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Mapping the limits of equilibrium in sheared granular liquid crystals
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While elongated particles in viscous fluids follow Jeffery orbits, their dynamics in dense granular flows remain
unresolved. We demonstrate that sheared, low-friction granular rods do not follow these orbits, but instead reach
a quasiequilibrium state quantitatively described by classical liquid crystal theory, with collisions providing
effective thermal noise. This quasiequilibrium analogy breaks down at two limits: low aspect ratios, where the
theory incorrectly predicts isotropy, and high interparticle friction, which drives a transition from steric screening
to frictional gearing. We map this far-from-equilibrium breakdown using a phenomenological effective Ericksen
number, establishing the limits of thermal thermodynamic analogies in driven athermal matter.
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I. INTRODUCTION

Granular materials, though athermal and dissipative, can
surprisingly arrange into ordered, equilibriumlike configura-
tions when driven [1]. Elongated grains, for instance, exhibit
isotropic-nematic transitions driven purely by geometric steric
exclusion [2–4] and align in shear flows [5–11], even at mod-
est shape anisotropies [12]. This behavior strongly resembles
the isotropic-to-nematic transition of thermal liquid crystals,
which is well described by equilibrium Onsager statistical me-
chanics in dilute systems [13] and by Parsons’s [14] and Lee’
[15] correction for high density. The nonequilibrium driving
is also effectively captured in the Doi-Edwards-Kuzuu (DEK)
framework [16–18], which quantitatively describes these ther-
mal systems under flow. Although attempts have been made to
model the ordering of granular monolayers [19], a correspond-
ing statistical tool is currently lacking for athermal systems.
Treating collisions as an effective source of thermal noise
[20] has emerged as a promising pathway to formulate an
out-of-equilibrium theory. Using classical equilibrium theory,
we show that this approach accurately predicts the orien-
tation distribution of elongated grains, provided the grains
are sufficiently elongated and with low friction. However,
the analogy breaks down when the nonequilibrium rotational
driving overwhelms the steric caging. In our specific system,
this divergence manifests both at low anisotropies, where
steric caging is inherently weak, and at high interparticle
friction. At higher elongations, crossing this threshold triggers
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a transition from a quasiequilibrium steric “screening” state to
a far-from-equilibrium frictional “gearing” state.

II. METHODS

To investigate the alignment of athermal granular sys-
tems under shear, we employ a discrete element method with
soft-core Hertz-Mindlin frictional interactions, a Coulomb
friction coefficient μp, and a normal restitution coefficient
of 0.1. All systems consist of N = 2000 spheroids with a
20% degree of polydispersity [21], and are sheared through
Lees-Edwards boundary conditions [22] at constant normal
stress σyy, imposed along the gradient direction, maintaining
an inertial number I = γ̇ d

√
ρ/σyy ≈ 0.1, where γ̇ is the shear

rate, d the particle equivalent sphere diameter, and ρ its den-
sity. We have checked that an almost linear velocity profile
is achieved for all simulations. The contact stiffness number
κ = (E/σyy)2/3 > 2 × 103, with E the grains’ Young’s modu-
lus, is set sufficiently high to ensure that the overlap between
grains is small. A snapshot of the simulation setup is shown
in Fig. 1(a). Orientation statistics are calculated by averaging
over all particles in steady state, (see A in the Supplemental
Material [23], extracted after an accumulated strain of γ =
20, and time-averaged over an additional ten strain units (1000
snapshots) yielding 2 × 106 distinct particle configurations
per run. Further simulation details are provided in Ref. [11]
and robustness checks are provided in B in the Supplemental
Material [23]. While our primary parametric study employs
spheroids (as depicted in Fig. 1), we performed an additional,
targeted set of simulations using rodlike superellipsoids (de-
tailed in C in the Supplemental Material [23]) to accurately
validate our model against the cylindrical grains used in ex-
perimental data [5,6,24,25]. These validation runs followed
the same protocol as the spheroid simulations. Experimen-
tal comparisons are made with data from these references,
which were obtained with x-ray computed tomography scans
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FIG. 1. (a) Shear cell for α = 5.0, μp = 0.4, with particles col-
ored by their normalized flow velocity, v f , with respect to the
uniform gradient γ̇ Ly/2, Ly being the average box length in the
gradient direction. A constant normal stress, σyy, is applied along
the gradient direction. The yellow arrow indicates the macroscopic
director n. For a representative particle (highlighted in green), the
in-plane angle ϑ with respect to the flow and the polar angle θ

