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Analytically tractable zoo of similarity-induced exceptional structures
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Exceptional points (EPs) are non-Hermitian spectral degeneracies marking a simultaneous coalescence of
eigenvalues and eigenvectors. Despite the fact that multiband n-fold EPs (EPns) generically emerge as special
points on manifolds of EPms, where m < n, EPns as well as their topological properties have hitherto been
studied as isolated objects. In this work, we address this issue and carefully map out the emerging properties of
multifold exceptional structures in three and four dimensions under the influence of one or multiple generalized
similarities, revealing diverse combinations of EPms in direct connection to EPns. We find that simply counting
the number of constraints defining the EPns is not sufficient in the presence of similarities; the constraints can
also be satisfied by the EPm manifolds obeying certain spectral symmetries in the complex eigenvalue plane,
reducing their dimension beyond what is expected from counting the number of constraints. Furthermore, the in-
duced spectral symmetries not always allow for any EPm manifold to emerge in n-band systems, making the
plethora of exceptional structures deviate further from naive expectations. We illustrate our findings in simple
periodic toy models. By relying on similarity relations instead of the less general symmetries, we simultaneously
cover several physically relevant scenarios, ranging from optics and topolectrical circuits to open quantum
systems. This makes our predictions highly relevant and broadly applicable in modern research, as well as
experimentally viable within various branches of physics.
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I. INTRODUCTION

The past decade has marked the advent of non-Hermitian
topological physics [1], expanding extensively on the previ-
ous utilization of non-Hermitian operators, which was largely
focused on optics, where these operators are used to model
gain and loss [2—4]. Although they violate fundamental laws
of quantum mechanics, non-Hermitian operators may also
serve as effective descriptions of open quantum systems [5—7],
ultracold atomic setups [8], friction in mechanics [9], resis-
tivity in electrical circuits [10,11], and damping matrices in
Liouvillian descriptions [12], to mention a few examples. The
most profound differences from conventional Hermitian sys-
tems include the biorthogonal bulk-boundary correspondence
[13-15], the non-Hermitian skin effect [8,14,16], and the
generic appearance of exceptional points (EPs) in the complex
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eigenvalue spectrum [17]. The latter marks a simultaneous
coalescence of eigenvalues and eigenvectors, leaving the cor-
responding operator at a Jordan normal form instead of a
diagonal form [17]. Remarkably, the generic appearance of n-
fold EPs (EPns) requires the tuning of 2n — 2 real parameters
[1,18-22], making them vastly more abundant than their Her-
mitian counterparts, which require the simultaneous tuning
of n2 — 1 [2(n® — 1)] real parameters in (non-)Hermitian sys-
tems. Consequently, EP2s appear in a stable fashion already in
two dimensions, while three-dimensional (3D) systems may
host embeddings of one-dimensional (1D) submanifolds of
EP2s potentially taking the form of links [23-25] and knots
[26-29]. The number of tuning constraints is often referred to
as the codimension of the corresponding degeneracy.

Focus has recently been directed toward further reduc-
ing the codimension of EPns. This is commonly done by
exposing the dynamical matrix, the non-Hermitian operator
governing the evolution of the system, to certain symmetries
[22]; parity-time (P7) symmetry is for instance known to
reduce the codimension to n — 1 [21,22,30-33], while the
codimension of EPns induced by sublattice symmetry is n — 1
(n) if n is odd (even), thus making it depend on the parity of
n [21,22,32]. Mathematically speaking, all the different non-
Hermitian symmetries that reduce the codimension of EPns
are merely special cases of one of three generalized similarity
relations [34]. Although the symmetries, their generators, and
an appropriate basis must be chosen to physically interpret the
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EPuns, their topological properties are captured already at the
level of similarity relations, which are naturally carried over
to the more physically relevant symmetries.

Even though stable EPns (when n > 2) always appear as
special points on manifolds of EPms, m < n, previous stud-
ies have almost exclusively treated EPns as isolated objects,
meaning that little attention has been directed toward the
concomitant less degenerate exceptional structures. Motivated
by this, in this work we map out the different exceptional
structures appearing in non-Hermitian systems subject to
pseudo-(anti-)Hermiticity and self-skew similarity in three
and four dimensions, respectively, which are the perfect exam-
ples to show the hierarchy of exceptional structures of various
dimensions and various orders. We find that the similarity-
induced EP4s appearing in 3D pseudo-Hermitian four-band
systems are not only accompanied by EP3 arcs and EP2
surfaces, but also by purely real or complex conjugate pairs
of EP2 arcs. The similarity-induced EP4s appearing in four-
dimensional (4D) self-skew-similar four-band systems, on the
other hand, are merely accompanied by two different EP2
surfaces, as the spectral constraint induced by the similarity
forbids the emergence of EP3s of any kind. This highlights the
importance of not only reading off the number of constraints
associated with a certain exceptional structure, but to further
analyze how the similarity-induced spectral constraints can be
satisfied.

When subjecting a non-Hermitian matrix to two different
similarity relations simultaneously, the third one necessarily
follows, and the codimension of EPns is further reduced to
L%J , with | x| denoting the integer part of x [35]. This induces
even more exotic exceptional spectral features, which were
recently uncovered for systems in two dimensions [35]. In ad-
dition to the above, we here unravel the exceptional structures
induced by multiple similarities in three and four dimensions.
We find EP6s and EP7s in 3D six- and seven-band models,
respectively, while 4D eight- and nine-band models host EP8s
and EP9s, respectively. These pointlike structures are special
points on a zoo of higher-dimensional manifolds of EPs of
lower degeneracy, but, crucially, not all types of exceptional
degeneracies are allowed by the similarity-induced spectral
relations. The Abelian eigenvalue topology of these pointlike
EPns is classified in terms of resultant winding numbers,
complementing the recently developed classification scheme
of multifold EPs [36,37].

Our work deepens the fundamental understanding of
non-Hermitian topological band theory and multifold EPuns,
and forms the final chapter in the study of analyt-
ically tractable similarity-induced exceptional structures
[21,22,30,32,34,35,38]. Our results can be used in several
areas of modern physics research within both the classical and
the quantum regime. Significant examples include, but are not
limited to, optics and topological photonics, where EPs can
be directly mapped out using single-photon interferometry
[29,39], and ultracold atomic setups [40].

The remainder of this article is organized as follows. We
set the stage in Sec. II by showing how generalized similarities
lower the codimension of EPs and induce intricate lower-order
(less degenerate) exceptional structures between EPns in n-
band systems. Further, we introduce generic minimal models
and show that the nonvanishing terms in the characteristic

TABLE 1. Definitions of generalized self-similarities.

Similarity Similarity constraint Spectral constraint

Pseudo-Hermiticity Hk) =nHi ™" {Ak)} = (1K)}
Pseudo-anti-Hermiticity H(k) = —THT(k)I'™! {A(k)} = {—1*(k)}
Self-skew similarity Hk) = —-SHE)S™'  {rk)} = {—rk)}

Here, the operators n,I', and S are invertible, and n and I' are
Hermitian.

polynomial and the spectral symmetry are equivalent to the
generalized similarity constraints. Section III provides the
exceptional spectral structure connecting EP4s induced by
pseudo-(anti-)Hermiticity in three dimensions, while Sec. IV
does the same for self-skew-similar systems in four dimen-
sions. We address exceptional structures induced by multiple
simultaneous similarities in three and four dimensions in
Sec. V. We show the generic connection between EP(2n)s
and EP(2n + 1)s, and provide a classification of the Abelian
eigenvalue topology of EPns induced by multiple similarities
in terms of resultant winding numbers. We conclude and put
our results in a wider perspective in Sec. VI. The Supple-
mental Material [41] devoted to technical results, where we
prove in SM1 the equality between similarity relations and
spectral symmetries, maps out the interesting Fermi structures
accompanying the exceptional structures present in the mod-
els treated in the main text in SM2, and we fully uncover in
SM3 the exceptional structures present in 4D systems subject
to multiple similarities.

