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Electron pairing at low temperatures leads to superconductivity. A fundamental question is whether more
complex states—characterized by order in four-electron composite objects, termed electron quadrupling or
composite order—can exist in materials, and if so, under what conditions they emerge and what properties they
exhibit. These states lie beyond the scope of Bardeen-Cooper-Schrieffer theory, and a microscopic description
of them remained elusive. In the first part of the paper, we provide a general microscopic framework to describe
these and the other four-fermion composite states. In the second part of the paper, we derive and solve a specific
fermionic model in two and three dimensions that hosts time-reversal symmetry-breaking electron quadrupling
order. The fermionic microscopic theory is used to estimate the specific heat and electron density of states.
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I. INTRODUCTION

At a microscopic level, electron pairing and the resulting
superconducting state were described by the Bardeen-Cooper-
Schrieffer (BCS) theory [1–3]. The superconducting order
parameter is a composite of two electronic operators, which
we denote by f . Namely, it is given by some linear com-
bination of 〈 fx fy〉, where, in general, the indices x, y can
denote space coordinate, band, spin, etc. The frequently used
example is 〈 f↑α f↓α〉, where α is a band index and space
coordinate is omitted for brevity. Recent experiments [4–7]
on Ba1−xKxFe2As2 suggest the breaking of time-reversal sym-
metry (TRS) above the superconducting transition, which was
interpreted as the formation of a more complicated state of
matter than pairing. Namely, in this case, the order arises only
for fields composed of four electronic operators given by a
linear combination of 〈 f↑α f↓α f †

↓β f †
↑β〉. This naturally raises

the question of how to understand the microscopic physics of
such states in a general framework.

We emphasize that in general, the situation is more com-
plex: If one considers objects composed of four electronic
operators, a wide range of orders can be realized. In this
work, we start with a general model that allows different
four-fermion order parameters, breaking various symmetries,
such as linear combinations of 〈 fx fy fz fw〉 or 〈 fx fy f †

z f †
w〉.

That includes, e.g., composite orders with nontrivial spin or
nonlocal in space part; hence, in the first part of the pa-
per, when discussing the generic formalism, we keep the
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indices x,y,z,w in the most general form that goes beyond
the typical band indices. In the second part of the paper,
we specialize in the especially interesting case where TRS
is spontaneously broken, as a result of correlations between
pairs of electron pairs with the order parameter given by
the linear superposition of 〈 f↑α f↓α f †

↓β f †
↑β〉 corresponding to

the Z2 symmetry. Such a state involves order in the phase
differences between noncondensed electron pairs in different
bands (for a phenomenological description, see Refs. [8–10]).
This state possesses a number of unprecedented transport and
thermoelectric properties. In the classical-field-theory-based
Monte Carlo calculations [8–10], it forms at intermediate
temperatures, where at lower temperatures the system is a
superconductor that breaks TRS. As the system is heated, first,
a phase transition takes place at which the superconducting
order associated with bilinear order parameters 〈 f↑α f↓α〉 is
lost. However, in that scenario, the system retains order in
higher-electronic correlators that results in a state that breaks
TRS and is described by an order parameter given by the linear
combination of 〈 f↑α f↓α f †

↓β f †
↑β〉.

This type of order is impossible to describe within the
framework of BCS theory, since the relevant quantity is fourth
order in fermionic operators (hence termed quadrupling), and
the BCS framework for treating the interaction part of the
standard microscopic Hamiltonian would not be possible.

The previous theoretical demonstrations of such states
were based on phenomenological classical field theory—
Ginzburg-Landau or London models. Namely, the following
works considered the case where at low or zero temperature
the system is a superconductor [8–19] (for a brief review, see
Ref. [20]). Counterparts of this state in purely bosonic models
were studied in Refs. [21–25]. Within the BCS theory for
U (1) × Z2 [or some other, like U (1) × U (1)] superconduc-
tor, generically, the highest critical temperature is associated
with the superconducting transition or transition where the
system becomes superconducting, simultaneously breaking
additional symmetries. Namely, the other symmetries, such
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as time-reversal Z2, can only be broken at the same or lower
temperature TBTRS � TSC (here and below BTRS denotes bro-
ken time-reversal symmetry and SC - superconductivity), and
hence no composite order is possible within BCS theory
framework.

The previous works that proposed existence of compos-
ite order in superconducting systems relied on a two-step
approach. First step was deriving a BCS theory at low tem-
perature and Ginzburg-Landau or London field theory that
follows from that or introducing a phenomenological clas-
sical field theory of the superconducting state. Then, the
second step introduced fluctuation corrections to such a mean
field theory. Within this approach, it was shown that under
certain restrictive conditions, the sequence of the phase tran-
sitions as a function of temperature can change. For example,
a so-called s + is, s + id , or p + ip superconductor, which
breaks U (1) × Z2 symmetry at low temperature, can have
TSC < TBTRS [8–10]. In that case, the intermediate electron
quadrupling phase is described by a product of two classical
fields, hence, effectively by a four-electron order parame-
ter, given by the linear combination of 〈bxb†

y〉, where the
bosonic field b corresponds to a superposition of pairs of
electrons in different bands. In that construction, one can
make conclusions only on classical-field-theory aspects of the
electron quadrupling state. Similarly, a system with U (1) ×
U (1) symmetry can have an electron quadrupling state that
spontaneously breaks U (1) corresponding to a phase differ-
ence between the components. In that case, the corresponding
massless mode leads to dissipationless counterflow of the
components [11,12,15,19].

Fermionic properties of a physical state, such as the quasi-
particle spectrum, are crucial for understanding many of its
physical responses, like transport, thermal, ultrasound at-
tentuation, nuclear magnetic resonance, and thermoelectric
behavior of the material. The BCS theory successfully pro-
vided a microscopic framework to describe the fermionic
properties of superconductors. However, no microscopic
fermionic theory has been reported for states involving elec-
tron quadrupling. This paper presents such a theory.