with respect to the director are explicitly shown. (b) Nematic order
parameter S2 and (c) packing fraction φ as a function of aspect ratio
α. The plots show that increasing interparticle friction μp (from dark
blue to yellow) reduces nematic ordering (lowering S2) and induces
dilatancy (lowering φ). The gray line marks the theoretical prediction
for Jeffery orbits, without noise or steric interaction, starting from an
isotropic distribution, as done in Ref. [20]. All the data lie above
this prediction, confirming that Jeffery orbits are not sufficient to
describe the dense granular flows. The color scheme for μp is used
in subsequent figures.

in split-bottom shear cell measurements and averaged over
long strains in the shearing zone.

III. MATHEMATICAL FRAMEWORK

With this physical system established, we look for the ap-
propriate mathematical framework to describe the steady-state
orientational statistics. We test whether the continuum frame-

work originally developed for thermal nematic suspensions
can be adapted for driven athermal grains.

Consider an axisymmetric particle with aspect ratio α > 1
in a simple shear flow at high packing fraction. To model how
these particles collectively align, we track their orientation
distribution f (u), where u is the unit vector defining the orien-
tation of the particle’s major axis. The preferred macroscopic
orientation is the director n (principal eigenvector of 〈u ⊗ u〉),
lying in the flow-gradient plane at an angle η to the flow.
Particle orientations are described by the polar angle from the
director, θ = arccos(u · n), and the in-plane alignment angle,
ϑ = arctan(uy/ux ), see inset of Fig. 1(a). Following DEK the-
ory [17,26], the evolution of this distribution is governed by
a Smoluchowski-type equation, which balances the rotation
driven by the macroscopic flow against the effective diffusion
caused by interparticle collisions. In athermal systems under
simple shear flow, the rotational diffusion Dr scales linearly
with shear rate γ̇ (see D in the Supplemental Material [23]),
such that Dr = D̃r ( f (u))γ̇ , where the mobility D̃r ( f ) is, in
our case, derived from extended tube models [27]. In these
models, the dense surrounding neighbors act as a tight phys-
ical cage, the “tube,” severely restricting the particle’s ability
to rotate. Additionally, solid contacts [28] alter the determin-
istic torque relative to the dilute Jeffery orbit [29]. While
closed-form microscopic expression for the drift remains an
open challenge [30], our general framework might in principle
apply to different classes of interactions, of different phys-
ical origins. We define this effective driving flux as J (u).
Eliminating time in favor of accumulated strain γ [24], the
evolution equation is

∂ f

∂γ
+ ∇u · [J̃ f ] = D̃r ( f )∇u · [∇u f + f ∇uUex], (1)

where ∇u = (I − u ⊗ u) · ∂
∂u is the gradient operator on the

unit sphere, I being the identity tensor, J̃ = J /γ̇ is the
normalized driving, and Uex is the mean-field steric potential
[13,14]. If the driving flux balances the restoring diffusion
(in the weak shearing limit [31]), the steady state (∂γ f = 0)
recovers the extended Maier-Saupe equilibrium distribution
[32]:

feq(θ ) = 1

Z
exp (U2S2P2(cos θ ) + U4S4P4(cos θ )), (2)

