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Networks of coupled Kerr parametric oscillators (KPOs) hold promise for the realization of neuromorphic and
quantum computation. Yet, their rich bifurcation structure remains poorly understood. Here, we employ secular
perturbation theory to map the stability regions of these networks and identify the regime where the system can
be mapped to an Ising model. Starting with two coupled KPOs, we show how the bifurcations arise from the
competition between the global parametric drive and linear coupling between the KPOs. We then extend this
framework to larger networks with all-to-all equal coupling, deriving analytical expressions for the full cascade
of bifurcation transitions. In the thermodynamic limit, we find that these transitions become uniformly spaced,
leading to a highly regular structure. Our results reveal the precise bounds under which KPO networks have an
Ising-like solution space, and thus provide crucial guidance for their experimental implementation.
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I. INTRODUCTION

The Kerr Parametric Oscillator (KPO) stands out as a
ubiquitous out-of-equilibrium system in the field of quantum
mechanics and nonlinear dynamics [1—4]. This system, driven
by a time-dependent harmonic potential term, has emerged as
a versatile platform with applications ranging from quantum
information processing [5,6], metrology [7,8], and ultrasen-
sitive detection [9-11] to neuromorphic computing [12,13].
In quantum information, KPOs serve as qubits and quantum
gates, while in sensing applications, they enable precision
measurements through parametric amplification. Their capa-
bility to form networks with complex dynamics has made
them particularly attractive for neuromorphic architectures,
where they can implement both computational and memory
functions.

When the KPO is driven above its parametric driving
threshold, the system is forced across a spontaneous period-
doubling Z, symmetry-breaking phase transition [12,14,15],
resulting in a “phase-state” oscillation solution at half the
drive frequency. Intriguingly, a KPO features two such phase
states with equal amplitude, but phases separated by an angle
7. These states can be mapped to the two polarization states
of an Ising spin, “up” and “down.” This analogy has sparked
interest in KPO networks as a tool to solve NP-hard problems,
such as finding the ground state of an Ising Hamiltonian,
where different classes of “KPO Ising machines” with bilinear
or dissipative coupling emerged [12,16-25]. The exploration
of coupled KPOs thus opens up possibilities in the realm of
computation and optimization, making it a captivating subject
of research.
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A key challenge for using KPO networks as Ising ma-
chines is to understand the plethora of phases in the driven
many-body system, and how they map to a desired Ising
Hamiltonian. Previous studies on networks with bilinear cou-
pling have focused mainly on the case of weak coupling
coefficients, where the bare modes of the system can be read-
ily mapped to Ising spin configurations [12]. In contrast, a
strong bilinear coupling between KPOs was found to give
rise to additional phases beyond the Ising model [22,26,27].
In particular, it became clear that the number of maximum
stable configurations of an N-node KPO network deviates
from the expected solution space of the 2V Ising states [28,29].
This discrepancy arises on the one hand because the resonator
network forms normal modes that are separated in frequency
[30], and on the other hand because the interplay between non-
linearity and resonator coupling generates a host of additional
states with mixed symmetry [22]. Even for only two KPOs,
the combination of these effects results in a complex phase
diagram that so far is only partially understood. As such, a
deep analytical understanding of the phases associated with
two coupled KPOs is crucial for predicting the behavior of
larger networks, and eventually for understanding the rules
governing large-scale Ising machines.

In this work, we present a comprehensive analysis of the
phase diagrams of networks of bilinearly coupled KPOs. We
use secular perturbation theory to understand the stability of
the different states in the system, focusing on the interplay
between parametric driving and coupling. By examining the
case of two coupled KPOs, we derive the conditions under
which different stationary states emerge and the physical
mechanisms behind them. We extend our analysis to larger
networks with all-to-all equally coupling, finding analytical
expressions for the bifurcation lines that demarcate the pa-
rameter regime where the network can effectively function as
an Ising machine. Our findings offer a detailed understanding
of the dynamics and solution space of KPO networks, paving
the way for their practical implementation in neuromorphic
computing applications.
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FIG. 1. Characterization of a KPO network [cf. Eq. (1)].
(a) Sketch of a coupled KPO network, where the motion of each
mode is effectively described via a rotating quasienergy potential,
which has up to three possible stable states. The latter form an
effective spin-1 subspace {1, |, 0} (see Sec. IIC). (b) The stability
diagram around the first instability lobe for different linear paramet-
ric resonators, e.g., modes of a decoupled KPO network, or linear
normal mode of the coupled system, as a function of the dimension-
less parametric pump amplitude A/@? and driving frequency /@
(see Sec. II A). The frequency @ is chosen to be the mean of the
natural frequencies of the individual lobes. The gray regions indicate
where the kth linear mode becomes parametrically unstable. (c) The
I (white), II (orange), and III (yellow) regions denote parameter
regimes where only the zero-amplitude state, only the phase state,
or both zero-amplitude and phase states are stable, respectively (see
Sec. IIB). The quadrature u; of the stationary-state solutions as a
function of w for a cut at A = 0.03 is superimposed onto the phase
diagram.

The paper is structured as follows: In Sec. II, we pro-
vide a comprehensive introduction to linearly coupled KPO
networks, where we highlight how cross-Kerr coupling [cf.
Eq. (10)] due to strong coupling leads to a rich bifurcation
structure. We proceed in Sec. III, by analyzing the stability
phase diagram of two coupled KPOs, deriving analytical ex-
pressions in Eq. (14) for the bifurcation lines that determine
when different states become stable. Crucially, the stability of
the states is perturbed by the coupling between the KPOs. In
Sec. IV, we extend this result to networks of N identical all-
to-all coupled KPOs, thus revealing a cascade of bifurcation
transitions [cf. Eq. (21)]. We find that the bifurcation lines in
Egs. (16) and (25) define lower bounds on where the system
has 2V possible stationary states, thus defining the parameter
regime where the system can be mapped to an Ising network.
We conclude with a summary and outlook in Sec. V.

II. COUPLED KERR PARAMETRIC OSCILLATORS

We analyze a network of N coupled KPOs [see Fig. 1(a)].
Its classical equations of motion (EOMs) read

=Y Jijxj =0, (1)

JF#

¥+ @F (X + yiki + oix;

where the ith EOM describes a KPO by its displacement x;,
modulated bare frequency w;(¢) = w;(1 — xicos(Rwt)), and
Kerr nonlinearity «;. We work in units such that the mass of
each KPO s 1, i.e., m; = 1. The dots indicate derivatives with
respect to time . All KPOs are parametrically driven at the
same angular frequency 2w with parametric pump strengths
= A /a) =A /a) The network is formed by linear cou-
pling between the KPOs with coefficients J;;. To account for
dissipation in the system, we introduced linear damping terms
with coefficients y;. Note that the above classical system can
be related to a driven quantum Bose-Hubbard-like system if
one quantizes the phase-space coordinates. More details are
given in Appendix A. In Appendix B, we show how the Ising
Hamiltonian can be derived from the KPO network (1).

A. The linear regime

We first recall the linear limit (o; = 0) of a single de-
coupled mode (J;; = 0) in the resonator network. The EOM
of the individual oscillator [cf. Eq. (1)] takes the form of a
damped Mathieu’s equation [2,31]. The equation is solvable
using Floquet theory, where the solutions evolve according
to two Floquet characteristic exponents denoted as u;, € C
[32]. The linear stability of the mode under the parametric
drive hinges on the competition between damping and para-
metric amplification, which determines the sign of the real
parts of 11, also known as the Lyapunov exponents [33].
Specifically, by setting

Re{u12} =0, 2

we obtain the boundary that defines the parametric instability
lobe, commonly referred to as “Arnold tongue,” beyond which
the linear mode’s oscillation becomes unbounded [32,34]. In
other words, outside the lobe, we have Re{u;,} <0, and
the mode’s motion is stable. In contrast, within the Arnold
tongue, we have Re{u;} > 0 or Re{u,} > 0, and the mode
experiences parametric resonance, leading to an unbounded
amplitude growth in the linear case. These lobes are centered
around w ~ w;/n for n € N. Our focus here is on the primary
lobe associated with n = 1, where the effects of parametric
driving are most pronounced.

