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Revisiting Nishimori multicriticality through the lens of information measures
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The quantum error correction threshold is closely related to the Nishimori physics of random statistical
models. We extend quantum information measures such as coherent information beyond the Nishimori line and
establish them as sharp indicators of phase transitions over the full p-T plane. These generalized measures admit
a natural operational interpretation as diagnostics of inference mismatch for decoders operating at an effective
temperature. We derive exact inequalities for several generalized measures, demonstrating that each attains its
extremum along the Nishimori line. As a direct application, we study these measures in the 2d ±J random-bond
Ising model—corresponding to a surface code under bit-flip noise—and revisit the Nishimori multicritical point.
Among all indicators, coherent information exhibits the weakest finite-size effects, enabling a high-precision
estimate pc = 0.109 2212(4) and the associated critical exponents.
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I. INTRODUCTION

The random-bond Ising model (RBIM) is one of the
foundational models of disordered systems and has attracted
sustained interest for decades in statistical mechanics. Owing
to its gauge invariance, a special manifold in the param-
eter space—known as the Nishimori line—emerges. Along
this line, exact results—such as the internal energy and con-
straints on the phase diagram—have been obtained [1–4].
Remarkably, in quantum error correction (QEC), the er-
ror threshold maps directly onto the Nishimori physics of
the corresponding statistical model [5–12], with the optimal
threshold corresponding to the multicritical Nishimori point
(MNP) [13–18]. Recently, the coherent information—which
quantifies how much quantum information can be reliably
transmitted through a noisy channel [19–21]—has also been
shown to exhibit a deep connection to the RBIM [22–27]. No-
tably, it shows remarkably small finite-size effects in studying
the information-theoretic transition [27–32]. The Nishimori
physics has also gained renewed significance through its con-
nections to monitored quantum circuit dynamics [33–35],
mixed-state phase transitions [22–24,36–42], and statistical
inference problems [32,43–46].

In the classical phase diagram of RBIM, the MNP ex-
hibits a distinctive multicritical nature: Both the Nishimori
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line and temperature act as independent, relevant perturba-
tions [47,48]. Despite this, most existing studies have focused
either strictly on the Nishimori line or on the zero-temperature
limit, which corresponds to the optimal or the matching-type
decoder. In contrast, the impact of temperature deformations
away from the MNP—and their implications for inference
and quantum error correction—remains largely unexplored.
Moreover, previous studies on RBIM [49–67] have generally
been limited to small system sizes and have rarely given
a systematic comparison between statistical-mechanical ob-
servables and quantum information-theoretic quantities.

Here, we develop a unified framework that extends
information measures—most notably coherent information
Ic(β )—beyond the Nishimori line (βp) to arbitrary tempera-
ture (βp) over the full p-T plane. In this statistical formulation,
Ic(β ) (defined by the disorder-averaged log posterior) ac-
quires a direct operational meaning as decoding with an
effective temperature β: It quantifies the mismatch between
the true error distribution and the inference distribution pro-
duced by the Bayes decoder. All generalized measures can be
expressed in terms of the domain-wall free energy (DWFE)
�F , a standard probe of phase transitions via its disorder
average and general moments [49,64], thereby turning them
into sharp statistical indicators away from the Nishimori line.
Finally, exploiting gauge invariance, we derive inequalities
showing that Ic(β ) and related observables attain their ex-
trema on the Nishimori line. These exact constraints clarify
the performance of mismatched decoders, single out the op-
timal decoder, and impose nontrivial structure on the phase
diagram.

With these insights and improved estimators based on the
Nishimori relation, we perform large-scale simulations us-
ing the fermionic transfer matrix method [13,62–64,68–74]
and obtain mutually consistent critical-point estimates, pc =
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FIG. 1. Surface code, RBIM, and schematic phase diagram. (a) Surface code with rough (smooth) boundary conditions along the x (y)
direction, for code distance d = 4. Blue (yellow) markers indicate plaquette (vertex) stabilizers. The shaded regions indicate qubits defining
logical X̄ (Z̄) operators. The dashed red line shows an error chain f , with its endpoint marking the syndrome s. (b) RBIM (L = 4) mapped
from panel (a), with spins on plaquettes operators and qubits are mapped to the bonds between them. The rough (smooth) boundary condition
corresponds to free (fixed) boundary conditions in the RBIM, and physical errors appear as τi j = −1 bonds (red dashed lines). Inserting a
domain wall (logical error X̄ ) corresponds to imposing a twisted boundary condition. (c) Schematic RBIM phase diagram [54] in the p-T
plane, showing PM, FM, and zero-temperature spin glass (SG) phases. The Nishimori line (red) represents the mapping from panel (a) to (b) in
Eq. (1); the thermodynamic-limit behavior of various measures in each phase is indicated. The MNP marks the intersection of the FM-PM
phase boundary with the Nishimori line and features two relevant directions (arrows) in the renormalization group (RG) sense. Dashed blue
curves schematically illustrate the extreme behavior of R0.5(β ),PMLD

succ ,Ic(β ) along the Nishimori line.

0.109 2212(4), representing, to our knowledge, the most pre-
cise value reported to date. Along the Nishimori line, the
coherent information exhibits exceptionally small finite-size
effects, whereas temperature deviations from the MNP reveal
that the domain-wall entropy shows similarly minimal finite-
size corrections. We further verify that the DWFE distribution
is scale invariant at the MNP [64], explaining the coincidence
between the MNP and the QEC threshold.

II. SURFACE CODE AND RBIM

We begin by outlining the mapping from the surface code
to the RBIM. As shown in Fig. 1(a), the surface code is
defined on a square lattice with qubits placed on edges.
Its Hamiltonian reads Ĥ = −∑

v Âv − ∑
p B̂p [75], where

the plaquette operator B̂p = ∏
i∈∂ p Xi and the vertex operator

Âv = ∏
i∈v Zi are graphically represented in Fig. 1(a). All B̂p

and Âv operators commute with each other, so the ground
state is stabilized by these operators. In the lattice geometry of
Fig. 1(a), the number of independent stabilizers is one fewer
than the number of qubits. As a result, the ground state is
twofold degenerate, allowing the surface code to encode a
single logical qubit [13]. The logical Z̄ (X̄ ) operator is defined
as the product of Z (X ) operators along the vertical (horizontal)
direction, as shown in Fig. 1(a).

Now, we consider an error channel N = ⊗iNi acting on
a quantum state ρ with Ni[ρ] = (1 − p)ρ + pXiρXi, where
p is the bit-flip error rate. As shown in Fig. 1(a), a bit-flip
error chain f with

∏
l∈ f Xl , creates e-anyon excitations at its

endpoints defined by Âv = −1 [75]. These excitations are
commonly referred to as the error syndrome and denoted by s.
All error configurations f ′ satisfying s = ∂ f ′ (i.e., exhibiting
the same observable syndromes detected by Âv for every v)
fall into two equivalence classes: the homology-trivial class
[ f ], in which the elements differ from f by local B̂p op-
erations, and the homology-nontrivial class [ f X̄ ], generated
by the logical operator X̄ [Fig. 1(a)]. QEC aims to identify

which class the actual error belongs to; recovery succeeds if
the correction and true error are in the same class, and fails
otherwise [5,10]. Consequently, it is crucial to evaluate the
probability that an error configuration belongs to the class [ f ].
It has been shown that [5,13]

P([ f ]) ≡
∑
f ′∈[ f ]

P( f ′) = (2 cosh(βp))−NZ ({τi j}, βp), (1)

where Z ({τi j}, β ) = ∑
Si=±1 exp(βτi jSiS j ) is the partition

function of the RBIM [see Fig. 1(b)] with τi j = −1 for bond
i j ∈ f (1 otherwise), the inverse temperature βp = − 1

2 ln p
1−p

defines the Nishimori line, and N is the number of qubits.
The probability of the other class, P([ f X̄ ]), corresponds to
the same model with twisted boundary conditions, obtained
by inserting a noncontractible domain wall that exchanges
ferromagnetic and antiferromagnetic couplings, denoted by
Z ′({τi j}, βp).

