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Preparing ground states of strongly correlated quantum systems is a central goal in quantum simulation and
optimization. The feedback-based quantum algorithm (FALQON) provides an attractive alternative to variational
methods with a fully quantum feedback rule, but it fails in the presence of spectral degeneracies, where the
feedback signal collapses and the evolution cannot reach the ground state. Using the Fermi-Hubbard model on
lattices up to 3 x 3, we show that this breakdown appears at half filling on the 2 x 2 lattice and extends to both half-
filled and doped configurations on the 3x3 lattice. We then introduce an imaginary-time-enhanced FALQON
(iIFALQON) scheme, which inserts short imaginary-time evolution steps into the feedback loop. This proposed
method suppresses excited-state components, escapes degenerate subspaces, restores monotonic energy descent,
and improves ground-state convergence across the tested fillings. We further benchmark its performance against
existing methods, showing improved results for IFALQON, demonstrating the potential of hybrid real-imaginary-
time feedback dynamics for ground-state preparation in strongly correlated quantum systems.
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I. INTRODUCTION

Preparing ground states of strongly correlated quantum
systems is a central task in quantum chemistry, condensed-
matter physics, and quantum information science [1,2]. Hy-
brid quantum-classical approaches, e.g., variational quantum
eigensolver (VQE) [3] and quantum approximate optimiza-
tion algorithm (QAOA) [4], have been widely explored for
this purpose. However, their performance is tied to high-
dimensional classical parameter optimization and problem-
specific ansidtze, which become increasingly fragile under
barren plateaus, noise accumulation, and expressibility con-
straints [5,6]. These limitations motivate a different paradigm,
i.e., feedback-driven quantum optimization schemes in which
all control parameters are generated intrinsically by the quan-
tum dynamics.

The feedback-based algorithm for quantum optimization
(FALQON) [7] exemplifies this paradigm. Instead of mini-
mizing a classical loss landscape, FALQON directly embeds
a Lyapunov-style feedback [8] into the Hamiltonian evolu-
tion, H(t) = H, + B(t)H;, where the control field B(¢) is
determined from the commutator signal A(¢) = i([Hy, H)]),
to enforce a monotonic decrease of the cost function C(r) =
(Hp): [8,9]. Recent applications demonstrate that FALQON
can efficiently prepare ground states of spin systems,

“Contact author: ho.bin.le.e3 @tohoku.ac.jp

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2026/8(4)/043121(10)

043121-1

molecular Hamiltonians, and fermionic lattice models in non-
degenerate regimes [7,10-12].

Compared with variational approaches such as VQE [3],
ADAPT-VQE [13], or QAOA [4], FALQON requires no clas-
sical parameter optimization and no problem-specific ansitze
design, which avoids well-known challenges including barren
plateaus, optimizer instability, and limited expressibility [6].
Existing studies have largely addressed nondegenerate Hamil-
tonians, and the behavior of feedback-driven optimization in
spectrally degenerate regimes remains unexplored.

In this work, we identify a structural failure of FALQON
when applied to systems with degenerate spectra, using the
Fermi-Hubbard (FH) model as a controlled test bed [14].
Across multiple lattice sizes up to 3x 3, we find that FALQON
converges reliably in doped configurations but consistently
stalls at half filling, where particle-hole symmetry generates
degenerate manifolds of low-lying states. When the energy
trajectory encounters such a manifold, the commutator signal
A(t) becomes strongly suppressed, resulting in feedback am-
plitudes B(¢) that oscillate weakly around zero. These nearly
vanishing controls are insufficient to induce further transitions
and the energy E(¢) = (H,), becomes trapped above the true
ground state.

To resolve this obstruction, we introduce an imaginary-
time-enhanced variant [15,16], iFALQON, in which short
imaginary-time evolution (ITE) steps generated by H, are
periodically inserted into the feedback loop. Imaginary-
time propagation effectively damps excited-state components
[15-21] while preserving the Lyapunov-based descent struc-
ture, allowing the dynamics to escape degenerate subspaces
and continue toward the ground state. We provide a conver-
gence analysis for the scheme and benchmark its performance
on FH lattices up to 3 x 3, showing monotonic energy descent

Published by the American Physical Society


https://orcid.org/0009-0006-3593-6222
https://orcid.org/0000-0002-1806-7401
https://orcid.org/0000-0002-8816-4450
https://ror.org/05jfbgm49
https://ror.org/00waaqh38
https://ror.org/01dq60k83
https://ror.org/01dq60k83
https://crossmark.crossref.org/dialog/?doi=10.1103/cbcv-fnm2&domain=pdf&date_stamp=2026-11-02
https://doi.org/10.1103/cbcv-fnm2
https://creativecommons.org/licenses/by/4.0/

VAN LONG, TRAN, AND HO

PHYSICAL REVIEW RESEARCH 8, 043121 (2026)

and high-fidelity ground-state preparation across all fillings
within shallow simulation time step. These results demon-
strate that IFALQON provides an effective proof-of-concept
framework for improving ground-state convergence in corre-
lated many-body systems.

The structure of the paper is as follows: Section II presents
the FALQON framework and discusses its limitations. In
Sec. III, we introduce the iIFALQON framework. Its applica-
tion to the FH model is demonstrated in Sec. IV. In Sec. V,
we compare our approach with other existing frameworks.
Section VI concludes the paper.