In Fig. 1(b), we show the stability diagram of linear modes
in a decoupled resonator network. Note that, for each iso-
lated mode, the parametric resonance condition occurs at a
different detuning due to the different bare frequencies w;.
Due to the different y;, each mode has a different parametric
threshold, namely, a parametric drive strength beyond Wthh
the ith mode can become unstable at its primary lobe, Ath =

2yiwi. If Ay < )»Eh), no parametric excitation of the ith mode
is possible over the whole frequency range. In the case of
an undamped system (y; = 0), the parametric lobe extends to
)Lgl) = 0, touching the frequency axis at w = w; [see Fig. 1(b)].

Moving to the coupled linear resonator network, the EOMs
can be written in matrix formulation as X + I'x + Mx —
A cos2wt)x = 0, where x is a vector with elements x;, T’
and A are diagonal matrices of y; and A;, respectively, and
M is a matrix containing the eigenfrequencies w; and off-
diagonal couplings J;; [cf. Eq. (1)]. When the linear resonators
are strongly coupled, the problem is better characterized us-
ing the normal mode coordinates X = Ux, defined by the
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eigenvalue problem MX = vX. The resulting eigenfrequencies
v only depend on the bare frequencies w; and couplings J;;.
The orthogonal matrix U rotates the bare basis x; such that the
linear system is decoupled [30]. This leads to a new set of N
EOMs for the normal modes:

S v+ ) (P — AgccosQonx) =0, (3)
1

where the matrices with tilde are written in the rotated basis,
B = U”BU, and each normal mode moves at its own eigen-
frequency vi. To avoid confusion, we iterate the bare mode
basis with index i, and the normal mode basis with index k.

Inhomogeneous damping coefficients y; lead to dissipative
coupling between the normal modes. Such coupling vanishes
for homogeneous damping constants, y; = y; i.e., I = 1z
becomes diagonal [35]. Similarly, inhomogeneous parametric
drive amplitudes couple the normal modes, but are diagonal
Ay = A8, under a global driving amplitude, A; = . Neglect-
ing such inhomogeneous coupling terms, we once more obtain
a system of decoupled parametric oscillators with a stability
diagram akin to Fig. 1(b), but with lobes centered around
the eigenfrequencies vg. In other words, the linear instability
lines are plainly shifted due to the coupling coefficients J;;.
Until now, we disregarded the nonlinear terms that will couple
the normal modes to one another through the transformed
nonlinear terms ~x>. Their impact on the system is the main
focus of this work.

B. Beyond parametric instability

The unbounded growth inside the parametric instability
lobes is prevented by the nonlinearities «; # 0. Already in the
decoupled network case, J;; = 0, we obtain a rich response for
a single mode [see Fig. 1(c)]. This driven nonlinear system can
be treated perturbatively using Floquet expansions such as the
Krylov-Bogoliubov (KB) averaging method [36—40]. In this
approach, we transition to a rotating frame with the quadra-
tures u; and v; defined as x; = u; cos(wt) + v; sin(wt). By
averaging these quadratures over a single period T = 27 /w,
we extract the (slow) stroboscopic motion of the system and
obtain slow-flow equations of the form

i 3ai Pt A
ui=—ﬂ—<iA%+u+—>vi, )

2 8w 2w 4w
: Y 3a; 5, wP—w® A
==t | At ——— — o |u 5
0 2 <8w it e T a) ®

where A7 = u? + v?. The new effective description is valid
when the dimensionless quantities |w? — @?|/w?, A/@?, y Jo,
Jij/wz, and (()t,-/a)2))ci2 are of order ¢, where 0 < € < 1 [41].
Generally, this means that the slow-flow equations are valid
if all other characteristic frequencies of the system are small
compared to the driving frequency. In Appendix A, more
details on the KB method are provided.

We investigate the long-term dynamics (stationary states)
of the single mode i by setting i; = v; = 0 in Eqgs. (4) and (5),
and solving the resulting coupled polynomial equations [42].
Based on the number of real (physical) solutions, their values,
and their stability, we can define a phase diagram for the sys-
tem [see Fig. 1(c)]. From the slow-flow equations in Eqgs. (4)
and (5), it is clear that the zero-amplitude solution u; = v; = 0

satisfies the stationary-state condition. However, as discussed
in Sec. IT A, the stability of the state is determined by the
parametric instability condition (2). Indeed, computing the
real part of the eigenvalues of the Jacobian of the slow-flow
equations [Egs. (4) and (5)] for the zero-amplitude solutions
yields the eigenvalues

L 2yo £ A —4(w? — w[z)2
ud = ‘/ " : 6)

where the real part corresponds to the Lyapunov exponents.
Applying condition (2) yields the parametric instability lobe
(up to order €):

10w) = 2/ y20r + (02— )’ 7
Below the parametric threshold A = 2y,w;, the zero-
amplitude solution remains the sole stable stationary solution.
Similarly, when o; > 0 (o; < 0) and the drive is far blue-(red-)
detuned, w < w; (0 > w;), the zero-amplitude solution is the
only stable stationary solution; we mark this region as I in
Fig. 1(c). Within the instability lobe [region II in Fig. 1(c)],
the zero-amplitude solution becomes unstable [cf. gray line in
Fig. 1(c)]. Due to the parametric drive, the system then expe-
riences a spontaneous Z; time-translation symmetry-breaking
phase transition [14,15], or period-doubling bifurcation, re-
sulting in two stable states [cf. blue and maroon lines in
Fig. 1(c)]. By applying the stationary-state condition to
Egs. (4) and (5), the amplitudes of the two stable states are
computed to be [43]

A \/2(‘/)»2 — 4y20? + 20? — 207)

3a;

) ®)

with o € {—1, 1} iterating over the two period-doubled states.
These states—also called phase states—are degenerate in am-
plitude, but are w-shifted in phase, i.e., ¢; » = ¢; _ + 7. The
phase states persist after leaving the parametric instability
lobe for a; > 0 («; < 0) and w > w; (w < w;), while the zero-
amplitude solution regains stability [region III in Fig. 1(c)].
Note that as we are dealing with out-of-equilibrium phase
transitions alongside so-called phase states, we will use in
the following the mathematical term “bifurcation” to denote
the boundaries at which phase transitions occur. This choice
aims to prevent any ambiguity associated with the multiple
meanings of “phase” in this context.

C. The decoupled network state space

In the decoupled network (J;; = 0), we have seen that each
mode can have up to three different stable solutions. We can
formally map the two phase states of the KPO to two spin
states 1 and |, [12,19,22,44]. Specifically, we denote

lo;) = A; s, ©)

where o; will map onto 1, |. Note that we use here coher-
ent states’ Dirac notation |---) to mark the semiclassical
stationary amplitudes [cf. Eq. (8)]. Analogously, with the
combination of the zero-amplitude state, |0), we can label
the stable stationary solution space of the KPO as a spin-1
state space. As indicated in Fig. 1(a), we will represent this
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set of states as s = {1, |, 0}, where 1 and | represent the
phase states, while O signifies the zero-amplitude solution [cf.
Fig. 1(c)]. As we have N modes in the decoupled network,
we can have up to 3V stable stationary solutions. This is in
conjunction with saturating the upper limit of possible stable
stationary solutions in such systems [28,29,45,46]. As such,
we can label the states of the decoupled network with a tensor
basis J, represented by [¢) 7 = [s1 - - - sy) 7, Where we keep
in mind that not all states are accessible at the different I-III
regions of parameter space [cf. Fig. 1(c)].

D. Coupled KPO network

When treating the full nonlinear coupled KPO network
(Jij # 0), the normal mode basis remains useful [cf. Eq. (3)],
alongside the introduction of some challenges. Specifically,
the nonlinear terms in the bare basis transform to

aCkxi +a Z (C,kxlzxk)
I5£k

to Z Z (Clmxzzxm + Clmkxlxkxm), (10)
Ik m#l#k

for the kth mode in the normal mode basis, where the C-
coefficients are determined by the transformation U. We
observe that the contributions can be split into self-nonlinear
terms x,f and cross-nonlinear terms, where the latter are also
known as wave-mixing terms. Crucially, the self-nonlinear
term stabilizes the individual normal modes as they undergo a
parametric phase transition; i.e., they bifurcate into their phase
states at their respective parametric instability threshold [cf.
Eqgs. (4)—(7) with i — k]. This allows us to define a tensor ba-
sis N spanned by |W)x = |S] - - - Sy) 7, where the effective
spin § = {7, |, 0} is based on the stable stationary solutions
of the normal modes. Hence, without nonlinear coupling
(wave mixing) terms between the normal modes, the phase
diagram of the network is composed of parametric instability
lobes centered around vy, in similitude to the J;; = 0 case [cf.
Figs. 1(b) and 1(c)]. The tensor basis A still saturates the
maximum allowed 3V stable stationary solutions [28,29,45].
Thus, the state of the fully coupled network can be spanned
by either the |i) 7 or the |W) s basis.

