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Data-driven machine learning has established a robust foundation for reconstructing nonlinear dynamical
systems from observations, primarily for the purposes of forecasting and control. However, most existing efforts
focus on recovering specific observed dynamics rather than the generative synthesis of new ones. Inspired by
image fusion and style transfer, we introduce a neural network framework termed neural dynamical transfer
learning (NDTL) to create new systems with prescribed dynamics from pairs of parent nonlinear dynamical
systems. By computing fundamental dynamical signatures, including the intrinsic dimension, the Kaplan-Yorke
dimension, the invariant measure statistics, and the Lyapunov spectrum, we demonstrate that NDTL preserves
key features inherited from the parent models while simultaneously generating novel dynamics. Beyond these
validation examples, NDTL induces a criterion for dynamics classification, creates stable oscillatory coexistence
in the Hastings-Powell food chain model, produces interpretable epidemiological models, and provides a chaotic
source for image encryption.
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I. INTRODUCTION

In the era of big data, data-driven methodologies have be-
come increasingly pivotal for discovering first principles and
modeling dynamical systems across diverse scientific fields.
These methods range from classical statistical and dynamical
methods such as delay embedding [1], data mining [2], and
causal inference [3] to model-based methods grounded in
physical laws and parameter estimation [4–6], and further to
machine learning methods [7–10].

Among these methodologies, machine learning approaches
based on neural networks have emerged as powerful tools that
often outperform traditional statistical and model-based meth-
ods. These approaches are broadly categorized by whether
they incorporate explicit dynamical priors. On the one
hand, purely data-driven architectures such as recurrent neu-
ral networks, including reservoir computing [7,11,12] and
gated variants such as gated recurrent units (GRUs) and
long short-term memory (LSTM) networks [13], as well
as attention-based transformer models [14,15], have been
widely used to learn complex temporal patterns in nonlin-
ear systems. On the other hand, physics-informed models
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such as physics-informed neural networks [16–20] and neural
ordinary differential equations [21–23] embed physical laws
into the learning process, enabling interpretable model-
ing and robust extrapolation. Collectively, these architec-
tures have demonstrated remarkable success in recovering
governing structures, reconstructing dynamics, forecasting
chaos, and generalizing across diverse nonlinear dynamical
regimes.

Beyond these advances, there has been growing interest in
applying generative machine learning to dynamical systems
[24]. Recent studies have utilized variational autoencoders
and diffusion models to facilitate system reconstruction [25],
identification [26], and even zero-shot forecasting [27]. How-
ever, creating new dynamical systems that inherit prescribed
behaviors from parent systems while manifesting new scien-
tifically meaningful structures remains largely unexplored. In
contrast, the field of computer vision routinely embraces cre-
ation through image fusion and generation techniques, such as
neural style transfer, which synthesize novel images by blend-
ing the content and style of multiple source images [28,29].
A notable example is a generated painting of the Mona Lisa
rendered in a Cubist aesthetic, which successfully fuses the
content of the Mona Lisa with the style of a Picasso painting
[28].

Inspired by the success of generating visually intelligible
paintings, we propose a framework, termed neural dynamical
transfer learning (NDTL), which treats the vector field of a
dynamical system as a high-dimensional image and transfers
the features of one parent system onto another. This enables
the creation of dynamical systems that not only inherit struc-
tural features such as attractor geometry or chaotic patterns

2643-1564/2026/8(3)/033337(21) 033337-1 Published by the American Physical Society

https://orcid.org/0009-0005-6811-5618
https://orcid.org/0000-0002-9811-4617
https://orcid.org/0000-0002-1863-4306
https://ror.org/013q1eq08
https://ror.org/013q1eq08
https://ror.org/016476m91
https://ror.org/03wkvpx79
https://ror.org/013q1eq08
https://crossmark.crossref.org/dialog/?doi=10.1103/ccgv-hgjb&domain=pdf&date_stamp=2026-09-18
https://doi.org/10.1103/ccgv-hgjb
https://creativecommons.org/licenses/by/4.0/


MA, GE, MENG, GREBOGI, AND LIN PHYSICAL REVIEW RESEARCH 8, 033337 (2026)

FIG. 1. Schematic depiction of the NDTL framework. (a) Training procedure of the convolutional autoencoder (CAE) for feature
extraction. (b) Optimization process utilizing the trained feature extractor to fuse systems by refining an initially randomized vector field.

from their parents, but also possess new structures of scientific
significance in their dynamical equations.

Specifically, NDTL constructs content and style represen-
tations from vector fields and examines the dynamical effects
of matching them. In Lorenz-like systems, content fusion pri-
marily changes attractor geometry, whereas style transfer can
induce or suppress chaos in the examples studied. In addition
to system creation, we show that the dynamical signature
landscapes generated by NDTL fusion induce a principled
criterion for dynamics classification. Finally, applications to
ecology, epidemiology, and chaotic image encryption demon-
strate the broader utility of NDTL.

The remainder of this article is organized as follows.
Section II introduces the NDTL framework. Section III in-
terprets and validates the learned features through analytical
examples, controlled fusion, and perturbation experiments.
Section IV develops the NDTL-induced classification and ex-
amines its consistency across clustering schemes. Section V
presents applications of NDTL, followed by concluding re-
marks in Sec. VI.

II. NEURAL DYNAMICAL TRANSFER
LEARNING FRAMEWORK

To begin with, we consider two d-dimensional dynamical
systems: SA : ẋ = fA(x) and SB : ẏ = fB(y). Our objective is
to fuse the style feature extracted from system SB with the
content feature extracted from system SA, as schematically
illustrated in Fig. 1. To achieve this, we first discretize their
corresponding vector fields fA and fB over a common spatial
grid, evaluating each vector field at N discrete grid points. The
resulting d-dimensional vectors are then concatenated into
tensors FA and FB, each of size d×N .

From a practical perspective, directly employing high-
dimensional tensors as dynamical features is computationally

expensive and prone to overfitting, which often results in
the created systems that merely replicate the parent dynam-
ics without manifesting novel structure. To mitigate these
issues, we utilize compact latent features. High-dimensional
tensor data typically reside near a low-dimensional manifold
embedded within the original space [30,31]. Inspired by re-
cent advances in deep learning for identifying such latent
manifold structures, we employ a CAE to extract compact
latent features from the vector fields [32]. The CAE consists
of I, an encoder, and D, a decoder. Specifically, I maps
high-dimensional input tensors into a lower-dimensional la-
tent space through a sequence of nonlinear transformations,
while D reconstructs the original tensors from these compact
features. The network is trained by minimizing the mean-
squared error (MSE) between the original and reconstructed
tensors via backpropagation.

Following the training phase, we apply the encoder I to
each vector field tensor FA,B and denote its activation at the ith
layer by F i

A,B ∈ Rci×Ni , where i = 1, . . . , Ll . We use these ac-
tivations as the content features. The style features at the same
layer are defined by Gi

A,B = 1
Ni

F i
A,B(F i

A,B)
�

. These operational
definitions specify the constraints used in the fusion objective;
their dynamical interpretation is examined in Sec. III.

With these latent features, we formulate the fusion proce-
dure as an optimization problem. Specifically, we initialize
a d×N tensor F̂ representing the created system’s vector
field and guide its creation by aligning latent content features
from system SA with style features from system SB. We de-
fine the objective function as Lcs(F̂ ) = ∑Ll

i=1(αi
c‖F̂ i − F i

A‖ +
β i

s‖Ĝi − Gi
B‖), where αi

c and β i
s are the weights assigned

to content and style features of the ith layer, respectively.
Minimizing Lcs(F̂ ) via gradient descent ensures that the
fused vector field F̂ inherits desired dynamical behaviors
from the parent systems. In practice, the NDTL extends nat-
urally to more complex fusion architectures by modifying the
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objective or tuning the relative weights. For instance, setting
the loss to Lccs(F̂ ) = ∑Ll

i=1(αi
c‖F̂ i − F i

A‖ + β i
c‖F̂ i − F i

B‖ +
γ i

s ‖Ĝi − Gi
C‖) enables a fusion that integrates the content

of systems A and B with the style of system C (see Ap-
pendix A for implementation details of the CAE model
and the NDTL framework). Moreover, regression techniques
[4,5] are employed to extract interpretable governing equa-
tions from the fused vector field F̂ . Candidate basis functions
are selected based on the dynamics of the target system, and
various regression methods, including linear regression and
least absolute shrinkage and selection operator (LASSO) re-
gression, are then applied to the discretized vector field (see
Appendix C).

The complete CAE architecture, training protocol, and
coordinate and speed normalizations are provided in
Appendix A, while the closed-form regression procedures and
numerical evaluation of the dynamical signatures are given in
Appendix C. Below, we examine the dynamical information
encoded by these content and style features.

III. INTERPRETATION AND VALIDATION OF CONTENT
AND STYLE FEATURES

The content and style features used in the fusion objective
characterize different properties of the vector field. We first
interpret these features from their construction and then ex-
amine their dynamical roles through a Hamiltonian example,
transformation tests, controlled Lorenz-like fusions, and lay-
erwise perturbations.

A. Content and style features of vector fields

We first consider the content feature at the input layer. The
tensor F captures the local, pointwise structure of the vector
field. It specifies the local direction of system evolution at
the sampled grid points and, provided the discretization is
sufficiently dense, encapsulates approximations of the Jaco-
bian matrix at these points. At encoder layer i, the content
feature F i is the corresponding activation tensor. As the net-
work depth increases, F i aggregates vector field structure over
increasingly broad receptive fields through successive nonlin-
ear transformations. Content matching, therefore, constrains
spatially resolved local or aggregated vector field structure,
depending on the chosen layer.