II. FALQON FRAMEWORK
Consider a time-dependent Hamiltonian
H(t) = H, + B(1)Hy, ey

where H), is a problem Hamiltonian whose ground state we
seek to prepare, H; is a driver Hamiltonian, and B(¢) is a feed-
back control updated recursively from the system state, which
is constructed to enforce a monotonic decrease in a cost func-
tion C(t) = (Y (t)|H,|¥(t)) = (Hp);. From the Schrodinger
equation, we derive [7]

ac |

o i B(1){[Ha, Hpl)r = B®A(Q), (2)
where A(t) = i([Hq, Hpl);. By choosing (1) = —A(t), we
get ‘fl—f = —A(t)*> < 0, which implies the energy expectation

decreases monotonically. The evolution operator is

T
U(T)="Texp |:—if (H, + ,B(I)Hd)dt], 3)
0

which, in practice, is implemented via a discrete Trotter ex-
pansion as

T/At
U(t) ~ 1_[ e_alAle_lﬂkHdAt, (4)
k=0
where T denotes the total evolution time, Atr is the discrete
Trotter time step, and By = —Aj_1, and
) = e~ e Poalt iy, ), )

In a qubit representation, both H, and H; can be decom-
posed into sums of Pauli strings, i.e., H, = Zu ¢ Py Hy =
ZV d,Q,, where P, and Q, denote tensor products of Pauli
operators. Consequently, the commutator [Hy, H,] can also be
written as

[Ha, Hy) =) guRo, 6)

allowing B; to be estimated on quantum hardware through
repeated measurements of the corresponding Pauli observ-
ables. In practice, commuting Pauli strings may be grouped
into common measurement bases to reduce measurement
overhead. The total shot count required to estimate g with
precision € scales as Naois S (O, 8a])?/€%, which grows
polynomially with system size for sparse Hamiltonians such
as the FH model.

FALQON provides a recursive, measurement-driven up-
date rule that avoids classical parameter optimization like

VQE or QAOA [6], with only H; and At as design inputs. In
the ideal continuous-time limit, La Salle’s invariance principle
[22] implies that the dynamics may enter an invariant set in
which ([Hy, H,]); = 0, so that 8(t) = 0 and the energy stops
decreasing [10]. This typically occurs once the evolution has
reached the ground-state manifold, where the feedback signal
naturally vanishes [7].

However, in some cases, the system approaches this regime
only asymptotically, i.e., A(f) remains close to zero and
may fluctuate around zero at late times as the dynamics ap-
proach the invariant set. Consequently, 8(¢) becomes weak
and repeatedly changes sign, leading to damped oscillatory
dynamics with little additional energy reduction [10]. These
residual controls are insufficient to produce net energy de-
scent, causing the optimized energy to level off above ground
energy. This behavior often arises in half-filled and strong
correlation FH lattices, where particle-hole symmetry gener-
ates degenerate low-lying spectra with a strongly suppressed
commutator response [10].

1. IMAGINARY-TIME EVOLUTION ENHANCEMENT
A. iFALQON protocol

To address the above issue, we incorporate an I'TE kick-off
scheme. The ITE introduces an effective dissipative dynamics
that naturally suppresses excited-state amplitudes and en-
hances overlap with the ground state [15-21]. The imaginary-
time Schrodinger equation, d; | (7)) = —H,|¥ (1)), is analo-
gous to a diffusion equation, where solution gives

WD) = e Ty (0)) =Y e In), ™

where we used H, =), E,n)(n| and [¢(0)) = )", c4ln).
Here, the higher-energy components decay exponentially
faster than the ground state. Taking the limit t — oo gives
[ (t)) = coe~57]0), which converges to its ground state.
Applying the Taylor expansion yields
(I — H,AT)|Y (7))
|PaA:(Y)) = ¥ (T + A7) = )
* I = HyADl ()]

In our iFALQON protocol, we insert Eq. (8) periodically
between FALQON steps, yielding

[Yi) = N[ — HyAr)e HodlemBotabiiyy, )] (9)

where A is the normalization. The term (I — AtH,) redis-
tributes the population toward lower-energy sectors, reactivat-
ing the feedback term S(¢) and guiding the evolution back
to the true ground state. This hybrid real-imaginary dynamics
unites Lyapunov stability [8,9] with dissipative convergence
toward the energy minimum.

The imaginary-time update (/ — AtH,) is nonunitary and
therefore cannot be directly implemented as a determin-
istic quantum gate. In this work, we employ this update
only at the state-vector-simulation level rather than a full
hardware-compatible implementation, to investigate its algo-
rithmic effect on the FALQON dynamics.

For practical quantum-hardware implementations, a
hardware-compatible realization could be achieved using
variational quantum imaginary-time evolution (VarQITE),
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where the parameters of a trial state |y(#)) are updated
according to McLachlan’s variational principle [15]. Such
implementations generally require additional measurements
to estimate the quantum geometric tensor F;; = Re(0;¥|9;v)
and the energy gradient vector & = — Re(9;y/|H L|Y), whose
costs scale as O( ) and O(Nparams X Npauii) per update,
respectively.