II. GENERIC MODEL OF PAIR AND QUADRUPLE
CONDENSATES OF FERMIONS

We start from a generic model of interacting fermions
(represented by Grassmann numbers f ), which is given by the
action,

S f = Kxy f †
x fy + (vxyzw + Wxyzw ) f †

x f †
y fz fw, (1)

where repeated indices are summed/integrated over and in-
clude component (spin and band) index, imaginary time, and
real space coordinate (or frequency and momentum), such that
x = (σ, α, τ, r) (r is spatial coordinate that can be contin-
uous or discrete). Interaction is separated into two parts: v

is a pairing interaction that leads to superconductivity, and
the remaining part is W , which, for example, can corre-
spond to some repulsion. Namely, we choose them such that
when diagonalized in terms of pairs of fermions v (W ) will
have negative (positive) eigenvalues. We consider a generic
model that can have the standard form of interaction be-
tween fermions, such as Coulomb, electron-phonon, or other
type of interaction. Recall that the standard BCS mean-field

approximation does not permit quadrupling condensate. Nei-
ther can BCS approach be straightforwardly generalized to
one supporting quadrupling condensates in the model Eq. (1),
since this mean field should be quartic in fermionic fields f s.

We first perform a Hubbard-Stratonovich transformation,
which effectively lowers the number of fermionic fields in
the interaction term. We introduce auxiliary bosonic fields
b, represented by usual complex-valued numbers. The corre-
sponding boson is related to a pair of fermions. With this, we
obtain the following model:

S f b = Kxy f †
x fy + Exyb∗

xby + Vxyzb
∗
x fy fz + V ∗

xzybx f †
y f †

z

+ Wxyzw f †
x f †

y fz fw (2)

Alternatively, this model can also be viewed as a starting
point, and hence we will keep the general form of E and V .
Note that component indices for bosons are, in general, dif-
ferent from fermionic components. Here, we will consider the
Hermitian model [Eq. (2)], however, if Hubbard-Stratonovich
transformation is used for repulsive interaction terms, the
resulting auxiliary bosonic fields would not nucleate su-
perconductivity. Moreover, it would produce non-Hermitian
terms: In that case, V ∗ will not be a complex conjugate of V .

We introduce generic mean fields C, P, d, U, �, and sep-
arate action into S0 and correction δS. Such that S = S0 + δS
and S0 = S f

0 + Sb
0, with

S f b = Kxy f †
x fy + Exyb∗

xby + Vxyzb
∗
x fy fz + V ∗

xzybx f †
y f †

z

+ Wxyzw f †
x f †

y fz fw.

Sb
0 = (Exy + Cxy)b∗

xby + Pxyb∗
xb∗

y + P∗
xybxby + dxb∗

x + d∗
x bx

S f
0 = (Kxy + Uxy) f †

x fy + �xy f †
x f †

y + �∗
yx fx fy. (3)

Here, U mean field renormalizes the standard Green’s func-
tion for electrons and can, for example, describe a transition
to a ferromagnetic phase when it breaks the corresponding
symmetry.

The mean fields � introduce anomalous Green’s functions
and, when nonzero, signal a transition into a superconducting
state, as they break the U (1) symmetry. The conventional BCS
approach involves a nonzero � (and sometimes also a nonzero
U ) while neglecting other mean fields. The mean field denoted
by d is also associated with superconductivity; however, it can
be removed if another term is introduced into the expansion
(see Sec. I in the Supplemental Material [26] for details).

By P and C, we denote mean fields that correspond
to various, so-called, quadrupling (in fermions), sometimes
also termed composite or vestigial orders. That includes the
composite order stabilized by fluctuations; i.e., the electron
quadrupling condensates that arise from fluctuation-driven
partial restoration of symmetry of a superconducting con-
densate. Namely, nonzero values of P correspond to 4e
superconductivity, described by 〈 fx fy fz fw〉, since they signal
condensation of pairs of bosonic fields b, where each bosonic
particle relates to a pair of electrons. C mean fields lead
to renormalization of the bosonic propagators, and hence,
when they break corresponding symmetry, C fields can lead
to fermion quadrupling condensates of 〈 fx fy f †

z f †
w〉 type. In

the next section of this work, we will focus on the latter
quadrupling states.
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So, overall, the model presented here can account for mul-
tiple broken symmetries. Moreover, this approach also applies
to the description of condensates beyond four-electron order;
e.g., 6e, 8e, etc. Note that composite orders, characterized by
more than two fermionic operators, can be formed in different
ways. For example, quadrupling order given by 〈 fx fy f †

z f †
w〉

can be induced by preformed noncondensed electron pairs
fx fy, which break some higher symmetry due to correlation
between components (as we will see below). Alternatively,
one can imagine a different situation: A state with preformed
excitons fx f †

y , which then condense in pairs. Motivated by
recent experiments, we are interested in a quadrupling state
that can appears above superconducting phase transition,
and hence we focus on appropriate Hubbard-Stratonovich
transformation. For higher-order condensates, the number of
possibilities grows. One option for condensates of 2k order
in fermions is to separate the interaction ( f †)k f k (dropping
indices for brevity) into b( f †)k + b† f k with some auxiliary
field b. Then, one can study states that are defined by order
parameter quadratic in bs.

