(t ) = ω0

2
σ̂z + A[3 sin(ωt + φ1)σ̂y + sin(ωt + φ2)σ̂x]

+ A[cos (ωt + φ1) + 2 cos (ωt + φ2)]σ̂z, (34)

whose quasienergy bands are given in Fig. 4 and do not exhibit
any degeneracy or symmetry. Specifically, its characteristic
functions Gnm(x̃, θ̃ ) only have nondegenerate critical points
for any value of θ̃ . Consequently, the HL is inaccessible for
any type of inputs and the nondegenerate critical points can
only approach the SQL [Figs. 5(c), 5(f), and 5(i)].

VI. PARTICLE LOSS AND A FINITE PHASE RANGE

In this section, we discuss the robustness of the PESs
against loss in the interferometer and a finite (a priori) phase
range δθ . The mathematical tools employed are the Kraus
representation for lossy dynamics and the Bayesian approach
(Appendix I) for dealing with a finite (a priori) phase range.

A. Effects of particle loss

The first source of error arises from the potential loss of
particles in the interferometer. We use Kraus operators [54,56]
to simulate such loss. To be specific, we consider an interfer-
ometer with one lossy arm (â1) and one lossless arm (â2).
We expect qualitatively similar behaviors when both arms
are lossy. In the Kraus representation, the state after a lossy
transmission line with transmissivity η ∈ [0, 1] is given by

ρ̂ =
+∞∑
j=0

K̂j ρ̂0K̂†
j , (35)

with ρ̂0 = |PES〉T 〈PES|T and K̂j ≡ (1 − η)
j
2 η

1
2 â†

1 â1 â j
1/

√
j!.

Noting that η = 1 represents a perfect transmission with no
boson loss while η = 0 stands for a complete loss of bosons.
The simulation is made for the polarization conversion model
with 30 input bosons in each drive with identical frequen-
cies ω1 = ω2 = ω0 and renormalized amplitudes A = ω0

2 . For
the coherent-state input, we specify an initial phase differ-
ence φ20 − φ10 = 0.6π . The conversion time is chosen as
T = 32Tcom. In Fig. 6(b), we plot the sensitivity �θ both
from the QFI (solid lines) and parity measurement (dashed
lines) as a function of the transmissivity η for coherent-state
inputs (green), Fock-state inputs (blue), the twin-Fock state
(violet), and the N00N state (red). Typically, the QFIs for
coherent-state and Fock-state inputs exhibit robustness against
loss and present sub-SQL sensitivity even at η = 0.5, showing
a similar behavior as the twin-Fock state. When η < 0.7,
the coherent-state input starts to outperform the twin-Fock
state. In terms of the parity measurement, this advantage starts
to show up for η < 0.97. In comparison, the N00N state is
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FIG. 6. Sensitivity with and without particle loss and a priori phase uncertainties. (a) Sensitivity of the parity measurement for coherent-
state inputs. We plot the time evolution of �θ̃ for different initial photon numbers per mode, ranging from nc = 50 to nc = 80. The sensitivity
�θ̃ (T ) for the lattice model (gray line) is given for comparison. We also show the SQL (blue dashed and red dashed lines) for each value of nc

as well as the �θ̃ ∼ T −1 (yellow dashed line) for the lattice model. (b) The sensitivity �θ from both the qCRB (solid) and parity measurement
(dashed) for coherent-state (green) and Fock-state (blue) inputs. We also plot �θ for the N00N state (red) and the twin-Fock state (violet) for
comparison. The entangler is chosen as the polarization conversion model with ω = ω0, A = ω0

2 , and 30 bosons in each mode initially. For

the N00N state, we choose N = 60, while for the twin-Fock state, we have |TF〉 = ei π
4 (â†

1 â2+â†
2 â1 )| N

2 〉 ⊗ | N
2 〉, with N = 60. (c) The improvement

�θm in Eq. (38) as a function of the a priori phase uncertainty δθ for coherent (green) and Fock (blue) inputs. The behaviors of �θm for the
N00N state (red) and for the twin-Fock state (violet) are shown for comparison. The model is the same as in panel (a), but with 15 bosons in
each mode initially. For the N00N state and the twin-Fock state, we choose N = 30. We also plot the improvement �θM for the Fock input
(dashed �) from the Hamiltonian in Eq. (24). It shows a significant improvement to that for the twin-Fock state.

much more fragile to loss and already goes beyond the SQL
at η ≈ 0.91. This is consistent with the observation that en-
tangled coherent states and |N − m : m〉 ≡ 1√

2
(|N − m, m〉 +

|m, N − m〉) with 1 � m � N − 1 are, in general, more ro-
bust than the N00N state against loss [54]. The parity
measurement, however, appears more sensitive to the lossy
interferometer for all three kinds of states. Specifically, the
parity measurement for the Fock-state input and N00N state
performs worse than the SQL for η < 0.93. The coherent-state
input is more robust and its superresolution survives up to
η ≈ 0.8. However, this is still much worse than the QFI itself.
As a result, we conclude that the PESs we generate are robust
against loss themselves, while the parity measurement is less
able to extract the QFI when there is significant loss.

When the loss is small, however, all PESs converge to
almost the same sub-SQL sensitivity as a result of the linearity
of the band [Fig. 2(c)]. However, such sub-SQL sensitivity
only applies for specific values of θ̃ for a general field distribu-
tion f (φ). In Figs. 5(c) and 5(f), we plot the expectation value
of the parity operator 〈�̂θ̃ 〉 for coherent-state inputs (panel c)
and Fock-state inputs (panel f) at η = 1 as a function of θ̃ . For
coherent-state inputs, the sub-SQL sensitivity only appears
within a finite range of θ̃ , while Fock-state inputs are sub-SQL
in a wider range. As seen earlier, this is an interplay between
degenerate critical points of G and initial field distributions
f (φ). Consequently, when the transmission is perfect, one is,
potentially, able to tailor the input f (φ) such that the range of
θ̃ exhibiting sub-SQL sensitivity is maximized.

B. Effects of a finite phase range

Another source of error comes from a finite (a priori)
phase range δθ . This phase uncertainty arises when a priori
knowledge of its value is lacking. The quantity of interest now
becomes the posterior variance, �pθ

2 given in Eq. (I3), which
one aims to minimize (Appendix I). Given the probe state as
|ψ〉p (ρ̂p for a mixed state) and the phase imprinting unitary as
Ûθ , one then needs to minimize �pθ

2 over all possible POVM
measurements. This challenging task is facilitated by the work
done in Ref. [70], which narrows the infinitely many possibil-
ities down to projective measurements {|μ〉〈μ|} with outcome
μ satisfying

∑ |μ〉〈μ| = 1̂0. The projective measurement can
hence be described by a Hermitian operator

Ŝ =
∑

μ

μ|μ〉〈μ|. (36)

The task now becomes finding the optimal Ŝ that minimizes
�pθ

2. Denoting the probe state after the phase imprinter as
ρ̂θ = Ûθ ρ̂pÛ†

θ , such a minimization is realized by choosing
[87]

Ŝ = 2
∑

k,l,λk+λl >0

〈k|ρ|l〉
λk + λl

|k〉〈l|, (37)

where λk and |k〉 are eigenvalues and eigenstates of
the θ -averaged mixed state ρ ≡ ∫ dθP(θ )ρ̂θ and ρ ≡∫

dθP(θ )ρ̂θ θ . The upper bound �θ2
m of optimization from

the measurement is now given as the difference between the
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inverse of the minimal posterior variance �pθ
2 and the a

priori classical CRB of the a priori phase distribution 1
F0

as [53]

1

�θ2
m

= 1

�pθ2
− 1

F0
. (38)

The HL and SQL are now defined with respect to �θm.
Numerically, we again choose the polarization conversion
model in Eq. (27) with 15 bosons in each drive with identi-
cal frequencies ω1 = ω2 = ω0 and renormalized amplitudes
A = ω0

2 . As before, we specify an initial phase difference
φ20 − φ10 = 0.6π for the coherent-state input. The probe state
|PES〉T is obtained at T = 8Tcom. In Fig. 6(c), we plot �θm

as a function of the a priori uncertainty δθ for coherent-state
inputs (green), Fock-state inputs (blue), the twin-Fock state
(violet), and the N00N state (red) upon assuming a Gaussian
distribution

P(θ ) = 1√
2δθ

exp

(
− θ2

2δθ2

)
(39)

of the uncertain phase [53]. For small a priori uncertainty
δθ < 0.1, the PESs exhibit sub-SQL sensitivity and go beyond
the SQL when δθ > 0.2 for both coherent-state and Fock-state
inputs. Meanwhile, the N00N state is less effective to the finite
a priori distribution δθ and performs worse than the SQL
for δθ > 0.06. In comparison, the twin-Fock state exhibits
a better resilience to δθ . When switching the entangler to
Eq. (24), we observe a significant improvement in robust-
ness against phase uncertainties for the same Fock-state input
(blue �), comparable to the twin-Fock state. However, they
both require high-Fock-state inputs (which are challenging
for current experiments) and leave the sub-SQL region for
δθ > 0.35. The PESs generated by our Floquet entangler are
hence ineffective when trying to measure a phase that has a
nonlocal a priori uncertainty. The advantage that entangled
states have when measuring a minuscule phase shift requires
some prior knowledge of the vicinity scrutinized, but this
results in poor performance when such knowledge is absent
(cf. Ref. [11]).

C. Other sources of noise and imperfections

For other types of noise and imperfections that may com-
promise the performance of the Floquet sensor, we refer the
reader to Appendix J. In particular, we consider dephasing
noise on the qubit, phase noise in the driving mode, and the
effects of imperfect driving-frequency tuning on the parity
measurement.

We remark that this work considers mainly uncorrelated
noise. It is well known that such noise typically degrades
metrological performance and leads to the well-established
no-go theorem [88]. Nevertheless, recent research indicates
that correlated noise can, in some cases, be harnessed to con-
trol and even prolong entanglement between qubits [89,90].
Although this type of noise lies beyond the scope of the
present study, we believe that it holds significant potential for
future advances in quantum-enhanced metrology.

VII. EXPERIMENTAL CONSIDERATIONS

In this section, we propose an experiment that realizes our
Floquet quantum sensor. After discussing general experimen-
tal considerations, we will propose a superconducting-circuit
realization. As discussed in Sec. IV B, the prerequisite of the
path entanglement is a dispersive quasienergy band structure
that depends on initial phases φ1, φ2 of two drives. Given
the quasienergies evaluated at the driving frequencies ω1,2,
the drive amplitudes should therefore be comparable to these
frequencies. In the quantized model [Eq. (15)], this requires
the normalized coupling Ĥc

1/2,0/e to be comparable to ω1,2,
posing significant constraints when the drives are conven-
tional optical cavities (Fabry-Perot cavity, microsphere cavity,
etc.), where the frequency (>100 THz) is much larger than
their typical coupling (<1 GHz) to matter [91–93]. Energy
transfer in such cavities typically requires N > 1010 particles
for enhancement.

To lower this bound on the number of particles, we suggest
using microwave cavities (coplanar waveguide resonator, LC
resonator, etc.) with significantly smaller frequencies ω ∼
1–10 GHz [94,95], which couple to superconducting qubits
in a controllable way. Based on our protocol for generating
PESs, the interaction time between the qubit and cavities
needs to be shorter than the relaxation time t1 and dephasing
time t2 of the qubit (given the Q factor of the two resonators is
high enough). Consequently, the frequency of the resonators
is lower bounded by the inverse of the coherence time as
ω � 1

t1,2
(this also implies that qubits with long coherence

times are preferred). Assuming these conditions are satisfied,
we now discuss a potential realization of Floquet entanglers
in superconducting circuits.

We next show how the examples used in this work can be
realized in a superconducting framework. Again, our discus-
sion falls into two regimes: classical drive and quantum drives.
We discuss the realization of these regimes separately.

The realization of Eq. (24) is straightforward: For classical
drives, the superconducting qubit (for example, a transmon),
described by ω0

2 σ̂z, is coupled to both a microwave current
source I (t ) = A[cos(ωt + φ1) + cos(ωt + φ2)] and a mi-
crowave voltage source V (t ) = A[cos(ωt + φ1) + cos(ωt +
φ2)]; for quantum drives, the same superconducting qubit
is coupled to each resonator both inductively Î = g(â1,2 +
â†

1,2)σ̂x and capacitively V̂ = ig(â1,2 − â†
1,2)σ̂y. These inter-

actions can be achieved by an inductor and a capacitor,
respectively.

For the polarization conversion model [Eq. (27)], the real-
ization, instead, requires some engineering. For the classical
drives, we apply both current and voltage drives on the qubit
as [Fig. 7(b)]

Ĥ (t ) = ωq

2
σ̂z + I (t )σ̂x + V (t )σ̂y, (40)

with the current drive I (t ) = 2Re{eiωqt [ω0
2 + A cos(ωt +

φ1) + A cos(ωt + φ2)]} and the voltage drive V (t ) = 2A ·
Re{eiωqt [sin(ωt + φ1) − sin(ωt + φ2)]}. By moving to a rotat-
ing frame with Û (t ) = e−i

ωqt
2 σ̂z and a following rotating-wave

approximation [96], the interaction Hamiltonian becomes the
Floquet one in Eq. (27).
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FIG. 7. Superconducting-circuit realization for Eq. (41). (a) A
table of superconducting elements in the circuit: The circuit diagram
includes a flux qubit, an LC resonator, and two types of driven
(tunable) couplers. The tunability arises from an indirect coupling
to an idler mode, whose frequency is adjusted by the external flux
�(t ). The energy scales of these elements in current experiments are
listed below. (b) A schematic circuit implementing Eq. (40) where
the qubit is driven by a voltage source V (t ) and a current source I (t ).
Proper grounding of the qubit is assumed. (c) A schematic circuit
for Eq. (41), where the qubit is coupled to two resonators via tunable
couplers (variable capacitors and inductors), with typical realizations
shown in PANEL (a). Proper grounding of all circuit elements is
again assumed.

