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The problem of determining whether two states are equivalent by local unitary (LU) operations is important
for quantum information processing. In this paper, we propose an alternative perspective to study this prob-
lem by comparing the decidabilities of LU equivalence (also known as LU decidabilities for short) between
entanglement witnesses and states. We introduce a relation between sets of Hermitian operators in terms of
the LU decidability. Then, we compare the LU decidability for the set of entanglement witnesses to the LU
decidabilities for several sets of states. By comparison, we establish a hierarchy of these sets in terms of LU
decidabilities. Moreover, we realize that the simultaneous LU (SLU) equivalence between tuples of mutually

orthogonal projectors is crucial to LU equivalent operators. We reveal by examples that for two tuples of
projectors, the partial SLU equivalence cannot ensure the overall SLU equivalence. Generally, we present a
necessary and sufficient condition such that two tuples of states are SLU equivalent.
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I. INTRODUCTION

At the heart of quantum mechanics lies the concept of
entanglement, a phenomenon that distinguishes quantum sys-
tems from classical ones, and serves as a key resource for
various information processing protocols. An efficient way
to characterize entanglement is to classify entangled states
under several equivalence relations relying on different kinds
of local operations such as local unitary (LU) operations
[1], local operations and classical communication (LOCC)
[2], and stochastic LOCC [3]. The fundamental one is LU
equivalence, which refers to the equivalence relation between
two multipartite states if they can be transformed into each
other by applying LU operations. This equivalence plays an
essential role in understanding the structures and properties
of entanglement, as it defines an equivalence class of states
that share identical entanglement characteristics under local
operations. In addition, since the process of LU transforma-
tion is reversible, the LU classification of states is thus crucial
for determining the resource interconvertibility among differ-
ent entangled states [4], and has significant implications for
quantum computing [5], communication [6], and metrology
[7].

For bipartite pure states, the Schmidt decomposition pro-
vides an effective technique to classify them under LU
equivalence. Although it lacks a generalization of the Schmidt
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decomposition for multipartite scenarios, the complete clas-
sification for multipartite pure states under LU equivalence
has been progressively developed [8—10]. Despite the break-
throughs on the LU classification of pure states, the problem
of characterizing LU orbits of mixed states remains challeng-
ing. A possible way to attack this problem is to discover
algebraic invariants [11] under LU transformations that serve
as necessary conditions for determining whether two states are
LU equivalent. Studying along this way has been of great in-
terest in recent years [12—18]. However, many open questions
remain, especially regarding the completeness of invariant
sets and the practical implementation of classification algo-
rithms for higher-dimensional systems.

Indeed, the classification under LU equivalence is not
confined to states. The study has been extended to several
other objects in entanglement theory, e.g., the nonlocal uni-
tary operations [19,20] and the entanglement witnesses (EWs)
[21,22]. The characterizations of nonlocal unitary operations
and EWs under LU equivalence are also of physical signifi-
cance [23-25]. From an operational perspective, to implement
a complicated nonlocal unitary gate or EW, an efficient ap-
proach is to first implement a simpler one which is LU
equivalent to the target, assisted by a sequence of LU op-
erations [26,27]. An entangled state with NPT (non-positive
partial transpose) property can be linked to an EW by virtue
of the partial transposition. This connection motivates us to
jointly investigate the LU equivalence of EWs and that of
states. Since EWs and states are both expressed by Hermitian
operators that have spectral decompositions, some EWs and
entangled states can be mathematically converted by adjust-
ing eigenvalues. Thus, we propose an alternative perspective
on the LU equivalence of states by connecting with the LU
equivalence of EWs.

In this paper, we introduce the concept of LU decidable
sets where any two bipartite operators can be decided as LU
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FIG. 1. The relations in terms of the LU decidability among
several sets. Denote by D, NPT, PPT, PPTE, SEP, and EW
the sets of all states, NPT states, PPT states, PPT entangled states,
separable states, and EWs, respectively, supported on the same bi-
partite Hilbert space. We refer to D, and D, respectively, as the set
of bipartite states satisfying that at least one eigenspace contains no
product vector, and the set of bipartite states satisfying that at least
one eigenspace is not spanned by product vectors. The arrow “—”
represents the notation “>" indicating the relation in terms of the
LU decidability. The arrows in red are concluded from the inclusion
relation between the two sets. The arrows in yellow are derived by
Theorem 1, the arrows in blue are related to Theorem 2, and the arrow
in green is derived by Proposition 1. The arrows in the dashed box
reveal the relations among the sets of states, and the arrows in blue
establish the connection between EW and those sets of states.

equivalent or LU inequivalent. By comparing the LU decid-
abilities between two sets, we further introduce a relation in
terms of LU decidabilities. For two sets S; and S, of bipartite
operators, we use S| < S, to indicate that the LU decidability
of &) is not stronger than that of S, which alternatively means
that S; is LU decidable if S, is LU decidable. By virtue of this
relation, we connect the LU decidability of the set of EWs
with those of several sets of states. Based on the comparison
results, we establish a hierarchy in terms of LU decidabil-
ities for various sets under consideration. To visualize this
hierarchy, we illustrate it in Fig. 1. In Theorem 1, we build
the relations among the set of EWs and the sets of states
divided by the PPT (positive-partial-transpose) criterion [28].
In order to more accurately evaluate the LU decidability of
the set of EWs, we figure out a set of states each of which
satisfies that there is an eigenspace containing no product
vector, and show by Theorem 2 that the LU decidability of
such set is equal to that of the set of EWs. Furthermore, we
extend our study to a larger set of states each of which satisfies
that there exists some eigenspace not spanned by product
vectors. We conclude in Proposition 1 that the LU decidability
of this larger set is equal to that of the abovementioned set.
By analyzing the spectral decompositions of LU equivalent
operators, we realize that the simultaneous LU (SLU) equiva-
lence between tuples of mutually orthogonal projectors plays
an essential role. In light of this, we consider the conditions
ensuring the SLU equivalence between such tuples. A nec-
essary condition requires that any parts of such two tuples
have to be SLU equivalent, which we call the partial SLU
equivalence. By Example 1, we indicate that the partial SLU
equivalence cannot ensure the SLU equivalence between the
whole tuples of mutually orthogonal projectors. In a more

general context, we propose a necessary and sufficient con-
dition in Theorem 3 such that two tuples of states are SLU
equivalent.

The remainder of this paper is organized as follows: In
Sec. II, we clarify the notations and definitions, and present
some known results as necessary preliminaries. In Sec. III,
we establish connections of the LU decidabilities among the
set of EWs and several sets of states, which also reveals a
hierarchy of these sets in terms of the LU decidability. In
Sec. IV, we investigate the SLU equivalence between tu-
ples of projectors, which is quite essential to the problem
of determining whether two arbitrary states are LU equiv-
alent or not. Finally, the concluding remarks are given in
Sec. V.

II. PRELIMINARIES

In this section, we perform mathematical preparations to
make our discussions clear and concise. We first clarify some
common notations. The LU equivalence is the core concept in
this paper, which implies mutual transformations of bipartite
operators by LU operations. Given two bipartite Hermitian
operators M and N, we use M ~ N to represent that they are
LU equivalent, specifically defined by M = (U Q V)N(U ®
V) for some LU operator U ® V. Conversely, we may use
M ~ N to represent that they are LU inequivalent, which
means there is no LU operation such that M and N can be
transformed to each other. One can analogously formulate the
LU equivalence of bipartite subspaces by X = (U ® V)Y for
two subspaces X and Y of C" @ C". We also use X ~ Y and
X ~ Y torepresent that such two subspaces are LU equivalent
and LU inequivalent, respectively.