where Z is a normalization constant, θ is the angle with the
director of the distribution, S2,4 = 〈P2,4(cos θ )〉 are the sec-
ond and fourth nematic order parameters, respectively, and
P2,4 are the second- and fourth-order Legendre polynomials.
U2,4 are the shape-dependent steric strengths. Here, the op-
erator 〈· · · 〉 = ∫ · · · f (u)du denotes the ensemble average.
To generate our theoretical predictions, these strengths are
computed explicitly from the particles’ excluded volume us-
ing the Parsons-Lee approach and the Berne-Pechukas [33]
approximation (see E in the Supplemental Material [23] for
the full derivation [34,35] and F in the Supplemental Material
[23] for finite grain stiffness effects [36]). Physically, this dis-
tribution describes a steady state where steric exclusion forces
the particles to preferentially align along a common axis,
with S2 and S4 quantifying the sharpness of this alignment.
Crucially, while an equivalent thermal system would crystal-
lize at the high volume fractions recorded here, the imposed
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shear continuously disrupts translational order. This forced
shear melting sustains a flowing [37], supercooled nematic
state. Consequently, the macroscopic driving not only forces
nematic alignment at low aspect ratios (where equilibrium
predicts an isotropic phase), but also allows highly elongated
grains to achieve stronger nematic ordering at high densities
without freezing into a smectic or crystalline solid.

IV. RESULTS

With this theoretical baseline established, we can evaluate
how well it captures the behavior of our highly dissipative,
driven system. Figure 1(b) shows the measured nematic or-
dering as a function of elongation and friction: as previously
found [9–11], S2 rises with α, but friction generally reduces
ordering. This disordering correlates with a drop in average
volume fraction, φ, due to frictional dilatancy [Fig. 1(c)].
Crucially, the data lie above the prediction for isolated Jeffery
orbits (gray line) [20], indicating that steric interactions are
essential to maintain order in dense flows. Additionally, the
data for μ = 10 and μp = 100 overlap. While these extreme
values exceed standard tribological measurements, they serve
to establish the theoretical infinite-friction limit, where virtu-
ally all contacts are sticking.

For both simulations and experiments [5,24] (see A in
the Supplemental Material [23]), the particles reach a steady
average angle of alignment toward the extension direction,
with no tumbling or wagging of the director. Nevertheless, a
stable director simply indicates a time-invariant orientational
distribution; individual particles may still undergo continuous
rotation [20], yielding a nonzero mean angular velocity. Equa-
tion (1) with J̃ corresponding to the Jeffery operator would
erroneously predict tumbling at low shear rates or alignment
toward the compression direction at high shear rates [26].
This motivates us to find an empirical expression for the driv-
ing, by directly measuring it from our simulations, quantified
by the mean angular velocity 〈ωz〉 in the vorticity direction.
We observe that the suppression of order coincides with a
transition in rotational dynamics. By measuring the average
normalized angular velocity ω̃ = −2〈ωz〉/γ̇ , we identify two
distinct regimes [Fig. 2(a)]. In the frictionless limit (μp → 0),
ω̃ vanishes at high elongation. This is the “steric screening”
state: collective nematic alignment generates a steric potential
that effectively cancels the shear torque, preventing rotation
[Fig. 2(b), dark curves showing the conditionally averaged
angular velocity 〈ωz〉ϑ for particles oriented at angle ϑ].
Conversely, at high friction (μp � 1.0), ω̃ becomes large, ex-
ceeding even the viscous Jeffery prediction [29,38]. Although
this resembles the injection of noise in viscous systems [20],
interparticle friction increases the actual driving torque along-
side the noise. Therefore, the system never simply reduces
to the infinite-noise fluid limit, i.e., uniform rotation with
the background fluid. This is the “frictional gearing” state:
sliding is suppressed and nonhydrodynamic contacts force
particles to tumble (yellow curves). As a simple explanation,
consider the limit of infinitely slender particles. If they are
perfectly aligned with the flow, frictional particles cannot
slide, resulting in a finite torque even for thin rods perfectly
aligned with the flow, which explains why they can roll more
than the Jeffery prediction. This transition is well described