II. SIMILARITY-INDUCED MULTIFOLD
EXCEPTIONAL POINTS

Matrix similarity relations are generalizations of symmetry
relations and are obtained by relaxing the unitarity con-
straint on symmetry generators. Despite being more general,
the similarities enforce spectral relations whose EP-inducing
properties are the same as for the symmetries [22,34,42]. We
devote this section to a brief survey on this topic, by intro-
ducing matrix similarities in Sec. I A and their EP-inducing
properties in Sec. II B. Section II C shows that the exceptional
structures induced by similarities can be illustrated using toy
models derived from Frobenius companion matrices.

A. Similarities in non-Hermitian systems

In previous work, it was established that unitary symme-
tries of non-Hermitian systems, which are local in parameter
space, reduce the codimension of EPns and that there are six
such distinct symmetries [22]. Recent work by some of the au-
thors of this paper has shown that these six unitary symmetries
are special cases of three similarities: pseudo-Hermiticity,
pseudo-anti-Hermiticity, and self-skew similarity [34]. Each
similarity is defined in terms of an invertible generator, as
listed in Table I. Different choices of generators amount to
different allowed contributions to the dynamical matrix. Their
interpretation depends on the specific generator chosen, but
we will not focus on this and rather work out general features
induced by the similarities. The generator is either constant,
i.e., independent of the point in parameter space, in which
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TABLE II. Number of constraints for realizing EPns in n-band systems restricted by generalized self-similarities and constraints on the

terms in the characteristic polynomials for similarity constrained models.

Similarity No. of Constraints/codimension Coefficients of characteristic polynomial
[spectrum] n € even n € odd j=0Vjeeven j €odd
Re[det , Re[det ,
Pseudo-Hermiticity n—1 Re[ e;;[)] — Re[ e;;:l)] ajeR a; eR
[(A) = (M) eftr(H")] eltr(H")]
Re[det(H)], Im[det(H)], . .
. . e R, if n € even, € iR, if n € even,
Pseudo-anti-Hermiticity n — 14 Re[tr(H')], n — 14 Re[tr(H")], ajy aj )
Al = [ € iR, if n € odd e R, if n € odd
[{A} = {—2"}] Im[tr(H™)] Im[tr(H™)]
det(H), C, if , =0, if ,
Self-skew similarity n e,}(;f) n— 1{r(H) al€ . .‘f e ecvlzn a_,{ - l.f" € e:;
[{A} = {=A}] (M) =0, 1tneo ceC,1ftneo
Re[det R, if =0, if ,
Combined® [{A} = s Re[ e;;‘l)], 11 (Reftr(H!)] 4 € 0, 'lf ne e(:zn, aj{ 0 1'fn € e\:ie;
DY A ) = {=1] eltr(3)] =0, ifneo €R, ifneo

Here, k € {2,...n—1},1 € {2 <] <n,l € even}, and m € {3 < m < n, m € odd}. Behind the number of constraints, we write the specific

quantities that need to be set to zero to find EPns.

#Here, combined encompasses the constraints enforced by any pair of similarities above.

case we call the similarity a global similarity, or the generator
depends explicitly on the momentum k and the similarity is
called parametric similarity. All the following statements are
true, regardless of whether a model has a global similarity or
parametric similarity at every point in parameter space.

Each similarity is closely connected to a specific spectral
symmetry (cf. Table I), which follows immediately from the
similarity relation. By constructing a parametric similarity
generator for a dynamical matrix with a specific spectral sym-
metry, we show in SM1 in the Supplemental Material [41]
that spectral symmetry implies similarity, where we make use
of the results obtained in Refs. [34,43]. This results in the
following statement: Iff a non-Hermitian finite-dimensional
dynamical matrix fulfills the pseudo-Hermitian, anti-pseudo-
Hermitian, or self-skew-similar similarity constraint, it has the
spectral symmetry {A(k)} = {A*(k)}, {*(k)} = {—A"(k)}, or
{r(k)} = {—A(k)}, respectively, and vice versa. These spectral
symmetries play a key role in the appearance of multifold EPs
in lower dimensions.

B. Similarity-induced exceptional points

To see how the similarities induce stable multifold EPs,
we introduce the conditions for them to appear in generic
systems. An n-band system exhibits an EPr if and only if all
terms except the leading one in the characteristic polynomial
vanish. The coefficients of the characteristic polynomial can
be expressed as sums of the determinant det[H] and n — 2
different traces tr[H*], with k =2,...,n— 1 [44]. We set
tr[H] = 0 without loss of generality throughout, since a finite
trace of a dynamical matrix H does not change its rank. Both
the determinant and the n — 2 traces are generally complex
for non-Hermitian systems. This amounts to 2(n — 1) real
constraints, which need to be simultaneously enforced to find
an EPn [22]. The number of constraints is referred to as the
codimension of the EPn.

Due to the spectral symmetries imposed by similarities,
some of the constraints defining the emergence of EPns

trivially hold as a consequence of the similarity. Thus, the
codimension of EPns can be reduced by imposing generalized
self-similarities on the system [34]. The remaining constraints
for n-band systems are derived in Refs. [22,34], and are listed
in Table II.

We emphasize that any unitary non-Hermitian symmetry
enforcing spectral symmetry is a special case of one of the
similarities [34]. Any statement holding for similarity con-
strained non-Hermitian systems holds for a non-Hermitian
system constrained by such a unitary symmetry. The multi-
fold exceptional structures emerging in two dimensions have
been systematically studied in Ref. [35] and amount to EP3s,
EP4s, and EP5s induced by unitary symmetries. The results
generalize directly to the similarity-induced EPns in two di-
mensions, because the symmetries constitute special cases of
those similarities.

C. Minimal Frobenius companion models

The exceptional structures induced by similarities are high-
lighted by toy models below. Minimal models with a certain
similarity will be constructed using the Frobenius companion
matrix:

0 1 0:eeennn 0
Ocvvve. 0 0 1
ag ai----- Ap—2 O

where a; € C in general [22,36,45,46]. The characteristic
polynomial is given by
n—2
POY = (=1 [ 2= anl . )
j=0
The spectral symmetries enforced by the similarities impose
constraints on a;, which are listed in Table II. Thus, by impos-
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ing the constraints from Table II on the models we obtain toy
models for all possible similarities according to the proof in
SM1 in the Supplemental Material [41].

III. EXCEPTIONAL STRUCTURES INDUCED BY
PSEUDO-HERMITICITY

EPns induced by pseudo-Hermiticity have hitherto to
a large extent been studied as isolated objects, thus ne-
glecting (or avoiding) the fact that these appear as special
points of manifolds of less degenerate EPs. In this sec-
tion, we map out these exceptional structures, initially in
3D (Sec. IIT A), and include an example in Sec. III B before
general conclusions are made (Sec. III C). We comment on
pseudo-anti-Hermiticity in Sec. III D.

A. General considerations

It is known that EP4s emerge pairwise and in a stable fash-
ion in pseudo-Hermitian four-band systems in a 3D parameter
space, and a topological classification of them was recently
derived [36]. Here, we study the exceptional structures be-
tween them and show that they comprise EP2 surfaces, special
arcs on those surfaces, and EP3 arcs connecting pairs of EP4s.

Let us show this in detail. Consider a general pseudo-
Hermitian four-band dynamical matrix H (k) = nH'(k)n~",
shift it by a k-dependent constant such that tr[H (k)] = 0, and
introduce

= 1t H? 3
o == t(H), 3)
B = S tr(H?) 4
T 32 ’

y = gdet (H). ®)]

Using the pseudo-Hermiticity constraint, we find that all three
parameters «, 8, and y € R [22,34] and thus the characteris-
tic polynomial is a real fourth-order polynomial given by

3
Par) = 2 4 3aa? + V28 + e ©)

The third-order term vanishes, because we are only consid-
ering traceless dynamical matrices [22]. The discriminant of
this polynomial is given by

Dy = — 108 2a* B2 + B* — 9ty — 6a 2y + 60%y? — y).
7

The eigenvalues of a real fourth-order characteristic polyno-
mial are either real or appear as complex conjugate pairs, thus
fulfilling the spectral symmetry.