By direct solution of the coupled network equations as
well as in experiments, we observe that in addition to the ex-
pected bifurcations into phase states for the normal modes, the
cross-nonlinear terms between normal modes [cf. Eq. (10)]
can induce additional structure to the phase diagram [see
Fig. 2(a) and Refs. [22,47,48]. Once the amplitudes of the
normal modes ozA]% become large [cf. Eq. (8) with i — k],
the cross-nonlinear coupling between the normal modes can
lead to new states of mixed symmetry, having an amplitude
contribution in multiple normal modes [22]. Furthermore,
the nonlinear coupling influences the stability of the normal
mode phase states, leading to clear deviations from the naive
parametric lobe picture [22,48] with profound implications in
the realm of stochastic dynamics [47].

We have reviewed the phenomenology of coupled KPO
networks, while introducing a comprehensive notation for the
problem. In the following, we employ a secular perturbation
theory on top of our tensor basis, and identify parametric
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FIG. 2. Phase diagram of two homogeneously coupled KPOs
with bare frequencies wy [cf. Egs. (11) and (12) and Appendix C],
as solved by HarmonicBalance.jl [42]. (a) Number of stable states as
a function of the dimensionless parametric pump amplitude A /w3 and
driving frequency w/w, with y /wy = 0.006 and J/w] = 0.01. The
states can be classified into (b) symmetric, (c¢) antisymmetric, and
(d) mixed-symmetry states, yielding their own respective stability
phase diagrams. Dashed lines mark the Arnold tongue of the sym-
metric and antisymmetric mode in the absence of cross-Kerr terms in
panels (b) and (c), respectively. Solid colored lines mark the modified
parametric instability lines due to cross-Kerr coupling [cf. Egs. (13)
and (14)]. Black square and circle mark the parameters used in Fig. 4.

instabilities induced by cross-Kerr coupling. Thus, we develop
a physical understanding of how the normal modes interact,
which allows us to describe the phase diagram of the KPO
network.

III. UNDERSTANDING COUPLED KPO
NETWORKS: THE N = 2 CASE

In accordance with the basis notation developed above, we
introduce here a perturbative framework to describe the phase
diagram of the coupled KPO network via the stability of the
tensor states. Our scheme primarily focuses on the paramet-
ric instability thresholds and how they are modified through
nonlinear coupling corrections. To illustrate this approach,
we proceed to describe the complete phase diagram of two
homogeneous KPOs. Importantly, this simpler example is al-
ready providing insights beyond the state of the art [22]. In the
subsequent section, we discuss how our approach generalizes
to larger networks.

We consider N = 2 identical and coupled KPOs described
by Eq. (1) with bare frequencies w; = wy, parametric drive
amplitudes A; = A, damping coefficients y; = y, nonlinear-
ity parameters «; = o, and coupling coefficient J;; = J. We
henceforth choose both the nonlinearity and the coupling to
be positive, whereas analogous analysis will apply for other
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choices [49]. The EOMs of the system in the normal mode
basis read

i + [w? — AcosQot)|xs + v + a(x +3x3x) =0, (11)

X, + [a)j —A cos(Zwt)]xa + yx. + a(xs + 3x32xa) =0, (12)

where the normal modes comprise a symmetric (S), x; =
(x1 +x2)/2, and an antisymmetric (A) mode, x, = (xp —

@ £J. We calculate the full phase

diagram from the slow-flow equations derived from Egs. (11)
and (12) by setting ity = v = 0 and solving for the roots of
the coupled polynomials [42] [see Fig. 2(a) and Appendix C].
We obtain up to the maximum of 32 possible stable stationary
states. The regions with different number of stable states are
separated by bifurcation lines. However, the bifurcation lines
differ significantly from the naively expected overlapping
parametric lobes of the normal modes [cf. Fig. 1(b)].

To analyze the discrepancy between Figs. 1(b) and 2(a), we
consider the case with only the eigen-Kerr term of each nor-
mal mode; i.e., we remove the cross-Kerr terms in Egs. (11)
and (12). In this limit, the KPO network solutions are spanned
by the normal mode tensor basis |S;S,) A with S; , indicating
the stationary state of x; ,, respectively. This basis spans over
nine solutions, where each normal mode can reside in each
of its three “spin-1” states without impacting the state of the
other. For example, an S- or an A-phase state in the normal
mode basis can read |1,0)» or |01,), respectively. This
limit yields a phase diagram akin to Fig. 1(b) for N = 2.

When the cross-Kerr terms are present, we obtain Fig. 2(a).
We see up to nine solutions, but they do not directly match to
the independent normal mode states described above. To bet-
ter understand the stationary states that appear in the system,
we filter and plot them according to their projection onto the
normal mode tensor basis N [see Figs. 2(b) and 2(c)]. The
S (A) phase states account for four of the stationary states
appearing in the system [see Figs. 2(a)-2(c)]. The fifth empty
state (|00) or) clearly also manifests. In addition, however, we
observe stationary states with “mixed” symmetry that involve
combinations of all four states |S; # 0, # 0)a [cf. Eq. (9);
see Fig. 2(d)]. This observation leads us to suspect that the
cross-Kerr terms in Eq. (10) play a crucial role in the creation
of these states with mixed symmetry.

We recall that the stationary states can alternatively be
constructed in the bare-mode tensor basis [s;s;) 7, where
s12 € {1, |, 0} denotes a stationary state of oscillators 1 and
2, respectively. We can therefore filter the stationary states
of the system using the bare tensor basis to find that the
symmetric phase states map onto [11) 7 and || | ) 7, while the
antisymmetric phase states correspond to |1)7 and || 1) 7.
The empty state reads |00) 7, whereas mixed-symmetry states
involve the combination of a phase state from one of the oscil-
lators alongside the zero-amplitude solution of the other, e.g.,
the states |10) 7 and |01) 7. In this basis, J is the perturbation
that couples the nonlinear responses of the bare resonators in
order to spawn mixed-symmetry states. We can thus approach
the solution space of coupled KPOs from either the normal
mode basis or the bare basis, using different perturbation

x1)/2, where wy/, =

TABLE I. Summary of how the 3? stationary states of a two-
mode KPO network (cf. Fig. 2) are spanned by the tensor spin-state
basis notation, i.e., the bare and normal tensor bases (cf. Sec. IIC).

N=2 Bare basis J Normal basis N/
Symmetric (1), ) [10), [10)
Antisymmetric T4 1) [0),101)
Mixed [10), [10), 10{), [01) Y 114 111, )
Zero |00) |00)

schemes. The classification of the states in both spin-1 bases
is summarized in Table I.

In the spirit of these two approaches, we will now analyze
the stability of the many-body states within two distinct limits:
(1) a limit that is well characterized by normal modes that
can perturbatively couple via nonlinear cross-Kerr terms and
(2) a limit where the parametric drive pins the resonators to a
state in the bare-mode tensor basis, and the coupling acts as
a perturbation. These limits correspond to (1) A < J and (2)
A > J. Together, the two approaches provide a full picture of
the system solutions both close to parametric threshold and
beyond it.

A k]

In the limit of A <« J, we treat the modes as strongly
coupled, such that they are hybridized into normal modes.
Neglecting the nonlinear coupling terms x7x j» we obtain two
normal modes acting as decoupled KPOs with an expected
phase diagram that superimposes the respective I-III regions
of each of the two noninteracting KPOs [cf. Figs. 1(b) and
1(c), as well as dashed lines in Fig. 2]. However, when includ-
ing the cross-nonlinear coupling terms, we observe a host of
additional features (cf. Fig. 2), which we will resolve analyti-
cally in the following.

