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Nonperturbative effects of short-range spatial correlations at the two-particle level
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By means of cellular dynamical mean-field theory (CDMFT), we study how short-range correlations drive the
breakdown of the self-consistent perturbation theory in two-dimensional systems and the most relevant physical
consequences associated with it, such as the CDMFT Mott transition. To this aim, we first derive in a structured
and consistent way the Bethe-Salpeter equation (BSE) formalism at the CDMFT level in all physical channels,
explicitly addressing the important aspect of the related Ward identities. In this context, we perform systematic
calculations of the BSE for the two-dimensional Hubbard model at half filling at intermediate coupling. Our study
illustrates how the divergence of a fundamental building block of the BSE in the charge channel, the two-particle
irreducible vertex, systematically occurs at lower interactions than in the (purely local) DMFT case. We establish
that these divergences are a prerequisite for the CDMFT Mott instability in two dimensions, which occurs at
larger interaction values, and explicitly demonstrate that both are driven by short-ranged antiferromagnetic spin
fluctuations.
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I. INTRODUCTION

The lack of an intrinsically small interaction scale in the
many-electron problem poses a major challenge to the con-
densed matter theory, as it makes it necessary, for several
physically relevant cases (e.g., Mott-metal insulator transi-
tions, unconventional superconductivity, quantum criticality,
etc.), to perform calculations in parameter regimes where
a many-body perturbative expansion no longer holds. This
theoretical challenge is further exacerbated in the signifi-
cant case of layered/two-dimensional (2D) systems such as
cuprates and nickelates, due to the systematic enhancement
of nonlocal spatial correlations originated by their reduced
dimensionality.

In the last decade, numerous studies have been carried out,
which investigated both formal aspects [1–16] and physical
consequences [17–28] of the breakdown of the self-consistent
perturbation expansions. In particular, through a systematic
analysis on the one- and the two-particle level of basic many-
electron systems (ranging from the zero-point model, the
Falicov Kimball, the Hubbard atom, the Anderson impurity
model, and the DMFT solution of the Hubbard model), some
relevant aspects of this problem have been already unveiled.
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On the formal level, it has been rigorously demonstrated how
the breakdown of the self-consistent perturbation theory can
be signaled by a branching of the multivalued Luttinger-
Ward functional [3–5,7,9,11], which occurs simultaneously
[8,16] with the divergence of the two-particle irreducible ver-
tex in the charge channel [1,2,7,10–12,18,24]. Aside from
the specific, but quite significant algorithmic consequences
[3,12,16,29] of these issues, it has recently been discussed
how, at the level of a purely on-site description, such for-
mal/algorithmic aspects of the perturbative breakdown are
linked to important features of the correlated electron physics.
In particular, they could be directly related [8,17,21–23,25] to
the localization of the electronic charge and the formation of
a local magnetic moment, both driven by increasing on-site
electronic correlations. Even more importantly, in the purely
local DMFT realm, it has been proven (analytically and nu-
merically) how the breakdown of the perturbative theory (and
its physical manifestations) constitutes an essential prerequi-
site for the Mott-Hubbard transition [24] and the associated
phase separation [14,20,26,30] to occur in the limit of infinite
dimensions.

The major limitation of most previous studies on this
subject is their restriction [31] to purely local/on-site correla-
tions. This raises the legitimate question of to what extent the
conclusions drawn in the specific realm of purely local corre-
lations can still hold in the realistic case of finite-dimensional
systems, where nonlocal correlations in space might no longer
be negligible. In particular, addressing this question is cer-
tainly compelling in the important case, mentioned above, of
2D systems, where spatial correlations beyond (dynamical)
mean-field are expected to play a major role.

In this work, we investigate this issue, performing a thor-
ough study of the two-dimensional Hubbard model by means
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of a technique able to nonperturbatively include short-range
nonlocal correlations in space in a systematic fashion: the cel-
lular dynamical mean-field theory (CDMFT) [32,33]. While
most existing CDMFT studies are performed at the one-
particle level, by computing one-particle Green’s functions
and self-energies, crucial information about the perturbative
breakdown, as mentioned above, is typically encoded in the
two-particle generalized susceptibilities and vertices, related
to one another through the Bethe-Salpeter equation (BSE).
For this reason, before showing and analyzing our numer-
ical results, we will present a consistent derivation of the
explicit BSE expressions valid for the CDMFT in all phys-
ical scattering channels and discuss in detail some of their
most fundamental properties. This specific theoretical and
numerical framework will allow us to unveil how the nonlocal
structure of the two-particle vertex function affects the break-
down of perturbation theory and, at the same time, how it may
drive, in general, the onset of thermodynamic instabilities at
intermediate-to-strong coupling. Specifically, when including
short-range correlations, the Mott metal-insulator transition
(MIT) occurs at significantly lower interactions than in the
DMFT. We trace back this change in the thermodynamic
instability of the charge response in CDMFT to short-range
nearest-neighbor spin correlations.

The article is organized as follows: In Sec. II, after pro-
viding some basic details about the model and the CDMFT
scheme considered, we explicitly introduce the corresponding
Bethe-Salpeter equations and real-space Ward identities in all
the relevant (i.e., charge, spin, and particle-particle) channels.
In Sec. III, we illustrate and discuss our numerical results on
the nonperturbative breakdown, which are encoded in a rele-
vant four-point quantity of CDMFT, namely, the two-particle
irreducible charge vertex of the impurity cluster. Section IV
then analyzes, on the two-particle level, the occurrence of
thermodynamic instabilities at the MIT, unveiling their link
to the underlying nonperturbative nature of the BSE vertices.
Conclusions and outlook are eventually presented in Sec. V.
The raw data for representative parameter points are publicly
available in Ref. [34].

II. MODEL AND METHODS

In this work, we study the paramagnetic [SU(2)-
symmetric] phase of the particle-hole symmetric, nonfrus-
trated two-dimensional Hubbard model [35–40] on the square
lattice

H = −t
∑
〈i,j〉,σ

c†
i,σ cj,σ + U

∑
i

ni,↑ni,↓ − U

2

∑
i,σ

ni,σ , (1)

where c†
i,σ (ci,σ ) represent the fermionic creation (annihila-

tion) operators of an electron with spin σ ∈ {↑,↓} on site
i, t the nearest-neighbor (n) hopping amplitude, and U the
Coulomb repulsion. We set t = 1 throughout the paper and
give all energies in this unit.

A. Cellular dynamical mean-field theory

We compute the single-particle observables and Green’s
function of the Hubbard model via the CDMFT [32,41], a
cluster extension [42,43] of the dynamical mean-field theory

FIG. 1. The unit cell of the superlattice with a four-atomic basis
on the left-hand side. The four sites are labeled from 0 to 3. Red in-
dicates specific geometrically equivalent sites in different unit cells.
On the right-hand side, the reciprocal superlattice basis is indicated
by x markers, where the shading gives the RBZ in comparison to the
Brillouin zone of the initial one-atomic basis Hubbard model [47].
Any vector in the initial Brillouin zone can be decomposed by the
closest reciprocal lattice vector Q and a vector q̃ ∈ RBZ.

[44–46]. As indicated in Fig. 1, the original lattice problem
is understood as a superlattice of Nc = 2 × 2-site unit cells,
where the circles indicate lattice sites and the red circles
sketch the periodicity of the superlattice. The 2 × 2 sites in
a unit cell form a four-atomic basis. The right-hand side
of Fig. 1 sketches the corresponding reduced Brillouin zone
(RBZ). CDMFT then maps the superlattice onto a cluster
impurity problem, where an Nc-site cluster is solved exactly,
while the remaining system is represented by a frequency-
dependent fermionic mean-field G. To that end, a Dyson
equation on the superlattice is formulated [47], where site
indices i, j are treated as orbitallike quantum numbers, leading
to a superlattice Green’s function [48]

Gij
kσ (ν) = [[(iν + μ)1 − εk − �σ (ν)]−1]ij, (2)

where the matrix εk (k ∈ RBZ) introduces the hopping pro-
cesses in the unit cell and over the edge of the unit cell as in
Fig. 1 with the hopping matrix

εk = −t

⎛
⎜⎜⎜⎜⎝

0 1 + ei2kx 1 + e+i2ky 0

1 + e−i2kx 0 0 1 + ei2ky

1 + e−i2ky 0 0 1 + ei2kx

0 1 + e−i2ky 1 + e−i2kx 0

⎞
⎟⎟⎟⎟⎠,

(3)

and �
ij
σ (ν) represents the cluster impurity self-energy matrix.

To map the lattice onto the impurity problem, after integrat-
ing out the momentum-dependent degrees of freedom of the
lattice, one requires that

Gij
loc,σ (ν) =

∫
k∈RBZ

Gij
kσ (ν)

!= Gij
σ (ν), (4)

with Gij
σ (τ ) = −〈Tτ ciσ (τ )c†

jσ 〉 being the impurity Green’s
function and Tτ the imaginary-time ordering operator, re-
spectively (see Appendix A). Then, by exploiting the inverse
Dyson equation for the impurity cluster, one can derive the
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explicit expression for the Weiss field of CDMFT:

G−1
σ (ν) =

[∫
k∈RBZ

dk Gkσ

]−1

(ν) + �σ (ν), (5)

where cluster indices have been omitted here for readability.
Throughout the article, we enforce the paramagnetic solution
by setting G↑ = G↓. From the updated cluster model, the
self-energy of the next step in the selfconsistency cycle can
be computed by utilizing an impurity solver. This cycle is
iterated until convergence is reached. Further details of the
algorithm are given in Refs. [42,49]. In our case, the Nc =
2 × 2 auxiliary cluster model is solved via the interaction
expansion continuous-time quantum Monte Carlo (CT-INT)
solver [50,51] provided as an application of the TRIQS library
[52].

B. Bethe-Salpeter equation for CDMFT

CDMFT approximates the superlattice self-energy � as the
one locally defined on the cluster (“cluster local”) by requiring
Eq. (4). Thus, � is constant for k ∈ RBZ:

�
ij
kσ

(ν) = �ij
σ (ν). (6)

In the action formalism, this approximation is equivalent to
the assumption that both the superlattice and the cluster im-
purity problem share the same Baym-Kadanoff functional
� [53], which ensures thermodynamic consistency. Further-
more, due to its conserving nature [54–56], our one- and
two-particle quantities fulfill Ward identities (see Sec. II C).

For this �-derivable approximation, the self-energy is the
first functional derivative with respect to the Green’s function
�

ji
σ (ν) = (1/T )δ�/δGij

σ (ν) for a given temperature T . The
corresponding two-particle quantity is the irreducible vertex
	

ijhl
σσ ′ (ν, ν ′) = (1/T )δ�ji

σ (ν)/δGhl
σ ′ (ν ′) on the cluster impurity,

which enters the BSE of the two-particle superlattice quanti-
ties [see Eq. (12)]. The corresponding approximation of the
two-particle irreducible vertex 	 is referred to as the cluster-
local approximation [57] on the two-particle level [46,58,59].

In practice, the irreducible vertex 	
ijhl
σσ ′ (ν, ν ′) is calculated

from the two-particle generalized susceptibility χ
ijhl
σσ ′ on the

cluster impurity via the respective (inverse) cluster BSE.
While in this work, we focus on the particle-hole sector, in
the following, we state the BSEs in both particle-hole (ph) and
particle-particle (pp) channels, since an explicit expression for
the latter is, to the best of our knowledge, so far missing in the
literature for real-space clusters.

The particle-hole sector: Charge and magnetic channels.
We define the two-particle generalized susceptibility for the
ph channel following Refs. [60–62]:

χ
αβ

ph,σσ ′ (ω)χ ijhl
ph,σσ ′ (ω, ν, ν ′)

=
∫ β

0
dτ1dτ2dτ3 e−iντ1 ei(ω+ν)τ2 e−i(ω+ν ′ )τ3

× [〈Tτ c†
i,σ (τ1)cj,σ (τ2)c†

h,σ ′ (τ3)cl,σ ′ (0)〉]

− 1

T
δ(ω)Gji

σ (ν)Glh
σ ′ (ν ′), (7)

where we introduce a left- and right-sided multi-index no-
tation by the Greek letters α = (i, j, ν), β = (h, l, ν ′) [59].