The same technique applies when the drives are quantum,
where the qubit and cavities are coupled in a time-dependent
way:

Ĥ (t ) = ωq

2
σ̂z + ω(â†

1â1 + â†
2â2)

+ 2A cos(ωqt )

[
â1 − â†

1

2i
− â2 − â†

2

2i

]
σ̂y

+ 2 cos(ωqt )

[
ω0

2
+ A â1 + â†

1

2
+ A â2 + â†

2

2

]
σ̂x.

(41)

Similarly, by moving to the rotating frame with Û (t ) and
keeping nonoscillating terms only, one obtains Eq. (27) with

quantum drives in the interaction picture. We now show how
such a Hamiltonian can potentially be realized in a supercon-
ducting circuit. We split our discussion on elements [Fig. 7(a)]
in our Floquet sensor and leave a detailed analysis of the
superconducting circuit to Appendix K. See Fig. 7(c) for a
simplified version.

A. Input: superconducting qubit and cavities

Superconducting-circuit qubits [Fig. 7(a)] are formed by
truncating Josephson-junction based oscillators to the lowest
two energy levels with gaps ranging from 1 GHz < ωq <

20 GHz [91,97], which are assumed to be separated from
higher excited levels [97]. For two-tone Floquet Hamiltonians,
excitation to higher energy levels changes the energy transfer,
and hence the path entanglement, completely. With this in
mind, qubits with large anharmonicity are preferred. We hence
suggest flux or fluxoniumlike designs, which provide a large
energy gap (>20 GHz) between two lowest energy levels and
higher ones [98] and coherence times as long as 100−400 µs
[99,100].

We couple the qubit to two cavities. In order to obtain
dispersive quasienergy bands with relatively small number of
bosons, we suggest microwave cavities with close frequencies
and coupling strengths. Two such examples are the copla-
nar waveguide resonator (ω ≈ 1–10 GHz, g

2π
> 300 MHz,

and Q > 108) and the LC resonator (ω ≈ 1–10 GHz, g
2π

=
0.1–1 GHz, and Q ∼ 103) in Fig. 7(a).

B. Entangler: tunable coupler and qubit drive

The most nontrivial step in shaping Eq. (41) is the
time-dependent coupling A cos(ωqt ) between the qubit and
resonators. This requires variable capacitors and inductors
whose capacitance C(t ) = C0 cos(ωqt ) and inductance L(t ) =
L0 cos(ωqt ) are tuned periodically in a superconducting en-
vironment. There are existing ways to realize such variable
couplings [101–106], one of which is indirectly coupling
the qubit and resonators by an idler qubit/cavity [104,107],
whose frequency is significantly larger than those of the qubit
and resonators. The idler qubit/cavity remains in its ground
state. However, by changing an external flux, one tunes its
frequency in a controllable way, which effectively gives a
time-dependent coupling after integrating out such idler de-
grees of freedom [Fig. 7(a)]. The same principle underlies
other tunable couplers like Delft couplers and Gmon couplers.

Another time dependence in Eq. (41) is in the term
ω0 cos(ωqt )σ̂x, which gives rise to the qubit energy in the
rotating frame. This is typically realized by coupling the qubit
to a current source Id (t ) inductively or a voltage Vd (t ) source
capacitively (Appendix K).

Finally, we estimate the number of bosons one needs to use
for a given design of the circuit in order to have a dispersive
spectrum. As mentioned earlier, this requires that the
normalized amplitudes of the drives [Eq. (15)] are comparable
to the frequency of the bosons

√
NA ≈ ω, which gives a

rough number of bosons one needs to have in the experiments
as N ≈ ( ω

A )2. Consequently, for an effective coupling
A ≈ 100 MHz and resonator frequency ω ≈ 1 GHz
[Fig. 7(a)], one needs roughly >100 bosons in the cavity. To
further decrease the number of bosons, stronger couplings and
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cavities with longer wavelengths are suggested. Alternatively,
for two-tone Floquet models with simpler couplings that can
be realized without moving to a rotating frame [for example,
Eq. (24)], direct couplings between the qubit and resonators
can reach values as large as g/2π > 800 MHz [95], which
significantly lowers the bound on the number of bosons.

C. Qubit measurement

The projective measurement of the ancilla qubit can be im-
plemented in three steps. First, the qubit is disconnected from
the two resonators, either passively by detuning their frequen-
cies or actively by introducing a tunable coupler that is quickly
and precisely adjusted to zero coupling [101–107]. Such a
process typically uses a fast control pulse lasting less than
10 ns, and the evolution of the qubit during the decoupling
can be further compensated by a phase gate that accounts
for the accumulated phase. Next, a single-qubit unitary gate
is applied to rotate the state from |±s〉 to the computational
basis. Finally, the qubit is read out via dispersive coupling to
another resonator, a process that can be completed in as short
as 100 ns with high fidelity [108].

D. Phase imprinter

The phase imprinter and parity measurement for a cavity
mode can both be implemented by coupling to another qubit
dispersively via Ĥdis = −χ â†âσ̂ ′

z [85,109]. Here, by “disper-
sive,” we do not refer to dispersive quasienergy bands, but
rather a change in the frequency of the cavity when coupling
to a qubit. We use a different notation for the Pauli matrices
σ̂ ′

x,y,z to distinguish this qubit from the ancilla qubit. The phase
operation can be generated by evolving the cavity-qubit sys-
tem for some time τ , yielding θ = −χτ . Here, a measurement
on θ can be viewed as one on τ , given that the coupling
strength χ is known, or as one on χ , if the evolution time
τ is known.

E. Parity measurement

The parity measurement is implemented on one output
mode of the beam splitter [Eq. (30)]. A standard beam
splitting Hamiltonian ĤBS = gBS(â†

1â2 + â†
2â1) between two

resonators is directly realized by coupling two resonators via
a capacitor or inductor up to a time t = π

4gBS
. Moreover, recent

methods allow for improved control of the coupling gBS(t )
(which may be time-dependent), either through the use of
Josephson junctions as tunable couplers [110] or via paramet-
ric processes based on three-wave or four-wave mixing [111].
These approaches enable operations on a timescale of 100 ns
with high on-off ratios exceeding 105, and are typically 103

times faster than the qubit decoherence time.
After the beam splitter, a parity measurement can be re-

alized by first coupling a probe qubit for t = π
χ

, where a

controlled-phase gate Ĉπ = |g〉〈g| + eiπ â†â|e〉〈e| is realized,
with |g〉 and |e〉 representing the ground and excited states
of the qubit, respectively. Next, by inserting Ĉπ between two
π
2 pulses in a Ramsey-type interferometer, one encodes odd
and even parities to the |g〉 and |e〉 states of the qubit [85].
A different realization of the parity measurement using no-
photon measurements can be found in Ref. [86].

VIII. CONCLUSION AND OUTLOOK

In this work, we demonstrate that energy transfer in
two-tone Floquet systems can be utilized to generate path-
entangled states that exhibit sub-SQL in phase estimation.
Classically, such energy transfer between drives with com-
mensurate frequencies is described by power operators
derived from the quasienergies and quasieigenstates of the
Floquet Hamiltonians. In the quantum regime, a quantized-
drive model is approximated by a lattice model, which is a
direct sum of classical Floquet models with different initial
phases. By initializing the qubit (qudit in Appendix F) prop-
erly, we obtain path-entangled states with phase sensitivity
approaching the HL. For drives on a single qubit, we also give
explicit lower and upper bounds on the corresponding QFI,
which physically describes the square mean of energy transfer.
We show by numerics that the above conclusions drawn from
the lattice model are applicable to the original quantized-drive
model.

For a standard parity readout in optical quantum sen-
sors and superconducting platforms, we show that the
path-entangled states of two driving modes with identical fre-
quencies can reach the Heisenberg limit if its classical Floquet
model has quasienergy bands with degenerate critical points.
We show both analytically and numerically that failing to
satisfy either of these conditions (identical frequencies and
degenerate critical points) leads to phase estimation with at
most the SQL sensitivity. There is hence an open question of
extracting the phase information (to the HL) encoded in driv-
ing modes with different frequencies or from nondegenerate
quasienergy bands.

The effects of a finite a priori distribution of the phase and
the robustness of our quantum sensor against loss are mani-
fested in the study of uncertainty reduction by measurements
and imperfect transmissions in the interferometer. Our numer-
ical results show that the path-entangled states generated in
our Floquet entangler are generally ineffective to an a priori
phase distribution but more robust against imperfect transmis-
sions. However, the parity measurement is less robust against
loss in the interferometer, consistent with earlier observations
that such measurement is no longer optimal for lossy interfer-
ometers [112]. Therefore, another natural future task is to find
a better and more experimental-friendly decoding scheme in
the presence of loss and a priori uncertainties. Ongoing efforts
in these directions can be found in recent works [52,80,113].

It is now realized that, besides interferometric designs,
some single-mode quantum states also exhibit phase sensi-
tivity beyond the SQL [109,114]. We expect that our sensor
design based on energy transfer can naturally apply to this
type of sensor by treating only one drive quantum mechani-
cally while the other remains classical [44]. It is important to
note that for single-mode quantum sensing, different phase en-
coding and decoding schemes are required. Beyond quantum
metrology, we anticipate that our two-tone Floquet models can
potentially be utilized in state preparation and engineering.
An example of this is provided by the polarization conversion
model [Eq. (27)], where the nondiffusive wave functions from
the linearity of the bands suggest potential high-Fock-state
generation [Fig. 2(i)]. We thus expect that state engineering
can be further facilitated by band engineering and energy
transfer in Floquet systems.
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As a final comment, while we use a single qubit as a media-
tor for energy transfer and entanglement generation, driving a
quantum many-body system can give rise to rich correlations
and entanglement [115,116]. Along these lines, quantum crit-
ical states and nonequilibrium steady states [117–119] have
been shown to possess metrological advantages. We leave the
exploration of these directions to future work.
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APPENDIX A: ENERGY TRANSFER AND POWER
OPERATORS—CLASSICAL DRIVING FIELDS

In this Appendix, we prove useful properties of the power
operator in a quantum system driven by two classical fields.
As in the main text, we assume that our system is a two-tone
Floquet model defined in a finite-dimensional Hilbert space of
dimension d . It is governed by a Hamiltonian of the form

Ĥ (t ) = Ĥ0 + Ĥ1(ω1t + φ1) + Ĥ2(ω2t + φ2), (A1)

with H0 a static contribution and Ĥi(ωit + φi ) periodically
driven parts with drive frequencies ωi and initial phases φi

(i = 1, 2). In order to obtain a Floquet system, we assume that
the frequencies are commensurate, i.e., ω1/ω2 ∈ Q is rational,
and there exists a time Tcom (the least common multiple of
T1 = 2π/ω1 and T2 = 2π/ω2) such that Ĥ (t ) = Ĥ (t + Tcom).
We further assume that Hi are differentiable (operator-valued)
functions of φi (i = 1, 2).

First, we show that, at stroboscopic times T = kTcom (k ∈
Z), the power operator P̂j (T ) takes the compact form as P̂j ≡∑d

n=1(∂φ j εn)|n〉〈n|. To this end, we first rewrite the unitary

evolution operator Û (T ) = T e−i
∫ T

0 Ĥ (t )dt in its eigenbasis:

Û (T ) =
d∑

n=1

e−iεnT |n〉〈n|, (A2)

where εn and |n〉 are quasieigenenergies and quasienergy
eigenstates of the effective Floquet Hamiltonian Ĥeff =

i/Tcom log Û (Tcom). We note that both εn = εn(φ1,2, ω1,2) and
|n〉 = |n(φ1,2, ω1,2)〉 are dependent on the phases φ1,2 and fre-
quencies ω1,2, but are independent of T . The power operator
can hence be written as

P̂j (T ) = i

T
Û†(T )∂φ j Û (T ) (A3)

=
d∑

n=1

(
∂φ j εn

)|n〉〈n|

+ i

T

d∑
n=1

(1 − e2iεnT )|n〉〈n|∂φ j (|n〉〈n|). (A4)

Noting that ‖(1 − e2iεnT )|n〉〈n|∂φ j (|n〉〈n|)‖ is bounded by
a time-independent constant, we recover P̂j , as defined in the
main text, in the limit T → ∞.

Second, we prove that Tr[P̂j] = 0. This follows from its
definition via

Tr[P̂j] = i lim
T →∞

1

T
Tr
[
Û†(T )∂φ j Û (T )

]
(A5)

= lim
T →∞

1

ω jT

∫ T

0
dt Tr

[
Û†(t )

dĤj

dt
Û (t )

]
(A6)

= lim
T →∞

1

ω jT

∫ T

0
dt Tr

[
dĤj

dt

]
(A7)

= lim
T →∞

1

ω jT
Tr[Ĥj (T ) − Ĥj (0)] (A8)

= 0. (A9)

Finally, we show
∑

j ω j P̂j = 0, which physically is a re-
statement of the energy conservation: The system can only
restore a finite amount of energy. Therefore, over long periods
of time T , there is no net flow of energy in or out. To see this,
we again start from the definition of P̂j and expand as∑

j

ω j P̂j = lim
T →∞

i

T

∑
j

Û†(T )ω j∂φ j Û (T ) (A10)

= lim
T →∞

1

T

∫ T

0
dt Û†(t )

⎡
⎣∑

j

dĤj

dt

⎤
⎦Û (t ) (A11)

= lim
T →∞

1

T

∫ T

0
dt Û†(t )

dĤ (t )

dt
Û (t ) (A12)

= lim
T →∞

1

T
Û†(t )Ĥ (t )Û (t )|T0

− lim
T →∞

1

T

∫ T

0
dt

dÛ†(t )

dt
Ĥ (t )Û (t )

− lim
T →∞

1

T

∫ T

0
dt Û†(t )Ĥ (t )

dÛ (t )

dt
(A13)

= lim
T →∞

1

T
Û†(t )Ĥ (t )Û (t )|T0

− i lim
T →∞

1

T

∫ T

0
dt Û†(t )[Ĥ (t ), Ĥ (t )]Û (t )

= 0, (A14)
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where from the third to fourth line we have integrated by parts
and from the last second to last line we have used the fact that
Ĥ (t ) commutes with itself at any time t .

