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Determining the closeness of two quantum states with minimal error probability is a central problem in
quantum information theory. The optimal exponents characterizing the error probability in the symmetric and
asymmetric settings are given by the quantum Chernoff bound (QCB) and the quantum Hoeffding bound
(QHB), respectively. In this work, we introduce the first algorithms for estimating the QCB and QHB of two
unknown states. We propose a unitary encoding for diagonal density matrix based on the copy matrix, which
enables unbiased estimation of nonlinear matrix functions via quantum singular value transformation (QSVT).
For general density matrices, we combine QSVT with the Hadamard test to estimate both QCB and QHB.
Numerical simulations demonstrate that the algorithm converges to the optimal value within a limited number of
iterations. Furthermore, we establish the first integration of QSVT with convex optimization, yielding a hybrid

quantum-classical framework for quantum estimation.
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I. INTRODUCTION

A fundamental problem in quantum information process-
ing is to discriminate between two sources and identify the
true source with minimal error probability. In both classical
and quantum settings, this involves testing two hypotheses,
each associated with a probability distribution or a quantum
state.

Around 70 years ago, Herman Chernoff established a
seminal bound that characterizes the asymptotic behavior
of the minimal error probability when discriminating be-
tween two hypotheses with many observations [1]. The error
probability P, for distinguishing two probability distributions
decays exponentially with the number of observations n: P, ~
exp(—¢n). As n increases, the agreement improves, and the
exponent ¢ becomes significant in the asymptotic limit. The
asymptotic efficiency corresponds to the limit of exponent ¢.

In the quantum setting, the experiment prepares n indepen-
dent copies of a quantum system in an unknown state. Testing
is performed via quantum measurements, and the states are
represented by density matrices p and o, which are positive
semidefinite Hermitian matrices with trace 1. The quantum
analog of the Chernoff bound was established through the
results of two seminal papers [2,3]. It has been shown that
the optimal error exponent for discriminating 0®" and o®" is
given by the quantum Chernoff bound (QCB):

_ : s _l—s
t(p,o)=—In (Ogslngr[p '),
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which specifies the asymptotic rate exponent of the minimal
error probability.

The Chernoff bound provides the optimal decay rate for
the average error probabilities in the symmetric setting.
In the asymmetric case, imposing an exponential constraint
on the first error probability yields the optimal decay rate, as
derived from the Hoeffding bound. The quantum Hoeffding
bound (QHB) governs the rate limit for false negatives, which
is given by

—rs — In(Tr[p°c'~*])

1—ys

H(r):= sup
0<s<1

The estimation of QCB and QHB is crucial for property
testing for quantum state and closely linked to the finite-
sample regime [4]. Significant progress has been made in
estimating various quantum state properties, including quan-
tum fidelity [5-8], quantum entropy [9-13], and quantum
trace distance [14,15].

We present the first algorithms for estimating both the
QCB and QHB of two unknown quantum states. For efficient
matrix function evaluation, our algorithm framework is based
on the quantum singular value transformation (QSVT) [16],
which comprises two main components: block encoding (see
Definition 2) and polynomial approximation.

Direct application of the original QSVT algorithm is
insufficient for computing the QCB and QHB. Since the quan-
tum states are unknown, encoding the density matrix solely
through block encoding introduces uncontrollable biases. To
address this, we consider two cases. If the density matrix is
diagonal (see Definition 1), we introduce an encoding scheme
that performs the required computations without such errors
(Sec. III B). Otherwise, we employ the Hadamard test circuit
to estimate the QCB and QHB (Sec. IV B).

Second, computing the QCB and QHB requires a poly-
nomial approximation of +/Inx. Currently, Lemma 3.3 of
Ref. [9] is the only result that establishes the existence
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of a polynomial of degree 0(% In (5—15)) that approximates
~/—1Inx/(2+/—In §) over the domain [3, 1 — §].

In this work, we extend standard QSVT polynomial ap-
proximation techniques: for any function f(x) that admits
a Taylor expansion, we construct an explicit polynomial
approximation of /f(x) (see Appendix B). Moreover, our
approximation interval is [§, 1], which is broader than the one
used in Lemma 3.3 of Ref. [9].

Finally, since computing the QCB and QHB involves find-
ing the extremum of the target functions, we use QSVT to
compute their first and second derivatives, and then apply the
inexact Newton method to locate the extremum [17]. With ap-
propriately chosen forcing terms, the inexact Newton method
achieves linear convergence. For further details, see Sec. IV.

By combining QSVT with the inexact Newton method, we
establish a hybrid quantum-classical framework for estimating
the QCB and QHB.

Theorem 1 (Informal version of Theorems 6 and 8). For
diagonal density matrices p, o, we provide an algorithm for
estimating the QCB and QHB with query complexity 0(81'7%)
to density matrix access. For general density matrices, the

1/5

5
Fm

query complexity becomes O(d -i#7), where 5 = min{s, 1 —
s} and r,,, = max{rank(p), rank(oc)}.

Additionally, our algorithms can also be applied to esti-
mate quantum relative entropy and quantum «-Rényi relative
entropy, partially resolving the open problem in Ref. [9].
Numerical simulations demonstrate that our method estimates
QCB and QHB with high accuracy, achieving errors below
1073,

The remainder of this paper is organized as follows.
Section II reviews quantum hypothesis testing and formu-
lates QCB and QHB. Section III introduces key tools for
our algorithm design, particularly quantum singular value
transformation [16] for efficient matrix function evaluation.
Section IV details our QCB and QHB estimation algorithms
using inexact Newton method, QSVT, and amplitude amplifi-
cation [5]. Section V presents numerical results, and Sec. VI
concludes the paper.

II. HYPOTHESIS TESTING

Quantum state discrimination is the quantum analog of the
statistical hypothesis testing problem. The simplest scenario
involves discrimination between two arbitrary quantum states.
For instance, consider Alice, who prepares a quantum system
in an unknown state, which is either p with a priori probability
po or o with a priori probability p; := 1 — pg. This system is
then passed to Bob, who must determine which state Alice
prepared. Bob faces a hypothesis test with two hypotheses: a
null hypothesis Hy (indicating the system is in state p) and an
alternative hypothesis H; (indicating the system is in state o).

A. Quantum Chernoff bound

To distinguish between two quantum states, Bob performs
a positive operator-valued measure (POVM) {I1;}, with k =
0, 1, where k = 0 corresponds to the null hypothesis Hy and
k = 1 to the alternative hypothesis H;. The goal is to optimize
the POVM to minimize the error probability.

This problem is asymmetric, as introduced by Neyman and
Pearson, who defined type I and type II errors. Type I error
(false positive), «, is the probability of rejecting Hy when it is
true:

a, = p(H,|Hp) = Tr(I1; p®").

Type Il error (false negative), §, is the probability of failing to
reject Hy when H| is true:

B = p(HolH)) = Tr(Tloo®").