The generalized particle-hole susceptibility can be expressed
as Feynman diagrams in the following way:

(8)

where the left-hand-side indices are denoted by α and the
right-hand-side indices by β. For the rest of this work, we
set iω = 0, considering only the static case, and omit this
variable.

In the SU(2)-symmetric case considered here, the BSE
can be separated into the charge (ch) and spin (sp) channels
[62,63]. The BSE for the generalized susceptibility on the
impurity cluster χch/sp = χph,↑↑ ± χph,↑↓ reads [59]

χ
α,β

ch/sp = χ
α,β

0 − T 2χ
α,γ

0 	
γ ,δ

ch/spχ
δ,β

ch/sp, (9)

where repeated indices are to be summed over, 	
γ ,δ

ch/sp repre-
sents the respective two-particle irreducible vertex for left-
and right-sided multi-indices γ , δ with pairwise swapped
cluster indices in comparison to γ , δ, and

χ
α,β

0 (ω) := χ
ijhl
0 (ω, ν) = − 1

T
Gli(ν)Gjh(ν + ω)δν,ν ′ (10)

is the bubble contribution to the generalized susceptibility in
the ph channel [64]. We can write the BSE [Eq. (9)] in matrix
representation, which can then be inverted to obtain [12] an
explicit expression for

	
α,β

ch/sp = 1

T 2

([
χ−1

ch/sp

]α,β − [
χ−1

0

]α,β)
. (11)

Within a cluster-local approximation [46,58,59], the
momentum-dependent charge/spin response of the lattice
χ

q,α,β

ch/sp can then be obtained from the following lattice BSE:

χ
q,α,β

ch/sp = (
T 2	

α,β

ch/sp + [
χ

q,α,β

0

]−1)−1
, (12)

with the definition of the lattice bubble

χ
q,α,β

0 (ω) = − δνν ′

T Nk

∑
k

Gli
k(ν)Gjh

k+q(ν + ω), (13)

where the fermionic momentum sum takes the cluster locality
of 	 into account. Hitherto, we have formulated all BSEs
on the real-space superlattice. Here, we should recall that
the mapping of the generalized susceptibilities defined on
the cluster and the RBZ χ

q,ijhl
ch/sp (ν, ν ′, ω) onto the reciprocal

lattice χ
q,Q
ch/sp,K,K′ (ν, ν ′, ω) [57] via a Fourier transformation

[65] implicitly assumes an equivalence of each atom, which
is strictly speaking an approximation, as the cluster Green’s
function is not translationally invariant.

For single-particle quantities on a 2 × 2 cluster like the
self-energy, this represents, however, a common periodization
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FIG. 2. Examples of lattice modulations encoded in the CDMFT
scheme: The left-hand-side plot displays commensurate [q = (0, 0)]
antiferromagnetism [Q = (π, π )], while the right-hand side displays
different superlattice variations [q = (π/2, π/2)], from the same
cluster modulations [Q = (π, π )].

scheme (see, e.g., Refs. [42,66]). In a similar spirit, we can
employ the following Fourier transform [65] for two-particle
quantities by mapping the superlattice expressions discussed
above to the reciprocal vectors [57]:

χ
q,Q
ch/sp,K,K′ (ν, ν ′, ω) = 1

N2
c

∑
ijhl

ei(Ri−Rj )Kei(Rh−Rl )K′

× ei(Rh−Rj )Qχ
q,ijhl
ch/sp (ν, ν ′, ω), (14)

where K, K′, and Q run over {(0, 0), (π, 0), (0, π ), (π, π )}
and Nc = 2 × 2. Note that, in contrast to dynamical cluster
approximation (DCA) [42], the momentum conservation of
the reciprocal vectors K, K′ is not enforced for the momen-
tum bubble χ

q,Q
0,K,K′ �∝ δK,K′ ; however, the Fourier transform

diagonalizes the dispersion [Eq. (3)] and hence, for the dis-
connected cluster-local (impurity) bubble we have χ

Q
0,K,K′ ∝

δK,K′ . The physical response function in the specific channel
on the reciprocal lattice can then be obtained as

χ
q,Q
ch/sp(ω) = T 2

Nc

∑
K,K′

∑
ν,ν ′

f (K)χq,Q
ch/sp,K,K′ (ν, ν ′, ω) f (K′),

(15)

where Q indicates the modulation of the specific response
inside the cluster, while q indicates the phase vector of
the cluster in the reciprocal superlattice, corresponding to
a specific periodicity of the cluster in the superlattice and
f (K) = 1 corresponds to the s-wave fermionic form factor.
An illustrative sketch of exemplary antiferromagnetic (AFM)
modulations is displayed in Fig. 2. The formal validity and
the numerical implementation of Eq. (15) have been tested by
benchmarking it against applied-field calculations, which are
thermodynamically consistent with a BSE treatment [67] (for
details, see Sec. II C [68]).

The particle-particle sector. Similarly to the above, we de-
fine the generalized particle-particle susceptibility [cf. Eq. (7)
of Ref. [62]] in the longitudinal channel as

χ
α|β
pp,σσ ′ (ω)χ ih|jl

pp,σσ ′|σσ ′ (ω, ν, ν ′)

=
∫ β

0
dτ1dτ2dτ3 e−iντ1 ei(ω−ν ′ )τ2 e−i(ω−ν)τ3

× [〈Tτ c†
i,σ (τ1)cj,σ (τ2)c†

h,σ ′ (τ3)cl,σ ′ (0)〉]

− 1

T
δ(ω − ν − ν ′)Gji

σ (ν)Glh
σ ′ (ν ′), (16)

where we use for the index notation the convention
“outgoing|incoming” lines, and therein place the indices in
the order of their appearance in Eq. (16). The generalized
susceptibility can be expressed as Feynman diagrams [69] in
the following manner:

(17)

Similarly, we define the generalized susceptibility in the pp
transverse channel:

χ
α|β
pp,σσ ′ (ω)χ ih|jl

pp,σσ ′|σ ′σ (ω, ν, ν ′)

=
∫ β

0
dτ1dτ2dτ3 e−iντ1 ei(ω−ν ′ )τ2 e−i(ω−ν)τ3

× [〈Tτ c†
i,σ (τ1)cj,σ ′ (τ2)c†

h,σ ′ (τ3)cl,σ (0)〉]

− 1

T
δσ,σ ′δ(ω − ν − ν ′)Gji

σ (ν)Glh
σ ′ (ν ′), (18)

for which the real-space crossing relations

χ
ih|jl
pp,σσ ′ (ω, ν, ν ′) − χ

ih|jl
0,pp,σσ ′ (ω, ν, ν ′)

= −χ
ih|lj
pp,σσ ′ (ω, ν, ω − ν ′) + δσσ ′χ

ih|lj
0,pp,σσ ′ (ω, ν, ω − ν ′),

	
ih|jl
pp,σσ ′ (ω, ν, ν ′) = −	

hi|jl
pp,σσ ′ (ω,ω − ν, ν ′) (19)

hold, by swapping the annihilation operators in the definition
[63]. The disconnected parts contained in the generalized sus-
ceptibility read

χ
ih|jl
0,pp,σσ ′ (ω, ν, ν ′) = − 1

T
δ(ν − ν ′)Gli

σ (ν)Gjh
σ ′ (ω − ν ′). (20)

In this frequency notation, the pp-BSE cannot be brought into
diagonal form. However, as established [70] for the purely
local case, one can define χ̃

ih|jl
pp,↑↓(ω, ν, ν ′) = χ

ih|lj
pp,↑↓(ω, ν, ω −

ν ′) (and analogous relations for 	). This results in the desired
diagonal form of the BSE for the cluster case:

χ̃
ih|jl
pp,↑↓(ω, ν, ν ′)

= −T 2
∑

ν1,ν2,abcd

[
χ

ih|ba
0,pp,↑↓(ω, ν, ν1) − χ̃

ih|ba
pp,↑↓(ω, ν, ν1)

]

× 	̃
ab|cd
pp,↑↓(ω, ν1, ν2)χdc|jl

0,pp,↑↓(ω, ν2, ν
′). (21)

A detailed derivation of the latter expressions can be
found in Appendix B, by extending the treatment of Refs.
[62,70] to the nonlocal case. By switching to multi-index

033093-4



NONPERTURBATIVE EFFECTS OF SHORT-RANGE … PHYSICAL REVIEW RESEARCH 8, 033093 (2026)

FIG. 3. Representation of the ph-BSE [Eq. (9)] and pp-BSE [Eq. (21)] for the generalized susceptibilities χ
ijhl
sp/ch and χ̃

ih|jl
pp,↑↓, respectively.

notation:

α = i, h, ν, β = a, b, ν1,

γ = d, c, ν2, δ = l, j, ν ′, (22)

we find the matrix representation

χ̃
α|δ
pp,↑↓ = −T 2

[
χ

α|β
0,pp,↑↓ − χ̃

α|β
pp,↑↓

] × 	̃
β|γ
pp,↑↓ χ

γ |δ
0,pp,↑↓, (23)

where repeated indices are to be summed over. A Feynman-
diagrammatic illustration of this equation can be found in
Fig. 3. The corresponding inverted matrix equation, similarly
to Eq. (B.26) in Ref. [70], reads

	̃
β|γ
pp,↑↓ = 1

T 2
[(χ̃pp,↑↓ − χ0,pp,↑↓)−1 + (χ0,pp,↑↓)−1]β|γ . (24)

The momentum-dependent pp response χ̃
q,α|δ
pp,↑↓ on the super-

lattice is given by

χ̃
q,α|δ
pp,↑↓ = χ

q,α,β

0,pp,↑↓ + (
T 2	̃α,δ

pp,↑↓ − [
χ

q,α,β

0,pp,↑↓
]−1)−1

, (25)

where the disconnected pp correlator reads

χ
q,α|δ
0,pp,↑↓(ω) = − δνν ′

T Nk

∑
k

Gli
k,↑(ν)Gjh

q−k,↓(ω − ν). (26)

The two-particle response [Eq. (25)] can then be also mapped
to the reciprocal space [57] via the Fourier transform [65]:

χ̃
q,Q
pp,K,K′,↑↓(ν, ν ′, ω) = 1

N2
c

∑
ijhl

ei(Ri−Rh )Kei(Rj−Rl )K′

× ei(Rj−Rh )Qχ̃
q,ih|jl
pp,↑↓ (ν, ν ′, ω), (27)

and the physical pairing susceptibility can thus be obtained by
integrating out the fermionic degrees of freedom

χ
q,Q
pair (ω) := T 2

Nc

∑
K,K′

f (K)
∑
ν,ν ′

χ̃
q,Q
pp,K,K′,↑↓(ν, ν ′, ω) f (K′).

(28)

C. Real-space Ward identities and benchmarks

In order to explicitly demonstrate the internal consistency
and the conserving nature of our CDMFT expression for the
BSEs, we derived Ward identities [71–74] for real-space and
embedded real-space clusters via the action formalism. These
are a direct manifestation of time-inversion invariance in the

charge and spin channel of the SU(2)-symmetric case. In par-
ticular, for the generalized susceptibility χ in the ph channel,
we find

Gji
↑(ν)δh j − Gji

↑(ν + ω)δhi

= T
∑

l

∑
ν ′

(
χ

ijhl
ch/sp(ω, ν, ν ′)G−1

hl,↑(ν ′)

− χ
ijlh
ch/sp(ω, ν, ν ′)G−1

lh,↑(ν ′ + ω)
)
, (29)

where G is the noninteracting Green’s function [see Eq. (5) for
CDMFT]. For the corresponding irreducible vertex, we find

�ji(ν + ω)δhi − �ji(ν)δhj

= T
∑

l

∑
ν ′

(
	

ijlh
ch/sp(ω, ν, ν ′)Glh

↑ (ν ′ + ω)

− 	
ijhl
ch/sp(ω, ν, ν ′)Ghl

↑ (ν ′)
)

= T
∑

l

∑
ν ′

(
	

ijlh
ch/sp(ω, ν, ν ′)Glh

loc,↑(ν ′ + ω)

− 	
ijhl
ch/sp(ω, ν, ν ′)Ghl

loc,↑(ν ′)
)
. (30)

The second equality holds when inserting the CDMFT self-
consistency condition [Eq. (4)].