We perturbatively include the impact of the nonlinear cou-
pling between the normal modes. Our method adapts ideas
from secular perturbation theory while including the station-
ary nonlinear motion of a mode, following the KB averaging
method. For the sake of simplicity, we neglect damping in the
following analysis. A more rigorous treatment using secular
perturbation theory that incorporates dissipation is presented
in Appendix D.

1. Perturbation of the S mode by the A mode

Let us start by analyzing the impact of the stationary A
mode’s motion on the S mode [see Fig. 3(a)]. From KB
averaging, we can assume that the A mode oscillates at only
one frequency w as x, = A, cos(wt + ¢, ), with amplitude A,
and phase ¢,. When dissipation is neglected, the phase of the
stationary mode locks to the parametric drive such that ¢, = 0
or ¢, = m [cf. Eq. (1)]. Substituting the expression into the
EOM of the S mode (11), we obtain a modified EOM

3 3
Xy + [wf + —aA§ + (—aA§ — ,\) cos(2a)t)i|xs +ax} =0,

2 2
13)
of the same form as a single KPO, where the A mode induces
detuning to the S mode’s bare frequency (an effect akin to the
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FIG. 3. Influence of the cross-nonlinear coupling between the S
and A normal modes of two homogeneously coupled KPOs with
J > 0and @ > 0 [cf. Egs. (11) and (12)]. (a) and (d) Illustration of
the directional perturbative schemes of how the A (S) mode (circles
with lines marking spin-1 states) parametrically drives (directional
arrow) the S (A) mode [cf. Egs. (13)]. (b) and (e) Phase diagram
of the uncoupled S (A) mode. The I (white), II (orange), and III
(yellow) regions denote the regions where only the zero-amplitude
state, only the phase state, or both zero-amplitude and phase states
are stable, for the given normal mode, respectively. The black dashed
lines indicate the parametric lobe (bifurcation lines) of the other
mode. (c) and (f) State-dependent stability diagram for the S (A)
mode perturbed by an A (S) oscillation [cf. Eq. (13)]. Inside the
dashed region, the A (S) mode can only have a zero amplitude; hence,
no state-dependent stationary states of S (A) exist. The orange and
purple lines indicate the state-dependent bifurcation lines of the S
and A modes, respectively [cf. Egs. (14) and (15)].

AC Stark shift [50]), as well as parametrically drives the S
mode [51].

The stationary solutions of Eq. (13) for the S mode depend
on which stationary motion the A mode has, i.e., what value
A, takes. Consequently, we dub them state-dependent station-
ary states (cf. Appendix D). We recall that, to first-order KB,
the A mode (in the absence of backaction from the S mode)
has three (I-III) different possible regions depending on the
mode’s stability [cf. Eq. (7) with w; - w, and «; — «/4,
as well as Fig. 1(c)]. Depending on the region and nonlinear
solution, A, can either be zero or lock into one of its phase
states. In the former case, Eq. (13) returns to describe the bare
S-mode dynamics without the influence of the A mode [see
Fig. 3(b)]. In the latter, we plug in the nontrivial amplitude
solution given by Eq. (8) into Eq. (13). We thus obtain a mod-
ified Mathieu equation that has a shifted instability lobe [cf.
Egs. (2) and (7)]. We calculate the state-dependent bifurcation

lines for the perturbed symmetric state to be
A =27 and Ay =4J —20% +203, (14

and draw them in Fig. 3(c) as purple and orange lines, re-
spectively. We obtain these lines using the same approach as
that used for Eq. (7), i.e., by employing the KB averaging to
the lowest order of Eq. (13) and analyzing when the Jacobian
of the slow-flow equation is equal to zero [cf. Eq. (6) with
w; — 0> + Ba/2)A2 and A; — (Ba/2)A2 — A].

It is important to note that the validity of the latter per-
turbed phase diagram relies on the A mode residing in a
nonzero amplitude state. We dub such a perturbed stabil-
ity diagram a state-dependent stability diagram, because it
is the outcome of a conditional perturbation that depends
on the state of the perturbing system. In other words, the
state-dependent stability diagram is a copy of the unperturbed
diagram, but shifted depending on A,. We mark in Fig. 3(c) the
region where the state-dependent perturbation cannot man-
ifest. To summarize, the phase transition lines captured by
Eq. (14) can be attributed to the A mode impacting the S
mode. Comparing with Fig. 2, these transition lines mani-
fest in the full phase diagram of the system, as indicated by
matching colored boundaries. In the presence of damping,
these lines are curved similarly as in Eq. (7), and as shown
numerically in Appendix C.

The state-dependent instability lines distinguish between
regions that are stable under the conditional parametric drive
and those that become parametrically unstable [see Fig. 3(c)].
Similar to the standard KPO case [cf. Fig. 1(c)], stability
to the conditional parametric drives leads to a region Ig. 4
(white) where the S mode can only have the zero solution,
and region Illg._4 (yellow) where the zero S mode can coexist
with its phase states. Instability is “within” the lobe (orange),
which could mean two things: either the ansatz that the A
mode is in a phase state breaks down or the A mode drives
the S mode into parametric phase state, which would result
in combined stationary states with mixed symmetry, e.g.,
[{ M) ar- In Sec. III B, we will be able to distinguish between
the two cases: a region I, 5.4 where the S mode becomes
parametrically unstable and eats up the gain from the A mode,
thus causing the A mode to lose its high-amplitude state; and
region I, . 4 where both the S and A modes can populate
their phase states in parallel; these will be mixed-symmetry
states, as discussed in Sec. III B.

Our state-dependent procedure implies that the A states
[0M) A and |0 ) are unstable in region II in Fig. 3(c) [cf.
Fig. 2(c)], contrary to the naive expectation. We can visualize
how they become unstable using a numerical ringdown ex-
periment (see Fig. 4). In Fig. 4(a), we set the system in an
antisymmetric configuration within region II of the S mode
but where the A mode can only be zero [cf. Figs. 3(b) and
3(c)]. As the system relaxes to its chosen stationary state, the
A mode immediately rings down to zero-amplitude solution.
At the same time, the S mode stabilizes to a finite amplitude
independent of the A mode, indicating that the symmetric
mode is only driven by the global parametric drive. Instead,
if we initialize the system in the same antisymmetric config-
uration within region II, s 4, different dynamics unfold [see
Fig. 4(b)]. Here, the antisymmetric mode initially decays into
a finite amplitude (a metastable state). This finite amplitude
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FIG. 4. Temporal evolution of the quadrature u of the S and
A modes, starting from the same antisymmetric initial condi-
tion. (a) Outside the parametric interaction region (cf. circle
marker in Fig. 2), the antisymmetric state |01)r quickly decays
while the symmetric mode rings up to a finite amplitude. (b)
Inside the parametric interaction region II, (cf. square marker in
Fig. 2), the antisymmetric state persists (gray region) before decaying
due to the parametric amplification of the symmetric mode. (c) Inside
the parametric interaction region II, (cf. star marker in Fig. 2),
the antisymmetric state persists (gray region) while ringing up the
symmetric mode, yielding a mixed-symmetry stationary state.

of the A mode starts to parametrically amplify the S mode.
As the S mode gains amplitude, the A mode loses its stability,
yielding a symmetric phase state. We will discuss the dynam-
ics in Fig. 4(c) after we resolved the physics of region Il s
in Sec. III B.

2. Perturbation of the A mode by the S mode

We can also conduct the state-dependent perturbation for
how the S mode influences an A mode [cf. Fig. 3(d)]. We
assume that the S mode locks onto one of its phase states, in
region II or III of Fig. 3(e). Then, we derive a shifted Mathieu
equation analogous to Eq. (13) (with s and a interchanged).
This analysis results in the phase diagram shown in Fig. 3(f),
characterized by the bifurcation lines:

A9 =—27,  and A =-4J—20° +20}. (15)
Similar to Eq. (14), these bifurcation lines, )Lia) and A(za),
delineate the conditions under which the A mode becomes
parametrically excited depending on the S mode being in
a parametric phase state. Unlike in Fig. 3(c), the lines in
Fig. 3(f) do not impose new partitions of the stability diagram.
We are left with only a state-dependent region III, where it
appears that “everything goes”; i.e., by our current treatment,
all possible combinations of the normal mode tensor basis can
manifest.