2
N, params

B. Energy-decrease mechanism of the ITE step

In this subsection, we analyze how ITE suppresses excited-
state components and lowers the energy during the [FALQON
dynamics. Let H, be a bounded, positive semidefinite Hamil-
tonian with spectral norm ||H,| = sup (V¥ |Hp|¥) < h.
The hybrid algorithm alternates infinitesimal imaginary-time
updates |®a.(¥)) with the feedback control defined by
B(t) = —i{[Hy, Hp,]),. Then, at every ITE update, the normal-
ized cost function gives

(I — ATtH,)H,(I — ATH)))y

C(@a:(¥)) = (= AcHy)y . (10
which obeys the bound
C(®a:(¥)) <E — 28c(1 = 5hAT) (11
! = (1 —hAT?

for0 < At # % < %,WhereE = (H,)y and the variance V =
((H, — E)*). The upper bound implies C(®a(¥)) < C(¥)
whenever V > 0. Thus, the cost function {C(®Pa.(¥y))} de-
creases until ¥V = 0.

To derive the bound in Eq. (11), let £ = (H),)y the origi-
nal cost function, V = ((H, — E )2)‘/, its variance, and recast
C(®a:(¥)) = L; we have

T =E - 2At(H,), + AT (H)),, (12)
D=1-2AtE + AT(H}) . (13)
Given H, < Emaxl, we have
(H), <hlH,),. (Hp), > E”. (14)
Hence,
T <E—QAt — Arzh)(Hj)w
=E — QA1 — AT’ h)(E> + V). (15)

For the denominator, using (H, )y > E* gives

D>1-2AtE + AT’E* = (1 — ATE)* > (1 — Ath)%;
(16)

thus, for At # %, we have % < m. Combining, we get

E — 2At — AT?h)V — QAT — AT?h)E?
C(Pac(¥)) < A .
)

For any 0 < At # } < %, the coefficient (2AT — At?h) >
0. Therefore, —(2At — At2h)E?* < 0, which can be dropped
in the numerator, yields the clean, conservative bound

E 2AT — AT2h

CONI S T amir ™ (1oamp ) 0

In particular, for sufficiently small Az, we obtain the first-
order decrease

C(®a.(¥)) < E2ATV 4 O(AT?) (19)

and the rigorous decrease
C(® R G L300 20
( Ar(w)) X m s ( )

forall0 < At #} < ZandV > 0.

The above analysis indicates that the imaginary-time step
locally suppresses excited-state components and decreases
the energy whenever the state has nonzero energy variance.
Within the /FALQON dynamics, these periodic nonunitary
updates help prevent stagnation near degenerate manifolds
where the feedback signal becomes weak, thereby improving
the overall convergence behavior observed in the numerical
simulations.

C. Spectral origin of the ITE reactivation mechanism

The previous subsection showed that an ITE step reduces
the cost function for any state with nonzero energy variance.
We now examine the spectral mechanism by which ITE re-
stores the FALQON feedback signal A(¢) and lowers the cost.

Let p(1)=[¢ (1)) (¥ (1), such that A(1)=iTr([Hy, p(t)1Ha).
USil’lg [Hpv PO = (En — En) pum (1), we obtain

At) = =2 (Ey — En) Im[pun()Hmal.  (21)

n<m

For degenerate eigenstates, E, = E,,, so their contribution to
A(t) vanishes. Thus, if the state is confined to a degenerate
manifold, A(#) = 0 and the FALQON feedback stops.

To describe the contributions between different energy
manifolds, we group eigenstates with the same energy into
M; = {n: E, = E;}, with projector I1;, and define the inter-
manifold coherence

gi(t) = Tr[T1;p(t)[Hy. (22)
The feedback signal then becomes
A(t) = =2 (E; — Ex) Im g (¢). (23)
Jj<k

To illustrate the ITE reactivation mechanism, we consider a
state concentrated near a degenerate excited manifold My,
with residual intermanifold coherence g.,(¢) connecting M, to
a lower-energy manifold M. (E. < E;). Since K =1 — AtH,
acts uniformly within each energy manifold,

KH_]' = k.,-l'lj, kj =1- A‘L’Ej. (24)

The normalized ITE update p — K pK/D then gives

kckg
'y = ed- 25
Near My, D =~ k3, and hence
ke 1 — ATE,

A —8ed = —————8ed- 26
8ca = 1 8ed = T A g, S (26)

ForE. < E;and 1 — AtE,; > 0, the prefactor is larger than 1,
so ITE amplifies [Im g.,|. Through Eq. (23), this enhancement
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restores the feedback signal and resumes the FALQON energy
descent. Equation (26) also shows that the reweighting be-
comes stronger as At increases within the small-step regime,
ATE; < 1.

We emphasize that this mechanism differs from stand-
alone QITE [15,16], which does not rely on the feedback
signal A(¢). In iFALQON, ITE instead reweights the spec-
tral components that contribute to the FALQON feedback. A
direct comparison with stand-alone QITE is presented in the
next section.