Since EPs appear at eigenvalue degeneracies, they cor-
respond to points where the discriminant vanishes. Strictly
speaking, this is only a condition for finding spectral
degeneracies, but since diabolic points, i.e., nondefective
degeneracies or “Hermitian” degeneracies, require more con-
straints to be fulfilled [2(n> — 1) real constraints] they have
higher codimension [31]. It is known that similarity-induced
EP4s appear if and only if « = 8 =y =0 [22,34]. When
these constraints are met, they individually define closed sur-
faces in the periodic 3D parameter space, whose intersection

are generically points appearing pairwise. This can be visu-
alized by first considering the intersection between two of
the three closed surfaces, which is a closed loop. If this loop
intersects with the third surface, there must be at least two
points where all three constraints are fulfilled. Any additional
intersection of the loop with the surface will lead to the
emergence of another pair of EP4s. Apart from this geometric
argument, a doubling theorem based on the resultant winding
number of the EP4, generalizing to general EPns in n-band
systems, has recently been derived [36].

Similar to similarity-induced EP3s in 2D parameter spaces,
we expect the EP4 pairs to be connected by exceptional struc-
tures of lower degeneracy. By rewriting the discriminant and
setting it to zero, these structures arise as solutions to

BB +2(e” —3ay) —yBa® —y) =0, ()

which results in the following:

(1) Surfaces of real EP2s given by Dy =0 for 8 # 0,
accompanied by two nondegenerate real or a pair of complex
conjugate eigenvalues;

(2) arcs along which pairs of purely real EP2s appear
at the intersection of different EP2 surfaces. Both EP2s are
similarity induced, but them appearing simultaneously results
in the codimension of 2 associated with this structure;

(3) arcs of real EP3s emerging on the EP2 surfaces;

(4) arcs of complex conjugated pairs of purely imaginary
EP2s appear connected to the remaining exceptional structure
only at the EP4s. Their emergence is again not similarity
induced, and the similarity constraint instead results in the
pairwise appearance.

Let us explain in detail how these EPs emerge in the
following.

The real EP2s (1) emerge on two closed surfaces, where
the isolated surfaces are defined by Eq. (8) for 8 # 0. The
intersection of these surfaces, corresponding to 8 =0 and
302 — y = 0 for ¢ < 0, defines a closed loop on which there
is a pair of real EP2s (2). Here, two constraints need to be ful-
filled, which can be interpreted as one constraint per EP2. This
loop connects to the EP4s at « = 8 = y = 0. The dimension
of the real EP2 surface agrees with the expected dimensions
from the codimension of EP2s in pseudo-Hermitian systems.

EP3s (3) appear if «® +y = 0 and B? + 4o’ = 0. These
EP3 arcs emerge on the real EP2 surfaces. EP4 pairs are
connected by two topologically distinct EP3 arcs. These are
distinguished by the sign of the degenerate eigenvalue, or,
equivalently, the sign of 8. The codimension of the EP3 arcs is
reflected in the number of constraints that must be fulfilled for
the emergence of the EP3 arcs in pseudo-Hermitian systems.

Standing out slightly are the pairs of imaginary EP2 arcs
(4). These emerge for § =0 and 30?> — y =0, with o > 0,
also connecting the EP4s at « = 8 = y = 0. The EP2s on
these arcs have codimension 2, because two constraints need
to be fulfilled for them to appear. Therefore, they have a higher
codimension than we expect of EP2s in pseudo-Hermitian
systems. The reason for this is that these EP2 arcs are not
similarity induced, but rather ordinary EP2s with codimension
2. Instead of reducing the codimension, the spectral symmetry
forces these imaginary EP2 arcs to come in complex conjugate
pairs, leaving them to necessarily emerge with codimension 2.
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FIG. 1. Exceptional structures of the pseudo-Hermitian four-band model in 3D given by Egs. (16)—(18) in panels (a)—(e) and their
concomitant three-level Fermi surfaces for k, = 0 in panels (f)—(j). In panels (a)—(e), the blue surfaces are similarity-induced EP2s (D4 = 0),
the red arcs are similarity-induced EP3s (a? 4+ y = 8% + 4a*® = 0), and the black dots are similarity-induced EP4s (¢ = 8 = y = 0). The
green and yellow arcs, however, denote special EP2s of codimension 2. The yellow (green) arcs arise as solutions to 8 = 3a? — y = 0 with
o > 0 (¢ < 0). Panels (a)—(e) display how the EP4s are pairwise created/annihilated as a function of the real parameter M, a process that
affects the appearance of the similarity-induced EP3 arcs, but also the special EP2 arcs. In panels (f)—(j), the behavior of the three-level Fermi
surfaces (green and orange arcs), where three of the four eigenvalues share identical real parts, and the discriminant (blue arc) is displayed.
The green and orange arcs correspond to three-level Fermi surfaces given by Egs. (14) and (15), respectively. For illustrative purposes, this is
displayed for a 2D cut of the Brillouin zone given by k, = 0. The intersection of the three-level Fermi surfaces with the discriminant forms
EP3s (red dots), and when there are no intersections, the EP3s are gapped out, as shown in panel (j).

No other EPs can emerge in the presence of pseudo-
Hermiticity in a four-band system. In addition to the
exceptional structures, pseudo-Hermitian systems exhibit in-
teresting Fermi structures, which in the case of four-band
models form three-level Fermi surfaces. At these, three of the
four eigenvalues share the same real part while still being non-
degenerate, a condition for which a closed-form expression
can be derived analytically. By introducing u, v, and w as

a:%(v+w—4u2), ®
B = 2u(w — v), (10)
= 4 11

y = ng, (11

the characteristic polynomial can, by using Descartes method,
be recast into the form

Pa(r) = A2 4+ 2ur + v) (A% = 2ur + w). (12)

The eigenvalue solutions P4(X; +) = O then read

Mr=utvut—v, rs=-utu>-—w, (13)

giving three-level Fermi surfaces when the following condi-
tions are met:

4 =u® —v, uw—w<D0, (14)
4P = —w, u—v<O. (15)
These are of importance since their intersections with the EP2
surface exactly form the EP3 arcs. The full Fermi structure of

pseudo-Hermitian four-band systems is highlighted in SM2 in
the Supplemental Material [41].

B. An example

To illustrate the exceptional spectral features, we con-
sider the following example of a pseudo-Hermitian four-band
model in a 3D parameter space given by

0O 1 0 0
0O 0 1 0
Hi=1lo o o 1] (16)
a a; ap O
ap = sin(ky), a; = sin(k,), (17)
ay =M — cos(ky) — cos(ky) + cos(k;). (18)

ky, ky, and k; denote the lattice momentum components, and
M is a real constant parameter. This model is inspired by the
(Hermitian) Weyl semimetal model used in Ref. [47], and
its eigenvalue structures are shown in Fig. 1. Figures 1(a)—
1(e) show how the surfaces of similarity-induced EP2s (blue
surfaces), the similarity-induced arcs of EP3s (red arcs), and
the special EP2 arcs (yellow arcs are complex conjugated,
and green arcs, corresponding to the intersection between
the EP2 surfaces, are fully real) are all connected to the
similarity-induced EP4s (black dots) in the way predicted
above. Moreover, Figs. 1(f)—1(i) show the three-level Fermi
surfaces [green arc for Eq. (14) and orange arc for Eq. (15)]
and the vanishing of the discriminant (blue arc) in the cut
k. = 0. As claimed, their intersection forms EP3s (red dots),
and when their intersection is empty, no EP3s appear in the
spectrum.

C. Dimensional generalization

From the observations made in the special case presented
in the previous subsection, we see that the pseudo-Hermitian
similarity-induced EP structures are accompanied by some
generic exceptional structures. Using these insights, we here
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identify the generic EP structures in the general case. To do
this, we will treat the cases of even and odd bands separately.

