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Low-temperature dissipative conductivity of superconductors with paramagnetic impurities
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In s-wave superconductors with a small concentration of magnetic impurities, the only electronic excitations
that remain available at low temperatures are the excitations of the system of localized spins. We discuss a
mechanism of interaction between electromagnetic waves and the localized spins in disordered superconductors.
A supercurrent induces randomly distributed spin density of the itinerant electrons, which couples to the impurity
spins by exchange interaction. Acceleration of the Cooper pair condensate by the external ac electric field of
frequency ω creates a strong, time-dependent exchange field acting on the localized spins, which is inversely
proportional to ω. As a result, at low frequencies the dissipative conductivity saturates to a nonzero value. We
also predict that, in the presence of a dc magnetic field parallel to the superconducting film, the system exhibits
a large positive magnetoconductance. Using the fluctuation-dissipation theorem, we evaluate the spectrum of
equilibrium current fluctuations induced by the spin fluctuations.
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I. INTRODUCTION

Starting from the pioneering work of Mattis and Bardeen
(MB) [1], the theory of ac conductivity of superconductors has
been extensively developed (see, for example, Refs. [2–4]). In
the MB theory, the dissipation of the ac electromagnetic (EM)
field in superconductors is associated with the quasiparticle
excitations. In s-wave superconductors at temperatures much
lower than the critical temperature, T � Tc, the quasiparticle
excitations are frozen out. As a result, at frequencies ω below
the superconducting gap �, the dissipative part of the conduc-
tivity becomes exponentially small, σ (ω) ∝ e−�/T .

At sufficiently small concentrations of magnetic impuri-
ties, ns, the only thermally active electronic excitations are
associated with the system of impurity spins [5]. In this case,
the low-frequency dissipative conductivity of the system will
be dominated by the interaction of the electromagnetic field
with the impurity spins.

In this article, we show that the dominant contribution to
σ (ω) arises from a mechanism of coupling of the impurity
spins to the ac EM field. It is mediated by the exchange inter-
action between the impurity spins and the spin density of the
itinerant electrons. Acceleration of the superfluid condensate
by the ac electric field creates a time-dependent spin den-
sity of the itinerant electrons, which couples to the impurity
spins, causing dissipation. Using the fluctuation-dissipation
theorem, we obtain the equilibrium correlation function of the
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fluctuations of supercurrent density, which is caused by the
impurity spins.

II. MODEL AND COUPLING MECHANISM

To develop a microscopic theory of this coupling mecha-
nism and the resulting ac conductivity, we consider magnetic
impurities with half-integer spins. We assume that the crys-
talline anisotropy lowers the degeneracy of the low-energy
manifold of each impurity to the Kramers doublet, S = 1/2.1

The linear coupling of the impurity spins Ŝa is allowed only to
those perturbations that break time-reversal symmetry (TRS).
This coupling is described by the Hamiltonian of the form

ĤS(t ) = −
∑

a

Ŝa · Heff,a(t ), (1a)

Heff,a(t ) = [J ŝ(ra, t ) + μBgaB(ra, t )]. (1b)

Here, J is the exchange constant, μB is the Bohr magneton,
and ga are g factors of magnetic moment of the impurity,
which in the disordered system can be spatially nonuniform.
The first term in the square brackets describes the exchange
coupling with the spin density of itinerant electron ŝ(ra) at
the impurity position ra, and the second term describes the
Zeeman coupling with the magnetic field B(ra). Thus, the ac
electric field couples to the spins indirectly, by inducing an ac
supercurrent, which in turn generates both the magnetic field
and the spin density of the itinerant electrons.