For any Hermitian operator H, its spectral decomposition
reads as H = ) i AjP;, where X;’s are distinct eigenvalues
and P;’s are orthogonal projectors with P;P, = §;P;. Unless
specified otherwise, the eigenvalues in the spectral decom-
position are sorted by descending order. We shall use the
shorthand notation A; eigenspace to represent the eigenspace
associated with the jth eigenvalue A;. Unless stated oth-
erwise, the states addressed in this paper are assumed as
non-normalized; i.e., the traces of states are just positive. De-
note by D the set of all bipartite states. Based on the spectral
decomposition of a bipartite state, we introduce some subsets
of D that are closely related to our main results as follows.
These subsets are denoted by DAJ., D,, and D_,\ respectively.
A bipartite state p € D,, satisfies that the eigenspace of p
associated with the jth largest eigenvalue contains no prod-
uct vector. Then D; is a union of all DA/. for all distinct
eigenvalues A ;’s. Specifically, a bipartite state p € D, satisfies
that there exists some eigenvalue A of p, such that the corre-
sponding eigenspace contains no product vector. A subspace
contains no product vector is also known as the completely
entangled subspace in the field of entanglement theory. The
completely entangled subspace by definition is a subspace
not spanned by product vectors, while the reverse is not true.
Thus, we may further expand D, to D, . Specifically, a bipar-
tite state p € D, satisfies that there exists some eigenvalue A
of p, such that the corresponding eigenspace is not spanned
by product vectors. We propose a state in D, _but not in D;, as
follows to clarify the distinction between D, and D_,\ Let p be
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a state with the spectral decomposition as

p = 5(9+) (b1 |+ 101)(01]) + ¢(Ip-) (P + [10)(10]),
)]

where [¢,) = I(IOO) + [11)) and [¢p_) = f(IOO) — [11)).

By observation, both eigenspaces corresponding to eigenval-
ues % and é contain a product vector but are not spanned by
product vectors. Hence, we determine by definition that the
two-qubit state p given by Eq. (1) belongs to D,. but not to
D,.. It implies that D, is a proper subset of D, i.e., D, C D,\

For any bipartite Hermitian operator M, we may refer to
MTi as the partial transpose of M with respect to the ith
subsystem for i = 1, 2. Since the two partial transposes of M
are the same up to a global transposition, i.e., M'' = (M"2)7,
we usually consider M"" and simply denote it as M" . Accord-
ing to the PPT criterion, D is divided into several common
subsets. Here, we use the calligraphic terms as NPT, PPT,
PPTE, SEP, and EW to represent the sets of NPT states,
PPT states, PPT entangled states, separable states, and EWs,
respectively, where the operators in these sets are all supported
on the same bipartite Hilbert space. We also use R(p) to
represent the range of positive semidefinite p.

Second, based on LU equivalence, we introduce two kinds
of relations between sets of bipartite Hermitian operators as
follows. Definition 1 establishes a hierarchy in terms of the
LU decidability. Definition 2 characterizes whether a set of
bipartite Hermitian operators can be correspondingly trans-
formed to another set by a common LU operator.

Definition 1. (i) For a given set S of bipartite Hermitian
operators, if the LU equivalence or LU inequivalence between
any two operators in S is known, the set S is called LU
decidable.

(i1) For two given sets S; and S, of bipartite Hermitian
operators, if S is LU decidable when S, is LU decidable,
then the LU decidability of S; is not stronger than that of S,
denoted by S| < S,.

(iii) We call the LU decidabilities of &) and S, equal,

denoted by S} ng, if both two relations S; < S, and S; < S
hold simultaneously.

By definition one can verify that the relation “<” admits
the transitivity. That is, S; < Sz holds if both relations S; <

S, and S; < Sz hold. One can also check that the relation “= 2
is an equivalence relation.

Moreover, the relation of LU decidability is linked to the
inclusion relation. We give some remarks on this link as fol-
lows. For two sets with an inclusion relation, e.g., S| € S,,
their relation of LU decidability naturally admits as S; < S,.

For such two sets, if it is further known that S; 282, one can
verify that for any set S3 with §; € S5 € S,, the equivalence

relation S 482453 holds. Therefore, it establishes a hierar-
chy of sets of bipartite Hermitian operators in terms of the LU
decidability.

It is necessary to simultaneously consider the LU equiv-
alence of multiple pairs of bipartite Hermitian operators, in
order to determine the relation of LU decidability for two
given sets. Therefore, the following introduced simultaneous
LU equivalence is essential to study the hierarchy in terms of
the LU decidability.

Definition 2. Suppose that S; = (M, ..., M) and S; =
(Ni, ..., Ni) are two k-tuples of bipartite Hermitian operators
supported on C” ® C". We call that S; is SLU equivalent
to Sy, denoted by S; ~; S,, if there exists a common LU
operator U ® V such that (U ® V)M;(U ® V)" = N; for each
I1<i<k

The definition above can be directly extended to the context
of bipartite subspaces. We here do not repeat the definition of
SLU equivalence for bipartite subspaces.

Characterizing PPT entangled states is a difficult task.
There is an effective way to construct PPT entangled states
based on the unextendible product basis (UPB) [29,30] with
the formal definition below.

Definition 3. Unextendible product basis is a set of or-
thonormal product vectors such that no product vector is
orthogonal to all of them.

By definition, the orthogonal complement subspace of the
subspace spanned by a UPB contains no product vector, i.e.,
a completely entangled subspace. It implies that the range of
the state given by

p = Z|a,, J

contains no product vector, and thus p is a PPT entangled
state, where {|a;, b;)}_, forms a UPB.

Finally, we present some known lemmas which are nec-
essary to derive our main results. Lemma 1 indicates that the
entanglement of a state will vanish completely by adding large
enough noise. Lemma 2 proposes a necessary and sufficient
condition in terms of SLU equivalence given by Definition 2,
such that two bipartite Hermitian operators are LU equivalent.

Lemma 1. Given a multipartite state p, there is a large
enough coefficient x > O such that p 4 xI is a separable state,
where I is supported on the same space as p.

Lemma 2. Let H and K be two bipartite Hermitian opera-
tors. Their spectral decompositions read as H = Zm AjM;
and K =Y} =1 MjNj,s where k’s and /L .S are nonzero eigen-
values of H and K, respectlvely, in descendmg order. Then H
is LU equivalent to K, i.e., H ~ K, if and only if m = n, and
for each j, A; = uj and M; ~ N; by a common LU operator.

It is worthy to note that the SLU equivalence of the two
m-tuples (M )i and (N; )iz is indispensable for Lemma 2.
In other words for two glven pairs of bipartite projectors
(A1, By) and (A3, B>) and two real coefficients x and y, the
two operators formulated by «; := xA; 4+ yB; fori = 1, 2 may
not be LU equivalent, even if A; ~ A, and B ~ B,. We
explain it by example. Let A} = Ay = |¢) (Y| with |[¢) =
cos0|00) + sin6|11) for 6 € (0, Z). Then, we have A; ~
Ay. Let By = |Wt)(Wt| and B, = |¥~)(¥~|, where |[¥1) =
%(|01> +[10)) and W) = %001) — |10)). Then, we have
that B; and B, are LU equivalent by the LU operator as
I, ® diag(—1, 1) . However, one can verify that the eigenval-
ues of oy are not the same as those of «,. Thus, «; and «, are
not LU equivalent. It is also known by Lemma 2 that (A, B;)
is not SLU equivalent to (A,, B>).

The following lemma characterizes the unitary matrices
that maintain diagonal matrices invariant under the unitary
similarity.

Yaj, bjl 2)
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Lemma 3. Let A = @’_;A;l4; be a diagonal matrix. The

unitary matrix U such that UAU = A has to be a direct
sum of unitary matrices, namely, U = ea;f:lU i, where U; is

supported on C%.

III. RELATIONS AMONG THE SET OF EWS AND SETS OF
STATES IN TERMS OF LU DECIDABILITIES

EWs provide a powerful tool to detect entanglement based
on negative expectation values, namely, tr(Wp) < 0 only
for some entangled states. Due to the inherent connection
between LU operations and entanglement characteristics, it
inspires us to jointly consider the LU orbits of EWs and the
LU orbits of states. According to the relation in terms of the
LU decidability introduced by Definition 1, we shall focus
on such relations among sets of bipartite states and the set
of EWSs. Our discussion in this section not only establishes
a connection of the two problems on the LU decidabilities,
respectively, for states and EWs, but also reveals a hierarchy
of the sets of states and that of EWs. To better understand
these relations, one may refer to Fig. 1, which visualizes the
main results of this section.