In symmetric testing, although type I and type II errors
may not be equally likely, Bob’s POVM {I1, I1,} is chosen
to minimize the overall error probability:

P, = poTr(I1y 0) + p1 Tr(Tlpo).

The quantum Chernoff bound offers an estimate for the
minimum error probability in such tests.

B. Quantum Hoeffding bound

A central problem in quantum information theory is de-
termining the relative entropy between two quantum states,
which plays a crucial role in asymmetric hypothesis testing
[18].

It provides an operational interpretation as the best achiev-
able asymptotic rate of type Il errors, reflecting the asymmetry
between the null and alternative hypotheses due to the dif-
ferent treatments of type I and type II errors. For instance,
imposing a constraint ¢ < r on the type I error minimizes the
type II error rate. The optimal type II error rate is given by
the relative entropy of the null hypothesis, independent of the
constraint . This result is formalized in Stein’s lemma [19].

When the constraint r is no more than the relative en-
tropy of p with respect to o, which is defined as D(p||o) :=
Tr(p(In p — Ino)), the asymptotic exponential rate of type II
errors is at most H (r) [20].

In the asymptotic regime, we focus on the error-rate ex-
ponents as the number of copies increases. Bob’s objective is
to maximize lim,_, ., —(1/n)In B, ensuring the fastest expo-
nential decay of the type II error probability 8,. The QHB
imposes a stronger constraint on the error probability of false
positives.

III. PRELIMINARIES AND NOTATIONS

We consider a density matrix acting on a Hilbert space
of dimension d :=2'. Let [d]:={0,1,...,d —1} and i :=
V/—1. To compute the QCB and QHB, we primarily require
the evaluation of the functions 4(s) := Tr(p*c'~*) and g(s) :=
(—rs —InTr(p*c'~))/(1 — 5), together with their first and
second derivatives, which are denoted as h(s), h(s), g(s), and
8(s). Moreover, we denote by fosvr(x) the value of f(x)
computed via QSVT.

We use |-) to denote normalized quantum states and |i) to
denote the computational basis states for i € [d]. The notation
|l - || has two meanings: for matrices, it denotes the spectral
norm, and for functions, it denotes the maximum absolute
value. For matrices, || - ||; denotes the trace norm, defined as

Al = Tr(VATA).
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In this work, we assume that the copies of p and o used
for discrimination are obtained via quantum purified access,
which is very natural when the state is the output of a quantum
algorithm [21].

Definition 1 (Quantum purified access). A density matrix
p € C¥*? is said to have quantum purified access if there
exists a unitary oracle U, (and its inverse):

d-1
Upl0)410), = |¥p) = Z«/ﬁlqﬁﬂl%%
i=0
such that p =Tr (|} (¥,]). If |¥;) =1i), then p =
Z,tol p;li)(i| is called a diagonal density matrix. We refer to
U, as the purified matrix.

In the following subsections, we first present commonly
used amplitude estimation algorithms and the unitary encod-
ing techniques related to QSVT. Building on this foundation,
we then introduce the QSVT algorithm and explain how to
construct polynomial approximations of the target functions.

A. Amplitude estimation

Theorem 2 ([22], Theorem 12]). Given access to a unitary
U satisfying

Ul0)10) = /pl0)I#) + 1 — plL), o))

where ((0] ® I)|L) = 0, the amplitude estimation algorithm
outputs an estimate p € [0, 1] such that
~ 2n/p(d—=p)  n?
p-pl< 0 T
M M
with a success probability of at least 8 /72, using M calls to U
and U,

B. Unitary encoding of density matrix

We now recall basic results from the matrix arithmetic
toolbox described in Ref. [16]. A block encoding unitary [23]
represents a subnormalized matrix as the top-left block of a
unitary as follows:

U=F@ J:A:MM@DWW@U )

Definition 2 ([23], Definition 43]). Suppose that A is a
t-qubit matrix, with o, ¢ € R, and a € N. We say thata (r +
a)-qubit unitary U is an («, a, £)-block encoding of A if

A —a((0l, ® IHU(10), ® )|l < .

The matrix norm || - || is the spectral norm, and when o = 1
and ¢ = 0, we simply refer to an («, a, €)-block encoding as
a block encoding.

For our purposes, we present concrete construction of
block encoding unitary for density matrix.

Lemma 1 ([23], Lemma 45]). Given a density matrix p €
C9%d  we use U, from Definition 1 to construct the block
encoding unitary for p as follows:

BE, := (U} ® I,)(I, ® SWAP))(U, ® I),

where SWAP, denotes the 7-qubit swap matrix.

‘O>a // —
Ucopy
[o— — — — 71 -
I I t
Up | i U
| |
0), | |
I |
| |
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I |
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FIG. 1. The circuit of PE,,.

Moreover, given sampling access, one can also obtain
block encoding access via density matrix exponentiation [5].
Specifically, Corollary 21 of Ref. [5] shows that it is possible
to implement a quantum channel that serves as a (4/x, 3, 0)
block encoding of a density operator p, with error § in the
diamond norm.

However, the block encoding method proposed in Lemma
1 and Corollary 21 of Ref. [5] cannot be directly applied to
the QCB and QHB estimation problem. For instance, consider
the block encoding BE, derived from Lemma 1. Since the
eigenvectors |;) of p are unknown, applying BE,, to a general
state |¢ ) leads to deviations proportional to its overlap with the
unknown eigenbasis.

To address this issue, we replace the SWAP, matrix in
Lemma 1 with the copy matrix Ucopy introduced in Ref. [24],
leading to a modified unitary encoding of the density matrix.
The copy matrix acts as Ucopyi}|0), = |i}|i) for i € [d]. We
refer to the resulting unitary as the projected encoding unitary,
since it can be applied directly to the initial state |0) (see
Lemma 2). The following lemma presents an alternative en-
coding circuit for a diagonal density matrix, constructed using
purified matrix together with the copy matrix.

Lemma 2 (Projected unitary encoding of density matrix).
Given a diagonal density matrix p € C?*¢, we use U, from
Definition 1 together with the copy matrix Ucopy to define the
projected unitary encoding

PEp = (U; ® It)(Ia ® Ucopy)(Up ® It)~
Let IT = I = |0)(0l,., ® L. Then,

d—1

fPE, M =Y pi10)(0l, ® [0)(0,, ® )0l (3)
i=0

where p = Z?:_()] pili)(i| is the eigenvalue decomposition of
p. The matrix Ucopy can be implemented using CNOT gates,
and the circuit for PE, is shown in Fig. 1. The same construc-
tion applies to PE,.