For the normal state susceptibility in the pp channel, we
have

Gji
↑(ν)δjhδ↑σ − Gji

↑(ν ′)δihδ↑σ

= T
∑

l

∑
ω

(
χ̃

ih|lj
pp,σ↑(ω, ν, ν ′)G−1

hl,↑(ω − ν ′)

− χ̃
il|hj
pp,σ↑(ω, ν, ν ′)G−1

lh,↑(ω − ν)
)
. (31)

For details and derivations, see Appendix C 3. The Ward
identities for 	 are derived without the use of the BSE, and
allow to benchmark, first, the BSE itself, and, second, to
clarify whether a sufficient number of Matsubara frequencies
were used for a reliable matrix inversion in the BSE at the
given temperature. An example of the Ward identity for 	ch

[Eq. (30)] is given in Fig. 4, which is perfectly fulfilled for the
parameter regime under consideration in the main section of
this article, e.g., U = 5.9t , T = t/15.

The impurity 	 vertex was compared to its weak coupling
single-boson exchange (SBE) decomposition [75] employed
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FIG. 4. Benchmarking. Upper panel: Comparison of the anti-
ferromagnetic response function χq=0,Q=(π,π )

sp (ωm = 0) of the 2 × 2
CDMFT from the BSE (black + marker) and applied field calcu-
lations (red circle marker) to the DMFT [68] (gray square marker)
and 8 × 8 CDMFT [68] (gray circle marker), at U = 2t . The di-
agrammatic Monte Carlo (DiagMC) calculations for the Hubbard
model [68] are given for comparison as dotted line. β = 1/T gives
the inverse temperature. Lower panel: Exemplary Ward identity
for the two-particle irreducible vertex [Eq. (30)] in the charge
channel for U = 5.9t and T = t/15 for the orbital combination
i = 0, j = 3, h = 0, and ω = 0 where each marker represents a
fermionic Matsubara frequency. Red solid lines refer to the left,
dotted black lines to the right-hand side of the equation, respectively.

in real space (Appendix B 3) successfully in all three channels
(Appendix C 2).

In order to establish the reliability of our scheme, we
compared the temperature dependence of the AFM lattice re-
sponse to applied staggered field calculations, shown in Fig. 4,
top panel (for details, see Appendix C 1).

III. THE TWO-PARTICLE IRREDUCIBLE CHARGE
VERTEX IN CDMFT

We begin our analysis of two-particle quantities in CDMFT
by studying the two-particle irreducible vertex in the charge
channel 	ch. At the level of the cluster-local approximation
[46,58,59] 	ch of the converged cluster impurity problem
corresponds to the lattice vertex of CDMFT. As it has been
reported in the literature, for systems with strong electronic
correlations 	ch can display several divergences [correspond-
ing to vanishing eigenvalues of the generalized susceptibility

of the impurity cluster appearing in Eq. (11)], also when
the system does not exhibit a thermodynamic phase tran-
sition [1,7]. In this case [3,8,12,16], techniques relying on
the self-consistent resummation of a perturbative series of
diagrams start to fail and iterative schemes might become
unstable [16]. In particular, the breakdown of self-consistent
perturbation theory can be directly ascribed to the occurrence
of the crossing of a physical and an unphysical solution
[3,4,9,12,76] of the Luttinger-Ward functional �, which im-
plies [8] the divergence of the irreducible vertex functions
[1,7,15,18]. Hence, the “first” divergence of 	ch, i.e., the one
occurring at the lowest interaction values, can be regarded as
a reliable indicator marking the regime of strong correlations
[21,27], where self-consistent perturbation theory ceases to be
applicable.

A. Vertex divergence lines in the phase diagram

In Fig. 5, we report the T -U phase diagram of the 2D
Hubbard model indicating the first divergence of the (matrix-
valued) irreducible vertex

	
α,β

ch → ∞
encountered by increasing U , starting from weak coupling,
comparing our CDMFT results with those obtained with other
techniques. We can immediately note that the first divergence
in the charge channel 	ch in CDMFT is occurring at system-
atically lower interaction values Ũ CDMFT(T ) (red solid line)
than the corresponding (single-site) DMFT results Ũ DMFT(T )
(black solid line). The respective Ũ 2×2(T ) and Ũ 1×1(T ) for
isolated Hubbard cluster/atom results are also reported, for
comparison, by red and black dashed lines.

While the observed systematic leftward shift of
Ũ CDMFT(T ) with respect to Ũ DMFT is consistent with sporadic
results (for specific datasets only) obtained in previous
DCA [17] and CDMFT [12] studies, the determination
of Ũ CDMFT(T ) on the whole phase diagram eventually
paves the way for a thorough investigation of the underlying
physical mechanisms controlling the vertex divergences in the
presence of spatial correlations. To this aim, we proceed now
with a systematic inspection of our finding in the different
temperature regimes.

At high temperatures T/t > 1, we find that the nonlocal
part of 	ch (as well as, in general, the relative contribution
of nonlocal correlations) is vanishingly small, so that our
cluster impurity reproduces essentially the local physics of
DMFT. Hence, at these temperatures, the associated break-
down of the self-consistent perturbative expansion, indicated
by the divergences of 	ch, occurs almost at the same inter-
action values in CDMFT and DMFT. The situation evidently
changes by reducing the temperature: While the overall shape
of the first divergence lines in DMFT and CDMFT appears to
be rather similar, the nonperturbative breakdowns of DMFT
and CDMFT do not coincide anymore for intermediate and
low temperatures (i.e., for T/t < 1). Here, the first vertex
divergence in CDMFT already occurs at significantly lower
interaction values with respect to the DMFT case Ũ CDMFT <

Ũ DMFT. Evidently, the systematic shift of the convex shape of
the first vertex divergence line in the phase diagram toward
lower interactions when increasing the impurity size from
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FIG. 5. Left: Location of the first vertex divergence line in the T -U phase diagram of the 2D Hubbard model, computed in CDMFT with
a Nc = 2 × 2 cluster (red continuous line), and DMFT [1] (black continuous line), compared to the corresponding results for a 2 × 2 isolated
Hubbard cluster (red dashed line) and the 1 × 1 Hubbard atom [1] (black dashed line). Red shading indicates the incoherent quasiparticle
regime (Inc. QP), turquoise the coherent quasiparticle (Coh. QP) one, and the white area the paramagnetically enforced (PM enf.) region,
below the Néel temperature of the cluster [48,49,77,78]. The gray shaded area gives the CDMFT metal-insulator coexistence region [79].
As comparison, the black × marker gives the divergence for CDMFT given for a single temperature in Ref. [12]. Middle: Close-up of the
divergence line of 	c with (red bold line) and without the nonlocal spin-transverse diagrams (orange dashed line). The black line indicates the
corresponding DMFT divergence line [1]. The vertical gray line indicates a temperature cut at U = 4.8t , for which thermodynamic quantities
are given in the right-hand-side plot. To the right of the divergence lines, we present the local spectral weight (bordeaux-colored × marker) and
the double occupancy D (◦ marker) on the upper and lower horizontal axes, while the vertical axis gives the temperature for comparability with
the phase diagram to the left. The dashed green line for D results form the Migdal formula [Eq. (32)], the gray, bold line from the generalized
response function and the orange dash-dotted line exclude the nonlocal spin-transverse diagrams. This is contrasted to an area of incoherent
quasiparticles in red shading; the red horizontal line indicates the location of the first divergence line of 	c, and the gray dotted line in the plot
indicates the Kondo temperature TK of CDMFT (see Appendix D).

DMFT to CDMFT indicates that nonlocal contributions play
now a significant role. These contributions will be analyzed in
detail in the following subsection.

By further reducing the temperature, the convex shape of
the divergence line displays a reentrance toward higher inter-
action values, qualitatively resembling the DMFT results [1],
where this behavior has been unambiguously ascribed [21,25]
to the onset of Kondo screening in the auxiliary Anderson
impurity model (AIM) of DMFT.

From a more quantitative point of view, we note that at
the lowest temperature available (T/t = 1/30), we find the
interaction value at which the first vertex divergence occurs
Ũ CDMFT to be considerably lower than the interaction value
U CDMFT

c1 , which marks the onset of the coexistence region
associated with the Mott MIT in CDMFT (gray shaded area).
This trend is qualitatively similar, mutatis mutandis, to the
corresponding results of DMFT, in spite of the opposite slope
of the DMFT coexistence region. We also remark that the
smallest interaction value min

T
[Ũ CDMFT(T )] for which an ir-

reducible vertex divergence occurs is at T/t ≈ 0.4, the peak
of the “belly” shape. Remarkably, at about this temperature,
the single-particle description of the CDMFT impurity cluster
changes from incoherent quasiparticles (QPs) (light red shad-
ing) to coherent quasiparticles (turquoise shading) [80].

Further insight into the breakdown of the perturbation
expansions beyond the short-range description of CDMFT
can be gained by comparing our CDMFT/DMFT find-
ings with the corresponding results for the isolated 2 × 2

plaquette-cluster/Hubbard atom. The location of the first ver-
tex divergences in the two latter cases has been thus reported
in our phase diagram of Fig. 5 with dashed lines [81].

Interestingly, the comparison of the results for the em-
bedded (CDMFT/DMFT) versus isolated (plaquette/Hubbard
atom (HA)) shows a reversed trend for the shift of the first
vertex divergence lines w.r.t. an increasing cluster size. In
particular, while the vertex divergences of embedded theories
occur systematically at lower interactions for an increased
cluster impurity size Ũ CDMFT � Ũ DMFT, the interaction values
of the vertex divergences in the isolated Hubbard cluster [82]
are always at larger interactions (red dashed line) with respect
to those of the atomic limit (black dashed line [1], i.e., 1 × 1
Hubbard cluster, Ũ 2×2 � Ũ 1×1).

Though apparently surprising, the opposite trend of the
embedded and isolated systems can be directly rationalized
in terms of fundamental physical considerations, on the basis
of which interesting insight can be gained even on the (still
unknown!) exact solution of the 2D Hubbard model. While
the specific location of the divergence is evidently dependent
on the cluster geometry (being the 2 × 2 plaquette a bit special
in this respect), the following considerations on the expected
trend for larger clusters should hold in general.

In particular, the observed (opposite) trends directly match
the corresponding charge-localization degree of the different
cases. In fact, increasing the cluster size in the embedding
methods reduces the delocalizing/itinerant effects associ-
ated with the auxiliary electronic bath, and, at the same
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time, enhances the electronic scattering, due to the inclusion
of (progressively longer-ranged) nonlocal correlations. This
determines, on the whole, a systematic reduction of the elec-
tronic mobility by larger cluster sizes.

At the same time, it is evident how, in the isolated systems,
the most localized situation is realized in the Hubbard atom,
and that, by increasing the system size, such a localization gets
progressively mitigated by the hopping processes within the
isolated clusters. This features a reversed localization trend
with respect to increasing cluster sizes. As the vertex diver-
gences are a direct manifestation of the charge localization
driven by the electronic scattering [8,21,25], the opposite lo-
calization trends of embedded/isolated calculations provide
a clear explanation for the different locations of the vertex
divergence lines in Fig. 5.