Correspondingly, the style feature Gi = (1/Ni )F i(F i )� en-
capsulates the second-order statistics of the feature channels,
quantifying correlations among vector field components and
nonlinear spatial features. Because the spatial index is con-
tracted in forming Gi, this representation summarizes channel
correlations without retaining their exact spatial arrangement.

B. A Hamiltonian example

A two-dimensional Hamiltonian system provides a con-
crete illustration of content and style at the input layer.
Consider the Hamiltonian H (x1, x2) = 1

2 x2
2 + V (x1), with

V (x1) = 1
2 x2

1 − 1
4 x4

1 . The equations of motion are given by
ẋ1 = ∂H

∂x2
= x2 and ẋ2 = − ∂H

∂x1
= −x1 + x3

1 . Evaluating these
equations at N discrete grid points {(x1[i], x2[i])} for i ∈
{1, 2, . . . , N}, we discretize the continuous vector field as

F =
[

x2[1] x2[2] · · · x2[N]

−x1[1] + x1[1]3 −x1[2] + x1[2]3 · · · −x1[N] + x1[N]3

]
.

The corresponding Gram matrix becomes

G = FF� =
[ ∑N

i=1 x2[i]2 −∑N
i=1 x2[i](x1[i] − x1[i]3)

−∑N
i=1 x2[i](x1[i] − x1[i]3)

∑N
i=1(x1[i] − x1[i]3)2

]
.

Mechanically, G11 = ∑N
i=1 x2[i]2 is proportional to the ki-

netic energy of the system at the grid points, while
G22 = ∑N

i=1(x1[i]2 − 2x1[i]4 + x1[i]6) ≈ ∑N
i=1 x1[i]2 approx-

imates the potential energy in the vicinity of x = 0. Con-
sequently, the trace tr(G) provides a local approximation of
the total energy near the origin, demonstrating that F and
G capture two distinct types of dynamical features in this
example. It should be emphasized that for non-Hamiltonian
systems, the style feature defined above does not necessarily
encode an energy.

C. Transformation properties of style features

The distinction between content and style can already
be seen at the input layer. Under time reversal, the vector
field tensor changes from V to −V , so its pointwise content
changes, whereas the Gram representation is exactly pre-
served because (−V )(−V )� = VV �. A coordinate relabeling
similarly permutes the spatial samples and vector field chan-
nels; after the corresponding channel alignment, the Gram

representation is unchanged even though the pointwise tensor
is rearranged.

Reflections and rotational conjugacies are not exact invari-
ances of the Gram representation in general. Nevertheless,
across the Lorenz, Chen, Lv, and Rössler examples considered
here, their Gram discrepancies remain smaller than the asso-
ciated pointwise discrepancies. These observations establish
a limited and physically interpretable transformation stability
rather than universal invariance. The definitions, transforma-
tion protocol, and complete numerical results are provided in
Appendix B.

D. Fusion of Lorenz-like systems using content
and style features

We consider three canonical chaotic systems, the Lorenz,
Chen’s, and Lv’s systems, which form a generalized Lorenz
family with vector fields containing at most second-order
terms [33]. For brevity, we refer to them as Lorenz-like sys-
tems. First, we explore the fusion of the Lorenz and Lv’s
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TABLE I. MLEs of the fused system under varying proportions of content (Lorenz) to style (Chen’s) features.

αc
αc+βs

0.00 0.01 0.10 0.25 0.50 0.75 0.90 0.99 1.00

MLE −1.054 0.007 0.220 0.234 0.271 0.247 0.247 0.305 0.288

systems. To assess whether the content features faithfully
capture system structure, we perform fusion using content
features only. We obtain explicit governing equations by lin-
ear regression on the fused vector fields and then perform
numerical simulations. As shown in Fig. 2(a), increasing
the content weight assigned to one parent system drives
the descendant attractor toward that parent’s attractor. We
further compute various dynamical signatures of the fused
system, including its intrinsic and Kaplan-Yorke dimensions,
the Jensen-Shannon divergence between its invariant measure
distribution and that of the parent system, and its Lyapunov
spectrum. As shown in Figs. 2(b)–2(d), these dynamical sig-
natures vary smoothly with the fusion parameter, indicating
that the content features largely preserve the dynamics of the
parent systems.

To further investigate the role of style features in system
fusion, we fuse the content of the Lorenz system with the style
of Chen’s system while varying the mixing ratio αc/(αc + βs).
During this process, the Kaplan-Yorke dimension as well as
the second and third Lyapunov exponents of the fused system
remain nearly invariant. Conversely, the maximal Lyapunov
exponents (MLEs) exhibit dramatic variation. As summarized
in Table I, the fused system first generates chaotic dynamics
and subsequently undergoes a transition of gradual loss of
chaos as the contribution of Chen’s style increases.

Taken together, these fusion experiments on representative
models suggest that content shapes the attractor geometry,
whereas style controls the statistical correlation structure of
the vector field across both state components and spatial loca-
tions, thereby inducing or suppressing chaos as measured by
the MLE.

E. Layerwise perturbation analysis

To probe the physical meaning of features at different
layers, we perform perturbations of the features and quantify

FIG. 2. Fusion of the Lorenz and Lv’s systems for varying con-
tent weights. (a) Phase-space trajectories of the fused systems. From
left to right, the fusion parameter αc/(αc + βc ) is 0.00, 0.25, 0.50,
0.75, and 1.00. (b)–(d) Dynamical signatures trace out landscapes as
the fusion parameter varies. Here, each system is normalized in time
and state space; refer to Appendix A for detailed configurations.

the resulting changes in dynamical signatures of the recon-
structed system. Specifically, we trained a three-dimensional
(3D) CAE on discretized vector fields of the Lorenz sys-
tem sampled on a fixed uniform grid. After training, given
an input vector field, we perturb the preactivation tensor at
the chosen layer by adding zero-mean Gaussian noise. The
noise amplitude is set to a prescribed fraction ε of the root
mean square (RMS) value of that tensor computed from the
unperturbed forward pass. We then propagate the perturbed
activation through the remaining layers of the encoder and the
decoder to obtain a reconstructed vector field. For each layer
and each ε, we repeat this procedure over multiple random
seeds and record the reconstructions.

To obtain a physical interpretation, we projected the re-
constructed field onto the Lorenz family by linear regression
of the parameters (σ, ρ, β ) in the standard Lorenz form ẋ =
σ (y − x), ẏ = ρx − xz − y, and ż = xy − βz over the full
grid. We report the normalized regression residual as a mea-
sure of consistency with the skeleton of the Lorenz system,
together with the mean-squared reconstruction error relative
to the input field. From the regressed parameters, we compute
the dissipativity proxy D = σ + 1 + β and its change relative
to the unperturbed reconstruction. We also compute the Lya-
punov exponents and the Kaplan-Yorke dimension for each
regressed system.

Figure 3 summarizes the results and shows that features
at different layers control different dynamical signatures and
thus carry different physical meanings. Different layers in-
fluence these signatures with different strengths and even in
opposite directions. In particular, the zeroth layer has the
weakest effect, consistent with a low-level local represen-
tation; the first layer weakens dissipativity [Figs. 3(c) and
3(d)] and significantly influences the skeleton of the Lorenz
attractor [Fig. 3(f)]; and the second layer enhances dissipativ-
ity [Figs. 3(c) and 3(d)] and, under sufficiently strong pertur-
bations, determines whether chaos is maintained [Fig. 3(a)]. In
addition, over a substantial noise strength, the Kaplan-Yorke
dimension remains nearly unchanged [Fig. 3(e)], suggesting
that the CAE preserves information about the attractor dimen-
sion within that regime.

IV. NDTL-INDUCED CLASSIFICATION

A. Dynamical signature landscapes and system dissimilarity

As the relative weights of the parent systems change, the
generated descendants trace out landscapes of dynamical sig-
natures, reflecting the closeness between the parent systems.
Smooth landscapes indicate that the two systems are close
in this sense, whereas collapsed attractors, loss of chaos, or
strongly distorted landscapes (Fig. 4) indicate larger separa-
tion. Thus, NDTL naturally induces a principled criterion for
quantifying dynamics similarity and, in turn, enables dynam-
ics classification.
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FIG. 3. Changes in the dynamical signatures of the reconstructed Lorenz system after adding Gaussian noise to features at different layers.
(a)–(c) Lyapunov exponents, with λ1 > λ2 > λ3. (d) Change in dissipativity, 
D, relative to the classical Lorenz system, where D = −∇ · f .
(e) Kaplan-Yorke dimension. (f) Normalized residual of the linear regression relative to the discretized vector field.