In order to properly define expansion in terms of δS,
we introduce auxiliary variable ξ such that S(ξ = 0) = S0

is quadratic in f and b, while S(ξ = 1) = S f b is the initial
physical model Eq. (2). Then, δS is given by

δS=ξVxyzb
∗
x fy fz + ξV ∗

xzybx f †
y f †

z + ξWxyzw f †
x f †

y fz fw −Cxyb∗
xby

− Pxyb∗
xb∗

y − P∗
xybxby − dxb∗

x − d∗
x bx − Uxy f †

x fy

− �xy f †
x f †

y − �∗
yx fx fy, (4)

where all the introduced mean fields (counterterms) are ex-
panded in powers of ξ up to desired orders. So, for example,
counterterms corresponding to fermion quadrupling orders are
given by Cxy = ∑N

i=1 ξ iCi
xy. We will call mean fields in δS

counterterms, where it is needed to distinguish them from the
mean fields in the S0. Note that there is actually much freedom
in defining such a model. Namely, the model can account for
various phases as well as it can be tuned to better capture some
particular phase: (1) prefactors for terms with V and W can be
different functions of ξ in general, (2) one can set some of the
mean fields to desired values (even to zero) and not solve for
them self-consistently, when, for example, given mean field
does not contribute to the phase transition of interest, and (3)
if it is related to other phases, higher order interaction terms
can be added, provided that they are zero for ξ = 0 and 1.
Overall, this approach of adding and subtracting terms in other
contexts is known as shifted action [27], while more generic
changes constitute the homotopic action formalism [28]. Both
of them are used in various problems to controllably evaluate
perturbative expansion in ξ using diagrammatic Monte Carlo
approach.

Note that one can, in principle, integrate out the auxil-
iary bosonic fields to go back to the fermionic model. This
would make the prefactors of terms quadratic and quartic in
fermionic operators nontrivial functions of ξ . Mainly, it would
correspond to interaction terms with some specific prefactors,
which are more complicated functions of ξ .

We will denote all the introduced mean fields:

MF = (
C1

xy,C2
xy, ...,CN

xy, P1
xy, ..., d1

x , ...
)
. (5)

The thermal average of any observable A can be computed as
a path integral:

〈A〉 =
∫
D[ f , f †, b, b∗]Ae−S

Z
, Z =

∫
D[ f , f †, b, b∗]e−S,

(6)

where Z is the partition function and one expands in powers of
ξ up to some order N to obtain connected Feynman diagrams,
which can be evaluated since S0 is quadratic in bosonic and
fermionic operators. Note that since bosonic fields are regu-
lar complex-valued fields, it is assumed that mean fields are
chosen such that corresponding Gaussian integrals converge.

We will use the following notation for propagators:

(7)

where 〈· · · 〉0 is thermal average as in Eq. (6) but with action
S0, while 〈· · · 〉00 = 〈· · · 〉0|d→0 and 〈· · · 〉∅ = 〈· · · 〉0|MF→0.
For the interaction vertices, we will adopt the convention that
subscripts x, y, z, ... of the vertex are enumerated clockwise in
the diagram.

The grand canonical potential is given by

	 = −T ln Z, (8)

where T is the temperature. All the mean fields MF are
found as extremums of the 	, which is often referred to as
the variational perturbation theory [29,30], meaning that they
satisfy the self-consistency equations:

δ	

δMF
= 0. (9)

This model provides a setup for calculations in generalized
mean-field approximation as well as numerical evaluation of
higher-order diagrams using diagrammatic Monte Carlo. In
the latter case, it is related to the variational approach used in
Ref. [31].

A. Alternative form of self-consistency equations and grand
canonical potential

The downside of the model at this point is that Eq. (9) is
rather complicated when evaluated. So, let us derive simpler
expressions for self-consistency Eq. (9) and grand canonical
potential Eq. (8). To that end, consider one of the mean fields,
denoted by α, and the corresponding bosonic or fermionic
fields prefactor, denoted A. Namely, S0 = · · · + αA with
α = ∑N

i=1 αi and δS = · · · − α′A with α′ = ∑N
i=1 ξ iα′

i , where
for the moment we will treat αi and counterterms α′

i as dif-
ferent variables and set αi = α′

i at the end of the calculation.
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Then, since

1

T

δ	

δαi
= 〈A〉, 1

T

δ	

δα′
i

= −ξ i〈A〉, (10)

self-consistency equations [Eq. (9)] corresponding to αi for
i = 1, ..., N are given by

1

T

δ	

δαi
+ 1

T

δ	

δα′
i

= 〈A〉 − ξ i〈A〉 = 0. (11)

Next, all expressions are to be expanded in powers of ξ up to
order N , such that

〈A〉 
 〈A〉N ≡ 〈A〉0 + ξ 〈A〉1 + · · · + ξN 〈A〉N . (12)

Since ξ i〈A〉 
 ξ i〈A〉N−i, self-consistency equations [Eq. (11)]
become

〈A〉i = 0, for i ∈ [1, N]. (13)

These equations are derived by expanding in powers of ξ and
then setting ξ = 1. The last step is needed to get back to the
physical model S f b [Eq. (2)].

Using Eq. (10) and expanding 	 = ∑N
i=0 ξ i	i, self-

consistency equations [Eq. (13)] become δ	i
δα

= 0. Since α

(distinct from α′ here) can be present only in propagators P,
defined in Eqs. (7) and (15), we obtain yet another alternative
expression for self-consistency equations:

δ	i

δP
= 0, for i ∈ [1, N], (14)

where

P = (Rxy, Txy, 
x, Gxy, Fxy). (15)

Finally, the self-consistency equations and grand canonical
potential can be further simplified by making use of skeleton
diagrams—diagrams that cannot be made disconnected by
cutting two fermionic or one or two bosonic lines.

First, we can deduce that counterterms, such as −ξ kα′
kA,

can cancel corresponding proper self-energy insertions when
calculating thermal averages of any observables or partition
function in diagrams to all orders. When expanding in powers
of ξ , the action in e−S , we will obtain all the interaction
and counter terms with prefactors 1/n! for some power n of
the corresponding term. Next, the calculation of the thermal
average using thermal Wick’s theorem will produce all the
possible thermal averages of pairs and singles of fields. Note
that accounting for all the permutations of terms, each dia-
gram will be encountered exactly n! times for each term to the
power n. This cancels the 1/n! prefactors. Hence, each coun-
terterm insertion can be factored out together with the same
proper self-energy term, and hence can cancel it everywhere.