B.A>»J

In our perturbative analysis, depicted in Fig. 3, we captured
two bifurcation lines (orange and purple) within the phase
diagram of the fully coupled system illustrated in Fig. 2(a).
Nevertheless, the mixed states, as shown in Fig. 2(d), appear

to be influenced by an additional bifurcation line, marked in
blue, which govern their stability transitions. To elucidate the
nature of this bifurcation line, we examine the regime where
A > J, i.e., the scenario in which the parametric drive domi-
nantly determines the resonators’ states within the bare-mode
tensor basis, and the coupling is merely a small perturbation.

In the case of negligible coupling J in Eq. (1), we have two
degenerate parametric bare modes with coinciding parametric
phase diagrams. The bifurcation lines between the different I-
III regions are indicated by Eq. (7), and are centered precisely
around wy:

AP () = £2]|0? - . (16)

As discussed in Sec. II, the mixed-symmetry states result
from a zero-amplitude bare mode coupled to a phase state
of another bare mode, e.g., [10) s or |0J)7. Consequently,
mixed-symmetry states cannot appear when both resonators
are subject to parametric excitation, i.e., cannot manifest in
region II here. Crucially, the bifurcation lines in Eq. (16) are
only valid in the regime where A > kis) = w? —w? =2/, as
this marks the threshold where the parametric drive is strong
enough to overcome the energy separation between the normal
modes imposed by the coupling J. Below this threshold, the
system’s dynamics are dominated by the normal mode struc-
ture, and the bare mode description becomes inadequate.

The bifurcation line )»Srl/ 2 separates the regions II,, 5.4 and
Il s—4 in Fig. 2(c). Below kﬁ:/ 2), a mixed-symmetry state,
e.g., |10) 7, is stable. In addition, in region I g4 (or Hlg.4),
the same state |10)7 =~ || 1)n is stable due to parametric
interaction between the A and S modes. We can visualize
how the dynamics manifests in this region in Fig. 4(c), by
initializing the system at the star marker in II; 5. 4. Here, the
A mode parametrically excites the S mode but retains its finite
amplitude, yielding a mixed-symmetry state.

IV. NIDENTICAL ALL-TO-ALL
COUPLED KPO NETWORK

In this section, we employ the insights from Sec. III
to extend our analysis to networks of N identical KPOs
with all-to-all coupling. Specifically, we show how the bi-
furcation lines appearing for the N =2 case manifest in
larger networks. Thus, we reveal a cascade of parametric
instabilities with regions that can be understood by parti-
tioning the stationary states of the network. Through this
analysis, we obtain analytical expressions for the bifurcation
lines, which enable us to understand the phase diagram of
the network. Crucially, we find that in the large-N limit,
these bifurcation lines become uniformly spaced, leading to
a predictable structure. This analysis has important impli-
cations for the implementation of KPO networks as Ising
machines.

As an illustration, we first solve for all the sta-
tionary states of the network with N =3,...,6 using
HarmonicBalance.jl [42] [see Figs. 5(a)-5(d)]. As the network
is all-to-all equally coupled, we expect that in the absence of
cross-Kerr coupling, parametric lobes would appear for every
normal mode: one for the symmetric states of the system and
N — 1 degenerate antisymmetric lobes (cf. Sec. I A). In the
phase diagram with cross-Kerr coupling, however, we see a
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FIG. 5. Stability phase diagrams and frequency shifts for homogeneously coupled KPO networks. (a)—(d) Stability phase diagrams for
networks of three to six coupled KPOs, respectively, as solved by HarmonicBalance.jl [42]. It shows the number of stable states as a function
of the dimensionless parametric pump amplitude A/} and driving frequency @/wy, with ¥ /wy = 0 and J/w} = 0.003. The color scale is
capped at 2V to highlight the regions where the number of stable states matches the number of Ising states in a network with N nodes. The
white dashed lines represent the bifurcation line 1'/?)(w) from Eq. (16). Note that while panels (b) and (c) have the same number of bifurcation
lines, the number of stable states differs, as indicated by the color bar. White regions appearing for small A correspond to instabilities in the
model that disappear when finite damping is added. They are not further investigated in this work, as they are not observable in experiments. (e)
Frequency shift Q(N, M) [cf. Eq. (22); gray dots] for every partition {n = (1/2)(N + M), m = (1/2)(N — M)} up to N = 50. The trend lines
for partitions {N — 9, 9}, {N — 19, 19}, and {N — 27, 27} are indicated in increasingly lighter shades of purple. (f) Difference in frequency
shift Q(N, M) with respect to M for network sizes N = 9, 19, 35, 49, showing a convergence to 9/2 [cf. Eq. (23)]. (g) Difference in frequency
shift Q(N, M) with respect to N, indicating a uniform spacing between bifurcation lines in the large-N limit [cf. Eq. (24)].

cascade of [ (N + 2)/2] shifted instability lines, akin to the
orange line in Fig. 2.

To understand this cascade of lines, we focus on the sta-
bility of network states where all the individual bare modes
are excited into phase states, i.e., states that do not have
zero entries in their bare tensor basis decomposition, e.g.,
[ 1 -+ 1) 7. We coin such network states “Ising states,”
because they most closely resemble a network of Ising spins.
In order to limit the system to Ising states, all the states
involving a zero-amplitude bare mode in the decomposition
have to be unstable. In the following, we refer to such states
as “non-Ising states.”

Similar to the case with N = 2 in Sec. III B, in the limit
of A > J, the stability of non-Ising states is delineated by the
bifurcation line defined in Eq. (16) (cf. blue line in Fig. 2).
We draw this bifurcation line )\Srl/ ? on top of the numerical
stability phase diagrams in Figs. 5(a)-5(d). Above that line,
non-Ising states are unstable, and the system is composed
only of Ising states. Recall from Sec. III B that the line AS:/ =
relates to a scenario when the bare modes are decoupled; it
marks that states involving the zero-amplitude modes are only
stable outside the parametric lobe centered around the bare
frequency wy.

In the region bounded by the bifurcation line kﬂ:/ Y. we
expect the Ising states to become stable when increasing the
parametric drive. To understand when each Ising state under-
goes a bifurcation in the cascade, we partition the Ising states
depending on the absolute difference M = |n — m| between
the number of spins pointing up n and down m. We denote

such a partition as {n, m}, where n +m = N. We only care
about the absolute difference M due to the Z, symmetry
between phase states. As such, the partitions {n, m} = {m, n},
and we will refer to both as {n, m}. In Table II, we sum-
marize the partitions until N = 7. With increasing number

TABLE II. Summary of partitions for networks of N =2to N =
7 equally all-to-all coupled KPOs. An example of a configuration for
each partition is shown in the bare basis 7, along with the type of
normal mode symmetry of the partition, as defined by the coupling
matrix (cf. Sec. Il A): S, A, or mixed symmetry (M). The mixed-
symmetry nature of the partition yields a nonreciprocal coupling in
their respective EOMs (19) and (20).

N=2 Example Type N=3 Example Type
2,04 1t S {3,0} ) S
{1,1} 1) A 2.1} 1) M
N=4 Example Type N =5 Example Type
{4, 0} L) S {5.0} [T S
{3, 1} Nrrt) M {4, 1} [T M
{2,2) [Ti1) A {3.2) [TItd) M
N=6 Example Type N=17 Example Type
6,00 MMM S (7,00 Wbl S
5.3 WD M (6.1} It M
{4,2} AT M (5,2} Itirtit M
{3.3) [T td) A {4.3) LIt M
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of modes in the network, the number of partitions grows by
L(N +2)/2]. The partitions can additionally be labeled by
their normal mode symmetry (cf. Sec. IL A).