III. INFORMATION MEASURES AND STATISTICAL
INDICATORS

Several strategies exist for determining the error class and
performing correction. One is the maximum-likelihood de-
coder (MLD), which compares P([ f ]) and P([ f X̄ ]), selecting
the more probable class [10]. The success probability of this
decoder can then be interpreted as the disorder-averaged prob-
ability that the correct class is favored. Using Eq. (1), it can
be written as

PMLD
succ (βp) = �(Z ({τi j}, βp) − Z ′({τi j}, βp)), (2)

where �(x) is the Heaviside step function [�(0) = 1
2 ], and ·

denotes the disorder average over random configurations {τi j}.
By construction, the MLD maximizes the success probability
among all decoders. We can also consider a Bayes-optimal
decoder that outputs the posterior distribution over logi-
cal classes, P([ f ]|s) = P([ f ])

P([ f ])+P([ f X̄ ]) , which has a success
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probability

PBayes
succ (βp) = Z ({τi j}, βp)

Z ({τi j}, βp) + Z ′({τi j}, βp)
. (3)

The Bayes decoder is also optimal in the sense that it
maximizes the log-posterior ln2 P([ f ]|s). It is closely re-
lated to the coherent information [19–21], which is an
information-theoretic diagnostic quantifying the logical infor-
mation surviving the error channel, independent of specific
decoding algorithms. For surface code under bit-flip error, the
logical coherent information was recently derived [22–24],
relating to the averaged log-posterior:

Ic(βp) = 1 + ln2

( Z ({τi j}, βp)

Z ({τi j}, βp) + Z ′({τi j}, βp)

)
. (4)

Together, Eqs. (2)–(4) establish a mapping between quan-
tum information-theoretic quantities and statistical variables
of the RBIM along the Nishimori line. The mapping extends
beyond it by replacing βp with a general β, interpretable as
an effective inverse temperature for decoders with β �= βp,
as occurs when the physical error rate p is unknown [43,76].
For instance, the minimum-weight perfect matching decoder,
independent of p, corresponds to the zero-temperature limit
β → ∞ [5]. For general β �= βp, Ic(β ) no longer coincides
exactly with the coherent information. Nevertheless, from an
error-correction perspective, Ic(β ) quantifies the mismatch
between the actual error distribution and the inference distri-
bution produced by the Bayes decoder.

Recently, the domain-wall entropy was proposed to capture
phase transitions in both quantum information and classical
inference [32,35]. Consider associating the domain wall with
an auxiliary spin that takes the value −1 (+1) if a domain wall
is (is not) inserted. This allows us to define the entropy of this
spin as

SDW(β ) = − Z
Z + Z ′ ln2

Z
Z + Z ′ − (Z ↔ Z ′). (5)

Along the Nishimori line, Ic(βp) = 1 − SDW(βp) [29], mak-
ing SDW(β ) an alternative generalization of coherent infor-
mation. However, as shown later, SDW(β ) and Ic(β ) exhibit
markedly different temperature dependencies.

From a statistical perspective, the limiting behavior of
these quantities in different phases can be understood directly
from the DWFE cost

�F ({τi j}, β ) ≡ lnZ ({τi j}, β ) − lnZ ′({τi j}, β ), (6)

conditioned upon the error configuration. All quantities in
Eqs. (2)–(5) are determined by the distribution of �F . In the
ferromagnetic (FM) phase, the average �F grows linearly
with system size, making domain-wall flips exponentially
unlikely; thus, Psucc, Ic → 1, indicating the success of error
correction and no loss of information. In the paramagnetic
(PM) phase, the domain wall loses its rigidity and �F → 0,
yielding Psucc → 1/2 and Ic goes to 0, signifying the failure
of error correction and the loss of information. Accordingly,
the domain-wall entropy SDW rises from 0 to 1 across the
FM-PM transition. In this broader context, Psucc, Ic, and SDW

not only retain their significance in quantum information but

can also be interpreted as statistical indicators of the phase
transition [see Fig. 1(c)].

The properties of the domain wall have long been used
in statistical studies of the RBIM; in particular, the disorder-
averaged DWFE, defined as

dW (β ) ≡ lnZ ({τi j}, β ) − lnZ ′({τi j}, β ) = �F , (7)

is widely employed to characterize the phase transition
[49,58]. As a disordered ensemble, one can consider its
generic qth moment average, defined as

Rq(β ) ≡ (Z ′({τi j}, β )/Z ({τi j}, β ))q = e−q�F . (8)

This quantity is related to the disorder operator in quasi-
one-dimensional geometries and has been used to study the
multifractal spectrum of the MNP [64,69].

Note that all these disorder-averaged observables are gauge
invariant, remaining unchanged under the transformation τ ′

i j
= τi jθiθ j for any θi = ±1. Using this property, we can
show that PMLD

succ , Ic,R0.5 attain their extremum at βp (see
proofs in Appendix A). This reflects the optimality of the
MLD decoder, which maximizes success probability, and the
Bayes decoder, whose inference distribution best matches the
true error distribution; Ic and R0.5 quantify this distribution
mismatch. In Fig. 1(c), we show a schematic RBIM phase
diagram, summarizing the asymptotic behavior of these quan-
tities across phases and the inequalities discussed above.

In the following, we present the numerical results for these
quantities, demonstrating their effectiveness in locating the
MNP and characterizing the surrounding critical behavior.
We also examine the �F distribution to support the discus-
sion above. Further algorithmic details and numerical stability
analysis are given in Appendix B with an open-source imple-
mentation [77].

IV. RESULTS ALONG THE NISHIMORI LINE

In our numerical calculations, we consider a square ge-
ometry with open (fixed) boundary conditions along the x(y)
direction, as shown in Fig. 1(b). Figures 2(a)–2(e) show the
quantities defined above along the Nishimori line. Using
the Nishimori relation, we employ an improved estimator,

O(τ ) = Z
Z+Z ′ O + Z ′

Z+Z ′ O′, which reduces statistical errors
(O′ for twisted boundary condition). With system size up to
512 and over 107 disorder configurations, we determine the
critical point to be pc = 0.109 2212(4) and the correlation-
length exponent 1/ν = 0.652(2), improving the precision of
pc by roughly two digits over previous most accurate es-
timates [35,55,67]. The numerical value also lies clearly
below, though close to, the duality-conjectured [50] analytic
value 0.1100� derived from the condition −p ln2 p − (1 −
p) ln2(1 − p) = 1/2, also known as the Hashing bound [5,78]
in the context of quantum error correction. Our estimate of
1/ν also shows substantial improvement over previous results
on RBIM, including 0.66(1) [55] and 0.67(1) [67], and is in
tension with a recent conjecture 1/ν = 2/3 [79]. At the same
time, it agrees well with the recent calculation of the Nishi-
mori universality class in monitored circuits, ν = 1.532(4)
[35]. We extract the anomalous dimension by fitting the mag-
netic ordering, obtaining η = 0.1786(6) (see Appendix D).
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FIG. 2. Critical behavior of various quantities along the Nishimori line. Finite-size scaling yields pc = 0.109 2212(4) and 1/ν = 0.652(2).
(a) Coherent information Ic; the shaded region (red) indicates our critical-point result, compared with previous works [35,55,67]. The
horizontal region shows the crossing value Ic = 0.4990(1), deviating clearly from 1/2. (b) The success probability of MLD PMLD

succ . (c) The
success probability of the Bayes decoder PBayes

succ . (d) Disorder-averaged DWFE dW . (e) q = 0.5 moment of partition function ratio R0.5, which
is a special case of Eq. (8). (f), (g) Distribution of �F in the FM (p = 0.10) and PM (p = 0.12) phases. (h) The distribution of �F at MNP,
exhibiting a characteristic kink at zero. Quantities shown in panels (a)–(e) were computed with an estimator incorporating the Nishimori
condition to reduce statistical errors [see Eq. (A10)]. Separate fitting results are summarized in Table I, and further details of the finite-size
scaling analysis can be found in Appendix D.

This value is consistent with previous estimates, η = 0.177(2)
[55] and η = 0.180(1) [67].

Notably, the consistency of pc across observables within
this narrow interval provides high-precision confirmation of
the coincidence between the MNP and the QEC threshold. As
shown in Fig. 2, the coherent information exhibits the smallest
finite-size corrections, with a crossing point Ic = 0.4990(1)
very close to 1

2 . In Ref. [27], the coherent information I (n)
c in

n-replica systems was shown to be exactly 1
2 at n = 2, 3 due

to self-duality, leading to the conjecture that Ic also equals
1
2 as n → 1. A related duality method previously yielded the
estimate pc = 0.109 29(2) in Ref. [51]. Our results indicate
that this self-duality does not hold exactly in this limit, since
1
2 lies well outside the error bar, yet it offers a valuable expla-
nation for the remarkably small finite-size effects in Ic[80]. It
is consistent with the fact that in the long wavelength limit, the
Nishimori criticality breaks Kramers-Wannier duality [64],
whose restoration results in a distinct critical theory [31,70].