Proof. This can be verified through straightforward calcu-
lations. We compute the result for PE,, and the calculation for
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PE, follows similarly:

(10)(0], ® [0}(0], ® I, ® 1)Uy ® Ucopy )(U,, ® 1,)(10)(0],, ® [0)(0], ® I,)

d-1 d—1
= (Z Bi10) (i ® [0} (¥ m)(!a ® Ueopy) | Y, /P51 (01 ® 197)(01 ® 1,

i=0 j=0

d—1 d—1
= (Z JPil0)(¢i] ® [0)(i] ® 1,) > UPile) 01 ® 1)(0] @ 1) (0]

i=0 j=0

m
_

il0)(0l, ® [0)(0l, ® [£){0]. [

Il
=}

C. Quantum singular value transformation

To estimate QCB and QHB with additive error, we rely on the fundamental results of quantum singular value transformation
[23]. Mathematically, the transformation of the eigenvalues of a density matrix is defined as follows:

Definition 3 (Eigenvalue transformation of density matrix). Let f : R — C be an even or odd function. Let p € C?*“ have
the following eigenvalue value decomposition:

d-1
p =Y pilYi)(wil.
i=0
For the function f, we define the eigenvalue transformation of p as
d-1
FE0) =Y fpolv) (Wil
i=0

Whenever no ambiguity arises, we abbreviate fEV)(p) as f(p).

Quantum eigenvalue transformation by real polynomials can be efficiently implemented for density matrix. Here, we modify
Corollary 18 of Ref. [23] to suit our specific setting.

Lemma 3 (Quantum eigenvalue transformation for density matrix). If P =Y} _, a;x* € R[x] is an odd or even degree-n
polynomial such that |P(x)|—1,1; < 1. LetIT = M= |0)(0] 4+ ® I;. Then there exists ® = (P4, ..., ®,) € R", such that

PEV(TIBE, M) =

where
(n—1)/2

(] ® TD(0)(0] ® Uo. ) + 11| @ U—0.))(|1+) ® TT)  if nis odd,
({(+1 ® IN(0){(0] @ U@, p) + 1) (1] @ U—a,p))(|+) & IT)

if n is even,

Uw,p =" DBE, [] (4*C""BE}e!®+*"=DBE,) ifnisodd,

=1
n/2

Uwo,p) = l_[ (eiq’”“(m*”BE;ei‘D”(m’”BEp) if n is even.

=1

Replacing BE, with BE,, PE,, or PE, will yield similar
conclusions.

We define BEp(p) = |0) (0| ® U(q:.,p) + |1><1| ® U(_q>,p),
where & is the tuple corresponding to the polynomial P(x).
This definition extends similarly to other types of encoding
unitary.

D. Low-degree polynomial approximation

We require polynomial approximations for positive power
functions and logarithmic functions. Lemmas 4-6 and Lemma
7 provide constructions for these approximations, respec-
tively. By combining these results with Lemma 3, we can

(

implement the corresponding functional transformations us-
ing QSVT.

Lemma 4 ([23], Lemma 29]). Let §', ¢ € (0, (1/2)) and
t € [—1, 1]. There exists an even polynomial P’ € R[x] of
degree 0(% ln(ﬁ)), such that |P'(x)| < 1 for all x € [—1, 1],
and

P'(x) € [0, €],
P(x) e[l —¢ 1],

forallx € [-1, —t —&§TU[r + 6, 1],
forall x e [t +6&,t —§].

Lemma 5 ([16], Corollary 3.4.14]). Leté, e € (0, (1/2)]
and let f(x) := x¢/2, then there exists even/odd polynomials
P, P/ € R[X], SllCh that ||P—f||[5’]] < &, ||P||[_1,1] < 1 and
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similarly ||P" — fllis.17 < &, [IP'llj=1.1) < 1; moreover, the de-
grees of the polynomials are O(% ln(é ).

Combing Lemmas 4 and 5, we can obtain a more detailed
characterization of polynomial approximations for positive
power functions on [—1, 1].

Lemma 6 (Polynomial approximation of positive power
functions). Let §, & € (0,(1/2)] and let f(x) := x/2, then
there exists even/odd polynomials P, P’ € R[x], such that
1P — fllisy < & [IPl-1.11 < 1, and |P(x)| < f(|x]) + &, for
all x € [—1, 1]. Similarly, ||P" — flls1) < & 1P =1,y < 1,
and |P'(x)| < f(|x|) + &, for all x € [—1, 1]. Moreover, the
degrees of the polynomials are O(3 In(1)).

The proof of Lemma 6 is provided in Appendix A. In
particular, we define the even polynomial function that ap-

s 1—s

proximates *77 as P;(x) and sz as P_g(x), as described in

Lemma 6, where s € [0, 1).

Lemma 7 (Polynomial approximations of logarithmic func-
tions). Let & € (0,(1/3)], K :=24/In(2/8), and K =
21n(2/6); there exists an even polynomial [S(x)|[[—1,17 < 1
and [|S(x)[|{_1.1; < 1 such that

- oUWk
Vx €[5, 1]:'3@)— n <,
4
Il
Veels,1]: |Sx) — nk/x <e

moreover, deg(s:) = deg(S) = O(% In %).
The proof of Lemma 7 is provided in Appendix B. By com-
bining Lemmas 3, 6, and 7, we obtain the following theorem:
Theorem 3 (x*,a € (0, 1) transformation). Let
p € C¥*?4 be arbitrary density matrices with smallest
eigenvalues no less than 6. For all ¢ € (0,1), given
quantum purified access U, and its conjugate transpose,
we use 0(% In %) applications of U, and U /j , along
with the same number of controlled reflections through
IT=1TII=10){(0],;; ®1, to obtain
H((-H ® (0],5; ® I)BEp,p)(|+) ® 10}, ® L) — % <e.

Replacing BER(/,) with BEPJ_(U), PEPA-(p)a or PEPJ(J) will yield
similar conclusions.

Theorem 4 (\/In1/x and In 1/x transformation). Let p €
C4*4 be arbitrary density matrices with smallest eigenvalues
no less than §. For all ¢ € (0, 1), given quantum purified ac-
cess U, for the density matrix p, we use O(% In %) applications
of U, and U J , along with the same number of controlled

reflections through IT = = [0){0],4; ® I;, to obtain

In

1
({(+] ® (0l.4, ® I)BEg(, (1) ® [0).1, ® 1) — E”

N
o

Inl

H<<+| ® (Ol,ss ® )BEs (1) ®10),1, ® 1) = — | <e.

Similarly, analogous conclusions hold for BEg,,, BEg,),
PE3 s PEg(,)» PE5(s), and PEg,,.

IV. ESTIMATION OF QCB AND QHB

Let us now sketch the main idea behind our estimation
algorithm, which builds on the QSVT algorithm and inexact
Newton method.

To illustrate the concept of our algorithm, we use the
estimation of QCB as an example. Since A(s) = Tr(p’c ')
is convex in s € [0, 1] [2], the function has a unique local
minimum, which is also the global minimum. Based on this,
we apply Newton’s method to find the minimum value of A(s)
in s € [0, 1]. However, since the QSVT algorithm introduces
errors when computing the first and second derivatives of h(s)
using polynomial approximation, we use the inexact Newton
method to find its minimum value:

re= fse + FOw), Il <l f ).

where s; is the approximate step and r; denotes the residual
between the exact value —f(x;)/f(x;) and the approximate
value s;. We call u; a forcing term as the role of it is to force
i to be small.