To make this criterion quantitative, we use the Lyapunov
spectrum as the dynamical signature in the classification ex-
periment. For each pair of parent systems, content feature
fusion is performed over a sequence of fusion weights, pro-
ducing a family of descendant vector fields. The resulting
Lyapunov spectra form a spectrum landscape. For each un-
ordered pair (A, B), we train a CAE using only the two end
point vector fields. The fusion is performed using content
features only. Let XA and XB be the normalized vector field
tensors of the two systems, and let Fk (X ) denote the encoder

FIG. 4. Representative small-distance and large-distance Lya-
punov spectrum landscapes. The small distance pair exhibits a
smooth spectrum landscape and preserves nontrivial chaotic behavior
over most fusion weights. The large distance pair shows a distorted
spectrum landscape and loses chaotic behavior over a larger portion
of the fusion interval. These examples illustrate how the NDTL-
induced distance reflects the continuity of the generated dynamics.

feature at layer k. The content losses are

LA = 1

3

3∑
k=1

‖Fk (X ) − Fk (XA)‖2
2,

LB = 1

3

3∑
k=1

‖Fk (X ) − Fk (XB)‖2
2.

For a fusion parameter α, the optimized field minimizes

L = (1 − α)LA + αLB.

We use nine values of α, namely,

α ∈ {0, 0.125, 0.25, 0.375, 0.5, 0.625, 0.75, 0.875, 1}.
The end point fields at α = 0 and α = 1 are not optimized,
while the seven intermediate fields are initialized by linear
interpolation and then optimized by content feature matching.
For every optimized fusion path, we compute the Lyapunov
spectrum

λ(α) = (λ1(α), λ2(α), λ3(α)).

We define the pairwise distance from four properties of the
resulting Lyapunov spectrum path. The end point gap is

Dend = ‖λ(1) − λ(0)‖2.

The barrier term measures deviation from the linear interpola-
tion between end point spectra,

Dbar = 〈‖λ(α) − [(1 − α)λ(0) + αλ(1)]‖2〉0<α<1.

The roughness term measures the second finite difference of
the spectrum path,

Drough = 〈‖λi+1 − 2λi + λi−1‖2〉i.
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Finally, the chaos loss term is the fraction of fusion weights
for which the Lyapunov computation fails or the largest Lya-
punov exponent is nonpositive.

Each component is converted to a percentile rank over all
evaluated pairs. The final NDTL-induced distance is

d (A, B) = 1
4 [r(Dend ) + r(Dbar ) + r(Drough ) + r(Dchaos)].

Small values of d (A, B) therefore indicate that two systems
have similar end point spectra, a smooth spectrum path, and
few losses of chaotic behavior during fusion.

Importantly, the induced similarity depends on the chosen
feature constraints. In the benchmark experiment, we use con-
tent features to define dynamical proximity based on content
feature fusion. Alternative choices of feature terms in the
objective can induce different similarity relations.

B. Classification of chaotic systems

The benchmark systems are selected from the chaotic sys-
tems database of Ref. [34]. The original benchmark contains
131 systems. After excluding time-delay systems and systems
incompatible with the present vector field representation, we
retain 52 three-dimensional continuous-time chaotic systems.
The selected systems and scripts for reproducing the analysis
are provided in the code repository described in the Data
Availability statement. For each system, an attractor box is
estimated from a representative trajectory. The box is then
affinely mapped to [0, 1]3, and the vector field is scaled so that
the mean vector norm on the 483 grid equals 5.0. Therefore,
the classification analysis compares normalized vector fields
rather than raw equations in their original coordinates.

Applying the construction above to every pair produces a
symmetric NDTL-induced dissimilarity matrix. Denoting its
entries by Di j , we convert this matrix into an affinity matrix
suitable for spectral clustering:

Wi j = exp

(
− D2

i j

2σ 2

)
,

where σ is the median of the nonzero pairwise distances
between distinct systems. Clustering labels are obtained from
this affinity matrix. The two-dimensional spectral embedding
used for visualization is also computed from the same affinity
matrix, but the clustering labels are not determined by the
two-dimensional display.

The embedding in Fig. 5 provides an exploratory classifi-
cation of the benchmark based on the behavior of generated
descendants. The Lorenz, Chen’s, and Lv’s systems occupy
nearby regions, with Chen and Lv forming a close pair, which
is consistent with the smooth Lyapunov spectrum paths ob-
served within the Lorenz-like family. In contrast, the Rössler
system, the Nosé-Hoover system, and several Sprott sys-
tems lie in relatively sparse or boundary regions, indicating
stronger spectral distortion or more frequent loss of chaos
during fusion with other systems. Accordingly, systems that
are close in the embedding tend to exhibit more continuous
Lyapunov spectrum changes under the present fusion pro-
tocol, whereas isolated systems more often yield distorted
spectra or lose chaos.

C. Comparison of spectral and hierarchical clustering

The NDTL-induced dissimilarity matrix is the primary ob-
ject in this classification, whereas spectral clustering is one
downstream partition of that matrix. We therefore compare
the spectral result with average-linkage hierarchical clustering
to examine which relations persist under a different clus-
tering scheme. For two clusters Ca and Cb, the hierarchical
distance is

d (Ca,Cb) = 1

|Ca||Cb|
∑
i∈Ca

∑
j∈Cb

d (i, j).

Figure 6 compares average-linkage hierarchical clustering
with the spectral clustering assignment. Both methods use
the same distance matrix. Hierarchical clustering preserves
the nested organization of the distance structure, whereas
spectral clustering emphasizes group structure in the affinity
graph. Their common groupings support the consistency of
the induced classification, while their differences reflect how
distinct clustering methods partition a continuous distance
structure.

The persistence of several groupings across cluster num-
bers and clustering schemes indicates that the organization is
carried by the NDTL-induced dissimilarities rather than by
a particular two-dimensional display. The resulting classifi-
cation therefore reflects the behavior of dynamics generated
along fusion paths between vector fields.

V. APPLICATIONS OF NDTL

We next demonstrate applications of systems created by
NDTL across multiple domains.

A. Application to the Hastings-Powell food chain model

We use the Hastings-Powell (HP) food chain model to test
whether a vector field generated by NDTL can be projected
back into an interpretable ecological model. The HP model
describes a resource P, a herbivore H , and a carnivore C [35],

Ṗ = P

(
1 − P

K

)
− uh(P)H,

Ḣ = H (uh(P) − dh) − uc(H )C,

Ċ = C(uc(H ) − dc),

where the saturating uptake functions are

uh(P) = αhP

γh + P
, uc(H ) = αcH

γc + H
.

Previous work on the HP model has shown that, for some spe-
cific parameter values, the model can exhibit stable, periodic,
and chaotic coexistence [35].

We select two systems with distinct dynamical proper-
ties as parent systems. The first system, with (αh, γh) =
(2.500, 0.500), converges to a coexistence equilibrium,
whereas in the second system, with (αh, γh) = (1.667, 0.333),
the three species persist on a chaotic attractor, as shown in
Figs. 7(a) and 7(b), respectively.

We fuse the two systems using their content features and
use symbolic regression to project the resulting vector field
onto the HP model family. At the fusion weight of αb = 0.50,
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FIG. 5. Two-dimensional spectral embedding of the NDTL-induced affinity matrix for the chaotic system benchmark. Each point represents
one system, and colors denote the seven clusters. Nearby points correspond to systems with lower NDTL-induced dissimilarities, whereas
isolated points have larger average dissimilarities from the rest of the benchmark.

FIG. 6. Comparison between hierarchical clustering and spectral clustering for the retained systems from the benchmark of chaotic
systems. Each row k = 2, . . . , 15 shows the average-linkage hierarchical clustering assignment for a chosen number of clusters, while the
bottom row shows the spectral clustering assignment with k = 7 on the same system ordering.
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FIG. 7. Ecological system creation in the Hastings-Powell food
chain model. (a) The first parent system converges to a coexistence
equilibrium. (b) The second parent system exhibits chaotic coexis-
tence of the three species. (c) The system generated by NDTL at
αb = 0.50 approaches a limit cycle after a transient phase. Thus,
NDTL creates persistent oscillatory coexistence among three species
from stable and chaotic ecological parents.

the projected system has αh = 2.0766 and γh = 0.4234. As
shown in Fig. 7(c), the fused system retains a similar eco-
logical interpretation to the parent systems: The abundances
of the three species are comparable to those of the parents,
and all three trophic levels coexist in the long term. However,
unlike either the coexistence equilibrium of the first parent
or the chaotic attractor of the second parent, after a transient
period, the three populations in the fused system converge
to a limit cycle. This experiment shows that, starting from
two ecological systems with different long-term behaviors,
NDTL can generate, through fusion, an interpretable oscil-
latory coexistence regime, rather than obtaining it through a
mechanical parameter scan. The training protocol, the projec-
tion procedure, validation over multiple initial conditions, and
Floquet analysis are given in Appendix F.

B. Application to the SEIRS epidemiological model

Here, we report an additional example involving an epi-
demiological model. This example uses the same feature
matching, vector field optimization, and regression pipeline,
but is not used in the classification benchmark.

We further explore the applicability of the NDTL to
integrate the Lorenz system with the susceptible exposed
infectious recovered susceptible (SEIRS) system, an epidemi-
ological model [36]. Here, the SEIRS system is described by

the equations:

Ṡ = −β
SI

N
+ δR, Ė = β

SI

N
− σE ,

İ = σE − γ I, Ṙ = γ I − δR, (1)

where S, E , I , and R represent the susceptible, exposed,
infectious, and recovered population sizes, respectively, and
N = S + E + I + R is the total population. The parameters
β, σ , γ , and δ denote the transmission rate, incubation rate,
recovery rate, and immunity waning rate, respectively.