APPENDIX B: ENERGY TRANSFER AND POWER
OPERATORS—QUANTIZED DRIVING FIELDS

In this part, we compute the long-time limit of the func-
tional power operator P̂j[ f ]. As in the main text, we express
operators and states in the (Fourier-transformed) phase space
and move to the interaction picture defined by a unitary
transform Û (t ) = e−iĤBt . In the interaction picture, the dy-
namics of the combined system of qudit and quantum drives
i∂t |�(t )〉 = Ĥl (t )|�(t )〉 is decomposed into that of each phase
component i∂t |ψ (φ, t )〉 = Ĥφ(t )|ψ (φ, t )〉 [Eq. (16) and dis-
cussion below]. At stroboscopic moments T = kTcom, with k
an integer, such time evolution can be expressed in terms of
Floquet modes as

|ψ (φ, T )〉 =
d∑

n=1

cne−iεnT |n〉, (B1)

where εn and |n〉 are quasieigenenergies and quasienergy
eigenstates of the effective Floquet Hamiltonian Ĥeff =
i/Tcom log ˆU (Tcom). cn = 〈n|ψ (φ, 0)〉 are initial overlaps be-
tween |ψ (φ, 0)〉 and |n〉. In this work, we assume the initial
state being a direct product between the qudit and driv-
ing modes, giving |ψ (φ, 0)〉 = |ψ (0)〉 at t = 0. However, it
should be clear that all other quantities cn, εn, and |n〉 depend
on φ implicitly and we drop such dependence to simplify the
notation. The stroboscopic dynamics of the full state |�(T )〉
becomes a superposition of |ψ (φ, T )〉 ⊗ |φ〉 as

|�(T )〉 =
d∑

n=1

∫
BZ

d2φ f (φ)cne−iεnT |n〉 ⊗ |φ〉. (B2)

We next evaluate P j (T ) for the evolved state:

P j (T ) = 1

T
(〈â†

j â j〉0
− 〈â†

j â j〉T
). (B3)

Here, we use 〈�〉0 = 〈�(0)|�|�(0)〉 and 〈�〉T =
〈�(T )|�|�(T )〉 to abbreviate expectation values of � at
t = 0 and t = T , respectively. Noting that the number
operator â†

j â j of the jth drive, as the canonical quadrature of

the jth phase φ j , becomes â†
j â j = −i∂φ j in the phase space,

we can calculate Eq. (B3) term by term:

〈â†
j â j〉0

=
∫

BZ
d2φ̄d2φ f ∗(φ̄) f (φ)〈ψ (φ̄, 0)|ψ (φ, 0)〉

× 〈φ̄|∂φ j

i
|φ〉 (B4)

= i
∫

BZ
d2φ f ∗(φ)∂φ j f (φ)

+ i
∫

BZ
d2φ| f (φ)|2〈ψ (φ̄, 0)|∂φ j |ψ (φ, 0)〉 (B5)

= i
∫

BZ
d2φ f ∗(φ)∂φ j f (φ), (B6)

where from the first to second line we have integrated by
parts and from the second to third line we have used that
∂φ j |ψ (φ, 0)〉 = 0 given the assumption (see Sec. IV) that the
initial state is a product state between the system and drives.

We next calculate the second contribution 〈â†
j â j〉T

in
Eq. (B3). After integrating by parts, it takes exactly the same
form as the expansion for 〈â†

j â j〉0
:

〈â†
j â j〉T

= i
∫

BZ
d2φ f ∗(φ)∂φ j f (φ)

+ i
∫

BZ
d2φ| f (φ)|2〈ψ (φ, T )|∂φ j |ψ (φ, T )〉. (B7)

Notably, the first term comes from the initial field distribu-
tion of the drives and cancels exactly the same contribution
from 〈â†

j â j〉0
. The nontrivial contribution comes from the

second integral in Eq. (B7):

�Nj (T ) = i
∫

BZ
d2φ| f (φ)|2〈ψ (φ, T )|∂φ j |ψ (φ, T )〉, (B8)

which measures the difference between the average boson
number 〈â†

j â j〉T
at moment t = T and initial boson number

〈â†
j â j〉0

at t = 0. At stroboscopic times, expanding |ψ (φ, T )〉
in terms of quasieigenenergies and quasienergy eigenstates
[Eq. (B1)], we can rewrite the average power input from the
jth drive as

Pj (T ) = −�Nj (T )

T
(B9)

=
d∑

n=1

∫
BZ

d2φ| f (φ)|2|cn|2∂φ j εn

− i

T

d∑
n=1

∫
BZ

d2φ| f (φ)|2c∗
n∂φ j cn

− i

T

d∑
m,n=1

∫
BZ

d2φ| f (φ)|2c∗
mcne−i(εn−εm )T 〈m|∂φ j |n〉.

(B10)

Noting that both ‖∑d
n=1

∫
BZ d2φ| f (φ)|2c∗

n∂φ j cn‖ and

‖∑D
m=1

∑d
n=1

∫
BZ | f (φ)|2c∗

mcne−i(εn−εm )T 〈m|∂φ j |n〉‖ are
bounded by T -independent constants, the contributions from
them in Pj (T ) henceforth scales as O( 1

T ) and can be ignored
when taking the limit T → ∞. We hence conclude that Pj (T )
has a finite, well-defined limit:

lim
T →∞

Pj (T ) =
d∑

n=1

∫
BZ

d2φ| f (φ)|2|cn|2∂φ j εn (B11)

= 〈ψ (0)|P̂j[ f ]|ψ (0)〉, (B12)

with the functional operator defined as P̂j[ f ] ≡∑d
n=1

∫
BZ d2φ| f (φ)|2(∂φ j εn)|n〉〈n|. Physically, it can

be viewed as a superposition of the power operators
P̂j =∑d

n=1(∂φ j εn)|n〉〈n| for the two-tone Floquet Hamil-
tonian, whose coefficient | f (φ)|2 is given by the initial
field distributions in two drives. Without any ambiguity,
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FIG. 8. Fidelity of projective measurement and parity measurement for different readout. (a). Fidelity between ρs(T ) and the initial state
ρs(0) for Eq. (27) with different inputs. We show the Uhlmann fidelity F (T ) for both the lattice (gray) and original (colored) models with
different initial boson numbers. For the lattice model, as expected, both the Fock-state (dashed gray) and the coherent-state (gray) inputs
converge to F ≈ 0.5, indicating a maximally mixed state. For the original models, the Fock-state inputs (dashed blue) for all values of N
converge fastly to F = 0.5, while for the coherent-state inputs (solid red) the fidelity F (T ) decays slowly at larger T . This decay is less
significant for larger initial boson numbers, and the agreement between the original model and its lattice approximation becomes better.
(b). Parity measurement of the coherent-state input under different qubit readout outcomes. The parity undergoes a phase flip for readout 0
(projection onto the initial qubit state |s〉) and readout 1 (projection onto |−s〉). We choose the lattice version of Eq. (27) and start with 50
bosons per mode. The result is obtained for a conversion time T = 80 π

ω
.

we henceforth call it the “functional power operator” for
quantized driving fields.

The tracelessness and energy conservation of P̂j[ f ] then
follow easily from those of P̂j , which are proven in
Appendix A.

APPENDIX C: PROJECTIVE MEASUREMENT
AND POSTSELECTION

In this Appendix, we explain why our protocol does not
require postselection and, therefore, is independent of the
outcome of the projective measurement.

To proceed, we assume a lattice model with linear Flo-
quet bands and f (φ)-independent group velocity ∂φε = ±P
for |0〉 f , |1〉 f , respectively. In the main text, we show that
the polarization conversion model [Eq. (27)] satisfies these
conditions.

To be concrete, we start with a Fock-state input |s〉 ⊗ |N
2 〉 ⊗

|N
2 〉. Here, |s〉 = 1√

2
(|0〉 f + |1〉 f ). The state evolves later into

a catlike state 1√
2
(|0〉 f ⊗ |N

2 − PT 〉 ⊗ |N
2 + PT 〉 + eiφ|1〉 f ⊗

|N
2 + PT 〉 ⊗ |N

2 − PT 〉). Tracing out two bosonic modes, the
reduced density matrix for the ancilla qubit becomes a maxi-
mally mixed one,

ρs = 1
2 (|0〉 f 〈0| f + |1〉 f 〈1| f ), (C1)

independent of the choice of the basis. Consequently, the
probability of projecting onto the initial state |s〉 (and actually
onto any direction) is given by

P = Tr[ρs|s〉〈s|] = 0.5. (C2)

This result is not prestigious for a Fock input. In fact, as
long as the interaction time T is long enough that there is
no overlap between two oppositely translated wave functions
(originating from opposite energy conversion), the reduced
density matrix ρs is always a maximally mixed one. Hence,
within this lattice model, we expect that this probability
P = 0.5 holds for even more general inputs, including the
coherent-state input.

In Fig. 8(a), we numerically show the Uhlmann fidelity
between the reduced density matrix ρs(T ) and the input state

ρs(0) = |s〉〈s|:

F (T ) = Tr[
√√

ρs(T )ρs(0)
√

ρs(T )]2. (C3)

Physically, this Uhlmann fidelity shows the probability of
obtaining |s〉 in the projective measurement. For the lattice
model (gray and dashed-gray lines), this fidelity converges to
F = 0.5 at later times for both the Fock-state input (dashed
gray) and the coherent-state input (solid gray), consistent with
the prediction that ρs(T ) becomes the maximally mixed state
given in Eq. (C1). For the original model (colored and dashed-
colored lines), the Uhlmann fidelity for the Fock-state input
converges fastly to F = 0.5 for inputs with initial boson num-
bers ranging from N = 50 to N = 80. For the coherent-state
input, at earlier time, F is in good agreement with the lat-
tice approximation, which deviates and decays slowly at later
times. However, this deviation is less significant and shows
a clear convergence to the lattice model as one starts with
larger boson numbers. We view this as one more example that
validates the lattice approximation at larger N’s (cf. Fig. 3).

Importantly, we note that a projection in |−s〉 = 1√
2
(|0〉 f −

|1〉 f ) also leads to a growth in the quantum Fisher information
as well as an improvement in T −1 for the sensitivity δθ̃ of
the parity measurement. This can be explicitly seen as fol-
lows: For the evolved state |�(T )〉 = 1√

2
(|0〉 f ⊗ |N

2 − PT 〉 ⊗
|N

2 + PT 〉 + eiφ |1〉 f ⊗ |N
2 + PT 〉 ⊗ |N

2 − PT 〉), a projection
onto the initial state |s〉 = 1√

2
(|0〉 f + |1〉 f ) or its complement

|−s〉 = 1√
2
(|0〉 f − |1〉 f ) only differs in a π phase in the sec-

ond superposition as

|s〉〈s| · |�(T )〉 = 1√
2
|s〉 ⊗

(∣∣∣∣N2 − PT

〉
⊗
∣∣∣∣N2 + PT

〉

+ eiφ

∣∣∣∣N2 + PT

〉
⊗
∣∣∣∣N2 − PT

〉)
,

|−s〉〈−s| · |�(T )〉 = 1√
2
|−s〉 ⊗

(∣∣∣∣N2 − PT

〉
⊗
∣∣∣∣N2 + PT

〉

− eiφ

∣∣∣∣N2 + PT

〉
⊗
∣∣∣∣N2 − PT

〉)
,
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which is a sign flip for the sensing task. In Fig. 8(b), we
plot the expectation value of the parity measurement for the
coherent-state input with different projective readout: 0 for
the projection onto the initial qubit state |s〉 and 1 for the
projection onto |−s〉. It can be seen that they share exactly the
same sensitivity, differing only by a sign flip 〈�̂θ̃ 〉 → −〈�̂θ̃ 〉.
This sign flip is known from the readout of the projective
measurement and can be offset in a local phase estimation.
We therefore believe that our protocol is less probabilistic
compared to other nonlinear methods [21–24].

APPENDIX D: BOUNDS ON THE QUANTUM
FISHER INFORMATION

In this Appendix, we prove that the quantum Fisher in-
formation of the path-entangled state in Eq. (21) grows
quadratically in time. We start with a general discussion on
an ancilla qudit with dimension d and specify to an ancilla
qubit d = 2 later.