In Theorem 1, we compare the LU decidabilities among the
set of EWs and some common sets of bipartite states, namely,
NPT, PPT,PPTE, and SEP. In Theorem 2, we introduce
a subset D, C D and show that the LU decidability of D, is
equal to that of EW. Such two main results in this section in-
dicate that the LU decidabilities for such two sets including
different types of Hermitian operators could be related. It
sheds light on the problem of verifying the LU equivalence
or inequivalence between two arbitrary states, assisted by
introducing other types of Hermitian operators, e.g., EWs.
Then, we extend our study to a larger set of states, denoted
by D;., which includes the set D;. We show by Proposition 1
that the two LU decidabilities of D, and D; are equal. It is
valuable to establish the equivalence relation between the LU
decidabilities of the two sets that admit an inclusive relation,
as it may reduce the difficulty of analyzing the LU decidability
of the larger set.

The PPT criterion is a celebrated tool to identify entan-
gled states, which divides D into two nonintersected parts,
namely, NPT and PPT, and tells that each state of NPT
is entangled. The set PP7T can be further divided to two
disjoint subsets PPTE and SEP, where PP T E is nonempty
when the supporting space has a global dimension greater than
6. Here, we first compare the LU decidabilities for several
common sets of bipartite states and the set of EWs.

Lemma 4. (i) One can decide whether two arbitrary states
in NPT are LU equivalent or not, if the LU equivalence or
LU inequivalence between two arbitrary EWs is decidable.

(i) One can decide whether two arbitrary EWs are LU
equivalent or not, if the LU equivalence or LU inequivalence
between two arbitrary states in D is decidable.

(iii) One can decide whether two arbitrary states are LU
equivalent or not, if and only if the LU equivalence or LU in-
equivalence between two arbitrary states in SEP is decidable.

Proof. (i) The assertion follows from the fact that the par-
tial transpose of an NPT state is an EW. Suppose that psp
and o,p are two NPT states. It follows that p}, and o}, are

both EWs, where p}, means the partial transpose of pap with
respect to the first subsystem A, similarly for ;. One can
verify that the LU equivalence between two bipartite operators
M and N is the same as the LU equivalence between M'
and NT. Thus, we conclude that psz ~ 045 is equivalent to
plp ~ 0ip. Due to the assumption, the LU equivalence or LU
inequivalence between p} , and o}, is decidable. Thus, the LU
equivalence or LU inequivalence between pp and oyp is also
decidable. This assertion implies that NPT < EW.

(i) One may transform the problem of determining
whether two EWs are LU equivalent to the problem for two
states, by the following relation between EWs and states: for
an arbitrary EW W supported on the bipartite Hilbert space
C™ ® C", there exists a large enough coefficient x such that

o =W + Xl 3)

is positive semidefinite, thus a non-normalized state. Let W,
and W, be two arbitrary EWs supported on C” @ C”". Using
the technique given by Eq. (3), one can find two large enough
coefficients x; and x; such that p,, := W; +x;I,,, and p,, :=
W, + x,1,,, are two states. Denote by x the maximum of
{x1,x2}. Let p; :=W; +xI,,, and p; := W, + xI,,,, . It fol-
lows that p; and p, are both states. Then one can verify that
the LU equivalence of W, and W, is simultaneous with that of
p1 and p,. Thus, if one can decide whether two states are LU
equivalent or not, then whether two EWs are LU equivalent
or not is also decidable by the transformation as Eq. (3). This
assertion implies that EW < D.

(iii)) The “only if” part follows directly by the relation
SEP C D, which implies that SEP < D. Next, we prove the
“if” part which means that SEP > D. Let p and o be two
arbitrary states supported on the same bipartite Hilbert space.
By Lemma 1, we conclude that there exist two large enough
coefficients x; and x, such that p +x;I and o + x,I are
both separable. Denote x = max{x;, x,}. Thus, we have that
px = p +xI and o, = o + xI are both separable. Similar to
assertion (i), we know that the LU equivalence of p and o is
simultaneous with that of p, and o,. Due to the assumption,
the LU equivalence or inequivalence of p, and o, is decidable,
and thus the LU equivalence or inequivalence of p and o is
also decidable, i.e., SEP = D. To sum up, we obtain that

SEPLD by definition.

This completes the proof. |

Combining Lemma 1 and the inclusion relations among
the sets of bipartite states, we may summarize the relations
in terms of LU decidabilities as follows.

Theorem 1. The decidabilities of LU equivalence for the
set of EWs and several common sets of bipartite states admit
the following chain of relations:

NPT < EW < DESEPLPPT = PPTE. (4

Proof. The chain of relations is a combination of the four
parts as below:

(1) The relation NPT < EW follows by Lemma 1(i).

(2) The relation EW < D follows by Lemma 1(ii).

(3) The equivalence relation DLSEPLPPT follows by
Lemma 1(iii) and the inclusion relation of such three sets,
namely, SEP C PPT C D.
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(4) The relation PPT > PPTE follows directly by
PPTE C PPT.

This completes the proof. |

To prove Lemma 1, it is essential to observe the fact that for
any two bipartite Hermitian operators p and o supported on
C™ @ C" and any real number x, the LU equivalence between
p and o is simultaneous with that between p + xI,, and
o + xI,, . In the following lemma, we reveal the relation
between D,, and the set £V in terms of the LU decidability,
by virtue of the above observation. Here, D, is the set given
by D;, when the jth largest eigenvalue A; is specified as the
largest eigenvalue A;. One may refer to the second paragraph
of Sec. Il for the definition of D .

Lemma 5. Denote by D, a subset of D. A state p € D),
satisfies that the eigenspace of p associated with the largest
eigenvalue A contains no product vector. Then the LU decid-
abilities of D,, and £VV admit the relation as D), < EW.

Recall that a state in D, satisfies that the A jeigenspace
contains no product vector, and the set D;, is a situation of D;;
by specifying A ; as the largest eigenvalue A;. In light of thlS
Lemma 5 is covered by Lemma 6, which applies to all sets
D;,,. Despite this, we propose another idea of proving Lemma
5 in Appendix A, to help understand such two results better.

Lemma 6. For each A;, the LU decidabilities of the corre-
sponding set D;; and EW admit D, < EW.

Proof. For any two states p; and p,, one can decide that
the two are not LU equivalent by Lemma 2, if the eigenvalues
of p; are not exactly the same as those of p,. We thus consider
whether there exists the LU equivalence between p;, 0, € ij
with identical eigenvalues. In this case, let the spectral decom-
positions of p; and p,, respectively, be

p1 = AjP;+ Z)“il:)is
i#]

pr =105+ ) M0, )
i#j

where P’s (including P;) and Q;’s (including Q;) are two
families of orthogonal projectors. By the definition of D, ;, we
obtain that the ranges of P; and Q;, respectively, contain no
product vector. One can verify that for any number x > 0, the
two non-normalized states p; + xI and p, + xII are still in
D;,, and they are of full rank. Recall that the LU equivalence
between p; and p; is simultaneous with that between p; + xIl
and p, + xI . In light of this, it suffices to consider the states
of full rank in D;, and thus each eigenvalue written in Eq. (5)

can be assumed as positive.
Based on Eq. (5), we construct two Hermitian operators by

Wi = —uP; + Zkil)i,
i#]

Wy = —pQ;+ Y M0, (6)
i#]

where © > 0. We claim that there exists a small enough u
such that W; and W, are both non-normalized EWs. By def-
inition an EW W is a Hermitian operator that is not positive
semidefinite and satisfies (a, b|W|a, b) > 0 for any product
vector |a, b). First, from Eq. (6), both W, and W, are not
positive semidefinite. Second, to ensure W; and W, are EWs,

the following two inequalities should hold for any product
vector |a, by with norm 1:,

