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Evolution of mutating pathogens in networked populations
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Epidemic spreading over population networks has been an important subject of research for several decades,
especially during the Covid-19 pandemic. Most epidemic outbreaks are likely to create multiple mutations
during their spreading over the population. In this paper, we study the evolution of a pathogen that can mutate
continuously during the epidemic spreading. We consider pathogens whose mutating parameter is the mortality
mean time and study the evolution of this parameter over the spreading process. We use analytical methods
to compute the dynamic equation of the epidemic and the conditions for it to spread. We also use numerical
simulations to study the pathogen flow in this case and to understand the mutation phenomena. We show that

the natural selection leads to less violent pathogens becoming predominant in the population. We discuss a wide
range of network structures and show how different effects are manifested in each case. We also applied our
theory in the context of the Covid-19 pandemic, using relevant epidemiological data collected for this outbreak.
We provided insights for the variants spreading processes observed throughout this pandemic.

DOLI: 10.1103/c9vg-tclt

I. INTRODUCTION

Epidemic spreading has been studied thoroughly over sev-
eral decades. Due to the impact that epidemics have had
on the course of human history, epidemics are a subject of
major interest for mathematicians, biologists, physicians, and
historians alike.

Classical mathematical works in the field (during the
20th century) developed some compartmental models to
describe epidemics’ spread in population. The most com-
mon models are the susceptible-infected-recovered (SIR)
and susceptible-infected-susceptible (SIS) [1,2]. The mean-
field versions of these models are based on division of the
population into groups based on their epidemic status (suscep-
tible/infected/recovered and more groups in some variations
of the models) and solving ordinary differential equations to
describe the population groups’ evolution over time, during
the epidemic spreading process.

Understanding the process in a network can yield signifi-
cant insights above and beyond simple mean-field approaches.
Indeed, many physical, social, and biological phenomena can
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be well modeled by complex networks and can be studied
using network principles [3-8]. Previous literature on net-
work modeling employs statistical methods in conjunction
with algorithmic analysis to study and model the behavior and
characteristics of many kinds of networks.

Accordingly, in the last two decades epidemic spreading
has been intensively studied using models of network theory
[9-16]. This trend also intensified during the Covid-19 pan-
demic, where network-based epidemic models were applied
and developed, in an attempt to prevent the spread of the
disease [17,18]. While classical deterministic models assume
a homogeneously mixed population, in practice populations
are not fully mixed and more likely to behave as a complex
network [19]. Namely, in a real population, diseases spread
between individuals only when they are actually in contact
with one another. Therefore, when modeling epidemics, one
should consider the population structure. Common simplifi-
cations like considering a population-wide “contact rate” do
not take this structure into account. Considering this structure
leads to more realistic models of the epidemic.

The spreading of epidemics in networks has been studied
over different network structures under different conditions
and different epidemic models (which differ in the way the
population is divided). Newman [9] studied epidemic spread-
ing on a wide variety of networks, based on the classical
SIR model. In this work, he defined a “transmissibility” of
an epidemic, that is, its ability to spread, as follows:

T :=1 —/ dr dt P(r)P(t)e™"", (1)
0
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where P(r) and P(t) are the probability densities of the infec-
tion rate and infection duration, respectively. Newman found
the critical value to reach an endemic state as

(k)

= ———,
k) — (k)

@)

where (k) is the expectation of the number of links of each
node in the network. The “transmissibility” can also be de-
scribed as a general version of the transmission coefficient.

Epidemic thresholds have been studied in a wide range
of cases based on different network structures and epidemic
models. For example, Parshani et al. [12] used the method of
percolation theory and the SIS model spreading on a random
graph to calculate the probability of reinfection. This enables
them to compute the Ry parameter, that is, the average ex-
pected infections of each infected node. The parameter Ry is
used to determine the critical value for an epidemic to occur,
requiring Ry > 1.

Another effect of the network’s structure on epidemics’
spread is the impact of the parameters and properties of
the epidemic seeds (first infected nodes) of the network
on the spreading rate. The impacting parameters include not
only the degree of a seed, but also the degree of its neighbors
and its location in the network [20]. Some works such as
Ref. [21] tried to define the main spreaders in the network
and calculate the correlation between the centrality of a seed
and the probability of an epidemic in the SIR model. Another
work [22] studied the subject using analytical calculations and
numerical tools in order to solve the problem of identifying
influential spreaders in the SIS dynamics on generic networks.
It is based on the general quenched mean-field (QMF) frame-
work [23] to get the relevant closed-form equations.

As we have seen intensely during the Covid-19 pandemic,
epidemics are likely to create new mutations during their
spread over the population [24]. As a result, we may have
more than one virus/pathogen spreading in the same pop-
ulation at the same time, competing for dominance in the
networked population. These pathogens do not have to be sim-
ilar, when sometimes two different epidemics can be spread at
the same time. In Ref. [25], the threshold for one pathogen
to block the spread of another pathogen and reach dominance
over the network, i.e., the “coexistence threshold,” was calcu-
lated. In addition, the work showed that between the critical
transmission value of an epidemic spreading and the critical
transmission value for the first pathogen to block the spread of
the second, there are intermediate transmission values where
both pathogens can spread together. While this work is fo-
cused on two pathogens that spread in succession, the other
case where the two pathogens start to spread at the same time
was also studied, and the condition for one pathogen to reach
dominance over the other was also calculated in this case [26].