This is also true for the simplest diagram with just
one counterterm: for a counterterm of order k that
would be the self-consistency equation 〈A〉k = 0 [Eq. (13)].
Hence, if self-consistency equations are satisfied, then
corresponding counterterms will cancel all the proper
self-energy insertions, meaning that all diagrams become
skeleton diagrams. It means that we can rewrite the self-
consistency equations [Eq. (14) or Eq. (13)] in the form
−αi + (ith order skeleton diagrams) = 0, where in skeleton
diagrams lower order counterterms were canceled by corre-
sponding proper self-energies.

Similarly, cancelation happens in grand canonical potential
	. In a skeleton version of the grand canonical potential
	s, we keep the counterterms only in the lowest order:
−ξ iT α′

i〈A〉0. So, we can replace the initial grand canonical po-
tential Eq. (8) with 	s, by keeping only skeleton diagrams in
the expansion. Corresponding self-consistency equations are
δ	s

i
δP = 0.

Note that after setting αi = α′
i and ξ = 1, the skeleton

grand canonical potential 	s depends only on the sum of
the mean fields α. We will denote these sums of mean fields
as MFs = (Cxy, Pxy, dx, Uxy, �xy). Moreover, since all
counterterms cancel with proper self-energies, the calcula-
tion of any observable also depends only on MFs. Whereas
self-consistency equations can be combined to produce equa-
tions only for MFs:

δ(	s − 	0)

δP
= 0, or equivalently

δ	s

δMFs
= 0. (16)

This reduces the number of variables, since now we can
keep track of only the sum of the mean fields given by
MFs. So, we can study the skeleton version of the model 	s

and self-consistency equations [Eq. (16)] instead of Eqs. (8)
and (9). The procedure is related to how Luttinger-Ward and
Baym-Kadanoff functionals are constructed in other contexts.

B. The model for quadrupling to normal state transition

Let us consider one of the simplest versions of the model
described above that can be used to describe normal and
quadrupling states. To that end, we discard the irrelevant mean
fields P, d,�,U . For later convenience, we also absorb the
simplest diagram with single W into the chemical potential
for fermions (this can also be viewed as setting U 1 equal to
this diagram). Then, expanding in powers of ξ and setting it
to one gives the skeleton grand canonical potential:

(17)

where we draw only some of the typical diagrams. The first
one is responsible for the usual BCS estimate for the transition
into the superconducting state. Second and third are higher
order in R corrections to it, which, along with many other (not
shown here) diagrams, lead to fluctuation corrections (due to
the pair propagator) to the transition. While the last two, as
explained below, are some of the diagrams that can lead to the
BTRS electron quadrupling state (also called BTRS quartic
metal).
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III. QUADRUPLING TRANSITION IN A MODEL WITH
DENSITY-DENSITY INTERACTION

In this section, we specialize in a concrete example, moti-
vated by Ba1−xKxFe2As2. At low temperature, the material is

superconducting with three dominant bands having approx-
imately equal gaps. We aim at simplifying the model, still
retaining certain key features. To that end, we will consider
a continuous model, in two and three dimensions with three
symmetric fermionic bands, given by the action:

S f =
∫

dτdr

⎡⎣ ∑
σ=↑,↓

3∑
α=1

f †
σα

(
∂τ − ∇2

2m
− μ

)
fσα +

3∑
α,β=1

⎛⎝ f †
↓α f †

↑αvαβ f↑β f↓β +
∑

σ,σ ′=↑,↓
f †
σα f †

σ ′βWαβ fσ ′β fσα

⎞⎠⎤⎦, (18)

where v is the interaction that leads to superconductivity and
W is a repulsive density-density interaction with diagonal
elements assumed to be absorbed in the definition of v, which
means we set Wαα = 0. Moreover, only the sum of W s will
contribute, so we put Wαβ = W > 0.

We fix the v interaction to vαα = −2λ/3 and
vα �=β = λ/3, with λ > 0 such that it is diagonalized by
vαβ = −λ

∑
a=1,2 e∗

aαeaβ , with e1α = (1, e2π i/3, e−2π i/3)/
√

3
and e2α = e∗

1α .
Note that for two degenerate eigenvalues −λ, there is free-

dom in the choice of corresponding eigenvectors. Moreover,
in general, there is freedom in how auxiliary bosonic fields b
are chosen: we can transform bx → Bxyby for some unitary
B. Based on these choices, TRS transformation is defined
differently. For example, when Vxyz (eaα in the current model)
is real, then TRS transformation corresponds to complex con-
jugation of all scalars in the action ( f and b fields are not
scalars). Hence, the state has TRS, if C, R ∈ Re (ignoring
other mean fields), and TRS is broken if they are complex. In
two component model, BTRS corresponds to C12 �= C∗

12 (same
for R), since C11,C22 ∈ Re always. In other words, BTRS is
interpreted as a state when the difference between phases of
different bosonic components is not 0 or π .

