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First-passage processes are pervasive across numerous scientific fields, yet a general framework for under-
standing their response to external perturbations remains elusive. While the fluctuation-dissipation theorem offers
a complete linear response theory for systems in steady state, it fails to apply to transient first-passage processes.
We address this challenge by focusing on rare—rather than weak—perturbations. Surprisingly, we discover
that the linear response of the mean first-passage time (MFPT) to such perturbations is universal. It depends
solely on the first two moments of the unperturbed first-passage time and the mean completion time following
perturbation activation, without any assumptions about the underlying system’s dynamics. To demonstrate the
utility of our findings, we analyze the MFPT response of drift-diffusion processes in two scenarios: (1) stochastic
resetting with information feedback and (2) an abrupt transition from a linear to a logarithmic potential. In
both cases, our approach bypasses the need for explicit determination of the perturbed dynamics, unraveling a
highly nontrivial response landscape with minimal effort. Finally, we show how our framework enables a new
type of experiment—inferring molecular-level fluctuations from bulk measurements, a feat previously believed
to be impossible. Overall, the universality reported herein offers a powerful tool for predicting the impact of
perturbations on kinetic processes—and, remarkably, for extracting hidden single-molecule fluctuations from

accessible bulk measurements.

DOLI: 10.1103/c7wy-ddrc

I. INTRODUCTION

Linear response theory and fluctuation-dissipation re-
lations stand as fundamental pillars in modern statistical
mechanics [1]. They provide a critical link between the in-
herent fluctuations within a system and its reaction to a subtle
perturbation [1]. One noteworthy illustration of this concept is
the Einstein-Smoluchowski relation, which establishes a con-
nection between the position fluctuations of an overdamped
particle (reflected in the diffusion coefficient) and the response
of its velocity to a weak force (represented by the mobility)
[2]. Another well-established example is the Johnson-Nyquist
noise, elucidating the relationship between current fluctua-
tions in an electrical circuit and the current’s response to a
weak voltage (captured by the conductivity) [3,4].

Classical linear response theory is limited to systems that
are perturbed from their steady state. Consequently, it does not
apply to transient processes, with first-passage processes serv-
ing as a notable example. First-passage processes are a class of
stochastic processes in which the question of interest is when
a system will reach a specific state for the first time, i.e., the
first-passage time (FPT) [5-8]. First-passage processes play
a central role in physics [9-14], chemistry [14—18], biology
[19-25], and finance [26]. Some examples are the time taken
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to cross a potential barrier [27,28], for two molecules to meet
and react [29-31], for a stock to reach a certain target price,
for a stochastic optimization algorithm to converge, for specie
to extinct [32,33], and for an avalanche to start or end [34].
The broad spectrum of applications underlines the importance
of general results and unifying statements that apply to all
first-passage processes.

First-passage processes rarely occur in isolation. As such,
they are often perturbed. Perturbations can change the sys-
tem’s state, its dynamics, or both. They can be localized in
time, persist over some time, or even permanent. In Fig. 1, we
present a few examples: (a) The hitting time of a particle dif-
fusing to a target is altered due to the application of an external
field; (b) an unpredictable event (a black swan [35]) drastically
changes the dynamics of financial markets and, inter alia,
the time it takes a stock to reach a designated price; and (c)
a stochastic search algorithm restarts in attempt to expedite
convergence, but only if it failed to cross a checkpoint that
indicates proximity to the desired solution.

A fundamental question arises: what is the effect of a
perturbation on the mean first-passage time (MFPT)? Specifi-
cally, it is not clear whether the introduction of a perturbation
will increase or decrease the MFPT, and by what magnitude.
At face value, it seems that the answer to this question depends
on the myriad of details characterizing the underlying first-
passage process, the perturbation, and the manner in which
the two interact. Yet, we show that only a handful of key ob-
servables are important, revealing a universal linear response
of the mean first-passage time to perturbations.

Inspired by the profound influence of linear response the-
ory on the understanding of physical systems both in and
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FIG. 1. Examples of perturbed first-passage processes. (a) A par-
ticle freely diffuses in search of a target. At some point in time, a field
is activated and the particle continues to diffuse on the new potential.
(b) A stock is designated to be sold at a certain target price. A black
swan changes market conditions, affecting the time at which the sell
price is reached. (c) An algorithm conducts a random search on a
network. After passing a specific checkpoint (blue trajectory), the
search is bound to nodes in the neighborhood of the solution. Tra-
jectories that did not pass the checkpoint are stochastically restarted
(red trajectory).

out of equilibrium, we set forth to establish a linear response
theory for first-passage processes. Direct extension of exist-
ing results is not possible, since first-passage processes are
inherently transient, and thus do not admit a steady state
(equilibrium or not). Consequently, and contrary to the clas-
sical theory of linear response, the state of the system right
before the perturbation depends on its age. Moreover, the time
evolution of first-passage processes may or may not obey
Hamiltonian dynamics. Thus, the concept of a perturbation
Hamiltonian, pivotal in classical linear response theory, is not
well-defined for a general first-passage process.

Clues on how to address the above challenges can be
found in the field of stochastic resetting—a perturbation that
has recently attracted considerable interest [36]. In stochastic
resetting, a first-passage process is halted at a random time,

and the system is brought back to its initial state. Following
the seminal contribution of Evans and Majumdar [37], a com-
plete framework for first-passage processes under stochastic
resetting was developed [38—44]. This revealed that the sus-
ceptibility of the MFPT to the resetting rate is universal and
given by x = L1 — CV?) [38,39,45]. Here, (T) is the un-
perturbed MFPT and CVy = o(T)/(T) is the coefficient of
variation of the unperturbed first-passage time, where o (T') is
the standard deviation of the unperturbed first-passage time.

Crucially, for CVy > 1, we have x < 0, demarcating when
stochastic resetting expedites first-passage processes. This
CV condition has already found practical use when applying
stochastic resetting to molecular dynamics simulations [46].
It was further generalized and adapted to cover cases where
resetting is accompanied by a time penalty [47], a branching
event [48], and to resetting in discrete time [49].

Here, we elevate from stochastic resetting to the stochastic
application of a general perturbation. Similar to stochastic
resetting, we circumvent direct extension of classical linear
response theory and consider instead the response of a general
first-passage process to a rare—yet completely arbitrary—
perturbation. We therefore look for an expansion

(T) ~ (T) + Ax, (D

where (75) is the MFPT under the perturbation, (T) is the
underlying MFPT, A is the rate of its application, and x is
the susceptibility. We find that the susceptibility is generally

given by
T)? (2T
X:Q(—T—cvﬁq), )

where CVr = o(T')/(T) is once again the coefficient of vari-
ation of the unperturbed FPT and 7 is the mean time between
the activation of the perturbation and the FPT, conditioned
on the perturbation actually occurring. Unlike classical lin-
ear response theory, our results continue to hold exactly
even for strong perturbations that significantly alter the
dynamics.