We interpret the variables in the SEIRS system as fractions
of the total population, subject to the constraint S + E + I +
R = N = 1, thereby reducing the SEIRS system to an effec-
tive three-dimensional system. We fuse this SEIRS system
by matching its content feature with the style feature of the
Lorenz system. During optimization, we use the discretized
vector field corresponding to the first three dimensions of
the SEIRS model. In the regression procedure, to achieve a
sparser and more interpretable set of equations, we employ the
LASSO regression. However, due to the implicit dependence
on the variable R, the exact contribution of R within the
SEI equations cannot be directly inferred. Drawing on prior
epidemiological knowledge, specifically, that the exposed (E )
and infected (I) compartments generally do not arise directly
from the recovered compartment (R), we impose the assump-
tion that the dynamics governing E and I are independent
of R. With this assumption in place, we fix the style weight
associated with the Lorenz system and vary the content weight
of the SEIRS system, thereby obtaining interpretable epidemi-
ological models across a broad parameter range.

Specifically, the fused equations of the SEIRS and Lorenz
system are obtained via the LASSO regression as

Ṡ = f (S, E , I, R), Ė = κS − σ1E + β
SI

N
,

İ = σ2E − γ I + ξ
E2

N
, Ṙ = −Ṡ − Ė − İ, (2)

where the parameters β and γ retain their original epidemio-
logical interpretations from the SEIRS system (1). Compared
to the classical equations, this model introduces an additional
nonlinear infection term ξ E2

N in the infected compartment
equation, capturing potential secondary infection or superin-
fection effects at high exposure densities. The strength of this
nonlinear interaction is quantified by the parameter ξ . Addi-
tionally, the exposed compartment equation now includes an
extra linear source term κS, representing an influx into the
exposed class independent of direct infectious contact. These
modifications reflect more complex epidemic dynamics than
those accounted for in the classical formulation.

A fundamental metric in infectious disease epidemiology
is the basic reproduction number R0, defined as the average
number of secondary infections produced by a single infected
individual in a fully susceptible population, in the absence
of interventions [37]. For the classical system (1), this quan-
tity is directly given by R0 = β

γ
. In contrast, for the created

SEIRS system (2), although the ratio β

γ
no longer precisely

equals the overall basic reproduction number due to additional
flow terms and nonlinear infection effects, it still retains an
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FIG. 8. Fusion of the Lorenz system and SEIRS system under
varying optimization weights. (a) Index values β

γ
across different

feature weight ratios. (b) The trajectories of the newly created SEIRS
system at three representative fusion stages (from left to right:
αc
βs

� 10−2, = 105, and the initially trained SEIRS system). (c) Gov-
erning equations obtained via the LASSO regression.

important epidemiological interpretation. Specifically, the ra-
tio β

γ
characterizes the intrinsic balance between transmission

and recovery rates, representing the pathogen’s inherent po-
tential to spread under idealized conditions, namely, when
secondary infection effects and transitions involving exposed
states are negligible.

In Fig. 8, we show the representative results of the
system fusion experiments with the SEI initial conditions
(0.99, 0, 0.01). For αc

βs
� 10−2, the created system loses

the fundamental characteristics of the original SEIRS model
due to excessive interference from the Lorenz-style features.
Meanwhile, the absence of Lorenz content features prevents
the system from exhibiting chaotic dynamics. For ratios αc

βs

within the range 10−2 to 1011, the regression on the discretized
vector fields yields equations consistent with the equations in
Eq. (2). Moreover, as the proportion of Lorenz-style features
increases, the fused system gradually approaches scenarios
characterized by higher values of β

γ
.

C. Application to chaotic image encryption

Finally, we test whether a created chaotic system can be
used as a source in a standard image encryption procedure.
Chaotic trajectories are often used in permutation diffusion
encryption because they can generate deterministic but sen-
sitive key streams. We use the fused system generated in
Sec. III D by combining the content of the Lorenz system
with the style of Chen’s system as the chaotic source. Starting
from a fixed initial condition, its trajectory is converted into a
permutation sequence and an 8-bit diffusion mask. The image
is first permuted and then diffused twice; decryption applies
the inverse operations with the same key.

FIG. 9. Encrypted and decrypted images for the fused system
generated by combining the content of the Lorenz system with the
style of Chen’s system. The permutation diffusion procedure pro-
duces visually random ciphertext and reconstructs the original image
with the correct key.

Figure 9 shows the result for this fused system. The
encrypted image is visually indistinguishable from random
noise, while the correct key reconstructs the original image ex-
actly. Thus, the generated vector field is not only a dynamical
object for analysis but also a source that can drive a complete
downstream algorithm.

The quantitative indicators are also consistent with a
valid chaotic encryption source. The fused system gives ci-
pher entropy 7.999 325, adjacent pixel correlation 0.001 306,
NPCR 99.613%, UACI 33.448%, key NPCR 99.614%, and
an aggregate score 0.999 484. These values are close to the
standard targets for random-looking ciphertext and plaintext
or key sensitivity. Candidate selection, comparison with the
parent systems, and full image-level metrics are given in
Appendix G.

VI. CONCLUDING REMARKS

In this article, we introduce NDTL, a framework at the in-
terface of machine learning and dynamical systems theory for
creating dynamical systems that combine prescribed behav-
iors from multiple parents. In the Lorenz-like examples, the
generated systems exhibit systematic changes in several dy-
namical signatures, and the two feature representations have
empirically distinct effects within the present construction.
We further used Lyapunov spectrum trajectories along content
fusion paths to define a representation based on fusion path
dissimilarity and to obtain an unsupervised organization of a
subset of chaotic systems. Finally, applications to ecological
and epidemiological modeling and chaotic image encryption
demonstrate the broader applicability of NDTL.

In addition, the layerwise perturbation experiments in
Sec. III E indicate that features at different layers influ-
ence dynamical signatures with different magnitudes and, in
some cases, opposite effects, pointing to layerwise physical
interpretations. Leveraging this controllability for physics-
informed system design and modulation is a promising
direction for future work.

Finally, from a computational perspective, the CAE maps
discretized vector fields to a compact latent space, which miti-
gates the high ambient dimensionality. When one is willing to
assume a fixed parametric form a priori, directly optimizing
sparse equation parameters remains a viable and potentially
more efficient alternative.
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DATA AVAILABILITY

All the implementations described above are publicly
available and fully reproducible. The complete source code
can be accessed through the GitHub repository associated
with this study [38]. The data that support the findings of this
article are openly available.

APPENDIX A: NDTL ARCHITECTURE, TRAINING,
AND PREPROCESSING

To extract the low-dimensional structure from the 3D vec-
tor field, we employ a CAE, which comprises I, a nonlinear
encoder that compresses the input into a compact latent rep-
resentation, and D, a symmetric decoder that reconstructs the
original field from that representation.

1. Vector field preprocessing and hyperparameter configuration

As an illustrative example of the 3D system, let X :
[a, b]3 → R3 be a continuous vector field, sampled on a
uniform grid D×H×W to produce X ∈ R3×D×H×W , which
serves as the CAE input. We set D = H = W = 48 so that
each down-sampling stride divides the grid exactly; empirical
tests confirm that this resolution delivers adequate reconstruc-
tion quality.

The CAE encoder I consists of L = 3 strided 3D con-
volutions with channel widths c0 = 3 and ci = 2i × 64 for
i = 1, 2, 3. We set (ki, si, pi ) = (5, 3, 2), (3, 2, 1), (3, 2, 1)
for the kernel size, stride, and padding at layers i = 1, 2, 3.
The decoder D mirrors this structure using transposed convo-
lutions with the same {ki, si, pi}.

2. Encoder

Let Z (0) = X , and denoted by ni = 48∏i
j=1 s j

the spatial reso-

lution after layer i for i = 1, 2, 3. Then, each encoder layer Ii

performs as

Ii : Rci−1×n3
i−1 −→ Rci×n3

i ,

Z (i) 
−→ ReLU(Ki ∗ Z (i) + bi ) � Z (i+1),

where Ki ∈ Rci×ci−1×k3
i is the convolution kernel, bi ∈ Rci is

the bias, ∗ denotes 3D convolution with stride si and padding
pi, and ReLU(•) = max(0, •) is applied elementwise. The
bottleneck representation after L = 3 encoding layers is

Z (3) = (I3 ◦ I2 ◦ I1)(X ).

3. Decoder

Write Ẑ (3) = Z (3), each decoder layer Di performs as

Di : Rci×n3
i −→ Rci−1×n3

i−1 ,

Ẑ (i) 
−→ φi(K
′
i � Ẑ (i) + bi ) � Ẑ (i−1),

where K ′
i ∈ Rci−1×ci×k3

i is the transposed-convolution kernel,
b′

i ∈ Rci−1 is the bias, � denotes 3D transposed convolution
with stride si, padding pi, and output padding si − 1, φi =
ReLU for i > 1, and φ1 = Id (no activation) on the final layer.

The reconstruction is

X̂ = Ẑ (0) = (D1 ◦ D2 ◦ D3)(Ẑ (3) ).

4. Overall mapping

Compactly, the CAE implements

X̂ = (D1 ◦ D2 ◦ D3) ◦ (I3 ◦ I2 ◦ I1)(X ),

R3×483 → R3×483
.

5. Neural dynamical transfer learning framework

a. Training data generation and augmentation

As detailed above, each sampled field X ∈ R3×48×48×48

is reshaped to a PyTorch tensor of size (B, c0 = 3, D = 48,

H = 48,W = 48) before entering the CAE. To mitigate the
risk of overfitting due to the limited number of raw ODE
trajectories, we augment each sample by

(1) randomly perturbing the parameters of ordinary differ-
ential equation (ODE) by up to ±10%, or

(2) adding zero-mean Gaussian noise of standard devia-
tion 10−2.