For a d-dimensional Floquet system, the power opera-
tor for the jth drive is given as P̂j =∑d

n=1(∂φ j εn)|n〉〈n|
[Eq. (A4)], from which the functional power operator follows
as

P̂j[ f ] =
d∑

n=1

∫
BZ

d2φ| f (φ)|2(∂φ j εn
)|n〉〈n|. (D1)

The tracelessness of P̂j[ f ] now ensures two disjoint
sets W±[ f ] of eigenvalues, containing positive and neg-
ative eigenvalues, respectively. Denoting eigenvalues of
W±[ f ] as {P±,k[ f ]}, the tracelessness can be written as∑W+[ f ]

k=1 P+,k[k] +∑W−[ f ]
l=1 P−,l [l] = 0, where W±[ f ] are cardi-

nalities of W±[ f ]. Further denoting the eigenstates of P±,k[ f ]
as |±, k〉 f , we define the initial qudit state as

|β,+〉 f = 1√
W+[ f ] + W−[ f ]

×
⎡
⎣W+[ f ]∑

k=1

eiβ (+)
k |+, k〉 f +

W−[ f ]∑
l=1

eiβ (−)
l |−, l〉 f

⎤
⎦,

(D2)

where eiβ (±)
k are arbitrary phase factors that sat-

isfy 〈β,+| f P̂j[ f ]|β,+〉 f = 0. We therefore have
D = W+[ f ] + W−[ f ] − 1 independent phases
{β (+)

1 , . . . , β
(+)
W+[ f ]−1, β

(−)
1 , . . . , β

(−)
W−[ f ]}. Following the

discussion in Sec. IV B, we define the path-entangled
state as the output of three successive procedures: (1) prepare
the input ancilla state as |β,+〉 f , according to an initial
field distribution f (φ); (2) evolve the ancilla-drive system
according to the quantized-drive model Û (T ) = e−iĤl T for
some T = kTcom [Eq. (16)]; AND (3) project the ancilla
degrees of freedom back to the input |β,+〉 f defined by the
projection operator �̂β = |β,+〉 f 〈β,+| f . At stroboscopic
moments, this procedure yields

|PES〉T = 1

NT
�̂β

d∑
n=1

∫
BZ

d2φ f (φ)une−iεnT |n〉 ⊗ |φ〉, (D3)

where un = 〈n|β,+〉 f is the overlap between the input
|β,+〉 f and the nth quasienergy eigenstate of the effective
Floquet Hamiltonian [Eq. (16)]. The normalization factor can
be calculated by requiring 〈PES|T 1̂|PES〉T = 1:

N 2
T =

d∑
m,n=1

∫
BZ

d2φ| f (φ)|2u∗
mune−i(εn−εm )T 〈m|�̂β |n〉 (D4)

=
d∑

m,n=1

∫
BZ

d2φ| f (φ)|2|u∗
mun|2e−i(εn−εm )T (D5)

=
d∑

n=1

∫
BZ

d2φ| f (φ)|2|un|4 + O

(
1√
T

)
, (D6)

where in the last line we have used the stationary phase
approximation upon assuming nondegenerate εn − εm on the
support of f (φ), which scales as O(T − w

2 ) for a w-dimensional
integral. Mathematically, such nondegenerate condition re-
quires a nonvanishing Hessian Hess[εn − εm] �= 0. We note
that we obtain 1/

√
T in Eq. (D6) although expecting 1/T

from naively using the stationary phase approximation of a
(seemingly) two-dimensional integral. To see why the two-
dimensional integral is effectively just one dimensional, note
that the energy conservation property of the power operators
ω1P̂1 + ω2P̂2 = 0 gives a constraint on the quasienergies as(

ω1∂φ1 + ω2∂φ2

)
εn = 0 (D7)

for n = 1, . . . , d . As a result, the quasienergies εn(x̃) are
only functions of x̃ ≡ 1√

2
( φ1

ω1
− φ2

ω2
) and do not depend on the

other canonical coordinate ỹ ≡ 1√
2
(ω2φ1 + ω1φ2). One can

hence integrate out the ỹ degrees of freedom for m �= n in
Eq. (D5) as

∑
m �=n

∫
BZ

d2φ| f (φ)|2|u∗
mun|2e−i(εn−εm )T

=
∑
m �=n

∫
dx̃

(∫
dỹ| f (x̃, ỹ)|2|u∗

mun|2
)

e−i(εn−εm )T , (D8)

which reduces to a ONE-dimensional stationary phase
problem. The nondegenerate condition Hess[εn − εm] �= 0 be-
comes ∂2

x̃ (εn − εm) �= 0. From Eq. (D6), in the limit T → ∞,
the normalization factor converges to

N 2 ≡ lim
T →∞

N 2
T =

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4. (D9)

To see a T 2 scaling of the QFI, we now compute
1

T 2 Fq[|PES〉T , Ĵz] and show it asymptotically takes a T -
independent, positive value at T → ∞. For a pure state, the
QFI is simply 4 times the variance of the generator:

1

T 2
Fq[|PES〉T , Ĵz] = 4

T 2

(〈
Ĵ2

z

〉
PES − 〈Ĵz〉2

PES

)
, (D10)

with 〈�〉PES the expectation value of � with respect to the nor-
malized path-entangled state |PES〉T . Taking Ĵz = 1

2 (â†
1â1 −

â†
2â2) = − i

2 (∂φ1 − ∂φ2 ), we evaluate Eq. (D10) term by
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term:

4

T 2

〈
Ĵ2

z

〉
PES = 4

T 2
〈PES|T Ĵ2

z |PES〉T (D11)

= − 1

T 2N 2
T

d∑
m,n=1

∫
BZ

d2φ̄d2φ f ∗(φ̄) f (φ)|u∗
mun|2e−i(εn−εm )T 〈φ̄|∂2

�φ|φ〉 (D12)

= 1

N 2
T

d∑
m,n=1

∫
BZ

d2φ| f (φ)|2|u∗
mun|2[∂�φεn]2e−i(εn−εm )T + O

(
1

T

)
(D13)

= 1

N 2
T

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4[∂�φεn]2 + O

(
1√
T

)
(D14)

= 1

N 2

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4[∂�φεn]2 + O

(
1√
T

)
, (D15)

with ∂�φ ≡ ∂φ1 − ∂φ2 . From the second to third line, we have integrated by parts, noting the fact that a factor of T comes out
only if the partial derivatives are applied to the exponential e−i(εn−εm )T . We also assume that we are observing the system for a
sufficiently long time such that T � |N1 − N2|, where N1 and N2 are the initial numbers of bosons in two drives. This allows
terms involving ∂�φ f (φ) to be absorbed into O( 1

T ). From the third to fourth line, we again use the stationary phase approximation
and drop the fast-oscillating exponentials when m �= n. Finally, from the fourth to the last line we have merged the T -dependent
terms of NT into O( 1√

T
). A similar calculation can be conducted for the second term:

2

T
〈Ĵz〉PES = 2

T
〈PES|T Ĵz|PES〉T (D16)

= − i

TN 2
T

d∑
m,n=1

∫
BZ

d2φ̄d2φ f ∗(φ̄) f (φ)|u∗
mun|2e−i(εn−εm )T 〈φ̄|∂�φ|φ〉 (D17)

= 1

N 2
T

d∑
m,n=1

∫
BZ

d2φ| f (φ)|2|u∗
mun|2[∂�φεn]e−i(εn−εm )T + O

(
1

T

)
(D18)

= 1

N 2
T

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4[∂�φεn] + O

(
1√
T

)
(D19)

= 1

N 2

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4[∂�φεn] + O

(
1√
T

)
, (D20)

where again we have used the stationary phase approximation to replace the double summation to a single one. Note that the
expectation value of Ĵz for the probe state |PES〉T after the projection �̂β does not vanish asymptotically in general. To prove an
asymptotically positive 1

T 2 Fq[|PES〉T , Ĵz] at T → ∞, one hence needs to prove the following proposition:
Proposition 1 (Asymptotic coefficient of QFI). For a path-entangled probe state defined in Eq. (D3), the following inequality

holds:

1

N 2

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4[∂�φεn]2

�
[

1

N 2

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4[∂�φεn]

]2

, (D21)

with
∑d

n=1 |un|2 = 1,
∫

BZ d2φ‖ f (φ)|2 = 1,
∑d

n=1

∫
BZ d2φ| f (φ)|2|un|2∂�φεn = 0, and N 2 =∑d

n=1

∫
BZ d2φ| f (φ)|2|un|4. The

equality holds only if P̂j[ f ] = 0 for j = 1, 2, given the initial field distribution f (φ).
The constraint

∑d
n=1

∫
BZ d2φ| f (φ)|2|un|2∂�φεn = 0 comes from the definition of |β,+〉 f such that 〈β,+| f P̂j[ f ]|β,+〉 f = 0.

We start with some manipulation of the above inequality. Using the positiveness of N 2, it is equivalent to prove the following
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inequality:

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4
d∑

n=1

∫
BZ

d2φ| f (φ)|2|un|4(∂�φεn)2

�
[

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|4∂�φεn

]2

. (D22)

For two integrable functions x(φ), y(φ), the integral form of Cauchy-Schwarz inequality states [
∫

BZ d2φ x(φ)y(φ)]2 �∫
BZ d2φ x2(φ)

∫
BZ d2φ y2(φ). By choosing x(φ) = | f (φ)|

√∑d
n=1 |un|4 and y(φ) = | f (φ)|

√∑d
n=1 |un|4[∂�φεn]2, we obtain

∫
BZ

d2φ| f (φ)|2
d∑

n=1

|un|4
∫

BZ
d2φ| f (φ)|2

d∑
n=1

|un|4(∂�φεn)2

�

⎧⎪⎨
⎪⎩
∫

BZ
d2φ| f (φ)|2

√√√√[ d∑
n=1

|un|4
][

d∑
n=1

|un|4(∂�φεn)2

]⎫⎪⎬
⎪⎭

2

. (D23)

The inequality in Eq. (D23) is saturated if and only if
√∑d

n=1 |un|4 and
√∑d

n=1 |un|4[∂�φεn]2 are linearly dependent, which

dictates
√∑d

n=1 |un|4[∂�φεn]2 = λ1

√∑d
n=1 |un|4, with λ1 a φ-independent constant. We now use the summation form of Cauchy-

Schwarz inequality for two indexed sets {pn} and {qn}, which states (
∑d

n=1 pnqn)2 �∑d
n=1 p2

n

∑d
n=1 q2

n. By identifying pn =
|un|2 and qn = |un|2∂�φεn, we obtain

[
d∑

n=1

|un|4
][

d∑
n=1

|un|4(∂�φεn)2

]
�
[

d∑
n=1

|un|4∂�φεn

]2

. (D24)

The inequality in Eq. (D24) is saturated if and only if vectors |un|2 and |un|2∂�φεn are linearly dependent, dictating
|un|2∂�φεn = λ2(φ)|un|2 for ∀n = 1, . . . , d , with λ2(φ) only a (smooth) function of φ. Consequently, to saturate the inequality
in Eq. (D21), we must satisfy the following two equations:√√√√ d∑

n=1

|un|4[∂�φεn]2 = λ1

√√√√ d∑
n=1

|un|4, |un|2∂�φεn = λ2(φ)|un|2. (D25)

The solution follows as

λ1 = |λ|, λ2(φ) = λ, (D26)

with λ a φ-independent constant. We next show that λ �= 0 if P̂j[ f ] �= 0, which ultimately contradicts the definition of

|β,+〉 f , dictating that 〈β,+| f P̂j[ f ]|β,+〉 f = 0. We first note that the trace norm of ‖P̂j[ f ]‖F ≡
√

Tr(P̂†
j [ f ]P̂j[ f ]) > 0 if

P̂j[ f ] �= 0. From energy conservation ω1P̂1[ f ] + ω2P̂2[ f ] = 0, we also know ‖P̂1[ f ] − P̂2[ f ]‖F > 0. From the definition of
|β,+〉 f [Eq. (D2)], the trace norm can be compactly written as

‖P̂1[ f ] − P̂2[ f ]‖2
F = (W+[ f ] + W−[ f ])〈β,+| f (P̂1[ f ] − P̂2[ f ])2|β,+〉 f (D27)

= (W+[ f ] + W−[ f ])〈β,+| f

[
d∑

n=1

∫
BZ

d2φ| f (φ)|2(∂�φεn)|n〉〈n|
]2

|β,+〉 f (D28)

= (W+[ f ] + W−[ f ])〈β,+| f

[∫
BZ

d2φ| f (φ)|2δP̂(φ)

]2

|β,+〉 f (D29)

= (W+[ f ] + W−[ f ])
∫

BZ
d2φ1d2φ2| f (φ1)|2| f (φ2)|2〈β,+| f δP̂(φ1)δP̂(φ2)|β,+〉 f , (D30)

where in the third line we have introduced δP̂(φ) ≡ P̂1(φ) − P̂2(φ) =∑d
n=1[∂�φεn(φ)]|n(φ)〉〈n(φ)| [Eq. (A4)] to simplify the

notation. Using the covariance form of the Cauchy-Schwarz inequality |〈X̂Ŷ 〉β |2 � 〈X̂ 2〉β〈Ŷ 2〉β , with 〈�〉β ≡ 〈β,+| f �|β,+〉 f ,
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the expectation in Eq. (D30) satisfies the following inequality:

|〈δP̂(φ1)δP̂(φ2)〉β | �
√

〈[δP̂(φ1)]2〉β〈[δP̂(φ2)]2〉β (D31)

=
√√√√( d∑

n=1

[∂�φεn(φ1)]2|un(φ1)|2
)(

d∑
n=1

[∂�φεn(φ2)]2|un(φ2)|2
)

. (D32)

The trace norm is hence bounded by

‖P̂1[ f ] − P̂2[ f ]‖F �
√

W+[ f ] + W−[ f ]
∫

BZ
d2φ| f (φ)|2

√√√√ d∑
n=1

(∂�φεn)2|un|2 (D33)

= |λ|
√

W+[ f ] + W−[ f ], (D34)

where in the last line we have used Eq. (D25) and two normalization conditions:
∑d

n=1 |un|2 = 1 and
∫

BZ d2φ‖ f (φ)|2 = 1. It is
then clear that |λ| > 0.

This, however, contradicts the requirement that 〈β,+| f P̂j[ f ]|β,+〉 f = 0:
d∑

n=1

∫
BZ

d2φ| f (φ)|2|un|2∂�φεn = λ

d∑
n=1

∫
BZ

d2φ| f (φ)|2|un|2 = λ, (D35)

where we have used
∑d

n=1 |un|2 = 1 and
∫

BZ d2φ‖ f (φ)|2 = 1. We then prove that the equality in Eq. (D21) holds only if
P̂j[ f ] = 0.