In reality, epidemics are more likely to have more than
two mutations, since mutations are created randomly during
the epidemic spreading. Therefore, some works have also
studied cases of multipathogen spread, or continuous mutated
pathogen.

The mutation of a pathogen can be created by changing one
of its parameters, such as the infection probability [27]. Any-
way, in order to induce a competition based on a pathogen’s

fitness, the changed parameter must affect the “transmissibil-
ity” of the pathogen.

In this paper, we study the continuous-time mutation of a
pathogen. We introduce the mutated parameter of a pathogen,
which is its mortality mean time, denoted by y. This pa-
rameter depends on an index «, which is updated randomly
upon each infection event during the epidemic, causing the
parameter y of an infected node to be different from that of
the node that infected it. The topology of a network on which
this model is implemented determines the distribution of the
pathogens’ y values, and whether the epidemic is sustained
or dies out. We derive analytically and solve the epidemic
equations for this case. We also use simulations to confirm our
calculations and describe the pathogens’ flow over different
types of networks.

II. MUTATING PATHOGENS

In the real world, infectious diseases mutate constantly.
Although newly infected individuals are often contagious with
the same virus as the individual they infected from, in practice
each new infected individual may be infected with a somewhat
different pathogen. Sometimes these little changes can cre-
ate a significant difference between different pathogens that
evolved from the same primary epidemic, spreading together
in the same population. In such cases, one new pathogen,
probably the “fittest” pathogen that exists in the network,
may be able to gain dominance over the population and as
a result infect more susceptible individuals compared to older
pathogens. A pathogen will be considered as fitter, if it has
higher transmissibility. It can either be a pathogen with longer
lifetime or a pathogen with higher probability to infect.

Here, we assume that each secondary infection differs
slightly from its infection source. For the analytical calcu-
lations as well as the numeric, we employ a standard SIR
model with minor adjustment—the recovery population is
also divided into recovered nodes who became healthy and
immunized and recovered nodes who died due to the pan-
demic. Furthermore, we assume that immunity following
recovery is permanent even to mutated variants, so that indi-
viduals who were infected and recovered cannot get infected
again even with other pathogen (unlike recent works such as
Ref. [28]). This means that all the pathogens in our studied
case are from the same “family.”

We define three main parameters to describe the
pathogen—the average time to infect a neighbor node (1), the
average time to recover and get healthy (r), and the average
time for an infected node to die from the disease (or to get
recovered in the SIR model also) (y). The y parameter can
also be defined as “mortality mean time” or “virulence.” The
recovery and mortality are considered to be competing Pois-
son processes, where the process that is activated first “wins”
(i.e., the competition between them determines whether the
node recovers or dies). In term of the spreading process, both
outcomes lead to the end of the node’s infectious state.

The mutation process is defined by randomly changing y
for each newly infected node, where the change can be in
both sides: The new infected node gets a new pathogen with
higher or lower mortality mean time. Therefore, the mutated
parameter (y, or the mortality mean time) on new infected
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node shall be defined as

VYnew = Vold%_a, (3)

where a is randomly chosen as a = %1 and & is the “mutating
parameter,” which determines the mortality mean time step
of mutation and defined specifically for each pandemic (the
mutating parameter shall be bigger than one but not too big,
since big steps will change the pathogens too fast). Accord-
ingly, every infected node can be described by the summation
of the left and right “a steps” that occurred during the spread
from the initial pathogen to it. We denote the summation of
the “a steps” by «, i.e., @ = ), a;, and thus we characterize
the y parameter of an infected node dependent on the specific
o value of the node, as

y (@) = yo&®. “

III. TREE GRAPHS

We start our analytical and numerical work with the case
of mutated pathogens spreading on a simple binary rooted
tree graph or a 3-regular Bethe lattice. Binary trees are trees
in which each node has exactly two offspring. Binary trees
and trees in general have a convenient structure for studying
epidemic spreading with multiple pathogens, since each node
can be infected by only one other node, its parent; pathogens
have only one infection path to each node. This structure
excludes the possibility for one pathogen to bypass other
pathogens and infect new nodes via a different path. As a
result, a new infected node always has the same number of
susceptible neighbors (its offspring), unlike other networks
that will be discussed below.