These augmentations generate a rich dataset spanning both
parameter variations and noise realizations.

We further validate that the CAE model can compress
and reconstruct multiple models simultaneously. When pre-
training on up to five systems (Lorenz, Lv’s, Chen’s, the
Hastings-Powell food chain model, and SEIRS), training re-
mains stable and yields high-fidelity reconstructions in every
case.

b. CAE pretraining

As illustrated above, the composition

D ◦ I : R3×48×48×48 −→ R3×48×48×48

reconstructs an input field F as F̂ = D(I (F )). We learn the
CAE parameters θ by minimizing the mean-squared recon-
struction error:

LMSE(θ ) = 1

|B|
∑
F∈B

‖ F − D(I (F ))‖2
2

over mini batches B. Optimization is performed using the
Adam algorithm (initial learning rate 10−3), with early stop-
ping when the learning rate falls below 10−6 or after a fixed
maximum number of epochs.

c. Transfer learning formulation

After pretraining, the encoder I is fixed and used to extract
multilayer latent features. For any field F , let

F i = I i(F ) ∈ Rci×ni×ni×ni ,

for i = 1, 2, 3. Denoted by Fi, the output of the ith hidden
layer of I. We also define the corresponding Gram matrix as

G i(F ) = 1

ci n3
i

F i (F i )T ∈ Rci×ci ,

which encodes style information via channelwise correlations.
Given two parent systems A and B with the tensor fields

FA and FB, we write F i
A , G i

A and F i
B , G i

B for their content and
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style features at layer i. We seek a fused field F̂ whose latent
features F̂ i = I i(F̂ ) and whose Gram matrices Ĝ i = G i(F̂ )
satisfy F̂ i ≈ F i

A , Ĝ i ≈ G i
B. This is achieved by minimizing

the objective function

Lcs(F̂ ) =
Nl∑

i=1

(
αi

c

∥∥F̂ i − F i
A

∥∥
2 + β i

s

∥∥Ĝ i − G i
B

∥∥
2

)
,

with respect to F̂ . Here, αi
c, β

i
s are non-negative weights bal-

ancing content and style at each layer. The optimization is
carried out by the gradient descent (Adam, initial learning
rate 0.1), terminating as L falls below a prescribed threshold
(e.g., 10−6).

For clarity of presentation, in the main text we describe
the fusion task in the canonical setting where the content of
system A is combined with the style of system B. More gen-
erally, different fusion schemes can be realized by combining
different terms in the optimization objective. For example,

Lcc(F̂ ) =
Nl∑

i=1

(
αi

c

∥∥F̂ i − F i
A

∥∥
2 + β i

c

∥∥F̂ i − F i
B

∥∥
2

)
corresponds to the setting used in our experiments, where the
fused field F̂ is guided by content features extracted from
system A and system B. This objective is adopted in fusion
of the Lorenz system and Lv’s system, the Hastings-Powell
food chain experiment, and the classification induced by fu-
sion using content features. More broadly, the same procedure
generalizes naturally to fusing more than two parent systems
by including additional content and/or style features in L(F̂ ),
with the corresponding weights controlling the relative contri-
butions of each parent.

6. Coordinate and speed normalization

a. Affine rescaling of phase-space regions

Different dynamical systems may have attractors supported
on distinct subsets of Rn. To bring all systems into a common
domain and enable their fusion, we apply an axis-aligned
affine map T . Under the action of T , any vector field sampled
on

∏n
i=1[ai, bi] is rescaled into the unit cube [0, 1]n.

In our experiments where n = 3, we compute ai and bi as
the observational minimum and maximum over the training
trajectories for each coordinate, and then apply T to every
sample.

In what follows, we present the general transformation
formula and then explicitly illustrate it using the classical
Lorenz system.

Consider an n-dimensional ODE:

ẋ = F(x), x ∈
n∏

i=1

[ai, bi],

and define a = (a1, . . . , an)� and b = (b1, . . . , bn)�. We de-
fine the affine map by

T : Rn → Rn, T (x) = D (x − a) + a′,

with D = diag( b′
i−a′

i
bi−ai

)n
i=1 and a′ = (a′

1, . . . , a′
n)�, which car-

ries
∏n

i=1[ai, bi] onto
∏n

i=1[a′
i, b′

i]. Setting y = T (x) yields the
transformed ODEs:

ẏ = D F(D−1(y − a′) + a).

This transformation ensures the attractor region is accurately
mapped into the desired region.

We demonstrate the above method explicitly for the Lorenz
system:

ẋ = σ (y − x),

ẏ = x(ρ − z) − y,

ż = xy − βz,

with the standard parameters σ = 10, ρ = 28, and β = 8
3 .

Its attractor typically resides in the region: [−25, 25] ×
[−25, 25] × [0, 50]. We aim to map this attractor into the
unit cube [0, 1]3. Consider the transformation: X = x+25

50 ,

Y = y+25
50 , and Z = z

50 . The inverse transformation is x =
50X − 25, y = 50Y − 25, and z = 50Z . The Lorenz system
under the new coordinates (X,Y, Z ) becomes

Ẋ = 10(Y − X ),

Ẏ = (X − 0.5)(28 − 50Z ) − (Y − 0.5),

Ż = 50(X − 0.5)(Y − 0.5) − 8
3 Z.

Thus, the attractor of the Lorenz system is now embedded
within the unit cube [0, 1]3.

b. System speed normalization

In the phase-space region of interest, different dynamical
systems typically evolve with different average speeds, which
is reflected in the discretized vector fields through the overall
magnitude of the sampled vectors. In the fusion procedure, if
the two parent systems have substantially different vector field
norms, the optimization may be biased toward the faster sys-
tem, causing the fused dynamics to appear disproportionately
similar to the parent with larger speed. When necessary, we
mitigate this effect by applying a speed normalization to the
discretized vector fields prior to feature extraction and fusion,
thereby reducing trivial dominance due to scale differences.

Specifically, given a system ẋ = f (x) and a prescribed
phase-space box B, we estimate its average speed as the
empirical mean of ‖ f (x)‖ over sampled states x ∈ B. Sam-
pling is performed either on an equispaced Cartesian grid
(with nper-axis points per dimension) or by uniform random
sampling (with nsamples points), and the speed is computed
using either the �2 norm or the �1 norm. Denoting the resulting
estimate by vavg ≈ Ex∈B[‖ f (x)‖], we rescale the system by
multiplying all coefficients in the governing equations by a
single factor s = vtarget/vavg, where vtarget > 0 is a prescribed
reference speed. This operation produces a new vector field
fscaled(x) = s f (x), equivalently, a uniform time rescaling of
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TABLE II. Transformation-induced discrepancies of the input-
level content tensor and Gram representation. Both measures are
dimensionless; smaller values indicate greater stability under the
specified transformation.

System Transformation δpoint δGram

Lorenz Time reversal 4.000 0.000
Lorenz Coordinate exchange x ↔ y 1.033 2.76×10−31

Lorenz Reflection x 
→ −x 12.543 0.115
Lorenz Rotation Rz(30◦) 1.734 0.119

Chen Time reversal 4.000 0.000
Chen Coordinate exchange x ↔ y 3.670 4.61×10−31

Chen Reflection x 
→ −x 8.804 0.695
Chen Rotation Rz(30◦) 1.852 0.270

Lv Time reversal 4.000 0.000
Lv Coordinate exchange x ↔ y 3.588 4.16×10−30

Lv Reflection x 
→ −x 8.223 0.654
Lv Rotation Rz(30◦) 1.932 0.275

Rössler Time reversal 4.000 0.000
Rössler Coordinate exchange x ↔ y 1.073 7.42×10−26

Rössler Reflection x 
→ −x 7.989 0.258
Rössler Rotation Rz(30◦) 0.336 0.0856

the dynamics, and ensures that the average speed within the
region of interest matches vtarget.

In our implementation, we first apply the phase-space
normalization described in Appendix A 6 to map the parent
attractors into B = [0, 1]n, and then perform the above speed
normalization on this common domain.

APPENDIX B: TRANSFORMATION PROPERTIES
OF CONTENT AND STYLE FEATURES

We evaluate how the input-level content tensor and Gram
representation respond to physically meaningful transforma-
tions applied at the ODE level. For each rescaled baseline
system (ẋ = f (x), x = (x, y, z)), the vector field is sampled
on a fixed grid to obtain V ∈ RD×H×W ×3. We then apply time
reversal ( f 
→ − f ), coordinate exchange (x ↔ y), reflection
(x 
→ −x), and rotational conjugacy about the z axis.

The normalized pointwise discrepancy, denoted by δpoint, is
the mean-squared difference between V and the transformed
tensor VT , normalized by E‖V ‖2. The Gram discrepancy,
δGram, is the mean-squared difference between their Gram
matrices after channelwise standardization removes pure scale
effects. For coordinate exchange, the corresponding channel
permutation is aligned before comparison so that the reported
discrepancy does not arise solely from renaming the vector
field components.