In this work, we chose another equivalent representation
where Vxyz (and hence eaα) are of some specific complex-
valued form. In this case, TRS transformation is given by
complex conjugation of all scalars and the swap b1 ↔ b2.
In a sense, this choice produces a diagonal representation
of TRS, since the model has TRS if C11 = C22, and TRS is
broken otherwise. So, overall this interaction produces two
symmetric bosonic components where one of them (for ex-
ample, R+ ≡ R11) corresponds to s + is state, while the other
(R− ≡ R22) to s − is. This means that in this representation
of a multicomponent superconducting state, when the compo-
nents are not equal, the TRS is broken. In other words, TRS is
broken when there is a different number of particles (electron
Cooper pairs) in the bosonic components related by time-
reversal operation. Note that here bosonic components are
different from electronic bands, and each bosonic component
is given by a linear superposition of electron pairs from differ-
ent bands. Speaking informally, there could be more “s + is
electron pairs” than “s − is pairs” or vice versa. We will see
below that this can also happen in a nonsuperconducting state,
without pairs being condensed (see Fig. 1 for a scheme of
the states present in this model). In this case, the flow of
electron charge is resistive, but TRS is broken, similarly to

the state suggested in Refs. [4,5]. It is termed composite order
or electron quadrupling since as a relevant order parameter,
one can use (denoting only component indices) 〈b∗

1b1 − b∗
2b2〉,

which is quadratic in bosonic fields, and each b corresponds
to a pair of electrons, hence the composite order parameter is
fourth order in fermions.

Consider the diagrams contributing to the generic expres-
sion for 	s [Eq. (17)]. Each bosonic propagator connecting
electronic lines of the bands α and β has terms propor-
tional to

∑
a e∗

aαeaβRaa. Hence, when the bands are the same
α = β, these terms depend only on R11 + R22 and cannot
produce a transition into the BTRS quadrupling state. On
the other hand, diagrams, like the last two in Eq. (17),
will have terms in which R connects also electronic lines
of different electronic bands, thus allowing the quadrupling
state. In fact, this type of diagram will produce nonzero
values of �−; see below in Eqs. (24) and (31), which is
needed to make a disbalance between the bosonic components
favorable.

We will now focus on considering this model in the rela-
tively weak-coupling limit given by

μ � ω f � TBCS � ωb, (19)

where μ is chemical potential, ω f sets the energy cutoff
for electrons near Fermi surface by | k2

2m − μ| � ω f and can
correspond to Debye frequency or some other cutoff scale;

TBCS = 2eγE ω f

π
e− 1

NF λ (where γE is Euler’s constant and NF

is density of states defined below) is used as a char-
acteristic temperature scale corresponding to what would
be the critical temperature in usual BCS approximation
for normal to superconducting states transition. The quan-
tity ωb = vF qm, where vF is the Fermi velocity and qm

is the maximal momentum of electronic pairs (bosonic
particles). So the ωb sets the cutoff for energies of elec-
tronic pairs by |vn|, |vF q| � ωb, where vn = 2πT n is bosonic
Matsubara frequency. The last inequality in Eq. (19) cor-
responds to the so-called static approximation since it sets
vn 
 0 (it can be replaced by ω f � ωb in the nonstatic
approximation).

Below, we will use the following rescaled parameters:

f = ω f

μ
, h = TBCS

ω f
, s = ωb

TBCS
,

w = NFW, t = T

TBCS
, (20)
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FIG. 1. Cartoon of different states in the studied system. Orange (blue) colored disks denote s + is (s − is) Cooper pairs, with arrow
schematically indicating corresponding phase [0, 2π ]. Going from right (high temperature) to left (low temperature), we depict the following
states: (T ∗ ≈ TBCS < T ) normal metal with very few preformed Cooper pairs with uncorrelated phases and an equal number of s ± is pairs
(here TBCS should be understood as a characteristic temperature scale, not a temperature of a phase transition); (TBTRS < T < T ∗) resistive
metal but with stronger local ordering effects and an increased, but still equal number of preformed s ± is pairs; (TSC < T < TBTRS) BTRS
electron quadrupling state where symmetry between the number of s ± is pairs is spontaneously broken—meaning that there is a different
number of s + is and s − is pairs, while superconducting phases are still uncorrelated on a long-range scale. This corresponds to onset of
nonzero order parameter quartic in electronic fields 〈 f↑α f↓α f †

↓β f †
↑β〉. (T < TSC) BTRS superconductor—phases become ordered, symmetry

between s ± is pairs remains spontaneously broken.

where in 2D NF = kF
2πvF

and in 3D NF = k2
F

2π2vF
is the den-

sity of states at the Fermi level of free electrons per band
and spin and the parameters are assumed to be small,
while t 
 1. To keep the model convergent, we assume that
w < min( 1

2 , (2 ln 2eγE

πht )−1). The first bound ensures that the
system does not transition to an excitonic state for too large
and positive w, while the second ensures that the series in w

does not diverge due to the transition to a superconducting
state for negative w at that value.

Then the skeleton grand canonical potential is obtained as
described in the previous section by expanding in powers of ξ

up to sixth order:

	s

V
= T

∫
dq

(2π )2
Tr[ln R̃−1(q) − C(q)R̃(q)]

+ T

V
(D1 + D2 + D3), (21)

where V is the volume of the system, the trace Tr is over
bosonic components 1, 2, R̃ is a pair propagator in momen-
tum space obtained from (R−1)ab = δabr−1

a + Cab, with ra = λ

and Di are diagrams is order in R. In this model, normal
state corresponds to parameters when local minima of the
energy function Eq. (21) are R̃11 = R̃22 < +∞, while elec-
tron quadrupling BTRS state is given by finite R̃11 �= R̃22,
which spontaneously breaks the corresponding Z2 symmetry
(equivalently it can be written in terms of Cab). Transition to
superconducting state happens when local minima disappear
and hence R̃aa(0) → +∞.

To solve the model in Eq. (21) in the Eq. (19) limit
described above, we expand in powers of momenta q < qm

of the pair propagators R̃ and neglect them compared to the
momenta of electrons (which is of order Fermi momenta kF )
in diagrams of higher order. Next, terms D1, which are first
order in Rab (they are proportional to δab) are absorbed into
the Cab and hence Rab, such that (R̃−1)ab = NF (εab + δabηq2),
where εab = δabε + Cab/NF and parameters are defined below

in the following subsections, and we assume that new Cab are
constant in momentum.