Demanding that the introduction of a rare perturbation
will result in a reduction of the MFPT, i.e., x <0, we get
a generalization of the CV condition that applies for general
perturbations. This reads

CV}i > 2 1, 3)
(T)

which—similar to classical linear response theory—
highlights the strong dependence of the linear response on
fluctuations in the unperturbed FPT. To see this more vividly,
observe that a perturbation can reduce the MFPT of a process
even if the MFPT after the perturbation, 7, is larger than the
unperturbed MFPT, (T'). While this seems counterintuitive,
Eq. (2) asserts that this will happen whenever fluctuations in
the underlying FPT are large enough. The explanation for this
effect can be traced back to the inspection paradox [45,50], as
we discuss in the next section.

It is easy to verify that the results above hold for the case of
resetting. There, in the limit of a vanishingly small resetting
rate, the mean time remaining after resetting is simply (T'),
since the probability for multiple resetting events is negligibly
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small. Substituting the values of T for resetting with time
penalties and resetting with branching also agrees with known
results [47,48]. Stochastic resetting thus appears as a particu-
lar instance of a broader principle that governs the response of
first-passage processes to rare perturbations.

More generally, the above results hold for arbitrary pertur-
bations and first-passage processes, provided that (T'), o (T),
and T are well defined, i.e., finite. The framework developed
herein thus unifies previously distinct phenomena under a
single analytical relation, extending results from stochastic
resetting to encompass any rare perturbation—regardless of
its physical origin or mechanism. We stress that the linear
response is universal in the sense that it only depends on
the above-mentioned moments. Crucially, when these are not
known analytically, they can be easily estimated from mea-
sured or simulated data.

The remainder of this article is structured as follows. We
start by deriving the main result of this work—Eq. (2). Next,
we extend this result to cases where the variance of the FPT
diverges. We then demonstrate how to use Eq. (2) in practice.
We do this using two illustrative examples. In both, the under-
lying process is a one-dimensional drift-diffusion to a target,
but it is subject to two different perturbations: resetting with
information feedback and the application of a log potential.
While describing these perturbations is straightforward, their
effect on the MFPT can hardly be guessed a priori. Yet, we
show that Eq. (2) can be used to easily map out the linear re-
sponse phase space. Going beyond linear response, we reveal
nontrivial phase transitions of first and second order.

Next, we use our theory to construct an experimental tech-
nique that can extract information about the fluctuations in
the lifetime of biomolecules using bulk concentration mea-
surements only, i.e., without resorting to single-molecule
experiments. To our knowledge, this is the first proposed
method to extract higher-order kinetic moments of single
molecules from bulk measurements. Specifically, we show
that the linear response of the concentration to a perturba-
tion reveals the variance in the molecular lifetime. By going
beyond the linear regime, our approach enables the recon-
struction of the entire lifetime distribution. We conclude this
paper with a discussion and outlook.

II. DERIVATION OF EQ. (2)

Consider a first-passage process whose FPT we denote by
T. We would like to understand the response of the MFPT
to an arbitrary, but rare perturbation. To do so, we let the
perturbation occur at a random time P, which we take from
an exponential distribution with rate A that is henceforth con-
sidered small in the sense that A(T) < 1. (Later, we relax
this condition. See discussion below and in Appendix D.) The
perturbed FPT, T;, is then given by

T ifT <P

o “
P+1t(g) ifT > P.

Indeed, if first passage occurred before the perturbation
time P, the process completes without interruption. Other-
wise, the FPT will occur at P plus the time remaining from
the moment of the perturbation till completion. We denote

this time by 7(g), and note that it can depend on the state
of the system, ¢, at time P. Moreover, we allow 7(g) to be
deterministic or random. Finally, we will assume that the
statistics of 7(g) is completely determined given g, i.e., that
it does not depend explicitly on the moment at which the
perturbation is applied. We stress that the state § can carry
any needed information, e.g., the entire history of the process
till the moment the perturbation occurred.
To proceed, we apply the total expectation theorem

(T) = Pr(T < PXTIT < P)
+Pr(P <T)(PIP <T) +

_ 1Tk
A

(T@IP <T))

+ A / / (T(§))G(G, t)e ™ dtdg, (5)

where T'(L) = (e7*") is the Laplace transform of T evaluated
at A, G(g,t) is the probability density to find the process at
state ¢ at time ¢, and (7(g)) is the average of t(§) over all
possible realizations. The derivation of Eq. (5) is given in
Appendix A.

Expanding to first order in the perturbation rate, we obtain

(T3) = (T) + xa. with x = (2 — CVZ — 1), as defined
in Eq. (2). For the complete derivation, see Appendix B. Here,
T is given by

T fQ (c(@)$(@) dd: ©)

i.e., it is (r(g)) (the mean of t(§)) averaged over the time-
averaged propagator

[e¢]

¢()—i
V=11

which is the probability measure that governs the system state
4 at the moment a rare perturbation occurs. Given x in Eq. (2),
it is easy to derive Eq. (3). In our derivation, we assumed that
time is continuous. For similar results in discrete time, see
Appendix C.

Operationally, T can be estimated without solving for the
perturbed dynamics. For example, it can be measured directly
by applying the perturbation at rare times and recording how
much time elapses until first passage, in experiments or in
numerical simulations. This procedure was applied in Ref.
[51] to understand the response of neural networks training
to perturbations, where explicitly solving for the dynamics is
impossible. Depending on context, different approaches can
also be taken, e.g., measuring T in an independent experiment
without actually applying the perturbation. In other cases, a
measurement can be circumvented completely by using an
appropriate approximation.

Equation (2) can also be derived by considering the dif-
ference between an unperturbed first-passage process and one
that has been perturbed at a random time P. Noting that the
two only differ from the perturbation moment onward, we
need only compare the mean completion times starting from
this point. For the unperturbed process, this time is given by

G(g, 1) dr, N

(1)

(Ties) = T(l + CVTZ), (3
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which is a classical result that follows from the inspection
paradox [45,50]. For the perturbed process, the remaining
time is T, since ¢(g) governs the system’s state at the time of
the perturbation. The difference T — (7T.s) captures the mean
effect of the perturbation, given that it occurs. Multiplying
T — (Ties) by A(T), i.e., the probability that the perturbation
indeed occurs, yields Eq. (2).

In the discussion above, we assumed that the perturbation
time P follows an exponential distribution with rate A. The
rare-perturbation limit was examined by considering small
perturbation rates. More generally, one can start with a pertur-
bation time of the form P = I1/¢, where I is a dimensionless,
positive continuous random variable and € is a characteristic
rate. The rare-perturbation limit can then be approached by
taking € to be small. In Appendix D, we show that Eq. (2)
remains valid under this broader formulation, provided that
the probability density of IT satisfies 0 < fr(0) < oo, i.e.,
that its corresponding density at zero (hence also its hazard
rate) is finite and positive. The effective perturbation rate in
Eq. (1) is then given by A = € f(0). This result establishes
that the universal linear-response relation derived herein holds
for any rare perturbation whose activation time distribution
meets the mild regularity condition stated above.