Table II shows that time reversal produces a large point-
wise change while leaving the Gram representation exactly
unchanged. Coordinate exchange likewise yields a vanishing
Gram discrepancy after channel alignment. Reflection and ro-
tation do alter the Gram representation, but less than they alter
the pointwise tensor for all four systems considered. Overall,
the Gram representation is invariant under time reversal and
coordinate exchange after channel alignment, and remains

comparatively stable under reflection and rotation for the four
systems considered.

APPENDIX C: CLOSED-FORM RECOVERY
AND DYNAMICAL ANALYSIS

1. Regression techniques for closed-form vector field recovery

To recover a closed-form representation of the underlying
vector field from a discrete vector field, we employ the regres-
sion technique inspired by Wang et al. [4,5]. Denoted by

f =

⎛
⎜⎝ f (x1)�

...

f (xN )�

⎞
⎟⎠ ∈ RN×d ,

the collection of observational velocity vectors at N grid
points x j ∈ Rd . We build a dictionary of p candidate basis
functions {ϕk (x)}p

k=1 (e.g., monomials up to second-order,
plus problem-specific nonlinear terms), and assemble the de-
sign matrix as

X =

⎛
⎜⎜⎝

ϕ1(x1) ϕ2(x1) · · · ϕp(x1)
ϕ1(x2) ϕ2(x2) · · · ϕp(x2)

...
...

...

ϕ1(xN ) ϕ2(xN ) · · · ϕp(xN )

⎞
⎟⎟⎠ ∈ RN×p.

We seek the coefficient matrix � ∈ Rp×d satisfying

f = X � + ε,

where ε denotes the residual.

a. General regularized regression

We fit � by solving the convex program

�̂ = arg min
�

‖f − X�‖2
F︸ ︷︷ ︸

data fidelity

+ λR(�)︸ ︷︷ ︸
regularization

,

where ‖ · ‖F is the Frobenius norm, λ � 0 is a tuning param-
eter, and

R(�) =

⎧⎪⎪⎨
⎪⎪⎩

0, (linear),

‖�‖1,1 = ∑
k,� |�k�|, (LASSO),

‖�‖2
F , (ridge).

In practice, we also allow an optional binary mask M ∈
{0, 1}p×d to enforce known sparsity patterns by replacing X
with X � M or zeroing out disallowed entries of � after each
iteration.

The optimization result �̂ defines the closed-form vector
field approximation f̂ (x) = ∑p

k=1 �̂k,: ϕk (x).

b. System-specific basis and regression method

Experiments indicate that the system reconstructed via
linear regression more faithfully preserves the geometric
structure of the parent system—its attractor is retained with
high fidelity. However, a large number of nonlinear terms
undermines the interpretability of the resulting vector field.
In contrast, the system obtained by the LASSO regression
captures only the most critical nonlinear terms, yielding a
vector field with greater physical significance. Specifically,
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the dictionary of the basis functions and the regression meth-
ods used in the experiments reported in the main text are as
follows.

(1) Fusion among Lorenz-like system and classification
induced by fusion using content features:

(a) Basis: all monomials of total degree � 2,
(b) Regression mode: linear (λ = 0);

(2) Ecological creation in the Hastings-Powell food chain
model:

(a) Model family: the Hastings-Powell food chain
equations in Appendix F,

(b) regression mode: constrained least squares after an
outer search over the two saturation parameters;
(3) Fusion of the SEIRS system and the Lorenz system:

(a) Basis: all monomials of total degree � 2,
(b) Regression mode: LASSO (R(�) = ‖�‖1,1), with

λ chosen by cross validation.

2. Numerical evaluation of dynamical signatures

Below, we describe the numerical procedures used to com-
pute the dynamical signatures reported in the main text.

a. The Lyapunov spectrum

To compute the Lyapunov spectrum for an ODE ẋ = f (x),
we generate a trajectory {xk}T

k=0 from a prescribed initial
condition using a fixed time step 
t = h (after optionally
omitting an initial transient). Along this trajectory, we esti-
mate the Jacobian Jk = ∇ f (xk ) by finite differences applied
to the right-hand side f . We then evolve an orthonormal
basis Uk ∈ Rd×d of the tangent space using a backward-Euler
discretization of the variational equation,

Uk+1 = (I − Jk
t )−1Uk,

followed by a QR decomposition Uk+1 = QkRk , where Qk is
orthogonal and Rk is upper triangular. The logarithms of the
absolute diagonal entries of Rk are accumulated over time, and
the Lyapunov exponents are obtained as time-averaged growth
rates,

λ j ≈ 1

T 
t

T∑
k=1

ln |(Rk ) j j |, j = 1, . . . , d,

with the resulting spectrum reported in decreasing order. In
practice, the iteration is terminated either after a prescribed
trajectory length or when the QR updates become numerically
uninformative according to a stopping heuristic based on tol-
erance.

b. The Kaplan-Yorke dimension

The Kaplan-Yorke dimension is computed directly from
the Lyapunov spectrum {λi}d

i=1, sorted in decreasing order
λ1 � λ2 � · · · � λd . Let Sk = ∑k

i=1 λi be the cumulative
sum. We identify the largest index j such that Sj � 0 (if
no such index exists, we set DKY = 0). The Kaplan-Yorke
dimension is then given by

DKY = j + S j

|λ j+1| ,

with a small numerical constant added in the denomina-
tor to avoid division by zero. In implementation, when the
cumulative sum does not cross zero within the available spec-
trum (which can indicate ill-posedness or undersampling), we
cap j � d − 2 to ensure λ j+1 is defined.

c. The intrinsic dimension

We estimate the intrinsic dimension of the attractor from
the trajectory point cloud using the two-nearest-neighbor
(TwoNN) estimator, with an implementation adapted from
the open-source codebase associated with Ref. [34]. Given
a simulated trajectory {xt }, we first discard an initial tran-
sient and optionally downsample by taking xt with a fixed
stride, yielding a point set X = {xn}N

n=1 ⊂ Rd (with N � 20
for numerical stability). For each point xn, we compute the
Euclidean distances r1(xn) and r2(xn) to its first and sec-
ond nearest neighbors, respectively, and form the ratio μn =
r2(xn)/r1(xn). For time series, we employ a Theiler window
w to mitigate temporal correlations: When selecting near-
est neighbors for xn, we exclude candidate points xm with
|m − n| � w, so that r1(xn) and r2(xn) are computed from
spatial neighbors rather than trivially adjacent samples along
the trajectory. The intrinsic dimension is then estimated by

DID =
(

1

M

M∑
n=1

ln μn

)−1

= M∑M
n=1 ln μn

,

where the sum is taken over the M valid samples with finite
μn > 1. Nearest-neighbor queries are performed via exact
k-NN search (and optionally via approximate search for accel-
eration), and we record failures when no valid neighbor pairs
remain after Theiler exclusion.

d. The invariant measure statistics

To quantify how closely a created system matches a ref-
erence system in terms of invariant measure statistics, we
approximate the invariant measure by the empirical distribu-
tion of long-time trajectory samples and compute a divergence
between the resulting distributions. For each system and each
prescribed initial condition, we simulate trajectories over
a fixed time window with step size 
t , discard an initial
transient by removing samples with t < ttr , and retain the
remaining point cloud in phase space. For an n-dimensional
system, we construct a common n-dimensional histogram on

FIG. 10. Bifurcation diagrams of (a) the classical Lorenz system
and (b) the fused system.
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FIG. 11. Fusion results for the Lorenz and Chen’s systems as the
content weights change. Initial point used in numerical evaluation is
(0.3, 0.3, 0.5). Panels (a)–(d) have the same meanings as in Fig. 2.

a shared bounding box B ⊂ Rn. In practice, since all systems
are first normalized as described in Appendix A 6, we take
B = [0, 1]n for divergence computations.

We discretize each coordinate axis of B into B equal-width
bins, yielding an n-dimensional histogram with Bn cells. This
produces discrete probability masses P and Q after adding a
small ε to each cell for numerical stability and normalizing
to unit sum. We report either the Kullback-Leibler divergence
KL(P‖Q) = ∑

P ln(P/Q) or the symmetric Jensen-Shannon
divergence

JS(P, Q) = 1
2 KL(P‖M ) + 1

2 KL(Q‖M ), M = 1
2 (P + Q),

which is numerically more stable. Divergences are computed
independently for multiple initial conditions and summarized
by their mean (and standard deviation) across initializations.

e. Power spectral density

The power spectral density (PSD) is computed to analyze
the frequency domain properties of dynamical systems [39].
Given a numerical solution of the ODEs, we first generate a
time series x(ti ) sampled uniformly with time step 
t . The
discrete Fourier transform (DFT) of the series is then com-
puted as

X ( f ) =
N−1∑
k=0

x(tk )e−2π i f tk , f ∈ [0, fNyquist],

where fNyquist = 1
2
t is the Nyquist frequency. The PSD is ob-

tained as the magnitude squared of the DFT: P( f ) = |X ( f )|2.
We retain only positive frequencies to interpret physical
phenomena clearly. Such spectral analysis enables identifica-

FIG. 12. Fusion results for the Lorenz and Halvorsen systems as
the content weights change. Initial point used in numerical evaluation
is (0.1, 0.2, 0.8). Panels (a)–(d) have the same meanings as in Fig. 2.

FIG. 13. Fusion results for the Lorenz and Nosé-Hoover systems
as the content weights change. Initial point used in numerical evalu-
ation is (0.1, 0.2, 0.8). Panels (a)–(d) have the same meanings as in
Fig. 2.

tion of characteristic frequencies and detection of dynamical
regimes within the system.