When the matrix dimension 7 is even, a pseudo-Hermitian
spectrum is achieved by an operator of the form

for some generic dynamical /2 x n/2 matrix H and its con-
jugate transpose H'. Since the corresponding spectrum satis-
fies the symmetries induced by pseudo-Hermitian similarity,
we can by the proof in SM1 in the Supplemental Material [41]
conclude that such a matrix is pseudo-Hermitian with respect
to some generator. Since H is a generic matrix, i.e., it does
not fulfill any similarity constraint, the exceptional structures
appearing blockwise will not have a reduced codimension, but
rather appear as generic exceptional structures. The spectral
constraint induced by the similarity will instead ensure that
these structures emerge either as complex conjugate paired
structures or as purely real structures; they either appear at
purely real eigenvalues or they appear pairwise in each half
of the complex eigenvalue plane. This means that in addition
to the similarity-induced structures of EPks of codimension
k — 1 < n, there will be generic structures of EPms with
m < n/2 of the generic codimension 2m — 2, which either are
restricted to the real eigenvalue axis or emerge at complex
conjugate eigenvalues.

When 7 is odd, a pseudo-Hermitian spectrum is instead
achieved by an operator on the form

H 0 O
H=|0 #H' 0], (20)
0 0

where 7 is again an (n — 1)/2 x (n — 1)/2 matrix represen-
tation of a generic operator H and ' its conjugate transpose.
Here, A is necessarily real, as it comprises a pseudo-Hermitian
eigenvalue whose conjugate does not appear in the rest of the
spectrum. Here, the same reasoning as for the case of an even
number of bands holds, meaning that the similarity-induced
structures of EPks of codimension kK — 1 < n will be accom-
panied by generic structures of EPms with m < (n — 1)/2 of
codimension 2m — 2, emerging at purely real or at complex
conjugate eigenvalues.

To conclude, the spectrum of a pseudo-Hermitian opera-
tor not only hosts similarity-induced EPks of codimension
k — 1, but also generic EPms of codimension 2m — 2 when
the number of bands is at least 2m. Figure 2 illustrates that
these EP/s are constrained to emerge at the real axis and at
complex conjugate eigenvalues, respectively, to assure them
fulfilling the similarity-induced spectral constraints.

D. Pseudo-anti-Hermiticity

The results in this section can be extended to pseudo-
anti-Hermitian systems in a straightforward manner: the
exceptional structures for a pseudo-anti-Hermitian system
H (k) are found by rotating those of a pseudo-Hermitian sys-
tem H' = —iH by 7 /2 in the complex plane. This means that
any eigenvalue A of H' is mapped to A = —iA, which is an
eigenvalue of H. This shows that any exceptional point in the
spectrum of H can be derived by considering the exceptional

(a) similarity-induced

A Im(e)

(b) noninduced pairwise

A Im(e)

FIG. 2. Ilustration of how pseudo-Hermitian similarity con-
strains the position of exceptional structures of n-band systems (red
dots) in the complex eigenvalue plane. (a) Similarity-induced EPms
of codimension m — 1 are, when m < n, forced to appear at real
eigenvalues. (b) Despite the similarity, EPms of order m < | 5|, with
|x] denoting the integer part of x, of generic codimension 2m — 2
may still appear in the spectrum, but they are constrained to appear
pairwise at complex conjugate eigenvalues.

structure of H'. For four-band pseudo-anti-Hermitian models
in particular, this implies the presence of pairs of EP4s, con-
nected by surfaces of imaginary EP2s, intersecting in lines of
paired imaginary EP2s and with EP3 lines emerging on them,
and additional isolated arcs of noninduced paired real EP2s.

IV. SELF-SKEW-SIMILARITY-INDUCED EPNS

Self-skew similarity is different from the other two sim-
ilarities, because it relates a dynamical matrix to itself and
not its adjoint. This results in a unique structure of the
similarity-constrained characteristic polynomial. Since it is
the generalization of the (non-)Hermitian sublattice symme-
try, which is present in many tight-binding models, self-skew
similarity is of special importance. In these systems, EPns
emerge pairwise in n (n — 1) dimensions when n is even
(odd), and they are topologically classified in Ref. [37]. Here,
we show that the corresponding eigenvalues can be derived
by mapping 2n- and (2n + 1)-band self-skew-similar models
onto unconstrained zn-band non-Hermitian models (Secs. IV A
and IV B). We highlight with an example how the exceptional
structure of self-skew-similar systems can be obtained with
this method (Sec. IV C).

A. Likeness of 2n and 2r + 1 models

The characteristic polynomials of a self-skew-similar sys-
tem with 2n and 2n + 1 bands are given by

n—1

Po(M) = [ 22" = a0 |, (21)
Jj=0
n—1
Prii(h) = =1 | A" — ZaszAZj ) (22)
j=0

For an odd number of bands, A =0 is thus always an
eigenvalue of the system, appearing as a flat band. This im-
plies the existence of compact localized nondecaying states.
The form of the characteristic polynomial further makes it
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possible to achieve the spectral structure of a self-skew-
similar (2n + 1)-band system by adding a flat band to the
spectrum of a self-skew-similar 2n-band system by letting
azj+1 — azj. We find similarity-induced EP2ns at A =0 in
2n dimensions, and since the flat band in the (2n + 1)-band
system is also at A = 0 the EPs are promoted to EP(2n + 1)s.
The same argument holds for any exceptional structure of
lower degeneracy at A = 0: any k-fold (k < 2n) exceptional
structure at A = 0 found in 2n-band systems in the presence of
self-skew similarity is promoted to a (k + 1)-fold exceptional
structure in (2n 4 1)-band systems. Further, all exceptional
structures found in 2n-band systems at A % 0 remain unaltered
upon adding the (2n + 1)th band. Therefore, studying the
exceptional structures of self-skew-similar 2n-band systems
also reveals the exceptional structure of self-skew-similar sys-
tems with 2n + 1 bands, which is why we from here on will
consider self-skew-similar systems with an even number of
bands exclusively.

B. Mapping to unconstrained lower-band model

The form of the characteristic polynomial of 2n-band self-
skew-similar systems can be mapped to that of a generic n-
band system. Such a mapping will facilitate solving for the
eigenvalues, and thus also finding the exceptional structures
connected to the EP2ns. With the substitution

=2 B2 (23)

n
the characteristic polynomial can be transformed to
n—2
Py =2"=) b2 24)
j=0
where the coefficients b; are complex-valued functions of

ap, . .., axy—. Given the solution for the n eigenvalues z;, and
by utilizing

A (z1) = £z + a2z /n, (25)

the eigenvalues of the initial self-skew-similar 2rn-band model
can be derived. An identical principle can be used for systems
subject to multiple similarities, which we will see in Sec. V.

C. An example

To exemplify the mapping and to highlight how the excep-
tional structure of higher-band self-skew-similar systems can
be solved using this method, we consider a self-skew-similar
four-band model described by

0O 1 0 O
, 10 0 1 O
=10 o o 1) (26)
ap 0 ay 0
ap = sin(ky,) + isin(k,), 27)

ay = sin(k;) +i| M — Y cos(k;) + cos(k.) (28)

i=x,,2

in a 4D space parametrized by (ky, ky, k., k,)). As shown
before, all results obtained here can be transferred to a self-

skew-similar five-band model by adding a flat band at the
origin. Introducing

tr[(H')? tw[(H))’
n= _M, v =det[H'] — L)] , (29)
4 4
we can write the characteristic polynomial as
Py(h) = A4 42002 + v + 2. (30)

By substituting z = A?+ 17, the reduced polynomial is
given by

P(z) =2+ . (31)

Similarity-induced EP4s are then found when n =v =0.
These EP4s are connected by different surfaces of EP2s, given
by (1) v=20, n#0, and (2) v = n>. The constraint v = 0
gives a pair of EP2 surfaces, connected at the EP4, while
v = n? gives an EP2 surface appearing at A = 0, accompa-
nied by two nondegenerate eigenvalues. Figure 3 illustrates
how these exceptional structures appear in different 3D slices.
Consequently, the EP2s appear as arcs rather than surfaces,
and the EP4s only appear in panels (b) and (d), corresponding
to the slices in k,, including the EP4s. The fact that the EP2
arcs do not vanish regardless of the chosen k,, slice, while the
EP4s do, indicate that the EP2 structure is indeed a 2D surface
embedded in 4D, while the EP4s are points in 4D.