<a, b|(ZA,~P,->|a, b> —pla.bIPjla,b) >0, (7)
i#Jj
<a, b|<inQi)|a, b> —pla.blQjla,b) > 0. (8)
i#]
For convenience, we note that

= , b|P;la, b),
DPrmax mgﬁ:l(a |Pjla, b)

mX:Z 9b j 7b- 9
Gmax i= | max (a,blQjla, b) ©)

Since P; # 0, there always exists a product vector |a, b) such
that (a, b|Pj|a, b) > 0, and similarly for Q;. We then consider
that both ppax and gnmax are positive. We also note that

i = b MiP; b
Pmin manélﬁ11<a I(Z )Ia >,

i#]
min := min <a,b 1 0; b>. 10
q min_ |(Z Q)Ia >. (10
i#]
In fact the following map:
) = (x|Plx), (11)

where P is positive semidefinite and subnormalized (i.e.,
tr(P) < 1), is a continuous map, because it maps |x) to the

square of the norm of VP |x) that is bounded by the square

of ||\/F|| - [lIx)]l. Then, by the knowledge from real analysis
[31], the two minimums pp,, and gmi, given by Eq. (10) can
be attained. That is, there exist some |aj, b;) and |ay, by)
such that Pmin = (alb1|(2,‘¢j AiP)lay, by) and qmin =
(a2, bo|( Doz MiQilaz, bo).

We next show by contradiction that for any product vec-
tor |a, b), {(a, b|( Zi# AiP)la, by > 0. Tt further implies that
Pmin > 0. One can similarly show guin > 0. Assume that if
there is some |a, b) such that (a, b|(Z,¢J AiP)la, by = 0. It
follows that (a, b|P;|a, b) = 0 for each i # j, as each eigen-
value A; is positive and P;’s are orthogonal projectors. It
means that |a, b) lies in the orthogonal complement space of
@i+;jRi, where R; denotes the range of P; for each i. Recall
that p; and p, are both of full rank. By Eq. (5), we conclude
that the orthogonal complement space of @;.;R; is indeed the
range of P;, namely, R ;. Thus, |a, b) lies in R ;. It contradicts
that R; contains no product vector by the definition of D;,.
Therefore, we conclude that both pu,;n > 0 and guin > 0.

Let

O<M<min{pmm, qmin}.

p max qmax

12)

One can verify that both Eqgs. (7) and (8) hold if w satisfies
Eq. (12). By the definition of EW, we obtain that W, and
W, formulated by Eq. (6) are both EWs, when u is given by
Eq. (12).

Finally, we show that the LU equivalence between p; and
p2 is decidable, if that between W and W, given by Eq. (6)
is decidable. By Lemma 2, we conclude that W; ~ W, if
and only if P, ~ Q; by the same LU operator for each i.
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Since p; has the same projector as W) and p, has the same
projector as W,, then the LU equivalence between p; and p;
is simultaneous with that between Wy and W5. If £W is LU
decidable, which means that the LU equivalence between W,
and W, given by Eq. (6) is decidable, thus the LU equivalence
between p; and p; is decidable. That is, ’DM < EW.

This completes the proof. |

Since the relation “<” admits the transitivity, by combin-
ing Lemma 6 with Theorem 1, we obtain another chain of
relations as

Dy, < EW < DESEPLPPT = PPTE.  (13)

Recall that the set D;, is a union of all D, where these sets
D,\j may intersect. For each D)\j, we obtain D,\j < D,,and D,
is LU decidable if and only if each D; ; is LU decidable. There
is a corollary derived from Lemma 6 that D, < EW. Suppose
that p lies in Dy, and thus by definition p lies in some specific
D,\j. For another state o € D,, we conclude that ¢ is not LU
equivalent to p, if o is outside DA,.. Further, if p and o both
lie in DM’ by Lemma 6, the LU equivalence between p and o
is decidable when the set £V is LU decidable. It implies that

We can also conclude that two states are not LU equivalent
if one lies in D, and the other lies outside D;. If p lies in
D, and o lies outside D;, it implies that each eigenspace
of o contains at least one product vector, then for any local
unitary operator U ® V, each eigenspace of (U ® V)o (U ®
V) also contains at least one product vector. It follows that
(U ®V)o (U ® V)" cannot be the same as p, and thus the two
states p and o are LU inequivalent.

We further show the inverse part of the LU decidability
relation between D, and EW, namely, EW < D;.

Lemma 7. Denote by D, the set of states each of which sat-
isfies that at least one eigenspace contains no product vector.
Then, the LU decidabilities of D, and EW admit EWW < D;.

Proof. For any two given EWs, Wi, W, € EW, their spec-
tral decompositions read as

k k
Wi=> "aP Wa=) 20 (14)
j=1 j=1

where A;’s are eigenvalues in descending order. Here, we
may assume that W; and W, share the identical eigenvalues.
Otherwise, one can decide that W; and W, cannot be LU
equivalent by Lemma 2. Since W, and W, are EWs, there is
at least one negative eigenvalue for W, and W,, respectively.
By the definition of EWSs, for each negative eigenvalue ., the
corresponding eigenspace is a completely entangled subspace,
i.e., contains no product vector. Otherwise, if there is a product
vector |a, b) in A, eigenspace of W for some A, < 0, then one
can verify that (a, b|W|a, b) < 0 which contradicts that W is
an EW. Based on Eq. (14), we propose two states as follows:

k k
pr= uiP p=) 1;0; (15)
j=1 j=1

where each p ; is positive. According to the analysis above, we
know that p; and p, both have one eigenspace including no

product vector, and thus both p; and p, are in D;,. Therefore,
if D, is LU decidable, the LU equivalence between p; and p;
is clear, and correspondingly the LU equivalence between W)
and W, given by Eq. (14) can be determined. In other words,
we obtain EW < D;. This completes the proof. [ |

The idea of connecting the LU equivalence of bipartite
states with that of entanglement witnesses may present differ-
ent intuition. For example, the authors in Ref. [22] discussed
the set of EWs that are LU equivalent to some real EW whose
matrix expression is over R, the field of real numbers, and an-
alyzed the detection power of such EWs. It is known from Ref.
[22] that the states of real density matrices must be detected by
areal EW that could be easier to construct than a complex EW
whose matrix expression is over C. Then, given a real EW W,
and a known complex EW W, ~ W, whose spectral decom-
positions read as W, = Z];:I AjP;and W, = 21;:1 1;Qj, one
can identify multiple pairs of LU equivalent states by virtue
of the technique in the proof of Lemma 7. That is, for any
fixed eigenvalues pq, ..., ux > 0 with Z];':l wu; =1, the two

states p; = Zf’:l w;P;and p, = Zl;zl w;Q; are identified to
be LU equivalent. However, by only observing the density
matrices of p; and p, without the assistance of the two EWs
W, and W,, it is generally difficult to determine the LU equiv-
alence between p; and p».

By combining Lemmas 6 and 7 above, we establish
straightforwardly an equivalence relation in terms of the LU
decidability between two sets of different types of bipartite
operators, as the following theorem. Theorem 2 shows that
the set of EWs EW is LU decidable if and only if a subset of
bipartite states, namely, D, , is LU decidable.

Theorem 2. The LU decidability of EW is equal to that of

D, namely, SWiDA.

Based on Theorem 1 and Theorem 2, we establish the
relations in terms of LU decidabilities among the set of EWs
EW and several sets of bipartite states. These known relations
present a hierarchy depicted in Fig. 1.

The set D; intersects with NPT, PPTE, and SEP, re-
spectively. The following remark roughly characterizes the
states in D, by examples.

Remark The set D, contains NPT states, PPT entangled
states, and separable states. We construct examples to show
the existence of such three types of states in D,. First, we
propose an NPT state in D, as follows:

p1 = 15(101)(01] + [10)(10] + 2[¢p (4| + 6l ) (B,
(16)

where |¢,) = 2=(/00) + |11)) and |¢_) = \/%(IOO) — [11)).
One can verify that p; given by Eq. (16) belongs to D
as Eq. (16) is the spectral decomposition of p;. Accord-
ing to Eq. (16), the eigenspaces, respectively, corresponding
to the eigenvalues 1/5 and 3/5 contain no product vec-
tor. Further, by calculation, the four eigenvalues of p| are
0.4, 0.4, 0.3, and —0.1, and thus p; is an NPT state.