Finally, note that all the above calculations are T -independent. In fact, we have taken the asymptotic limit T → ∞ and
dropped the O( 1

T ) contributions. As a result, for nonvanishing functional power operators P̂j[ f ], the asymptotic coefficient of
the QFI limT →∞ 1

T 2 Fq[|PES〉T , Ĵz] takes a finite, T -independent, and positive value.
We now show that the finite, T -independent, and positive asymptotic coefficient of the QFI for a two-level ancilla can be

further bounded within [ 1
2 P2[ f ], 2P2[ f ]], as given in Eq. (22). Note that for a two-level ancilla, the analysis above applies by

setting d = 2. Specifically, we have the following two constraints:

|u1|2 + |u2|2 = 1, (D36)∫
BZ

d2φ| f (φ)|2[|u1|2∂�φε1 + |u2|2∂�φε2] = 0. (D37)

The special property of a two-level ancilla is that the expectation value of 2
T 〈Ĵz〉PES asymptotically vanishes:

lim
T →∞

2

T
〈Ĵz〉PES = 1

N 2

∫
BZ

d2φ| f (φ)|2[|u1|4∂�φε1 + |u2|4∂�φε2] (D38)

= 1

N 2

∫
BZ

d2φ| f (φ)|2[|u1|4∂�φε1 + (1 − |u1|2)2∂�φε2] (D39)

= 1

N 2

∫
BZ

d2φ| f (φ)|2[|u1|4(∂�φε1 + ∂�φε2) + (1 − 2|u1|2)∂�φε2] (D40)

= 1

N 2

∫
BZ

d2φ| f (φ)|2[(1 − 2|u1|2)∂�φε2] (D41)

= 1

N 2

∫
BZ

d2φ| f (φ)|2[(|u2|2 − |u1|2)∂�φε2] (D42)

= 1

N 2

∫
BZ

d2φ| f (φ)|2[|u1|2∂�φε1 + |u2|2∂�φε2] = 0, (D43)

where from Eq. (D38) to Eq. (D39) and Eq. (D41) to Eq. (D42) we have used the property of Eq. (D36); from Eq. (D40) to
Eq. (D41) and Eq. (D42) to Eq. (D43) we have used the tracelessness of P̂1,2, which gives ∂�φε1 + ∂�φε2 = 0; and finally, in
Eq. (D43), we have used the property of Eq. (D37). As a result, to find an expression for limT →∞ 1

T 2 Fq[|PES〉T , Ĵz], we only
need to evaluate the following term:

lim
T →∞

1

T 2
Fq[|PES〉T , Ĵz] = 1

N 2

∫
BZ

d2φ| f (φ)|2[|u1|4(∂�φε1)2 + |u2|4(∂�φε2)2] (D44)

= 1

N 2

∫
BZ

d2φ| f (φ)|2(|u1|4 + |u2|4)(∂�φε1)2, (D45)

N 2 =
∫

BZ
d2φ| f (φ)|2(|u1|4 + |u2|4), (D46)
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where from Eq. (D44) to Eq. (D45) we have used the tracelessness of the power operators that gives ∂�φε1 + ∂�φε2 = 0.
Noting that |u1|4 + |u2|4 is bounded between [ 1

2 , 1] under the constraint |u1|2 + |u2|2 = 1, we find the following bounds for
the numerator and denominator of Eq. (D45):

1

2
P2[ f ] �

∫
BZ

d2φ| f (φ)|2(|u1|4 + |u2|4)(∂�φε1)2 � P2[ f ], (D47)

1

2
� N 2 � 1, (D48)

with P2[ f ] ≡ 1
2

∫
BZ d2φ| f 2(φ)|[(∂�φε1)2 + (∂�φε2)2]. The asymptotic coefficient of the QFI is hence bounded by

1

2
P2[ f ] � lim

T →∞
1

T 2
Fq[|PES〉T , Ĵz] � 2P2[ f ]. (D49)

APPENDIX E: PATH ENTANGLEMENT

We now show that |PES〉T with Fq ∝ T 2, given by
Eq. (D49), exhibits path entanglement for large conversion
time T . Specifically, such entanglement is quantified by a
similar bound Q[ f ] in the long-time limit. For clarity, we
explain the terminology “path entanglement” (Sec. IV B).
It is borrowed from optical interferometry [74], where two
spatially distinguishable modes of photons enter different in-
terferometric arms or paths. Path entanglement simply refers
to the mode entanglement between arms or paths. In order to
show that the state |PES〉T [Eq. (D3)] is path entangled, we
need to show the following inequality holds [120]:

Var(Ĵz ) > Var
(

1
2 â†

1â1
)+ Var

(
1
2 â†

2â2
)
, (E1)

with Var(�) the variance of � with respect to |PES〉T . We can
equivalently show

〈â†
1â1â†

2â2〉PES < 〈â†
1â1〉PES〈â†

2â2〉PES. (E2)

We stick to an ancilla qubit (d = 2) and calculate the left-
hand side of Eq. (E2) in the large T limit. Using the phase
representation of the number operator â†

j â j = −i∂φ j , we have

〈â†
1â1â†

2â2〉PES

= − 1

N 2
T

∑
m,n=1,2

∫
BZ

d2φ̄d2φ f ∗(φ̄) f (φ)|u∗
mun|2

× e−i(εn−εm )T 〈φ̄|∂φ1∂φ2 |φ〉 (E3)

= T 2 1

N 2

∑
n=1,2

∫
BZ

d2φ| f (φ)|2|un|4(∂φ1εn)(∂φ2εn)

+ O(T 3/2), (E4)

where we use the stationary phase approximation [see dis-
cussion around Eq. (D6)] to replace the double summation
to a single one. From the energy conservation (ω1∂φ1 +
ω2∂φ2 )εn = 0, we know (∂φ1εn)(∂φ2εn) � 0. Specifically, for
a dispersive band structure, we have (∂φ1εn)(∂φ2εn) < 0 and
hence

〈â†
1â1â†

2â2〉PES = −BT 2 + O(T 3/2), (E5)

with B ≡ 1
N 2

∑
n=1,2

∫
BZ d2φ| f (φ)|2|un|4|(∂φ1εn)(∂φ2εn)|.

We next evaluate the right-hand side of Eq. (E2):

〈â†
j â j〉PES

= − i

N 2
T

∑
m,n=1,2

∫
BZ

d2φ̄d2φ f ∗(φ̄) f (φ)|u∗
mun|2

× e−i(εn−εm )T 〈φ̄|∂φ j |φ〉 (E6)

= T
1

N 2

∑
n=1,2

∫
BZ

d2φ| f (φ)|2|un|4∂φ j εn + O(T 1/2)

(E7)

= O(T 1/2). (E8)

From the first line to the second line, we drop the fast-
oscillating terms using the stationary phase approximation.
From the second to the last line, we use the fact that∑

n=1,2

∫
BZ

d2φ| f (φ)|2|un|4∂φ j εn = 0, (E9)

following the same argument as in Eqs. (D38)–(D43). It fol-
lows that

〈â†
1â1â†

2â2〉PES − 〈â†
1â1〉PES〈â†

2â2〉PES = −BT 2 + O(T 3/2).
(E10)

This shows that at sufficiently late times T , Eq. (E2) is fulfilled
and |PES〉T is path entangled.

We now comment on the relation of the quadratic scaling
of the QFI, derived in the previous Appendix, and the path
entanglement shown here. We first bound B. Using |u1|4 +
|u2|4 ∈ [ 1

2 , 1], we have

1
2 Q[ f ] � B � 2Q[ f ], (E11)

with Q[ f ] ≡ ∫BZ d2φ| f 2(φ)||(∂φ1ε1)(∂φ2ε2)|. Note that we can
express P2[ f ], defined in Eq. (D49), as

P2[ f ] =
∫

BZ
d2φ| f 2(φ)|[(∂φ1ε1

)2 + (∂φ2ε2
)2

+ 2
(
∂φ1ε1

)(
∂φ2ε2

)]
(E12)

=
∫

BZ
d2φ| f 2(φ)|[(∂φ1ε1

)2 + (∂φ2ε2
)2]+ 2Q[ f ],

(E13)

using ∂φ j ε1 + ∂φ j ε2 = 0 from the tracelessness of P̂j[ f ]. It is
then clear that a nonzero Q[ f ] from path entanglement can
enhance the QFI bounded by P2[ f ]. Thus, the T 2 scaling
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FIG. 9. Time evolution of the covariance KN1N2 ≡ −2[〈â†
1â1â†

2â2〉PES − 〈â†
1â1〉PES〈â†

2â2〉PES] for different models and inputs. Specifically,
we select two models discussed in the main text: (a) qubit under circularly polarized drives with same chiralities [Eq. (24)] and (b) qubit under
circularly polarized drives with opposite chiralities [Eq. (27)]. Green and blue curves represent coherent-state and Fock-state inputs initially.
Bounds in Eq. (E11) are represented as colored dashed lines for both inputs. For comparison, we add the quantum Fisher information

√
FQ for

both inputs (� curves). We start with an average of 50 bosons in each drive. For coherent-state inputs, we introduce an initial phase difference
φ20 − φ10 = 0.6π between two drives. Other parameters in different models are given as (a) ω = ω0

4 , A = ω0
8 and (b) ω = ω0, A = ω0

2 .

is not an exclusive property for path (mode) entanglement,
such entanglement enters as an enhancement in Fq. This phe-
nomenon is also present for the N00N state: The sum of QFI
Fq[N00N, 1

2 â†
1â1] + Fq[N00N, 1

2 â†
2â2] = N2

2 for two number
operators (divided by 1

2 ) equals half of the QFI Fq[N00N, Ĵz]
for Ĵz = 1

2 â†
1â1 − 1

2 â†
2â2. The missing half comes exactly

from the mode entanglement. Here, we see a more gen-
eral version of this. Labeling KN1N2 ≡ −2[〈â†

1â1â†
2â2〉PES −

〈â†
1â1〉PES〈â†

2â2〉PES], we note that the contribution in the QFI
from mode entanglement is given by 2KN1N2 . In Fig. 9, we
plot

√
2KN1N2 as functions of T for models given in Eqs. (24)

and (27).

APPENDIX F: MAXIMIZING THE QUANTUM FISHER
INFORMATION IN QUDIT SYSTEMS

In this Appendix, we generalize the above analysis to
higher dimensional systems (qudits). Naturally, introducing a
larger Hilbert space endows us with extra degrees of freedom
in defining the initial state that optimizes the QFI.

We start with optimizing the QFI for a qubit. Ac-
cording to our procedure of generating PESs, there is a
phase degree of freedom β in defining |β,+〉 f . While
this initial phase does not affect the energy transfer since
〈β,+| f P̂j[ f ]|β,+〉 f = 0 holds for ∀β ∈ [0, 2π ), the scal-
ing of QFI, limT →∞ 1

T 2 Fq[|PES〉T , Ĵz], varies with β in
general. Hence, by optimizing the initial phase β, one
maximizes the QFI of PESs. This, however, is only an
improvement by a constant factor, compared with the im-
provement by a scaling factor 1

T . Furthermore, the bound
P2[ f ] on the QFI is independent of β, which means we can
only maximize limT →∞ 1

T 2 Fq[|PES〉T , Ĵz] within the interval
[ 1

2 P2[ f ], 2P2[ f ]]. Following this procedure, we get ∼10%
improvement of QFI for the polarization conversion model
[Eq. (27)].

When promoting the qubit to a d-dimensional
ancilla (qudit, d > 2), such optimization becomes more
significant. From the definition of |β,+〉 f [Eq. (D2)],

we have D = W+[ f ] + W−[ f ] − 1 independent phases
{β (+)

1 , . . . , β
(+)
W+[ f ]−1, β

(−)
1 , . . . , β

(−)
W−[ f ]}. Importantly, while the

PESs in Eq. (D3) still exhibit the Fq ∝ T 2 (Appendix D), they
now generally have a nonvanishing expectation of Ĵz (where
in the qubit case 〈Ĵz〉 = 0 for all β). Therefore, it is necessary
to tune the D phases such that the QFI is maximized.

As an example, we study the optimization of the QFI for
the following driven-qutrit model:

Ĥφ(t ) = ω12|e1〉〈e1| + (ω12 + ω23)|e2〉〈e2|
+ 1

2A cos (ωt + φ1)(|e1〉〈g| + |g〉〈e1|)
+ 1

2A cos (ωt + φ2)(|e2〉〈e1| + |e1〉〈e2|)
+ 2A sin (ωt + φ1)(|e2〉〈g| + |g〉〈e2|)
− 2A sin (ωt + φ2)(|e2〉〈g| + |g〉〈e2|), (F1)

where |g〉, |e1〉, |e2〉 are the ground state, first excited state,
and second excited state, respectively, for the qutrit. For
a symmetric Fock-state input | f (φ)|2 = 1

4π2 , the functional
power operator P2[ f ] with respect to the second drive has
one positive eigenvalue P+ and two negative eigenvalues
P−,1, P−,2 satisfying P+ + P−,1 + P−,2 = 0. Denoting the cor-
responding eigenvectors as |+〉, |−, 1〉, and |−, 2〉, the initial
qudit state |β,+〉 is hence defined as [Eq. (D2)]

|β,+〉 = 1√
3

(|+〉 + eiβ (−)
1 |−, 1〉 + eiβ (−)

2 |−, 2〉). (F2)

The optimization of the QFI goes over β
(−)
1 , β

(−)
2 ∈

[0, 2π ). In Fig. 10, this optimization results in a signif-
icant increase in the QFI from 1

T 2 Fq[|PES〉T , Ĵz] < 1 to
1

T 2 Fq[|PES〉T , Ĵz] > 3.