In general, εab are represented by a 2 × 2 Hermitian matrix.
However, as shown in Sec. II in the Supplemental Material
[26], in the current model, with equal bosonic components,
off-diagonal terms are zero in the minimum of the grand
canonical potential. So in the following (sub)sections we
will consider only diagonal ε+ ≡ ε11, ε− ≡ ε22 (and
corresponding R±).

A. 2D system

We begin by considering a two-dimensional case. As is
well known in two dimensions, one needs to carefully treat
vortex excitations [32,33]. Furthermore, for s + is systems,
there are principal differences compared to usual Berezinskii-
Kosterlitz-Thouless that were considered at the level of Monte
Carlo classical field theory in Refs. [8,34]. Here, our main
focus will be on the state that breaks Z2 symmetry above
the superconducting phase transition and hence has a gen-
uine long-range order. To address that, we will instead use
a simpler approximate approach, based on a modification of
mean field theory. Overall, we rescale the model and intro-
duce variables L±, which are rescaled bosonic (electron pair)
propagators averaged over momenta (or at r = 0 equivalently)
so that they are proportional to a number of particles in a given
bosonic component:

L± = 4πηNF

∫
dq

(2π )2
R̃± = ln

(
1 + κ

ε±

)
,

η = 7ζ3v
2
F

2(4πT )2
, κ = q2

mη = 7ζ3s2

2(4πt )2
, (22)

where ζi is Riemann zeta function. While expression for ε is

ε = ln t + f hs2w2

4t

(
P2 + P3w + P4w

2
)
, (23)
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FIG. 2. The plot of the rescaled number of electron pairs L+, L−
in the two bosonic components at local minima of the energy func-
tion Eq. (24) as a function of temperature T in 2D system for
f = h = s = 0.2 and different values of the density-density interac-
tion w. Note that as the temperature is decreased at T ∗ 
 TBCS , Ls
increase greatly, which signals the preformation of Cooper pairs. A
single minimum corresponds to a normal state while splitting into
two minima to a BTRS quadrupling state. For temperatures smaller
than shown on the plot, minima disappear and L goes to +∞, which
corresponds to the superconducting state. When the density-density
interaction w is small enough quadrupling state disappears. So for
w = 0.2, we have the following phases: superconducting for t <

tSC 
 0.783, quadrupling for tSC < t < tBTRS 
 0.828, and normal
for t > tBTRS. Cooper pairs are preformed for t < t∗ 
 1.

where Pi are numerical coefficients that are functions of
ω f

T = 1
ht and defined in Sec. III in the Supplemental Material

[26].
Then, the model Eq. (21) transforms into

	̄ ≡ 	s 4πη

TV
=

∑
a=±

	̄0
a + �2(L+ + L−)2 − �−(L+ − L−)2

− �3(L+ + L−)3,

with 	̄0
± = κ (ln κ − 1) + (ε + κ )L± − κ ln(eL± − 1), (24)

where other parameters are given by

�2 = f ht

3
− 2P+(π f hsw)2

7ζ3
, �3 = 31ζ5( f ht )2

147ζ 2
3

,

�− = 2P−(π f hsw)2

7ζ3
, (25)

P± parameters are defined in Sec. III in the Supplemental
Material [26]. Note that parameters κ,�i,�− > 0.

Let us study the model Eq. (24). 	̄ always diverges to −∞
for L± → +∞. However, for sufficiently large temperatures,
there is one or two local minima. We interpret the state with
one minimum as a normal, the state with two minima as
quadrupling, and the state with none as a superconducting
state (see Fig. 2 for details). Note that the transition to a
superconducting state is given by L± → ∞ or equivalently
ε± → 0 for one or both components.

As a side note, if one takes into account only the quadratic
�2 term, then the model always has a minimum, and hence
there would be no transition to the superconducting state.

Now, let us consider some properties of these minima.
First, we will consider the case without the BTRS state
with a single transition from the normal to the superconduct-
ing state. In normal state, single minimum corresponds to
L+ = L− = L0, which is found from d	̄

dL0
= 0 by

L0 =
�2 −

√
�2

2 + 3�3
(
ε − κ

eL0 −1

)
6�3

. (26)

When the temperature is decreased, the expression under the
square root decreases, and at some point changes sign to
negative. This temperature TSC ≡ tSCTBCS corresponds to the
transition from the normal to the superconducting state. This
transition is suppressed by fluctuations relative to the BCS
mean-field value, TBCS. For large L0 and small w, it can be

estimated from εSC 
 − �2
2

3�3
and ε 
 ln t , which gives

tSC 
 exp

(
− (7ζ3)2

279ζ5

)

 0.783. (27)

Turns out that this estimate stays close to numerical solution
even for larger w and for the transition from quadrupling to a
superconducting state.

Using Eq. (26), we also obtain the maximal value that L0

can have in the normal state:

Lmax
0 = �2

6�3

∣∣∣∣
t→tSC

. (28)

Next, we can expand energy functional Eq. (24)
around the symmetric solution L0, which gives the
smallest term proportional to Ls difference equal to

( L+−L−
2 )

2
(−4�− + κ

(2 sinh(L0/2))2 ). Hence, the system tran-
sitions from normal to BTRS quadrupling state when
L0 > LBTRS

0 :

LBTRS
0 = ln

(
κ + 8�− + √

κ (κ + 16�−)

8�−

)
. (29)

So, there is a BTRS quadrupling state between normal and
superconducting states if Lmax

0 > LBTRS
0 or, in other words, if

�− > �min
− ,

�min
− = κ(

4 sinh �2
12�3

∣∣
t→tSC

)2 . (30)

It means that in Eq. (24) the term proportional to �− is respon-
sible for the formation of the quadrupling state in this model.
Moreover, �− ∝ w2 and, hence, Eq. (30) also defines the
minimal value of density-density interaction wmin that leads
to the quadrupling phase in this model. Since �2

12�3

 0.184

f ht

deep in Eq. (19) limit both �min
− and wmin are exponentially

small and proportional to e− 0.367
f ht . See Fig. 3 for a plot of critical

temperatures for different w.
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FIG. 3. The plot of critical temperatures for transitions into
BTRS quadrupling and superconducting states as a function of
density-density interaction strength w for f = h = s = 0.2. Note
that for sufficiently small w quadrupling phase disappears in this
model.