In order to solve the epidemic growth of the tree, we start
by computing the number of infected nodes in each layer of
the tree (where a layer can be described by the distance from
the tree’s root). Since after few infections along an infection
path the initial pathogen is likely to produce multiple different
pathogens, we compute the number of infected nodes for each
pathogen and consider their sum to get the total infected
nodes. Since all the nodes have a constant number of two
offspring (or two susceptible neighbors) and the probability
for a new infected node of having a higher y or having a
lower y is 1/2, we can write a recursive equation for the mean
number of nodes in a specific layer d that are infected by a
specific pathogen « as

I =1P, x 217 + 1P x 210, 3)

where P, is the probability for an infected node with pathogen
a to infect one of its offspring and d is the distance of
the specific layer from the tree’s root. Equation (5), which
relates the number of nodes carrying pathogen « in the tree
layer d to the number of nodes carrying the nearest-neighbor
pathogens o — 1 and o 4+ 1 in layer d — 1, represents the
nearest-neighbor Markov chain (see Chap. 6.11 of Ref. [29]])
in our model. Specifically, the probability that a randomly
chosen node in layer d will carry a pathogen o depends only
on its father in layer d — 1, which carries one of the nearest-
neighbor pathogens o — 1 or « + 1. Since the o possible
values are —(d — 1) < @ < (d — 1), the mean total number

of infected nodes with distance d from the root is
d-1
M= 3" (PediT) + Punilly)). (6)
a=—(d—1)

The probability of a specific node with a pathogen « to
infect its neighbors, P,, is also a function of the other parame-
ters of the epidemics—A and r. Considering that an infection
occurs when the Poisson process of infection (with mean time
A) is activated before the first of the recovery Poisson process
(with mean time r) and the death Poisson process (with mean
time y (a)) is activated, P, is calculated as follows:

P —/“(L#)ex (_<L+l)z)m
““h V@ )P G Ty
| 1
X/O Xexp(—xr>dr, ©)]

The solution of the integral is

_ ry(a)
T @A) A

The solution of the integral yields the probability of infection
for each pathogen. Equation (8) agrees with the intuition, in
that pathogens with a longer mean lifetime are more likely to
infect their susceptible neighbors. As time goes on, we expect
both the number of mutated pathogens and the values of y («)
of each pathogen to increase.

We substitute Eq. (8) in Eq. (5) and set the pathogen popu-
lation in each layer to be

= ryoé”(

®)

d—1
Ia—l

ryo*(r+ i) +&ra

Idfl
+ o+l )
ryof*(r +a) + gm)
©))

A substitution of Eq. (9) in Eq. (6) gives the solution for the
total number of infected nodes in each layer of the tree.

In addition, the infection probability P, [Eq. (8)] is em-
ployed to calculate the basic reproduction number, also known
as Ry, for each pathogen. Since binary trees have a constant
number of two susceptible neighbors for each node, the basic
reproduction number is independent of the location of the
node in the tree and depends only on the pathogen, as follows:

ryo§®
Yo§“(r +2) + 1’
resulting in the epidemic y threshold for mutated pathogen
being yry = r’f)\. We can also use this calculation to gener-
alize the equation to tree structures with different offspring
number. The only adjustment required is to set the number of
offspring as a factor in Eq. (10).

We note here that in this work we model the case where the
recovery mean time r is greater than the infection mean time
A only. This guarantees the existence of the threshold yry that
is mentioned above, in binary trees, such that pathogens with
transmissibility below the critical threshold can infect a finite
number of nodes only when spreading in a binary tree [11,25],
while pathogens above this limit infect an infinite number of
nodes (in the infinite tree case, or a finite fraction of the nodes
in a finite tree case) with positive probability.

Row = 2P, =2 (10)
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In the case of a mutating pathogen, we can show that if
there is a threshold for the spreading process, then even with
an initial pathogen with parameters far below the threshold,
there is still a positive probability for the epidemic to infect
an infinite number of individuals. Consider a tree with an
epidemic threshold yrg = X. The initial pathogen is described
with yp = X£§7". Now, we would like to show that with
positive probability the initial pathogen can create a fitter
mutation that will surpass the epidemic threshold. Since every
new infected node has a probability of % of gaining a longer
mortality mean-time parameter than the infecting node and the
probability of infection is known for each pathogen [Eq. (8)],
we can compute the probability of surpassing the epidemic
threshold in exactly m steps as follows:

1 m
2_ml_[P—m+s7 (11)
s=1

where P, is calculated by Eq. (8).

Therefore, since P_,,+, > 0 for any m and s, it follows that
the probability of the epidemic to reach an endemic state is
always positive, regardless of the initial mortality rate.

In fact, the total probability to get the threshold point is
considerably greater than the bound presented above, since
the pathogen can evolve in more than m steps and with more
than one optional path. Therefore, we can say that the total
probability to have a new mutated pathogen above the epi-
demic threshold during the spreading process is greater than
zero for any initial parameter value. As a result, we can say
with certainty that for any initial mutated pathogen, there
are outcomes where the epidemic reaches an endemic state,
regardless of the initial parameters’ value.

In order to confirm our calculations, we performed nu-
merical simulations of mutating pathogens in trees. The
simulations start with an initial infected node (also described
as the tree’s root), with the initial pathogen « = 0 or y = yp.
The node is also set with the constant parameters r = ry and
X = Ag. The pathogen parameters are used to simulate Poisson
processes for the pathogen’s lifetime and for each infection
time to each of its offspring. If an offspring is infected, we
create it as an infected node with ypey = 10!, In addition,
we set to it the constant parameters—ry and Ao—for the
spread process. This is repeated iteratively, step by step, until
the end of the epidemic. We define a stopping condition when
there are no ongoing infection processes. See the Supplemen-
tal Material [30] for the MATLAB codes used to perform this
simulation, as well as the other simulations discussed in this
paper.