Generally, we have N coupled EOMs for the system.
Nonetheless, when we consider a partition {n, m} and plug it
into the EOMs (1), we obtain two sets of identical EOMs, one
set with n identical EOMs and another with m. The coupling
between the two sets of EOMs leads to two reduced EOMs for
the network:

X, + [wé —(m—-1J - )»cos(2a)t)]xn + ozx;,3 —nJx,, =0,
(I7)

X+ [0F — (n — DJ — AcosQot)|x, + ax;, — mJx, =0,
(18)

where x, and x,, represent the displacement of the n and m
resonators, respectively. Given that we now effectively have
two variables, it is convenient to use an effective normal mode
basis: x; = (x, +x,,)/2 and x_ = (x, — x,,)/2. The new
EOMs read in this basis

Xy + [wi — AcosQCwt)]xy + oz(xi + 3x3x+) —MJx_ =0,
(19)

¥_ + [0 — AcosQut)x_ +a(x’ +3x7x_) =0, (20)

with w3 = wj — (N — 1)J and @*> = w§ + J. Thus, we find a
similar nonlinear coupling structure as for the N = 2 case [cf.
Egs. (11) and (12)], however, with an additional nonrecipro-
cal coupling where the (antisymmetric) x_ mode impacts the
(symmetric) x4 mode.

Applying KB perturbation to Eqgs. (19) and (20), we can
compute the stability of the partition {n, m}, which is deter-
mined by a standard parametric instability line of the form

sign(a)

My (@) = —2<a)2 —wy—J — QW, M)J), 1)
with Q(N, M) an additional frequency shift. Importantly, ev-
ery partition has a bifurcation line with the same slope as a
function of w. Different partitions are displaced with respect
to one another by the frequency shift

QN, M)

2N(N? — 9M?)

NZCE=
(22)

with E = /(M3 — MN2?)2 and X = (3M? + N?). This
dependence explains why we have | (N + 2)/2] parallel bi-
furcation lines above Ag/ 2 in Figs. 5(a)-5(d), and is one of
the main results of this paper. Moreover, in Fig. 5(e), we can
plot the shift (N, M) for every partition M > 0 as a function
of network size.

There are two cases that can be understood intuitively:
(1) For the partition {N, 0} (ferromagnetic; M = N), we have
X, = X, (such that x, = 0), and the shift is determined by the
frequency Q(N, N) = 1 — N. Thus, we obtain the nonshifted
instability line of the symmetric normal mode. (2) For the
partition {n, n} (antiferromagnetic; N even), the nonrecipro-
cal coupling vanishes in Egs. (19) and (20), and reduces to

=V3E+ 2+\/22 —3E — sign(a)

the N = 2 case solved in Sec. IIl. Thus, we find Q(N, 0) =
(24 N)/2, which we draw as the red line in Fig. 5(e). For
other partitions, the nonreciprocal coupling remains. This
aligns with the fact that these partitions represent states of
mixed normal mode symmetry in the network (cf. Table II).
The frequency shifts of these partitions are irrational, e.g.,

Q3 1H=2++V 63 + 9, and are larger than those of both
the trivial {n, n} and {N, 0} partitions.

The frequency shift Q(N, M) in Eq. (22) increases mono-
tonically with M (excluding M = N), reflecting the fact that
states with a larger imbalance between up and down spins
require more energy to stabilize. This behavior stems from the
tendency of coupled oscillators to synchronize (J > 0). When
more oscillators are in phase (pointing up or down together),
they reinforce each other’s motion through the coupling. In
contrast, when oscillators are out of phase, they work against
each other, requiring a higher parametric drive amplitude A
to maintain stability. Hence, the ferromagnetic and antiferro-
magnetic states are the first to become stable as we increase
the parametric drive, while states with mixed up and down
configurations require progressively higher drive amplitudes
to overcome the effect of the coupling.

Having obtained an analytical expression for all Ising
bifurcation lines, we can examine their behavior in the
thermodynamic limit N — co. Most notably, the frequency
difference between consecutive bifurcation lines approaches a
constant value, as seen in Fig. 5(f). We have that

SZ(N,M)—Q(N,M—G—Z)%%+O(1/N), (23)

where O, the asymptotic behavior of the higher-order terms,
indicating that they grow no faster than the specified rate as
the variable approaches its limit. Consequently, in the large-N
limit, the bifurcation lines become uniformly spaced, resulting
in a highly regular structure in the phase diagram that can be
predicted analytically.

Similarly, we analyze the change in Q2(N, M) when in-
creasing the network size. As shown in Figs. 5(e) and 5(f),
the frequency shift is quasilinear with a slope of

QIN, M) — QN + 1, M)~ 3+ O /N*3). (24

In other words, all partition bifurcation lines gain an addi-
tional frequency shift of 3/ when adding a node to the network
in the N — oo limit.

In particular, we have that the bifurcation line Ajv_j 1
becomes

Awv_r1) A (6N — T)J — 20* 4 2] + O(1/N?3).  (25)

Together with )L(J:/ 2 [cf. Eq. (16)], this expression defines
the boundaries of the Ising regime, establishing the pre-
cise parameter space where the system supports exactly 2N
parametrically excited states that can be mapped onto the
configurations of an Ising Hamiltonian.

V. CONCLUSION

We have applied secular perturbation theory to understand
the phase diagram of coupled KPOs. We demonstrated our
approach using a network of two coupled KPOs, where we
showed how the interplay between parametric driving and
coupling leads to state-dependent bifurcation lines that can be

033204-9



AMEYE, EICHLER, AND ZILBERBERG

PHYSICAL REVIEW RESEARCH 7, 033204 (2025)

understood through perturbative analysis in two limits: when
the coupling dominates (A < J) and when the parametric
drive dominates (A > J). This understanding allows us to
predict when the antisymmetric state is stable, as well as when
additional mixed-symmetry states emerge.

We extended our analysis to larger networks with all-to-all
equal coupling, where we found that the states can be classi-
fied by partitions based on the number of spins pointing up or
down. Each partition undergoes a period-doubling bifurcation
at a frequency that we determine analytically. In the thermo-
dynamic limit, we show that the spacing between bifurcation
lines becomes uniform, with a predictable shift as the system
size increases.

To successfully utilize the system as a spin-1/2 Ising
network, it is imperative that the solution space consists of ex-
actly 2V distinct configurations, corresponding to all possible
combinations of spin orientations. Our analytical framework
delineates the precise boundaries of this regime by deriving
the bifurcation lines that govern the stability of these configu-
rations. This comprehensive analysis extends beyond previous
studies [12,22], proving that the operating regime exists at
finite driving strength and detuning. Our result in Sec. IV
allows experimentalists to assess the parametric driving re-
quired to reach the Ising solution space in their particular
implementation depending on the coupling a detuning of the
parametric drive. We thus prove that this Ising regime exists
and provide a guide how to access it.

Future theoretical work will explore the impact of different
coupling topologies and the inclusion of disorder in the cou-
pling strengths on the phase diagram and bifurcation structure.
Furthermore, the exact error of the difference in the energy
landscape of the KPO network and Ising machine remains to
be explored [26].

Experimentally, the above described properties of cou-
pled KPOs can be potentially realized not only in electrical
resonators [20,22,26], but also in various nanomechanical
platforms, including coupled beams [16,52], strings [30], de-
fect modes engineered in membranes [53], and even carbon
nanotubes [54] or graphene sheets [55,56]. Nanomechanical
systems operating in the MHz regime are typically highly
tunable, and their phase can be readily measured using lock-in
amplifiers. Superconducting circuits incorporating Josephson
junctions provide access to similar nonlinear dynamics at
GHz frequencies [57-61], potentially reaching the few-photon
regime, where superpositions of parametrically driven coher-
ent states can be observed [5]. In this quantum regime, the
mean-field behavior of the system can still be captured by
the classical analytical models presented in this work. How-
ever, additional phenomena such as multiphoton transitions
emerge, leading to an even richer dynamics [62,63].
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APPENDIX A: RELATION BETWEEN THE QUANTUM
AND CLASSICAL SYSTEMS

1. The classical system

The Hamiltonian of N-coupled Kerr Parametric Oscillators
is given by

H— 2p_nl1, + %(w? — A cos Qat))x?
Ot,' 4 1
=+ le- — E ZJ,‘j.X,‘.Xj, (Al)

J#

where m; is the mass of the ith oscillator described by the
phase-space coordinates x; and p;, w; is the bare (angular)
frequency, and ¢; is the Kerr nonlinearity. All oscillators are
driven around @ ~ w; = wy by a parametric pump of strength
A;. The network is formed by linearly coupling the KPOs
with a coupling strength J;;. Commonly, units are chosen such
that the masses m; are unity. The Hamiltonian H yields the
N coupled second-order Hamilton’s equations of motion (1)
from the main text. To account for energy dissipation in the
system, we introduced linear damping terms with coefficients
y; in the EOMs.