B. 3D system

Now we consider a three-dimensional system. In 3D, the
rescaled skeleton grand canonical potential is given by

	̄ ≡ 	s 6π2η3/2

TV
=

∑
a=±

	̄0
a + �2(L+ + L−)2

− �−(L+ − L−)2 − �3(L+ + L−)3,

with 	̄0
± = κ3/2(ln (ε± + κ ) − 2/3) − √

κ (ε± − 3ε)L±,

(31)

where La again corresponds to the rescaled number of electron
pairs in a bosonic component a, ε± = ε + C±/NF , and the
parameters are defined by

L± = 2π2η3/2NF√
κ

∫
dq

(2π )3
R̃± = 1 −

√
ε±
κ

arctan
√

κ

ε±
,

η = 7ζ3v
2
F

3(4πT )2
, κ = q2

mη = 7ζ3s2

3(4πt )2
,

ε = ln t + f 2h2s3w2

12t
(P2 + P3w + P4w

2),

�2 = ( f hs)2√21ζ3

8π
−

√
3

7ζ3

πP+ f 4h4s5w2

4t
,

�3 = 93ζ5

√
3 f 4h4s3t

112πζ
3/2
3

√
7

, �− =
√

3

7ζ3

πP− f 4h4s5w2

4t
. (32)

Note that in this case, L± ∈ [0, 1] for ε± ∈ (+∞, 0] and
hence the 	̄, Eq. (31), does not diverge to −∞. Then, normal
state corresponds to a single global minimum of 	̄ at ε+ = ε−
(or equivalently L+ = L−). While BTRS quadrupling state
appears when there are two global minima with ε+ �= ε−. The
system transitions into a superconducting state when energy
is minimized for ε± = 0 (for one or both components). See
Fig. 4 for a plot of such a transition. For the 3D model con-
sidered here, in the relatively weak-coupling limit Eq. (19),
the quadrupling state appears only for a very narrow range

FIG. 4. The plot of the rescaled number of electron pairs L+, L−
in the two bosonic components at global minima of the energy
function Eq. (24) as a function of temperature T in a 3D system
for f = h = s = 0.5 and w = 0.4. A single minimum corresponds
to a normal state, while splitting into two minima to a BTRS
quadrupling state. Note that when L± = 1, we get ε± = 0 and
hence the system transitions to a superconducting state for lower
temperatures. So in this case, we have the following phases: super-
conducting for t < tSC 
 0.945 742 354, quadrupling for tSC < t <

tBTRS 
 0.945 742 735, and normal for t > tBTRS. Cooper pairs are
preformed (L± are increased) for t < t∗ 
 1.

of temperatures. Indeed, in this model, the size of this state
on the phase diagram should be negligible/vanish in the BCS
limit. Hence, we plot all the quantities somewhat away from
that limit. We have verified that ε+ �= ε− solutions are indeed
minima by analytically expanding near the minimum and
numerically by the second partial derivative test.

If density-density interaction is sufficiently small, there
is no quadrupling state in this model. In that case, the sys-
tem transitions into superconducting from the normal state at
ε+ = ε− = 0 and hence

ε = εSC = −4(�2 − 3�3)

3
√

κ
. (33)

In this case, TSC → TBTRS in Eq. (19) limit. Thus, in this limit
quadrupling phase becomes very narrow in temperature since
it needs an increased pair propagator.

The developed theory allows calculations of properties that
were inaccessible in the previous classical-field-theory-based
approaches. Below we give two example calculations.

IV. SPECIFIC HEAT

The previous classical Monte Carlo calculations assessed
contributions of BTRS transition to specific heat, relative to
superconducting transition in a London model [5]. For the
interpretation of experiments, it is crucially important to esti-
mate the size of this feature, beyond phase-only models, e.g.,
relative to the nonsingular contribution associated with local
pair-formation crossover. We calculate the specific heat due to
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FIG. 5. The plot of the rescaled specific heat due to electron pair
propagators as a function of temperature for (top) 2D model with
f = h = s = 0.2 and w = 0.2, (bottom) 3D model with f = h =
s = 0.5 and w = 0.4. Full-scale plots and magnified part at TBTRS

are presented. As the temperature is lowered, the specific heat is
increased due to preformed Cooper pairs at T ∗. At the onset of
the quadrupling state TBTRS, there is a jump. At least in the weak-
coupling models that are considered, the feature at the quadrupling
transition is quite small relative to the dominant contribution arising
from preformed electron pairs.

the change in electron pair propagators by

�Ch = −T
∂2	s

∂T 2
, (34)

which results in the following plots for 2D and 3D systems
(Fig. 5).

Note that in a full critical theory of a Z2 transition, mean-
field jumps are converted to a singularity. Nevertheless, the
above calculation suggests that, at least in the moderately
weak-coupling limit, the specific heat feature at the qua-
drupling transition is quite small relative to the nonsingular
background associated with pairing crossover. This obser-
vation is natural, since here quadrupling is associated with
establishing coherence of a number of noncondensed elec-
tron pairs in different components and hence should be much
smaller compared to a specific heat jump arising in BCS mod-
els. Note that experiments on Ba1−xKxFe2As2 also reported
an extremely small feature at the suggested BTRS transition
relative to a nonsingular background associated with pair
formation crossover [4,5].