In order to obtain more interesting results, the simula-
tion should begin when the initial pathogen’s parameters are
around the critical value of the reproduction number Ry = 1.
Accordingly, based on Eq. (10), we set the initial parameters
to be around the conditions below:

Yo(r + 1) =ri, 12)

where o = 0.

We present our simulations results in tree graphs in Figs. 1
and 2. Figure 1 shows an excellent fit with the solution of
Eq. (10), where Ry, grows as a function of «, with upper
bound in Ry = 2 due the graph’s structure (since every node

2.0 A1

1.8 - « ¥

1.6 *

1.4 1
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1.2

1.0 A

0.8 1

FIG. 1. Simulation results of the basic reproduction number R,
as a function of the seed « parameter, using the following parame-
ters values: yp = 2.25, L = 2, r = 20, and & = 1.25. Averages were
taken over four epidemic realizations.

has two offspring). This agrees with our intuition and the
epidemiological logic, in that a longer mean mortality period
increases the probability to infect nearby susceptible nodes,
resulting in an increase of Ry.

Figure 2 demonstrates how higher values of « [and y as
a result, since y is dependent on «; see Eq. (4)] impact the
spread of pathogens in the network, where pathogens with
higher values of « (or y) gain more and more dominance over
the network, when they infect a greater fraction of the new

Distance = 8

0.30]
0.25] * *
0.20]

"o

Distance = 16
0.3 ooE

0.21
0.11 * *

0.0 * * . *
o

Distance = 24
*

0.29 . *

*

0.0 e

o
Distance = 32

0.19

0.0

FIG. 2. The pathogens distribution on nodes with different dis-
tances from the root node (values on titles). Initial parameters are
as in Fig. 1. The x axis is « and the y axis is the ratio of the
number of nodes infected with each pathogen to the total number
of infected nodes in this distance. Averages were taken over four
epidemic realizations.
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infected offspring. These results are in good agreement with
Eq. (9), where pathogens with a higher y (and a higher «,
respectively) are more likely to infect new nodes. It should be
noted that the right tail in each scatter diagram in which the
proportion of pathogens with large o seemingly decreases is
due to the finite time of the simulations, which does not enable
these pathogens, appearing in later stages of the simulations,
to infect a significant portion of susceptible nodes. In any
case, the principle of proportional growth with increasing o
is conserved, and as time goes on we are more likely to see
pathogens with higher values of y («).

IV. RANDOM NETWORKS

Random networks are networks with randomly generated
edges. Random networks have been thoroughly studied over
several decades and have been used as a basis for many studies
on the field of complex systems in general and complex net-
works in particular [31]. The most familiar random network
model is the Erdés-Rényi (ER) model (G(n, p)) [32].

It has been shown that even in large random networks,
properties of small-world networks remain [33], where the
average distance between nodes in the network is d ~ In(N).
These structural properties enable epidemics to spread in the
network with only a small number of steps from any initial
infected node to any other node in the network. As a result,
mutating pathogens generally create only a limited number of
mutations.

In order to model the epidemic spreading on random
graphs, we divide the spreading process into two parts—short-
and long-range spreading. At the beginning of the epidemic
spread, when most of the nodes in the graph are not yet
infected, the random graph can be assumed to behave as a
tree graph, which means that each new infected node is free
to infect all its neighbors except its source of infection, and
“bypasses” do not yet exist. Therefore, the equation for the
basic reproduction number on the short time spreading can be
written as in the tree section, with the necessary changes for
random graph structure:

Roe = — Oy, (3

ry(a) 4+ A(r+ 1)

where (k) is the expectation of the number of links of each
node in the network. When a significant part of the nodes in
the network has already been infected (long-range spreading
part), some of the neighbors of an infected node are already
infected, and the number of susceptible neighbors no longer
behaves exactly like the graph degree distribution.

For the numerical part of this section, we performed nu-
merical simulations similar to those in the previous section.
However, in order to simulate the process for random net-
works, we first generated random networks based on the ER
model and simulated the spreading process on them. The
simulation starts with a random initial infected node in the
network. The initial node receives an initial pathogen with
properties around the critical epidemic threshold value based
on the graph structure. The simulation initiates Poisson pro-
cesses of the infection process for its neighbors as well as
the recovery/death of the infected node itself. The Poisson
processes are simulated based on the pathogen’s parameters

£=1.01
0.1
0.0 Y . -M
a
£=1.05
0.1
0.0 - -;IIIIIIIIIIIII.III.I-,—,,
a
£=1.1
0.14
0.0 ; " -Il.lllllllllllll..—,,
a
£=1.25
0.14
0.0 y . -M
Qa
€=1.5
0.14
0.0 , ’ 'IIIIIIIIIIIIIII.IJ——,—
a
¢=2
0.1 1
0.0 -
=20 =10 0 10 20
a