These are the only exceptional structures emerging be-
tween the induced EP4s. Even though EP3s are expected to
emerge in four dimensions, the self-skew similarity prevents
this for four-band systems; with four bands, it is impossible
to have an EP3 and fulfill the spectral symmetry enforced
by self-skew similarity. In addition to the exceptional struc-
ture, we find Fermi structures for these systems, which are
described in SM2 in the Supplemental Material [41].

Finally, let us comment on how these exceptional structures
are affected when adding a fifth band. Following the similarity
constraints, this band is necessarily flat and located at A =0.
Thus, the EP4s are promoted to EP5s. Since the surfaces
of EP2s appear at both finite and zero A, they are affected
differently upon adding the flat band. The EP2 surface at v =0
becomes a 2D surface of EP2s embedded in 4D, while the EP2
surface at v = 5? becomes a 2D surface of EP3s.

D. Dimensional generalization

Just as for the pseudo-Hermitian systems treated in Sec. I11,
the exceptional structures induced by self-similarity will be
accompanied by generic exceptional structures. The emer-
gence of the generic exceptional structures can be argued for
by studying a model given by

H 0
H = (0 _H>. (32)

Since this model has a self-skew-similar spectrum, it is self-
skew similar with respect to some generator. Here, H is taken
to be n x n with n € even. Since H is a completely generic
non-Hermitian operator, the corresponding exceptional struc-
tures will be generic, which means that EPms with m < n/2
are of codimension 2m — 2. This means that the similarity-
induced EPks of codimension k (recalling that H models a
system with an even number of bands) are accompanied by
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p @
™
0 -
% (D) 0 =, = O : ,
ky g1 ke M1 1 T=t 11 s &

FIG. 3. Exceptional structures in part of the Brillouin zone of the model given by Egs. (26)—(28). The blue (green) surfaces correspond
to the real (imaginary) part of the discriminant D, of P,(A) being zero, while the red (magenta) arcs illustrate the EP2 2D surfaces in 4D
given by v = % (v = 0) as 1D arcs in 3D. panels (a)-(e) show different cuts in k,, given by k,, = (—%, —ko, 0, ko, %), respectively, with
ko = cos’l[zizmZ cos(k;) — M]. When k,, = —ko [panel (b)] and k, = ko [panel (d)], the system hosts EP4s appearing as intersections
between the different EP2 structures, which do not appear when k,, = — % [panel (a)], k,, = O [panel (c)], or k,, = % [panel (e)]. Notable is
further that the direction of winding of the magenta arc around the red arc changes when passing through the EP4s, something that can only

occur through such a transition.

generic EPms of codimension 2m — 2. Figure 4 illustrates that
these are further constrained to appear at zero eigenvalue,
or pairwise in adjacent quadrants of the complex eigenvalue
plane, respectively, to ensure that the similarity-induced spec-
tral constraints hold.

Upon adding a band to H, which by the similarity is forced
to be flat appearing at A = 0, the similarity-induced EPks will
be of codimension k — 1, and all exceptional degeneracies
appearing at A = 0 will be increased by one. Apart from that,
the same reasoning as for an even number of bands holds.

This concludes the analysis of self-skew-similar systems
from the point of view of multifold exceptional structures. In
the following section, we apply similar methods to study EPns
induced by multiple similarities.

V. MULTIPLE-SIMILARITIES-INDUCED
EXCEPTIONAL STRUCTURES

Imposing multiple similarities simultaneously on the sys-
tem reduces the codimension of exceptional structures further
than what any individual similarity achieves. The combina-
tions of any two different similarities yield identical overall
spectral symmetries, namely, {A} = {A*}, {A} = {—A*}, and

(b) noninduced pairwise

A Im(e)

(a) similarity induced

A Im(e)

FIG. 4. Illustration of how self-skew-similarity constrains the
position of exceptional structures of n-band systems (red dots) in the
complex eigenvalue plane. (a) Similarity-induced EPms are, when
m < n, forced to appear at the origin and have codimension 2k when
m = 2k + 8, where § = 0(5 = 1) forn € even (n € odd). (b) Despite
the similarity, EPms of generic codimension 2m — 2 may still appear

n

in the spectrum when m < 3, but they are constrained to appear
pairwise in adjacent quadrants of the complex eigenvalue plane.

{A} = {—A}. The consequences of this highly symmetric situ-
ation are presented in this section.

A. Implication of triple similarity and likeness of 2r- and
(2n + 1)-band models

An important observation is that any possible pair of two
similarities always implies the presence of the third as any
combination of two of the spectral symmetries results in the
third. Hence, every system with multiple similarities is at least
locally self-skew-similar everywhere, and we again find the
likeness of 2n- and (2n + 1)-band systems with the (2n 4 1)th
band being completely flat. The degeneracy of all exceptional
structures at A = 0 found in 2n-band systems subject to multi-
ple similarities is increased by one upon adding the (2n + 1)th
band, while exceptional structures away from the origin re-
main unchanged. This allows us to derive all exceptional
structures in 2n- and (2n 4 1)-band systems simultaneously.

The necessary presence of self-skew similarity further al-
lows us to reduce the degree of the characteristic polynomial
of a model subject to multiple similarities. A 2n-band model
H,, hosting multiple similarities has a characteristic polyno-
mial of the form

n—1

Py () = [ 27" =) ap? |, (33)
j=0

with ay; being real-valued functions of some parameter space.
Using the substitution

=22 22 (34)
n
the characteristic polynomial can be transformed to
n—2
Py =2"=) b, (35)
j=0

withb; = b;(ay, ..., az,—2) € R. Given the n solutions z;, the
eigenvalue of H,, takes the form

A(z1) = £z + agp—a/n. (36)

Consequently, multiple-similarities-induced EP2ns are of
codimension n.
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B. Exceptional structures induced by multiple similarities
in three dimensions

Using the method above, we will now investigate what
exceptional structures are induced by multiple similarities in
three dimensions, thus turning to a six-band model H and
define

2
K = —tr(g ). 37)
N = 7%{[&(1512)]2 — 6tr(H"Y)}, (38)
_SuHAP | a(H)wHY)  det(H)
V=TT s T a2

The similarities lead to «, n, and v € R in terms of which the
characteristic polynomial is given by

Pe(r) = A8 +3kd* +3(n 4+ «HA% + (k2 + 3kn — 2v).
(40)
The discriminant reads

De = —746496(n> + v>)> (k> + 3nk — 2v).  (41)
Employing the previously introduced mapping A = /7 — «
results in the reduced real polynomial

Po(2) = 2° + 3nz — 2v. 42)

Solving 756 = 0 for z, the exceptional structure of H can be

derived. With o = (v + /73 + v2)13, B = (1 +i/3)/2 =
exp(irr /3), and

a=ay+a_, n=-—Fau —Pa,
3 =—Poy — fra_, (43)
the six eigenvalues are given by
A+ =%z —k, (44)

where j = 1,2, and 3.

The similarity-induced EP6s emerge as pairs if the con-
straints k = n = v = 0 are met. There are multiple features
in the exceptional structure connecting an EP6 pair:

(1) Arcs along which pairs of EP3s emerge, which are
either purely real or imaginary;

(2) surfaces with pairs of real or imaginary EP2s;

(3) arcs of EP4s at A = 0, which mark one type of inter-
section between the different EP2 surfaces;

(4) arcs on which there are three distinct eigenvalues,
which are all twofold degenerate. These arcs appear on all
intersections of different EP2 surfaces, which do not result in
EP4 arcs;

(5) surfaces with a single isolated EP2 at A = 0.