Second, we propose a PPT entangled state in D;. Recall
the method of constructing PPT entangled states by virtue
of UPBs. Denote by B = {|a;, b,-)}f=1 a UPB. Then, we may
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construct a PPT entangled state as

1
1
o = n—l(ﬂn_glai’ bi)(d,’,b”), (17)

By Definition 3 for the UPB, we know that the range of o is
a completely entangled subspace, and thus o is entangled. It
follows that there exists a small enough € > 0 such that o 4
€l is still PPT entangled and has full rank. Thus, we obtain a
PPT entangled state p, ;=0 + €l € D, .

Finally, we construct a separable state in D, . The following
is a two-qubit separable state of rank three:

Py 1= £(100)(00] + [11) (11| 4+ 4[4+, +)(+. +D,  (I8)

where |+) = %(m) + [1)). One may check that [01) — |10)
is orthogonal to the range of pj. Thus, we conclude that
p3 1= pj; + €l for some positive € has an eigenspace spanned
by |01) — |10) only. It means that p; is a separable state and
has an eigenspace including no product vector. Hence, ps3
belongs to D,. [

We then extend our study to a larger set including D;,
denoted by D,. The state in D, satisfies that there exists
some eigenspace not spanned by product vectors. A subspace
including no product vector is sufficiently a space that is not
spanned by product vectors. Hence, D, is a subset of D;.
More specifically, by the example given in Eq. (1), we know
that D, is a proper subset of D,,ie., D, - D,. Due to this
inclusive relation, we naturally obtain that D, =< ZT,\ in terms
of the LU decidability. Despite D, C D,, by Proposition 1,
we further show that the LU decidability of D, is equal to that

of D,, namely, D_AiD,\. It is instructive to reduce the difficulty
of verifying the LU equivalence between states in D;.
Proposition 1. Denote by D;, the set of states whose ele-
ment p satisfies that there exists some eigenspace of p that
are not spanned by product vectors. Then D;,_ is LU decidable

if and only if D, is LU decidable. That is,_D_,\éDA. .
Proof. First, we conclude that D; < D, due to D, C D;.

For ﬁiD,\ to hold, we next have to show D, < D;. It means
to show that for any two states in D_,\, whether they are LU
equivalent or not is decidable, if the set D, is LU decidable.
Suppose that p and o are two arbitrary states in D;. It suffices
to consider that p and o have identical eigenvalues, otherwise
the two states are LU inequivalent. We may also assume that
p and o both have full rank by means of adding the same
white noise, namely, p + xI and o + xI .
Let the spectral decompositions of p and o be

l
p=7) AP
j=1

. 19
o = Z )‘ij’
j=1

where A;’s are all positive, and for each j, the projectors P;
and Q; have the same rank. By the definition of D_A, it means
that for each of p and o, there exists some eigenspace not
spanned by product vectors. For the case when R(P;) is not
spanned by product vectors while R(Q);) is spanned by prod-

uct vectors, one can verify that P; ~ Q;, and thus conclude
that p ~ ¢ by Lemma 2. Then, it suffices to consider that for
some j, both R(P;) and R(Q;) are not spanned by product
vectors. Without loss of generality, we may assume that both
R(Py) and R(Q) are not spanned by product vectors. We may
decompose P; and Q; as below:

Py =Py + P,
01 =0n + O,

where Py; and P}, are orthogonal projectors, Q;; and Q, are
orthogonal projectors, R(P;;) is spanned by product vectors
and R(Py,) contains no product vector, and R(Q1 ) is spanned
by product vectors and R(Q;») contains no product vector.
In other words, all product vectors in R(P;) are included in
R(P2), the same for R(Q;). Substituting the decompositions
into Eq. (19), we obtain that

(20)

I
o = AP +)»1P12+Z)»jP_',

j=2
I
o =)»1Q11+)»1Q12+Z)»ij- 2D
j=2
We claim that p ~ o if and only if (P, P2, P>, ..., P)
is SLU equivalent to (Qy1, Q12, O3, . . ., Q;) for the following

reason: The “if” part can be verified directly. Then, we show
the “only if” part. With the condition p ~ o, we obtain that
(P, P>, ..., P)is SLU equivalent to (Qy, O3, ..., O;). It fol-
lows that there exists an LU operator U ® V such that

UQV)P+P)URV) =011+ 01, (22)

U eVv)P,U V) = Q;, Jj>1 (23)

One can verify that the range of (U ® V)P, (U Q®V)T
is spanned by product vectors, and the range of (U ®
V)P, (U @ V)T contains no product vector. By Eq. (22), we
conclude that the range of (U @ V)P (U ® V) is the same
as R(Q1), and the range of (U ® V)P;(U ® V)T is the same
as R(Qy2). It is known that two projectors are the same if they
have the same range. Thus, we derive that (U @ V)P;1(U ®
V) =0y and (U ® V)P;,(U ® V) = Q1,. Combining this
conclusion with Eq. (23), we obtain that (P, Py2, P, ..., P)
is SLU equivalent to (Qi1, Q12, @2, ..., Q;), and thus the
“only if” part holds.

By adjusting the eigenvalues of p and o, we may construct
two states in D;_as

1

p' = P+ puiPi + ZM,’PJ',
=2

I
o' = pn0n +M12Q12+ZM/‘Q1‘7 (24)
=

where the coefficients iy, 12, U2, ..., u; are all positive.
Because Py, is orthogonal to Py, and Qy; is orthogonal to Qy,
the decompositions given by Eq. (24) are spectral decompo-
sitions of p’ and o”. It is known that p’ and o’ are included
in D,, as R(P2) and R(Q;2) both contain no product vector.
By Lemma 2, we conclude that the LU equivalence between
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p and o is simultaneous with that between p’ and o’. The LU
equivalence between p’ and ¢’ can be decided when D is LU
decidable. Therefore, we have shown that whether p and o are
LU equivalent or not is decidable if D, is LU decidable, i.e.,
D, < D;.

To sum up, the relation D_xli holds. This completes the
proof. |
Now, all the relations in terms of the LU decidability
depicted in Fig. 1 are verified by the results in this section.
According to Fig. 1, the two chains of relations, denoted

by SE PLPPTLD and D_,\iDAiEW, are worth noting. The
former implies that the problem of determining whether two
arbitrary states are LU equivalent or not can be restricted to
a proper subset SEP, which is a kind of simplification of
the problem. The latter implies that for some specific states,
e.g., the states in D,, it contributes to identifying the LU
equivalence among them by introducing some EWs whose LU
equivalences are known. Thus, it is meaningful to characterize
the LU orbits of EWs [22] which are closely connected to
identifying LU equivalent states by virtue of the techniques
developed in this section.

Finally, we illustrate how to generalize the results focused
on bipartite systems to multipartite systems. A straightforward
way is to take the bipartition of a multipartite system into con-
sideration, analogous to the generalization of PPT criterion
into multipartite systems. This is useful to identify multipar-
tite LU inequivalent states. That is, two multipartite states are
not multipartite LU equivalent, if they are not bipartite LU
equivalent in some bipartition of the system. Unfortunately, as
we all know, the characterization of multipartite entanglement
is much more complicated than bipartite entanglement. Even
if two multipartite states are LU equivalent in all bipartitions
of the system, it does not guarantee they are genuine mul-
tipartite LU equivalent, i.e., equivalent by a multipartite LU
operator. An intuitive example is the three-qubit GHZ state
and W state, namely, |GHZ) = \/LE(K)OO) + [111)) and |W) =

%(HOO) 4+ 1010) + ]001)). One can verify that |GHZ) and

[W) are LU equivalent in all bipartitions of the three-qubit
system, but there is no tripartite LU operator U ® V ® W such
that [W) = (U @ V ® W)|GHZ) [8].