Finally, we note that if the FPT of the unperturbed process
is taken from a distribution with a power-law tail, fr(¢) ~
t~17% with 1 < & < 2, the unperturbed MFPT is still well de-
fined and ¢(§) is still a proper distribution, but the variance of
the unperturbed FPT diverges. Also, in this case, the Laplace
transform of the FPT distribution can be written as 7 (1) =
1 —(T)X 4 cA* + o(A*), with ¢ being some positive constant.
Therefore, for any finite 7, Eq. (5) implies that the MFPT at
low rates can be approximated as (7;) ~ (T) — cA% ! It is
worth emphasizing that for such processes, the leading order
in the response is independent of the nature of the perturbation
as long as T < oo. Indeed, the response at low rates is a func-
tion of o and ¢ alone, which are properties of the underlying
FPT statistics.

III. INFORMED RESETTING

We now turn to illustrate the usefulness of our theory
via the analysis of two toy models. We start with informed
resetting.

In many settings where stochastic resetting is used to expe-
dite stochastic processes, the decision to reset can be informed
by partial knowledge of the system’s state—for example,
whether it is relatively close to, or far from, the target. This
idea, known as informed resetting, avoids unnecessary resets
near successful completion and has been shown to lower both
MFPTs [52,53] and energetic costs [54] compared to unin-
formed resetting.

While exact target locations are typically unknown in real
search problems, proximity cues are often available—such
as structural similarity in molecular dynamics simulations or
environmental gradients in biological foraging. In molecular
simulations, in particular, the final configuration is usually
known, but it is difficult to sample transitions leading to it
[55,56]. In such cases, informed resetting protocols can be
defined by measurable progress toward the end configuration,
offering both theoretical and practical advantages [52,53].

Position
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FIG. 2. Diffusion under informed resetting. A particle is drift
diffusing from the origin to a target located at L, with a drift velocity
v and a diffusion coefficient D. The particle’s location is measured
at random times, but the measurement has an uncertainty of reg. In-
formed resetting is used to outperform ignorant stochastic resetting,
by avoiding resetting when this will surely move the particle further
away from the target compared to its current position.

Despite growing interest in informed resetting, its theo-
retical underpinnings have remained largely unexplored. The
incorporation of feedback complicates analysis, and very little
is known about such processes in general. Here, we use our
linear response framework to carry out the first analytical
treatment of informed resetting in the canonical drift-diffusion
model. Our results reveal how information on system state
modifies the impact of resetting, allowing one to map the
parameter space where such feedback confers an advantage.
This example underscores the power of our framework to han-
dle perturbations whose effect is state-dependent, and to yield
insight into the trade-offs between information and control.

Consider the scenario illustrated in Fig. 2. A particle is drift
diffusing from the origin with a drift velocity v > 0 and a
diffusion coefficient D. At L > 0, there is an absorbing bound-
ary, and we are interested in the mean absorption time. The
particle’s actual size is negligible, but due to the limitations
of the experimental apparatus, it cannot be localized precisely
and is seen as a smudge of radius re. At some rate A, we
measure the particle’s location. If we are sure that the particle
is closer to L than its initial position, i.e., it is in position
X > regf, We do nothing. Otherwise, we bring the particle back
to the origin and reset its motion. We call this perturbation
“informed resetting.”

We would like to understand the effect of informed re-
setting on the MFPT of drift-diffusion. Two limits of this
problem have already been considered and solved. When
resf = L, resetting is ignorant of the particle’s position, and
the problem boils down to regular stochastic resetting of drift-
diffusion. This problem was solved in Ref. [57], where the
authors calculated the MFPT as a function of the resetting
rate A from which one can read the susceptibility, x, as x =

2L_v22[1 — %]. Here, Pe = 2% is the Péclet number, and note
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that x changes sign at Pe = 1, which corresponds to CVy = 1
[57].

In the other extreme, r.if = 0, we have full information
on the particle’s position. The MFPT can then be obtained
by mapping our problem onto the problem of asymmetric
stochastic resetting that was presented in Ref. [58]. Using

tools developed there, we find x = 4u§lz’e2 [e7?P* — 1] (Ap-
pendix E), which is always negative since resetting with full
information is guaranteed to expedite first passage.

The susceptibility in the limits of zero and full information
was calculated based on an explicit expression for the MFPT
as a function of the perturbation rate. Yet, finding the MFPT
at an arbitrary perturbation rate is not always feasible, and
commonly not a simple task. Indeed, even for the relatively
simple toy model considered herein, an exact solution for
the MFPT at intermediate values of r.; cannot be obtained
using the existing stochastic resetting framework [40] and
requires particular treatment. Next, we circumvent brute force
solution of the problem and show that the linear response of
drift-diffusion to informed resetting can be found with little
effort using Eq. (2).

To find the susceptibility given in Eq. (2), we need the
MFPT and CVy of the underlying process, and T, which is
given by Eq. (6). For drift-diffusion, we have (T') = L/v and
CV7? = Pe™! [5]. To find T, we first need to find (7 (x)), which
is the mean time to a first passage from the moment of the
perturbation, given that this was activated when the particle
was at x.

Since we are interested in the linear response, it is enough
to consider the limit of a rare perturbation (A — 0). In this
limit, one can safely neglect multiple occurrences of the per-
turbation, and we find

X ifx > regy,

() =1{," ©)

if x g Feff .

To understand Eq. (9), observe that the upper branch ac-
counts for the case where the perturbation catches the particle
at x > ref, and there is no resetting. The particle then contin-
ues to drift-diffuse, reaching the target after (L — x)/v units of
time on average. The lower branch accounts for the case where
the perturbation catches the particle at x < reg. The particle’s
location is reset to the origin, from which it will take L /v units
of time on average to reach the target.

Next, we need to find the mean of (7 (x)) using the proba-
bility measure ¢(x) defined in Eq. (7). Plugging in the known
propagator for drift-diffusion with an absorbing boundary

1 _-n? _LL—v
G(x,t) = T¢ (1 —e "o )[5], we find

P(x) = Z(em“*')‘“ — e en). (10)

Integrating the product of Egs. (9) and (10) results in T.
Inserting into Eq. (2) gives the following susceptibility:

_ L? (reff)2 1
=0 |\ 2Pe?

N 672Pe(17"eTff 1 Fefi an
Pe 2Pe L /|

Plugging re/L =1 gives back the susceptibility of
stochastic resetting of a drift-diffusion process [57], and plug-
ging rer/L = 0, we get the same result obtained in Ref. [58],
as explained in Appendix E.

Taking the sign of the susceptibility, we create a phase
space separating cases where informed resetting expedites
first passage from cases where it has the opposite effect. This
phase space is shown in Fig. 3(a). Going from the no informa-
tion case (roir = L) to the full information case (ref = 0), we
see that the class of drift-diffusion processes that can be ex-
pedited by informed resetting becomes larger. Namely, more
information allows acceleration at higher Péclet numbers.

To corroborate the separatrix predicted by Eq. (11), we per-
formed Langevin simulations of drift-diffusion with informed
resetting: first for re/L = 0.35 and different Pe [squares in
Figs. 3(a) and 3(b)], and then for Pe = 3 and different values
of re/L [circles in Figs. 3(a) and 3(c)]. In both cases, the
transition from acceleratory to inhibitory response agrees with
the one predicted by Eq. (11).