FIG. 3. The pathogen distribution when most of the network’s
nodes have already been infected. Each subgraph presents a simula-
tion with a different & value (see figure titles). The x axis is the «
value, and the y axis is the proportion of nodes with that pathogen.
Simulations were performed on a network with a million nodes.
Averages were taken over four epidemic realizations in which more
than 10 infections occurred.

as their average time characteristics. When another node be-
comes infected, it receives a new pathogen with the same
constant parameters (r, 1) as its source node, and with a new
mutating parameter (y) according to Eq. (4). Afterward, sim-
ilar Poisson processes are initiated for the new infected node,
but now with the new pathogen’s mortality parameter. The
simulation also considers the status of the node’s neighbors,
where possibly only some of them are susceptible and could
be infected based on the Poisson process. The simulation
continues until it stops when most of the network is no longer
susceptible, or until we count several simulated days with no
new infections on the network.

In Fig. 3, we present the distribution of the pathogens in the
network after a long spreading time, when most of the network
nodes are already not susceptible. We expect the resulting dis-
tribution to be similar to the normal distribution (since we can
partly describe the mutation process as a random walk), with
a slight tendency for the positive side inasmuch as pathogens

043061-5



AVIEL IVRY, REUVEN COHEN, AND AMIKAM PATRON

PHYSICAL REVIEW RESEARCH 8, 043061 (2026)

1 1 1 1
6 8 10 12 14

week number

o
N
~

90F -1
80 -
701 B
60 -
50 -
40 -
30 -

largest y (days)

20 -

L 1 1 1 1
6 8 10 12 14 16

week number

o
N
IS

FIG. 4. The evolution of a mutating pathogen during the epi-
demic spreading. The initial parameter is set around the epidemic
threshold with & = 1.1. The upper subfigure shows the average value
of the mutating pathogens’ y in nodes that were infected in each
week, while the lower subfigure shows the largest value of y in each
week. The x axis represents the week number on the simulation, and
the y axis is the y value (in days). Simulations were performed on a
network with two million nodes. Averages and maxima were taken
over four epidemic realizations in which more than 10° infections
occurred.

with positive « (or larger y) are likely to have a greater portion
of the network nodes [see Eq. (8)]. This tendency is affected
by the & value, where higher values yield greater mutations
and advantages to the mutated pathogens with higher « as we
can see also in the figure.

We also studied the evolution of the mutated pathogen
during the time it spreads, as presented in Fig. 4. In this
figure, it is shown how pathogens with higher values of y
appear during the epidemic spread. The figure presents the
average and the highest value of y of the infections in a
specific simulated week. The pathogens evolution can be seen
in the bottom figure, where for each week during the simula-
tions the highest y pathogen that appeared during that week
is presented. Then, after some time, the pathogens with the
higher values infect more new nodes, and the average y value
increases accordingly (top figure). As the number of infected
nodes decreases, due to the network’s finite size, the diversity
of infecting pathogens also decreases, and thus, the maximum
y starts decreasing, although the average keeps increasing.

V. SCALE-FREE AND REAL-WORLD NETWORKS

Scale-free networks are networks with a power-law degree
distribution. In particular, it means that in this graph most of
the nodes have low degrees, while a small fraction of nodes

m
> 3.2
O
s
>_3.1
(0]
()]
M 3.04
j .
(0]
>
< 29
0 1 2 3 4 5 6 7
week number
o]
2
o0
©
2]
>
h 61
(0]
D5
©
]
0 1 2 3 4 5 6 7 8

week number

FIG. 5. The evolution of the mutated pathogen (similar to Fig. 4)
during its spreading in a scale-free network, with £ = 1.1. The initial
pathogen’s parameters are set around the epidemic threshold (which
is determined by the network’s finite size). Simulations details are
similar to Fig. 4.

get very high degrees. These nodes are sometimes denoted as
“hubs” due to the role they play in the network.

Over the last decades, the scale-free network model was
found to fit well many real-world networks, such as the
WWYV, the Internet, air travel networks, and social networks
[34-37].

Scale-free networks have a strong “small-world effect,”
since the average distance in these networks is very short and
scales as d ~ Inln N [38]. This makes the average “infection
path” (the number of infections needed to infect a far node
in the network) extremely short, so the pathogen does not
undergo enough infection steps in order to create large mu-
tations.

In this section, we focus on numerical simulations. To
generate the simulated networks, we used the Barabdasi-Albert
model [36,39]. We also worked with real-world data, from
open sources.

A. Simulated scale-free networks

As expected from the network structure, Fig. 5 shows
how scale-free networks are infected faster (if we compare to
random networks with the same initial conditions as those pre-
sented in Fig. 4) and are less likely to induce large mutating.
Since paths between nodes in scale-free networks are likely to
be much shorter, there are not enough infection events along
a path to create a pathogens with a mutated parameter that is
considerably larger than the initial pathogen. Indeed, as we
can see in the top figure of Fig. 5, the average pathogen’s
mortality parameter is almost constant (the growth at the end
of the spreading process is only about 12%, similar to only
one mutating step, since € here is 1.1).
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FIG. 6. The evolution of a mutated pathogen (similar to Figs. 4
and 5) during its spreading in the Deezer European social network,
with & = 1.2. The initial pathogen’s parameters are set around the
epidemic threshold, based on the network structure. Simulations
details are similar to Fig. 4.