It is important to note that the coupling of the ac electric
field E(t ) = Re(Eωe−iωt ) to the impurity spins in supercon-
ductors is much stronger than that in insulators. The reason
is that, to linear order in E(t ), the effective magnetic field

1This is a generic situation (see, for example, Sec. 99 of Ref. [10]).
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acting on the magnetic impurities is proportional to the super-
fluid momentum ps(t ). The latter is given by ps(t ) = h̄

2 (∇χ −
2e
h̄c A(t )), where χ is the phase of the order parameter and A(t )
is the vector potential. Therefore, Heff,a(t ) in Eq. (1) may be
expressed in the form

Heff,a(t ) = ζ̂a ps(t ), (2)

where ζ̂a is a rank-2 sensitivity tensor, which has a dimension
of velocity and characterizes the linear-in-ps(t ) breaking of
the Kramers degeneracy of the ath impurity. The superfluid
momentum ps(t ) and the electric field are related via the
condensate acceleration equation

dps

dt
= eE(t ). (3)

Thus, the electric field creates the effective ac magnetic field
Heff,a(t ) = Re(Heff,ae−iωt ) of the form

Heff,a = iζ̂a
eEω

ω
, (4)

which is inversely proportional to frequency ω.
In disordered superconductors, the sensitivity tensors ζ̂a

are random quantities because both the spin density of the
itinerant electrons and the impurity g factors in Eq. (1b)
exhibit strong mesoscopic fluctuations. To separate these con-
tributions, we represent the sensitivity tensor as a sum of
two terms, ζ̂a = ζ̂ (1)

a + ζ̂ (2)
a , which correspond to the first and

second terms in Eq. (1b), respectively. At h̄ω � �, Heff turns
out to be much larger than the direct Zeeman coupling of the
ac magnetic field to the impurity spins.

In the following, we assume that the superconductors are
in the diffusive regime l � ξ . Here, ξ = √

h̄D/� is the
zero-temperature superconducting coherence length, l is the
electronic mean free path associated with nonmagnetic im-
purities, D = lvF /3 is the diffusion coefficient, and vF is the
Fermi velocity. To be concrete, we consider the case where
the thickness of superconducting samples d is greater than
the coherence length and smaller than the London penetration
length of the magnetic field, ξ < d < λL. In this case, the
superfluid momentum may be considered spatially uniform.
We also assume that the frequency ω of the external field is
small, h̄ω � �.

Let us first discuss the properties of ζ̂ (1)
a , which is asso-

ciated with the spin density of the itinerant electrons, the first
term in Eq. (1b). Using the second-quantized form of the spin-
density operator, ŝ(r, t ) = ψ†

α (r, t )σαβψβ (r, t ), where σαβ is
the vector of Pauli matrices and ψ†

α (r) and ψβ (r) are the
electron creation and annihilation operators, we express the
expectation value of the spin density in terms of the equal-time
electron Green’s functions,

s(r, t ) ≡ 〈ŝ(r, t )〉 = σαβ

〈
ψ†

α (r, t )ψβ (r, t )
〉
. (5)

Here, 〈· · · 〉 denotes the quantum and thermal averaging. At
low frequencies, the time-dependent expectation value of the
spin-density operator in Eq. (5) is given by the equilibrium
spin density for the instantaneous value of the superfluid
momentum ps(t ). In the absence of supercurrent, ps = 0, this
expectation value vanishes. Generation of spin density (pseu-
dovector) by supercurrent (polar vector), 〈ŝ(r)〉 ∼ ps, requires
not only spin-orbit coupling but also breaking of the inversion

FIG. 1. The Feynman diagram for the spin correlation function
induced by the supercurrent. The dashed lines represent disorder
averaging, and solid lines represent the matrix electron Green’s func-
tions in the Gor’kov-Nambu space.