Xp+1 =Xg + Sk,

A. Diagonal density matrix

First, we show that we can compute the first and second
derivatives of the functions h(s) and g(s) via QSVT. The
explicit expressions for the first and second derivatives of h(s)
and g(s) are given by

h(s) = Tr(p*(In p)o '~ —
h(s) = Tr(p*c'~*(In p)*> — 2p°(In p)o'~*Inc

pxal_slna),

+ p'c'*(Ino)?),
—r —InTr(pc'™*)

=g
(Tr(p*c'*Ino) — Tr(c'*p°ln p))
(1 = 9)Tr(p*o!=) ’
. Tr[p*c '~ 2InoInp — (Ino)?> — (In p)?)]
g(s) =

(1 — $)Tr(pso =)
2Tr[,osal’s(ln0 —1np)]
(1 = $)*Tr(p*o ')
[Tr(p’c!“(Ino —Inp))I>  2[r+InTr(p’c' )]
(=9 (o) (=)

Using the block encoding unitary and the projected en-
coding unitary from Lemmas 1 and 2, we can estimate h(s),
g(s), h(s), g(s), h(s), and g(s) via QSVT. Since each of these
quantities is a linear combination of individual terms, we can
just estimate each term separately and then sum the results.

We take the estimation of the first term in h(s):
Tr(p*(In p)o ') as an example.

Theorem 5 (Estimation of Tr(p*(In p)o'™)). Let p,o €
C?*4 be density matrices in computational basis. For any & €
(0, 1), we can estimate Tr(p*(In p)o ' =) w}th accuracy ¢ with

-

5
I'm

success probability at least 2/3 using O(f# (In é)l/ 42 calls
to U, U;f, U,, UJ, SWAP, and Ucopy, Where § := min{s, 1 —
s}, rm := max{rank(p), rank(o)}.

The proof is deferred to Appendix C. Since the remaining
terms in h(s), g(s), h(s), g(s), h(s), and g(s) can be derived in a
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similar manner, all of these quantities can be estimated using
QSVT.

Corollary 1 (Estimation of h(s), g(s), and their first and
second derivatives). Let p,o € C%d pe density matrices
in computational basis. For any ¢ € (0, 1), we can estimate
h(s), g(s), h(s), g(s), h(s) and g(s) with accuracy & with

success probability at least 2/3 using O( ]”/"v;. (In = )1/ 5+2) calls
to Uy, U}, Uy, U}, SWAP, and Uepy, Where 5 := min{s, 1 —
s}, rp = max{rank(p) rank(o)}.

After computing the first and second derivatives, we apply
the inexact Newton method to locate the extremum. Below,
we show that the inexact Newton method exhibits local con-
vergence when the forcing term is less than 1.

Lemma 8 ([17], Theorem 2.3]). Assume f:R — R is
continuously differentiable, x* € R such that f(x*) =0 and
f(x*) # 0. Assume pu; < 1 in exact Newton method for all
k, then there exists ¢ > 0, such that if |xg — x*| < ¢, the se-
quence of inexact Newton iterates {x;} converges to x* and
the sequence converges linearly.

For the estimation tasks of the QCB and QHB, at each iter-
ation we can choose an appropriate forcing term n; to satisfy
the convergence conditions of the inexact Newton method.

Lemma 9 (Forcing terms in QCB and QHB estima-
tion). We use SkQCB = _hQSVT(xk)/hQSVT(xk) and stHB =
—gasvrt(xx)/gqsvr(xy) obtained from Corollary 1 as the itera-
tion step for QCB and QHB estimation, respetively, such that
|hgsvt(x) — h(x)| < &, lhgsvT(x) — h(x)| < &, |8QsvT(X) —
gx)| < &;, and |ggsvt(x) — g(x)| < &;. In each iteration, we
set the forcing terms

acs _ Eilhosvr ()l + &;lhgsvr(a)l + 285

o lhqsvt (%) — el lhgsvr ()|

ouB . €al8asvr(x)| + €3lgosvr (x| + 2e4¢;

e [gaQsvr(xk) — &;ll8qsvr(xi)l '

Then in each iteration, r,?CB QCB|h(xk)| and r QHB <

QHB
18Cxe)].

The proof of Lemma 9 is provided in Appendix D. To
ensure 1y < 1 in each iteration—thereby guaranteeing linear
convergence of the inexact Newton method—we adopt the
following strategy in our simulations: if n; > 1, we halve
the tolerance and repeat the computation until the condition
N, < 11is satisfied.

The main steps of the algorithm for estimating the QCB
using the inexact Newton method and QSVT are as follows.
The procedure for estimating the QHB is analogous:

(1) Select an initial value xp, the maximum number of
iterations N, and a tolerance ¢.

(2) Calculate the derivative of h(s) by QSVT at s = xy.

(3) If the derivative is smaller than e, conclude that the
value of s maximizing the QCB has been found. If the deriva-
tive is not smaller than e, compute the second derivative of
h(s) using QSVT.

(4) Set the forcing term as in Lemma 9, and make sure it
is less than 1 as discussed above. Use inexact Newton method
to update the iteration step.

(5) Repeat the process until the first derivative is smaller
than ¢ or the maximum number of iterations N is reached.

ALGORITHM 1. Estimation of QCB and QHB with inexact
Newton method.

Input: Max iter IV, tol ¢, init zg = yo, 7 = 0.5,
#queries k
Output: e-biased estimation of QCB & QHB
while g(r) < 0 do
L r1r/2;

k <« 0;

Compute h(xy), h(z
while k < N A |h(z

k)?g(yk)vg(yk);
k)l >eNg(ye)| > € do

repeat // Ensure n,?CB,n,?HB <1
if UI?CB >1 or nQHB > 1 then
€+ ¢e/2;
Recompute h(zy), h(zk), 9(yk), G(yx);
untll Compute nQCB,nkQ 5 using Lemma 9;
].1 Tk
Th41 < Tk — ~~( )§
o)
9\Yk
Ye+1 < Ye — = ;
G(yr)

if |zp41 — x| < € then

L return z*

if |yr+1 — yi| < € then

| return y*

k< k+1;
| Compute h(xk), h(2k), §(Yx): §(yr);
return z* = zy, y* =yny (or failure)

(6) Denote the obtained value as x. Finally, the QCB is
obtained by evaluating hqsyT(%).

We present the pseudocode for solving the QCB and QHB
using the QSVT algorithm and the inexact Newton method in
Algorithm 1. By combining Theorem 5 and Lemma 9 with
the convergence result of the inexact Newton method from
Lemma 8, we obtain the following theorem.