IV. DEMONSTRATION ON FERMI-HUBBARD MODEL
A. Model

The Fermi-Hubbard model describes interacting fermions
on a lattice and captures the competition between ki-
netic hopping and on-site repulsion. It provides a minimal
framework for phenomena such as the Mott transition, an-
tiferromagnetism, and unconventional superconductivity. Its
Hamiltonian is

HFH =-—J Z (C:UC]'U + c;acio') +U Zn,-mw, (27)

(i.j).o

where J denotes the hopping amplitude between nearest-
neighbor sites (i, j) and U represents the on-site Coulomb
repulsion between fermions of opposite spin. The fermionic
creation and annihilation operators c; and c;, obey the canon-
ical anticommutation relations {c;, c;o,} = §ij655', and the

local number operator is n;, = c:fa Cio-

For a lattice with L sites and particle numbers N; and
N, the filling is v = N/L with N = N; + N,. Half filling
(v = 1) corresponds to one particle per site on average and
typically exhibits strong correlations and insulating behavior
at large U/J. In this regime, particle-hole symmetry leads to
degenerate low-lying spectra. Away from half filling (v # 1),
the system is doped, particle-hole symmetry is broken, and
mobile carriers appear, often restoring metallic behavior. In
simulations, configurations are specified by the spin popula-
tions, e.g., (1, 2) for a three-particle doped case or (2, 2) for
the half-filled four-site lattice.

This model captures the essential interplay between kinetic
hopping and on-site interaction, making it a prototypical sys-
tem for studying strongly correlated electrons [23,24], Mott
insulators [25-28], and magnetism [29,30]. Despite its sim-
plicity, the model exhibits a rich variety of complex quantum
materials. Beyond basic magnetic ordering like ferromag-
netism and various forms of antiferromagnetism, it is known
to host exotic phases including charge-density waves [31,32],
electronic liquid-crystal states with broken rotational sym-
metry [33-35], and spin-liquid phases in frustrated regimes
[36,37]. It also provides a central microscopic framework for
unconventional superconductivity [38].

To numerically simulate this system on quantum comput-
ers, Hpy needs to be formulated in Pauli strings. For an N-site
lattice, we use Jordan-Wigner (JW) mapping to encode the
2N spin orbitals to 2N qubits [39]. This transformation maps
local fermionic operators to nonlocal Pauli strings involving
chains of Z operators to preserve the anticommutation rela-
tions. Consequently, the hopping terms in the Hamiltonian are

transformed into multiqubit strings, while on-site interactions
are mapped to local diagonal terms. The explicit derivation
and the full form of the mapped Hamiltonian are provided in
the Appendix.

After mapping the fermions to qubits, we simulate ground-
state preparation directly on quantum registers. We focus on
the strongly correlated regime U/J = 5.0, which lies deep
in the Mott insulating phase [25-28]. In this regime, charge
fluctuations are suppressed and spin correlations dominate,
generating strong entanglement that is beyond the reach of
mean-field methods, tensor-network truncations, and Monte
Carlo techniques [40—42].

Our benchmarking area includes linear one-dimensional
(1D) lattices ([1x3], [1x4], and [1x5]) and square two-
dimensional (2D) lattices ([2x2], [2x3], and [3x3]). Here-
after, [ix j] labels the lattice size, and (k, /) indicates the
number of spin-up and spin-down fermions, Ny and N,
respectively. For example, the largest [3x3](4, 5) lattice cor-
responds to 9 lattice sites and 18 spin orbitals, requiring 18
qubits after the JW transformation. All simulations were per-
formed using the Qiskit state vector simulator, providing a
noiseless benchmark of algorithmic performance without de-
coherence, sampling noise, or thermal fluctuations. Therefore,
the results here interpret as proof-of-concept demonstrations
of the IFALQON framework. We set H,, = Hry and use the
hopping term H; = —J Z@,j),(,(cl,cja + H.c.), which con-
serves particle number while not commuting with H,,, thereby
enabling effective state transitions.

B. FALQON without ITE

Figure 1 shows the dynamical behavior of FALQON with-
out ITE, evaluated various FH lattice geometries and fillings.
Figure 1(a) plots the time evolution of the energy differ-
ence AE(t) = E(t) — Ey, where Ej is the exact ground-state
energy obtained from exact diagonalization of Hpy, and
E(t) = (Hgu);-

For small and moderately asymmetric lattices such as
[1x3], [1x4], [1x5], and [2%x3], AE(t) decays exponentially
over several orders of magnitude, reaching values below 102
att = 103. This monotonic decay confirms that FALQON ef-
ficiently drives the system toward its true ground state through
the self-consistent feedback law B(z) = —A(z).

For the [2x2] lattice, the behavior depends strongly on the
filling configuration. In the doped configuration [2x2] (1, 2),
the particle-hole symmetry breaks, and thus the convergence
remains exponential, similar to asymmetric lattices. In con-
trast, the half-filled case [2x2] (2,2) shows a plateau of
AE(t) above 10°. This behavior indicates that the evolution
has entered an invariant subspace in which the expectation
value of the commutator A(t) = i([Hy, Hp]); averages to zero
[see the inset in Fig. 1(b)].

For the [3x3] lattice, both doped and half-filled configu-
rations show a similar convergence plateau. After an initial
transient decay, AE(¢) flattens into a broad plateau as the
feedback amplitude diminishes, and the system remains stuck
above the ground-state manifold.