symmetry. It is important to note that only local breaking
of the inversion symmetry is required because the conduc-
tivity is proportional to the square of the sensitivity tensor.
We restrict our consideration to disordered centrosymmetric
superconductors, where the local breaking of the inversion
symmetry is caused by a random distribution of nonmagnetic
impurities around the impurity spins. As we show, in this
case the effect becomes especially strong. The reason is that
in disordered conductors, the spatial form of the wave func-
tions of the itinerant electrons is determined by the quantum
interference of electron waves scattered from multiple impu-
rities. This interference pattern is very sensitive to uniform
supercurrent [11] that, in the presence of spin-orbit coupling,
induces random disorder-specific fluctuations of spin density
of the itinerant electrons, s(r). The spin density fluctuations
are characterized by zero average s(r) = 0 (we denote av-
eraging over disorder by overline) and nonzero correlation
function [12]

si(r)s j (r′) = δi j s2 ×
{

1, |r − r′| ∼ λF ,
λ2

F
|r−r′|2 , l > |r − r′| > λF ,

s2 ∼ ξ

l

(
h̄ js

eDpF

)2

×
{

1, lso < ξ,

h̄/(�τso), lso > ξ.
(6)

Here, δi j is the unit tensor, and lso = √
Dτso and τso are the

spin-orbit relaxation length and time, respectively, for the itin-
erant electrons due to scattering by nonmagnetic impurities.
Finally,

js(t ) = − eNs

m
ps(t ) = e2Ns

mω
Im(Eωe−iωt ) (7)

is the supercurrent density and Ns is the superfluid density.
One obtains Eq. (6) using the standard impurity diagram

technique (see, for example, Ref. [13]). The Feynman diagram
describing the disorder-averaged correlation function of the
spin densities is shown in Fig. 1. Note that s(r) has a random
direction. Furthermore, for short spin-orbit relaxation length,
lso < ξ , the amplitude of spin fluctuations becomes indepen-
dent of τso. Therefore, the different elements of the random
tensor ζ̂ (1)

a have a variance of the same order, ζ 2
1 , which is
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given by

ζ 2
1 ∼ J 2 ξ

l

(
h̄

mDpF
Ns

)2

×
{

1, lso < ξ,

h̄/(�τso), lso > ξ.
(8)

Let us now estimate the second contribution to the sensi-
tivity tensor, ζ̂ (2)

a , which is associated with the magnetic field
induced in the superconductor by the ac electric field. We
assume the film to be perpendicular to the z axis. The magnetic
field in the film depends on the z coordinate. This dependence
is obtained using the Maxwell’s equation ∂zB(t, z) = −ẑ ×
[ 4π

c js(t ) + 1
c ∂t E(t )], where ẑ is the unit vector normal to the

film. As follows from Eq. (7), for thin films, d � λL, where
the electric field and the current density are independent of

z, the magnetic field is given by B(z, t ) = zω
c Re(i[

ω̃2
p

ω2 − 1]ẑ ×
Eωe−iωt ). Here, we introduced an effective plasma frequency
ω̃2

p = 4πNse2

m . At low frequencies, the magnetic field becomes
inversely proportional to ω, and the characteristic Zeeman
energy in Eq. (1a) may be estimated as

gaμBB ∼ gaEωd
|e|h̄

2mc2

ω̃2
p

ω
. (9)

Thus, the typical value of the second contribution of the sen-
sitivity tensor may be estimated as

ζ2 ∼ gadh̄ω̃2
p/2mc2.

The impurity g factor has spatial fluctuations δga = ga −
g0 (with g0 being the g factor in a pure sample), which
are of mesoscopic origin: An impurity spin embedded into
a disordered metal induces random Friedel oscillations of
magnetization, which control the value of δga. We use the
procedure similar to that of Ref. [14] to estimate the relative

amplitude of g-factor fluctuations,
√

(δga)2/g0 ∼ 1/(kF l )3/2.
In linear response, the individual impurity spins immersed