Another way of extending the results on the relations of
LU decidability to the case of multipartite systems is to cor-
respondingly consider the set of multipartite EWs and the
multipartite forms of the two sets D, and D,. Specifically,
based on the analysis of the bipartite case, the essence of the
bipartite states in D, is the existence of an eigenspace that
contains no bipartite product vector, and similarly the essence
of the bipartite states in D;, is the existence of an eigenspace
that is not spanned by bipartite product vectors. The bipartite
product vector |a;, a;) can be naturally generalized to multi-
partite product vectors |ay, az, ..., a,;). Thus, we may define
the m-partite EW W as the nonpositive semidefinite operator
satisfying

(al, as, ~--7am|W|alv as, -~-»am> >0

for any m-partite product vector |ay, as, ..., a,), and denote
by EW™ the set of m-partite EWs. Moreover, we may gener-
alize D, and D, to the multipartite forms, defined as follows.
Denote by D}’ the set of states each of which satisfies that

there is at least one eigenspace including no product vector,
and by D_T the set of states each of which satisfies that there
is at least one eigenspace not spanned by product vectors,
where the superscript m represents the number of subsys-
tems. Based on the definitions above and by virtue of the
techniques developed from the bipartite case, one can anal-
ogously derive a similar conclusion on the relations among

EW™, D,, and D;, namely, D_f{’in{‘iE W™, It indicates that
some results focused on the bipartite system also apply to
multipartite systems.

IV. SLU EQUIVALENCE BETWEEN TUPLES OF
BIPARTITE PROJECTORS

In this section, we consider how to determine whether two
tuples of projectors are SLU equivalent or not, where the
SLU equivalence between tuples is defined by Definition 2.
From Lemma 2, we realize that the SLU equivalence between
tuples of mutually orthogonal projectors is essential for LU
equivalent Hermitian operators, by analyzing their spectral de-
compositions. By Example 1, we show that for two tuples each
of which contains more than two projectors, the partial SLU
equivalence between parts of such two tuples is necessary but
not sufficient to ensure the overall SLU equivalence between
the two entire tuples. To reconcile this gap, we propose a
necessary and sufficient condition, in Theorem 3, on bipartite
states, such that two tuples of states are SLU equivalent.

To further emphasize the key role of SLU equivalence, we
also consider the SLU equivalence between two tuples of sub-
spaces from the perspective of studying ranges of projectors.
Considering two bipartite states p ~ o, it follows directly
that their ranges admit the relation R(p) = (U ® V)R (o) for
some local unitary U ® V. In other words, if there exists some
lae) € R(p) such that (U ® V)|a) ¢ R(o) for any local uni-
tary U ® V, one can decide p ~ o. Conversely, the relation
R(p) = (U ® V)R(o) is not sufficient to ensure p ~ o. We
propose a pair of states as below:

p = 1100)(00] + 1101)(01] + L(110)(10] + [11){11]),

0 =511 (bl + §16-)(¢-] + $(101)(01] + [10)(10]),
(25)

where |¢.), |¢_) are a pair of Bell states. Since p and o both
have full rank, their ranges are both C? ® C2, and thus the re-
lation R(p) = (U ® V)R (o) is naturally satisfied. However,
the eigenvector |00) of p is not LU equivalent to the eigenvec-
tor |¢) of o, corresponding to the same eigenvalue % By
Lemma 2, we conclude that p and o are LU inequivalent.
It motivates us to further consider how to determine the LU
equivalence between two bipartite states by their eigenspaces.
A criterion of determining p ~ o is presented as below:

Lemma 8. Suppose that two bipartite states p and o
have spectral decompositions as p = Z;zlk jPj and o =
> i=1%jQ;. Then p ~ o, if and only if for each j, R(P;) =
(U ®V)R(Q;) by acommon LU operator U @ V.

We shall show the detailed proof of Lemma 8 in Ap-
pendix B. Lemma 8 is a counterpart of Lemma 2 from the
perspective of ranges of positive semidefinite operators. One
may refer to the pair of states («; and op) proposed below
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Lemma 2 to fully understand the essential role played by a
common LU operator.

In light of the importance of SLU equivalence, we next
deeply investigate the conditions on the SLU equivalence
relation between two tuples of mutually orthogonal projectors.
By virtue of the Schmidt decomposition, such conditions are
effective to check the LU equivalence between two arbitrary
bipartite Hermitian operators. For two binary tuples of or-
thogonal projectors (P;, P») and (Q;, Q>), the conditions both
P ~ P, and Q; ~ O, are generally not sufficient for the SLU
equivalence relation between the two binary tuples (P, P»)
and (Qy, 02). One may refer to the counterexample formu-
lated in the paragraph below Lemma 2.

We further consider the cases where the tuples contain
more than two mutually orthogonal projectors, by focus-
ing on the tuples of three projectors. The cases where the
tuples contain more than three mutually orthogonal projec-
tors can be similarly investigated. Suppose that (P, P>, P3)
and (Qi, 0», O3) are two tuples of mutually orthogonal
projectors, namely, tr(P,P;) = tr(Q;Q;) = J;;. In order to
make (P;, P», P3) ~; (Q1, Oz, O3), we shall assign necessary
preconditions that (P1, P>) ~ (Q1, Q2), (P1, P3) ~, (Q1, 03),
and (P, P3) ~5 (Q2, Q3). Otherwise, if one of such three
SLU equivalence relations is violated, one can conclude that
(P, P>, P3) is not SLU equivalent to (Q;, Oz, O3). Then, we
continue to study whether these preconditions are sufficient to
ensure (P, P, P3) ~; (Q1, 02, 03).

By the following lemma, we may simply consider the
two tuples with P; = Q; and P, = Q5. Then, the number of
projectors to be processed is reduced from six to four.

Lemma 9. Suppose that (P, P, P3) and (Qy, O», 03)
are two tuples of mutually orthogonal projectors, which
satisfy that (P, P,) ~; (Q1, Q2), (P, P3) ~; (Q1, 03), and
(P3, P3) ~ (Q2, O3). By simultaneously applying any LU op-
erations to Q;’s, namely, Q; := (U ® V)Q;(U ® V)" for any
LU operator (U ® V), then

(1) the SLU equivalences between (F;, P;) and ;,0 ), for
any 1 < i < j < 3, are all maintained;

(i) (P, P>, P3) is SLU equivalent to (Q;, O, 03), if and
only if (P, P, P3) is SLU equivalent to (O, O,, 03).

We shall prove Lemma 9 in Appendix B. Recall one of
the preconditions (P, P») ~ (Q1, @2), which means there
exists an LU operator U ® V,suchthat P} = (U ® V)Ql U ®
V)T and Py = (U ®V)0x(U ®V)'. Then, let 0; := (U ®
VIOU V) =P, 0r:=UQV)0(U V)" = P, and
0;:= (U ®V)03(U ®V)". By Lemma 9(i), we conclude
that (P;, P;) ~, (0:, Q)), for any 1<i< j<3, are all
maintained when (Pi, P2) ~; (Q1, Q2), (P1, P3) ~5 (Q1, 03),
and (P, P3) ~; (02, Q3). According to Lemma 9(ii), we
consequently obtain that (Pl, P, P3) ~s (01, Qz, 03) if and
only if (P, Py, P3) ~, (01, 02, 03), where O) =P and
0> =P,. Then we may equivalently examine whether
there exists the SLU equivalence between (P, P>, P;)
and (Qi, 02, Q3) with P, = Q; and P, = Q,, under the
preconditions.

Here, we claim that the preconditions mentioned above are
not sufficient to ensure (P, P>, P3) ~; (Q1, O», O3), and show
our claim by proposing examples as follows.