APPENDIX G: DERIVATION OF THE PARITY OPERATOR

In this Appendix, we derive the form of the parity operator
following a Mach-Zehnder interferometer. We first recall how
a 50–50 beam splitter, represented as ÛMZI

de = e−iĴx
π
2 , acts on
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FIG. 10. Optimization of the quantum Fisher information for
the qutrit model. For the qutrit model given in Eq. (F1), there
are two degrees of freedom β

(−)
1 , β

(−)
2 in defining the initial qutrit

state |β, +〉 f . The landscape of the quantum Fisher information
1

T 2 Fq[|PES〉T , Ĵz](β
(−)
1 , β

(−)
2 ) shows strong dependence on these pa-

rameters. We initialize the drives in the Fock state with 30 bosons
in each mode choose the following parameters: ω12 = ω, ω23 = 1

2 ω,
A = ω

2 , and T = 10Tcom.

the annihilation operators:

ÛMZI,†
de â1ÛMZI

de = ei π
4 (â†

1 â2+â†
2 â1 )â1e−i π

4 (â†
1 â2+â†

2 â1 ) (G1)

= 1√
2

(â1 − iâ2), (G2)

ÛMZI,†
de â2ÛMZI

de = ei π
4 (â†

1 â2+â†
2 â1 )â2e−i π

4 (â†
1 â2+â†

2 â1 ) (G3)

= 1√
2

(â2 − iâ1), (G4)

where we have used the Baker-Campbell-Hausdorff formula.
Plugging these transformations into the parity operator, we
obtain

ÛMZI,†
de �̂ÛMZI

de = ÛMZI,†
de (−1)â2 â2 ÛMZI

de (G5)

= ei π
4 (â†

1 â2+â†
2 â1 )eiπ â2 â2 e−i π

4 (â†
1 â2+â†

2 â1 ) (G6)

= ei π
2 (â†

1 â1+â†
2 â2 )e

π
2 (â†

2 â1−â†
1 â2 ), (G7)

where the first exponential in Eq. (G7) is a global phase factor
in the SU(2) interferometer given by the total boson number

N̂ = â†
1â1 + â†

2â2. The second term, which can be written as
eiĴyπ , has nontrivial action on the annihilation operators:

e
π
2 (â†

2 â1−â†
1 â2 )â1e− π

2 (â†
2 â1−â†

1 â2 ) = â2, (G8)

e
π
2 (â†

2 â1−â†
1 â2 )â2e− π

2 (â†
2 â1−â†

2 â2 ) = −â1, (G9)

which hence behaves as a SWAP operator with an extra sign
determined by the parity of bosons in the second mode:

e
π
2 (â†

2 â1−â†
1 â2 ) = Ŝ�̂, (G10)

with Ŝ =∑∞
n,m=1 |n〉〈m| ⊗ |m〉〈n| the SWAP operator over

two bosonic modes. Finally, we apply ÛMZI
θ on the trans-

formed parity operator and obtain

ÛMZI,†
θ ÛMZI,†

de �̂ ÛMZI
de ÛMZI

θ

= ÛMZI,†
θ ei π

2 (â†
1 â1+â†

2 â2 )Ŝ�̂ ÛMZI
θ (G11)

= ei 1
2 (â†

1 â1−â†
2 â2 )θei π

2 (â†
1 â1+â†

2 â2 )Ŝ�̂e−i 1
2 (â†

1 â1−â†
2 â2 )θ (G12)

= ei 1
2 (â†

1 â1−â†
2 â2 )θei π

2 (â†
1 â1+â†

2 â2 )Ŝeiπ â†
2 â2 e−i 1

2 (â†
1 â1−â†

2 â2 )θ

(G13)

= ei(θ− π
2 )â†

1 â1 Ŝe−i(θ− π
2 )â†

1 â1 (G14)

= ei(θ− π
2 )(â†

1 â1−â†
2 â2 )Ŝ (G15)

= e2iĴz(θ− π
2 )Ŝ, (G16)

where we have used Ŝ â†
1â1 Ŝ = â†

2â2 and Ŝ â†
2â2 Ŝ = â†

1â1.

APPENDIX H: SENSITIVITY OF PARITY MEASUREMENT

In this Appendix, we prove two necessary conditions on
driving frequencies and band structure for sub-SQL sensitivity
from parity measurement on the path-entangled states |PES〉T
defined in Eq. (D3). We start with evaluating the expecta-
tion value of the parity operator �̂θ̃ = e2iĴz θ̃ Ŝ [Eq. (G16)]
for |PES〉T . The action of e2iĴz θ̃ and Ŝ on a phase eigenstate
|φ〉 = |φ1〉 ⊗ |φ2〉 is given as

e2iĴz θ̃ |φ〉 = |φ1 + θ̃〉 ⊗ |φ2 − θ̃〉, (H1)

Ŝ|φ〉 = |φ2〉 ⊗ |φ1〉. (H2)

Here, e2iĴz θ̃ acts as a translation in phase space, while Ŝ swaps
two phases. We next evaluate the expectation explicitly:

〈�̂θ̃ 〉PES = 〈PES|T �̂θ̃ |PES〉T (H3)

= 1

N 2
T

d∑
m,n=1

∫
BZ

d2φ̄d2φ f ∗(φ̄) f (φ)u∗
mune−i(εn−εm )T 〈m|�̂β |n〉〈φ̄|�̂θ̃ |φ〉 (H4)

= 1

N 2
T

d∑
m,n=1

∫
BZ

d2φ̄d2φ f ∗(φ̄) f (φ)|u∗
mun|2e−i(εn−εm )T 〈φ̄|e2iĴz θ̃ Ŝ|φ〉 (H5)

= 1

N 2
T

d∑
m,n=1

∫
BZ

d2φ̄d2φ f ∗(φ̄) f (φ)|u∗
mun|2e−i(εn−εm )T 〈φ̄1|φ2 + θ̃〉〈φ̄2|φ1 − θ̃〉 (H6)
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= 1

N 2
T

d∑
m,n=1

∫
BZ

d2φ̄d2φ f ∗(φ̄) f (φ)|u∗
mun|2e−i(εn−εm )T δ(φ̄1 − φ2 − θ̃ ) δ(φ̄2 − φ1 + θ̃ ) (H7)

= 1

N 2
T

d∑
m,n=1

∫
BZ

d2φ f ∗(φ2 + θ̃ , φ1 − θ̃ ) f (φ1, φ2)|u∗
m(φ2 + θ̃ , φ1 − θ̃ )un(φ1, φ2)|2e−i[εn(φ1,φ2 )−εm (φ2+θ̃ ,φ1−θ̃ )]T , (H8)

where in the last line we write the φ-dependence explicitly. To simplify the expression, we use the energy conservation ε1P̂1 +
ε2P̂2 = 0, which enables our treating of εn(x̃) = εn(φ1, φ2) as a single-parameter function of x̃ = 1√

2
( φ1

ω1
− φ2

ω2
) that does not

depend on ỹ = 1√
2
(ω2φ1 + ω1φ2) completely. In terms of x̃, ỹ, Eq. (H8) can be written as

〈�̂θ̃ 〉PES = 1

N 2
T

d∑
m,n=1

∫
dx̃dỹMnm(x̃, ỹ, θ̃ )e−iχnm (x̃,ỹ,θ̃ )T , (H9)

Mnm(x̃, ỹ, θ̃ ) = f ∗(φ2 + θ̃ , φ1 − θ̃ ) f (φ1, φ2)|u∗
m(φ2 + θ̃ , φ1 − θ̃ )un(φ1, φ2)|2, (H10)

χnm(x̃, ỹ, θ̃ ) = εn(x̃) − εm

[
−1

2

(
ω1

ω2
+ ω2

ω1

)
x̃ + 1

2

(
1

ω2
1

− 1

ω2
2

)
ỹ + 1√

2

(
1

ω1
+ 1

ω2

)
θ̃

]
, (H11)

where we have defined the characteristic function χnm as the difference between quasienergies from the nth band at (φ1, φ2) and
the mth band at (φ2 + θ̃ , φ1 − θ̃ ). A similar expression can be obtained for ∂θ̃ 〈�̂θ̃ 〉PES by direct differentiation:

∂θ̃ 〈�̂θ̃ 〉PES = 1

N 2
T

d∑
m,n=1

∫
dx̃dỹ[∂θ̃Mnm(x̃, ỹ, θ̃ )]e−iχnm (x̃,ỹ,θ̃ )T

− iT

N 2
T

d∑
m,n=1

∫
dx̃dỹMnm(x̃, ỹ, θ̃ )[∂θ̃χnm(x̃, ỹ, θ̃ )]e−iχnm (x̃,ỹ,θ̃ )T . (H12)

Noting that at asymptotic time T → ∞, the integrands in Eqs. (H9) and (H12) are fast oscillating and sharing same
exponentials e−iχnm (x̃,ỹ,θ̃ )T , these integrals are hence fully determined by their behaviors at critical points of the characteristic
function χnm(x̃, ỹ, θ̃ ), known as the stationary phase approximation. To find all such critical points, we need to solve the following
equation:

∇χnm(x̃, ỹ, θ̃ ) = 0, (H13)

where ∇ = (∂x̃, ∂ỹ) is the gradient operator in the x̃, ỹ basis. This gives

∂x̃χnm = 0 → ε′
n(x̃) + 1

2

(
ω1

ω2
+ ω2

ω1

)
ε′

m

[
−1

2

(
ω1

ω2
+ ω2

ω1

)
x̃ + 1

2

(
1

ω2
1

− 1

ω2
2

)
ỹ + 1√

2

(
1

ω1
+ 1

ω2

)
θ̃

]
= 0, (H14)

∂ỹχnm = 0 → 1

2

(
1

ω2
1

− 1

ω2
2

)
ε′

m

[
−1

2

(
ω1

ω2
+ ω2

ω1

)
x̃ + 1

2

(
1

ω2
1

− 1

ω2
2

)
ỹ + 1√

2

(
1

ω1
+ 1

ω2

)
θ̃

]
= 0, (H15)

where ε′
n,m(t ) ≡ d

dt εn,m(t ) is the differential notation.
Case ω1 �= ω2: For ω1 �= ω2, the above equations give

ε′
n(x̃) = ε′

m

[
−1

2

(
ω1

ω2
+ ω2

ω1

)
x̃ + 1

2

(
1

ω2
1

− 1

ω2
2

)
ỹ + 1√

2

(
1

ω1
+ 1

ω2

)
θ̃

]
= 0, (H16)

which gives rise to the following two cases: (1) No solution: There is no stationary phase and hence the expectation value of the
parity operator 〈�̂θ̃ 〉PES = o( 1

T ) decays faster than T −1 as T → ∞, which does not contain any information about the phase θ̃ .
A similar argument can be directly applied to ∂θ̃ 〈�̂θ̃ 〉PES and gives ∂θ̃ 〈�̂θ̃ 〉PES = o(1) as T → ∞. From Eq. (31), we conclude
that

√
Fθ̃ = o(1) as T → ∞. (2) Solution exists: The stationary phases occur exactly at the nonpumping points ε′

n,m = 0, which
sets Eq. (H12) to 0 at any moment as [Eq. (H16)]

∂θ̃χnm(x̃, ỹ, θ̃ ) = − 1√
2

(
1

ω1
+ 1

ω2

)
ε′

m

[
−1

2

(
ω1

ω2
+ ω2

ω1

)
x̃ + 1

2

(
1

ω2
1

− 1

ω2
2

)
ỹ + 1√

2

(
1

ω1
+ 1

ω2

)
θ̃

]
= 0. (H17)
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We hence evaluate 〈�̂θ̃ 〉PES according to Eq. (H9) and
∂θ̃ 〈�̂θ̃ 〉PES according to Eq. (H12). For an everywhere dis-
persive band structure (∂�φεn and ∂2

�φεn not vanishing at the
same time), the Hessian of χnm(x̃, ỹ, θ̃ ) is nonzero, dictat-
ing all critical points nondegenerate. In this case, we have
〈�̂θ̃ 〉PES = O( 1

T ) and ∂θ̃ 〈�̂θ̃ 〉PES = O( 1
T ), which necessarily

gives rise to
√

Fθ̃ = O( 1
T ). Together with the first case, we

conclude that given an everywhere dispersive band structure,
〈�̂θ̃ 〉PES = O( 1

T ) and ∂θ̃ 〈�̂θ̃ 〉PES = o(1), yielding
√

Fθ̃ = o(1)
that fails to reach either the SQL or the HL. If the everywhere
dispersive condition is lifted, the Hessian of χnm(x̃, ỹ, θ̃ ) is,
if solution exists, zero, which then gives rise to degenerate
critical points. Here, we can bound both 〈�̂θ̃ 〉PES = O(1)
and ∂θ̃ 〈�̂θ̃ 〉PES = O(1) by some O(1) constant. In this case,
〈�̂θ̃ 〉PES is still slowly oscillating, which in general gives√

Fθ̃ = O(1). Potential exceptions arise when |〈�̂θ̃ 〉PES| → 1
as T → ∞, where the denominator of Eq. (31) becomes sin-
gular, and no straightforward argument can be made for Fθ̃ .
Nevertheless, in the numerical examples studied in this work
(see also the following discussions when ω1 = ω2), we find
no enhancement arising from these singularities.

Case ω1 = ω2: To enhance the sensitivity of the parity
measurement from a nonvanishing Eq. (H12) as T → ∞, we
need to set the driving frequencies to be identical ω1 = ω2 =
ω. This constitutes our first necessary condition.