As discussed earlier, all the quantities considered are re-
lated to the distribution of �F . Figures 2(f)–2(h) show this

distribution in the FM and PM phases, and at the MNP. In
the FM phase, its center grows with system size, while in
the PM phase it becomes sharply peaked at zero, consistent
with earlier discussion. At the MNP, all these measures cross,
suggesting that the �F distribution becomes scale invariant
[64]. Indeed, as seen in Fig. 2(h), the distribution at pc is scale
invariant and displays a nonanalytic kink at �F = 0, arising
from the one-to-one correspondence between configurations
of opposite �F . Together with the Nishimori condition,
this constrains the kink to satisfy ∂+P (0) + ∂−P (0) = P (0),
where P (x) is the probability density of �F .

V. RELEVANT PERTURBATION AWAY
FROM THE NISHIMORI LINE

For general β, Ic,PMLD
succ , and R0.5 obey the inequalities

in Fig. 1(c). Interpreting these as indicators of the phase
transition implies that the phase boundary is vertical at the
MNP, analogous to the FM-PM boundary argument in Ref. [1]
but without any assumption. This necessitates that the second

TABLE I. Fitting results using different quantities along the Nishimori line with nf = 3 and ng = 1. The fits are performed using data for
system sizes ranging from Lmin = 32 to Lmax = 512. The last row gives the bootstrap fitting result of combining all these quantities with shared
pc, 1/ν and ω. See Appendix D for more details of the fitting and for other choice of Lmin.

χ 2/dof pc 1/ν ω a0 a1 a2 b0

Ic 104.37/102 0.109 221 45(60) 0.6510(13) 2.1(19) 0.498 999(54) −2.689(16) 0.1(10) −0.09(55)
PMLD

succ 110.28/102 0.109 221 14(95) 0.6518(16) 1.34(30) 0.840 392(43) −1.0476(73) −1.44(45) 0.021(19)
PBayes

succ 106.42/102 0.109 2215(10) 0.6511(14) 1.07(78) 0.778 509(69) −1.3224(84) −0.74(52) 0.0040(86)
dW 98.67/102 0.109 221 33(70) 0.6542(12) 1.369(82) 2.241 13(53) −17.756(93) 51.0(58) −1.10(27)
R0.1 100.00/102 0.109 221 40(71) 0.6530(12) 1.39(11) 0.820 264(39) 1.2999(70) −2.77(44) 0.063(22)
R0.3 101.94/102 0.109 221 48(72) 0.6517(13) 1.44(22) 0.636 971(69) 2.320(13) −2.67(81) 0.074(49)
R0.5 102.57/102 0.109 221 49(72) 0.6514(13) 1.48(30) 0.587 177(73) 2.530(14) −2.10(90) 0.068(62)
Combined 0.109 221 17(41) 0.6523(12) 1.353(45)
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FIG. 3. Behavior of quantities under perturbations away from the
Nishimori line at p = pc. (a) Ic, (b) 1 − SDW, (c) PMLD

succ , and (d) R0.5.
Quantities in panels (a), (c), and (d) reach an extremum at T = Tc,
marked by the vertical dashed line. The inset of panel (b) compares
Ic (red) and 1 − SDW (black) at Tc, with the latter exhibiting substan-
tially smaller error bars. The crossing value, extrapolated to infinite
size, deviates from 1/2. The legends are shared between panels.

relevant direction at the MNP aligns with the temperature
axis [47,48]. As shown in Fig. 3, all three quantities reach
extrema at Tc, confirming the expected inequalities and il-
lustrating the optimality of the MLD and Bayes decoders
at Nishimori temperature [4,43,81]. Figure 3(b) shows the
domain-wall entropy SDW; the inset compares 1 − SDW with
Ic at the MNP, demonstrating reduced error for 1 − SDW, as
they are related by the variance-reduction estimator described
earlier. Although equivalent at the MNP, away from the Nishi-
mori line, the domain-wall entropy (and other quantities, e.g.,
PBayes

succ , dW ) do not exhibit extremal behavior, and crossings
for different system sizes persist. This may seem at odds with
the thermodynamic limit, where these quantities should peak
at Tc, but it arises from slow scaling near the MNP. Similar
to magnetization, the sign of the spin correlation sgn〈SiS j〉
is maximized on the Nishimori line, whereas the correlation
itself is not for finite-size systems [4]. The quantities with ex-
tremal properties clearly illustrate the reentrant nature [82] of
the phase diagram, as shown in Fig. 1(c). Nevertheless, due to
their extreme behavior, these quantities are insensitive to tem-
perature variations and thus unsuitable for reliably extracting
the thermal exponent νT . Moreover, the multicritical nature of
the MNP and the small value of 1/νT restrict the reliable anal-
ysis to a narrow window around Tc = 1/βpc [63]. We therefore
perform finite-size scaling using quantities such as dW ,SDW

within a narrow window, obtaining 1/νT = 0.251(2), consis-
tent with previous Monte Carlo results [54,55] (see Appendix
D). SDW, like Ic on the Nishimori line, exhibits minimal
finite-size effects under temperature perturbations.

VI. DISCUSSION AND CONCLUDING REMARKS

In this article, we revisit Nishimori multicriticality in
the RBIM through the lens of quantum-information-inspired
measures. Using a fermionic transfer matrix approach, we
obtain high-precision estimates of the critical point pc

and associated critical exponents ν, νT , η. Remarkably, the

coherent information and related quantities exhibit extremal
behavior along the Nishimori line even for finite systems,
reflecting the optimality of different decoding strategies
and providing a natural certification for the decoder per-
formance. Viewed as statistical indicators, these quantities
constrain the phase diagram without additional assumptions.
Our high-precision analysis shows that the critical points
extracted from all these quantities coincide to within seven
decimal places, which we attribute to the scale invariance
of the domain-wall free-energy distribution, a natural as-
sumption on the Nishimori line where no spin-glass phase
exists. These results highlight the advantages of quantum
information-based observables, which display significantly
reduced finite-size effects compared with conventional in-
dicators. More general deformations of the model would
render it beyond the noninteracting Majorana fermion solv-
able regime, such as the non-Clifford measurement or noise
upon toric code that endows fermion interaction [29,41,83].
The boundary-flip Monte Carlo [84–86] or tensor-network
techniques [33,35,67,87–89] offer promising routes for eval-
uating these measures, provided truncation and nonlinear
effects are carefully controlled.

Overall, this work demonstrates that information-theoretic
observables offer a powerful and precise framework for
probing multicriticality in disordered systems. The behav-
ior of these generalized information measures is expected
to be universal for models satisfying the Nishimori relation.
The inequalities could potentially be generalized to the ZN

random-bond Potts model [90], and to the higher-dimensional
RBIM or random plaquette gauge model [6], the latter of
which is relevant to the surface code with measurement er-
rors [5]. The DWFE distribution is also applicable to error
correction with postselection [91,92]. We anticipate that these
ideas will inspire further studies of quantum error correction,
Nishimori physics, and more general phase transitions in open
quantum systems with measurement or noise.

ACKNOWLEDGMENTS

We thank Hidetoshi Nishimori and Simon Trebst for
valuable comments on our manuscript and Shang-Qiang
Ning, Ze-Yao Han, and Shiwei Zhang for helpful discus-
sions. G.-Y.Z. thanks Andreas Ludwig, Simon Trebst, Romain
Vasseur, Sam Garratt, and Hidetoshi Nishimori for collab-
orations and discussions on the domain-wall entropy and
coherent information in criticality of open quantum systems.
G.-Y.Z. acknowledges the support of National Natural Sci-
ence Foundation of China-Young Scientists Fund (Grant No.
12504181), and Start-up Fund of HKUST(GZ) (Grant No.
G0101000221), and Guangdong provincial project (Grant No.
2024QN11X201). X.-D.D. acknowledges the support from
the New Cornerstone Science Foundation. The Flatiron Insti-
tute is a division of the Simons Foundation.