Example 1. By constructing specific examples, we con-
clude that the two tuples of mutually orthogonal projectors,

(P, P>, P3) and (Qq, 02, QO3), may not be SLU equivalent,
even if (P, Pj) ~, (Q;, Q;) holds forany 1 <i < j < 3. Ac-
cording to the analysis above, we may assume that P} = Q
and P, = ;. Then, the four distinct projectors supported on
C* ® C* are formulated as below:

P = Q) = |0)(0] ® diag(1, 1,0, 0),
= 0> = |1){1] ® diag(1, 0, 1, 0),
= 12)(2| ® diag(1, 0,0, 1),

03 = 2)(2| ® diag(0, 1, 1, 0). (26)

First, due to P, = Q; and P, = Q,, the relation (P;, P;) ~;
(Q1, O») naturally holds by the LU matrix I ® I. Second, one
can verify that (P}, P3) is SLU equivalent to (Q;, Q3) by the

LU matrix as
0 1 0 1

Third, one can verify that (P, P3) is SLU equivalent to
(Q2, Q3) by the LU matrix as

001 0
000 1

Loy 0 0 o (28)
0100

So the two tuples of projectors satisfy the preconditions. W

In the following proof, we show that the two tuples given
in Example 1 cannot be SLU equivalent.

Proof. We show by contradiction that (P, P>, P3) and
(01, 02, O3) formulated by Eq. (26) are not SLU equivalent.
Assume that (Py, P, P3) ~; (Q1, Q2, 03), and denote by U; ®
U, an arbitrary LU matrix such that P; = (U; ® U)Q;(U; ®
U,)" for each j. By virtue of Eq. (26) and observing the second
subsystems of P;, P,, we obtain that

U,(diag(1, 1,0, O))U; = diag(1, 1, 0, 0),
U,(diag(1,0, 1, O))U; = diag(1, 0, 1, 0). (29)

It means that the unitary matrix U, leaves both diag(1, 1, 0, 0)
and diag(1, 0, 1, 0) invariant under the unitary similarity. By
Lemma 3, we conclude that U, must be diagonal, namely,
diag(el”r, ei®, ¢ ¢i™). Nevertheless, such diagonal U, can-
not make that U, (diag(1, 0, 0, 1))U2T = diag(0, 1, 1, 0) holds.
It means that P; cannot be locally transformed to Qs by
U, ® U,, which contradicts the assumption. Therefore, the
formulated two tuples cannot be SLU equivalent. This com-
pletes the proof. |

Example 1 indicates the partial SLU equivalence can-
not ensure the overall SLU equivalence. It implies that the
problem of determining the SLU equivalence between two
arbitrary tuples of mutually orthogonal projectors could be-
come more and more difficult as the number of projectors
included in a tuple increases. A projector can be regarded
as a non-normalized state. Thus, we may derive a more
general conclusion that for two tuples of states, the partial
SLU equivalence cannot ensure the overall SLU equivalence.
Specifically, for two tuples of states denoted by (o1, p2, p3)
and (o0q, 02, 03), they may not be SLU equivalent, even if
(pi, pj) ~ (0;,0j) holds forany 1 <i < j < 3.
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Along with this broader perspective by extending projec-
tors to states, we study the SLU equivalence between tuples
of states, and propose a necessary and sufficient condition
for the SLU equivalence in Theorem 3. This necessary and
sufficient condition is formulated in terms of the twirling
operation which has been widely used in the resource theory
of asymmetry [32-34]. It suffices to assume that p; = o and
p2 = oy for the two tuples (p1, p2, p3) and (o}, 07, 03) as the
similar idea given below Lemma 9.

Theorem 3. Suppose that p; = o1, p» = 02, p3, 03 are nor-
malized states that satisfy that (p;, p;) ~; (0, 0;) for any
1 < i < j < 3. Then, the tuple (p1, p2, p3) is SLU equivalent
to (o1, 02, 03), if and only if there exist two interseted groups
U, and U, of LU operators such that

1 p1= fb{l UaU'dU for some state o and p, =
fuz UBUTdU for some state B, with the two integrals over
the Haar measure;

(i) p3 = (U ®V)o3(U ® V) forsome U @ V € U NUy.

Proof. Due to p; = o1, pp = 03, by definition one can ver-
ify that (p1, p2, p3) is SLU equivalent to (o, 02, 03) if and
only if there exists a common LU operator U ® V which
simultaneously commutes with p; and p,, and satisfies p3 =
(U ®V)o3(U @ V). Next, we show that the combination
of conditions (i) and (ii) is equivalent to this necessary and
sufficient condition.

First we show that the LU operators commuting with a bi-
partite operator form a group under the matrix multiplication.
Let p be a bipartite operator. Then the identity operator I @ I
must commute with p. Moreover, assume that p commutes
with two LU operator Uy ® V| and U, ® V3, ie., p(U ®
Vi)= WU, @ V1)p and p(U, ® V) = (U, @ V,)p. One can di-
rectly verify that p also commutes with the LU operator
U1Uy) ® (1 Vy) as

pPlULIU2) ® (ViV2)] = p(U; @ Vi)(U2 ® V2)
= U1 @ V)pU ®V2)
= U V)@ V2)p
= [(U1U2) @ (ViV2)]p. (30)
Hence, the LU operators commuting with a bipartite operator
form a multiplication group.

Second, for a given LU group U,, the bipartite states com-
muting with I, is denoted by inv(l4,),

inv(Uy) = {p € DIHP)IVX e Uy : XpX' = p}.  (3D)

It is known that the set inv({/) can be characterized by the
useful twirling operation [33], namely,

Tlpl = / UpU'dU, (32)
u

for some unitary group Y. The twirling operation averages
over the action of the unitary group U/ with the Haar measure.
If the unitary group I/ is finite, one simply replaces the integral
with a sum as

1 .
Tlpl = — Z UpU"™. (33)

|Z/{| Ueld

By virtue of the twirling operation, we may characterize
inv(U,) as follows:

inv(Uy) = {p € DH*)|GLp] = p}, (34)
where G[p] is given by

Glol = / UpUTdU. (35)
U,

8

Since G is idempotent, namely, G*=GoG =g, the set
inv({,) is indeed the image of G, i.e.,

inv(Uy) = {plp = Glo],Yo € DAH)}.  (36)

Suppose that I/} and U, are two intersected groups of LU
operators. Based on the analysis above, condition (i) ensures
that p; commutes with I/; and p, commutes with {4,. Since
U NU, is nonempty, it follows that the elements in U N U,
commute with p; and p, simultaneously. Additionally, com-
bining with condition (ii), we conclude that there exists a
common LU operator which simultaneously commutes with
p1 and p,, and makes p3 ~ o3. Therefore, the addition of con-
ditions (i) and (ii) is necessary and sufficient to (o, p2, p3) ~5
(01, 02, 03) with p; = 01, p2 = 02.

This completes the proof. |

By viewing projectors as special states, one may similarly
derive a necessary and sufficient condition for the SLU equiv-
alence between tuples of projectors. We may take the tuples of
projectors as an example to illustrate the condition proposed
in Theorem 3. We construct the following four distinct projec-
tors:

Py = Q1 =00){00],
P, =0, = |11)(11],
Py = 1(101) + [10)((01] + (10]),
Q3 = 3(—[01) + [10))(—(01] + (10]).

Then, (P;, P>, P3) and (Q1, Q», O3) are two tuples of mutually
orthogonal projectors. One can verify that

U, = {diag(e”, e”) @ diag(e', e)|V6; € [0,27)} (38)

(37N

is a group of LU matrices which leaves P; = |00)(00| invari-
ant. It follows by calculation that P, = ful UP, U dU. Then,
we present the other group U, of LU matrices, whose elements
are formulated by

Xi=LahL, X =I®dagdl,-1),
X3 =1, ® diag(1,1), X4 =1, ® diag(1, —1). 39)

It follows by observation that 4, is a subgroup of U, and thus
the intersection is indeed U,. Since U, is a group of finite
elements, the twirling of P, = |11)(11] over the group U4, is
calculated by

4
1
TRl =7 > X;PX] =P (40)
j=1
In light of this, for the two tuples (P, P>, P;) and
(Q1, 02, 03), there exist two intersected groups satisfying

condition (i) in Theorem 3. Further, one can verify that the
LU matrix X, € U, makes the equality P; = X2Q3XZJr holds,
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and thus the two groups also satisfy condition (ii) in Theorem
3. Then by applying the LU matrix X, to Q;’s, we simul-
taneously obtain P;’s. Thus, the two tuples (P;, P», P;) and
(Q1, 02, O3) are SLU equivalent by definition.