Theorem 6 (Estimation of QCB and QHB for diagonal
density matrices). Let p, 0 € C4*¢ be diagonal density ma-
trices in computational basis with smallest eigenvalues no less
than §. For any ¢ € (0, 1), we can estimate QCB and QHB
with accuracy & with success probability at least 2/3 using

O( f’/’jﬂ (Inl )'/°+3)calls to Uy, Ul, Uy, Uf, SWAP, and Ucopy»
Where 5= mm{s 1—s}, 1= max{rank(p) rank(o)}.

Note that the requirement on the minimum eigenvalue of
the density matrices does not arise from the polynomial ap-
proximation itself, but from the fact that the value returned
by the inexact Newton method may slightly deviate from the
true extremum. To tightly control the final result, we impose
a Lipschitz condition, which necessitates a lower bound on
the smallest eigenvalues of p and o. For the detailed proof of
Theorem 6, see Appendix E.

When applying the inexact Newton method to estimate the
QHB, we must ensure that the parameter r does not exceed
the relative entropy between p and o, defined as D(p|lo) =
Tr(p(Inp —Ino)) (see Sec. I B). In practice, we initialize r
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FIG. 2. QCB estimation. The horizontal axis represents the dimension of the matrix, and the vertical axis represents the average number

of iterations, repeated 10 times at the same dimension.

randomly. If g(0) is found to be negative, this indicates that
r > D(pl|o). In such cases, we iteratively halve the value of r
until ¢(0) > 0.

Although we do not formally prove the convexity of
the function g(s) = (—rs — InTr(p*c'~))/(1 — 5), numeri-
cal simulations suggest that g(s) is concave over s € [0, 1)
under suitable conditions on r. Consequently, a similar proce-
dure can be used for estimating the QHB. For further details,
see Sec. V.

B. General density matrix

When the density matrix is not diagonal, we employ the
Hadamard test circuit to estimate the QCB and QHB, thereby
eliminating the redundant and unknown information intro-
duced by the block encoding matrix. Given a real polynomial
P and purified access U,, the Hadamard test provides an
unbiased estimator of Tr(P(p)).

By Lemma 1, we can construct a unitary

d—1

BEp(p) = Y _ P(pi) [0)(0ls ® [¥) (Wi,

i=0

using the QSVT algorithm together with Lemma 3. A con-
trolled version of BEp(,) is given by ([23], Lemma 19])

C-BEp(,) :=10)(0] ® I 4+ |1)(1] ® BEp,).

The Hadamard test proceeds as follows:

(1) Prepare the initial state |+) ® |0),,, ® |P), where
|®) = (1/\/3) Zf:_()l li),1i),. Here, b denotes the ancillary
qubits, and |®) can be generated using Hadamard and CNOT
gates.

(2) Apply C-BEp(,) to the initial state.

(3) Apply a Hadamard gate on the control qubit and then
measure it in the Z basis to obtain ¥ € {£1}.

It follows that E[Y]
(1/d)Tr(P(p)).

Theorem 7 (Unbiased estimation of Tr(P(p))). For any
e € (0, 1), Tr(P(p)) can be estimated to accuracy & with suc-
cess probability at least 2/3 using O(d/¢) calls to C-BEp(,).

The proof of Theorem 6 is given in Appendix F. Since
the query complexity of polynomial approximation depends
only on the polynomial degree, independent of the encod-
ing scheme, we adopt the degree bound from Appendix C.
Combining the convergence of the inexact Newton method
(Lemma 8), Lemma 9, and Theorem 6, we obtain the
following.

Theorem 8 (Estimation of QCB and QHB in the general
case). Let p,o € C4*¢ be arbitrary density matrices with
minimum eigenvalue at least §. For any ¢ € (0, 1), the QCB
and QHB can be estimated to accuracy ¢ with success proba-
bility at least 2/3 using

rL/s 1 1/5+3
m
ol\d Y (ln E)

calls to U, UJ, U,, U;, and SWAP, where 5§ = min{s, 1 — s}
and r,, = max{rank(p), rank(o)}.

is an unbiased estimator of

V. NUMERICAL RESULTS

Our method is implemented in Python. In the QSVT-based
estimation of the QCB and QHB, we do not construct purifica-
tion matrices as input to simulate the QSVT quantum circuit;
instead, we randomly generate density matrices and directly
apply the target-function transformation.

To account for potential errors in derivative estimation via
QSVT, we add random noise within the range [—¢, ¢] to
the matrix on which the function transformation is directly
performed, consistent with theoretical error bounds.
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A. Parameter settings

For QCB estimation, we set the initial value x( to 0.5, as
numerical experiments indicate that A(s) typically attains its
minimum near s = 0.5 as the number of qubits increases. This
choice of initial value helps reduce the number of iterations
significantly.

For QHB estimation, we also set the initial value yg to 0.5,
since the value of s that maximizes g(s) tends to vary unpre-
dictably with changes in p and 0. Consequently, regardless of
the initial choice, the number of iterations tends to grow with
the dimension of the density matrices.

Moreover, the estimation error for the QCB, as well as for
computing Aa(s), h(s), g(s), and g(s) using QSVT, is set to 1073
in all cases. The maximum number of iterations is set to 100.

B. Numerical results of QCB and QHB estimation

From Fig. 2, we observe that the average number of itera-
tions required for convergence does not exceed 100. When the
matrix dimension is below 64 x 64, the number of iterations
needed to find the optimal value varies significantly. However,
as the dimension increases, the relative average number of
iterations tends to decrease.

Moreover, we find that for sufficiently large density matri-
ces, the optimal point of the objective function is consistently
attained at s = 0.5. This phenomenon is illustrated in Figs.
3(a), 3(b), and 3(c), corresponding to dimensions 256, 512,
and 1024, respectively.

From Fig. 4, we observe that the average number of itera-
tions required for convergence does not exceed 100. When the
matrix dimension is below 16 x 16, the number of iterations
needed to find the optimal value is unstable. However, the
overall trend indicates that the number of iterations increases
with the matrix dimension.

The above simulation experiments are conducted using
density matrices generated from a uniform distribution.

VI. CONCLUSIONS

In this work, we develop hybrid quantum-classical al-
gorithms for computing the quantum Chernoff Bound and
quantum Hoeffding Bound by integrating quantum singular
value transformation with convex optimization. Using QSVT,
we introduce a unitary encoding scheme for diagonal density
matrix based on the copy matrix, which eliminates the bias
present in earlier approaches. For general density matrices, we
combine QSVT with the Hadamard test to enable estimation.
In addition, we construct an explicit polynomial approxima-
tion of /f(x) for any function f(x) that admits a Taylor
expansion. This synergy between QSVT and optimization
techniques might have broad applications in quantum param-
eter estimation and quantum machine learning.