Performing two-particle calculations for large clusters is
certainly numerically highly demanding, but, based on the
above considerations, we are now in a position to qualita-
tively infer how the perturbative breakdown might appear
in the exact solution of the 2D Hubbard model, which is
equivalent to the location of the first divergence vertex line
in its T -U phase diagram. Indeed, the exact solution does
represent—per construction—the infinite cluster-size limit of
both isolated and embedded calculations. For these embedded
calculations, an increasing cluster size of (C)DMFT displays
a trend for the location of the divergences toward lower in-
teractions, giving a right bound of the thermodynamic limit
divergence line. In contrast, increasing the cluster size for
the isolated cluster calculations suggests a trend of the vertex
divergences shifting to lower temperatures and higher interac-
tions, namely, a bound from the left for the thermodynamic
limit line. Evidently, by increasing the cluster size of both
embedded and isolated cluster calculations, the possible lo-
cation area for the first divergence line of the exact solution
would progressively shrink. For the high temperature limit,
where local correlations will prevail even in the exact solution,
both the right bound of the CDMFT and the left bound of the
isolated calculations agree, and the thermodynamic limit ap-
proaches the DMFT solution. In the intermediate temperature
regime, when increasing the cluster size, the isolated cluster
divergence line is expected to move to higher interactions
and lower temperatures. However, in the perfect particle-hole
symmetric case considered here, the occurrence of a spectral
gap for arbitrarily small interactions in the zero-temperature
limit is known to take place [68,83,84]. Hence, due to the in-
sulating nature of the low-temperature regime, we expect that
all the isolated cluster solutions will feature divergence lines
starting from U =T =0. At the same time, for the embedded
calculations, a reentrance was observed in DMFT, associated
with the Kondo effect. This feature gets already significantly
reduced at the level of CDMFT-plaquette calculations and will
progressively disappear at low temperatures for large clusters
when approaching the antiferromagnetic gap at T = 0, which
appears at progressively smaller U values, by increasing the
cluster size, as discussed in the following.

On the basis of the discussed coincidence of these two lim-
iting cases, we can plausibly speculate that the first divergence
line of the exact solution will start from U =T =0, displaying
an exponential behavior for small values of U [68,85] due
to the (quasi)long-ranged AFM fluctuations associated with

the Mermin-Wagner theorem [86,87] at low temperatures and
the correspondingly gapped spectrum. Our considerations on
the qualitative shape of the first vertex divergence line in the
exact solution are also supported by the recent study [27]
of the vertex function in the AFM-ordered phase of DMFT
calculations (see Appendix E).

Before analyzing the thermodynamic behavior of the
CDMFT MIT in Sec. IV, we now discuss the diagrammatic
reason for the occurrence of divergences of 	ch at lower inter-
actions in CDMFT than in the DMFT case.

B. The role of nonlocal spin fluctuations

Let us now investigate in more detail the influence of
short-ranged nonlocal correlations on the breakdown of the
perturbation theory. We first mention that the intersite compo-
nents of 	 are diagrammatically directly related to the intersite
components of the self-energy [88]. These intersite compo-
nents of the self-energy mediate the spectral nodal antinodal
dichotomy for intermediate and strong coupling [66,89]. In
this respect, physical insight can be gained by taking a closer
look at spectral and thermodynamic quantities in the vicinity
of the first vertex divergence line.

In the rightmost panel of Fig. 5, the double occupancy
D is shown for a temperature cut for U = 4.8t , i.e., in the
close proximity to the location of the first divergence line
at intermediate T . D is calculated via the Galitskii-Migdal
formula [90]:

Epot = T

Nc

∑
νn

∑
ij

�ij(ν)Gji(ν),

D = Epot

U
, (32)

where Epot is the respective potential energy. This study is
enriched by the comparison with the on-site spectral function
[91] A(ω = 0) ≈ −Im G(iνn → 0+)/π .

Starting from high temperatures and progressively lower-
ing T , we first observe a reduction of the double occupancy D
down to T ≈ 0.6t—approximately at the temperature where
the first vertex divergence is encountered. While this behav-
ior of D can also be observed in the weak-coupling regime
[68,85,92], at our values of U it reflects an initial high-
T suppression of the on-site charge fluctuations due to the
(pre)formation of local moments [21].

Lowering the temperature further results, however, in an
enhancement of D, signaling a corresponding increase in
metallicity of the system. Similarly as in DMFT, this can
be ascribed to the screening of the local moment by cluster
degrees of freedom on the impurity and by the bath. In fact, at
temperatures below TK ≈ 0.2t (gray dotted line), we find that
the static magnetic on-site response χ ii

sp(ωm = 0) for CDMFT
exhibits a Kondo-like temperature dependence, similar to the
Anderson model [93] and to DMFT [21] (see Appendix D).
This indicates the progressive onset of screening of the cluster
impurity by bath electrons. This picture is coherent with the
observed behavior of the spectral function: The initial, weakly
linear T dependence of A(ω = 0) changes quantitatively by
entering the coherent QP regime T � 0.4t , consistent with
a marked increase of metallic coherence at low T . Hence,
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our analysis of the basic thermodynamic/spectral behavior
of the impurity cluster indicates that the overall temperature
behavior of the metallic coherence around the interaction val-
ues of the first vertex divergence Ũ CDMFT is similar to the
one in DMFT. This explains the qualitatively similar shape
of the first divergence line in CDMFT and DMFT, which
is in contrast to the difference in shape of the Mott MIT
in these techniques. However, the qualitatively remarkable
shift toward lower U values of the first vertex divergence
line at intermediate-to-low temperatures must evidently be
ascribed to the inclusion of short-ranged correlations within
the CDMFT cluster considered.

In order to quantify this effect, we extend our nonlocal
CDMFT case to the approach of Ref. [25], where the effects of
the local moment formation (and, especially, of the associated
on-site spin transverse dynamical fluctuations) on the charge
sector were investigated through a systematic SBE decompo-
sition of the purely local two-particle correlation functions.

More specifically, we note that, within CDMFT, nonlo-
cal correlations enter the corresponding cluster BSE in two

possibe ways, (1) implicitly, in internal diagrams of the two-
particle irreducible vertex ending on the same cluster site, 	iiii

ch ,
and (2) explicitly, from the nonlocal components 	

ijhl
ch . The

former, 	iiii
ch , might be regarded as an implicit renormalization

of the DMFT result, where only the on-site components are
considered, while the latter is an explicit step beyond the
DMFT approximation in the BSE. It is thus instructive to
ask, to what degree these nonlocal correlations are contribut-
ing to the correlated system, and specifically, to the shifted
shape of the cluster divergence line. Here, the real-space SBE
decomposition of the generalized susceptibility [94] presents
a valuable tool, which recent literature [25,95] employed to
underline the considerable importance of spin diagrams in
(C)DMFT.

In this context, we can compute the shift of the first vertex
divergence line location, which one would observe, when
manually switching off the contribution of nonlocal spin-
transverse SBE diagrams from the two-particle irreducible
vertex 	

ijhl
ch , as follows:

	
ijhl
ch =

⎧⎨
⎩

	
ijhl
ch , for i = j = h = l,

β2
[(

χαδ
ch − χ

αβ

0 ∇βγ

sp χ
γδ

0

)−1 − χ−1
0

]ijhl
, else,

(33)

where

∇βγ

sp = −3

2

(∑
mn

λmij
sp (ν ′ − ν, ν)wmn

sp (ν ′ − ν)λnhl
sp (ν ′ − ν, ν ′) + U

)
, (34)

and λ
mij
sp is the Hedin vertex, wmn

sp represents the bosonic prop-
agator in the spin channel (for details, see Appendix B 3) and
∇sp all single spin-transverse boson irreducible diagrams in
the charge channel [94] (except for the bare interaction). This
corresponds to a subtraction of the nonlocal spin-transverse
SBE diagrams of the generalized susceptibility before per-
forming the BSE to obtain the charge vertex 	ch.

The resulting “shift” of the divergence line is shown in
Fig. 5 as a yellow dot-dashed line. Two properties are note-
worthy: First, in the absence of nonlocal transversal spin
fluctuations, the divergence line hardly changes at high tem-
peratures 1© and below the Kondo temperature T < TK 3©.
Second, this contrasts the intermediate temperature regime
2© where the first vertex divergence occurs at considerably

higher interactions than the divergence of the “full” CDMFT
vertex at intermediate temperature, such that the prominent
“belly shape” characteristic of the vertex divergence line gets
considerably flattened out. This analysis clearly demonstrates
the significant role of short-ranged transverse spin fluctuations
in driving the vertex divergence line at intermediate tem-
peratures. The remaining discrepancy of the divergence line
location relative to the DMFT results can be attributed to non-
local correlations of type (a), i.e., nonlocal correlations most
likely consisting of spin transverse fluctuations, contributing
to the on-site vertex 	iiii

ch .
To summarize, in our more physical analysis of the

CDMFT vertex divergences (Ũ CDMFT in Fig. 5), we can

identify three regimes: 1© at high temperatures, Ũ CDMFT

almost coincides with the one of DMFT due to the predom-
inance of purely on-site correlations. At low temperatures
T <TK 3©, only the on-site vertex is relevant to CDMFT,
as the manipulated divergence line essentially agrees with
Ũ CDMFT. This implies that (nonlocal) antiferromagnetic spin
fluctuations of type (b) do not play a relevant role here
[96] as the vertex is dominated by its on-site part, yield-
ing a “renormalized DMFT” result. This, together with the
Kondo-like spin response, further supports the statement that,
in the lower temperature regime 3©, our impurity cluster is
effectively Kondo screened in the bath for T < TK . The most
important effect of spin transverse correlations is found, thus,
at intermediate temperatures 2©, where a considerable shift
of the divergence line is observed when turning off the non-
local spin transverse correlations. Finally, the significance
of these nonlocal short-range spin fluctuations of type (b)
becomes manifest when neglecting the former in our anal-
ysis of the thermodynamics. This leads to an increase of
the double occupancy in the intermediate temperature regime
(orange dash-dotted line), providing additional support of our
interpretation.

After having investigated how the breakdown of the
many-body perturbation theory is affected by short-ranged
fluctuations, we now perform our two-particle studies for
larger interaction values, namely, in highly nonperturbative
[24] regime, where the Mott MIT occurs in CDMFT.
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FIG. 6. (a) Interaction scan over the MIT of the double occupancy D and the uniform charge response χq=0
c for T = 0.066t . The gray

vertical line indicates the critical interaction Uc2 of the MIT. (b) The leading eigenvalues for the same interaction scan for q = (0, 0). The
analysis of the eigenvectors corresponding to the eigenvalues in panel (b) is given in panel (c) for Q = (0, 0) for the data point of U = 5.92t ,
short of Uc2. The corresponding charge responses on the reciprocal lattice are shown in panel (d). The axes of panels (b) and (d) are combined
left- and right-hand-side multi-indices of χq=0

c given by the reciprocal momentum vectors and fermionic frequencies K, ν and K′, ν ′.

IV. MOTT TRANSITION AT THE TWO-PARTICLE LEVEL:
CDMFT RESULTS

The consistent description of the first-order Mott MIT,
ending with a second-order critical end point, is notoriously
one of the main DMFT [45,46] successes. In its paramag-
netically restricted solution, for temperatures below a critical
temperature T < Tc, a first-order phase transition from a metal
to an insulator occurs at a critical local Coulomb interaction
value U DMFT

c2 due to purely local correlations. Via the quan-
tum cluster embedding of CDMFT [32,33,66], the real-space
cluster Green’s function acquires nonzero off-diagonal com-
ponents and, hence, includes nonlocal correlations, which lead
to a nodal/antinodal dichotomy in the single-particle spectrum
[66]. These nonlocal correlations result in the MIT, some-
what similar to the vertex divergences, being shifted to lower
interaction values U CDMFT

c2 < U DMFT
c2 [79]. Let us note that,

different from the vertex divergence lines, the low-T curvature
of the MIT line in CDMFT gets reversed with respect to
DMFT.