How accurate should a position measurement be in order
to expedite the first passage of drift-diffusion using informed
resetting? Seemingly, answering this question requires a de-
tailed solution to the particular problem illustrated in Fig. 2.
Yet, we showed that the latter can be skipped altogether. We
applied Eq. (2), which allows us to answer the posed question
directly. Equation (2) can thus be used as a quick and simple
tool to understand the response of a first-passage process to a
perturbation while avoiding the difficulties of solving the FPT
problem explicitly.

IV. STOCHASTIC ACTIVATION OF A FIELD

We will now show that the presented theory can be used to
unravel nontrivial phenomena that emerge in a seemingly sim-
ple setup where a field is activated randomly in time. We again
consider the example of a particle drift diffusing to a target at
L. The particle starts at the origin, with a drift velocity v > 0
and a diffusion coefficient D. The diffusion coefficient follows
the Einstein-Smoluchowski relation: D = (8¢)~!, where ¢ is
the drag coefficient and B is the inverse temperature. The
potential describing this problem is Uy, (x) = —Fpx, where
Fy = v¢. We would like to understand the response of the
MFPT to a field, which is activated at a random time and
kept “on” until first passage occurs. For concreteness and
analytical tractability, we consider a postperturbation potential
that is logarithmic Uje(x) = Up In (L — x), with Up > 0. An
illustration of the process is presented in Fig. 4.

Observe that both the magnitude and sign of the response to
the considered perturbation are not trivial. This is because they
depend on the random position of the particle at the moment
of field activation. Indeed, if the particle is near the target,
where the logarithmic potential is much steeper than the linear
counterpart, it will feel a strong pull that would shorten its
MFPT. On the other hand, if the particle is far away from the
target, its MFPT will increase since the logarithmic potential
is almost flat there (compared to the linear).

To proceed, we first analyze the susceptibility to the pertur-
bation. To this end, we need to compute the terms that appear
on the right-hand side of Eq. (2). Because drift-diffusion is
the underlying process prior to the perturbation, we have

023135-5



TOMMER D. KEIDAR AND SHLOMI REUVENI

PHYSICAL REVIEW RESEARCH 8, 023135 (2026)

(a) (b) ()
14 ToTT=T . 1.25 _— 1L6r——————— ‘P‘ 3‘
I Hinders First-Passage = Pe=12| I /[=0.35 . Iw/L=0.05| Pe=
12 Expedites First-Passage 120 | Pe=16 . . L5t T /L=0.15 E
10 L15r |= Pe=2.1 . R l4t|e T /=025 L 1
gl Pe=238 . L _13l|® Ter/L=0.35 .
o S oLt L1 e Lw/L=045) | . .
~ 1.05f . Lt 1712 R et
pri i 11 et .o
095) T Traea.aaemrt T Nl R
‘ L |
5 0. 0% 05 1 15 2 25 3 35 4 45 5 9% 05 115 2 25 3 35 4 45 5
reff/L A A

FIG. 3. (a) The two phases of drift-diffusion with informed resetting are constructed using Eq. (11). When the sign of the response
is negative, informed resetting expedites first passage (green phase). The converse happens when the response is positive (blue phase). (b)
The MFPT vs the resetting rate A. Squares come from Langevin simulations with r./L = 0.35 and different Pe. Simulations agree with the
prediction for a transition from a positive to a negative linear response at Pe >~ 2.05. (c) The MFPT vs the resetting rate 1. Circles come from
Langevin simulations with Pe = 3 and different r.r/L. Simulations agree with the prediction for a transition from a positive to a negative linear
response at regr/L =~ 0.24. All simulations were conducted with L = v = 1.

(T)=L/v and CVT2 =Pe~! as in the previous section [5].
To obtain T, we first find (7(x)): the mean time remaining
to first passage given that the particle was at x at the moment
the perturbation occurred. By construction, this is nothing but
the MFPT of a particle diffusing from x to L on a logarithmic
potential [59,60]

2 .
por i AU > 1,

(t(x) = .
oo} if BUy < 1.

12)

To get T, we need to average Eq. (12) with respect to the
appropriate position distribution ¢(x). For a drift-diffusion
process, this is given by Eq. (10) as explained in the previous
section.

Following the steps above, we substitute (T'), C VT2, and T
into the right-hand side of Eq. (2). The resulting susceptibility
diverges for Uy < 1, which is easy to see from Eq. (12). For

@

Ux,t)

Field
Activation ~ ~ ~

~

BUy > 1, we find

_ 2DLP +3(2— Up)(Pe + 1)
T 33 BUy — 1

P (13)

From here, it is clear that the response is finite and positive
whenever 1 < BUp < 2. Namely, in this regime stochastic
activation of a logarithmic field at low rates will always hinder
first passage.

When BU, > 2, the sign of the susceptibility depends on
Pe. Namely, the response is positive when Pe > Pe* with
Pe* = 3%=2 (1 4 /BB, + 2)/(3BU, — 6)), and negative
otherwise. These critical Pe separate the part of the phase
space where field activation hinders first passage from the
part where field activation expedites first passage. The phase
space, constructed using Eq. (13), is given in Fig. 5.

(b)

Target

U(x)

[| === Original Potential (Linear)

Postperturbation Potential (Log)

FIG. 4. (a) An illustration of the problem of stochastic field activation. A particle starts drift-diffusing from the origin to a target located
at L. At some random point in time, a field is activated and the particle continues its diffusion on a logarithmic potential. (b) The potential
energy before and after field activation. Before the field is activated the potential energy is linear and given by Uy, (x) = —Fyx. After the field
is activated, the potential energy is logarithmic and given by Uy,e(x) = Up In (L — x).
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FIG. 5. The linear response phase space for the problem of
stochastic field activation that is illustrated in Fig. 4.

Beyond linear response

So far, we have focused on the linear response to a rare
perturbation (A — 0). Yet, in many cases, the response to an
immediate application of a perturbation (A — 00) can also

7% Inhibitory Phase at A — oo

be obtained with little effort, allowing analysis and insight
beyond linear response.

In the above example, the behavior at very large perturba-
tion rates can be obtained by noting that the particle has no
time to move before the field is activated. In addition, because
the field is activated once and for all, the MFPT in this limit is
given by setting x = 0 in Eq. (12). To create the phase space
at A — oo, we compare this MFPT to L/v (MFPT on linear
potential) and determine which one is greater. In Fig. 6(a),
we take the A — 0 phase space from Fig. 5 (colored) and
plot on top of it the region in phase space where immediate
(A — ©00) activation of a logarithmic potential hinders first
passage (dotted). It then becomes clear that a wedge-shaped
overlap exists between the region in phase space where rare
field activation expedites first passage (green), and the region
in phase space where immediate field activation hinders first
passage. In this wedge-shaped region, the MFPT decreases
with A when it is small, but its value at very high perturbation
rates is larger than its value at A = 0. It follows that there must
be a finite perturbation rate, A*, that minimizes the MFPT.