To identify optimal points, we employ the inexact New-
ton method, which exploits the structure of the objective
functions. Numerical simulations indicate that the algorithm
typically converges to the optimum within 100 iterations.
In QCB estimation, convergence is faster for larger matrix
dimensions because the initial value is already close to the op-
timum. These results suggest that, asymptotically, the optimal
value of QCB is achieved at s = 0.5.

(a)

dim=256

1.00 4

® dim=256, min: (0.500000, 0.719775)

0.95

0.90

f(s)

0.85

0.80 A

0.75 4

0.0 0.2 0.4 0.6 0.8 1.0
S

(b) dim=512
1.00 4 ® dim=512, min: (0.500000, 0.720807)

0.95

0.90

f(s)

0.85 A

0.80

0.75 A

0.0 0.2 0.4 0.6 0.8 1.0
S

(©) dim=1024
1.00 A ® dim=1024, min: (0.500000, 0.720700)

0.95

0.90

f(s)

0.85

0.80

0.75 A

0.0 0.2 0.4 0.6 0.8 1.0
S

FIG. 3. QCB estimation in different dimensions. The horizontal
axis represents the value of s, and the f(s) in vertical axis represents
Tr(p*o!~*). If the dimension of density matrix is large enough, the
minimum value of f(s) is attained at s = 0.5. (a) QCB estimation of
arandom 256 x 256 density matrix. (b) QCB estimation of a random
512 x 512 density matrix. (c) QCB estimation of a random 1024 x
1024 density matrix.
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FIG. 4. QHB estimation. The horizontal axis represents the dimension of the matrix, all being powers of 2, and the vertical axis represents
the average number of iterations for solving QHB, repeated 10 times at the same dimension.
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APPENDIX A: THE PROOF OF LEMMA 6

Proof. We consider the case where the polynomial degree
in Lemma 6 is even; the odd-degree case follows similarly.
Letr:=38/2,8 :=68/2, and ¢’ := ¢/2, and define P"(x) :=
1 — P'(x) as in Lemma 5. Thus, P”(x) is an even polynomial
such that |P”(x)] <1 for all x € [—1, 1], and satisfies the
following:

&
1 - _
P'(x) € [0, 2], for all x € [—3, 5],

e
P'(x) e [1 -5 1], for all x € [—1, —28] U [26, 1].
Next, choose the parameters in Lemma 5 as ¢’ := § and

¢ := ¢. Define P(x) := P"(x) - P(x). We claim that P(x) sat-

isfies the desired properties. It is evident that ||13(x)|| < 1 by
applying the triangle inequality. Moreover, we have

IPG) = Fllo.s1 < IP")PX) — FOD 0.4
+ I(P"(x) = D) f ()llj0.51

<P 0.1 1P = f) 10,61

+ [1P”(x) = Ulo.s11f () lljo.51

<5241 f00)
= fx) +e,

I1P(x) — f@lp.1 < 1P @) P@) — £ s
<Pl IIPx) — )l
< e.

Note that ﬁ(x) is an even polynomial, so for all x € [—1, 1],
we have |P'(x)| < f(|]x]) + ¢ by the inequalities above. [ |

APPENDIX B: THE PROOF OF LEMMA 7

We extend Lemma 37 of Ref. [16] to fit our situation.

Lemma Bl (Low weight approximation Fourier-like se-
ries). Let §,e € (0,1) and f: R — C such that |f(x) —
Zf:o arxi| < eg/4forallx € [—1 4 8, 1 — §8]. Then, there ex-
ists ¢ € C?M+! such that

M
)= Y ene ™Y e,
m=—M

for all xe[—-1461-146], where M =
max(2[ln(@§)1 ,0) and ||c|l1 < |lalli. Moreover ¢ can
be efficiently calculated on a classical computer in time
poly(K, M, In(1/¢)).

First, we show that \/f(x) can be expanded in the form of
Yo Cmx"™-

Lemma B2 (Expansion of /f(x)). Letxy € [—1,1],F €
(0,2],6 € (0,7] and let f:[xg—r —8,x0+r +38] > C
and be such that f(xg + x) = Zfio aix! for all x € [-r —
8,7 + 8. Then, we have /f(xo +x) = > o cux™, Where
co = /ag, cm = #% Y /2 —m~+ Dajcy—y,m > 1.
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Proof. We have that

VG +x)=

where in the second equation a; = a;/ag. Moreover, in the
third equation we use the expansion for power series raised to
powers: (3700 ajx)!/? = 3% ¢/ x™, in which ¢ = a},'/* =
1, ¢, =15 (1/2—m+ D)a)cu—t,m > 1. Thus, we have
Co = /a0, Cn = \[AoC, = 5= DL (/2 = m+ Dagcy,—. M

To prove our conclusion, we modify the Corollary 66 of
Ref. [23] to extend it to the case of /f(x).

Lemma B3 (Bounded polynomial approximations based on
a local Taylor series). Assume we have the function f(x)
from Lemma B2 such that /f(xo +x) = Y o cux™. Sup-
pose B > 0 is such that Zsfzo(r/ +8)"cm| < B. Let € €
(0, (1/2B)], then there is an efficiently computable polyno-
mial P € C[x] of degree 0(% ln(g)) such that

IV f(x)—

< &+ IV O xo—r—s/2,x0+r+8/21 < € + B,
1PN =110\ [xo—r—58/2. 5047 4+5/2] < -

Proof. Our proof is similar to Corollary 66 of Ref. [23]. Let
L(x) := (x — x0)/(r' + §) be the linear transformation taking
[xo —# —8,xg+ 7 +8]to[—1,1]. Let g(y) := / F(L"1(y)),
and by, = ¢, (r' +8)™ such that g(y) = o ,buy". Let
8 :=68/2(r' +98), J:=[(1/8)In(24B/¢)], then for all y €
[-1+ 6,1 — 8] we have that

J—1 00
g = > by | = > by
pr =

P(-x)”[xofr’ Xo+r'] < &,
IPCN=1,11 < <

N

Zb(]—S)f

1 = (2 &\" 2 =
24/_1n(2/8)n§)<§_§> lem] < 2«/—ln(2/8 ln§+zl

24/—111(2/3

5
24/—ln(2/8 —In (5)

N =

1 & <3k )(—1)’((3)’”1
Iy (Ea) T (3) e
m 2 k+1\2

(EG-)E0) )l -3

= (=1ym
2«/1n(2/8 {1+Z m

[o¢]
<=8 bl
j=J
< e—S’J .B
&
< —.
24

Now, we construct a Fourier approximation of g of all
ye[—1+48,1—38] with precision & =¢/3. Let b :=
(bo, by, ..., by—1) and ||} < [1D]ly < B.