into a TRS-invariant system can absorb the external electro-
magnetic field only to the extent that the energies of spin
states are broadened either by spin-phonon processes or by
the hyperfine interaction with the nuclear spins. Indeed, in
the absence of coupling between the impurity spins, their en-
ergy levels are doubly degenerate by the Kramers symmetry.
Therefore, the absorption rate is finite only in a very narrow
frequency interval on the order of the broadening (see, for
example, Ref. [15]). At higher frequencies, the absorption is
associated with the Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction between the impurity spins, which lifts the degen-
eracy of the energy levels of the spin subsystem. The RKKY
interaction is generated in second order in the exchange in-
teraction with the spin density of the itinerant electrons. At
distances smaller than the coherence length, |ra − rb| < ξ , the
RKKY exchange coupling is essentially the same as that in a
normal metal [16–18]. At |ra − rb| > λF , it has the form2

ĤRKKY = 1

2

∑
ab

Jab Ŝa · Ŝb, (10a)

2In the presence of spin-orbit coupling, the RKKY interaction
of the impurity spins in Eq. (10) in general becomes anisotropic,
Ji j

abSi
aS j

b , with i and j being the Cartesian indices. However, the
anisotropy of the RKKY exchange does not affect our conclusions.

Jab = J 2ν

4π

cos(2kF |ra − rb| + φ(ra − rb))

|ra − rb|3 , (10b)

where ν is the electron density of states in the normal
metal. Here, the phase φ(ra − rb) is a random sample-
specific quantity [14]. At larger distances, |ra − rb| > ξ , the
RKKY coupling becomes suppressed by an additional factor
exp(−2|ra − rb|/ξ ). The full Hamiltonian of the spin subsys-
tem is

Ĥ = ĤRKKY + ĤS. (11)

The criterion that the paramagnetic impurities do not affect the
superconducting gap is �τs/h̄ 
 1 [19] . Here, 1/τs ∝ ns is
the spin-flip rate for the itinerant electrons, which is associated
with scattering on paramagnetic impurities. This leaves us
with an interval of the localized spin concentration of several
orders of magnitude,

1

ξ 3
< ns � �

h̄λ2
F vF

. (12)

Here, we assumed that the scattering length for the spin-flip
scattering of electrons on the paramagnetic impurities is on
the order of the Fermi wavelength λF .

In the absence of an electromagnetic field, the typical en-
ergy of exchange interaction between two spins separated by
a typical distance n−1/3

s is on the order of

J ∼ J 2ν

4π
ns. (13)

At temperatures lower than the spin glass transition temper-
ature, T < TSG ∼ J , the system of spins described by the
Hamiltonian ĤRKKY is in the spin glass state. In this article,
we focus on the regime of relatively high temperatures,

Tc 
 T > TSG. (14)

We assume that in this temperature interval the spin system is
ergodic, and its energy propagates in space via spin diffusion.
In this case, the broadening of the energy levels of individual
spins is of order J .

III. DISSIPATIVE CONDUCTIVITY

Let us now evaluate the dissipative part of the ac conduc-
tivity caused by the coupling of supercurrent to the impurity
spins. We focus our consideration on films of sufficiently
small thickness, where the ratio

ζ1

ζ2
∼ mc2

e2kF

λ2
F

ld

(
ξ

l

)1/2

(15)

is larger than unity.3 Thus, the coupling of the impurity spins
to the spin density of the itinerant electrons [the first term
in Eq. (1b)] gives the dominant contribution to the low-
frequency dissipative conductivity.4

3To get this estimate, we assumed that lso < ξ and used J ∼ εF λ3
F ,

with εF being the Fermi energy.
4For superconductors belonging to the cubic crystalline system,

the RKKY exchange is isotropic, and ĤRKKY in Eq. (10) commutes
with the total spin

∑
a Sa. In this case, in the absence of g-factor
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Generally, there are two theoretical paradigms of the ab-
sorption of the electromagnetic field: resonance absorption
and the relaxation (Debye) mechanism (see, for example,
Refs. [20,21]), giving two contributions to the dissipative part
of the conductivity σ (ω) = σR(ω) + σD(ω). The two contri-
butions can be uniquely distinguished in the case where the
splitting between the relevant energy states is larger than their
broadening, which is of order J .