V. CONCLUDING REMARKS

In this paper, we introduced a relation in terms of the LU
decidabilities between different sets of bipartite Hermitian
operators, and connected the LU decidabilities for the set of
EWs and several sets of states. This idea may shed light on
identifying LU equivalent states.

By virtue of the relation “<” defined by Definition 1,
we compared the LU decidability of the set of EWs with
that of several sets of states. Based on the comparisons,
we established a hierarchy in terms of LU decidabilities for
these sets. The hierarchy has been illustrated by Fig. 1. By
Theorem 1, we have shown the relations of LU decidability
among the sets of states classified by the PPT criterion, and
the set of EWs. Then, we proposed a set of states satisfy-
ing that at least one eigenspace contains no product vector,
denoted by D,. We indicated in Theorem 2 that the two
LU decidabilities for D, and the set of EWs are equal. We
further extended our study to a larger set including D, each
of whose states satisfies that there is one eigenspace not
spanned by product vectors. We refer to such a set as D,
and have shown that the LU decidability of D, is equal
to that of D, by Proposition 1. By analyzing the spectral
decomposition, we realized that the SLU equivalence is cru-
cial to LU equivalent operators. In light of this, we studied
the SLU equivalence between tuples of mutually orthogonal
projectors. By Example 1, we revealed that for two tuples
of mutually orthogonal projectors, the partial SLU equiva-
lence cannot ensure the overall SLU equivalence. For this
reason, we provided a necessary and sufficient condition in
Theorem 3, such that two tuples of bipartite states are SLU
equivalent.

There are some interesting problems remaining for future
work. One direction is to complement the relations in terms
of the LU decidability for the sets appearing in Fig. 1. It
is useful for assessing the difficulty of determining the LU
equivalence among states in some given set, compared with
the LU decidability of the set of EWs. Another direction is to
further characterize the SLU equivalent tuples of mutually or-
thogonal projectors, in order to propose more efficient criteria
of determining whether two states are LU equivalent or not.
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APPENDIX A: ANOTHER PROOF OF LEMMA 5

Although Lemma 5 is covered by Lemma 6 which applies
to all D;,, we here show another idea of proving Lemma
5. This idea relies on the special property of the eigenspace
corresponding to the largest eigenvalue.

Proof of Lemma 2. For any two given states pp, 02 € D;,,
their spectral decompositions read as p; = ) ih i) (Wil
and p, = Zj Wildi)(@;l, where A;’s and i ;’s are all positive,
and sorted by descending order, respectively. By Lemma 2,
one can decide p; and p, are not LU equivalent, if there exists
some j such that A; # ;. We thus consider the case A; =
for each j. Based on the formulas of p; and p,, we construct
two operators by

Wl = ,bL]I—;Olz W2 = //L]I_IO27 (Al)
where u is defined as
= max {(a, blpila, b), (a, blp>|a, b)}. (A2)

lla.b) =1

It follows from p;, p» € D,, that the A; eigenspaces of
p1 and p,, respectively, contain no product vector. Due
to this fact, one can verify that p is strictly smaller than
A1, the largest eigenvalue for both p; and p,. Hence,
Wi and W, given by Eq. (Al) are nonpositive semidefinite.
We further obtain that for any product vector |a, b) with
norm 1,

<as b|W1|a7 b) =M= (as blpllav b)

=0,
<aa b|W2|a’ b) = K- <Cl, b|:02|a, b> 2 0

; (A3)
where the two inequalities follow directly by Eq. (A2). Thus,
we conclude that both W) and W, are EWs by definition.
According to Eq. (A1), the LU equivalence or inequivalence
between p; and p; is decidable, if one can decide whether W,
and W, are LU equivalent or not. Due to W;, W, € EW, we

finally derive that D;, < EW.
This completes the proof. |

APPENDIX B: PROOFS OF RESULTS IN SEC. IV

In this Appendix, we show two results of Sec. IV in detail.
First, we give the proof of Lemma 8. As preliminaries, we
present the following lemma which allows the unitary free-
dom in the ensemble for density matrices.

Lemma Bl. A density matrix can be decomposed as

p =Y 1)l = X, 1@:) (@il if and only if

i) = > uil@)), (B1)
J
where u;; is the (i, j) element of a unitary matrix.

With Lemma B1, we are ready to prove Lemma 8.

Proof of Lemma 8. For two bipartite states p and o
with spectral decompositions as p = Z;zl AjP; and
o =240, it follows from Lemma 2 that p ~ o if
and only if for each j, P; and Q; are SLU equivalent, i.e.,
LU equivalent by a common LU operator. We claim that
for two given projectors P and Q, P ~ Q if and only if their
ranges R(P) and R(Q) are LU equivalent, i.e., U ® V such
that (U ® V)R(P) = R(Q) for some LU operator U ® V.
The “only if” part of this claim can be verified directly. We
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next show the “if” part of this claim. Let {|a;), ..., |a,)} be
an orthonormal basis of R(P). According to the condition
(U ® V)R(P) = R(Q), it follows that (U ® V)la;) € R(Q)
for each j. Denote that |b;) = (U ® V)l|a;) for each j, and
thus R(Q) = span{|b,), ..., |b,)}. Applying Lemma B1, we
know that Q has the following decomposition:

0= Z (Z ujk|bk>) <Z u;f,<bl|>,

j=l1 k=1 =1

(B2)

where u j is the (j, k) element of a unitary matrix. It follows
by simplifying Eq. (B2) that Q has the spectral decompo-
sition as Q = Z;zl |b;)(b;|. Due to |b;) = (U ® V)|a;) for
each j, we conclude that P ~ Q. By the claim above, we
conclude that p ~ o if and only if for each j, the ranges of
P; and Q; are SLU equivalent, i.e., R(P;) = (U ® V)R(Q))
by a common LU operator U ® V for each j. This completes
the proof. |

Second, we show Lemma 5 in detail as below.

Proof of Lemma 5. According to the preconditions, we may
assume that

Pi= U V)1 U W),

P=U®V)0U @ V), (B3)
Py = (U @ V2)01(U> @ Vo),
Py = (U, ® V2)Q3(U> @ V)T, (B4)
P, = (U3 ® V3)02(Us @ V3)',
Py = (Us @ V3)03(U; ® V3)', (B5)

with local unitary U; ® V;, j =1,2,3. By simultaneously
applying any LU operation to Q;’s, it follows that

Oi=UV)Q(URV),
O, =UV)QLURV),

0; = UVIQ:;U V). (B6)
Next, we show the two assertions as follows.
(i) By Eq. (B3), we have
P = UU @V VH0(UU] @ VYV,
P, = U U @WVVH0UU] @ VV)). (B7)

By Eq. (B7), we conclude that (P, P,) is SLU equivalent
to (Q1, 0,), namely, (P, Py) ~; (O1, 0>). Analogously, one
can verify that (P, P3) ~, (O, Q3) by virtue of Egs. (B4)
and (B6), and (Ps, P3) ~; (02, 03) by virtue of Egs. (BS) and
(B6). Then, assertion (i) holds.

(i) We show the “if” part, and the “only if” part can
be proven similarly, due to the dual relation. Assume that
(P1, Py, P3) ~; (01, 02, 03). It means there exists a common
LU operator W ® X such that P; = (W ® X)Qj (W ® X)T for
each j. By Eq. (B6), we obtain

PL=WUQ®XV)0,(WU @ XV)',
P, =WU®XV)Q,(WU @ XV)',

Py= (WU Q@XV)0:(WU @ XV)'. (B8)

It follows that (Py, P», P;) ~¢ (Q1, Q2, Q3). Then, assertion
(i1) holds.
This completes the proof. |
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