This observation raises the suspicion that the phase space
of this A*, i.e., the frequency of field activation that minimizes

1.4+

Pe=1.5pU; =2
Pe=4.5pUy=5
Pe=1.3 BUy = 2.7/

4
BUy

FIG. 6. (a) The region of phase space where immediate (A — oo) activation of a logarithmic potential hinders first passage (dotted),
superimposed on the linear response phase space (A — 0) from Fig. 5. (b) The MFPT as a function of the perturbation rate A for three different
pairs of Pe and SU,. Three behaviors of the optimal rate A* can be seen: zero, finite, or infinite. (c) The phase space for the optimal switching
rate. A black line indicating the separatrix at A — 0, which was obtained using linear response analysis. (d) Plots of the optimal rate A* that
minimizes the MFPT as a function of BUj for Pe = 1.3 (green), Pe = 2.5 (turquoise), and Pe = 3 (blue). It can be seen that the transition from
A* = 0 to the finite A* phase can be either continuous (for Pe = 2.5 and Pe = 3) or discontinuous (for Pe = 1.3). Divergence of all lines at

BU, = 2Pe indicate the predicted transition to the infinite A* phase.
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the MFPT, can be divided into regions where 1* is either finite,
zero, or infinite. The wedge-shaped region must lie where
A* is finite. Yet, the optimal rate itself cannot be obtained
from linear response, but only via an expression that gives
the MFPT at an arbitrary field activation rate. We find this
expression by use of Eq. (5), which is valid for arbitrary values
of A.

Perturbing a process repeatedly affects (z(g)) in Eq. (5),
which is another way of saying that this quantity generally de-
pends on the perturbation rate. A notable example is stochastic
resetting, where the mean residual time after resetting can
be approximated by (7') only when the probability of having
multiple resetting events is negligible. The problem consid-
ered here is different since the field is activated once and for
all. It follows that (r(g)) is given by Eq. (12) regardless of
the perturbation rate . Integrating over time in Eq. (5), we
find (7;) = =13 4 X [o(r(@)G(G, »)dg, where T (%) and
G(cj, A) are the Laplace transforms of the FPT distribution
and the propagator of the unperturbed process evaluated at A,
respectively. A closed-form solution for the MFPT at an arbi-
trary perturbation rate is presented in Appendix F. From it, the
MFPT for any pair of Pe and BUj can be found as a function
of A, and consequently, the corresponding A*. In Fig. 6(b), we
plot the MFPT as a function of A for three different pairs of
Pe and BUj, covering scenarios where A* = 0, 0o, or is some
finite value, as indicated on the plot.

The complete phase space for the optimal rate is presented
in Fig. 6(c) with a solid black line indicating the separatrix
at A — 0. We note that for large values of Pe and BU, the
separatrix at A — O predicts correctly the transition between
the A* = 0 and the finite A* phases. The transition between the
finite A* phase and the A* = oo phase can be obtained analyt-
ically. In Appendix F, we show that it occurs at U, = 2Pe,
and that near this transition A* ~ (2Pe — BUy)~.

Figure 6(d) illustrates how A* varies with SU, for three
different values of Pe: Pe = 1.3 (green), Pe = 2.5 (turquoise),
and Pe =3 (blue). The transition between the finite A* and
A* = 0 phases can be either first or second order: a discontin-
uous transition is found for Pe = 1.3 and a continuous one for
Pe=25,3.

The emergence of both first- and second-order phase tran-
sitions in a problem as simple as the application of a field is
nontrivial and surprising. More than anything, it emphasizes
how little we know about the response of first-passage times
to perturbations. Extending this analysis to other systems is
expected to shed more light on the rich landscape of perturbed
first-passage processes.

V. MOLECULAR FLUCTUATIONS FROM BULK
MEASUREMENTS

Up until now, we have shown how our theory can be used
to predict the effect of perturbations on FPT processes. We
now show that it can also be used in the reverse direction—
to extract information about the underlying FPT process
itself by analyzing how it responds to perturbations. This
idea opens the door to a powerful inference strategy: using
externally applied perturbations to uncover hidden micro-
scopic fluctuations.

It is widely believed that fluctuations at the single-molecule
level are inaccessible through bulk measurements. This is
because the latter report on observables that are averaged
over a huge number of molecules. However, the results we
have derived reveal that—analogously to classical equilib-
rium systems—fluctuations in first-passage times govern the
response of the mean to perturbations. Leveraging this in-
sight, we propose an experimental approach that enables the
inference of single-molecule lifetime fluctuations solely from
bulk concentration measurements. This approach offers an
accessible alternative to single-molecule techniques.

Consider a compound synthesized within a cell, such as a
protein or RNA molecule [61-63]. Each molecule has a finite
lifetime and is eventually degraded [Fig. 7(a)]. According
to Little’s law [64], and assuming ergodicity in the number
of molecules N per cell, the mean number of molecules is
given by

(N) = — (14)

where T is the lifetime of the molecule and S is the time
between consecutive synthesis events.

In bulk measurements, the concentration is n(N)/V, where
n is the number of cells and V is the sample volume. As a
result, lifetime fluctuations are masked and cannot be inferred
directly from concentrations. However, a molecule’s lifetime
can be regarded as an FPT—starting with synthesis and ending
with degradation—whose mean corresponds to the MFPT. By
introducing a rare perturbation, we can alter the mean lifetime,
with the shift quantified by Eq. (2). This, in turn, modifies
the bulk concentration via Eq. (14), opening a peephole into
single-molecule fluctuations.

By selecting a perturbation with a known T, one can infer
the value of CV}? from the concentration’s response to the
perturbation rate. This value provides key insights into the
underlying degradation mechanism [65]. For instance, its in-
verse, 1/C V2, serves as a lower bound on the number of steps
involved in a first-passage process [65—67]. This principle has
been applied to show that the molecular motor kinesin hy-
drolyzes a single ATP molecule per step [68], and to elucidate
the mechanism of the DNA packaging motor in Bacteriophage
929 [67]. Furthermore, if CV} > 1, the degradation process
cannot be described by a linear, nearest-neighbor hopping
mechanism and must involve branching pathways [65,69,70].

As a perturbation, we will consider the introduction of
an annihilator that degrades the molecule of interest upon
contact (diffusion-limited annihilation). We chose this pertur-
bation because we believe that it is easy to apply it in many
real-world systems. However, the following analysis can be
trivially extended for other perturbations with a known T.

The annihilator perturbs the degradation process at a con-
stant rate A = koy[A], where [A] is the concentration of the
annihilator and ko, is its binding affinity [Fig. 7(b)]. The
concentration of the molecule of interest can then be measured
as a function of [A]. Using Egs. (14) and (2), the resulting
concentration profile can be calculated.