A. Resonance absorption

Let us first estimate the part of the conductivity σR(ω) asso-
ciated with the resonance absorption. At frequencies h̄ω > J ,
the resonance absorption is associated with the transitions
between the ground and excited states of the rare pairs of
spins separated by a short distance r∗(ω) � n−1/3

s . The strong
RKKY exchange creates the energy splitting Espl = h̄ω be-
tween the singlet and the triplet manifold for this pair,5

Espl(r
∗) ∼ J

(r∗)3ns

 J, (16)

which is much larger than their broadening. Thus, the energies
of the spin state of the close pairs are relatively well defined
in this regime. For uncorrelated impurities, the probability
density to find a pair of spins of the size r∗ � n−1/3

s is pro-
portional to ns(r∗)2. Using Eq. (16), we get the probability
density for the energy splitting Espl between the singlet and
triplet manifolds for close pairs,

p(Espl ) ∼ J

E2
spl

, Espl � J. (17)

The resulting resonance absorption contributing to the con-
ductivity is

σR(ω) ∼ e2nsζ 2

h̄ω2

∫
dEspl p(Espl ) f (Espl )Espl δ(h̄ω − Espl )

∼ e2nsζ 2

h̄

{
J

T ω2 , T > h̄ω � J,
J

h̄ω3 , h̄ω > T > J,
(18)

where f (Espl ) is the difference in the equilibrium occupation
numbers of the singlet and the triplet manifold of the spin pair
with the energy splitting Espl.

At h̄ω � J , the contribution of resonance absorption to
conductivity saturates to a frequency-independent value,

σR(ω) ∼ e2nsζ 2
h̄

T J
, h̄ω � J. (19)

In this regime, σR is dominated by the typical spin pairs. For
example, assuming that kF l ∼ 10, �τso/h̄ ∼ 10, ξ/l ∼ 10,

variations, ga = g0, a spatially uniform ac magnetic field does not
produce energy dissipation. As a result, the ratio of contributions
to the dissipative conductivity due to the first and second terms in
Eq. (1b) is enhanced compared to Eq. (15) by a large parameter

C ∼ max [g0/

√
(δga )2; d

r̃ ] 
 1, reflecting the variation of the g fac-
tors and spatial nonuniformity of the magnetic field. Here, r̃ is the
typical distance between the impurity spins relevant to the problem.

5For anisotropic exchange, the triplet will be split into a singlet and
a doublet, but this does not affect our conclusion.

d/λF ∼ 102, and EF /T ∼ 105, we get from Eq. (19) a rough
estimate for the conductance of the system per square σRd ∼
(10−1 − 10) e2

h̄ .

B. Debye absorption

We now turn to the discussion of the Debye contribution to
the ac conductivity σD(ω). Its mechanism can be understood
as follows [22]. In the adiabatic approximation, h̄ω < Espl,
the effective magnetic field modulates the energies of the spin
system, creating a nonequilibrium population of the energy
levels. The relaxation of the nonequilibrium level population
is accompanied by the entropy production and produces a
contribution to the dissipative conductivity σD.

Usually, the Debye contribution to the ac conductivity
σD(ω) becomes dominant at low frequencies in systems that
are characterized by a hierarchy of relaxation times. In this
case, the conductivity is proportional to the longest relaxation
time. We will argue that such a hierarchy of relaxation times
arises when a static in-plane magnetic field Bdc is applied to
the system. In this case, the Debye contribution to the con-
ductivity can be much larger than the resonant one, σD 
 σR,
which implies a large positive magnetoconductance. In this
situation, σD is also dominated by closely spaced pairs of
spins. The reason is that because of the large energy splitting
between the triplet and singlet manifolds for such pairs, the
full relaxation of the nonequilibrium distribution of energy
levels involves long relaxation times.