Figure 1(b) displays the time evolution of the feedback
field B(z). The signal initially rises in response to large val-
ues of the commutator A(¢), and subsequently decreases as
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2x212,2) N
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3 —0.01 A
= 103
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04 .

10~ 100 10! 102 103

FIG. 1. Dynamics of the FALQON without ITE. (a) Time evo-
lution of the energy difference AE(¢) = E(t) — Ey for various FH
lattices and fillings. Doped systems ([1x3], [1x4], and [2x3])
exhibit smooth exponential convergence toward the exact ground
energy, while half-filled configurations ([2 x 2], [3 x 3]) stagnate
at finite energy errors. (b) Corresponding feedback amplitude B(t)
as defined by the Lyapunov control law B(tr) = —A(t). The early
peak in B(t) accelerates energy descent, but in half-filled lattices the
feedback collapses to zero prematurely, halting further optimization.
The inset shows long-time oscillations of B(¢) for the [2x2] and
[3x3] cases, demonstrating symmetric fluctuations around zero and
confirming feedback quenching due to degeneracy. Together, these
results reveal that pure FALQON effectively prepares ground states
only for nondegenerate systems, motivating the introduction of an
imaginary-time enhancement. In the legend, [ix j] stands for the
lattice site and (k, [) stands for (N, N)).

the system approaches a stationary regime. In trajectories
that successfully converge to the ground-state energy, B(t)
smoothly decays to zero. In contrast, in nonconvergent cases
where the dynamics become trapped in a local minimum, B(¢)
settles into small oscillations around zero. The inset com-
pares B(t) for the [2x2](2, 2) and [1x3](1, 2) configurations
over ¢t € [10%, 107], showing that the former exhibits rapidly
damped oscillations about zero, whereas the latter displays a
monotonic decay toward zero.

To further elucidate the behavior in Fig. 1, we examine the
energy spectrum {E,} of Hgy, i.e., Hpy = Zn E,|n)(n|, and
the populations P(E) = |(n|(¢))|? for the [2x2] doped and
half-filled systems. Figures 2(a)-2(c) correspond to the doped
configuration (1, 2), while Figs. 2(d)-2(f) show the half-filled
case (2, 2).

In the doped case shown in Fig. 2(a), the low-lying spec-
trum exhibits several twofold degeneracies, including Ey =
E; and E; = E4. Remarkably, the trajectory of the mean

-1.0 C)] 1+~ (d)
\\E(t)
—-1.5t+~ 0 \
\
mﬁ \E(t) n =2 \\
-2.0 Y 1 \\ S
- =2
\\ L n=1 deme————
-25 v n=0=1 n=20
N AR NN I NN R £ S D
1072107t 10° 10! 102 103 10721071 10° 10 10% 103
t t
= 1.0 (o) R (e)
?: 0.5 i ——— E(t = 0) 0.5 i - E(t = 0)
1.0 © 1.0 i m)
Sa) I 103 E g
~ 0.5 E(t =107) 0.5 |i| - B(t = 10%)
0.0 -2 0 2 4 6 8 0.0 0 5 10
E E

FIG. 2. Energy spectra and population dynamics for the doped
and half-filled [2x2] FH systems under FALQON without ITE. (a),
(d) Mean energy E(t) (dashed red) overlaid on the energy spectra
E, of Hpy. In the doped case [panel (a)], E(¢) descends toward the
ground state without crossing any degenerate levels. In the half-filled
case [panel (d)], E(¢) crosses a manifold of degenerate excited states,
suppressing the feedback response and halting further relaxation. (b),
(c) Probability distributions P(E) at t = 0 and t = 10° for the doped
system, showing collapse into the ground state. (e), (f) Correspond-
ing distributions for the half-filled system, where significant weight
remains in low-lying excited states due to trapping within a subspace.

energy E(t) = (Hpg); decreases monotonically toward the
ground-state manifold without crossing any of these degen-
erate levels except Ey = E; = ground energy. The absence of
degeneracy crossings ensures that A(¢) remains finite through-
out the evolution, enabling the feedback field to continue
directing population toward lower energies. As shown in
Figs. 2(b) and 2(c), the initially broad energy distribution
P(E) rapidly collapses into a sharply peaked ground-state
population by ¢ = 103. This behavior aligns with the expo-
nential decay of AE(¢) in Fig. 1(a) and demonstrates that
FALQON achieves reliable ground-state preparation in the
doped configuration.

In contrast, the half-filled system shown in Fig. 2(d) ex-
hibits a qualitatively different mechanism. Here, the trajectory
E(t) encounters a manifold of degenerate excited states, such
as the pair E;3 = E4. Once E(t) enters this degenerate sector,
A(t) becomes strongly suppressed, and the resulting feed-
back field B(¢) decays toward zero with only weak residual
oscillations. These small controls are insufficient to induce
transitions out of the degenerate manifold, causing the energy
evolution to trap above the true ground energy. The proba-
bility distributions in Figs. 2(e) and 2(f) further confirm this
behavior, where even at long times, the population remains
distributed over several low-lying excited states rather than
concentrating at Ey. Thus, in the half-filled configuration, the
trajectory becomes trapped in a local subspace after crossing a
degenerate manifold, preventing full relaxation to the ground
state.
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FIG. 3. Energy convergence of the iIFALQON. Time evolution
of the energy difference AE(t) = E(t) — E, for various FH lattices.
An imaginary-time step of At = 0.05 is inserted after every two
feedback layers. All configurations now converge monotonically to-
ward the exact ground energy, reaching relative errors below 1073,
The exponential decay across more than six decades confirms that
iFALQON restores stable ground-state preparation.