DATA AVAILABILITY

The data that support the findings of this article are openly
available [77].

023059-5



ZHOU-QUAN WAN, XU-DONG DAI, AND GUO-YI ZHU PHYSICAL REVIEW RESEARCH 8, 023059 (2026)

APPENDIX A: END MATTER

1. Properties along the Nishimori line

In the RBIM with disorder strength p and random coupling
{τi j}, if an observable O(τ ) is gauge invariant, i.e.,

O(τi j ) = O(τi jθiθ j ), ∀{θi = ±1}. (A1)

Then, it follows from Refs. [1,4] that the disorder average
satisfies (we omit a constant prefactor for brevity)

O(τ ) =
∑

τ

Z (τ, βp) O(τ ), (A2)

where Z (τ, βp) is the partition function at the inverse tem-
perature βp = − 1

2 ln p
1−p . We refer to this identity as the

Nishimori relation. For clarity, we denote the disorder config-
uration by τ = {τi j}, and the corresponding configuration with
twisted boundary conditions by τ ′. In the following, we will
often omit the explicit dependence on τ , using Zβp to denote
Z (τ, βp) on the Nishimori line and Zβ for Z (τ, β ) at a general
inverse temperature β. When twisted boundary conditions
are imposed, the corresponding partition function is denoted
by Z ′

β .
Using this relation, we establish several exact properties on

the Nishimori line. We begin by proving the inequalities stated
in the main text.

Inequality A1. The disorder-averaged quantity R0.5(β ) ≡√
Z ′(τ, β )/Z (τ, β ) attains its minimum on the Nishimori

line:

R0.5(β ) � R0.5(βp). (A3)

Proof.

R0.5(β ) =
∑

τ

Zβp

√
Z ′

β

Zβ

= 1

2

∑
τ

Zβp

√
Z ′

β

Zβ

+ Z ′
βp

√
Zβ

Z ′
β

= 1

2

∑
τ

√
ZβpZ ′

βp

⎛
⎝

√
Z ′

βZβp

ZβZ ′
βp

+
√
ZβZ ′

βp

Z ′
βZβp

⎞
⎠

�
∑

τ

√
ZβpZ ′

βp
=

∑
τ

Zβp

√
Z ′

βp

Zβp

= R0.5(βp).

(A4)

The inequality follows from the arithmetic-geometric mean
inequality. �

We can also establish the following inequalities, which are
directly related to Ic,PMLD

succ introduced in the main text.
Inequality A2. Let P(τ ) be a positive, gauge-invariant

function of τ and τ ′ is the bond configuration after boundary
condition flip (under twisted boundary condition). Then, the
following inequality holds:

ln

(
P(τ )

P(τ ) + P(τ ′)

)
� ln

(
Zβp

Zβp + Z ′
βp

)
. (A5)

Proof. The inequality is equivalent to

ln

(
P(τ )

Zβp

)
� ln

(
P(τ ) + P(τ ′)
Zβp + Z ′

βp

)
. (A6)

Using the gauge invariance of P(τ ), the left-hand side
(LHS) can be written as

LHS =
∑

τ

Zβp ln

(
P(τ )

Zβp

)

= 1

2

∑
τ

Zβp ln

(
P(τ )

Zβp

)
+ Z ′

βp
ln

(
P(τ ′)
Z ′

βp

)

�
∑

τ

Zβp + Z ′
βp

2
ln

(
P(τ ) + P(τ ′)
Zβp + Z ′

βp

)

= RHS, (A7)

where the inequality follows from Jensen’s inequality. Thus,
with P(τ ) = Zβ , we have Ic(β ) is maximized on the Nishi-
mori line Ic(β ) � Ic(βp). �

Inequality A3. Let P(τ ) be a positive, gauge-invariant
function of τ , τ ′ is the bond configuration after boundary
condition flip. Then, the following inequality holds:

P(τ )

P(τ ) + P(τ ′)
� �

(
Zβp − Z ′

βp

)
. (A8)

Proof. Using the gauge invariance of P(τ ), the LHS can be
written as

LHS = 1

2

∑
τ

Zβp

P(τ )

P(τ ) + P(τ ′)
+ Z ′

βp

P(τ ′)
P(τ ) + P(τ ′)

� 1

2

∑
τ

max
(
Zβp,Z ′

βp

) =
∑

τ

Zβp�
(
Zβp − Z ′

βp

)

= �
(
Zβp − Z ′

βp

)
. (A9)

�
These inequalities admit a natural interpretation in quan-

tum error correction: P(τ ) can be viewed as the inference
probability of a decoder, and gauge invariance must hold since
the decoder depends only on the syndrome rather than the spe-
cific error configuration τ . Inequality A2 implies that, when
lnPsucc is used as the score function, the Bayes decoder with
β = βp is optimal. Inequality A3 further shows that, when
Psucc is used as the score function, the MLD with β = βp is
optimal.

a. Variance reduction using Nishimori relation

Next, we demonstrate how the Nishimori relation can be
exploited to reduce statistical errors of observables computed
along the Nishimori line. For any gauge invariant observable
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O(τ ), one finds

O(τ ) =
∑

τ

1

2
ZβpO(τ ) + 1

2
Z ′

βp
O(τ ′)

=
∑

τ

Zβp + Z ′
βp

2

(
Zβp

Zβp + Z ′
βp

O(τ )+
Z ′

βp

Zβp + Z ′
βp

O(τ ′)

)

=
∑

τ

Zβp

(
Zβp

Zβp + Z ′
βp

O(τ ) +
Z ′

βp

Zβp + Z ′
βp

O(τ ′)

)

= Zβp

Zβp + Z ′
βp

O(τ ) +
Z ′

βp

Zβp + Z ′
βp

O(τ ′). (A10)

Hence, the last expression provides an alternative unbiased
estimator for O(τ ) with significantly reduced variance. For

instance, taking O as the log posterior ln2
Zβp

Zβp+Z ′
βp

defined in

Eq. (4), we have

ln2
Zβp

Zβp + Z ′
βp

= Zβp

Zβp + Z ′
βp

ln2
Zβp

Zβp + Z ′
βp

+ Z ↔ Z ′.

(A11)

Comparing Eqs. (4) and (5) immediately gives the relation
along the Nishimori line: Ic(βp) + SDW(βp) = 1.

While both estimators converge to the same expectation
value in the infinite-sample limit, their statistical errors can
differ substantially. This is evident for the estimation of PMLD

succ .
The original estimator is a Heaviside step function taking only
values 0 or 1. Using the improved estimator,

PMLD
succ =

max
(
Zβp,Z ′

βp

)
Zβp + Z ′

βp

. (A12)

Now, the disorder-averaged value can take any value be-
tween 0 and 1, substantially reducing variance. This estimator
effectively counts contributions from both τ and τ ′ configu-
rations, increasing the effective sample size. Near the MNP,
the variance of the coherent information is reduced by a
factor of ∼2.6. While one could further reduce variance by
linearly combining the two estimators, in practice the im-
provement over Eq. (A11) is negligible. Consequently, we
adopt Eq. (A11) for all calculations along the Nishimori line.

b. Kink condition of �F distribution

Next, we prove the kink relation for the distribution of
�F ≡ ln(Zβp/Z ′

βp
) at 0 (along the Nishimori line). Define

the probability density P (x) ≡ δ(ln(Zβp/Z ′
βp

) − x). Since the
delta function is gauge invariant, we can write

P (x) =
∑

τ

Zβpδ

(
ln

(Zβp

Z ′
βp

)
− x

)
. (A13)

Because configurations with �F > 0 and �F < 0 are in
one-to-one correspondence, we have

P (x) =
∑

τ

Z ′
βp

δ

(
ln

(Z ′
βp

Zβp

)
− x

)

=
∑

τ

Z ′
βp

δ

(
ln

(Zβp

Z ′
βp

)
+ x

)

= ex
∑

τ

Zβpδ

(
ln

(Zβp

Z ′
βp

)
+ x

)

= exP (−x), (A14)

where the last equality follows from the standard property
of the delta function. From this symmetry, the left and right
derivatives at the origin satisfy ∂+P (0) + ∂−P (0) = P (0),
which is the desired kink condition.