3. Dynamical analysis of generated closed-form systems

Our pipeline performs symbolic regression or model fam-
ily projection after optimizing the discretized vector field.
This step yields a closed-form vector field, which allows
standard dynamical analysis to be carried out on the created
systems. We first compare bifurcation behavior for a gen-
erated Lorenz-like system. We then analyze equilibria and
stability for one representative member of the SEIRS and
Lorenz fusion family described in Sec. V B and for a fused
system created from the Nosé-Hoover and Rucklidge systems.

a. Bifurcation diagram analysis

To compare bifurcation behavior, we consider the classical
Lorenz system and the system obtained by fusing the content
feature of the Lorenz and Lv’s system at fusion parameter

αc
αc+βc

= 0.5. For a consistent comparison with the classical
Lorenz system, we choose as the bifurcation parameter of the
fused system the coefficient μ of the linear x term in its second
equation, i.e., the term playing the role analogous to ρx in the
Lorenz system. For both systems, the bifurcation diagrams
are constructed from the same Poincaré section x − y = 0,
recording only crossings from x − y < 0 to x − y > 0 and
plotting the corresponding y coordinates. As shown in Fig. 10,
the two diagrams differ clearly over most of the parameter
range and are only similar in a limited regime.

FIG. 14. Fusion results for Lv’s and the Rössler systems as the
content weights change. Initial point used in numerical evaluation is
(0.3, 0.3, 0.5). Panels (a)–(d) have the same meanings as in Fig. 2.
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FIG. 15. Fusion results for the Hadley and Halvorsen systems as
the content weights change. Initial point used in numerical evaluation
is (0.1, 0.2, 0.8). Panels (a)–(d) have the same meanings as in Fig. 2.

b. A representative SEIRS and Lorenz fusion

A fused epidemiological model obtained by fusing the con-
tent of an SEIRS system with the style of the Lorenz system
and then applying LASSO regression takes the form

Ṡ = 0.15R − 0.9SI, Ė = −0.1E + 0.9SI,

İ = 0.1E − 0.2I, Ṙ = 0.2I − 0.15R,

together with the conserved total population S + E + I +
R = 1. Since the right-hand sides are polynomials, the vector
field is locally Lipschitz continuous. The system has two
equilibria: the disease-free equilibrium (DFE) (S, E , I, R) =
(1, 0, 0, 0) and an endemic equilibrium (EE)

(S∗, E∗, I∗, R∗) = (
2
9 , 14

39 , 7
39 , 28

117

)
.

Linearization at the DFE together with the next-generation
matrix method yields R0 = 4.5 > 1, indicating instability of
the DFE. At the EE, the nonzero Jacobian eigenvalues satisfy

λ3 + 0.611 54λ2 + 0.117 693λ + 0.010 5001 = 0,

which, by the Routh-Hurwitz criterion, has all roots with
negative real parts; hence, the EE is locally asymptotically
stable.

c. A representative Nosé-Hoover and Rucklidge fusion

The system obtained by fusing the content of the Nosé-
Hoover and Rucklidge systems and then applying linear
regression is

ẋ = −4.389 − 0.77x + 10.221y + 5.936z + 0.355x2

− 0.185xy − 0.256xz − 1.664y2 − 12.071yz + 0.103z2,

ẏ = 9.655 − 3.441x − 15.424y − 15.762z − 0.104x2

+ 0.178xy + 0.136xz − 0.602y2 + 31.415yz − 0.149z2,

ż = −4.566 + 0.218x + 20.505y − 1.011z + 0.364x2

+ 0.125xy − 0.418xz − 20.319y2 − 0.146yz + 0.984z2,

where (x, y, z) ∈ R3. The right-hand sides are quadratic
polynomials and hence continuously differentiable on R3;
consequently, the vector field is locally Lipschitz on any
compact domain. A direct computation of the divergence of
F = (ẋ, ẏ, ż) yields

∇ · F = ∂ ẋ

∂x
+ ∂ ẏ

∂y
+ ∂ ż

∂z
= −17.205 + 0.47x−1.535y+33.127z,

which is not identically zero and depends on the state vari-
ables, indicating that the system is not conservative in general.
We compute the Lyapunov spectrum using the QR-based
algorithm described in Appendix C along a numerically in-
tegrated trajectory. For the initial condition (x0, y0, z0) =
(0.3, 0.3, 0.5), we obtain

(λ1, λ2, λ3) ≈ (0.2360, −0.2960, −0.7950),

where λ1 > 0 provides numerical evidence of chaotic dynam-
ics. Moreover,

λ1 + λ2 + λ3 ≈ −0.8549 < 0,

which indicates average phase-space volume contraction
along this trajectory and is consistent with dissipative behav-
ior.

We further compute equilibrium points by solving
F(x, y, z) = 0 and obtain four real equilibria (Newton refined;
‖F(x∗, y∗, z∗)‖ � 10−14 in double precision):

Equilibrium x∗ y∗ z∗

E1 7.765 915 684 −0.619 136 530 −0.436 383 769
E2 0.605 638 724 0.656 065 581 0.572 651 667
E3 0.269 388 119 0.370 912 522 0.702 402 061
E4 7.484 826 042 1.493 687 675 1.386 092 068

Let F(x, y, z) = (ẋ, ẏ, ż)� and J = ∇F. Then,

J (x, y, z)

=
⎛
⎝ −0.77 + 0.71x − 0.185y − 0.256z 10.221 − 0.185x − 3.328y − 12.071z 5.936 − 0.256x − 12.071y + 0.206z
−3.441 − 0.208x + 0.178y + 0.136z −15.424 + 0.178x − 1.204y + 31.415z −15.762 + 0.136x + 31.415y − 0.298z
0.218 + 0.728x + 0.125y − 0.418z 20.505 + 0.125x − 40.638y − 0.146z −1.011 − 0.418x − 0.146y + 1.968z

⎞
⎠.
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FIG. 16. Fusion results for the Nosé-Hoover and Rucklidge sys-
tems as the content weights change. Initial point used in numerical
evaluation is (0.3, 0.3, 0.5). Panels (a)–(d) have the same meanings
as in Fig. 2.

Evaluating J at each real equilibrium yields the following
eigenvalues (rounded to four decimals):

σ (J (E1)) ≈ { 2.3822, −14.7214 ± 37.8870 i },
σ (J (E2)) ≈ { −1.5430, 1.2929 ± 5.8862 i },
σ (J (E3)) ≈ { −1.5635, 3.5921 ± 4.3025 i },
σ (J (E4)) ≈ { 1.7325, 14.1023 ± 32.8109 i }.

Hence, each equilibrium has at least one eigenvalue with
�(λ) > 0, and therefore all real equilibria are unstable. Over-
all, this fused system is dissipative, has unstable equilibria,
and exhibits chaotic behavior, consistent with the numerical
results.

APPENDIX D: FUSION RESULTS ACROSS CANONICAL
CHAOTIC SYSTEMS

We perform fusions using content features over a col-
lection of canonical chaotic systems, including the Lorenz,
Chen’s, Lv’s, Rössler, Hadley, Halvorsen, Nosé-Hoover, and
Rucklidge systems. The system definitions and their standard
parameter settings are taken from the compilation in Ref. [34].
In addition to the experimental results shown in Fig. 2, the
other fusion results are summarized in Figs. 11–16.

Here, entries marked as NA indicate cases where the
corresponding trajectory exhibits finite-time blow-up. By in-
specting the Lyapunov spectrum together with the divergence
between the invariant measure distributions of the fused and

FIG. 17. Schematic of feature-space fusion from a manifold
perspective. (a) Fusion between relatively similar parent systems.
(b) Fusion between dissimilar parent systems. The illustration is
conceptual and does not represent an explicitly identified latent
manifold.

reference systems, we find that certain fusion settings yield
nontrivial dynamics and, in particular, create new chaotic
systems. Additional experiments can be reproduced using the
code repository described in the Data Availability statement.

Since our fusion procedure operates in the low-
dimensional feature space learned by the CAE, it is useful
to view feature extraction and fusion from a manifold per-
spective. The discretized vector field tensors are structured
high-dimensional objects, and this structure motivates the use
of a CAE to obtain compact latent representations. This inter-
pretation is intended only as a conceptual picture: We do not
explicitly identify a latent manifold or assume that every fused
field remains on one.

Within this picture, fusion between relatively similar par-
ents may remain closer to the region represented by the
training data, whereas fusion between dissimilar parents may
leave that region and yield trivial dynamics or finite-time
blow-up. The two possibilities are illustrated schematically in
Fig. 17. They offer a qualitative way to describe outcomes
observed in the fusion experiments, rather than a formal geo-
metric criterion for system similarity.

APPENDIX E: DISSIMILARITY MATRICES
AND SPECTRAL EMBEDDINGS

The reordered distance matrix in Fig. 18 displays the
pairwise structure used by the clustering procedure. Blocks
of lower dissimilarity correspond to groups whose members
admit comparatively continuous fusion paths, whereas larger
intergroup values indicate stronger disruption of the gen-
erated dynamics. Figure 19 gives a direct visualization of
a 20-system subset, while Fig. 20 provides a complemen-
tary three-dimensional view of the full spectral embedding
reported in the main text.