Therefore, we can apply Lemma B1 to the function g,
utilizing the polynomial approximation of ¢ corresponding
to the truncation of the first 2/ — 1 terms with the coeffi-
cients ¢’. This results in a Fourier £/3 approximation g(y) :=

M Fme(i”’”/ 2 for g, with
B
=)

M=0 @ =0 r—IIn
5’ g )

The remaining proof process is consistent with that in
Corollary 66 of Ref. [23]. Therefore, the degree of the final

constructed polynomial is

oM i (B)+ln(B o “m (B

—_— —Inl—))=0({-In|—-]),
r'+4 e ) e ) €

and by construction it satisfies the required properties. |

We can use the above result to construct the polynomial
approximation of +/Inx up to a constant factor.

The Proof of Lemma 7. The § part has already been proven
in Lemma 11 of Ref. [25]. We mainly focus on proving
S part and is similar to Lemma 11 of Ref. [25]. De-
note f(x) = /In(1/x)/2/In(2/8). We take & = ¢/2,xy) =
2/3,r¥ =(2/3)—4,8 =8/2, and B=1/2 in Lemma B3;
we have a polynomial S € C[x] of degree 0(§ln(§)) =

O(3 In(})) such that

llf(x) — S(X)H[g i_a] <e (BD)

IS -1y < 5 + €, (B2)

ISCM -y 2y < e (B3)

Note that /—In(T +x) =Y cux™, where co =1n2/3,
andform > 1,¢, = 1 - 1(3" )(kJrl € 3yktle, . Then,

we can give the bound of the expansion coefﬁ01ent for f(x):

(:-3)]
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In the fifth equation, we observe that c,, is negative in the
odd terms and positive in the even terms, so we remove the
absolute value and add the term (—1)™. Therefore, we can set
B to 1/2. However, in general S(x) is not an even polynomial,
so we take S(x) = S(x) 4+ S(—x) for all x € [—1, 1]. Then by
Inequalities (B1) and (B3), we have

1) — S@llsy < I1F ) —

< S Ns, 11 + 1S(=x) s, 13
e +é

=é£.

We can now safely clalm that S(x) is an even polynomial with
degree deg(S) = O( ln( )). Furthermore, Inequalities (B2)
and (B3) imply that

ISCON=1.11 = IS o.17

< IS No.17 + 1S(=x)l0.13
<L+ +1S@-10
<i+e+¢

<

1 1\
p0) — — —Tr In— o' ~°
16K P

2 N2 2 2 pf(l
D P @)S PP ol P =)
ij i,j
pi(In)g;™
16K>

1 1—s
n ;)4
16K2

P2 (g)S*(pi)P*(pi) —

(1)

1-s

where ¢ < 1/2. Finally, we take the real part of S(x), since
S x) € (C[x] |

APPENDIX C: THE PROOF OF THEOREM 5

Proof. The main idea is to first construct one block encod-
ing matrix BEg,) and two projected unitary encoding PEp,,),
PEp, (o) through QSVT. We multiply the three matrices and
apply them to initial state |0}, ,,.

|¥inal) = PEp,_,(0)BE3(,)PEp,(5)|0)

= (PEn,_)BEg,,) (Z P(p)10)10) ) + |¢>)

= PEP,M)(Z (PO (pI0)[0) ) + |L>)

= ZPl—x(Qj)S(Pi)Ps(Pi)Mj|¢i>|O>|0>|0> +11),
ij
where p := ), pilWi) (Wil, 0 := ), qilni)(n;] are the eigen-
value decompositions for p and o, respectively, and here
[y = |n;) = |i). We measure the final state |vnq) in the Z
basis, and show that the probability p(0) of obtaining result
0 is an & approximation of (1/4K)Tr(o*(In(1/p))o'~*). With
the lemmas in low-degree polynomial approximation, we have

g\ =52 (pP2(pi) 9\ - pi(In)g;™
N2 2 J 2 2 ! pi/ ")
< ,Xj: (%)S (Pz)P (pi) — f +izj TS (Pi)Ps (pi) — MT
l—s 1 s 1
pl-(ln _.)
<D P — = @l ) |+Z ’4 S*(p)P(pi) — sz‘
iJ
; ; i(n )
4q; 4; 1 e 2 2, P w2, P PNy
<Y |Pis@) — = IP—s(@pl + | 5| | + = S*(pP(pi) — S*(p) = + |7 (p) = — —==
\; 1-(a)) = =5 || 1Pl + | =5 +4Z( (POPXp) =S p) 7| + S — ==

1—

2

<> | IA- Y<qj)|+—

q;<8

Zzs +Z|S2<p,)|

q;j=>8

Ps(pi

Int Int

Dils ri ||y Pi
+ 273 = TS0+

gZ(q;z —i—e) + 21,6 +Z p, +8)

q; <4 pi<é pi<d

+ 2r,e + Z P

r
(|P(pl>|+7)
/ln— /In —
<|S<p,)|+ ) ZT' <|S<p,>|+ KPD.
pi=é
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The first inequality follows from the absolute value in-
equality and the fact that |(n;|v;)| < 1. The second uses the
triangle inequality. The fourth and fifth inequalities apply
the difference-of-squares identity and the absolute value in-
equality, noting that the maximum value of the approximation
polynomial is at most 1. In the last inequality, we apply the
same reasoning to the third term in the fifth inequality as we
did for the first two terms, yielding the third and fourth terms
in the final bound.

Without loss of generality, we define &' := (¢/85r,) <
1/2,8 := (m)l/s. Then  deg(Ps) = deg(P1—5) =

deg(8) = O((“=)!S(In “)!/5+1). Provided that r,/e > 24,

we have
~ [ 2
K=2,/In-
)
12r, . 1 1/s
=2 |In2+1In In —
£ g
/ 1
>2,/In2+ -1n2
5
_[4In2(s+ 1)
N 5
> /2(§:|—1)‘
R

Thus, we have
‘p(O) — 1~ Tr<p‘ <ln l)o]_‘y>
16K2 0
24 dre 4 (87 4 €)?

< (8 +¢)

4
2
1 ol ~ 1
5/2

The first term in the third inequality comes from expanding
the first term in the second inequality:

12
&
T | ¢
" <12rmln ?) *

1/2
4r 8/(—8 ) + 2r(")?
125, In 22

2

zéln%
< & +48+28
~20 85 85
3¢
< =
20

The inequality comes from the fact that r,/e > 24 and
()2 < l,and &' < (1/2) < 1.

127, In 2 N N _
Let Ff(x) == x"2(K + /In(1/x)), 2(x) == x (K +
. o) — 1521 :% L5 [l _ 1

J/In(1/x)).  Since f(x) = 3x (5K +5,/In + —m),
we know that f(x) attains its maximum value at
xg = e K2V K2/4+1/9° © We show that xo > & which
implies that f(x) attains its maximum value at x = § with
x € (0,1].