Since we assumed annihilation is diffusion-limited, the
mean residual time following the perturbation, i.e., after con-
tact with the annihilator, is negligible (T ~ 0). The perturbed
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FIG. 7. (a) Molecules are synthesized and naturally degraded. (b) The system is perturbed by the introduction of an annihilator, which
degrades the molecules by a different pathway. (c) Native degradation may occur by various mechanisms that cannot be differentiated based
on the steady-state concentration. Here, we consider two possible degradation mechanisms: linear and parallel. The k;’s stand for transition
rates. (d) Concentration of the molecule of interest as a function of the annihilator concentration. The two models in panel (c) yield the same
concentration without the annihilator, but their response to its introduction is different. Symbols come from simulation, and solid lines are fits
to Eq. (15). Error bars are smaller than the symbols. (e) Inferred lifetime distribution from bulk measurements compared to the ground truth

for the two models depicted in panel (c). Simulation details are given in Appendix G.

concentration is thus given by

_ 1{Tj,1a1)

Cc
C(IA]) = ~ c(0) - KV OICOF

CV?
V(S) 2n (Vi +

1)IAL
s)

where C(0) is the unperturbed concentration. Notably, the
relative fluctuations in the molecule’s lifetime (C VTZ) directly
influence the response. Thus, by fitting a straight line to the
measured concentration curve, one can extract hidden infor-
mation: the variance in the molecule’s lifetime. This, in turn,
can help validate or rule out proposed degradation mecha-
nisms.

To illustrate our approach, we consider two Markov models
for the degradation process: a linear model and a parallel
model [Fig. 7(c), and details in Appendix G]. Notably, both
mechanisms can yield the same steady-state concentration
in the absence of the annihilator. We simulated each system
under varying perturbation rates, corresponding to different
annihilator concentrations [Fig. 7(d)]. Full simulation details
are presented in Appendix G. In both cases, the resulting
concentration curves are well approximated by linear fits over
the simulated range. Although the models produce identical
concentrations without perturbation, their responses to the
annihilator differ significantly. Using Eq. (15), and assuming
all other parameters are known, we inferred CVT2 from the
linear response. For both models, the theoretical values lie

within the error bounds of the inferred parameters, and the
relative error in estimating CV; was ~1072.

By extracting the value of CV} from simulations of the
two models, we gain access to key mechanistic insights.
For the linear model, we obtained an estimated value of
CV}# = 0.510 £ 0.052, closely matching the true value of 0.5.
This suggests the presence of at least 1.96 & 0.20 steps in
the degradation process [65-67]. This is consistent with the
two-stage nature of the degradation process, as illustrated
in Fig. 7(c). For the parallel model, we obtained CV? =
4.912 £ 0.051, again in close agreement with the true value
of 4.946. This value exceeds one, ruling out a simple linear
nearest-neighbor hopping process as an adequate descrip-
tion of the degradation mechanism [65,69,70]. Notably, all
of this information was previously inaccessible through bulk
concentration measurements alone. However, by measuring
the response of the steady-state concentration, our approach
now provides a compelling bulk-level alternative to single-
molecule experiments.

We now demonstrate how our theory can also be used to
infer the entire lifetime distribution from bulk measurements,
for the case where the perturbation is the introduction of an
annihilator. Returning to Eq. (5), we see that (t(§)) = 0 for
the scenario considered herein. Therefore, using Eq. (14), we
find that the concentration is given by C([A]) = M =

vy
VZ’S) W, and solving for the Laplace transform of the
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lifetime gives

T (kon[A]) = 1 — %[A]C([A]). (16)

This relation shows that by measuring the concentration
of the molecule of interest, C([A]), as a function of the an-
nihilator concentration [A], one directly obtains the Laplace
transform of the lifetime distribution. Subsequently, by nu-
merically inverting this transform, one can reconstruct the full
probability density function of the molecular lifetime.

In Fig. 7(e), we show simulation results for the proposed
experiment for the two models presented in Fig. 7(c). A good
agreement can be seen between the inferred distributions and
the ground truth. Full simulation details are given in Ap-
pendix G. This is a powerful demonstration of the utility of our
theory. Previously, accessing such information would require
measuring the lifetime of a large number of single molecules,
therefore requiring special equipment and expertise. In con-
trast, we only used 30 bulk concentration measurements
(one at each annihilator concentration) for each model.
Moreover, we did it without assuming anything about the un-
derlying degradation process, making this method extremely
robust.

VI. SUMMARY AND OUTLOOK

In this article, we studied the linear response of the MFPT
to a rare, yet arbitrary, perturbation. Surprisingly, we found
a fairly simple expression—Eq. (2)—that captures the linear
response of any FPT process (with finite first and second
moments) to an arbitrary perturbation. The resulting expres-
sion depends on the variance in the FPT of the unperturbed
process, echoing a striking similarity to well-known results
from classical linear response theory [1].

We also dealt with cases where the second moment of
the FPT diverges but the MFPT is finite. In those cases, the
response to the perturbation is not linear. More importantly, it
is a function of the underlying process only and is independent
of the nature of the perturbation itself.

The universal linear response relation for the MFPT sig-
nificantly streamlines the analysis of scenarios that previously
required ad hoc treatment. For example, we used it to quantify
how the addition of information feedback helps stochastic
resetting expedite drift-diffusion processes. We then went on
to show that our results can also help determine the linear
response to the activation of a field. Specifically, we analyzed
the effect of changing the potential in a diffusion process from
linear to logarithmic. This analysis hinted that the optimal
perturbation rate, which minimizes the MFPT, exhibits rich
behavior. Extending the analysis beyond the linear regime
confirmed the presence of nontrivial first- and second-order
phase transitions.

We further demonstrated a practical application of our
theory: inferring single-molecule lifetime fluctuations from
bulk concentration measurements. Contrary to conventional
wisdom, which holds that such fluctuations are masked in
bulk due to averaging over large populations, we showed
that the response of the concentration to a rare perturbation
encodes the variance of the underlying lifetime distribution.

Specifically, we showed that the concentration’s linear re-
sponse to the introduction of a diffusion-limited annihilator
reveals the coefficient of variation in the molecule’s lifetime—
a key indicator of the underlying degradation mechanism.
We demonstrated how this could, e.g., be used to distinguish
between linear and parallel degradation pathways, which oth-
erwise yield indistinguishable steady-state concentrations.

We went further and demonstrated that our approach can
be extended beyond linear response. By measuring the con-
centration as a function of annihilator concentration, one
can reconstruct the Laplace transform of the lifetime dis-
tribution. Numerical inversion of this transform yields the
full lifetime probability density function, enabling access not
just to the variance but also to higher-order statistics. To
our knowledge, this is the first method capable of extract-
ing kinetic fluctuations—and even the full single-molecule
lifetime distribution—directly from bulk data. It bypasses the
need for single-molecule experiments, offering a significantly
more accessible route to mechanistic insights in molecular
systems.

The examples we considered illustrate two powerful use
cases of our framework: (1) predicting and explaining how a
first-passage process responds to perturbations and (2) infer-
ring hidden properties of an unperturbed system by measuring
its response. For the former task, we have recently shown
that the rare perturbation approach can be utilized to opti-
mize perturbations for improved training of machine learning
models [51]. To this end, we analyzed a deterministic ex-
tension of the present framework, with perturbations applied
at fixed time intervals, illustrating applicability beyond the
stochastic, Poissonian regime. Crucially, in that setting T is
obtained empirically from training trajectories, demonstrating
that the framework remains predictive in high-dimensional
systems where first-principles calculation of T is out of
reach.