V. DENSITY OF STATES

Many responses of a system are determined by the density
of states (DOS) at the Fermi level. Let us calculate the change
δN due to the increase of the pair propagator as a function of
energy E :

δN (E ) = − 1

π
Im

∑
σα

∫
dk

(2π )d
δG̃σα (E + i0+, k), (35)

where δG̃σα (iωn, k) is an expansion of a Matsubara frequency
and momentum space Green’s function to nonzero orders in
the pair propagator. In this work, we will use only the lowest
order in R, which gives the following estimate for total DOS,
δN = δN+ + δN− for 2D:

δN±(E )

6NF
= − f ht

3ε±
D2

⎛⎝E

T

√
7ζ3

8π2ε±

⎞⎠,

D2(x) =
(

1

1 + x2
− x ln[x + √

1 + x2]

(1 + x2)3/2

)
, (36)

and for 3D:

δN±(E )

6NF
= −4c3/2( f ht )2

3
D±

3

(
E

T

π

8

)
,

D±
3 (x) = Re

1

(ε± − ix +√
ε±(c − 2ix + ε±))

√
c − 2ix + ε±

,

with c = 3π4

112ζ3
, (37)

where we normalize to 6NF since electrons have two spins and
three bands. These formulas give an estimate of the leading
contribution to DOS for small ε± and E/TBCS. Analogous
estimates for the single-component case can be found in Ref.
[35]. See Fig. 6 for plots of the resulting DOS as a function of
energy for 2D and 3D models.

We also consider how the change in DOS at the Fermi level
depends on temperature. It is given in 2D by

δN (0)

6NF
= −

∑
a

f ht

3εa
, (38)

and in 3D by

δN (0)

6NF
= −4c3/2( f ht )2

3

∑
a

1

(εa + √
εa(c + εa))

√
c + εa

.

(39)

For the resulting plots, see Fig. 7. In the normal state, the rate
of change with temperature of this DOS is set by L+ = L− as
a function of temperature. When the system transitions into
the BTRS state, DOS at zero energy will be dominated by the
component with a larger La, and hence its rate of change with
temperature will be different. So this splitting of La at tBTRS

(see Figs. 2 and 4) produces a kink in DOS as function of
temperature (Fig. 7).

Note that this kink in DOS at the Fermi level should
also influence the DOS contribution to conductivity. Namely,
it is expected that this DOS conductivity will be depleted
more in the quadrupling state than in the normal “pseudogap”
state. That feature is potentially resolvable in high-precision
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FIG. 6. The lowest order estimates for DOS due to pair propa-
gator as function of energy E (it is symmetric for E < 0) for (top)
2D model with f = h = s = 0.2, w = 0.2, and t = 0.82, (bottom)
3D model with f = h = s = 0.5, w = 0.4, and t = 0.945 7425. For
these parameters, system is in the BTRS quadrupling state with
L+ �= L−, and the corresponding DOS is marked BTRS. The plot
marked normal is DOS of a reference state for the same parameters
but for equal Ls given by (L+ + L−)/2, which means a state with
preformed electron pairs but no broken symmetries. Note that for the
quadrupling state, the DOS dip is deeper and narrower.

angularly resolved photoemission spectroscopy and scanning
tunneling spectroscopy.

VI. CONCLUSIONS

In the first part of the paper, we presented a general mi-
croscopic fermionic model that allows us to describe the
formation of multifermionic orders beyond pairing. Such
orders include various 〈 fx fy f †

z f †
w〉 condensates as well as

charge-4e condensates 〈 fx fy fz fw〉, which can also be repre-
sented in terms of bosonic fields corresponding to electron
pairs by 〈bxb†

y〉 and 〈bxby〉 correspondingly. Here, the indices
x, y, z,w represent generic spin, band, and space indices.

In the second part of the paper, motivated by recent experi-
ments, we specialize to the electron quadrupling condensate
that breaks time-reversal symmetry and is characterized by
the order parameter composed of linear combination of
〈 f↑α f↓α f †

↓β f †
↑β〉. We show that these four-fermionic states

arise in microscopic models out of interactions quartic in
fermionic operators by considering a concrete microscopic

FIG. 7. Log scale plot of the lowest order estimates for drop of
DOS at Fermi level δN (0) as a function of temperature for (top) 2D
model with f = h = s = 0.2 and w = 0.2, (bottom) 3D model with
f = h = s = 0.5 and w = 0.4. Note that the DOS drop increases as
the temperature is lowered, and the rate increases around T ∗ 
 TBCS.
At TBTRS, there is a kink, which could be a detectable signature of a
normal to quadrupling state transition.

example, where the BTRS quadrupling state is stabilized.
Namely, we show, at the level of a microscopic theory, that
above the superconducting critical temperature, the symmetry
between the preformed but not condensed electron pairs of
s + is type and its time-reversed counterpart s − is type can
be spontaneously broken: A transition described by a four-
electron order parameter. Overall, we find that tuning the
system further away from the weak-coupling limit [Eq. (19)]
leads to a more pronounced BTRS quadrupling state. The
studied model with three symmetric electronic bands can be
easily generalized to higher number of asymmetric electronic
bands or bosonic components.

In this state, the system is described by having noncon-
densed electron pairs and quasiparticles, which are important
aspects for understanding unconventional transport and ther-
mal properties of this state. The formulated model provides
a framework for future calculations in generalized mean-field
approximations of previously inaccessible physical quantities
that depend on electronic spectral functions. We believe that
the behavior of many of the quantities will be qualitatively
similar to that in more advanced models that would take
into account, for example, intercomponent gauge-field cou-
pling. The approach also provides a framework for numerical
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evaluation of higher-order diagrams using diagrammatic
Monte Carlo as was done for other systems with a broken
symmetry state [36,37].
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