B. Social network

In order to study the mutated pathogen model under more
realistic conditions, we used the network of Deezer Europe
social network [40]. In this network, the nodes are Deezer
users from European countries and edges are mutual follower
relationships between them.

As we expected, the results of the simulation using the
Deezer Europe social network are similar to results for the
generated scale-free networks, as seen in Fig. 6. The pathogen
begins its evolution when a few nodes are infected with
pathogens having higher value of y, which after some time
get dominance over the network, and the average pathogen’s
value of y is growing. Since scale-free networks have a very
small diameter, which is almost independent of the size, the
average distance in the Deezer netwrok is very close to the
average on our generated scale-free network even though it
is much smaller. Therefore, the total infection time is pretty
similar between them, while random networks of these sizes
will present a larger difference in the spreading time.

VI. SQUARE GRID GRAPH

Square grid graph is a type of a lattice, or a grid graph,
which is a cyclical graph (considering an infinite graph or a
graph with periodic boundary conditions) in which each node
has four neighbors that are identical in structure (i.e., it is
vertex transitive).

Our primary motivation for investigating this kind of
graphs is the large average distance they possess. In addition,
the square grid graph, as small-world networks and unlike tree
graphs, can have more than one path between two nodes. Ad-
ditionally, unlike random graphs, grids contain a large number
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FIG. 7. The evolution of the mutated pathogen in a square grid
graph with 500 x 500 nodes. The initial parameter is set around

the epidemic threshold, and £ = 1.1. Averages were taken over four
epidemic realizations.

of small cycles. This yields the effect of competing paths, by
which competing pathogens can “get around” other pathogens
and become dominant in the network. These structural proper-
ties allow the mutating effect to be more strongly pronounced,
and make this structure interesting for our study.

Figure 7 shows how the mutating parameter gets greater
over time in a square grid graph, where only the fittest
pathogens survive after a long path. It seems that at some point
most of the low pathogens disappear, which makes the average
parameter grow much faster.

Another advantage of the square grid graph is the ability
to easily visualize the graph’s structure and better understand
the flow of the epidemic in it. Figure 8 displays the mutation
of the pathogen during the epidemic spreading in the network.
The « value of each node is presented as a color in the figure.
Dark pixels represent never infected susceptible nodes. The
initial infected node is colored in red. It can be seen that
close to the initial node where pathogens are likely to have
smaller value of y, more nodes remain susceptible; i.e., the
infection probability is lower. As the distance from the initial
node increases, these holes become less and less common.
That is, after the pathogen mutates, the infection probability
becomes larger (due to the decreased mortality, leading to
higher transmissibility values) and thus far nodes have a much
lower probability to stay healthy without getting infected. At
the same time, farther from the initial node, we can see much
higher variance in the parameter value. This can be explained
by what biologists define as the “founder affect,” when in
each area the infection can be envisioned as a tree with its
founder as a root. The parameter value for this “founder” node
is likely to have a large effect on the properties of pathogens
existing in the area around it. Thus, one can see that in the
figure there are patches of brighter and darker colors, which
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FIG. 8. The heat map for « values in a square grid graph with
500 x 500 nodes. In case of a susceptible node, we set a very low
o value (dark point). The initial infected nodes are colored in red.
Averages were taken over four epidemic realizations.

are usually brighter than the vicinity of original infection, but
have a large variation that is due to the exact parameter value
for the pathogens that arrived at this direction.

VII. TEST CASE—THE COVID-19 PANDEMIC

As an illustrative comparison of our model with a real
epidemic, we tested our theory and predictions on the real
well-known “corona” pandemic. This pandemic originated
in Wuhan, China in December 2019. The virus responsible
for the global break is named SARS-CoV-2 (severe acute
respiratory syndrome coronavirus 2). Infection with this virus
caused the disease known as COVID-19 (corona virus dis-
ease 2019). The World Health Organization (WHO) declared
the “corona” a global pandemic in March 2020 [41]. From
December 2019, as mentioned, the pandemic continued until
May 2023 when the WHO ended the Covid-19 global health
emergency [42]. Throughout the pandemic, five variants of
concern (VOCs) of Covid-19 emerged, each of them with its
own special characteristics—Alpha, Beta, Gamma, Delta, and
Omicron. Of the five VOCs, three of them—Alpha, Delta, and
Omicron—were very infective and transmissible, and shortly
after they emerged they reached dominance over other vari-
ants that coexisted with them and caused a global pandemic
wave. The Alpha variant first emerged in September 2020.
It was the first VOC, and appeared after the first strain of
Covid-19 variants that originated in Wuhan and was referred
as to “wild-type” strain. This variant became dominant over
the “wild-type” strain and caused the first world pandemic
wave that occurred from December 2020 until early 2021. The
Delta variant first emerged in December 2020. This variant
reached dominance over the Alpha variant and other vari-
ants coexisted with it, and caused the second pandemic wave
over most of 2021 [43,44]. The Omicron variant appeared in
November 2021. This variant has a very high transmissibility,
and shortly after it emerged it took the dominance over the

Delta and other variants and caused the third pandemic wave
that took place in 2022-2023. The other two VOCs—Beta and
Gamma—emerged first in May 2020 and November 2020,
respectively. Each of them showed specific properties that
made them riskier than variants strains (such as high transmis-
sibility, severe disease, etc.) that existed before they appeared,
and for this reason they were designated as VOCs [45,46].