C. iFALQON

Figure 3 shows the energy difference AE(t)=E(t)—Ep
for all tested lattices under the iFALQON protocol. An
imaginary-time step of At =0.05 is applied after every
two feedback layers. Unlike the behavior in Fig. 1, all
trajectories now exhibit a clean monotonic exponential de-
cay. Systems from one-dimensional chains [1x3] — [1x5] to
two-dimensional lattices [2x 2], [2x 3], [3x 3] converge to the
exact ground-state energy with final errors below 107>, Cru-
cially, the [2x2](2,2) and [3x3](k, ) cases, both of which
stalled under pure FALQON, now follow the same smooth
descent as the other configurations. The ITE step accelerates
convergence by continuously shifting amplitude toward lower
energies, shortening the relaxation time. This result shows that
hybrid real-imaginary-time feedback improves ground-state
convergence, making iFALQON as a robust framework for
strongly correlated quantum systems.

D. [3x3] lattice FH model

This is the most strongly correlated system considered in
this work, and its convergence behavior under pure FALQON
remains poor for both doped and half-filled configurations, as
shown in the main text. To clarify the origin of this failure,
Fig. 4 displays the probability distributions over the energy
eigenbasis at the beginning and end of the FALQON evolu-
tion.

The upper panels show the initial energy distributions for
the doped [panel (a)] and half-filled [panel (b)] configura-
tions. In both cases, the initial state carries substantial weight
across high-energy excited levels, with dominant support well
above the ground energy (red dashed line). Such broad high-
energy populations require the FALQON dynamics to transfer
probability across many levels, which becomes increasingly
difficult on larger correlated lattices.
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FIG. 4. Energy distributions for the [3x3] FH lattice. (a), (b)
Initial energy populations for doped and half-filled configurations,
showing dominant support at high excited levels above the ground
state (red dashed line). (c), (d) Final distributions under pure
FALQON remain spread over excited states, indicating failure to
reach the ground state. (e), (f) IFALQON collapses the distributions
onto the ground state, demonstrating successful convergence.

The middle panels (c) and (d) show the final energy distri-
butions after a long FALQON evolution. In contrast to smaller
lattices discussed in the main text, the [3x3] system fails to
concentrate probability near the ground state. Although some
redistribution occurs, substantial weight remains on excited
levels and the dominant peaks lie far above the ground en-
ergy (green dashed line). This persistent high-energy support
matches the plateau in AE(¢) and indicates that the feedback
updates cannot drive transitions across the densely packed
low-lying spectrum of the [3x 3] lattice.

The bottom panels (e) and (f) display the final distributions
under {FALQON. In this case, both configurations success-
fully converge to the ground state, and the transition occurs
noticeably faster than in the pure FALQON protocol.

These distributions show that, on the [3x3] lattice, pure
FALQON is unable to drive the wave function into the low-
energy sector. However, introducing periodic imaginary-time
steps ({IFALQON) suppresses high-energy amplitudes and en-
ables population flow toward the ground state.

E. Comparison with stand-alone imaginary-time evolution

We next compare iFALQON with stand-alone QITE
[15,16]. Both methods start from the same initial state and use
the same first-order imaginary-time update. We define the ITE
insertion period f as the number of FALQON steps between
two time ITE updates, with f = 1 corresponding to an ITE
update after every FALQON step.

Figure 5(a) shows the energy error AE(¢t) = E(t) — Ey for
the doped [2 x 2](1, 2) and half-filled [2 x 2](2, 2) configura-
tions at At = 0.05. In stand-alone QITE, each evolution step
is an ITE update, while for iFALQON we consider insertion
periods f = 1, 3, and 5. Increasing f slows the convergence
because ITE updates are applied less frequently.

We next examine how the ITE insertion period affects the
number of ITE updates required to reach a given accuracy. To
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FIG. 5. Comparison of iIFALQON and stand-alone QITE on the
[2 x 2] FH lattice. (a) Energy error AE(t) = E(t) — Ey for the
half-filled (2, 2) (solid lines) and doped (1, 2) (dashed lines) configu-
rations at At = 0.05. iFALQON is shown for ITE insertion periods
f =1,3, and 5, while stand-alone QITE applies an ITE update at
every step. (b) Ratio p = Nia"®N /NI of the number of ITE
updates required to reach AE < 107 as a function of At.

quantify this effect, Fig. 5(b) shows

iFALQON
_ N
= QITE ’
Nirg

(28)

where Nitg is the number of ITE updates required to reach
AE < 1073, Thus, u < 1 means that iFALQON requires
fewer ITE updates than stand-alone QITE.