Lety = _§ +\/@ we have

1 2+ 1 2+1
= _ImZz nZa4l
Y 5 55
= ln2+ ln2 14 !
- 8 8 In 35
< =1 2+ In 2 1+ 3
< —/In= n—
8 8 21n 23
3001
25 fin2

The first inequality comes from the Taylor expansions

of /T +x = Z,fio(%)x" =1+3- %z—l—u-,whereweadd
In% to make the inequality solid. Thus, y2 < %]L, Next,
59 ns

we show % < (In %)2, which implies <In % Then,

9
4521In 2
. 2 _ 1
we have y2 < In }L which means e > e "5, And we can

safely claim that f(x) attains its maximum value at x = § with
x € (0, 1].
Given that r,, /¢ > 24, we have

112 D (12" ™ ’
s §n< ?n?)

1
> 31112(12.2411124)
R)

1
— 62
> 52
9
> —.
452

Through a similar derivation as above, we can also conclude
that g(x) only attains its maximum value at x = § or x = 1.
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So we know
172
e 1 e 21\ I D (12
n-| = —In n—
8 127, In 2 5 € €
1/2
e \'? 1 / 12r, . 1w 1 12r,, . 1
= 1n2+ ln In— )+ . /=In In —
127, In 2 I3 s e
172
e 21\ 1. (241, 1 1. (121 T
< 2 /=In In— )+ /=In In —
12r,, In 2 5 I3 5 &
e \V* [ 1 2 1 Tm\3
< 3,/ ln(—>
12r,, In 2 5 e
27 &

The second inequality comes from that (r,/¢) > 24 and (r,/¢) > In(r,/e). Note that §(8)=8§(I? +

nj) <

\/> T, (ln ™ ) g(1) = K. Through simple calculations, it can be found that g(8) < g(1).

Now we have

‘p(O) -

By Theorem 1, we can estimate p(0) with additive error

1
e/(1081n(2/8)) using 0(1“73) applications of the matrices
and their conjugate transposes. In total, we can estimate
Tr(p*(In p)o ' =) within additive error

&

~ 3
——— . 16K" 4+ -¢ =¢,
1081n(2/8)

4

with a success probability of at least 8/72. The total complex-
In Im

ity of the algorithm is
1/5+1
")

0(
rL/s 1 1/5+2
<ln —) .
&

=o| -2
&
APPENDIX D: THE PROOF OF LEMMA 9

In £

()

&

1/5+1

Proof. We only give the proof for n,?CB, the conclusion for

n,?HB can be obtained through a similar process.

|r,?CB| _ ‘ _hQSVT(xk)i’i(xk) + hosvr ()h(x)

hosvr (i)
—h)(hv) — ) + () + €)h(x)
hosvt(Xk)
|h(xk )Gh + h(xk)6h|
lhosvr (x|

~

033245-

5 27 ¢
8s+1) 5 12r,

!/
rﬂ'l 3

4

Fm -

|(hQSVT(xk) + €;)€j; + (hosvr(xi) + €;)éiil
lhosvr (x|

€h|hQSVT(Xk)| + €, lhgsyr(x)| + 2€€;
syt ()]

< P 1Al

The first inequality follows from the convexity of 4(s) and the
conclusion of Corollary 1. The third inequality also follows
from the result of Corollary 1. |

APPENDIX E: THE PROOF OF THEOREM 6

Proof. Each term in h(s), h(s), h(s), g(s), g(s), g(s) can be
derived through a proof similar to that in Theorem 5, and the
query complexity for U,,, U U,, U], SWAP, Ucopy Will not

exceed that of 0(8,’;’"%(111 %)l/sﬂ ). Since h(s), i(s), h(s), g(s),
£(s), and g(s) are obtained through a linear combination of es-
timated terms the query complexity to compute A(s) and g(s)

is O(2+ e (In 2 L )1/ 5+1). Using the forcing terms from Lemma
9, the inexact Newton method converges in O(In (1/¢)) iter-
ations to an estimate x satisfying |x* — x| < (¢/4]|1né]), as
shown in Lemma 8. So the total query complexity of QCB

and QHB estimation is O( ,”/’L;, (In 2 )1/ Stip L =)
In the following discussmn we show that h(s) is 2|In§|-
Lipschitz continuous, an analogous result holds for g(s). For

all x, y € [0, 1], we have |A(x) — h(y)| < Sup,co.1 |f1(u)||x —

13
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y|. Since fz(s) = Tr(p*c'~*(In p — In o)), we have

()] < llp°0" il np — Ino|
< e lille™[lnp — Ino||
<1l-|Inp—1Ino]
< npl + [ Ino
< 2|Iné|.

The first and the second inequality comes from the fact that
[Tr(po)l < llpllillo |l [26]. Thus, we have [h(x) — h(y)] <
2|In8||x — y|, for all x, y € [0, 1]. Finally, given the estima-
tion hggyr (%) from Corollary 1 such that |AgsyT(X) — A(X)| <

J

(¢/2), we can safely claim that we have a good estimation of
h(x*):

|hgsvr(X) — h(x™)| < |hQSVT(fC) - h(ff)| + (%) — h(x")]
€ 4 20ns
S5 5+ 20| 4|1 5|
<e. | |

APPENDIX F: THE PROOF OF THEOREM 7

Proof. Use Hadamard test with initial state set to be |0) ®
|0),1; ® |®), where |D) := [Z, _o 10)¢10),. The final state
is

[(H & Lot2+5)(10) (0] @ Lator4s + [1) (1] @ BEp(p) ® Ip)(H @ la42145)110) @ |0)4, ® [P)

I +BEp,) ®1,

I —BEp(,) ®1,

= 10) 0 10) 4 9) + 1) 2 2= (0),. D). F1)
With Z measurement on the ancilla qubit, the probability of getting result O is
1 .
Pr(0) = 7 (0l (®I(1 + BEL ,, ® I,)(I + BEp(,) ® ) 0) .1, |®)
11 d—1
=5 Z(0|a+t q’||:<X:1”(pl)|0 (Olas ® Wh)(%l,) ®Ih:||0)a+,|<b)
i=0
1 d—1
Z(O|a+t<q)| |:<Zp(pi)|0)<0|a+t ® |Wi)(¢i|z> ® Ib:| 10} | )
i=0
| d—1 d—1 d-1
=5+ (Z (kl, ¢ kb)[(ZP(p,-)wixw,w,) m} AN
k=0 i=0 j=0
1 d—1
== P(pi){k|vi) (yilk F2
=3 2d,kZo (P kI (Wilk). (F2)
Similarly, we know
11
Pr(l) = - — — Ok ) (Wi |k
r(1) = - 2de: P(po) (k|y) (Wilk).
So, the expectation of the measurement result Y € {41, —1} is
B0 = 1) [ L+ L 5 bttt | + <0 [ £ = L 5 Ptk
- 2 d k: pl A 1 2 2d k: pl 1 1
1 d—1
= ;Tr(P(p)Z k) <k|)
k=0
1
= ETI-(P(IO))’ (F3)

By running the Hadamard test and applying amplitude estimation with additive error £ /d, we obtain an estimation of Tr(P(p))
within e, with success probability at least 2/3, using O(d /¢) calls to the controlled block encoding unitaries. |
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