No other exceptional structures can emerge in six-band
systems in the presence of multiple similarities. Although
EP5s have codimension 2 in presence of multiple similarities
(cf. Table II) and thus are expected to appear as 1D arcs in a
3D parameter space, the spectral symmetry prevents the EP5s
from emerging in a six-band system (cf. Table I).

Let us explain how these structures arise in more detail
in the following. First, we consider n =0 and v = 0 with
k # 0. These constraints define two arcs in the 3D parameter
space on which EP3s emerge (1). The arcs connect the EP6
pair and the sign of « determines whether the EP3s are real

or imaginary. Similarly to the isolated EP2 arcs in pseudo-
Hermitian four-band systems [cf. Sec. III and the yellow arcs
in Figs. 1(a)-1(e)], the EP3 arcs here have a codimension
different than expected, the reason being that the EP3s are
not induced by both similarities. If the EP3s are real, they are
induced by the spectral constraint {A} = {A*} while the second
spectral constraint {A} = {—1*} or {A} = {—A} results in the
symmetric appearance of the EP3 arcs. The single spectral
constraint reduces the codimension only to 2, and not to 1,
and thus the EP3s appear as arcs. For the imaginary EP3s,
{*} = {—X*} induces the EP3s and the pairwise appearance
fulfills the other constraints, which results in codimension 2
for these EP3s as well.

If n* 4+ v2 = 0 with 5 # 0 # v, we find pairs of EP2 sur-
faces (2). For —v > «3, the EP2 pairs are on the real axis,
and we find an imaginary pair of EP2s if —v < «3. In general,
the remaining eigenvalues are nondegenerate, real for 8v > «,
and imaginary for 8v < «.

There are two additional constraints we have to take into
account for the n* + v? = 0 surface: k* — 8v =0 and «> +
v = 0. If k3 — 8v =0, there is an additional EP2 at » = 0,
where z; — k = 0. This defines an arc in the 3D parameter
space on which each eigenvalue is twofold degenerate (3).
When instead k> + v = 0, the surface pair of EP2s merge into
a single EP4 at the origin of the complex eigenvalue plane (4).
This arc connects pairs of EP6s and marks the seam between
the surface with real and imaginary EP2 pairs.

If the second factor in the discriminant vanishes, & +
3nk — 2v = 0, we always find a degeneracy at A = 0 fulfilling
z; — k = 0 for one of the values of z;. This defines another
surface of EP2s on which the remaining eigenvalues can be
real, imaginary, or complex (5). If n* 4 v? # 0, the remaining
eigenvalues must be nondegenerate. If the «3 + 3k — 2v =0
surface intersects with the 1® + v?> = 0 surface, we find the
k3 —8v =0and k* + v = 0 arcs discussed before.

Overall, we find that similarity-induced EP6 pairs are con-
nected by multiple EP2 surfaces, on which there are two EP3
arcs and two EP4 arcs. Six-band systems with multiple sim-
ilarities do not host any further exceptional structures. There
are, however, notable Fermi structures discussed in SM2 in
the Supplemental Material [41]. Due to the high spectral sym-
metry, the number of nontrivial Fermi structures is low for
multiple similarity constrained models.

C. An example

To illustrate the exceptional structures induced by multiple
similarities in 3D, we study the model given by

0O 1 0 0 0 O
0O 0 1 0 0 O
0O 0 0 1 0 O
Hs=10 0 0o o 1 of 3
0O 0 0 O 0 1
ap 0 ay 0 as 0
ap = sin(ky), ap = sin(ky), (46)
as =M — cos(ky) — cos(ky) + cos(k;), A7

with ky, ky, k; the lattice momentum components and M € R.
The corresponding exceptional structures are displayed in
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M=0
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FIG. 5. Exceptional structures in part of the Brillouin zone of the model given by Eqs. (45)—(47). As predicted, the EP6s (black dots) are
connected by various exceptional structures. The blue surfaces denote EP2s corresponding to x> + 35« — 2v = 0, while the green (purple)
surfaces are EP2s corresponding to 1 + v? = for «* +v < 0 (k* + v > 0). On these surfaces are special EP2 arcs, one of which is located
at A = 0, defined by the additional constraint x> — 8v (yellow arcs). Along these arcs, all eigenvalues are twofold degenerate. Additionally,
if instead «* + v = 0 on the EP2 surfaces, arcs of EP4s at A = 0 appear (cyan arcs). When n = v = 0, arcs of either purely real or complex
conjugated EP3s emerge (red arcs). All of these structures are possibly connected to EP6s, but as the figure shows, they are not always. For
M = 0, 0.5 [panels (a) and (b), respectively], the EP4 arcs connect the EP6s, while the EP3 and special EP2 arcs do not. When this EP6 pair
is annihilated at M = 1 [panel (c)], another pair is created. These EP6s are connected by all different EP arcs; see panel (d) for M = 1.5. At

M = 3, these EP6s are annihilated, resulting in the EP arcs to disconnect.

Fig. 5 and confirm the aforementioned general statements.
The pairwise creation/annihilation of the EP6s as a function
of the parameter M, which is swept through in Figs. 5(a)-5(e),
suggests that these are topological, a topic that we discuss in
the following subsection.

Finally, we comment on how these exceptional structures
are affected upon adding a seventh band, which due to the sim-
ilarities necessarily is flat and appears at > = 0. As mentioned
earlier, this promotes all degeneracies appearing at A = 0 by
one, while the degeneracies of those appearing at finite X
remain the same. Thus, the degeneracies of the surfaces of
EP2s and the arcs of EP3s remain the same at A # 0, while
the EP6s, the arcs of EP4s, and the surfaces of EP2s at A = 0
are promoted to EP7s, EP5s, and EP3s, respectively. The spe-
cial arc, along which all eigenvalues are twofold degenerate,
illustrated by a yellow arc in Fig. 5, keeps the pair of nonzero
twofold degenerate eigenvalues, and the eigenvalue at A = 0
is promoted to a threefold degeneracy.

D. Dimensional generalization

Just as for pseudo-Hermiticity and self-skew similarity,
systems subject to multiple similarities not only host the ex-
ceptional structures induced by multiple similarities, but other
structures emerge in the spectrum as well. To illustrate how
these emerge, we resort to similar methods as used in previous
sections, keeping in mind that this case is slightly more subtle.
The spectral constraints imposed by multiple similarities are
fulfilled by the following three different operators:

_ (Hpeu 0
Hy _( ’ _HM), (48)
Hsss 0 )
H, = , (49)
: ( 0 H;SS
H 0 0 0
0 #H' o0 0
0 0 (I

with Hpsy and Hgss being pseudo-Hermitian and self-skew-
similar n/2-band models, respectively, and H is a generic
non-Hermitian operator with n/4 bands. Hence, H,, H>,

and H; describe n-band models. The form of H; indicates
that the multiple similarity-induced exceptional structures
are accompanied by codimension m — 1 EPms induced by
pseudo-Hermiticity only, while the form of H, further sug-
gests the existence of self-skew-similarity-induced EPms of
codimension m, where m < n/2 in both cases. Because of the
self-skew similarity, the pseudo-Hermiticity-induced EPms
necessarily appear in pairs in adjacent quadrants of the com-
plex eigenvalue plane, while the pseudo-Hermiticity enforces
the self-skew-similarity-induced EPms to appear at purely
real eigenvalues, or in pairs at complex conjugate eigenval-
ues. Finally, the form of H; shows that operators subject to
multiple similarities may also host generic EPms of codi-
mension 2m — 2. Although the form of Hj is, in principle,
covered as a special case of H, and H,, writing it out ex-
plicitly makes it clear that the EPs of generic codimension
display a double mirror symmetry in the complex eigenvalue
plane, as they necessarily appear in all four quadrants of the
complex plane. The one exception to this is when the ex-
ceptional structures appear at the real (imaginary) eigenvalue
axis, resulting in a pairwise appearance at some eigenvalue
A ==xEp € R (e iR). This is because of the respective spec-
tral constraint; pseudo-Hermiticity (pseudo-anti-Hermiticity)
induces a symmetry with respect to the real (imaginary) axis,
while self-skew similarity induces a symmetry with respect
to the arcs Re(L) = +(—)Im(X) if the signs of the real and
imaginary parts of A are equal (opposite). How the emergence
of the different exceptional structures is constrained in the
complex eigenvalue plane is displayed in Fig. 6.