2. Fitting results of different quantities along the Nishimori line

Around the critical point, a dimensionless observable Q is
expected to follow the finite-size scaling form of Q = f ((p −
pc)L1/ν ) + L−ωg((p − pc)L1/ν ), where f (x), g(x) are analytic
functions parametrized as polynomials f (x) = ∑n f −1

i=0 aixi

and g(x) = ∑ng−1
i=0 bixi. Here, ν is the correlation-length crit-

ical exponent, and the term L−ω represents the leading
correction to scaling. Table I lists fits for various quantities
along the Nishimori line, producing the results shown in
Fig. 2; further details are given in Appendix D.

APPENDIX B: FERMIONIC TRANSFER MATRIX
AND THE ALGORITHM DETAILS

In this section, we give the details of the mapping from
the random-bond Ising model to the fermionic transfer matrix.
Using the transfer matrix representation in the spin basis, the
partition function of this model can be written as

Z (J, β ) = A × 〈ψl |
Lx−1∏
n=0

ĤnV̂n|ψr〉, (B1)

where |ψl〉, |ψr〉 depend on the boundary condition and will
be discussed later. The transfer matrices are defined as

Ĥn = exp

⎛
⎝Ly−1∑

i=0

κ (n, i)σ x
i

⎞
⎠,

V̂n = exp

⎛
⎝Ly−1∑

i=0

βJv (n, i)σ z
i σ z

i+1

⎞
⎠, (B2)

with Jv, Jh = ±1 representing the vertical (horizontal) bond
coupling and

κ (n, i)=
{
κ0, if Jh(n, i) = 1

κ0 + i π
2 , if Jh(n, i) = −1

, κ0 = arctanh(e−2β ).

(B3)
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With Nhbond denoting the number of horizontal bonds, the
normalization factor in Eq. (B1) is given by

A =
(

sinh(2κ0)

2

)− Nhbond
2

× (−i)NJh=−1 . (B4)

Note that the transfer matrix effectively corresponds to
a one-dimensional spin Hamiltonian, which can be mapped
to fermions via the Jordan-Wigner transformation. Here,
we directly introduce 2Ly Majorana fermions γ2i, γ2i+1 and
define the spin operators as σ z

i = (−i)iγ0γ1γ2 · · · γ2i, σ x
i =

−iγ2iγ2i+1. It is straightforward to verify that these definitions
satisfy the Pauli algebra:[

σ x
i , σ x

j

] = 0,
[
σ z

i , σ z
j

] = 0,(
σ x

i

)2 = 1,
(
σ z

i

)2 = 1,

σ x
i σ z

i = −σ z
i σ x

i ,[
σ x

i , σ z
j

] = 0 (i �= j). (B5)

In the Majorana fermion representation, the interaction term
in the transfer matrix V̂n takes the form

σ z
i σ z

i+1 =
{−i γ2i+1γ2i+2, for i < Ly − 1,

iP γ2Ly−1γ0, for i = Ly − 1.
(B6)

Here, P = ∏
i σ

x
i is the parity operator (or the Z2 charge) of

the model, reflecting the model’s underlying Z2 symmetry.
Inserting these expressions back into Eq. (B1), we obtain

Ĥn = exp

(
− i

Ly−1∑
i=0

κ (n, i)γ2iγ2i+1

)
,

V̂n = exp

(
− i

Ly−2∑
i=0

βJv (n, i)γ2i+1γ2i+2

− iβJv (n, Ly − 1)Pγ0γ2Ly−1

)
. (B7)

Now, we turn to the boundary wavefunctions, which de-
pend on the imposed boundary conditions. For the free
boundary condition, all spin configurations are allowed. Con-
sequently, the boundary state can be written as a superposition
of all states:

ψfree =
∑

s

|s0s1s2 · · · sLy−1〉. (B8)

This state is an eigenstate of all operators σ x
i = 1. It has even

parity P = 1 and thus corresponds to the ground state of the
Hamiltonian H = ∑

σ x
i = ∑

iγ2iγ2i+1. The other physical
boundary condition is the fixed boundary condition with spin
all up or all down. For this boundary condition, we can use a
Greenberger–Horne–Zeilinger (GHZ) state:

ψfixed = |0000 · · · 0〉 + |1111 · · · 1〉. (B9)

This state has parity P = 1 and is stabilized by the set
of operators {ZiZi+1(i < Ly − 1),P}. Consequently, it is
the ground state of the Hamiltonian H = −iγ2Ly−1γ0 +
i
∑Ly−2

i=0 γ2i+1γ2i+2.

Now, we turn to the problem of calculating the overlap in
Eq. (B1). As long as both |ψl〉 and |ψr〉 have non-negative
amplitudes in the computational basis (i.e., the Z basis), the
overlap can be interpreted as a classical partition function with
corresponding boundary conditions. In this case, the overlap
is manifestly positive definite, reflecting the absence of a sign
problem. In the Majorana representation, the overlap is gener-
ally expressed as a Pfaffian. Nevertheless, given that we know
a priori that the overlap has no sign ambiguity, the calculation
can be dramatically simplified. This simplification is inherited
from Majorana quantum Monte Carlo simulations. To com-
pute the overlap, we introduce a replica of the system with
Majorana operators γ 1

i and γ 2
i for i = 0, . . . , Ly−1. Then,

the overlap in the replicated (double) Hilbert space becomes

Z (J, β )2 = A2
(〈
ψ1

l

∣∣ ⊗ 〈
ψ2

l

∣∣)∏
n

Ĥ1
n Ĥ2

n V̂ 1
n V̂ 2

n

(∣∣ψ1
r

〉 ⊗ ∣∣ψ2
r

〉)
.

(B10)

Now, we define the combined transfer matrix operators in the
replicated space:

Ĥn ≡ Ĥ1
n Ĥ2

n

= exp

(
−

Ly−1∑
i=0

κ (n, i)
(
iγ 1

2iγ
1
2i+1 + iγ 2

2iγ
2
2i+1

))
,

V̂n ≡ V̂ 1
n V̂ 2

n

= exp

(
− i

Ly−2∑
i=0

βJv (n, i)γ 1
2i+1γ

1
2i+2

− iβJv (n, Ly − 1)Pγ 1
0 γ 1

2Ly−1 + 1 → 2

)
, (B11)

where (1 → 2) denotes the same terms for the second
replica with a superscript 2. By introducing complex fermion
operators ci = 1

2 (γ 1
i + iγ 2

i ), c†
i = 1

2 (γ 1
i − iγ 2

i ), the Majorana
bilinears combine as iγ 1

i γ 1
j + iγ 2

i γ 2
j = 2i(c†

i c j − c†
j ci ). Then,

we have

Ĥn = exp

(
− 2i

Ly−1∑
i=0

κ (n, i)c†
2ic2i+1 + H.c.

)
,

V̂n = exp

(
− 2i

Ly−2∑
i=0

βJv (n, i)c†
2i+1c2i+2

− 2iβJv (n, Ly − 1)Pc†
0c2Ly−1 + H.c.

)
. (B12)

In the following, we assume that both |ψl〉 and |ψr〉 have even
fermion parity so that the parity operator P can be replaced
by 1. For the left and right wavefunctions in the replica space,
note that if |ψ1〉 is the ground state of a free-fermion Hamil-
tonian Ĥ1 = i

∑
hi jγ

1
i γ 1

j , then the product state |ψ1〉 ⊗ |ψ2〉
is the ground state of a complex fermion Hamiltonian Ĥ =
i
∑

hi jc
†
i c j + H.c. The entire problem thus reduces to the

well-known framework of propagating Slater determinants
using fermionic Gaussian operators with a conserved U(1)
charge symmetry. It can be shown that the overlap can be
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expressed as

〈ψl |
∏

n

ĤnV̂n|ψr〉 = ±
√√√√∣∣∣∣∣det

(
P†

l

∏
n

HnVnPr

)∣∣∣∣∣, (B13)

where Hn and Vn are the matrix representations of the
fermionic Gaussian operators Ĥn and V̂n, respectively. The
matrices Pl and Pr represent the Slater determinant wave-
functions of the left and right boundary states |ψl〉 and
|ψr〉. The expression in Eq. (B13) is widely used in zero-
temperature determinant quantum Monte Carlo simulations.
A corresponding formula also exists for periodic boundary
conditions, where the overlap is replaced by a trace, resem-
bling the finite-temperature algorithm. In this case, however,
the parity operator P cannot be replaced by a constant,
and explicit parity projection is required, which substantially
increases the computational complexity. Moreover, finite-
temperature formulations are known to suffer from stronger
numerical instabilities and higher computational cost. For
these reasons, we employ free or fixed boundary conditions
to remain in the zero-temperature regime, where efficient and
numerically stable determinant evaluation algorithms are well
established in the literature. To further reduce the computa-
tional complexity, we perform a basis transformation defined
by c2i = c̃2i and c2i+1 = ic̃2i+1, which eliminates the need for
complex arithmetic.