Let us consider the adiabatic evolution of the energy lev-
els of the closely spaced spin pairs in the presence of a dc
magnetic field Bdc. The conductivity σD(ω) arises from the
motion of levels linear in the ac field Heff,a. The linear-in-
Heff,a breaking of the degeneracy of the triplet manifold arises
even at Bdc = 0. However, in this case the average energy
of the triplet states does not shift, and the total equilibrium
population of the triplet manifold remains unchanged to linear
order in Heff,a. In the presence of Bdc, the average energy of
the triplet manifold shifts proportionally to Heff,a · Bdc. Thus,
at Bdc �= 0 the spectrum evolution creates a population imbal-
ance between the singlet and triplet manifolds. In the absence
of relaxation between the triplet and singlet manifolds, this
imbalance may be estimated as

δ f0 ∼ μBBdc · Heff,a

T 2
. (20)

Here, we assumed that Espl � T .
Equilibration within the triplet manifold involves small

energy transfer and is characterized by a short relaxation
time of the order h̄/J . In contrast, equilibration between the
singlet and triplet manifolds of the closely spaced spin pairs
involves processes with energy transfer of order Espl 
 J .
This cannot be achieved by spin-flip processes involving spins
located distances of order n−1/3

s from the close pair because
such processes do not conserve energy. Thus, equilibration
between the triplet and singlet manifolds via the spin-flip
processes involves rare “resonant” pairs with the same (within
the broadening energy interval J) energy splitting Espl. Two
such resonant pairs are shown in red in Fig. 2.

The density of such rare resonant pairs is of order np =
nsJ p(Espl ). The matrix element for such resonant spin flips is

033317-4



LOW-TEMPERATURE DISSIPATIVE CONDUCTIVITY OF … PHYSICAL REVIEW RESEARCH 8, 033317 (2026)

FIG. 2. Schematic depiction of paramagnetic impurities in a
superconductor. Two rare “resonance” pairs, which have close
singlet-triplet energy splittings but are separated by a large distance,
are shaded in red.

Jp ∼ J np

ns
∼ J J2

E2
spl

and the corresponding relaxation time is of

order

τ (Espl ) ∼ h̄J

J2
p

∼ h̄

J

E4
spl

J4

 h̄

J
. (21)

A similar situation was considered in the context of dielectric
glasses in Ref. [23].

To evaluate the Debye contribution to conductivity, σD, we
follow the standard steps (see, for example, Refs. [20,21]).
In the presence of relaxation, the amplitude of the population
imbalance between the singlet and triplet manifolds changes
from Eq. (20) to δ f (ω) ∼ δ f0

ωτ (Espl )
i+ωτ (Espl )

. Since the entropy pro-

duction rate is proportional to |δ f (ω)|2/τ (Espl ), we get

σD(ω, Bdc) ∼ e2nsζ 2μ2
BB2

dc

∫ Emax

J

p(Espl )τ (Espl ) dEspl

T 3[1 + ω2τ 2(Espl )]
.

(22)

Here, the upper limit of the integration, Emax =
min[

√
nsξ 3J, T ], is determined by the requirements that

n−1/3
p < ξ and Espl < T . The main difference between

Eq. (22) and the standard expression for the Debye
conductivity in dielectrics [20,21] is that Eq. (22) does
not vanish at ω = 0.