We analyze the system under the assumption that the pri-
mary response is at half the frequency of the parametric drive
w. To isolate this response, we rotate the system to that fre-
quency. We do this using the transformation

x = ucos(wt) + v sin(wt), (A2)

p = —wusin(wt) + w v cos(wt), (A3)
where the quadrature u is the new generalized coordinate and
the quadrature v is the new generalized conjugate momentum.
Given that the Poisson bracket {x, p} = 1, we have that for
the new coordinates {u, v} = 1/w. The transformation is a
canonical transformation as it can be generated from the type-
II generating function:

S>(x,v,t) = wvxsec (wt) — g(v2 +x2)tan (wt). (Ad)

Indeed, using that u = (1/w)(3S,/dv) and p = 3S,/0x, we
can compute that

u = xsec(wt) — vtan(wt), (AS)

p = wv sec(wt) — wx tan(wt), (A6)
where its solution yields Eq. (A2). The 1/w in the definition
of u = (1/w)(3S,/0v) arises from the fact that the Poisson
bracket between the generalized coordinate and the momenta
changed from unity to 1/w. It fixes the dimensions of the
variables as both the v and u have units of length.
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The Hamiltonian of one resonator in Eq. (A1) in the new basis is given by

- 0S5, 3
H —H P 2 2
(u,v,1) (x, p,t)+ o 32a(u +v) +

1
+ i sinQot ) (o® + arv?

1
+3 cos(4wt)(4r(v? — u?) + a(u?

The transformation separates the fast oscillating terms at fre-
quency 2w and 4w from the stroboscopic dynamics at w. An
effective Hamiltonian can be computed by applying a high-
frequency expansion [37]:

8]

Her = e[Hla + % (Yl

3

+ %{H {H H+ [Hz]“ }} + O,

(A8)

with H = [ Hdt,H = H — [H],y, and the brackets represent-
ing the time average [ - ],y = % Oﬂ/ “ . dt. Here, the expansion
parameter € corresponds to the one defined in Sec. II B. Equa-
tion (A8) is more often written in terms of Fourier components

of the Hamiltonian:

Hy, H_,
Hep = €Hy + € Z !
& 2o

Z {H—m {HO’ I'In}} + Z {H—m’ {I'Im—na Hn}}

2(nw)? — 3nmw?

n

n#0
(A9)

where H, = [e""H],, is the Fourier component of the
Hamiltonian. The effective Hamiltonian in Eq. (A8) can be
used to study the stroboscopic dynamics of the system.
To first order, we obtain the effective Hamiltonian
Ao

3
1.0 = 0 50 +48)"+ 50~ )

1
- Z(u’z + viz)(a)2 - a)é)

+3 7

J#

(uuj—i—vjv) (A10)

Computing Hamilton’s equations of motion for the effective
Hamiltonian, we find the slow-flow equations in Egs. (4) and
(5), excluding dissipation. The same expansion can be derived
for the full equations of motion in Eq. (1) including dissipation
using a near-identity transformation [39,40].

2. The quantum system

For completeness, we relate the system to the quan-
tum mechanical formalism by quantizing the phase-space
coordinates x; and p; =X; in Eq. (1). Namely, we em-
ploy raising and lowering operators %; = /i1/2w (&}L +a;) and
pi=Vho/2 (&iT — a;). The resulting Hamiltonian (for y; = 0)

(v2 —u?) —

1
— 6u*v® +vh)) + guv sin(4ot)(a(u® — v?) — 22).

4—11(142 + vz)(a)2 — a)(z))

— 2w + 20)(2)) + % Cos(2a)z‘)(oeu4 — 2u2()» +w? — a)z) —avt — 2v2(k — o’ + a)(z)))

(A7)

(

reads

H D) +o? o R —w?
—=Z—aiai+— ral

—(”+a> + 5 ZT,,<a'+a,>( +a;). (All)
Hﬁt

where U; = 3o, /4w? and T;j = Jij/2w. Here, we quantized
the system in ladder operators at the frequency of the drive
w, anticipating the frequency of the response of the oscillators
[40,64].

The same Floquet expansion can be performed in the quan-
tum formalism, as highlighted in Fig. 6. Starting from the
Hamiltonian in Eq. (A11), only considering one resonator for
simplicity, we similarly rotate the system to half the frequency
of thg parametric drive with the unitary transformation U@) =
¢®'?'4 where @ is the annihilation operator counting photon
with energy of the drive fiw. The transformed Hamiltonian is
given by

H(I) — HRWA +e 2Lt(uH + eZttu)H te 4lth + e4tt 1_7

hU hG
= —hAata + —(2&’& +afataa) + 7(&*@* + ad)

+ —2itw hU’”‘"_’_hU"A FZAAA FZGATA
e ——aaa + —aa — —aa — hGa'a
3 2 2
hU . hU . hA
+ 2itw _&l&iaT + _&u‘ﬁ — —&Tff — EG&Ta
3 2 2
—4ttw<h ANND hG"")
+ aaaa — ——daa
2
U . hG .
+e4llw(E&T&Ta‘aT — 7&'&T>, (A12)
Canonical i
transformation _ Floquet expansion -
H(r.0) 8 i) e Ha(,0)

Quantization Quantum

to classical limit

H(at,a) ——— A(a',a) Terr(af, a)

Unitary

transformation Floquet expansion

FIG. 6. Diagram highlighting the correspondence between the
classical Krylov-Bogoliubov and quantum Van Vleck Floquet ex-
pansions to obtain an effective Hamiltonian for the stroboscopic
dynamics.
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with A = (* — a)(z))/Za), U =3ah/4w?, and G = A/4w.
Similarly to the classical rotated Hamiltonian in Eq. (A7),
the processes at w are time-independent with only additional
terms acting at short timescales 1/2w and 1/4w. Having iso-
lated the stroboscopic dynamics, one typically applies the
Van Vleck degenerate perturbation theory [65]. The effective
Hamiltonian is then given by Eq. (A8) or (A9) by replacing
the Poisson brackets with the associated quantum commutator
(-, .} — %[ J.

Applying the expansion, one obtains to first order a driven
Bose-Hubbard-like Hamiltonian [65]:

Hrwa At
= Z A,-ajai +
i

Gi(mq +aan
—(a. a. a;a;
I 2 i

4 U
2

alalaa; + % > T@]a; + aal).

JF
where A; = (0* — ?)/2w and G; = A/4w. The KB averag-
ing method has been shown to be the classical limit of the
quantum Van Vleck Floquet expansion [37,40,66]. Indeed,
we can take the quantum-to-classical limit by applying the
mean-field approximation a ~ (@) and & — 0. Additionally,
splitting the coherent field into its imaginary and real parts
(quadratures) (@) = /w/2h(u — iv), we find the same effec-
tive Hamiltonian as the classical system. Hence, using the
above translation, we can map the classical result obtained in
the main text to the mean-field limit of the quantum formal-
ism.

(A13)

APPENDIX B: ISING MACHINE

In the limit where the parametric drive A is much larger
than the coupling J, the first-order classical effective Hamil-
tonian of the KPO network in Eq. (A10) can be mapped to an
Ising Hamiltonian. To see this, we write the Hamiltonian in
terms of the action-angle variables of the harmonic oscillator:

u; = A,’ COS(¢[) and v; = A,‘ Sin(¢5), (Bl)

where A; > 0 and 0 < ¢; < 27. Using a type-I generating
function Fi(u;, ¢;) = %ulz cot(¢;), we obtain the noninteract-
ing Hamiltonian in terms of these action variables:

3 1
Hy = Z 3—2aA;‘ — g(2w2 — 20§ + Acos(2¢))A7.  (B2)

i

The interaction Hamiltonian is given by

Jij . .
Hy =) ZHAA j(cos(y) cos(gy) + sin(g) sin(@))). (B3)
J#i
We can deduce from the EOM (1) that when we have no dissi-
pation, v; = A; sin(¢;) — 0, such that ¢; = 0 or . Therefore,
defining o; = cos(¢;), we can write the Hamiltonian as

3 a1 2 2
HIsing = Z <§C¥Ai — 5(20) — 260(2) + X)Ai
=+ Z TA,‘A]‘O','O']‘. (B4)

J#i
Given that the network is in the Ising regime (cf. Sec. IV),
the Hamiltonian reduces to the Ising Hamiltonian up to a

rescaling of the ground-state energy when the amplitudes of
the oscillators are equal. Note that using a perturbation in the
elements of the coupling matrix, i.e., in the limit J;; < 1, we
can compute that

2(26? — 202 + A JT
A,-%\/ (202 — 205 + )+ @/3) T 0.
3 Vo [+ 20 — 20}
(BS)

Hence, given /A + 2w? — 2w(2) > 1 or J;; < 1, the phase
states of the oscillators effectively act as spins in the Ising

Hamiltonian.