APPENDIX F: ECOLOGICAL CREATION IN THE
HASTINGS-POWELL FOOD CHAIN MODEL

This Appendix provides the technical details for the HP
food chain experiment reported in the main text. The goal is to
test whether NDTL can create a new persistent three-species
ecological module from two parent food chain systems with
distinct long-time dynamics.

a. HP model family

We consider a three-species food chain consisting of a
plant or resource species P, an herbivore H , and a carnivore
C. In ecological coordinates, the vector field is written as

Ṗ = P

(
1 − P

K

)
− uh(P)H,

Ḣ = H (uh(P) − dh) − uc(H )C, (F1)

Ċ = C(uc(H ) − dc),

where the two saturating uptake functions are

uh(P) = αhβhP

γh + P
, uc(H ) = αcβcH

γc + H
. (F2)

In the parametrization used here, βh = βc = 1. The original
HP notation writes the herbivore uptake as a1P/(1 + b1P),
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FIG. 18. Reordered NDTL-induced dissimilarity matrix for the 52 retained systems. The ordering and color strip indicate the spectral
clustering labels obtained after applying a radial basis function kernel to the pairwise dissimilarities.

FIG. 19. Spectral clustering of a 20-system subset using the
NDTL-induced distance. This visualization shows that the distance
obtained from content feature fusion organizes canonical chaotic
systems into coherent groups.

FIG. 20. Three-dimensional visualization of the spectral embed-
ding shown in the main text. The surface height is U = − ln of
the mean radial basis function affinity, and colors denote the seven
spectral clusters.
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TABLE III. HP parent systems used in the ecological system
creation experiment.

Parent b1 αh αc γh γc dh dc

Stable 2.0 2.500 0.050 0.500 0.500 0.400 0.010
Periodic 2.3 2.174 0.050 0.435 0.500 0.400 0.010
Chaotic 3.0 1.667 0.050 0.333 0.500 0.400 0.010

which corresponds to γh = 1/b1 and αh = a1/b1 in Eq. (F2).
With a1 = 5, the parent systems used in the experiments are
listed in Table III.

b. Training and fusion protocol

The main HP experiments use the fixed ecological domain

[0, 2] × [0, 2] × [0, 15].

Each parent vector field is sampled on a 643 grid. For each
parent pair, we train a separate CAE rather than reusing a
checkpoint trained on Lorenz-like systems. The training set
is augmented by parent vector field samples, 10% multiplica-
tive parameter perturbations, and Gaussian tensor noise with
standard deviation 0.002. Content feature fusion is performed
at

αb ∈ {0.00, 0.25, 0.50, 0.75, 1.00},
where αb = 0 and αb = 1 correspond to the two parent end
points. The fused tensor field is evaluated by trilinear interpo-
lation in ecological coordinates.

To obtain a mechanistically interpretable ecological mod-
ule, we project the fused vector field back onto the HP model
family in Eqs. (F1) and (F2). This projection is obtained by fit-
ting the saturation profiles: the outer search is performed over
(γh, γc), and the remaining positive coefficients are estimated
by constrained least squares. We report both the raw fused
NDTL tensor field and the projected system in the HP model
family, but the main text’s ecological conclusion is based on
the projected system.

c. Stable to chaotic fusion

The stable to chaotic experiment fuses the stable HP par-
ent with the chaotic HP parent. Table IV summarizes the
single initial condition evaluation. The midpoint αb = 0.50
is the main ecological creation result: It remains persistent,

exhibits a large number of carnivore peaks in the single initial
condition test, and can be projected back to the HP model
family with relative root mean square error (relative RMSE)
7.434×10−2. In the table, Pers. denotes persistence of all
three species, λmax is the largest Lyapunov exponent, Peaks
is the number of detected carnivore peaks, F. loss is the final
fusion loss, HP RMSE is the relative RMSE after projection
to the HP model family, and basis RMSE is the relative RMSE
obtained with the full basis used in the projection fit.

For the αb = 0.50 projected HP system, the fitted parame-
ters are

K̂ = 0.9992, α̂h = 2.0766, α̂c = 0.0510, γ̂h = 0.4234,

γ̂c = 0.5355, d̂h = 0.3991, d̂c = 0.009 68.

Thus, the effective HP saturation parameter is

beff
1 = 1

γ̂h
≈ 2.36,

which lies between the stable parent b1 = 2.0 and the chaotic
parent b1 = 3.0.

d. Multiple initial condition validation

We validate the αb = 0.50 stable to chaotic case using 27
initial conditions,

P0 ∈ {0.2, 0.5, 0.9}, H0 ∈ {0.05, 0.18, 0.36},
C0 ∈ {7.5, 9.5, 13.0}.

Each trajectory is integrated with dt = 0.05, 90 000 total
steps, and 20 000 kept steps after transient removal. The
results are summarized in Table V. In this table, Pers. and
Osc. give the numbers of persistent and oscillatory trajectories
among the 27 initial conditions. Med. denotes the median over
initial conditions, std. is the standard deviation of the retained
trajectory norm, and CV denotes the coefficient of variation
of carnivore peak intervals. Across CV is the coefficient of
variation of the mean peak interval across initial conditions.

The raw fused NDTL tensor field is persistent for most, but
not all, tested initial conditions. In contrast, the projected HP
system is persistent and oscillatory for all 27 initial conditions,

TABLE IV. Stable to chaotic HP fusion results on the fixed ecological domain.

αb Pers. λmax Peaks F. loss HP RMSE Basis RMSE α̂h γ̂h

0.00 � −4.907×10−2 0 0 3.245×10−8 3.002×10−8 2.500 0.500
0.25 � −3.865×10−1 0 2.778×10−1 5.280×10−2 5.275×10−2 2.288 0.464
0.50 � −1.376×10−2 467 3.705×10−1 7.434×10−2 7.429×10−2 2.077 0.423
0.75 � −4.518×10−1 0 2.784×10−1 1.107×10−1 1.105×10−1 1.864 0.377
1.00 � 1.090×10−2 7 0 3.732×10−7 1.850×10−7 1.667 0.333
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TABLE V. Multiple initial condition validation for the stable to chaotic αb = 0.50 case.

System Pers. Osc. Med. peaks Med. std. Med. CV Across CV

Stable exact 27/27 0/27 0 3.413×10−12 n/a n/a
Chaotic exact 27/27 27/27 22 9.044×10−1 3.910×10−1 2.873×10−2

Raw NDTL 23/27 7/27 0 n/a 5.003×10−1 2.153×10−1

Projected HP 27/27 27/27 15 2.706×10−1 3.839×10−4 2.543×10−5

with a very small across initial condition peak interval coef-
ficient of variation. This is why the main text emphasizes the
projected system in the HP model family as the interpretable
ecological creation result.

e. Floquet diagnostic

For the αb = 0.50 projected HP system, we further perform
a numerical Floquet check. The estimated period is

T = 65.1349,

with closure norm

3.438×10−4.

The absolute Floquet multipliers are

[0.9444, 1.425×10−13, 0.9984].

The multiplier close to one corresponds to the phase direction
of the periodic orbit, and the remaining transverse multipliers
are less than one in magnitude. This supports the interpreta-
tion of the projected αb = 0.50 HP system as a transversely
stable ecological limit cycle.

APPENDIX G: CHAOTIC IMAGE
ENCRYPTION BENCHMARK

To validate the usability of the generated dynamics in
downstream applications, we embed the fused system gen-
erated by combining the content of the Lorenz system with
the style of Chen’s system into a standard permutation diffu-
sion image encryption pipeline. In this pipeline, permutation
reorders pixel positions, and diffusion changes pixel inten-
sities using a mask generated from a chaotic trajectory. For

comparison, the parent systems Lorenz and Chen are also
evaluated under the same protocol. The encryption pipeline
performs image permutation followed by two-pass diffusion
using an 8-bit mask generated from the chaotic trajectory. All
systems are tested on three standard images: camera, moon,
and astronaut with size 512×512. The initial condition for
integration is set to [0.3, 0.3, 0.5], with dt = 0.01 and burn-in
of 1000 steps. Key perturbation is 1×10−14 for sensitivity
testing.

1. Benchmark metrics

Each system is evaluated on the following metrics:
(1) Cipher entropy measures the information content of

the ciphertext.
(2) Adjacent pixel correlation measures residual correla-

tion among neighboring pixels.
(3) NPCR and UACI denote the number of pixels change

rate and the unified average changing intensity, respectively,
and quantify sensitivity to plaintext changes.

(4) Key NPCR and Key UACI apply the same two metrics
after perturbing the initial condition.

(5) Aggregate score is computed as the mean of normal-
ized metrics.

2. Results

Table VI summarizes the benchmark results for the se-
lected fused system and its parent systems. The fused system
achieves the highest aggregate score among the three, while
Lorenz exhibits the lowest adjacent pixel correlation and
Chen performs well on selected images. This table provides
a complete comparison of system performance under the full
encryption protocol.

All systems produce visual noise like ciphertext and allow
exact reconstruction with the correct key. The selected fused
system therefore provides a usable chaotic source in the same
encryption pipeline as the parent systems.

TABLE VI. Chaotic image encryption benchmark for Lorenz, Chen, and the selected NDTL-generated fused system.

System Entropy Corr. NPCR UACI Key NPCR Key UACI Score

Lorenz 7.999 235 0.001 060 99.607 33.473 99.605 33.401 0.999 407
Chen 7.999 248 0.002 044 99.595 33.485 99.600 33.498 0.999 223
Fused 7.999 325 0.001 306 99.613 33.448 99.614 33.475 0.999 484
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