(a)

(b) (c)

FIG. 2. Quantifying the “screening-to-gearing” transition.
(a) Normalized average angular velocity ω̃ extracted from
simulations across varying friction coefficients (markers). Colors
denote the particle aspect ratio α. Solid lines represent the theoretical
Jeffery prediction for an isolated particle in a viscous fluid, which
fails to capture the dense granular dynamics. Instead, the data are
well described by a two-state phenomenological model (dashed
lines) capturing the transition between a low-friction “screening”
state and a high-friction “gearing” state. In the gearing state, grains
rotate faster than the isolated particle prediction, whereas in the
screening state, their rotation is severely hindered. (b) Normalized
conditional angular velocity −〈ωz〉ϑ/γ̇ vs the angle with respect
to the flow direction, ϑ , for α = 5.0. The dashed black line
represents the theoretical prediction for Jeffery orbits, while the
vertical dotted lines indicate the measured director angle (η) in the
flow-gradient plane. In the low-friction “screening” regime (dark
curves, μp � 0.01), ω̃ ≈ 0 as steric forces (director at η, dotted
lines) cancel the shear torque (Jeffery orbit, black dashed line),
meaning the aligned grains effectively lock into place and slide
past one another without spinning. In the high-friction “gearing”
regime (yellow curves, μp � 1.0), ω̃ is large, showing strong
rotational driving. (c) The effective Ericksen number 
 shows the
consequence. The system is in the quasiequilibrium limit (
 � 1)
for low friction. As μp increases, 
 grows by orders of magnitude,
crossing the 
 = 1 threshold (dashed black line) and signaling a
transition to a far-from-equilibrium, drive-dominated state.

by a phenomenological sigmoid function [dashed lines; see
Eq. (S20) in the Supplemental Material [23]], which models
the crossover from sliding to rolling contacts [10,11,39], using
physically consistent fit parameters.

To quantify the balance between nonequilibrium driv-
ing and equilibrium-restoring effects, we derive a diagnostic
dimensionless parameter 
. This parameter, an effective
Ericksen number [40], directly compares the characteristic
rates of the competing fluxes in Eq. 1. The nonequilib-
rium driving flux, which forces tumbling, is set by the
phenomenologically determined rotational driving, J ∼ 〈ωz〉.
The quasiequilibrium-restoring flux arises from the system’

043151-3



BILOTTO, TRULSSON, AND MOLINARI PHYSICAL REVIEW RESEARCH 8, 043151 (2026)

attempt to return to the nematic state feq, and scales as the
rotational diffusion Dr multiplied by the characteristic theo-
retical gradient of the steric potential, |∇uUex| ∼ U2Seq

2 , where
Seq

2 is the nematic order parameter from equilibrium theory
and we neglected the smaller contribution of the P4 term. The
ratio of these two competing rates, which is the ratio of the
two governing dimensionless numbers, defines 
:


 = − 〈ωz〉
DrU2Seq

2

. (3)

This parameter maps the system’s state: the quasiequilibrium
“screening” regime corresponds to 
 � 1, where restoring
steric flux dominates, while the far-from-equilibrium “gear-
ing” regime corresponds to 
 	 1, where driving dominates.
Figure 2(c) shows that 
 < 1 for μp � 0.4, and even in the
infinite frictional limit, where virtually all the contacts are
sticking, 
 stays finite and order one. However, as shape
anisotropy decreases, the system undergoes a transition yield-
ing a close-to-isotropic state. In this regime, the system is
inherently nonequilibrium: there is no preexisting order to
screen the flow. The dynamics are no longer a balance of
fluxes but are dictated solely by the driving strength, making
the rotational Péclet number, Pe = 〈ωz〉/Dr = 
U2 S2, the
relevant control parameter. This is evidenced by the consis-
tently nonzero values of the nematic parameter observed even
at very small elongations [12,41].