APPENDIX C: TWO COUPLED PARAMETRIC
RESONATORS

1. No damping

We provide here additional details for the analysis dis-
cussed in Sec. III, consisting of two identical KPOs with
bilinear coupling coefficient J.

All calculations are performed within the rotating wave
approximation (first-order KB). As such, for reference, we
provide the slow-flow equations in both the bare-mode and
normal mode bases. In the bare-mode basis, we have

up = ;—Zf + U1<3Zj§]2 - % - a)zz—wa)f) (C2)
iy = % + 2<3Z§ - ﬁ - wzz_ww%) (C4)

where X? = u? + v?. While in the normal mode basis, we

X2 A 2 _ .2 2
b= u, 3aX7 A o —wy n %aX, ’ ©5)
32w 4w 2w 32w
3aX2 A 22 2
P aXy A o —of | 92X ’ C6)
32w 4w 2w 32w
_ 3aX? A @ — P N 9aX? ©
Vg = Uq - T T~ s
32w 4w 2w 32w
P 3aX? A w* —w?  9aX? C8)
N R 4o 2w 2w )

with X? = u} + v}. The bifurcation lines observed in Fig. 2
can be derived analytically by analyzing the stability of the
system’s fixed points. This analysis involves computing the
Jacobian of Egs. (C1)—(C8), evaluating it at the stationary
solutions, and determining stability through the real parts of
its eigenvalues. This procedure yields the bifurcation lines
presented in Sec. III. Note that in the steady-state limit, v;; =
0, such that Egs. (C2), (C4), (C6), and (C8) do not contribute
to the bifurcational structure of the system. This is the same
stating that for no dissipation, the phase locks to the drive used
in Sec. [ITA 1.
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FIG. 7. Two damped coupled KPOs. (a) Phase diagram visual-
ized by plotting the number of stable states as a function of the
parametric pump amplitude A and driving frequency w. (b) The
stability of the symmetric normal mode x; [cf. Eq. (C11)] perturbed
by the nonlinear interaction of a fixed antisymmetric phase state.

2. With damping

For simplicity, we have performed our analysis in the
no dissipation limit y; = y = 0. Instead, for a finite damp-
ing coefficient, the stationary state x(t) = A cos(wt + 0) of
an uncoupled parametric oscillator gains a phase, computed

to be
A2 —4y2e? — )
6 = arctan (C9)
2yw
or
A2 —4y2? — )
6 = arctan + . (C10)
2yw

If we dress the symmetric state with a fixed stationary state of
the antisymmetric state, we find the dressed EOM:

Xy + Y X
2 3a
= —|w; — AcosLwt) + 7A0(1 + cosQuwt + 26,)) |x;.

(C11)

Analytically computing the bifurcation lines of Eq. (C11)
becomes impractical as the fixed normal mode drives the
system with a different phase than that of the parametric drive.
Instead, in Appendix D, we compute the bifurcation lines
analytically with damping using secular perturbation theory.
Here, we can still compute the stability lines numerically,
which results in the dressed phase diagram in Fig. 7(b). The
lines exactly correspond to the ones found in the full phase
diagram in Fig. 7(a).

APPENDIX D: SECULAR PERTURBATION:
THE CASE OF TWO PARAMETRIC RESONATORS

In this section, we employ the PoincaréLindstedt secu-
lar perturbation method to rederive the bifurcation lines in
Eq. (14). This technique systematically eliminates secular
terms (that grow unbounded in time) by introducing a small
parameter expansion of both the solution and time variables.
This approach guarantees uniformly valid approximations
over long timescales, making it particularly suitable for an-
alyzing the long-term dynamics of driven oscillators.

We start from the equations of motion in the normal mode
basis:

X5 + [a)sz - A cos(2a)t)]xS + oz()cs3 + 3x§xs) + yx, =0,
(D)

o+ [0 = AcosRat)|x, + a(x] 4 3x7x,) 4+ yi, = 0.
(D2)

We are interested in the system’s response at the frequency w.
To facilitate this, we rewrite the Ordinary Differential Equa-
tions (ODEs) in terms of dimensionless time T = wt — ¢(¢€),
where ¢(€) is a phase correction that will be determined later.
This yields

.. i A a o, N
X+ x; = | Ay + — cos(2T + 2¢) — —z(xs +3x7) |x
- w w -
~ Yy, (D3)
w
. [ A o ) ) 1
%o+ X0 = | A+ — cos(2T 4 2¢) — —z(xa +3x7) |xa
- a) a) -
Y, (D4)

with A, = (0? — cuf)/a)2 and A, = (0? — a)ﬁ)/aﬂ. We as-
sume € to be a small parameter, 0 < € < 1, such that we can
expand both the displacement x and the phase ¢:

X5(T) = €xy 1 + €2x,2(7), (D5)
Xa(T) = Xg0 + €x4,1(T) + €2x42(7), (D6)
P(e) =o+€p1 + €2+ - . (D7)

Here, we assume that x () does not have a zero-order
contribution, i.e., x; 0 = 0. Additionally, we assume the right-
hand sides of Eqgs. (D3) and (D4) to be of order €, which
correspond to the same bounds imposed when applying
Krylov-Bogoliubov expansion [cf. Egs. (4) and (5)].

The zeroth order in € reads

jéa,O + Xa,0 = 07 (D8)

which is easily solved with x, o = A, cos(t) + B, sin(t). The
next order gives

xs,l + X1 = 0, (D9)

Xa,1 + Xa,1

A o
= |:Aa + — cos(2(t + ¢>0))xa,o] - —zxio - Zxa,o.
w w w
(D10)

Hence, we have x; | = A cos(t) 4 By sin(r) with the same
boundary conditions for the symmetric mode. Central to secu-
lar perturbation theory is that we need to ensure that resonant
terms (secular terms) do not grow unbounded. From this, we
obtain the secular conditions:

A 3a
<Aa + 5— cos(2po) — —

— ) A,

- (Z + sin(2¢o)>Ba —0,
w

5 (D11)
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A 3a , , )
Aa + 2—0)2 COS(2¢()) — m(Aa +Ba) Ba

A

— (L= singo) — L )4, = 0. (D12)
2w? w

When disregarding the coupling to the symmetric mode, these

are the same conditions as the averaged Eq. (C5) for the

stationary-state limit. We have the freedom to choose ¢y = 0,

such that
A (VA2 —4p20? + V) (A +2A,0%) — 4y%0?) D13)

3ol
and
VA2 —4y20? — M)A — 20,07) + 4y 0?
B¢2¢=(( yw X «@?) + ya))‘ (D14)
3aA
The next-order EOM for the symmetric mode reads
.. A a
Xsp + X0 = P cos(27)x5,0 — Ex&o
3a ,
+ Asxs0 — —5 X 0%5,0- (D15)
2@

The secular condition for the symmetric mode is therefore

3a(3A2 + B2 A 3A4,B.
w

2w? 1) 8w?
(D16)

3a(3A42 + B?) A 3A,B, y
B(-la T2 A 4 S ) (2t~ XA 0.

( 4a? At 2w? 8w? ®
(D17)

If we set y = 0, we have exactly the averaged equation one
obtains by applying the first-order KB expansion to Eq. (13).
Hence, if we substitute the solution for A, into the secular
condition, we obtain the bifurcation lines in Eq. (14). When
considering the impact of dissipation, we find that it affects
the bifurcation lines similarly to how it impacts a single KPO,
ie.,

A = a2 + 42

and Ay = \/4y2w2 + (4 =20 + 2w3)2.

(D18)
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