Overall, the algorithm of calculating the partition function
is as follows.

Algorithm 1: Computation of the Partition Function
Input: Pr, Pl, matrices Hn, Vn in c̃ basis.
Output: Logarithm of the partition function
Qr ← Pr, Ql ← Pl;
cr ← 0, cl ← 0;
for i ← 0 to Lx/2 − 1 do

Ql ← VLx−i−1HLx−i−1Ql;
Qr ← HiViQr;
if (i + 1) mod nstab = 0 then

(Ql, Rl) ← QR(Ql);
cl ← cl + j log (|Diag(Rl)j |);
(Qr, Rr) ← QR(Qr);
cr ← cr + j log (|Diag(Rr)j |);

return cl + cr + log |det(Q†
l Qr)| + log |A|;

Here, nstab denotes the stabilization interval, which is cho-
sen to ensure the numerical stability of the algorithm. A
detailed analysis of this parameter will be provided later.
The algorithm involves both matrix multiplications and QR
decompositions. Each step scales linearly with Lx, the system
length in the propagation direction. Specifically, the matrix
multiplications cost O(L2

y ) per step because the matrices Hi

and Vi are block diagonal with block size proportional to
Ly. In contrast, the QR decompositions, which are crucial for
maintaining numerical stability, scale as O(L3

y ) and thus dom-
inate the overall computation. Consequently, the total time
complexity of the algorithm is O(LxL3

y ), as shown in Fig. 4.

FIG. 4. Computational cost of the algorithm. The figure shows
the wall-clock time required to compute a single disorder
realization—specifically, the outputs ln Z and ln Z ′—using one core
of an AMD EPYC 7742 CPU. The red line corresponds to y =
3 × 10−10x4, illustrating the asymptotic scaling behavior of the
algorithm.

By selecting a moderate value for nstab and leveraging mod-
ern computational resources, the algorithm remains highly
efficient and can be scaled to large system sizes. This en-
ables the extensive numerical investigations presented in this
work.

In addition to the partition function, physical observ-
ables can also be computed using the fermionic transfer
matrix formalism. In the following, we demonstrate how
to evaluate the spin-spin correlation function at a given
slice.

The spin-spin correlation can be expressed in terms of
Majorana fermions as〈

σ z
i σ z

j

〉 = 〈(−i) j−iγ2i+1γ2i+2 · · · γ2 j〉. (B14)

To simplify the expression and eliminate the imaginary unit,
we introduce a modified Majorana basis: γ ′

2i = γ2i, γ
′
2i+1 =

−iγ2i+1. We then define the Green’s function matrix in
the γ ′ basis as γ ′, Gi j = 〈γ ′

i γ
′
j〉, which remains a real

skew-symmetric matrix. Using Wick’s theorem, the spin-spin
correlation function reduces to the Pfaffian of a submatrix
of G:〈

σ z
i σ z

j

〉 = 〈γ ′
2i+1γ

′
2i+2 · · · γ ′

2 j+2〉 = pf(G2i+1:2 j,2i+1:2 j ).

(B15)

TABLE II. Simulation parameters for calculations on the Nishi-
mori line.

L pmin pmax �p nsample

8–32 0.108 900 0.109 550 0.000 050 6 × 107

48, 64 0.108 975 0.109 450 0.000 025 6 × 107

96, 128 0.109 025 0.109 400 0.000 025 6 × 107

192 0.109 100 0.109 325 0.000 025 6 × 107

256 0.109 100 0.109 325 0.000 025 1.2 × 107

512 0.109 150 0.109 250 0.000 050 1.2 × 107
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FIG. 5. Error analysis at Nishimori point for different system sizes Lx = Ly = L with fixed stabilization step nstab = 5. Panels (a) and
(b) represent the additive error and relative error of ln Z , respectively. The reference value ln Zstab is calculated by using nstab = 1. The data
here are the average of 1000 disorder samples.

Using the transformations from γ to γ ′ and from c to c̃, the
correlation matrix G can be calculated as

Gi j = 〈γ ′
i γ

′
j〉 = 2(−1)i〈c̃†

i c̃ j〉 − I. (B16)

The calculation of spin-spin correlations involves evalu-
ating the Pfaffian of a skew-symmetric matrix, which has a
computational complexity of O(N3). Consequently, comput-
ing the correlation between a single pair of spins separated
by a distance R requires O(R3) operations. In our study, we

TABLE III. MNP perturbed along Nishimori line. Fitting results using different quantities along the Nishimori line with nf = 3 and ng = 1.
The fits are performed using data for system sizes ranging from Lmin to Lmax = 512. The last row gives the combined fitting results using all
the above quantities with shared pc, 1/ν, ω and bootstrap method.

Lmin χ 2/dof pc 1/ν ω a0 a1 a2 b0

Ic 8 144.12/144 0.109 221 57(34) 0.649 40(95) 1.52(17) 0.498 994(25) −2.709(11) 0.01(98) −0.0110(36)
16 133.78/130 0.109 221 34(58) 0.6491(10) 1.18(52) 0.499 019(59) −2.713(12) −0.1(10) −0.0048(59)
24 120.43/116 0.109 221 19(91) 0.6493(12) 0.9(10) 0.499 04(13) −2.710(14) 0.0(10) −0.0025(62)
32 104.37/102 0.109 221 45(60) 0.6510(13) 2.1(19) 0.498 999(54) −2.689(16) 0.1(10) −0.09(55)

PMLD
succ 8 156.85/144 0.109 222 32(48) 0.6508(11) 1.171(27) 0.840 343(16) −1.0526(51) −1.47(44) 0.014 39(67)

16 139.75/130 0.109 221 33(60) 0.6502(12) 1.342(79) 0.840 387(22) −1.0555(55) −1.52(45) 0.0219(42)
24 126.30/116 0.109 220 92(73) 0.6500(13) 1.48(18) 0.840 405(29) −1.0564(63) −1.49(45) 0.032(16)
32 110.28/102 0.109 221 14(95) 0.6518(16) 1.34(30) 0.840 392(43) −1.0476(73) −1.44(45) 0.021(19)

PBayes
succ 8 147.49/144 0.109 221 72(43) 0.6495(10) 1.203(67) 0.778 502(18) −1.3324(58) −0.80(51) 0.006 96(82)

16 136.24/130 0.109 221 36(54) 0.6492(11) 1.39(21) 0.778 522(24) −1.3343(64) −0.84(52) 0.0110(56)
24 123.06/116 0.109 221 12(63) 0.6493(12) 1.62(49) 0.778 535(29) −1.3334(72) −0.79(52) 0.022(31)
32 106.42/102 0.109 221 5(10) 0.6511(14) 1.07(78) 0.778 509(69) −1.3224(84) −0.74(52) 0.0040(86)

dW 8 152.75/144 0.109 220 38(35) 0.655 71(88) 1.2673(78) 2.241 90(19) −17.640(67) 48.3(58) −0.821(11)
16 119.89/130 0.109 220 89(45) 0.653 96(89) 1.298(22) 2.241 53(29) −17.779(68) 49.8(55) −0.885(47)
24 106.99/116 0.109 220 98(59) 0.653 62(99) 1.306(47) 2.241 46(43) −17.806(78) 50.7(56) −0.91(12)
32 98.67/102 0.109 221 33(70) 0.6542(12) 1.369(82) 2.241 13(53) −17.756(93) 51.0(58) −1.10(27)

R0.1 8 141.88/144 0.109 220 81(34) 0.653 27(86) 1.284(10) 0.820 227(14) 1.2986(48) −2.65(42) 0.046 19(86)
16 123.13/130 0.109 221 06(46) 0.652 12(91) 1.304(30) 0.820 240(22) 1.3053(52) −2.70(42) 0.0484(36)
24 110.41/116 0.109 221 06(61) 0.6521(10) 1.303(66) 0.820 240(32) 1.3057(59) −2.75(42) 0.0483(87)
32 100.00/102 0.109 221 40(71) 0.6530(12) 1.39(11) 0.820 264(39) 1.2999(70) −2.77(44) 0.063(22)