Substituting Eqs. (17) and (21) into Eq. (22), we obtain

σD(ω, Bdc) ∼ h̄e2ζ 2μ2
BB2

dc

JT 3

⎧⎨
⎩

( Jτmax
h̄

)3/4
, h̄

τmax
> h̄ω,(

J
h̄ω

)3/4
, h̄

τmax
< h̄ω < J,

(23)
where

τmax = min

[
h̄T 4

J5
,

h̄n2
s ξ

6

J

]
(24)

is the maximum relaxation time in the system. Similar to
the resonance contribution to the conductivity [Eq. (19)], the
frequency dependence of the Debye contribution [Eq. (23)]
saturates at small frequencies. In this regime, it exceeds σR(0)

when

μBBdc > J

√
J

T
. (25)

Therefore, if the condition (25) holds, the magnetoconductiv-
ity of the system described by Eqs. (22) and (23) becomes
larger than the conductivity at zero magnetic field [Eq. (19)].
The quadratic dependence of the magnetoconductivity on Bdc

in Eq. (22) was obtained using the second order of perturba-
tion theory. This is valid if the characteristic energy splitting of
triplet states, μBBdc, is smaller than the characteristic energy
splitting Espl that gives the main contribution to the integral
in Eq. (22). For τmax = h̄T 4/J5, this condition corresponds to
μBBdc < T .

At Bdc = 0 and in the linear order in the ac field, the popu-
lation imbalance between the triplet and singlet manifolds of
closely spaced pairs is not generated. Therefore, the relaxation
mechanism is characterized by a single short relaxation time
of order h̄/J . The resulting contribution to the low-frequency
conductivity is of the same order as the resonance contribution
σR in Eqs. (18) and (19).

It follows from Eq. (23) that at Bdc = 0 the threshold for
nonlinearity of the dissipative conductivity should be anoma-
lously small. Indeed, for a fixed ac electric field Eω, the
amplitude of supercurrent oscillations is proportional to 1/ω.
Therefore, at low frequencies the response of the system be-
comes nonlinear at very small Eω. There are two requirements
for the validity of the linear response results [Eqs. (18), (19),
and (23)]: (1) The amplitude of the oscillations of the super-
fluid momentum must be smaller than the critical one psc ∼
h̄/ξ , which yields eE/ω � h̄/ξ , and (2) Heff � μBBdc. In the
nonlinear regime, the dissipative conductivity at Bdc = 0 may
be estimated by substituting μBBdc → Heff in Eq. (23).

IV. CURRENT FLUCTUATIONS AND SUPERFLUID
DENSITY

At T > TSG, all conventional theorems of statistical me-
chanics are valid in superconductors with paramagnetic
impurities. One can use the fluctuation-dissipation theo-
rem [24] to relate the spectral density of fluctuations of
the total current through the system to the dissipative
conductivity:∫

dt〈δIs(t )δIs(0)〉eiωt = h̄ωσ (ω) coth
h̄ω

2T
d. (26)

Thus, the spectral power of current fluctuations also saturates
to a nonzero value at low frequencies, ω → 0. The subscript
s in Eq. (26) indicates that the system is in the superconduct-
ing state, and δIs(t ) denotes fluctuations of the total current
through a two-dimensional square sample with thickness d .
These fluctuations can be detected by the measurements of
magnetic flux noise or fluctuations of the Faraday rotation of
light polarization (see, for example, Ref. [25]).

We note that two-level systems of atomic nature in super-
conductors also exhibit a linear coupling to the external ac
electric field [26]. However, since they preserve time-reversal
symmetry, this coupling exists only in the presence of a dc
supercurrent.
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Since the temperature dependence of the superfluid den-
sity Ns(T ) and that of the conductivity σ (T, ω) are related
by the Ferrell-Grover-Tinkham (FGT) sum rule [27,28],

d
dT [πe2

m Ns(T ) + ∫ ∞
0+ σ (T, ω)dω] = 0, our results imply that

at T � �, the temperature dependence of Ns(T ) is deter-
mined by the fluctuations in the spin subsystem. Substituting
Eqs. (18) and (19) into the FGT sum rule, and using Eqs. (8)
and (13), we get for J � T � �,

d ln Ns(T )

dT
∼ mns

Ns

ζ 2

T 2
∼ J

T 2

l

ξ

1

(kF l )2
, (27)

where ne is the electron density. Thus, the temperature-
dependent correction to superfluid density is relatively small.
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