We applied our theory using real epidemiological measure-
ments of the infection, mortality, and recovery mean time of
each of the Covid-19 VOCs Alpha, Beta, Delta, and Omicron.

The following is a detailed explanation of how we mea-
sured the three mean times. In general, to measure these mean
times we used some other epidemiological auxiliary measures
related to the Covid-19 VOC:s, as will be detailed below. These
auxiliary measures have been evaluated in many studies and,
naturally, their values vary in different studies. Therefore,
whenever the evaluation of a measure was different between
studies, we consider its value as the mean of the various values
that were presented. Here is the way we measured each of
three mean times—infection, mortality, and recovery:

(1) Measurement of infection mean time: In epidemiolog-
ical terms, infection mean time is referred to as the measure
named generation time—the interval between when an indi-
vidual becomes infected (primary infection) and when that
individual transmits the infection to another (secondary infec-
tion). Since there are difficulties in measuring the generation
time, it is replaced by the serial interval measure, which is the
interval between the appearance of symptoms of the primary
infection to the symptoms’ appearance of the secondary infec-
tion [47,48]. For the Covid-19 VOCs, the serial interval was
measured to be as follows: Alpha—S5.2 days [47,49], Beta—
4.5 days [50], Delta—3.7 days [47,50,51], and Omicron—3
days [47,51,52].

(2) Measurement of mortality mean time: The mortality
mean time, which is the mean interval between infection and
death, has not been directly studied and evaluated for the
Covid-19 VOCs. Therefore, for measuring it we split this
interval into two parts that have been studied and measured—
the interval between infection and the onset of symptoms
known as the incubation period, and the interval between
hospitalization due to symptoms and death for individuals
who died from the disease. We also considered 1-2 days
between the onset of symptoms and hospitalization. For each
of the Covid-19 VOCs, the combination of the incubation
period and the hospitalization-to-death interval plus 1-2 days
between them gives a measure of its mortality mean time. For
the Covid-19 VOCs, the incubation period was measured to
be as follows: Alpha—4.5 days [50,53,54], Beta—4.5 days
[55-57], Delta— 4.35 days [51,53,54], and Omicron—3.35
days [51,58,59]. The hospitalization-to-death time was as fol-
lows: Alpha—14.3 days, Beta—4 days, Delta—12.8 days,
and Omicron—16 days [53,60]. Combining the previous data
gives the following measurements for the VOCs mortality
mean time: Alpha—20.3 days, Beta—10 days, Delta—18.7
days, and Omicron—20.9 days.

(3) Measurement of recovery mean time: As in the mor-
tality mean time, the recovery mean time, which is the
mean interval between infection and recovery, has not been
widely studied and directly evaluated. For measuring the re-
covery mean time, we split this interval, as before, into the
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TABLE I. Summary of mean time intervals in the course of infection by variant.

Variant Infection mean time (1) Mortality mean time () Recovery mean time (r) P Poon
Alpha 5.2 20.3 17 0.64 0.46
Beta 4.5 10 12 0.55 0.55
Delta 3.7 18.7 11.9 0.66 0.39
Omicron 3 20.9 7.9 0.66 0.27

incubation period and the time interval from hospitalization
due to symptoms to recovery for individuals who recovered
from the disease (plus 1-2 days between symptoms’ onset
and hospitalization). The combination of the incubation pe-
riod and the hospitalization-to-recovery interval plus 1-2 days
between them gives a measure of the recovery mean time.
For Covid-19 VOCs, the hospitalization-to-recovery time was
measured as follows: Alpha—11 days, Beta—=6 days, Delta—
6 days, and Omicron—3 days [61,62]. Combining these data
with the incubation period detailed above yields measure-
ments of the recovery mean time of Covid-19 VOCs as
follows: Alpha—17 days, Beta—12 days, Delta—11.9 days,
and Omicron—7.9 days.

In Table I, we summarize the various measurements for the
VOCs as calculated before. Each of the Alpha, Beta, Delta,
and Omicron variants is represented in a specific raw in the
table. The first three columns list the infection mean time
(1), the mortality mean time (y), and the recovery mean time
(r), respectively. In the fourth column, the infection prob-
ability P is calculated for each of the variants according
to the formula we developed in Eq. (8), dependent on the
three mean times X, y, and r. The fifth column is devoted to
another important parameter that is the mortality probability
Prort- This probability refers to an event in which an infected
individual dies from the disease. In our model, it occurs
when the interarrival time of the mortality Poisson process
occurs before the interarrival time of the recovery Poisson
process. Considering that the interarrival time of a Poisson
process is exponentially distributed and the immemorial of
the exponential distribution, we get the following for the mor-
tality probability: Ppor = % In the fifth column of the
table, we calculated Py, for each of the VOCs applying this
formula.