In this case, we relabel the characteristic functions χnm as
follows:

Gnm(x̃, θ̃ ) = εn(x̃) − εm

[
−x̃ +

√
2

ω
θ̃

]
, (H18)

which is the form given in Eq. (33). The difference of Gnm

from the general functions χnm is that the former does not
depend on the second variable ỹ. The critical points of Gnm

are already degenerate as ∂2
ỹ Gnm = ∂x̃∂ỹGnm = 0. We need

to integrate out this redundancy in evaluating 〈�̂θ̃ 〉PES and
∂θ̃ 〈�̂θ̃ 〉PES:

〈�̂θ̃ 〉PES = 1

N 2
T

d∑
m,n=1

∫
dx̃M̄nm(x̃, θ̃ )e−iGnm (x̃,θ̃ )T , (H19)

∂θ̃ 〈�̂θ̃ 〉PES = 1

N 2
T

d∑
m,n=1

∫
dx̃[∂θ̃M̄nm(x̃, θ̃ )]e−iGnm (x̃,θ̃ )T

− iT

N 2
T

d∑
m,n=1

∫
dx̃M̄nm(x̃, θ̃ )

× [∂θ̃Gnm(x̃, θ̃ )]e−iGnm (x̃,θ̃ )T , (H20)

M̄nm(x̃, θ̃ ) =
∫

dỹ f ∗(φ2 + θ̃ , φ1 − θ̃ ) f (φ1, φ2)

× |u∗
m(φ2 + θ̃ , φ1 − θ̃ )un(φ1, φ2)|2. (H21)

As before, when T → ∞, the integrands in Eqs. (H19) and
(H20) are fast oscillating and the integrals are governed by
their behaviors at critical points:

∂x̃Gnm(x̃, θ̃ ) = 0. (H22)

The existence of solutions to Eq. (H22) is guaranteed,
unlike in the case where ω1 �= ω2, as Gnm(x̃, θ̃ ) is periodic in
x̃. By the mean value theorem, there must exist at least one
x̃0 such that ∂x̃Gnm(x̃, θ̃ )|x̃=x̃0 = 0. If these critical points are
nondegenerate, the asymptotic behaviors of Eqs. (H19) and
(H20) are both governed by O( 1√

T
), while that of Eq. (H20)

by O(
√

T ). The appearance of
√

T instead of T arises from
the reduction of the integral’s dimensionality from 2 to 1. In
consequence, Eq. (31) gives rise to

√
Fθ̃ = O(

√
T ), exhibiting

a diffusive scaling as T → ∞. We hence conclude that the
sub-SQL sensitivity from parity measurement can be obtained
only if the critical points of Gn,m are degenerate. This consti-
tutes our second necessary condition.

As a final remark, the coefficient ∂θ̃Gnm(x̃, θ̃ ) of the in-
tegrand in Eq. (H20) needs to be nonvanishing at stationary
phases such the enhancement of ∂θ̃ 〈�̂〉PES from Eq. (H20) is
nonzero. Otherwise, Eq. (H20) at most gives an O(1) con-
tribution in ∂θ̃ 〈�̂〉PES and 〈�̂〉PES again oscillates slowly. As
before, we expect

√
Fθ̃ = O(1) in general. Strictly speaking,

singularities may occur when |〈�̂〉PES| → 1, where it be-
comes difficult to make any straightforward statements about√

Fθ̃ . However, from extensive numerical studies, we see no
enhancement arising from such singularities. An example can
be seen from the driven model given in Eq. (24) with coherent-
state inputs [Fig. 5(b)].

APPENDIX I: GLOBAL PHASE ESTIMATION

In this Appendix, we review the standard Bayesian proce-
dure [70,87] for the global phase estimation, which defines
the posterior variance �pθ

2 in Sec. VI. In a global quantum
sensor, the unknown phase θ has a finite a priori uncertainty
�θ . In this case, the a priori phase should be viewed as a
random variable that takes values in [0, 2π ) according to its
distribution function P(θ ). The task now becomes estimating a
random outcome θ as precisely as possible. The mathematical
quantity to be minimized is the mean-square error (MSE) of
the estimator [53,87]:

C =
∫ 2π

0
dθ E (θ )P(θ ), (I1)

where E (θ ) =∑M
μ=1(θest(πμ) − θ )2 p(πμ|θ ) is the squared

error of the estimator for a given θ . Similarly, the first
minimization step is achieved by choosing a minimal
MSE estimator whose estimated value coincides with the
mean of θ :

θMSE
est (πμ) =

∫ 2π

0
dθ θ p(θ |πμ), (I2)

where the conditional probabilities p(θ |πμ) and p(πμ|θ ) are
related by the Bayes theorem p(θ |πμ) = p(πμ|θ ) P(θ )

p(πμ ) with
the marginal probability distribution p(πμ) of the outcome πμ

given by p(πμ) = ∫ 2π

0 dθ p(πμ|θ )P(θ ). As a result, the MSE
to be minimized becomes the posterior variance of θ :

�pθ
2 =

M∑
μ=1

p(πμ)
∫ 2π

0
dθ
(
θ − θMSE

est (πμ)
)2

p(θ |πμ). (I3)
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FIG. 11. Energy transfer under (a) dephasing and (b) frequency noise. In both plots, we show the work E1,2 done by the first drive (red)
and the second drive (blue) under different strength of noise.

From classical information theory, for a single-shot mea-
surement, �pθ

2 is bounded by a generalized CRB [53]:

�pθ
2 � 1

F θ + F0
, (I4)

where F θ = ∫ 2π

0 dθFθ P(θ ) is the averaged classical Fisher

information [see Eq. (4)] and F0 = ∫ 2π

0 dθ [ d
dθ

log P(θ )]2P(θ )
is the classical Fisher information for the a priori distribution
P(θ ). As in the local phase estimation, the classical Fisher
information is upper bounded by the corresponding QFI Fq.
The posterior variance �pθ

2 is hence lower bounded by

�pθ
2 � 1

Fq + F0
. (I5)

Taking the limit P(θ ) → δ(θ − θ0), Eq. (I5) converges to the
qCRB for a local phase sensor [Eq. (7)].

The equality in Eq. (I5) holds if and only if F θ = Fq for
any θ ∈ [0, 2π ), which is a stringent condition in experiments.
For interferometerlike sensors, the sensitivity is, hence, much
worse than the right-hand-side bound. It is also known that the
optimal global quantum sensor deviates significantly from its
local counterpart in both the probe states and sensing schemes
[11]. Recent efforts on optimizing protocols and minimizing
the posterior variance �pθ

2 can be found in Refs. [11,52,53].
In this work, we focus on the estimation of a local phase,
treating the a priori uncertainty �θ as a source of noise
(Sec. VI B).

APPENDIX J: OTHER TYPES OF NOISE
AND IMPERFECTION

In the main text, we discuss how lossy interferometry and
uncertain a priori phases compromise the performance of the
Floquet sensor. In this Appendix, we examine other common
sources of noise relevant to any practical realization of the
sensor. For qubit noise, we consider the detrimental effects
of dephasing noise; for the drives, we focus instead on phase
noise arising from randomness in the frequency.

Qubit dephasing noise: We consider the situation where the
qubit is subject to a random dephasing noise δĤ (t ) = η(t )σ̂z,
with the autocorrelation of η(t ) given in a white-Gaussian
form

〈η(t )η(0)〉 = δη2τδ(t ). (J1)

Here, δη is the standard deviation of the noise, τ = 10−3Tcom

is the time step for simulation and δ(t ) is the Dirac delta func-
tion approximated by δ(0) = 1

τ
. The updated Hamiltonian

therefore becomes Ĥ (t ) → Ĥ (t ) + δĤ (t ), where the bare part
Ĥ (t ) is given by Eq. (8). We expect such dephasing noise
will eventually wash out any memory of the initial state of
the qubit, which terminates the energy transfer in the long-
time limit. However, as such noise is much suppressed for
qubits with long decoherence time t2 (a good example is the
fluxonium qubit that exhibits t2 > 100 µs in recent designs).
Therefore, we also expect the energy transfer is preserved at
earlier times.

For concreteness, we numerically study the energy transfer
for the polarization conversion model [Eq. (27)] under such
dephasing noise. Since the expression for the qubit energy
is given in the σ̂x direction, such dephasing noise is, in-
stead, given by δĤ (t ) = η(t )σ̂x. In Fig. 11(a), we illustrate
the work done by two drives under varying noise strengths,
δη ∈ [0, 3.16ω]. We observe that, as δη increases, the energy
transfer stops at earlier times.

Let us estimate t2 for such dephasing noise. From fluctu-
ation dissipation theory, it follows that t2 ∼ 1

S(ω) (given t1 ≈
t2), with S(ω) = ∫∞

−∞ 〈η(t )η(0)〉eiωt dt . For δη = 3.16ω and
ω ∼ 1 GHz, t2 ∼ 100 ns, which is much shorter than its real-
istic value t2 > 10 µs. For comparison, we added extra black
curves corresponding to the realistic parameter t2 = 10 µs,
which aligns well with noiseless (δη = 0) case. As a result,
dephasing noise is substantially suppressed under experimen-
tal conditions.

Phase noise: We next consider the phase noise in the drive,
coming from a randomness in its frequency ω → ω + �ω.
We again assume a white-Gaussian noise in the frequency

〈�ω(t )�ω(0)〉 = δω2τδ(t ). (J2)

Here, δω is the standard deviation of the noise. We note
that such frequency noise induces a meander in the phase
��(t ) = ∫ t

0 dt ′�ω(t ′), satisfying 〈��2(t )〉 ∝ t . The Floquet
Hamiltonian Ĥ (ωt + φ) is, therefore, replaced by Ĥ (ωt +
φ + ��(t )), in which this meandered phase �� eventually
washes out the memory of the initial phase and stops the
energy conversion.

To see this, we assume that one drive in the polarization
conversion model [Eq. (27)] is noisy and study energy transfer
under different noise strengths δω ∈ [0, 2ω]. The result is
given in Fig. 11(b). Similar to the dephasing noise, when
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FIG. 12. Sensitivity of the parity measurement with frequency detuning. (a) Sensitivity of parity measurement for the Fock-state input with
different detuned frequencies δω. (b), (c) Sensitivity of parity measurement for the coherent-state input with different detuned frequencies. It
can be seen that as δω increases, the deviation starts earlier, which is consistent with the rough estimation t ∼ 1

δω
. For the coherent-state input,

when such detuning is large, the parity sensitivity exhibits cyclic returns to the sub-SQL region after a sudden surge above the SQL. For all
simulations, we choose the lattice version of Eq. (27) and start with 50 photons in each mode.

increasing δω, the energy transfer is nonpersistent due to the
phase meander: At later times, this growing phase uncertainty
overwhelms the initial phase φ completely. Nevertheless, in
a practical setup, the frequency noise is significantly smaller
than the bare frequency. For example, for a gigahertz mi-
crowave photon, the noise in frequency is on the order of
kilohertz to megahertz range. For comparison, we added extra
black curves corresponding to the realistic parameter δω/ω =
10−3, which aligns well with the noiseless (δω = 0) case.
Therefore, we conclude that frequency noise can be effec-
tively suppressed as well.

Detuning in frequency: To form a Floquet system and to
define two coin states |0〉 f , |1〉 f correctly, in the main text,
we have assumed that the frequency of two drives are exactly
commensurate and fixed. However, in a real-time experiment,
the actual frequency ω → ω + δω can be mistakenly detuned
from the exact value we want. Here, we use δω to denote such
detuning, rather than a random noise. Since we are initializing
the qubit according to the exact value ω, such detuning in-
evitably compromises the state preparation and the long-time
dynamics. Nevertheless, we expect the influence becomes
significant only at t ∼ 1

δω
, which is generally a much longer

timescale than the period T = 2π
ω

upon assuming δω � ω.
Meanwhile, we expect that the most significant influence

is on the parity measurement, as it is extremely sensitive to

the photon addition/reduction. From the energy transfer, an
extra photon emerges at t ∼ 1

δω
, changing its parity com-

pletely. To show this, in Fig. 12, we show the sensitivity of
the parity measurement under frequency detuning δω for both
Fock-state and coherent-state inputs. When increasing the de-
tuning from δω = 0 to δω = 0.06ω, we observe a decrease in
t when the sensitivity �θ̃ deviates from the perfectly tuned
case (δω = 0), suggesting a relation t ∼ 1

δω
. However, while

the parity sensitivity leaves the sub-SQL region and never
returns for the Fock-state input, we observe that the sensitivity
for the coherent-state input cyclically returns to the sub-SQL
region after experiencing a sudden surge above the SQL. Sim-
ilarly, the surge arises when an extra photon is injected into
the drive due to frequency detuning δω, which also follows
the relation t ∼ 1

δω
.

APPENDIX K: SUPERCONDUCTING-CIRCUIT
REALIZATION

In this Appendix, we give an example of establishing su-
perconducting circuits for a specific two-tone Floquet system
after quantizing the drives. We follow the standard procedure
given in Refs. [105,107].