R0.3 8 139.75/144 0.109 221 26(35) 0.650 79(88) 1.312(19) 0.636 942(24) 2.3301(89) −2.56(78) 0.0485(17)
16 128.53/130 0.109 221 24(49) 0.650 22(96) 1.306(59) 0.636 939(40) 2.3360(98) −2.55(80) 0.0477(67)
24 115.35/116 0.109 221 14(66) 0.6504(11) 1.28(13) 0.636 929(62) 2.334(11) −2.62(80) 0.045(15)
32 101.94/102 0.109 221 48(72) 0.6517(13) 1.44(22) 0.636 971(69) 2.320(13) −2.67(81) 0.074(49)

R0.5 8 140.66/144 0.109 221 38(35) 0.650 14(90) 1.328(26) 0.587 155(26) 2.5451(99) −1.99(87) 0.0405(20)
16 130.25/130 0.109 221 28(50) 0.649 72(98) 1.304(81) 0.587 145(45) 2.550(11) −1.96(89) 0.0381(75)
24 116.91/116 0.109 221 16(68) 0.6499(11) 1.26(17) 0.587 131(71) 2.547(12) −2.04(90) 0.034(16)
32 102.57/102 0.109 221 49(72) 0.6514(13) 1.48(30) 0.587 177(73) 2.530(14) −2.10(90) 0.068(62)

Combined 32 0.109 221 17(41) 0.6523(12) 1.353(45)
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FIG. 6. Profile �χ 2 contour plot for individual fits and bootstrap results for the combined fit. (a)–(g) Heatmaps of �χ2 for individual fits
across various quantities. Here, �χ 2 represents the difference between the reoptimized χ2 values obtained by tuning pc and y. The contours
correspond to fixed �χ 2 levels indicated in each panel. Red error bars denote the best-fit results obtained directly from least-squares fitting.
(h) Bootstrap results for the combined fit. The raw data are first divided into 10 000 bins, followed by bootstrap resampling of these bins. All
observables are computed using the same resampled bins to account for correlations between different quantities. A total of 50 000 bootstrap
samples are used. The contours indicate regions enclosing different probability levels. The red error bar marks the 68% percentile confidence
level, while the yellow point denotes the final reported value, incorporating all individual fit results (the points). The data shown correspond to
Table III with Lmin = 32. The p0

c, y0 used here are the fitting results from bootstrap.

restrict the evaluation to correlations at the central slice (nx =
Lx/2), specifically between the boundary and bulk spins. As
a result, the total cost scales as O(L4

y ), which remains com-
parable to the overall algorithmic complexity. We compute
the Pfaffians using the pfapack library [93], which imple-
ments the Parlett-Reid algorithm. In practice, the spin-spin
correlation calculation accounts for less than 10% of the total
computational time.

It is worth noting that the spin-spin correlation always
corresponds to a string (chain) operator, and its structure may
allow for further optimization. In principle, information from
previously computed Pfaffians could be reused to reduce com-
putational overhead. For instance, a version of the Parlett-Reid
algorithm without pivoting could be more efficient. However,
pivoting remains essential in general to guarantee numerical
stability in Pfaffian evaluation. We leave a systematic explo-
ration of these potential optimizations to future work.

APPENDIX C: ROUNDING ERROR ANALYSIS

The numerical instability arises from repeated matrix mul-
tiplications in the algorithm. Specifically, the product

∏
i HiVi

tends to develop eigenvalues that grow or decay exponen-
tially with the number of multiplications. The characteristic
rate of this exponential behavior is known as the Lyapunov
exponent, which has also been used to identify phase tran-
sitions in previous studies. As the system size Lx increases,

the transfer matrix accumulates a spectrum with increasingly
extreme eigenvalues—ranging from exponentially large to
exponentially small. This wide dynamic range inevitably ex-
ceeds the limits of floating-point precision, even in double
precision, leading to significant rounding errors and numerical
instability. This issue has long been recognized in both trans-
fer matrix methods and determinant quantum Monte Carlo
studies. To address this, early approaches employed modi-
fied Gram-Schmidt reorthogonalization to maintain numerical
stability during matrix multiplication. Later developments in
zero-temperature DQMC demonstrated that Householder QR
decomposition provides improved numerical stability. In this
work, we adopt the QR decomposition technique to stabilize
the matrix multiplication process. Additionally, by using free
or fixed boundary conditions, the number of vectors involved
in the stabilization procedure is reduced from 2Ly (as required
in standard Lyapunov exponent calculations) to Ly, resulting
in a roughly 4× improvement in computational efficiency. In
the calculation shown in our paper, we choose nstab = 5 for the
Nishimori line and nstab = 4 for the vertical temperature line.
In Fig. 5, we demonstrate the rounding errors for different sys-
tem sizes. We observe that for system sizes up to 512 × 512,
the average additive error in lnZ remains on the order of
∼10−7, while the relative error stays as low as ∼10−13. These
numerical errors are significantly smaller than the statistical
uncertainties in the measured observables and therefore have
a negligible impact on our results.
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TABLE IV. Fitting results for the central magnetization mcenter along the Nishimori line, using nf = 3 and ng = 2 (ng = 1 yields much
larger χ 2/dof). pc, 1/ν in the scaling form Eq. (D3) are fixed to the values in Eq. (D2), and ω is chosen as three different values in range [1,
1.5]. The fits are performed using data for system sizes ranging from Lmin to Lmax = 512.

Lmin � (ω = 1) χ 2/dof � (ω = 1.3) χ 2/dof � (ω = 1.5) χ 2/dof

8 0.089 754(25) 259.68/145 0.089 180(19) 196.67/145 0.088 930(21) 277.09/145
16 0.089 545(33) 150.22/131 0.089 219(27) 147.36/131 0.089 074(26) 158.03/131
24 0.089 448(46) 127.37/117 0.089 219(38) 132.36/117 0.089 116(35) 137.85/117
32 0.089 434(61) 114.23/103 0.089 244(51) 118.15/103 0.089 158(46) 121.50/103
48 0.089 463(94) 91.40/89 0.089 313(77) 91.88/89 0.089 245(69) 92.37/89
64 0.089 50(13) 72.23/69 0.089 37(11) 72.89/69 0.089 315(99) 73.35/69

APPENDIX D: SIMULATION AND FINITE-SIZE
SCALING DETAILS

1. Details of the simulation and finite-size scaling results along
the Nishimori line

In Table II, we list the simulation parameters that are used
along the Nishimori line, e.g., in Fig. 2. Around the critical
point, a dimensionless observable Q is expected to follow the
finite-size scaling form

Q = f ((p − pc)L1/ν ) + L−ωg((p − pc)L1/ν ), (D1)

where f (x), g(x) are analytic functions, which we parametrize
as polynomials f (x) = ∑n f −1

i=0 aixi and g(x) = ∑ng−1
i=0 bixi.

Here, ν is the correlation-length critical exponent, and the
term L−ω represents the leading correction to scaling. Ta-
ble III summarizes the fits to Eq. (D1) with n f = 3, ng = 1
for various Lmin and observables along the Nishimori line. The
goodness-of-fit values χ2/dof are all close to 1, indicating
that the scaling form is appropriate. As Lmin increases from
8 to 32, the fitted parameters for different quantities converge.
The critical point pc agrees across the observables to high
precision. The exponent ν is also consistent among the ob-
servables, except that the value extracted from dW is slightly
larger, which we attribute to stronger finite-size corrections
in the domain-wall free energy. In particular, the quantum-
information-related observables such as Ic, Psucc exhibit small
finite-size corrections (i.e., the fitted b0 values are small).
We also perform a simultaneous fit of all these quantities
with shared parameters pc, 1/ν, ω (Lmin = 32). The combined
fit incorporates information from all observables, leading to
a more robust estimate of the critical parameters. However,
correlations exist among different quantities, and these must
be properly taken into account. To capture such correlations,
we employ a bootstrap analysis on the raw simulation data.
For each p, L datapoint, the original simulation data are first
divided into 10 000 bins, and bootstrap resampling is then

TABLE V. Simulation parameters on the vertical line at pc in Fig. 3.