For the doped configuration, i decreases with increasing
f, reaching approximately 0.60 at f =5 and At = 0.01. In
contrast, i remains close to one at half filling over the tested
range of f and At. Thus, the FALQON evolution reduces the
required number of ITE updates when the feedback remains
active, as shown in the doped case. However, there is no such
reduction when the feedback is suppressed at half filling.

A reduction in the number of ITE updates does not imply a
lower total computational cost, since iFALQON also involves
FALQON evolution. We estimate the costs as

{FALQON
CiraLQoN = N1 ONCrrg 4 NeCr,

Corte = NI(%IETECITE, (29)
where Crrg and Cg denote the costs of one ITE and FALQON
step, respectively. The equal-cost condition, Cirar.oon=CqITE,
is
NeCr = (1 — w)Cqrte- (30)

Thus, the two methods have the same total cost only when the
FALQON cost equals the cost saved by fewer ITE updates.

As discussed in Sec. IIT A, a QITE implementation re-
quires measurements of the quantum geometric tensor JF;;
and energy gradient &;, with the costs scaling as O(sz,dmms)
and O(NparamsNpauli ), respectively, per update. In iIFALQON,
the FALQON step instead evaluates the feedback signal A(?),
which requires O(Npyyii), Where Npyy; is the number of Pauli
terms in i[H;, Hy,]. A hardware-level comparison accounts for
the circuit and measurement costs of the FALQON steps and
depends on the specific ITE implementation, which is beyond
our state vector simulations.
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FIG. 6. Benchmarking between QAOA, VQE, FALQON, and
iFALQON: Energy error AE = E — E; as a function of lattice size
for the FH model. (a) The doped regime and (b) the half-filling case.
Results are shown for VQE (EHV ansatz), QAOA, FALQON, and
the proposed iIFALQON protocol.

V. BENCHMARKING

In this section, we compare the performance of the
iFALQON model with other existing approaches, including
QAOA and VQE.

A. FH model

Figure 6 summarizes the benchmarking results for ground-
state energy estimation of the FH model across different
lattice sizes for various frameworks, including QAOA, VQE,
FALQON, and {FALQON. Figure 6(a) corresponds to the
doped regime, while Fig. 6(b) shows the half-filling case. The
energy error is defined as AE = E — E, where E( denotes
the exact ground-state energy and E denotes the final energy
at the last iteration.

QAOA and VQE are both hybrid quantum-classical algo-
rithms based on unitary variational ansétze optimized through
a classical feedback loop. In QAOA, the trial state is con-
structed by applying p = 8 alternating layers of time evolution
under the problem Hamiltonian H, and a noncommuting
mixer Hamiltonian H;. We adopt the same Hamiltonian for-
mulations for H, and H; as used in FALQON. The parameters
are optimized using the COBYLA optimizer over 5000 itera-
tions.

VQE employs a parametrized quantum circuit to minimize
the energy expectation value of the Hamiltonian. We use the
efficient Hamiltonian variational (EHV) ansatz to reduce cir-
cuit depth arising from the JW transformation. The simulation
is executed with p =5 layers, where optimization process
consists of 2000 COBYLA steps.

These limitations are clearly reflected in Fig. 6. In both
the doped [panel (a)] and half-filled [panel (b)] regimes,
QAOA and VQE exhibit relatively large energy errors that
vary weakly with lattice size. In particular, QAOA shows
pronounced fluctuations, indicating difficulty in maintaining
consistent convergence across different lattice geometries.
VQE yields more stable results but remains confined to an
error floor set by the expressibility of the ansatz and the
optimization process.

The original FALQON protocol improves upon variational
methods by replacing global optimization with feedback-
based unitary evolution. In the doped regime, FALQON
achieves moderate error reduction for certain lattice sizes
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but displays noticeable performance variability. At half fill-
ing, where the ground state exhibits stronger correlations and
enhanced symmetry constraints, the purely unitary feedback
dynamics become less effective, leading to a degradation in
accuracy for larger lattices.

In contrast, the iIFALQON framework achieves lower en-
ergy errors than the compared methods for the tested systems.
By incorporating imaginary-time evolution into the feedback
protocol, excited-state components are exponentially sup-
pressed, enabling rapid convergence toward the ground state.
As shown in Fig. 6, the resulting energy error remains at the
level of 107 to 107 across all lattice sizes, with only weak
dependence on filling fraction or system geometry.

The comparison between Figs. 6(a) and 6(b) further high-
lights the robustness of iFALQON. While variational and
unitary methods exhibit increased sensitivity at half filling
due to stronger many-body correlations, iIFALQON maintains
uniform performance. This demonstrates that nonunitary,
feedback-assisted evolution provides a robustness for ground-
state preparation in strongly correlated fermionic systems.

B. Ground-state potential energy of hydrogen chains

To assess the performance of the i[FALQON on molecu-
lar systems, we benchmark the ground-state potential energy
surfaces of hydrogen chains, Hy and Hg, in the STO-3G
basis. The interatomic distance r between nearest-neighbor
hydrogen atoms is varied from 0.4 to 2.8 A, spanning both
the weakly correlated equilibrium region and the strongly
correlated stretched regime. These systems provide standard
yet challenging test beds for evaluating the robustness of
ground-state solvers in the presence of electron correlation.