The breakdown of the equilibrium analogy is visualized in
the orientational distributions [Fig. 3(a)]. These distributions
are measured around the director and limited to the polar
angle, to focus on the breadth of the distribution (see H in the
Supplemental Material [23] for flow-induced anisotropy). As
expected, higher aspect ratios produce progressively sharper
peaks. However, increasing friction (
 > 1) broadens the dis-
tributions, and the equilibrium Onsager-Parsons-Lee theory
systematically fails, confirming the breakdown of the equi-
librium analogy. The continuous lines present the prediction
from the Parsons-Lee equilibrium theory [14,15] (see E in
the Supplemental Material [23]). At high aspect ratio and low
friction, the data and the theory show excellent overlap. How-
ever, these distributions reveal the two distinct failure modes
of the equilibrium framework. First, at low α (α < 2.5), the
equilibrium theory predicts an isotropic state (Seq

2 ≈ 0) due
to negligible steric interactions, whereas the simulation data
(dots) reveal shear-induced nematic ordering driven by the
nonequilibrium alignment term J̃ . Second, at high friction
(μp = 10.0) and high α, the theory predicts a much sharper
peak than observed. Here, the nonequilibrium “frictional gear-
ing” (
 	 1) actively disorders the system, broadening the
distribution beyond the thermal prediction. This broadening is
sensitive to the inertial number I , unlike the robust quasiequi-
librium regime (see B in the Supplemental Material [23]).

To confirm the robustness of these findings across differ-
ent particle shapes and beyond ideal simulations, we carried
out additional simulations of superellipsoidal rodlike parti-
cles (see C in the Supplemental Material [23]) and compared
our framework directly against experimental measurements
of granular rods from Ref. [6]. As shown in Fig. 3(b), at
moderate and high elongations, there is a great correspon-
dence between the split-bottom shear cell experiments and our
simple shear rod simulations. To directly compare the theory

(a1) (a2) (a3)

(b) (c)

[deg]

FIG. 3. (a1)–(a3) Log-scale orientational distributions f (θ )
(markers) compared to the equilibrium Maier-Saupe theory [Eq. (2),
solid lines]. The data reveal the breakdown of the equilibrium
analogy as friction increases. (Left) In the low-friction, screening
regime (μp = 0.001), the theory accurately predicts the simula-
tion data at high elongation, but fails at small α. (Middle) In the
intermediate-friction case (μp = 0.1), the simulated distributions
become noticeably broader than predicted, though the theory still
qualitatively captures the overall trends. (Right) In the high-friction,
gearing regime (μp = 10.0), the theory fails, underestimating the
broadening of the distribution even at high α. Within each panel,
colors represent aspect ratio α, with higher α (yellow) leading to
stronger ordering (sharper peaks). (b) Nematic order parameter S2

as a function of aspect ratio α, comparing experimental measure-
ments [6] (black circles) with equilibrium theory predictions (red
squares) and average for simple shear rod simulations with μp ∈
(0.1, 0.7) (blue hollow diamonds). Theoretical points are shifted
slightly along the horizontal axis for visual clarity. At small elon-
gations, the theory predicts an isotropic state (S2 ≈ 0) rather than
the observed nematic distribution. Conversely, at high friction the
order parameter is remarkably close to the one from equilibrium
theory. At moderate and high elongations, there is a great correspon-
dence between split-bottom shear cell experiments and simple shear
simulations. Red error bars represent the upper theoretical bounds as-
suming a +10% uncertainty (underestimation) in the experimentally
measured volume fraction. (c) Comparison of the experimental in-
plane orientation distribution p(θ2d ) for α = 5 (black dotted line) [6]
against a theoretical reconstruction (red solid line). The reconstruc-
tion represents a two-dimensional (2D) projection of the uniaxial
three-dimensional (3D) distribution estimated from the measured
nematic order parameter, shifted to align with the experimentally
measured average in-plane angle. The red shaded region reflects a
plausible +10% uncertainty in the experimentally measured volume
fraction due to binarization.