L Tmin − Tc Tmax − Tc �T nsample

8–32 −0.14 0.2 0.02 6 × 107

48, 64 −0.1 0.16 0.02 6 × 107

96, 128 −0.06 0.12 0.02 6 × 107

256 −0.05 0.75 0.025 1.2 × 107

512 −0.05 0.05 0.05 1.2 × 107

performed on these bins. The observables are computed using
the same resampling bins, ensuring that correlations between
different quantities are preserved. For 50 000 bootstrap sam-
ples, we perform a combined fit in which pc, 1/ν, ω are
shared parameters across all observables. The 68% percentile
confidence intervals of the bootstrap distributions yield the
results listed in the last row of Table III. To further assess the
robustness of our fitting procedure, Fig. 6 shows the reop-
timized �χ2 contour plots for individual fits as well as the
bootstrap distributions in the pc-y plane (1/ν is denoted as
y). The reoptimized �χ2 contours are consistent with the
least-squares fitting results, and the bootstrap distributions
agree with the corresponding percentile error bars. We adopt
the estimates from the combined bootstrap fitting as our final
results and enlarge the quoted uncertainties to cover all values
obtained from individual fits:

pc = 0.109 2212(4), 1/ν = 0.652(2). (D2)

Along the Nishimori line, we also compute the mag-
netic order parameter at the center of the system mcenter =
m(L/2, L/2). Near the MNP, it is expected to obey the finite-
size scaling form

mcenter = L−�( f ((p − pc)L1/ν ) + L−ωg((p − pc)L1/ν )),
(D3)

where � is the scaling dimension of the order parameter.
Table IV reports the fits of mcenter for various Lmin values, with
pc, 1/ν fixed to the values in Eq. (D2). To stabilize the fits,
the correction exponent ω is also fixed within the range [1,
1.5] (which is reasonable from the previous fitting). We find
that the results are relatively insensitive to the fixed values of
pc, 1/ν but show a noticeable dependence on the chosen ω. As
Lmin increases, the resulting � have different trends for large
and small ω and approach each other, and the quality of the fits
also improves. We omit the results of Lmin = 8, where χ2/dof
is substantially larger than 1, and obtain our final estimate to

TABLE VI. Simulation parameters on the vertical line at pc

used for finite-size scaling analysis. Note that T = Tc points are not
calculated twice, as they are already included in Table. V.

L (Tmin − Tc )L1/4 (Tmax − Tc )L1/4 �T L1/4 nsample

8–128 −0.04 0.04 0.002 6 × 107

256 −0.04 0.04 0.002 1.2 × 107
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TABLE VII. Temperature perturbation of MNP. Fitting results using different quantities along the vertical line at p = pc. Here, PMLD
succ

∗ is

not the actual success probability of MLD; it uses the formula PMLD
succ

∗ = max(Z,Z ′ )
Z+Z ′ , which coincides with PMLD

succ only along the Nishimori line.
The last row gives the combined fitting results using all the above quantities with shared 1/νT , ω and bootstrap method.

Lmin χ 2/dof 1/νT ω a0 a1 a2 b0 b1

PMLD
succ

∗ 8 222.09/182 0.2506(10) 1.179(14) 0.840 3555(48) −0.157 62(71) −0.0964(32) 0.01482(41) 0.0040(57)
16 173.43/161 0.2518(16) 1.197(36) 0.840 3615(65) −0.1567(12) −0.1011(34) 0.0155(15) −0.012(17)
24 151.18/140 0.2515(23) 1.192(75) 0.840 3629(93) −0.1569(18) −0.1047(39) 0.0153(34) −0.007(33)
32 132.30/119 0.2507(32) 1.12(12) 0.840 358(14) −0.1576(26) −0.1087(48) 0.0119(46) 0.006(47)

dW 8 286.98/182 0.2492(10) 1.2940(55) 2.241 234(75) −2.524(11) 0.554(55) −0.8515(94) 0.85(12)
16 190.59/161 0.2503(14) 1.374(14) 2.240 914(86) −2.511(16) 0.455(50) −1.061(40) 0.73(38)
24 161.02/140 0.2501(20) 1.390(31) 2.240 90(12) −2.513(24) 0.396(54) −1.11(10) 0.88(84)
32 133.32/119 0.2507(26) 1.433(54) 2.240 84(14) −2.506(32) 0.335(58) −1.29(22) 0.6(16)

R0.1 8 252.62/182 0.2493(12) 1.3083(77) 0.820 2572(56) 0.161 66(84) 0.0082(41) 0.047 62(73) −0.0232(88)
16 183.55/161 0.2502(17) 1.396(21) 0.820 2749(66) 0.1609(13) 0.0144(39) 0.0606(34) −0.008(31)
24 159.64/140 0.2499(25) 1.397(46) 0.820 2731(92) 0.1612(19) 0.0178(43) 0.0608(84) −0.018(67)
32 134.05/119 0.2508(32) 1.461(81) 0.820 278(11) 0.1604(25) 0.0219(46) 0.075(20) 0.03(14)

1 − SDW 8 249.98/182 0.249 57(78) 1.75(15) 0.498 9822(85) −0.4218(14) −0.1676(77) −0.0146(46) −0.206(64)
16 189.06/161 0.250 00(92) 2.81(69) 0.498 9825(76) −0.4210(17) −0.1815(77) −0.29(55) −6(11)
24 158.51/140 0.2500(11) 4.1(31) 0.498 9879(76) −0.4211(20) −0.1930(82) −19(192) −423(4075)
32 134.52/119 0.2505(14) 12(186) 0.498 9926(75) −0.4201(26) −0.2005(90)

Combined 32 0.2511(23) 1.410(44)

contain all the fitting values with Lmin > 8:

� = 0.0893(3), η = 2� = 0.1786(6). (D4)

2. Details of the simulation and finite-size scaling results away
from the Nishimori line

Table V lists the simulation parameters used in Fig. 3,
while Table VI lists those used to conduct the finite-size
scaling analysis below. These simulations are performed at
fixed p = pc, corresponding to the vertical line in the phase
diagram, which represents the second relevant direction at the
MNP. Here, we actually take pc = 0.109 2211 from an earlier
estimation, which still lies inside our reported uncertainty
range for pc and has a negligible effect on the following fitting
results. The temperature window used in Table V is much
broader than that in Table VI, allowing the extreme behavior
of various quantities to be clearly demonstrated. However,
because of this large window size and the small value of
1/νT , the data in Table V do not provide reliable estimates

of the critical exponents. Therefore, in Table VI we adopt a
much narrower temperature window and apply a L−1/4 scaling
so that the rescaled (T − Tc)L1/νT remains approximately the
same for different system L. Using the data from simulations
in Table VI, we fit various quantities using the same finite-size
scaling form as in Eq. (D1), but with n f = 3, ng = 2 (ng = 1
will give larger χ2/dof for several observables). Along the
vertical line at MNP, the correlation length is expected to
be governed by a distinct critical exponent νT . Table VII
summarizes the fitting results for different quantities. We do
not include quantities like R0.5, Ic(β ), which exhibit extreme
behavior along the Nishimori line, as discussed in the main
text. We also do not include PBayes

succ ,R0.3 in the analysis, as
their statistical uncertainties are significantly larger than those
of the observables listed in Table VII (as no variance reduction
estimator can be used for β �= βp). As shown in the table,
the quality of fit, measured by χ2/dof, approaches unity for
Lmin � 16. Among all observables studied, the domain-wall
entropy exhibits the weakest finite-size effects (see compar-
ison of these quantities in Fig. 7). For Lmin = 32, the fitting

FIG. 7. Behavior of quantities under small perturbations away from the Nishimori line at p = pc. (a) 1 − SDW, (b) PMLD
succ

∗, defined as
max(Z,Z ′ )

Z+Z ′ , (c) DWFE average �F , and (d) R0.1. The data shown correspond to the data used to produce the fitting results in Table VII.
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of b0, b1 becomes even unstable. Similar to the analysis along
the Nishimori line, we perform a combined fit using all ob-
servables listed in Table VII. A bootstrap procedure with 50
000 samples is again employed to account for correlations
among the different quantities, yielding 1/ν = 0.2511(23),
as reported in the last row of the table. This combined fit

results in a larger uncertainty than that obtained from the fit
using 1 − SDW. Nevertheless, we adopt the combined result as
our final estimate, since it consistently includes all individual
fitting values, leading to

1/νT = 0.251(2). (D5)
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