The only information needed to determine the linear re-
sponse of a first-passage process to a perturbation is the mean
and standard deviation of the unperturbed FPT, as well as
the mean residual time to first passage after the activation
of the perturbation. In some cases, this information can be
acquired using known analytical formulas. More importantly,
when these are lacking, the required moments can be obtained
from simulated or measured data that are accessible even in
the absence of full knowledge of the propagator or the FPT
distribution.

Finally, we note that the linear response in Eq. (2) is the
underlying MFPT squared, multiplied by a function of di-
mensionless parameters. Therefore, when studying the linear
response of a process to a perturbation using experiments or
numerical simulations, it is enough to scan the dimension-
less parameters that characterize the system. This reduction
of complexity is particularly useful when coming to study
the response of a given process to various perturbations.
Previously, doing so would have required dealing separately
with each and every perturbation. This taxing procedure is
no longer required as Eq. (2) asserts that the response only
depends on the perturbation via the normalized mean resid-
ual time to completion, T/(T). Understanding how various
perturbations influence this ratio is then the only remaining
challenge.

023135-10



UNIVERSAL LINEAR RESPONSE OF FIRST-PASSAGE ...

PHYSICAL REVIEW RESEARCH 8, 023135 (2026)

ACKNOWLEDGMENTS

T.D.K. acknowledges Shir Fridman for assistance in
designing the figures. T.D.K. acknowledges insightful
discussions with Ofek Lauber Bonomo. The authors acknowl-
edge Maxence Arutkin, Haim Diamant, Barak Hirshberg,
and Bara Levit for reading and commenting on early ver-
sions of this manuscript. This project has received funding
from the European Research Council (ERC) under the Euro-
pean Union’s Horizon 2020 research and innovation program
(Grant Agreement No. 947731).

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: DERIVATION OF EQ. (5)

To derive Eq. (5), five terms are required: the probabilities
Pr(T < P) and Pr(P < T), and the conditional expectations
(T|T < P),(PIP<T),and (t(q)|P < T). We start by com-
puting the probabilities

Pr(T < P)= foofr(t)‘llp(l)dt
0

= foofT(z)e*M dt =TQ).
0

Pr(P <T)=1-Pr(T <P)=1-TO), (A1)
where fx(¢) and Wy (¢) are the probability density function
and the survival probability of the random variable X, re-
spectively, and T (1) is the Laplace transform of fr(¢). The
conditional expectations (7|7 < P) and (P|P < T) are cal-
culated as follows:

St fr W) dt
Pr(T < P)
-1 d [* e
= Foydr )y Srt)e " dt
—1 dT)
Ty dr
_ Jo th@)¥r@)de
Pr(P<T)
= _—fifoo Wy (t)e ™ dt
1=TM)dxr Jy
1 dT) 1

1—T®) di +/\

(TIT < P)

(PIP < T)

; (A2)

where we used the identity fooo Wr (e ™ dt = #

Finally, we need Pr(P < T)(t(§)|P < T). This can be
done by averaging t(g) over all the realizations of 7(g), and
on the probability of being at state g at the moment of the

perturbation. We get

Pr(P < T){t(§)|P<T) = A/ /OO e M (1 (§))G(G, 1) dt dg.
0J0

(A3)
Summing up all the terms we obtain Eq. (5).

APPENDIX B: DERIVATION OF EQS. (1)-(2)

Equation (5) is a sum of two terms, =%} and the right-

hand side of Eq. (A3). We now expand both to first order in A.
For the first term, we use the moment expansion of the Laplace
transform
1-T®) Ao,
— = (T) = 5(T7) + o). B1)
A 2
For the right-hand side of Eq. (A3), we assume that t(g) is
completely determined given ¢, i.e., that it does not depend
explicitly on the moment at which the perturbation is applied.
Taking 7(g) out of the inner integral and Taylor expanding the
exponential, we obtain

RHS =,\/<r@>/w G(G,t)dt dg + o(\)
0 0

=21A /Q(f(i))dwi) dq+o())

= AT 4+ o(L), (B2)
where ¢(§) =A~" [[°G(g.1)dt is the probability density
created by integrating the propagator G(q, ¢) over all times,
A is the normalization factor, and 7 is the mean of (t(g)) with
respect to ¢(g). The value of A is

o0 o0
A=// G(cj,t)dtdcj:/ /G(Ej,t)dc_jdt
2Jo o Jo

= /oo Wr(t)dt = (T). (B3)
0

Summing both results leads to Eqgs. (1) and (2).

APPENDIX C: LINEAR RESPONSE IN DISCRETE TIME

To derive the linear response for first-passage processes
and perturbations occurring in discrete time, we return to
Eq. (4). In this scenario, we consider a geometrically dis-
tributed perturbation time P ~ Geometric(p), and instead of
T,., we denote the FPT of the perturbed process as 7),. Note
that in the case of discrete time, the first-passage time is
the number of steps taken to first passage, and it is thus
dimensionless. Using the total expectation theorem, we get
the following MFPT:

(T,) = (min(T, P)) + Pr(P < T){(z(§)IP < T). (C1)
We start by computing the first term
(min(T, P)) = ZPr[min(T, P) > n], (C2)

n=0
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where Pr[min(7, P) > n] is the probability that both 7 and P
are larger than n. Because T and P are independent,

Pr[min(7, P) > n]

> Prk)

Y Pe(m)

k=n+1 m=n+1
[0¢] o0
=| 2wl X pa—py
k=n+1 m=n+1
o0
= Y Prid —pyt, (C3)
k=n+1

Where Pr(k) is the probability mass function of 7, and
Pp(k) = p(1 — p)* is the probability mass function of P,
where we used the fact that P is geometrically distributed on
{0,1,2,3,...}. To find (min(7, P)), we sum over Eq. (C3)

(min(7, P)) =Y Y Pr()(1 —p)*!

n=0 k=n+1
00 k—1

= "Pr()) _(1—py!
k=1 n=0

1_ o0
= Tp 3 Pr(olt - (1 - p)]

k=1

1_ o0
L o
p k=0
1_
= Tp“ — Hy(1 = p)l, (C4)

where Hy(z) = Y .- Pr(n)Z" is the probability generating
function of 7'. Similarly to Eq. (5), we can see that the fol-
lowing result holds:

l—p
(Tp) = T(l — Hr(1 - p))

oo

+ p/(g(f(é?)) Y (1= p)'G(G, n)dq. (C5)

n=0

In the limit of p — 0, we can find the susceptibility, using
the moment expansion of the probability generating function
Hr(z) around z = 1. Doing so, we obtain Hy (1 — p) =1 —
p(T) + %Z(T(T — 1)) + o(p*). We will also define a probabil-
ity density function ¢(g) similar to the one defined in Eq. (7):

1 o0
oD =7 Y G@G,n). (C6)
n=0

Using this definition of ¢(§), we can construct the discrete-
time analog of T according to Eq. (6). Doing so gives the
following expression for the susceptibility:

_ Iy cvZ—1 ! Cc7
X—T<m— T — —m) (ChH

In the continuous limit, i.e., (T') > 1, it is easy to see that
Eq. (C7) converges to Eq. (2), as expected.