Upon adding an additional band to H;, H,, or Hs, this is by
the similarities enforced to be flat and located at A = 0. Thus,
all exceptional degeneracies appearing at zero eigenvalue will
be increased by one. The addition of two bands for H; or H,
increases the dimension of H by one. As for Hj, the case is
slightly more subtle, as adding two additional bands reduces
the model to either H; or H,. Only by adding four additional
bands, the structure of H; can be preserved.

This comprises all possible combinations of exceptional
structures in systems subject to multiple similarities. To com-
plement the 3D example of the previous subsection, we in
SM3 in the Supplemental Material [41] present the technical
details of the 4D case.
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(a) multisimilarity induced

A Im(e)

(b) partially induced pairwise

A Im(e)

4 r <l
Re(e)

—_—— 0>
Re(e)

(¢) partially induced pairwise (d) noninduced quadruples

Im(e) A Im(e)
L L
Lo o
Re(e) Re(e)
L L

FIG. 6. Tllustration of how multiple similarities constrain the
position of exceptional structures of n-band systems (red dots) in
the complex eigenvalue plane. (a) EPms induced by multiple sim-
ilarities are forced to appear at the origin and have codimension k
when m = 2k 4+ § [§ = 0(1) for m € even (odd)]. When the EPm is
induced only by one similarity relation, its location in the complex
eigenvalue plane is bound to satisfy the spectral relation following
the remaining similarity. EPms of codimension m — 1 induced only
by pseudo-Hermiticity [panel (b)] or self-skew similarity [panel (c)]
can emerge when m < 7, and are bound to appear at purely real
or imaginary eigenvalues of opposite signs, respectively. (d) When

=, EPms of generic codimension 2m — 2 can emerge, and these

m< 7,
necessarily appear in all four quadrants.

E. Topological classification of multiple-similarity-induced
EPns in n-band systems

As hinted by the above six-band example in 3D, where the
EP6s come in pairs, EPns protected by multiple similarities
emerging in n-band models are fopological. By extending the
classification schemes recently developed in Refs. [36,37], we
show that the Abelian eigenvalue topology of EPns is captured
by the resultant winding number. We also map out the vector
bundle classification and identify the source to the eigenvalue
topology in terms of Clifford bundles.

1. Resultant vector and winding number

The resultant winding number is the winding of the resul-
tant vector, in which different resultants of the characteristic
polynomial and its corresponding derivatives are collected.
For a system subject to multiple similarities, the resultant
components from a characteristic polynomial of the form in
Eq. (33) are defined as

rj = Res[8] 2 P,(3), 8" P, (V)] 51)

with j e {l,..., 5]}, where |x] is the floor function and
hence denotes the integer part of x. The resultant vector then
reads

R:(V],...,VL%J). (52)

Importantly, the resultant vector R is constructed in such
a way that it vanishes exactly at (and only at) the points
in momentum space corresponding to EPns in the parent
non-Hermitian Hamiltonian [36,37]. Therefore, the winding
number of the resultant vector around these points can be
thought of as “monopole charges” of the EPns. The winding
number corresponds to the degree of a map between spheres
in the parameter space and the space of resultants,

slal=t 5 glal-t (53)
k R
AN 54
k"~ IR] e

and counts exactly how many times the resultant vector winds
around the EPn. As such, this is a topological invariant given
by nL%J_](SL%J’I) = Z, when n > 3, and thus we expect an
integer-valued topological invariant classifying these EPns.
Up to a normalization factor, the winding number is given by

W % Tr[(m~'dn)t2/71], (55)
sl

withn = % the normalized resultant vector. From this wind-
ing number follows also a doubling theorem, which can be

shown as (using Stokes theorem)
NS i Te[(n~'dm)41]
k k k

=/ dTr{[d Inm)]'2 7"} =0,  (56)
BZ\A

where the last step holds using the second Bianchi identity.
Here, BZ \ A denotes the punctured Brillouin zone, i.e., the
Brillouin zone with the EPns removed.

Although the above reasoning is in principle applicable
also when n = 2, 3, it is worth commenting on these cases
separately. Since 7((S°) = Z,, we no longer expect that an
integer invariant classifies two and threefold EPs induced by
multiple similarities. Very much like EP2s induced by pseudo-
Hermiticity only (see Ref. [37] for a detailed description),
these are instead classified by a Z, invariant, the origin of
which is the introduction of integration on S°. Since S com-
prises a set of two points, integration is defined as a weighted
sum of the integrand evaluated at these points. Therefore,
the corresponding winding number will take the values =+1
always, and the doubling theorem still holds.

2. Resultant Hamiltonian and vector bundle classification

Finally, we unravel the topological nature and origin of
the resultant winding number classifying EPns protected by
multiple similarities. The key here lies in the fact that the
resultant vector can be used to construct a Hermitian Hamil-
tonian, known as the resultant Hamiltonian [37],

L5]
Hr(k) =Y v/, (57)

j=1
with y/ being Clifford algebra generators. By construction,
this Hamiltonian hosts nodal points exactly at the same points

in momentum space as where the parent non-Hermitian sys-
tem hosts EPn. As such, the resultant Hamiltonian allows for
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TABLE III. Summary of the topological nature and origin of the invariants classifying EPns.

Bands n=2,3 5] even 5] odd
Inv. Z Z Z

Res. Ham. Hg =R Hy =Y\ ryi (Hg. y13+1} = 0 Hp =Y ") ryi
Herm. Deg. 20 23(31+D 23(31+D)
Sym. Class D Alll A
Vector Bundle TS', rank 1 TT!%), rank 2] TT\%), rank 2]
Vector Field R e I(TSY R e (TT!2)) R e [(TT!3D)

an interpretation of the non-Hermitian eigenvalue topology in
terms of the Hermitian eigenvector topology in the context of
the Altland-Zirnbauer symmetry classes [48,49]. It should be
noted that since the spectrum of Hgr (k) is given by +|R(k)|,
the resultant Hamiltonian displays a “generalized spin degen-
eracy,” as is customary for operators of that form [50].

Which symmetry group determines the topology of these
nodal points (and consequently also the corresponding EPns)
is different for different values of n. When | 5] = 2m — 1 for
some integer m, i.e., when it is odd, Hr(k) is expressed as
a linear combination of all generators of the Clifford alge-
bra of dimension 22(51+D) x 2:(L31+D) Hence, Hg (k) falls
within the symmetry class A of the Altland-Zirnbauer clas-
sification. The nodal points appear in odd dimensions (since
their codimension L%J is odd), and are therefore expected
to be classified by even-dimensional topological invariants
stemming from symmetry class A. These are known to take
integer values and correspond to Chern numbers.

When L%J is even, the resultant Hamiltonian lacks one of
the y matrices in its definition. The remaining y matrix can
instead be used to define a chiral symmetry, since

{Hr(k), 211} = 0. (58)

Along the same line of reasoning, the nodal points will in this
case be classified by odd-dimensional topological invariants
stemming from the AIIl symmetry class, which are integer-
valued generalized winding numbers.