A. Leading instability at the CDMFT Mott transition

The thermodynamic first-order transition of the MIT can
be studied via the double occupancy D [Eq. (32)], which
corresponds to the first derivative D = (1/V )(∂�/∂U ) of the
Landau free energy � [26,97–99]. In Fig. 6(a), we follow D
(square markers) from the metallic solution, over the coexis-
tence region across the MIT, into the insulating regime via an
interaction scan for T = 1/15t < Tc ≈ 1/11t [79]. D displays
a discontinuous drop at the critical interaction Uc2 [99,100],
which is highlighted by a gray vertical line. This discontinuity
indicates the presence of the characteristic hysteresis region
associated with a first-order transition [46], which is delimited
by the two T -dependent values Uc1 and Uc2. By increasing the
temperature, this coexistence region gradually shrinks, termi-
nating in a second-order critical end point, where −∂D/∂U
diverges. Alternatively, the MIT can be identified from the
associated abrupt suppression of the static charge response
function χ

q=0
ch (ω=0) at Uc2, which is given for the half-filled

case in Fig. 6(a) as pentagon markers [101]. While the double

033093-10



NONPERTURBATIVE EFFECTS OF SHORT-RANGE … PHYSICAL REVIEW RESEARCH 8, 033093 (2026)

occupancy D is computed from the potential energy via the
Migdal-Galitskii formula, the lattice charge response is ob-
tained by integrating out the fermionic degrees of freedom of
the generalized charge reciprocal lattice susceptibility:

χ
q=0
ch = T 2

Nc

∑
K,K′

∑
ν,ν ′

χ
q=0
ch,KK′ (ω = 0, ν, ν ′), (35)

where a tail treatment for the fermionic Matsubara sum has
been performed [102]. For finite doping, the latter expression
shows, similar as −∂D/∂U , an actual divergence at the critical
end point of the transition, as is the case in DMFT [20,99,103].
However, for the unfrustrated model at half filling, the respec-
tive contribution to χ

q=0
ch (ω=0) vanishes due to the perfect

particle-hole symmetry [20,26,104], which we explicitly ver-
ified for CDMFT and discuss in the following.

Our two-particle analysis extends the results of DMFT
[20,26] by showing that also in CDMFT the divergences of
these response functions can be directly traced to the diver-
gence of a single eigenvalue of the generalized uniform charge
susceptibility. To identify such a critical eigenvalue λcrit for
the transition, we express the generalized lattice charge sus-
ceptibility in its orthonormal spectral representation:

χ
q=0,Q=0,αβ

ch =
∑

n

V n
α λnV

n
β , (38)

where V n
α is the respective eigenvector to the corresponding

eigenvalue λn, and α, β represent now multi-indices with re-
spect to fermionic frequencies and momenta K, K′. For the
generalized charge susceptibility at Q = (0, 0), the leading
eigenvalue is displayed in Fig. 6(b) in blue circle markers
for the interaction scan across the MIT. It is negative but
very small for interactions U � Uc2; however, it increases
significantly close to the MIT, displaying an almost divergent
behavior at Uc2.

Figure 6(c) displays the generalized charge response for
the reciprocal lattice at U = 5.92t , closely before the MIT,
which displays a predominant butterflylike structure simi-
lar for each momentum patch and which is antisymmetric
with respect to ν → −ν and ν → −ν ′. When comparing to
the span of the eigenvectors corresponding to the leading
eigenvalue λcrit in Fig. 6(d), we observe that this frequency
structure is associated with the instability. At the same time,
as anticipated from the vanishing physical charge response,
the antisymmetry of the frequency structure in the general-
ized charge response leads to a cancellation of the divergent
contribution when conducting the fermionic Matsubara sums,
similar as for the MIT in the DMFT [20]. We verified
that this does not hold anymore out of half filling, where
upon doping the eigenvalue generates a divergent contribu-
tion to the physical charge response. This cancellation does
not hold for the quantity −∂D/∂U , even at half filling, al-
lowing its systematic divergence at the critical MIT end
point.

From a more algorithmic perspective, it is worth stressing
the following: The divergent eigenvalue of the generalized
charge susceptibility as δG/δG−1 demonstrates that the sys-
tem is unstable toward an infinitesimal variation in the inverse
retarded fermionic propagator δG−1

0 at the MIT. Hence,
in (C)DMFT, in contrast to other iterative many-electron

approaches [16], the (in)stability condition of the corre-
sponding self-consistent algorithm can only originate from
thermodynamic (in)stability conditions [16,26,98,104–107].

B. Effective instability threshold

Beyond the general eigenvalue analysis as an indication
of a (potential) divergence of a thermodynamic response
of CDMFT, as discussed above, it is also of interest how
such divergences might be driven by the information en-
coded in the two-particle properties of the underlying cluster
impurity problem, extending the studies hitherto made at
the purely single-site DMFT level only. In CDMFT, strong
correlations, which render the thermodynamic lattice quanti-
ties unstable, originate from the self-consistently determined
impurity response and its relation to the underlying lattice.
They are connected via the real-space superlattice [Eqs. (11)
and (12)]:

χ
q,α,β

ch = ([
χ−1

ch

]α,β + [
χ

q,−1
0

]α,β − [
χ−1

0

]α,β)−1
(39)

= ([
χ−1

ch

]α,β + T t2
q

α,β
)−1

(40)

≈ ([
χ−1

ch

]α,β + T t2
eff,q

α,β
)−1

. (41)

The effect of the lattice onto the two-particle quantity can thus
be analyzed as the difference of the inverse lattice bubble and
the inverse impurity bubble t

2 α,β
q [26], for which, similar to

DMFT [28], a strong coupling approximation t
2 α,β

eff,q can be
found. Specifically, we can approximate the difference of the
inverse lattice bubble and the inverse impurity bubble as a
second-order expansion of the respective Green’s function in
the hopping matrix [Eq. (3)]:

t
2 α,β

eff,q := δνν ′

[
1

Nk

∑
k

εil
k ε

hj
k+q −

(
1

Nk

∑
k

εil
k

)(
1

Nk

∑
k

ε
hj
k

)]
.

(42)

As mentioned above, such an approximation is valid for the
strong coupling case, where the self-energy contribution is
large in comparison to the hopping term in the Green’s func-
tion. For details and derivations, see Appendix B 2.

Remarkably, while the quantity t2
q

α,β is, in general, a
frequency-dependent diagonal matrix in Matsubara frequency
space, its strong coupling approximation t

2 α,β

eff,q does no longer
depend on frequency. Evidently, this greatly simplifies the
investigation of the link between the eigenspectral properties
of the lattice and of the impurity system at the phase insta-
bility. In particular, as the lattice generalized susceptibility in
the proximity of the critical end point of the MIT is fully
dominated by the eigenvalue λcrit , we can approximate its
spectral representation in Eq. (38) as follows:

(
χ−1

ch + T t2
q=0

)−1 = χ
q=0
ch ≈ V critλcritV

crit,−1, (43)

where we omitted the multi-indices α, β for brevity. For an or-
thonormal basis, we study the effect of the impurity quantities
in the direction of the leading superlattice eigenvector. Specif-
ically, for a diverging λ∞λcrit(Uc2) and using the notation of
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FIG. 7. Left panel: Projections of eigenvalues of the impurity
charge response function onto the leading eigenvector of the lattice
charge response (gray) at Uc2. The largest contributing eigenvalue E1

of the impurity susceptibility is highlighted in blue, to which we can
associate the eigenvector X 1. The black line encodes the effects of
the inverse bubble difference t2

q=0, which serves as a threshold for the
divergence of the lattice charge response with the respective symme-
try. Right panel: The contribution in the direction of the dominant
eigenvector X 1 to the cluster-impurity charge response (blue dot) at
Uc2. We follow the closest eigenvector to X 1 of the impurity charge
response over the interaction X 1

U . The red arrow indicates the loca-
tion of the charge vertex divergence at this temperature T = 1/15t .
The black line gives the projected inverse bubble difference as a
threshold for the MIT and the gray dashed line is its strong coupling
approximation.

the scalar product 〈·, ·〉 [108], we can write [Eq. (43)]

0 = 1

λ∞
= 〈

V ∞,
(
χ−1

ch + T t2
q=0

)
V ∞〉

, (44)

which gives a necessary condition for the divergence of the
lattice charge response. Further, we can exploit the spectral
decomposition of the impurity susceptibility

χch =
∑

i

X iEiX
i,−1 (45)

and find

−T
〈
V ∞, t2

q=0V
∞〉 = 〈

V ∞, χ−1
ch V ∞〉

=
∑

i

〈V ∞, X i〉 1

Ei
〈X i,V ∞〉

=
∑

i

P∞(X i )
1

Ei
, (46)

where we introduced the projection P∞(X i ) of the eigen-
vector X i of the cluster-impurity charge susceptibility onto
the leading eigenvector of the lattice charge response V ∞.
The contributions of the right- and left-hand sides of this
equation, respectively, are displayed in the left plot of Fig. 7:
The gray line is a guide to the eye for the summands of
the right-hand side of Eq. (46), which are the eigenvalues
of the cluster-impurity charge response Ei projected to the
leading lattice eigenvector V ∞, in descending order. Their

sign is determined by the sign of the eigenvalues Ei of the
cluster-impurity charge response, and is negative. As it can be
readily seen, only one eigenvalue (i = 1) dominates, whereas
the second contribution (i = 2) is of marginal significance
and the remaining summands are basically vanishing. The
additional, crucial piece of information is provided, however,
by the projection of the inverse bubble difference t2

q=0 onto the
leading lattice eigenvector (black line). As stated in Eq. (43),
the lattice charge response diverges if both terms are equal,
which implies that at least one Ei must be negative at the MIT.

In order to quantitatively analyze the role played by the
relevant eigenvalue of the impurity charge response, and its
evolution as a function of interaction, we can invert Eq. (46).
This amounts to focusing on the contribution of E1:

−1
/(

T
〈
V ∞t2

q=0V
∞〉) ≈ E1/P∞(X 1), (47)

displayed in Fig. 7. Here, the black line defines the thresh-
old for the MIT from the inverse bubble difference t2

q=0
and the inverse dominant eigenvalue is again depicted as
a blue pentagon marker at Uc2. We follow the contribution
of the impurity charge eigenvectors projected onto V ∞ for
different interaction values, singling out for each interaction
value the respective impurity eigenvector X 1

U (green square
marker line), offering the largest overlap with the dominant
impurity eigenvector X 1

Uc2
at Uc2. We can observe that such

a contribution starts at positive values for low interactions,
displaying then a change in sign of its eigenvalue, indicated
by the red arrow at low interactions Ũ ≈ 4.77t . This change
of sign is evidently equivalent to the divergence of the irre-
ducible charge vertex discussed in Sec. III. When approaching
the MIT by further increasing the interaction value (U →
Uc2), the associated contribution decreases further toward
the negative instability threshold (black line) at the critical
interaction Uc2. Here, the strong coupling approximation of
the Bethe-Salpeter equation (gray dashed line) yields a fairly
good description of the instability threshold. Our calculations,
hence, exemplify also in CDMFT, that the evolution from
positive values (green line) at weak coupling to the negative
values at the instability threshold via a vertex divergence is
a necessary condition for the MIT instability. It is worth
noticing that this finding might have relevant implications
for the nonperturbative correlation-driven enhancement of the
electron-phonon scattering in two-dimensional strongly cor-
related systems [28].

C. Importance of spin diagrams to MIT

While we discussed the role played by the short-range
antiferromagnetic fluctuations for the nonperturbative ver-
tex divergence in Sec. III B, a recent real-space analysis for
CDMFT [95] argued that the nearest-neighboring spin-boson
diagrams are of crucial relevance for the one-particle spectral
properties of the MIT in the CDMFT. Motivated by this result,
we study here the impact of nonlocal spin fluctuations onto
the two-particle properties relevant for the Mott MIT, aiming
at an analysis of the real-space symmetry of the associated
instabilities on the superlattice cluster level. In particular, we
will now focus on the generalized charge susceptibility for
the superlattice at the MIT, before Fourier-transforming it to
the reciprocal lattice via Eq. (14). This quantity, shown in
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FIG. 8. Analysis of the real-space charge response on the reciprocal superlattice for the full 	c for the data point closest to the MIT on the
metallic side for T = 0.066t in panel (a). The inset shows the fully local component χ

q=0,0000
ch , highlighted in red. The blue box indicates the

fermionic next-neighbor distance. (b) The leading eigenvalues for the full vertex and the vertex modified in two ways: 	ch with all SBE spin
diagrams in the charge channel subtracted as in Eq. (33) and 	ch with missing SBE spin diagrams for nearest-neighbor distances, subtracted on
the level of the two-particle irreducible charge vertex. Panels (c) and (d) give the corresponding charge response on the reciprocal superlattice.
For panels (a), (c), and (d), the axes are combined left- and right-hand-side multi-indices of the real-space coordinates and fermionic frequencies
i, j, ν and h, l, ν ′ on a reduced grid size for ν, ν ′.