Based on our model, an analysis of Table I leads to several
proposed insights regarding the spread of the Corona virus in
the world population, as follows:

(1) The infection probability P, ¢ of Alpha—0.64, Delta—
0.66, and Omicron—0.66, which are the three variants that
caused the three waves of the pandemic, is almost equal.
Therefore, we deduce that the replacements of the Alpha wave
by the Delta wave and of the Delta wave by the Omicron wave
did not result from a creation and emergence of a variant with
much higher infection probability than the previous one. On
the other hand, the explanation for these replacements is found
in the infection mean time column. The infection mean time
decreased between variants as the pandemic progressed, from
5.2 days for Alpha to 4.5 days for Delta, and finally 3 days
for Omicron. The infection mean time of a variant indicates
how fast the process of infecting individuals with this variant
occurs. It is independent of the infection probability. Accord-
ingly, we deduce that the Delta wave replaced the Alpha wave

and the Omicron wave replaced the Delta wave, due to the fact
that the rate of Delta infections was much higher than the rate
of Alpha infections, and the rate of Omicron infections was
much higher than that of Delta infections.

(2) The mortality probability Ppoy decreases between the
variants Alpha, Delta, and Omicron as the pandemic pro-
gressed. For Alpha the probability is 0.46, for Delta it is
0.39, and for Omicron it is 0.27. This fact is an indication
to the validity of our main argument that the survivability of
a variant increases as the variant virulence decreases. In the
Covid-19 case, the dominance reached by Delta over Alpha
and by Omicron over Delta is indeed a result of their increase
of the infection rate (as detailed above), but here we identify
that factor of low mortality probability has also a significant
contribution to the survivability and dominance of a variant.

(3) The variant Beta is different from the other VOCs
Alpha, Delta, and Omicron. Its infection probability 0.55 is
much lower than the infection probability of each of the Al-
pha, Delta, and Omicron, which is 0.65 approximately. On
the other hand, the mortality probability of the Beta variant,
which is 0.55, is much greater than this probability for each
of the Aplha, Delta, and Omicron variants. Therefore, in
accordance with our theorem, the low infection probability
of the Beta variant explains the facts that the Beta did not
cause a wave in the epidemic and could not reach dominance
over the variants that coexisted with it. On the other hand, its
infection probability of 0.55 is significant and did allowed the
Beta to create strains of individuals that were infected with
it. Combining this with the Beta’s second property of a high
mortality probability gives an explanation why this variant is
designated as a VOC. Although its probability of infection
was relatively low, it was a very virulence variant such that
if an individual was infected with the Beta virus, their chance
of dying was very high.

VIII. CONCLUSION

In this paper, we studied the phenomenon of continuous
mutating pathogens in networked populations. We show that
mutating pathogens have a large effect on the way of epi-
demics’ spread among populations. We showed that effect
over a wide range of networks and specifically we computed
the epidemic equations for continuous mutating pathogens on
a binary tree graph as well as the basic reproduction number.
We also proved that in the case of mutated pathogens that
spread in random networks, there is always a positive prob-
ability to reach an endemic state, regardless of the parameters
of the initial pathogen. Using numerical simulations, we show
how the mutated pathogens spread in many kinds of populated
networks and the differences between different structures
of networks. The numerical simulations also confirmed the

043061-9



AVIEL IVRY, REUVEN COHEN, AND AMIKAM PATRON

PHYSICAL REVIEW RESEARCH 8, 043061 (2026)

calculations from the analytical parts. The results are consis-
tent with the known effect of the less violent variants that
become more dominant over time. In addition, we applied
our theory to the case of the Covid-19 pandemic, including
analyzing the spreading of the various variants of the pri-
mary pathogen over different periods. We provided proposed
insights, based on our model and its assumptions, for the
pandemic’s development and the variants that emerged and
spread in the population.

The behavior of the mutated pathogen in populated net-
works is yet to be fully understood. Future work can focus
on computing the epidemic equations for grid graphs, as grid
graphs are more likely to have large mutation effects on the
pathogens. Another possible direction for further studies is to
find explicit relations between mutations, depth, and graph-
distance shells, such as calculating the distribution of the «
values carried by a node as a function of its distance from the
epidemic seed, determining the proportion of the different o
values after a significant fraction of the networks’ nodes has
been infected, and investigating this across different network
topologies. One can also consider studying the case of a

number of well-connected networks that are interconnected
by a limited number of links. This case may be the base to
model mutations flows between countries, during the spread
of real-world epidemics.

A.L contributed to the development of the theory, wrote
and implemented the simulations, and wrote the draft. R.C.
contributed to the theory development and reviewed and
edited the draft. A.P. contributed to the development of the
theory, wrote the “Test case—the Covid-19 pandemic” sec-
tion, reviewed and edited the draft and the presentation, and
supervised the project of writing the paper.
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