When n = 2, 3, the situation is completely different. The
resultant Hamiltonian is then a scalar and does not satisfy
chiral symmetry. Most notable is perhaps that EP2s and EP3s
induced by multiple similarities thus are not related to Her-
mitian nodal points through the resultant Hamiltonian, but
rather to the zeros of a one-band Hermitian Hamiltonian. This
scalar will, however, display other important features when
evaluated on the “sphere” surrounding these zeros, since the
zero-sphere only comprises two points. Evaluating Hg (k) on
§9 is done as

Hy(~p)o(=p), _ [—Hr(~p),
Hy(p)o (p), { >9)

If we now let k — —k, Hg(k) *==% —Hg(—k). Thus, the
resultant Hamiltonian in this case satisfies a particle-hole
symmetry with identity as generator, and therefore falls into
symmetry class D. This agrees with the previous observation
that the resultant winding number only attains values of +1.
The invariant stemming from symmetry class D is indeed
known to be a Z, invariant.

As a final, somewhat technical, comment regarding the
topological origin of the resultant winding number, we also
state the vector bundle classification of EPns induced by
multiple similarities. In fact, these can be read off directly
from the codimension of the EPn, as listed in Ref. [37]. In
general, the correct vector bundle for classifying EPns is the
tangent bundle of T2/, i.e., TT!2), meaning that the resultant
vector can be thought of as a vector field on T L3) since R is
a section of the tangent bundle denoted by R € I'(TTL3)).
Thus, the resultant vector for EP2s and EP3s is a vector field
on the circle S', for EP4s and EP5s it is a vector field on the
torus T2, and so on. For technical details behind the vector
bundle construction, we refer to Refs. [37,50]. The contents
of this section are summarized in Table III.

VI. CONCLUDING REMARKS

A. Summary

In this work, we have mapped out the exceptional struc-
tures induced by one and multiple generalized similarities in
three and four dimensions. We find that the EP4s induced
by pseudo-Hermiticity in three dimensions emerge as spe-
cial points on similarity-induced arcs of EP3s, which in turn
are special arcs on similarity-induced surfaces of EP2s. In
addition, we find special arcs of EP2s, where the spectral
constraints manifest as forcing these to emerge either at purely
real eigenvalues or as pairs of complex conjugate eigenvalues,
leading to their differing codimension. Similarly, we find that
the EP4s induced by self-skew similarity in four dimensions
are accompanied by different surfaces of EP2s, one located at
zero eigenvalue and one located at a finite eigenvalue. Conse-
quently, these behave differently upon adding a fifth band at
zero eigenvalue, promoting the EP4s to EPSs, but only one of
the EP2 surfaces to a surface of EP3s.

When exposed to multiple similarities, a system displays
an even more exotic plethora of exceptional structures. In
three dimensions, the similarity-induced EP6s are found to
emerge as special points on similarity-induced arcs of EP4s
at zero eigenvalue, which in turn emerge as special arcs
on similarity-induced surfaces of EP2s. Additionally, these
are accompanied by exceptional structures that are induced
by only one of the similarities, giving paired arcs of EP3s
emerging at purely real or imaginary eigenvalue, arcs of EP2s
where three distinct eigenvalues are twofold degenerate, and
a single surface of EP2s at zero eigenvalue. Notably, the
spectral constraints do not allow EP5s to appear in this setting.
When adding a seventh flat band, the exceptional degeneracies
appearing at zero eigenvalue are increased by one.
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Our specific studies also allow us to make statements in an
arbitrary number of dimensions. We are led to conclude that
pseudo-Hermitian systems, in addition to similarity-induced
codimension £ — 1 manifolds of EPks, also host generic codi-
mension 2(I — 1) manifolds of EP/s, on which the spectral
symmetries are reflected as enforcing these to either real
eigenvalues, or that they emerge as pairs of complex conju-
gate eigenvalues (cf. Fig. 2). Similarly, in self-skew-similar
systems, the similarity-induced EPks of codimension | k| are
accompanied by generic codimension 2(/ — 1) manifolds of
EPIs, where the spectral symmetries determine the location
in the complex eigenvalue planes of the EP/s (cf. Fig. 4).
Along an identical line of reasoning, the codimension L%J
EPks induced by multiple similarities are accompanied by
exceptional structures of EP/s induced by pseudo-Hermiticity
(codimension ! — 1) and self-skew similarity (codimension
L/]) alone, and generic EPjs [codimension 2(j — 1)], where
the combined similarities constrain their emergence in the
complex eigenvalue plane, as illustrated in Fig. 6. Finally, we
provide a classification of the Abelian eigenvalue topology of
EPns induced by multiple similarities in n-band systems using
the resultant winding number.

B. Discussion and outlook

Apart from providing a missing piece of forefront theoret-
ical research within non-Hermitian topological band theory
and providing a complete insight of the emergence of
similarity-induced exceptional structures in arbitrary dimen-
sions, our work is of experimental relevance in several modern
physical platforms. Starting with the cases of single similar-
ities, P77 -symmetric systems are an important special case
following the studies of pseudo-Hermitian similarity [34].
In optics, PT symmetry manifests as a perfect balance be-
tween gain and loss in photonic crystals [2—4], where our
work can be used to increase the fundamental understanding
of systems with three or more variable system parameters.
Moreover, P7 -symmetric systems can also be constructed
using electrical circuits, where the corresponding Lapla-
cian reflects the symmetry if resistivity is introduced in a
balanced way [51]. Thus, topolectrical circuits comprise a
suggestive class of systems, where parts of our theoretical
predictions could be experimentally probed. Other promis-
ing candidates include single-photon interferometry, where
symmetry-protected rings of EP2s [29] and EP3s [39] have
been demonstrated, spin-orbit-coupled cold atoms, where
EP3s are found [40], coupled acoustic cavities hosting arcs of
EP3s on EP2 surfaces [52], nitrogen-vacancy spin systems, so
far realizing arcs of EP3s [53], and correlated quantum many-
body systems, where EP4s induced by symmetry-preserving
interactions have been theoretically predicted in three spatial
dimensions [54]. Similarly, anti-P7 symmetric systems are
the special case of pseudo-anti-Hermitian systems that have
received most experimental attention so far. Recently, EP3s
have been studied in anti-P77 symmetric optical microcavities
[55]. Further, in both optical parametric systems [56] and
stimulated Brillouin scattering [57] EP2s have been induced
by anti-P7 symmetry. An open question is how to employ our
results to induce higher-order EPs in these platforms. Moving

to self-skew similarity, it comprises a generalization of the
physically important sublattice symmetry, commonly present
in non-Hermitian Lieb lattices [S8—60], yet another important
non-Hermitian extension of optics.

Concerning systems subject to multiple similarities, a very
recent work suggests that Kerr ring resonators serve as a
viable experimental platform [61]. Although present progress
is limited to a 2D parameter space, a 3D generalization of such
a setup is a good candidate to realize the features predicted in
Sec. V well within experimental reach.

Apart from experimental relevance and potential future
experimental advances, there are additional theoretical direc-
tions to investigate further. One such example is to combine
the local similarities studied in this work, with nonlocal
versions, including non-Hermitian time-reversal symmetries,
particle-hole symmetries, and inversion symmetry [22]. The
Abelian eigenvalue topology of EPns induced by these sym-
metries was recently classified in terms of the Hermitian
tenfold way [48,49,62,63], utilizing a mapping between non-
Hermitian eigenvalue topology and Hermitian eigenvector
topology [37]. Although not reducing the codimension of the
EPs [22], these symmetries drastically change the topological
properties of EPns in n-band systems when no other similari-
ties/symmetries are present [37], and suggestively they should
do the same for the less degenerate exceptional structures on
which these EPns reside. Also, it is not understood whether
these symmetries further constrain EPms, m < n, to only
emerge in certain regions of the complex eigenvalue plane,
which opens up possibilities for further studies along these
lines.

Conclusively, our work not only provides a missing piece
of modern research within theoretical non-Hermitian physics,
but also displays how abstract mathematical notions could
manifest in realistic laboratory setups thanks to its direct
relevance in a large variety of areas in modern experimental
physics. Having a fundamental understanding of the spectral
properties provides a powerful and versatile tool for predicting
exotic and potentially hitherto unknown phenomena. There-
fore, developing this framework further and deepening the
connection between mathematics and physics comprises an
important and natural step in expanding the vast subject of
topological band theory.
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