Fig. 8(a), contains all thermodynamic information discussed
in the previous section, but on the real-space level. In particu-
lar, we observe the following points:

(1) First, we focus on the real-space on-site index combi-
nation i, j = (0, 0) and h, l = (0, 0) in the top left-hand part
of the plot, highlighted in red. The butterflylike frequency
structure is also shown as a close-up in the inset, which
was found to diverge at the MIT in χ

Q=0
ch , is clearly visible.

This frequency structure shows up for all on-site contributions
i = j and h = l .

(2) Second, the yellow features at, e.g., i, j = (0, 1) and
h, l = (1, 0) and the corresponding blue features in the real-
space patch below i, j = (0, 2) and h, l = (1, 0) display
nearest-neighbor antisymmetry, highlighted by a blue box.

The leading eigenvalue of the corresponding full reciprocal
lattice generalized charge susceptibility is given in Fig. 8(b)
by the bar with the label “full.” In order to single out the
specific impact of nonlocal spin correlations, we now present
the leading eigenvalues of the lattice charge susceptibility,
which we again manipulate in two different ways: (1) we
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FIG. 9. Suppression of the uniform charge response at the MIT
for T = 1/15t for the full BSE scheme (red pentagon marker) and
without the nearest-neighbor SBE spin-transverse diagram in 	c

(blue + marker).

calculate via the modified vertex 	ch in Eq. (33) that we used
to analyze the nonlocal contributions to the vertex divergence,
a modified χ

q=0
ch [	ch] via the BSE, and (2) we subtract from

the full 	ch the nearest-neighbor sp-SBE diagrams to obtain
	ch w.o.nn, and then compute the lattice generalized suscepti-
bility χ

q=0
ch [	ch w.o.nn].

Evidently, in both cases, we do not find any longer a critical
(diverging) eigenvalue for Q = (0, 0), as indicated by the
vanishing blue bars in panel (b). The corresponding response
functions are shown in panels (c) and (d).

In addition, when performing the fermionic Matsubara sum
as discussed earlier, the physical charge response for this
manipulated charge vertex (Fig. 9) displays only a minor
suppression in contrast to the full one at the MIT, indicating
the crucial relevance of the nearest-neighbor spin diagrams for
the instability of the metal.

The debate whether spin singlet states [79] or a Slater-like
mechanism [109] drive the physics of the MIT can be refined
by explicitly considering our unequivocal demonstration
that nearest neighbor spin single-boson fluctuations drive
the thermodynamic instability observed in CDMFT. In
fact, their removal directly suppresses the emergence of
the charge instabilities associated with the Mott MIT in
the metallic phase. Our current results, therefore, extend
the recent diagrammatic analysis [95] that shows that
AFM spin fluctuations are at the origin of the insulating
fermionic Green’s function in CDMFT. The responsibility
of the same fluctuations for the vertex divergences, the
occurrence of which, at lower interactions than Uc2, we
found to be a necessary condition for the MIT, rules out a
purely weak coupling mechanism for the reduction of the
MIT’s critical interaction for this cluster size (Nc = 2 × 2).
Settling the debate whether the MIT in the thermodynamic
limit (Nc → ∞) is driven by a Slater mechanism, and
therefore long-ranged spin fluctuations (as argued in Refs.
[83,110]) or a non-Slater mechanism (as suggested in
Ref. [111]), would instead necessitate calculations at the
two-particle level with larger cluster sizes. Nonetheless, such

a future study, which goes well beyond the scope of this
article, might be aided by the
generalized considerations on the
divergence of the irreducible charge vertex we presented
in Sec. III to distinguish between a perturbative and a
nonperturbative nature of the metal-insulator crossover in the
thermodynamic limit.

V. CONCLUSION AND OUTLOOK

In our paper, we have presented a systematic two-
particle CDMFT investigation of how short-range correlations
drive the breakdown of self-consistent perturbation theory in
two-dimensional correlated systems, overcoming the purely
local picture of most preceding works.

To this aim, a general, self-contained derivation of the
Bethe-Salpeter formalism for CDMFT, necessary to com-
pute thermodynamic (and, in perspective) Kubo response
functions in all scattering sectors, has been explicitly pre-
sented. In this context, we have also been able to rig-
orously illustrate important properties related to the Ward
identities linking the CDMFT quantities to the one- and
two-particle level.

Our numerical results for the half-filled square lattice Hub-
bard model allowed for a thorough discussion of the first line,
where the irreducible vertex diverges, marking the breakdown
of perturbation theory. The CDMFT results have been put
in relation to those obtained in the purely local picture of
DMFT and have been interpreted in terms of a temperature-
dependent interplay between short-ranged spin fluctuations
(at intermediate T ) and on-site Kondo screening effects (at
low T ). Further, the comparison with two-particle calcula-
tions of isolated clusters has made possible a well-grounded
speculation on how the perturbative breakdown should occur
in the thermodynamic limit, i.e., for the exact solution of the
unfrustrated Hubbard model in two dimensions.

Our two-particle investigation has then been extended to
higher interaction values, where the Mott MIT occurs in
CDMFT. This has allowed us to highlight the specific role
played by the short-range transversal spin fluctuations in driv-
ing the thermodynamic instabilities associated with the MIT
in the charge sector, as well as to demonstrate the intrinsic
link of the Mott MIT to the preceding breakdown of the
perturbation theory, beyond the purely local description of
DMFT [20,26,104].

Our findings call for future studies of the impact of non-
local correlations over increasing spatial distances on the
perturbative breakdown in two dimensions. Perspectively, this
might further allow for a comparison with the foreseen trend
of nonperturbative effects toward the thermodynamic/exact
limit. Let us finally note that (2 × 2) CDMFT has been em-
ployed to study instabilities of the Hubbard model for a more
realistic parameter set, i.e., out of particle-hole symmetry, to
make connection to the phase diagram of high-temperature su-
perconductors such as cuprates [33,97,112–114]. Our method
provides the instabilities in an unbiased way and for all possi-
ble momentum symmetries, and therefore can help to further
unveil, on a fundamental level, the multifaceted interplay
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of nonlocal correlations (e.g., in the spin and charge sec-
tors [115,116] or multiorbital magnetism [117]), which are a
manifestation of the nonperturbative many-electron physics in
two dimensions.
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APPENDIX A: DEFINITION OF THE SINGLE-PARTICLE
GREEN’S FUNCTION

Our definition of the single-particle imaginary-time
Green’s function Gi j

σ (τ1, τ2)=−〈Tτ ciσ (τ1)c†
jσ (τ2)〉 matches

the literature of fundamental derivations of CDMFT, such as
Refs. [32,42] and the one of the TRIQS and TPRF libraries
[52,118], together with the Fourier transform [Eq. (C18)].
However, the imaginary time definition differs from the one
of Rohringer [70], who defines

Gji
σ,Rohr.(τ2, τ1) = 〈Tτ c†

jσ (τ2)ciσ (τ1)〉
= −〈Tτ ciσ (τ1)c†

jσ (τ2)〉 = Gij
σ (τ1, τ2). (A1)

The definition of the Fourier transform for creation and an-
nihilation operators, respectively, is equivalent in both cases.
Hence, since

1

β

∑
ν

Gji
σ,Rohr.(ν)eiν(τ2−τ1 ) = Gji

σ,Rohr.(τ2, τ1) = Gij
σ (τ1, τ2)

= 1

β

∑
ν

Gij(ν)eiν(τ2−τ1 ), (A2)

where the sign of the time arguments is consistent for both
sides of the equation in relation to creation or annihilation
operators. We hence formally obtain an index flip, which is
equivalent to a time inversion operation [cf. Eq. (2.94) of
Ref. [70]].

APPENDIX B: DEFINITIONS AND DERIVATIONS

1. Derivation of the particle-particle Bethe-Salpeter equation

For the numeric computation of the real-space BSE, a
matrix form is necessary. To obtain the particle-particle BSE
in this form as given in Sec. II, frequency and index shifts
are necessary, which we discuss here in detail. We define the
generalized susceptibility in the pp channel as [cf. Eq. (7) of
Ref. [62]]

χ
α|β
pp,σσ ′ (ω)χ ih|jl

pp,σσ ′|σσ ′ (ω, ν, ν ′)

=
∫ β

0
dτ1dτ2dτ3e−iν(τ1 )ei(ω−ν ′ )τ2 e−i(ω−ν)τ3

× [〈Tτ c†
i,σ (τ1)cj,σ (τ2)c†

h,σ ′ (τ3)cl,σ ′ (0)〉]
− βδ(ω − ν ′ − ν)Gji

σ (ν)Glh
σ ′ (ν ′), (B1)

where we use the notation “outgoing|incoming,” and
place the indices in the order of their appearance. The
generalized susceptibility can be expressed as Feynman
diagrams:

(B2)

where we switched the legs h and j relative to the ph notation
(in contrast to Rohringer [119]), resulting in a global minus
sign, and similarly we define the particle-particle transverse
channel:

χ
α|β
pp,σσ ′ (ω)χ ih|jl

pp,σσ ′|σ ′σ (ω, ν, ν ′)

=
∫ β

0
dτ1dτ2dτ3e−iν(τ1 )ei(ω−ν ′ )τ2 e−i(ω−ν)τ3

× [〈Tτ c†
i,σ (τ1)cj,σ ′ (τ2)c†

h,σ ′ (τ3)cl,σ (0)〉]
− βδσ,σ ′δ(ω − ν ′ − ν)Gjl

σ (ν)Glh
σ ′ (ν ′), (B3)

which results in the real-space crossing relation

χ
ih|jl
pp,σσ ′ (ω, ν, ν ′) − χ

ih|jl
0,pp,σσ ′ (ω, ν, ν ′)

= −χ
ih|lj
pp,σσ ′ (ω, ν, ω − ν ′) + δσσ ′χ

ih|lj
0,pp,σσ ′ (ω, ν, ω − ν ′)

× 	
ih|jl
pp,σσ ′ (ω, ν, ν ′) = −	

hi|jl
pp,σσ ′ (ω,ω − ν, ν ′). (B4)

The bubble part contained in the generalized susceptibility
reads

χ
ih|jl
0,pp,σσ ′ (ω, ν, ν ′) = −βδ(ν − ν ′)Gli

σ (ν)Gjh
σ ′ (ω − ν ′), (B5)

which is independent of σ, σ ′ for the SU(2) symmetric case.
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Following Eq. (B.22) of Ref. [70], the Bethe-Salpeter equa-
tion can then be written as

F ih|jl
pp,↑↓(ω, ν, ν ′) = 	

ih|jl
pp,↑↓(ω, ν, ν ′) − 1

β

×
∑

ν1,abmn

[
F ih|mn

pp (ω, ν, ω − ν1)

× χ
mn|ab
0,pp 	ba|jl

pp (ω, ν1, ν
′)
]
. (B6)

Employing the real-space crossing relation for F , we have

χ
go|ba
pp,σσ ′ = −χ

go|hi
0,pp F ih|mn

pp,σσ ′χ
nm|ba
0,pp + δσσ ′χ

go|ba
0,pp (B7)

and relabeling the indices leads to the real-space equivalent of
[Eq. (B.24) of Ref. [70]]

χ
ih|lj
pp,↑↓(ω, ν, ω − ν ′)

= − 1

β2

∑
ν1,ν2,abcd

[
χ

ih|ba
0,pp (ω, ν, ν1) − χ

ih|ab
pp,↑↓(ω, ν, ω − ν1)

]

× 	ab|dc
pp (ω, ν1, ω − ν2)χdc|jl

0,pp (ω, ν2, ν
′), (B8)

where the indices l, j have been exchanged relative to the
definition [Eq. (16)] due to the exploitation of crossing
relations [Eq. (19)]. This equation can be brought to ma-
trix form by switching the incoming legs χ̃

ih|jl
pp,↑↓(ω, ν, ν ′) =

χ
ih|lj
pp,↑↓(ω, ν, ω − ν ′). This results in the real-space equivalent

to Eq. (B.25) of Ref. [70]:

χ̃
ih|jl
pp,↑↓(ω, ν, ν ′)

= − 1

β2

∑
ν1,ν2,abcd

[
χ

ih|ba
0,pp (ω, ν, ν1) − χ̃ ih|ba

pp (ω, ν, ν1)
]

× 	̃ab|cd
pp (ω, ν1, ν2)χdc|jl

0,pp (ω, ν2, ν
′). (B9)

We now switch to multi-index notation, gathering

α = i, h, ν, β = a, b, ν1,

γ = d, c, ν2, δ = l, j, ν ′, (B10)

which results in

χ̃
α|δ
pp,↑↓ = − 1

β2

[
χ0,pp − χ̃α|β

pp

] × 	̃β|γ
pp χ

γ |δ
0,pp, (B11)

where repeated indices in this matrix equation are to be
summed over. A Feynman-diagrammatic illustration of this
equation can be found in Fig. 3. This matrix equation can then

be inverted similar to Eq. (B.26) of Ref. [70]:

	̃β|γ
pp = β2[(χ̃pp − χ0,pp)−1 + (χ0,pp)−1]β|γ . (B12)

The momentum-dependent pp response χ̃
q,α|δ
pp,↑↓ in CDMFT

can then be obtained from

χ̃
q,α|δ
pp,↑↓ = χ

q,α,β

0,pp + (
T 2	̃α,δ

pp − [
χ

q,α,β

0,pp

]−1)−1
. (B13)

2. Strong coupling expression for the cluster
Bethe-Salpeter equation

At strong coupling, when the dispersion relation ε
i j
k in the

denominator of the Green’s function Gi j
k (ν) becomes small

with respect to its self-energy �i j (ν) (or when iν becomes
large for ν → ±∞), the BSE can be brought into an approxi-
mate form (cf. the Supplemental Material of Ref. [28] for the
corresponding single-site DMFT expression)

χ
q,α,β

ch/sp = (
T 2	

α,β

ch/sp + [
χ

q,α,β

0

]−1)−1

= ([
χ

α,β

ch/sp

]−1 − [
χ

α,β

ch/sp,0

]−1 + [
χ

q,α,β

0

]−1)−1

≈ ([
χ

α,β

ch/sp

]−1 + T t
2 α,β

eff,q

)−1
. (B14)

Here, in the second line of Eq. (B14), we first inserted the
BSE for 	ch/sp on the cluster and then, in the third line, for the
strong coupling approximation we introduced

t
2 α,β

eff,q := δνν ′

[
1

Nk

∑
k

εil
k ε

hj
k+q −

(
1

Nk

∑
k

εil
k

)(
1

Nk

∑
k

ε
hj
k

)]
.

(B15)

This expression can be obtained in analog to the derivation in
the Supplemental Material of Ref. [28].

To see this, let us first introduce a compact matrix notation
on the cluster for convenience, for which the definitions of the
cluster and lattice bubble read [here, denoted with the tensor
product ⊗; cf. Eqs. (10) and (13)]

χ0 = −δνν ′

T

(
1

Nk

∑
k

Gk(ν)

)
⊗

(
1

Nk

∑
k

Gk(ν)

)
, (B16)

χ
q
0 = −δνν ′

T

1

Nk

∑
k

Gk(ν) ⊗ Gk+q(ν), (B17)

where

Gk(ν) = [ζν − εk]−1, (B18)

with ζν = (iν + μ)1 − �(ν). For strong coupling, we can
expand Gk(ν) in powers of εk up to second order:

Gk(ν) ≈ ζ−1
ν + ζ−1

ν εkζ
−1
ν + ζ−1

ν εkζ
−1
ν εkζ

−1
ν + · · · (B19)

for which the cluster and lattice bubbles become

χ0 ≈ − δνν ′

T

[
ζ−1

ν ⊗ ζ−1
ν + ζ−1

ν ⊗
(

1

Nk

∑
k

ζ−1
ν εkζ

−1
ν

)
+

(
1

Nk

∑
k

ζ−1
ν εkζ

−1
ν

)
⊗ ζ−1

ν +
(

1

Nk

∑
k

ζ−1
ν εkζ

−1
ν

)

⊗
(

1

Nk

∑
k

ζ−1
ν εkζ

−1
ν

)
+ ζ−1

ν ⊗
(

1

Nk

∑
k

ζ−1
ν εkζ

−1
ν εkζ

−1
ν

)
+

(
1

Nk

∑
k

ζ−1
ν εkζ

−1
ν εkζ

−1
ν

)
⊗ ζ−1

ν + · · ·
]

(B20)
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and

χ
q
0 ≈ − δνν ′

T

[
ζ−1

ν ⊗ ζ−1
ν + ζ−1

ν ⊗
(

1

Nk

∑
k
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In χ
q
0 , due to the periodicity of εk in the RBZ, in the first and fourth lines of Eq. (B21) we can shift the summation index by

k → k − q, since the corresponding terms depend on εk+q only. Hence, between Eqs. (B20) and (B21) only the third line differs.
Further expanding the inverses of the two bubble susceptibilities in powers of εk (up to second order) leads to
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Note that in difference to the single-site DMFT result [28], the sum over the RBZ (1/Nk )
∑

k εk in general does not vanish. For
the hopping matrix in Eq. (3), for (1/Nk )

∑
k → ∫ π/2

−π/2 d2k/π2, the expression reads

t2
eff,q = δνν ′t2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 ei2qx 0 0 0 0 ei2qy 0 0 0 0 0
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
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(B23)

3. Real-space single-boson exchange decomposition

To analyze the fluctuations on the impurity level, we em-
ploy the single-boson exchange decomposition for the full
vertex F [94] and the two-particle irreducible vertex [75]
for the real-space cluster quantities for the SU(2)-symmetric
case. To that end, we define the bosonic propagators as [120]

wmn
ch = Uδmn − U 2χmn

ch , wmn
sp = −Uδmn − U 2χmn

sp ,

w
m|n
sing = 2U

(
δmn − Uχ

m|n
sing

)
, (B24)

where χm|n
r represents the connected physical response func-

tion in the respective channel r, which can be obtained from
the generalized susceptibilities by integrating out all fermionic
frequencies and χ

m|n
sing = χ

m|n
pp,↑↑ − χ

m|n
pp,↑↓. Further, λr repre-

sents the Hedin vertex [121] in the respective channel, which
can be obtained from the corresponding fermion-boson re-
sponse function

χ3,bfe
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∑
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χ febb
r (ω, ν, ν ′) (B25)

by removing the fermionic and bosonic legs [95]

λ
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, (B26)

which have a high-frequency tail toward the value of 1. From
the decomposition of the two-particle irreducible vertex 	 in
momentum space [75], we can deduce the decomposition:
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with
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where r ∈ {sp, ch} and � contains all multiboson diagrams
and all the U -irreducible diagrams in the respective chan-
nel. For �, the bar indicates that the bosonic propagator is
transversal (vertical) in our convention. A comparison of the
vertex SBE decomposition to the BSE scheme can be found
in the benchmarking section [Appendix C 2]. Let us finally
note that λ can in the high-frequency limit for each channel be
approximated to λ ≈ 1, which for DMFT results in a decom-
position employed in Ref. [122] for the purpose of fluctuation
diagnostics.

APPENDIX C: BENCHMARKING, WARD IDENTITIES,
AND CONSISTENCY CHECKS

1. Benchmarking of the lattice response
to applied field calculations

We benchmark the BSE particle-hole calculations setting
the static AFM correlator

χq=0,Q=(π,π )
sp (ωm) = T 2

∑
νn,ν ′

n

χq=0,Q=(π,π )
sp (νn, ν

′
n, ωm) (C1)

into contrast to calculations with the linear response to an ap-
plied AFM field for different cluster sizes, namely, the 2 × 2
CDMFT, performed by us and DMFT and 8 × 8 CDMFT
from [68]. Both methods should yield the same result [67].
We find excellent agreement in Fig. 4 for both methods [123]
for the 2 × 2 CDMFT, and at high temperatures also for the
other cluster sizes. When approaching the lowest temperatures
T depicted 0.1t > T > TNéel, our 2 × 2-CDMFT calculations
display a slightly lower AFM response than DMFT and a
slightly higher AFM response than 8 × 8 CDMFT. This can
be explained by the reduction of TNéel with increased cluster
size in the particle-hole symmetric square lattice Hubbard
model [48,49] as the Mermin-Wagner theorem [86], which
is violated by mean-field theories such as (C)DMFT [46],
is gradually reconstituted when increasing the impurity size
toward the thermodynamic limit.

FIG. 10. Comparison between the two-particle irreducible ver-
tex and its SBE components [Eq. (B27)] for U = 1t, βt = 5, t ′ =
−0.25t , and n = 0.95 in each channel, where the multiboson dia-
grams are neglected.

2. Benchmarking of the two-particle irreducible
vertex � to the SBE

In the following, benchmarking plots of the Bethe-Salpeter
equations to the SBE decomposition of 	 (see Appendix B 3)
in the three channels Fig. 10 are presented in the weak cou-
pling U = 1t, βt = 5t , particle-hole asymmetric case t ′ =
−0.25t, n = 0.95. Here, all three SBE contributions are sig-
nificant, while the multiboson diagrams can be neglected.
Hence, good agreement to 	 obtained from the BSE scheme
is found.

3. Ward identities for real space

Ward identities relate lower-point correlation functions
with higher-order correlation functions by an equation of mo-
tion approach [71] and are therefore a formidable consistency
check. In the Hubbard model, spin and charge conservation
can be used to relate the self-energy to the full vertex F [72].
A Ward identity has been recently computed for the single
impurity Anderson model [74] and the DMFT [124] via the
operator formalism. Obtaining Ward identities for continuous
symmetries via the action principle is an established proce-
dure (see, e.g., Refs. [125,126]). We employ the time inversion
invariance of the Hubbard model action SHubbard to obtain
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real-space Ward identities for all three physical channels for
the correlation function and the irreducible quantities, without
the use of the Bethe-Salpeter equation. To that end, we define
SHubbard and the partition function Z [32] on arbitrary real-
space geometries

SHubbard[c, c] = −
∫

1′,2′

∑
σ

c1′σ G0−1

1′2′,σ c2′σ +
∫

1′
Un1′↑n1′↓,

Z =
∫

D[c, c]e−S, (C2)

where c1′ , c1′ represent independent, anitcommuting Grass-
mann numbers c1′c2′ = −c2′c1′ , where 1′ = (τ1′ , r1′ ) is a tuple
of imaginary time τ1′ and space r1′ variables and we em-
ploy the shorthand notation

∫
dτ1′dr1′ → ∫

1′ for readability.
In the course of this derivation, primed indices indicate
internal variables to be summed over, while nonprimed vari-
ables will later become external indices. We define the grand
potential

� = −T lnZ. (C3)

We define the Green’s function G12,σ and the generalized
susceptibility χ1234,σσ ′ in the particle-hole channel [62]

G12,σ = − δ�

δG0−1

21,σ

= 1

Z

∫
D[c, c]c2σ c1σ e−S

= −〈Tτ c1σ c†
2σ 〉,

χ1234,σσ ′ = δG21,σ

δG0−1

34,σ ′
= − δ2�

δG0−1

34,σ ′δG0−1

12,σ

= 1

Z

∫
D[c, c]c1σ c2σ c3σ ′c4σ ′e−S

− G21,σ

1

Z
δZ

δG0−1

34,σ ′

= 〈Tτ c†
1σ c2σ c†

3σ ′c4σ ′ 〉 − G21,σ G43,σ ′ , (C4)

where the disconnected contributions stem from the deriva-
tive of the partition function and we introduce the time-
ordering operator Tτ for the correlation functions. Let us
consider

δ(S − S j )

δc3↑
= −

∫
2′

G0−1

32′↑c2′↑ + Uc3↑n3↓ + j3↑,

δ(S − Sj )