For stochastic resetting, T = (T). Therefore, x =
(T)Y2(1 —CVT2 —(T)~")/2, which agrees with the known
result for stochastic resetting in discrete time [49].

APPENDIX D: GENERALIZATION OF EQ. (2)
TO NONEXPONENTIAL PERTURBATION TIMES

Consider a first-passage process with a first-passage time
T, and a perturbation appearing at time P = I1/e, where the
random variable IT is a dimensionless, positive continuous
random variable and € is a characteristic rate. For example,
taking IT to follow an exponential distribution with unit mean
and setting € = A, the perturbation time P is exponentially dis-
tributed with rate A—precisely the case analyzed throughout
this paper.

Assume that the probability density function of IT obeys

0 < fr(0) < oo, (D1)

and note that this assumption holds in particular for the ex-
ponential distribution. The survival probability of P is given
by

I1
Wp(t) = Pr(P >t)="Pr (? > t)
= Pr(I1 > et) = Wp(etr), (D2)

where W (+) is the survival probability of IT. The probability
density of P is

fr(t) = —% = €fn(en). (D3)

We will denote )1: fr(0), which by the assumption in
Eq. (D1) obeys 0 < A < oo. Then, the hazard function of P
can be written as

_ fr(t)  efn(er)

=00 = Wnten) = €L + o(et). (D4)

hp(t)

Thus, at times 0 < ¢ < €~ !, the hazard rate of P is constant
and given by A := €X, to first order in €. In this limit, the
perturbation times can be considered a Poisson process with a
small rate A, which is the context within Egs. (1) and (2) hold.
Taking € such that €(T) « 1 and eA(T) = A(T) < 1, we get
that the perturbed MFPT is

(Th) =(T) + Ax. (D5)

where x is the susceptibility in Eq. (2).

APPENDIX E: MFPT OF INFORMED RESETTING
WHEN ro/L = 0

The case of full information, i.e., refr/L = 0, was solved in
Ref. [58] for overdamped motion obeying the Fokker-Planck
equation. Using Eq. (12) in Ref. [58], one can see that to find
the MFPT, the following ordinary differential equation should
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be solved:
(L) v d(Tw)
dx? D dx
A 1
+ 5®(x — DITL.WL)) — (T.(x)] = D’ (ED)

where L is the distance of the resetting point from the ab-
sorbing boundary, v is the drift velocity, D is the diffusion
coefficient, A is the informed resetting rate, and ®(y) is
the Heaviside function. The resulting function (7; (x)) is the
MFPT from an initial condition distanced x from the ab-
sorbing boundary. Therefore, the boundary conditions are
(T;.(0)) =0 and 0 < lim,_, (75 (x)) < co. Moreover, both
(T:.(x)) and its first derivative must be continuous at x = L.

The MFPT for our problem is (7; (L)). To get it, we solve
for particles initialized from 0 < x < L, and using the bound-
ary condition at x = 0 gives the following solution:

(T5.()) et = ’;‘ FA( — b, (E2)

where A is some constant that will be found using the conti-
nuity of the first derivative at x = L. For x > L, the solution
is

(1)) x> = (L(L)) + %(1 — ewlIeWIC=L)y o (E3)

where a(A) =1+ 4%. Using the continuity of the first
derivative at x = L, we find A = (& + %)e‘zpe. Having

found A, we can evaluate (75 (L)), and get the desired MFPT

L D 1 —a(d)
(T)L>=;+<E+T

Taking the derivative with respect to A of the equation above
at A = 0 agrees with taking the limit of r.¢r/L — 0in Eq. (11).

)(ezl’e —1). (Ed

APPENDIX F: MFPT FOR STOCHASTIC
FIELD ACTIVATION

As discussed in the main text, Eq. (5) holds for an arbitrary
perturbation rate. Moreover, in the case of stochastic field ac-
tivation, the field is activated once and for all, eliminating the
A dependency of (t(§)). Therefore, we can simplify Eq. (5) to
read

1-T®)

(T,) = +a /Q (@)@ )dg.  (FD)

where G(g, 1) is the Laplace transform of G(§, t) evaluated at
A

In the case of a drift-diffusion process, where the per-
turbation is activating a field that alters the potential to a
logarithmic one, all terms in Eq. (F1) are known. T (1) is the
Laplace transform of the FPT distribution of drift-diffusion,
which is T(A) = exp [Pe(1 — a(1))] [5], (t(§)) is given by
Eq. (12), and G(g,t) is the Laplace transform of the drift-
diffusion propagator [5]

B PPeG—a(ll) _ PelE+a(i)(:-2)]
Gx,\) = s F2
(x, 1) () (F2)

where (1) was defined in Eq. (E3). Inserting all those results
into Eq. (F1) gives the following MFPT:

L? 2Pe
(T),) = -
2D(BU— 1) AU — 1)
2 1 — gPell—a(b)]
+ [E * ’3“‘)} gl -n

Substituting A = 0 into the above equation gives (73) = L/v,
and its derivative at this point is given by Eq. (13), as expected.
For the case where BUy < 1, the MFPT on the logarithmic
potential diverges, and therefore (7} ) in that case is

my={r =0 (F4)
¥ oo ifaso.

Scaling of A* near the transition between
the finite and infinite phases

In the general case, finding A* requires finding the A that
minimizes Eq. (F3). This task boils down to solving a tran-
scendental equation, which can be done only numerically.
However, in the transition between the finite to infinite A*
phases, Eq. (F3) can be simplified, because we know that the
minimum occurs at A 3> v?/D.

Therefore, in this regime ePell—e@M] « 1 and the derivative
of Eq. (F3) is approximately given by

d(T,)  2Pe—pUy 202
dh T 22(BUp—1)  X3D(BUy— 1)

(F5)

Equating this derivative to zero, we find that in the finite A*
phase, close to the transition to the infinite A* phase, we have

N 202
= D(2Pe — BUy)

*

~ (2Pe — BUy) . (F6)

APPENDIX G: DETAILS OF MOLECULAR
DEGRADATION SIMULATIONS IN FIG. 7

We simulated two Markov models for the degradation
process: a linear model and a parallel model [Fig. 7(c)]. In
both cases, synthesis was taken to be a Poisson process with
rate 11/21. The transition rates for the linear model were
set to k; = ky = 22/21, and for the parallel model they were
settok; =1, kp, =10, k3 = 0.1, k4 = 0.1. The lifetime of a
molecule is the minimal value between the native degradation
time and an exponentially distributed time with rate ko,[A],
accounting for degradation by the annihilator. Each symbol
in Fig. 7(d) is the average, over 2 x 10® realizations, of the
concentration at time ¢t = 100, which represents the steady-
state concentration.

For Fig. 7(e), we used 2 x 107 realizations, at 30 anni-
hilator concentrations linearly spaced between 107°k_.! and
10k;,!. We used a Tikhonov regularized inverse Laplace
transform [71]; the regularization was done using the second
derivative of the distribution in r space. The regularization fac-
tor was selected using the generalized cross-validation method
[72]. The inversion was done to 10* points in ¢ space, linearly
spaced between 0 and 20.
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