The performance of /FALQON is compared against the
VQE and the full configuration interaction (FCI) reference.
For the VQE simulations, we employ the unitary coupled-
cluster ansatz with single and double excitations (UCCSD)
[2,43], with parameters optimized using the Adam optimizer
at a learning rate of 0.1 for 200 iterations (for H4) and 1000 it-
erations (for Hg) at each molecular geometry. For iFALQON,
the simulations are carried out with a total evolution time
T = 100, a time step dt = 0.005, and an imaginary-time in-
crement At = (.15 applied every two FALQON steps.

As shown in Figs. 7(a) and 7(b), iIFALQON reproduces
the FCI ground-state potential energy curves of the hydrogen
chains Hy and Hg with high accuracy over the full range
of interatomic distances r. The agreement holds both near
equilibrium and deep in the stretched regime, where strong
electronic correlations become significant. In contrast, the
VQE-UCCSD exhibits noticeable deviations from the FCI
curve as r increases, particularly for Hg, where the variational
optimization becomes increasingly unstable and sensitive to
the choice of ansatz and optimizer [43—45].

The corresponding energy deviations relative to FCI,
displayed in Figs. 7(c) and 7(d), further demonstrate the ro-
bustness of iIFALQON, which maintains small and smooth
errors across all bond lengths for both systems. In contrast,
VQE-UCCSD exhibits increasingly large and nonuniform de-
viations as r increases, most prominently for Hg, indicating
reduced stability in the strongly correlated regime.
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FIG. 7. iFALQON accurately reproduces the ground-state po-
tential energy surfaces of hydrogen chains. Ground-state potential
energy of the hydrogen chains H, [panel (a)] and Hg [panel (b)] as
a function of the interatomic distance r, obtained using iFALQON,
VQE-UCCSD, and FCI. The corresponding energy errors relative to
FCI are shown in panel (c) for H, and in panel (d) for He.

These results illustrate the advantage of /FALQON’s
feedback-assisted imaginary-time evolution, which mitigates
optimization instabilities and avoids the sensitivity to ansatz
choice and optimizer settings commonly encountered in
variational approaches [43-45]. Compared with stand-alone
QITE approaches, iIFALQON retains the feedback-driven dy-
namics of FALQON while applying imaginary-time updates
only periodically, potentially reducing the number of costly
imaginary-time optimization steps while still improving con-
vergence. As system size and correlation strength grow,
iFALQON maintains stable convergence and reliable energy
estimates, highlighting its effectiveness for near-term quan-
tum simulations of strongly correlated molecular systems.

VI. CONCLUSION

We have shown that FALQON converges reliably only
when the energy trajectory avoids spectral degeneracies. If the
Hamiltonian contains degenerate eigenlevels and the optimal
descent path crosses such a manifold, the feedback signal be-
comes strongly oscillate and the dynamics are trapped within
the corresponding degenerate subspace, preventing relaxation
to the true ground state. By introducing short imaginary-
time steps, the IFALQON scheme overcomes this obstruction,
gradually reducing excited-state contributions and achieving
high-fidelity ground-state preparation across all tested lattices.
This hybrid real-imaginary-time framework therefore offers a
robust approach to ground-state preparation in strongly corre-
lated quantum systems. The present work focuses on noiseless
state vector simulations and small-to-intermediate system
sizes, emphasizing the algorithmic behavior of iIFALQON
rather than a detailed hardware-resource analysis. Practi-
cal implementations will require balancing the improved
convergence provided by the ITE steps against their addi-
tional measurement and optimization costs. Extending the
framework to noisy quantum hardware, larger lattices, and
measurement-limited settings remains an important direction
for future work.
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APPENDIX: JORDAN-WIGNER MAPPING

The Jordan-Wigner mapping converts fermionic operators
into qubit operators. Each qubit stores whether a fermionic
orbital is empty or occupied: |0) = empty, |1) = occupied.
To preserve the fermionic anticommutation rule {c;, c;} =i},
every operator carries a string of Z gates that counts the parity
of all fermions before it. For a system with N qubits, the
mapping is

cj= 7®U-D & Uj_ ® I®(N_j), (AD)

C-; =7%0-D g O.]j‘r ® I®W-1), (A2)

where O’ji = %(Xj *iY;).

For the number operator n;, = c;c,-g, the JW mapping
gives n;, = L —zz,»(, . Therefore, the on-site interaction term be-
comes a diagonal qubit operator

gy = %(1 —Zi)d - Z;). (A3)
The hopping term cj'c i+ c'J‘fc,- (i < j) involves the product of
operators at different sites. The parity strings Z cancel out on
indices k < i and k > j, leaving a string of Z operators only
on the qubits between i and j:

clej + C;Ci = 3XiZi1 -+ ZjaXj + YiZigr -+ ZjaY)).

This parity string ensures that exchanging two fermions pro-
duces the correct minus sign. Combining both parts, the
mapped FH Hamiltonian reads

J
Hen == 5 > (G, + Yi¥)Zis1 2y

(i.)

U
+ <ij)a — Z)U — Zp),

(A4)

where (i, j) enumerates qubit indices corresponding to neigh-
boring lattice sites (same spin) and (a, b) denotes the qubits
encoding spin-up and spin-down orbitals at the same site.
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