δc3↑
=

∫
2′

c2′↑G0−1

2′3↑ − Uc3↑n3↓ − j3↑, (C5)

where fermionic sources j1, j1 have been introduced as

S j[c, c] =
∑

σ

∫
1′

j1′σ c1′σ + c1′σ j1′σ . (C6)

As Grassmann integrals are invariant under a linear shift of
the variables [125], we may again write

0 =
∫

D[c, c]
δ

δc3↑
e−S+S j . (C7)

Conducting a derivative with respect to the fermionic source
j3↑ and setting the sources to zero yields

0 =
∫

D[c, c]
δ2

δ j3↑δc3↑
e−S+S j ,

0
j→0=

∫
D[c, c]

(
−

∫
2′

G0−1

32′↑c2′↑c3↑ + Uc3↑c3↑n3↓ − 1

)
e−S

(C8)

from which we can obtain an identity [127] for the potential
energy∫

D[c, c]Un3↑n3↓e−S

=
∫

D[c, c]

(
−

∫
2′

G0−1

32′↑c2′↑c3↑ − 1

)
e−S, (C9)

and dividing by Z and switching to operator formalism results
in

〈Hpot〉 = 〈Un3↑n3↓〉 =
∫

2′
G0−1

32′↑G2′3↑ − 1. (C10)

Similar, from

0 =
∫

D[c, c]
δ2

δ j3↑δc3↑
e−S+S j , (C11)

one may obtain

〈Hpot〉 = 〈Un3↑n3↓〉 =
∫

2′
G32′↑G0−1

2′3↑ − 1. (C12)

By combining the two identities for the potential energy
[Eqs. (C10) and (C12)]

0 =
(∫

2′
G0−1

32′↑G2′3↑ −
∫

2′
G32′↑G0−1

2′3↑

)
, (C13)

and conducting the derivative δ/δG0−1

12,↑ via

δG0−1

2′3,↑
δG0−1

12,σ

= δ2′1δ32δ↑σ (C14)

yields a Ward identity on the imaginary space-time contour

G21,↑δ32δ↑σ − G21,↑δ31δ↑σ

=
∫

2′

(
χ1232′↑↑G0−1

32′,↑ − χ122′3↑↑G0−1

2′3,↑
)
. (C15)

A notion of time inversion symmetry. Before concluding the
discussion by conveying the Ward identity [Eq. (C15)] to the
Matsubara formalism, we want to stress that it is a manifesta-
tion of the time-inversion invariance of the system. Consider
that fermionic fields transform as ciσ → −c−iσ and ciσ →
c−iσ under the time inversion operator Tinversion [125]. While
the action is invariant under time inversion, the derivative
transforms as

δ2S

δ j1↑δc1↑
→ − δ2S

δ j−1↑δc−1↑
. (C16)

These derivatives were used to obtain the identities for the
potential energy [Eqs. (C10) and (C12)], only with positive
time arguments on the right-hand side. As the derivatives
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result in the potential energy of the system, which is invariant
under the time inversion symmetry, we can essentially find
above Ward identity by means of applying time inversion to
the functional derivatives.

A Ward identity in the Matsubara formalism. The inverse
Fourier transforms are defined as

Gijlh,σσ ′ (τ1, τ2, τ3, τ4) = 1

β3

∑
ων1ν2

Gijlh(ω, ν1, ν2)eiν1τ1

× e−i(ν1+ω)τ2 ei(ν2+ω)τ3 e−iν2τ4 ,

Glh,σ (τ3, τ4) = 1

β

∑
ν3

Glh(ν3)eiν3(τ4−τ3 ), (C17)

and hence, by employing
∫

dτe−iωτ = βδ(ω) for bosonic
Matsubara frequencies ω, one finds∫

dτ3

∑
l

Gijlh,σσ ′ (τ1, τ2, τ3, τ4)G0−1

lh,σ ′ (τ3, τ4)

= 1

β3

∑
l,ω,ν1,ν2

Gijlh,σσ ′ (ω, ν1, ν2)G0−1

lh,σ ′ (ν2 + ω)eiν1τ1

× e−i(ν1+ω)τ2 ei(ν2+ω)τ4 ,∫
dτ4

∑
l

Gijhl,σσ ′ (τ1, τ2, τ3, τ4)G0−1

hl,σ ′ (τ3, τ4)

= 1

β3

∑
l,ω,ν1,ν2

Gijhl,σσ ′ (ω, ν1, ν2)G0−1

hl,σ ′ (ν2)

× eiν1τ1 e−i(ν1+ω)τ2 ei(ν2+ω)τ3 , (C18)

where we split imaginary time arguments τ , and real-space
orbitals i, j, h, l, resulting in the Ward identity

Gji↑(ν)δjhδ↑σ − Gji↑(ν + ω)δihδ↑σ

= 1

β

∑
l

∑
ν ′

(
χijhlσ↑(ω, ν, ν ′)G0−1

hl,↑(ν ′)

− χijlhσ↑(ω, ν, ν ′)G0−1

lh,↑(ν ′ + ω)
)
. (C19)

As the left-hand part of the Ward identity vanishes for the spin
combination σ =↓ and it is trivially fulfilled. Hence, it holds
for χch/sp. For the particle-particle channel, the inverse four-
point Fourier transform reads

Gijlh,σσ ′ (τ1, τ2, τ3, τ4) = 1

β3

∑
ων1ν2

G̃il|hj(ω, ν1, ν2)eiν1τ1 e−iν2τ2

× ei(ω−ν)τ3 e−i(ω−ν2 )τ4 (C20)

resulting in∫
dτ3

∑
l

Gijlh,σσ ′ (τ1, τ2, τ3, τ4)G0−1

lh,σ ′ (τ3, τ4)

= 1

β3

∑
l,ω,ν1,ν2

G̃il|hj,σσ ′ (ω, ν1, ν2)G0−1

lh,σ ′ (ω − ν)eiν1τ1 e−iν2τ2

× ei(ν−ν2 )τ4 ,∫
dτ4

∑
l

Gijhl,σσ ′ (τ1, τ2, τ3, τ4)G0−1

hl,σ ′ (τ3, τ4)

= 1

β3

∑
l,ω,ν1,ν2

G̃ih|lj,σσ ′ (ω, ν1, ν2)G0−1

hl,σ ′ (ω − ν2)eiν1τ1

× e−iν2τ2 ei(ν−ν2 )τ4 , (C21)

where we observe that the bosonic frequency is not Fourier
transformed but rather eliminated by summation. By replacing
the full four-point function with the generalized susceptibility
in the particle-particle channel as the disconnected contribu-
tion does not contribute to the sum, the identity reads

Gji↑(ν)δjhδ↑σ − Gji↑(ν ′)δihδ↑σ

= 1

β

∑
l

∑
ω

(
χ̃ih|lj,σ↑(ω, ν, ν ′)G0−1

hl,↑(ω − ν ′)

− χ̃il|hj,σ↑(ω, ν, ν ′)G0−1

lh,↑(ω − ν)
)
, (C22)

which we checked to hold numerically for the strong coupling
case.

A ward identity for irreducible quantities from the ac-
tion formalism. Employing the Dyson equation G0−1

2′3 = �2′3 +
G−1

2′3 yields, for Eqs. (C10) and (C12), the Migdal-Galitskii
formula [90]

U 〈n3↑n3↓〉 =
∫

2′
�32′G2′3 =

∫
2′

G32′�2′3. (C23)

In analogy to the previous derivation, we perform the deriva-
tive δ/δG12,σ and employ the product rule to obtain

�23δ31δ↑σ − �31δ32δ↑σ =
∫

2′
	2′312G2′3 −

∫
2′

	32′12G32′ .

(C24)

Using real-space particle-hole crossing relations 	3412 =
	1234 yields

�23↑δ31δ↑σ − �31↑δ32δ↑σ =
∫

2′
	122′3↑σ G2′3

−
∫

2′
	1232′↑σ G32′ , (C25)

a Ward identity for the irreducible quantities � and
δ�2′3/δG12 = 	32′12 with the Fourier transform

�ji,↑(ν + ω)δihδ↑σ − �ji,↑(ν)δjhδ↑σ

= 1

β

∑
l

∑
ν ′

(	ijlhσ↑(ω, ν, ν ′)Glh,↑(ν ′ + ω)

− 	ijhlσ↑(ω, ν, ν ′)Ghl,↑(ν ′)). (C26)

We finalize by remarking that we were able to obtain the
same Ward identities by a real-space cavity construction for
CDMFT [32,128], similar to the procedure of Ref. [124] but
for CDMFT; however, the derivation is less compact. Further,
the Ward identities are perfectly fulfilled for the impurity gen-
eralized susceptibilities in all three channels and also for the
irreducible vertex in the ch/m channel in the strong coupling
case by our implementation.
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FIG. 11. Analysis of the low-temperature magnetic response.
The green lines give the on-site χ 0,0

sp , the next-neighbor χ 0,1
sp , and

the second-next-neighbor χ 0,2
sp magnetic response, while the red bold

line gives the universal Kondo behavior. The gray dotted vertical line
indicates the Kondo temperature TK = 0.14t .

APPENDIX D: CLUSTER KONDO TEMPERATURE

One established procedure to determine the Kondo tem-
perature (see, e.g., Refs. [21,93,129]), displayed in Fig. 11,
is to fit the universal magnetic response of the Kondo model
(red bold line), which displays a suppression of the magnetic
response, to the on-site impurity magnetic response function
T χ0,0

sp (ωm = 0). The necessary shift of the Kondo magnetic
response [93] on the temperature axis gives the Kondo temper-
ature TK , indicated by the gray dotted line. Below the Kondo
temperature, we find excellent agreement of the magnetic
response of our system to the Kondo magnetic response. A
detailed explanation of the procedure may be found in the
Supplemental Material of Ref. [21]. For the Hubbard model
considered, we estimated TK for each point in the (U, T ) plane
separately, since the respective self-consistently determined
impurity model changes with those parameters.

APPENDIX E: VERTEX DIVERGENCES
IN THE THERMODYNAMIC LIMIT AND

ANTIFERROMAGNETIC DMFT

Here, we discuss the link between our speculative consid-
erations about the vertex divergences in the thermodynamic
limit of the 2D Hubbard model at half filling presented in

FIG. 12. Phase diagram of the vertex divergences for the 1 × 1
DMFT (black solid line) and 2 × 2 CDMFT (red solid line) and their
respective isolated clusters (dashed lines). This is set into contrast
to the antiferromagnetic solution of DMFT [27], below the Neél
temperature TNéel, where (C)DMFT is paramagnetically enforced
(PM enf.). Note that TNéel (turquoise crosses) only differs slightly
in the two embedding theories. Below TNéel, AFM-DMFT (brown ◦
markers) displays both vertex divergences (solid line) and pseudodi-
vergences (dotted line). Sources of other lines as in Fig. 5.

Sec. III to the recent literature results on the vertex diver-
gences in the antiferromagnetically ordered phase of DMFT
[27] [see Fig. 12 (brown ◦ marker)], i.e., below its Néel
temperature. In contrast to (C)DMFT solutions, where the
paramagnetic phase is enforced, breaking the SU(2) symmetry
allows [15,27] for complex conjugate eigenvalues of the on-
site generalized susceptibilities even for perfect-particle-hole
symmetry. As a result, one does not observe true vertex diver-
gences in the Slater-AFM phase at weak coupling, but rather
exponentially shaped lines starting from U =T =0, where the
real part of one eigenvalue of the generalized particle-hole
(charge/longitudinal spin) susceptibility vanishes in the pres-
ence of a finite imaginary part (brown dotted line). On the
other hand, the absence of an actual SU(2)-symmetry breaking
in the quasi AFM-ordered regime of the exact solution of the
2D Hubbard model will render such eigenvalues real. Hence,
the (dotted brown) lines in the phase space will be transformed
back into true vertex divergence lines of the charge sector.
These, in the thermodynamic limit at lower interactions, will
display a similar shape as the brown dotted lines of Fig. 12,
yielding a qualitative picture of the perturbative breakdown in
2D, fully consistent with the considerations made in Sec. III.
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