The time-dependent Hamiltonian in Eq. (41) can be typically realized by the circuit shown in Fig. 13, whose Lagrangian,
L = T − U , takes the following form:

T = 1

2
Cqφ̇

2
q + 1

2
C1φ̇

2
1 + 1

2
C2φ̇

2
2 + 1

2
Cx1 φ̇

2
x1 + 1

2
Cx2 φ̇

2
x2 + 1

2
Cy1 φ̇

2
y1 + 1

2
Cy2 φ̇

2
y2 + 1

2
Cqc1

(
φ̇q − φ̇y1

)2 + 1

2
Cqc2

(
φ̇q − φ̇y2

)2
+ 1

2
Cc11

(
φ̇1 − φ̇y1

)2 + 1

2
Cc22

(
φ̇2 − φ̇y2

)2 + 1

2
Cq1(φ̇q − φ̇1)2 + 1

2
Cq2(φ̇q − φ̇2)2,

U =U (φq) + 1

2L1
φ2

1 + 1

2L2
φ2

2 + 1

2Lq1
(φq − φ1)2 + 1

2Lq2
(φq − φ2)2 + 1

2Lqc1

(
φq − φc1

)2 + 1

2Lqc2

(
φq − φc2

)2
+ 1

2Lc11

(
φ1 − φc1

)2 + 1

2L2c2

(
φ2 − φc2

)2 + Ex1

(
1 − cos φx1

)+ Ex2

(
1 − cos φx2

)+ Ey1

(
1 − cos φy1

)
+ Ey2

(
1 − cos φy2

)+ I (t )φq, (K1)
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FIG. 13. Superconducting-circuit realization of the polarization conversion model. We propose a superconducting circuit that implements
the polarization conversion model [Eq. (41)] by tunably coupling two microwave resonators to a superconducting qubit. This tunability is
achieved through passive couplings to idler modes under external flux drives. Additionally, we drive the qubit using an external current source
I (t ), which acts as the qubit energy in the rotating frame.

where U (φq) is the potential for the qubit and I (t ) is the external current drive on the qubit. For notational simplicity,
we implicitly incorporate the coupling strength into I (t ). All other related quantities are marked in Fig. 13. Introducing
φ = (φq, φ1, φy1 , φx1 , φ2, φy2 , φx2 )T , the kinetic part T has a compact form as T = 1

2 φ̇T Cφ̇, where the capacitance matrix is
given by

C=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Cq+Cqc1 + Cq1 + Cqc2+Cq2 −Cq1 −Cqc1 0 −Cq2 −Cqc2 0

−Cq1 C1 + Cc11 + Cq1 −Cc11 0 0 0 0

−Cqc1 −Cc11 Cy1 + Cqc1 + Cc11 0 0 0 0

0 0 0 Cx1 0 0 0

−Cq2 0 0 0 C2 + Cc22 + Cq2 −Cc22 0

−Cqc2 0 0 0 −Cc22 Cy2 + Cqc2 + Cc22 0

0 0 0 0 0 0 Cx2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Assuming Cx1,2 ,Cy1,2 ,C1,2,Cq � Cqc1,2 ,Cc11,Cc2,2 � Cq1,Cq2, its inverse is given as

C−1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
Cq

Cq1+
Cqc1 Cc11

Cy1

CqC1

Cqc1
CqCy1

0
Cq1+

Cqc2 Cc22
Cy2

CqC2

Cqc2
CqCy2

0

Cq1+
Cqc1 Cc11

Cy1

CqC1

1
C1

Cc11

C1Cy1
0 0 0 0

Cqc1
CqCy1

Cc11

C1Cy1

1
Cy1

0 0 0 0

0 0 0 1
Cx1

0 0 0

Cq1+
Cqc2 Cc22

Cy2

CqC2
0 0 0 1

C2

Cc22

C2Cy2
0

Cqc2
CqCy2

0 0 0
Cc22

C2Cy2

1
Cy2

0

0 0 0 0 0 0 1
Cx2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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from which we can write down the Hamiltonian in terms of φ and its canonical conjugate n = ∂L
∂φ̇

= Cφ̇. After canonical
quantization (i.e., promoting φ and n to operators), we obtain

Ĥ = 4ECqn̂2
q + U (φq) +

(
1

2Lqc1

+ 1

2Lq1
+ 1

2Lqc2

+ 1

2Lq2

)
φ2

q

+ 4EC1n̂2
1 +

(
1

2L1
+ 1

2Lc11
+ 1

2Lq1

)
φ̂2

1

+ 4EC2n̂2
2 +

(
1

2L1
+ 1

2Lc22
+ 1

2Lq2

)
φ̂2

2

+ 4ECy1 n̂2
y1

− Ey1 cos φ̂y1 + 4ECy2 n̂2
y2

− Ey2 cos φ̂y2

+ 4ECx1 n̂2
x1

− Ex1 cos φ̂x1 +
(

1

2Lqc1

+ 1

2Lc11

)
φ̂2

x1

+ 4ECx2 n̂2
x2

− Ex2 cos φ̂x2 +
(

1

2Lqc2

+ 1

2Lc22

)
φ̂2

x2

− 1

Lqc1

φ̂qφ̂x1 − 1

Lqc2

φ̂qφ̂x2 − 1

Lc11
φ̂1φ̂x1 − 1

Lc22
φ̂2φ̂x2 − 1

Lq1
φ̂qφ̂1 − 1

Lq2
φ̂qφ̂2

+ 8
Cqc1√
CqCy1

√
ECqECy1 n̂qn̂y1 + 8

Cqc2√
CqCy2

√
ECqECy2 n̂qn̂y2

+ 8
Cc11√
C1Cy1

√
EC1ECy1 n̂1n̂y1 + 8

Cc22√
C1Cy2

√
EC2ECy2 n̂2n̂y2

+ 8

(
1 + Cqc1Cc11

Cq1Cy1

)
Cq1√
CqC1

√
ECqEC1n̂qn̂1 + 8

(
1 + Cqc2Cc22

Cq2Cy2

)
Cq2√
CqC2

√
ECqEC2n̂qn̂2 + I (t )φ̂q, (K2)

with ECλ ≡ 1
8Cλ

. Although the Hamiltonian looks formidable, each line has explicit physical meanings: The first line gives the
renormalized qubit energy, the second and third lines give renormalized resonator energies, the fourth and fifth lines give the
energy of two charge couplers, the sixth and seventh lines give the renormalized energies of two flux couplers, the eighth line
gives all possible flux couplings, and the ninth to eleventh line give all possible charge couplings. Finally, the last line gives
a drive on the qubit. Introducing creation and annihilation operators for each mode and approximating the qubit degrees of
freedom by a two-level system, the above Hamiltonian becomes

Ĥ = ωq

2
σ̂z + ω1â†

1â1 + ω2â†
2â2 + ωy1 b̂†

y1
b̂y1 + ωy2 b̂†

y2
b̂y2 + ωx1 b̂†

x1
b̂x1 + ωx2 b̂†

x2
b̂x2

+ gqx1 σ̂x
(
b̂x1 + b̂†

x1

)+ gqx2 σ̂x
(
b̂x2 + b̂†

x2

)+ g1x1 (â1 + â†
1)
(
b̂x1 + b̂†

x1

)
+ g2x2 (â2 + â†

2)
(
b̂x2 + b̂†

x2

)+ g(x)
q1 σ̂x(â1 + â†

1) + g(x)
q2 σ̂x(â2 + â†

2)

+ igqy1 σ̂y
(
b̂x1 − b̂†

x1

)+ igqy2 σ̂y
(
b̂y2 − b̂†

y2

)+ g1y1 (â1 − â†
1)
(
b̂y1 − b̂†

y1

)
+ g2y2 (â2 − â†

2)
(
b̂y2 − b̂†

y2

)+ ig(y)
q1 σ̂y(â1 − â†

1) + ig(y)
q2 σ̂y(â2 − â†

2)

+
√

ξq

2
I (t )σ̂x + αx1

12

(
b̂x1 + b̂†

x1

)4 + αx2

12

(
b̂x2 + b̂†

x2

)4 + αy1

12

(
b̂y1 + b̂†

y1

)4 + αy2

12

(
b̂y2 + b̂†

y2

)4
, (K3)

with ωq and ξg given by the potential U (φq) (i.e., the type) of the qubit (e.g., this factor has similar form as that of four couplers
if the qubit is transmonlike, or is given by the persistent current in a flux qubit), and are generally obtained by numerical study or
direct measurement. In Fig. 13, we diagrammatically draw a flux qubit to represent such degrees of freedom. Other parameters,
on the other hand, can be written out explicitly:

ω1,2 =
√

8EC1,C2

(
1

L1,2
+ 1

Lc11,c22
+ 1

Lq1,q2

)
, g1y1,2y2 = −4

Cc11,c22√
C1,2Cy1,y2

√
EC1,C2ECy1,Cy2

ξ1,2ξy1,y2

,

ωy1,2 =√8ECy1,Cy2 Ey1,y2 , g(y)
q1,q2 = −4

(
1 + Cqc1,qc2

Cq1,q2Cy1y2

)
Cq1,q2√
CqC1,2

√
ECqEC1,C2

ξqξ1,2
,

ωx1,2 =
√

8ECx1,Cx2

(
Ex1,x2 + 1

Lqc1,qc2

+ 1

Lc11,c22

)
, αy1,y2 = −ξ 2

y1,y2

8
Ey1,y2 ,
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gqx1,qx2 = −
√

ξqξx1,x2

2Lqc1,qc2

, αx1,x2 = −ξ 2
x1,x2

8
Ex1,x2 ,

g1x1,2x2 = −
√

ξ1,2ξx1,x2

2Lc11,c22
, ξ1,2 =

√
8EC1,C2

1
Lc11,c22

+ 1
Lq1,q2

,

g(x)
q1,q2 = −

√
ξqξ1,2

2Lq1,q2
, ξy1,y2 =

√
8ECy1,Cy2

Ey1,y2

,

gqy1,qy2 = − 4
Cqc1,qc2√
CqCy1,y2

√
ECqECy1,Cy2

ξqξy1,y2

, ξx1,x2 =
√

8ECx1,Cx2

Ex1,x2 + 1
Lqc1,qc2

+ 1
Lc11,c22

. (K4)

We now apply a Schrieffer-Wolff transform ÛSW = eŜx+Ŝy on the Hamiltonian [Eq. (K3)], which is defined as

Ŝx = 1

2

gqx1

ωq − ωx1

(
σ̂+b̂x1 − σ̂−b̂†

x1

)+ 1

2

gqx2

ωq − ωx2

(
σ̂+b̂x2 − σ̂−b̂†

x2

)

+ 1

2

gqx1

ωq + ωx1

(
σ̂+b̂†

x1
− σ̂−b̂x1

)+ 1

2

gqx2

ωq + ωx2

(
σ̂+b̂†

x2
− σ̂−b̂x2

)
+ g1x1

ω1 − ωx1

(
â†

1b̂x1 − â1b̂†
x1

)+ g2x2

ω2 − ωx2

(
â†

2b̂x2 − â2b̂†
x2

)
+ g1x1

ω1 + ωx1

(
â†

1b̂†
x1

− â1b̂x1

)+ g2x2

ω2 + ωx2

(
â†

2b̂†
x2

− â2b̂x2

)
,

Ŝy = 1

2

gqy1

ωq − ωy1

(
σ̂+b̂y1 − σ̂−b̂†

y1

)+ 1

2

gqy2

ωq − ωy2

(
σ̂+b̂y2 − σ̂−b̂†

y2

)

− 1

2

gqy1

ωq + ωy1

(
σ̂+b̂†

y1
− σ̂−b̂y1

)− 1

2

gqy2

ωq + ωy2

(
σ̂+b̂†

y2
− σ̂−b̂y2

)
− g1y1

ω1 − ωy1

(
â†

1b̂y1 − â1b̂†
y1

)− g2y2

ω2 − ωy2

(
â†

2b̂y2 − â2b̂†
y2

)
+ g1y1

ω1 + ωy1

(
â†

1b̂†
y1

− â1b̂y1

)+ g2y2

ω2 + ωy2

(
â†

2b̂†
y2

− â2b̂y2

)
, (K5)

with σ̂± = σ̂x ± iσ̂y. By assuming that four couplers remain in their ground states (i.e., the coupling is dispersive) and small
nonlinearities |αx1,x2,y1,y2 | � |ωq,1,2 ± ωx1,x2,y1,y2 |, dropping all fast-oscillating terms, we finally obtain an effective Hamiltonian
between the driven qubit and two resonators:

Ĥeff = ωq

2
σ̂z +

√
ξq

2
I (t )σ̂x + ω1â†

1â1 + ω2â†
2â2

+ g̃(x)
q1 σ̂x(â1 + â†

1) + g̃(x)
q2 σ̂x(â2 + â†

2) + ig̃(y)
q1 σ̂y(â1 − â†

1) + ig̃(y)
q2 σ̂y(â2 − â†

2), (K6)

where

g̃(x)
q1 = g(x)

q1 + 1

2
gqx1 g1x1

[(
1

ωq − ωx1

− 1

ωq + ωx1

)
+
(

1

ω1 − ωx1

− 1

ω1 + ωx1

)]
,

g̃(x)
q2 = g(x)

q2 + 1

2
gqx2 g1x2

[(
1

ωq − ωx2

− 1

ωq + ωx2

)
+
(

1

ω2 − ωx2

− 1

ω2 + ωx2

)]
,

g̃(y)
q1 = g(y)

q1 − 1

2
gqy1 g1y1

[(
1

ωq − ωy1

− 1

ωq + ωy1

)
+
(

1

ω1 − ωy1

− 1

ω1 + ωy1

)]
,

g̃(y)
q2 = g(y)

q2 − 1

2
gqy2 g1y2

[(
1

ωq − ωy2

− 1

ωq + ωy2

)
+
(

1

ω2 − ωy2

− 1

ω2 + ωy2

)]
. (K7)

By threading time-dependent external flux in the dc superconducting quantum interference devices of four couplers, we can
make four couplers’ frequencies time-dependent ωx1,x2,y1,y2 (t ), and hence four time-dependent couplings g̃(x,y)

q1,q2(t ). Note that we

leave a time-independent coupling g(x,y)
q1,q2 in each of the couplings, such that the offset can be tuned exactly to zero. Setting
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ω1 = ω2 = ω and

g̃(x)
q1 (t ) = g̃(x)

q2 (t ) = A cos(ωqt ),

g̃(y)
q1 (t ) = − g̃(y)

q2 (t ) = −A cos(ωqt ),√
ξq

2
I (t ) = ω0 cos(ωqt ), (K8)

we recover the Hamiltonian in Eq. (41).
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