with experimental distributions, we reconstruct the theoretical
equilibrium 3D distribution, using only the experimentally
measured volume fraction φ, and project it onto the 2D plane,
which mathematically averages out the out-of-plane orienta-
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FIG. 4. The positive deviation between the measured nematic
order parameter and the equilibrium prediction, Seq

2 − S2, plotted
against the effective Ericksen number 
. Data points include both
spheroid (squares) and superellipsoidal rod (hollow triangles) sim-
ulations for different aspect ratios. The collapse confirms that 


acts as a control parameter: for 
 � 1 (steric screening), the system
remains in a quasiequilibrium state with minimal deviation, while for

 � 1 (frictional gearing), the system is driven far from equilibrium,
leading to a systematic divergence from the theoretical prediction.

tions to mimic the view of the experimental camera:

p(θ2d ) = 1

π | cos θ2d |
∫ cos θ2d

0

t feq(arccos t )√
cos2 θ2d − t2

dt, (4)

where t = cos θ . As shown in Fig. 3 (bottom panels), the
reconstructed S2 mirrors the trends observed in simulations:
the theory captures the strong alignment at high α but fails
to predict the shear-induced ordering at low α. Crucially, for
α = 5.0, the projected theoretical distribution shows excel-
lent agreement with the experimental data, validating that the
quasiequilibrium description holds for real dissipative granu-
lar media in the steric screening regime.

Finally, we utilize both the spheroid and rod simulation
datasets to test our diagnostic metric 
. In Fig. 4, we show
the deviation of the equilibrium nematic order parameter from
the one measured in simulations Seq

2 − S2. We only show
positive deviations since negative ones are associated with
low α values α � 2.5, where the equilibrium alignment is
mainly dictated by the shear. The data show a nice collapse
as a function of 
, for both rods and ellipsoids. At low 
,
there is virtually no discrepancy, whereas as 
 increases there
is a clear correlation with the distance from equilibrium. This
confirms that 
 is the correct metric to gauge distance from
equilibrium for those grains elongated enough so that their
distribution would be nematic in a thermal system.

V. CONCLUSIONS AND OUTLOOK

In summary, we have shown that the orientational statis-
tics of frictionless elongated granular particles under steady
shear are quantitatively described by a mean-field Onsager-
like theory, originally developed for thermal systems, when
corrected via the Parsons-Lee scaling. This confirms the ex-
istence of a “quasiequilibrium” nematic state in a driven
dissipative system, proving that simple noisy Jeffery orbits
are insufficient to model the dynamics once steric interactions
become significant. However, as interparticle friction is in-
troduced, the system is driven far from equilibrium, and the
equilibrium analogy systematically breaks. We show that this
breakdown manifests as a transition from a “steric screening”
state to a “frictional gearing” state, where contacts actively
promote particle rotation. This transition is well captured by
a simple phenomenological model, whose parameters show
clear physical trends with particle shape. We quantify this with
an effective Ericksen number, taken as the ratio of the driving
over the restoring nematic torque, akin to active matter [42]
that captures the distance from equilibrium for sufficiently
elongated grains. By leaving the specific microscopic driving
flux as an agnostic input, our architecture remains decou-
pled from purely granular contact mechanics. This allows the
dimensionless breakdown diagnostic 
 to serve as a gen-
eral blueprint for other dense far-from-equilibrium anisotropic
systems. The framework established here provides a new,
parameter-free tool to map out nonequilibrium ordering tran-
sitions not only in advanced kinetic granular theories [43,44],
but also in dense driven suspensions [45,46] and active matter
[42], defining the boundary where equilibrium analogies fail.
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