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Partition function zeros are powerful tools in understanding critical behavior. In this paper, we present results
of the Fisher zeros of two-dimensional Ising models, in the framework of free-fermion eight-vertex model. First,
we succeed in finding special boundary conditions for the free-fermion model, under which the partition function
of a finite lattice can be expressed in a double product form. Using appropriate mappings, these boundary
conditions are transformed into the corresponding versions of the square, triangular, and honeycomb lattice
Ising models. Each Ising model is studied in the cases of a zero field and of an imaginary field i(w /2)kpT .
For the square lattice model, we rediscover the famous Brascamp-Kunz (B-K) boundary conditions. For the
triangular and honeycomb lattice models, we obtain the B-K-type boundary conditions, and the Fisher zeros are
conveniently solved from the product form of partition function. The advantage of B-K-type boundary conditions
is that the Fisher zeros of any finite lattice exactly lie on certain loci, and the accumulation points of zeros can
be easily determined in the thermodynamic limit. Our finding and method would be very helpful in studying the

partition function zeros of vertex and Ising models.

DOI: 10.1103/b6d1-6sk5

I. INTRODUCTION

Since the seminal work of Lee and Yang in 1952 [1,2], the
method of partition function zeros has played a crucial role
in the study of critical phenomena. The Lee-Yang formal-
ism provides a rigorous framework connecting the partition
function zeros to phase transitions in general systems [3]. In
the context of Ising models, the so-called Lee-Yang zeros are
typically defined in the complex magnetic-field plane. Lee
and Yang also proved the celebrated circle theorem [2], which
characterizes the distribution of these zeros for the case of fer-
romagnetic interactions. Fisher later extended Lee and Yang’s
idea to analyze the singularities in the complex temperature
plane [4]; the corresponding zeros are now known as Fisher
Zeros.

In this work, we focus on the Fisher zeros of two-
dimensional Ising models {s; ==+1, i=1,...,N} with
nearest-neighbor interactions. The Hamiltonian takes the form

H=1J) sisj—Hex Y _si, (1)
(i) i

where J is the interaction constant and the sum ;) 1s taken
over all nearest neighbors. Since in most exactly solvable
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cases the field He is either O or i(mw/2)kgT [2,5-16], we
only consider these two values for Hex. In Ref. [2], the well-
known circle theorem for the Lee-Yang zeros in the complex
Hex plane of the ferromagnetic Ising model was pro-
posed. Lee and Yang found that in addition to the zero-field
case x = 1, the square lattice Ising model can also be exactly
solved when x = —1 [Hex = i(7w/2)kgT]. The zero-field and
imaginary-field cases correspond to the two points of inter-
section of the unit circle and the real axis in the complex x
plane.

For the square lattice Ising model in the zero field, Fisher
demonstrated that the partition function zeros in the complex
z = €%/ plane lie on two circles £1 + +/2¢(0 < 0 < 27)
in the thermodynamic limit [4]. He utilized the well-known
Onsager-Kaufman solution of the finite lattice partition func-
tion under the toroidal (periodic in both directions) boundary
conditions (BCs) [17]. However, under these BCs, the par-
tition function consists of the sum of four product terms,
making the exact calculation of Fisher zeros of a finite lat-
tice analytically intractable. Numerical calculations of Fisher
zeros have since been conducted [18-23], and many studies of
the partition function under various alternative BCs have been
reported [24-36]. For example, the finite lattice partition func-
tion under the open BCs in both directions was independently
obtained by Baxter [33] and Hucht [34,36]. The determinant
of a complicated matrix is involved in this partition function,
which also makes it difficult to solve the Fisher zeros ana-
Iytically. A breakthrough came with the introduction of the
Brascamp-Kunz (B-K) BCs [25], under which the partition
function of a finite square lattice in the zero field can be
given in a double product form. The use of B-K BCs enables

x=e 2
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FIG. 1. The vertex configurations of the sixteen-vertex model. The even eight-vertex model consists of vertices (1)—(8), while the odd

subcase consists of vertices (9)—(16).

explicit calculation of the Fisher zeros of a finite lattice, which
precisely lie on the two circles in the complex z = ¢*#/ plane,
thus providing a rigorous determination of Fisher loci in the
thermodynamic limit. The B-K BCs had been extended to the
case of the imaginary field Hex = i(;r /2)kgT , where the finite
lattice partition function also takes a double product form and
the Fisher zeros remain confined to well-defined loci [29]. Lu
and Wu made use of the advantage of B-K BCs, to derive
the density distribution function of Fisher zeros in the ther-
modynamic limit [37]. A knowledge of density function of
Fisher zeros can provide valuable insights into the physics of
the system, e.g., phase transition and low-temperature series
expansion [38].

In this work, we contribute to the picture by extending the
B-K-type BCs to the triangular and honeycomb lattice Ising
models. We find the BCs for the triangular and honeycomb
lattices similar to the B-K BCs for the square lattice, which
allow a double product form of partition function and an
exact calculation of Fisher zeros. Our approach is to formulate
the Ising problem within the framework of the free-fermion
eight-vertex model [39-41]. This idea is directly inspired by
a systematic study of the sixteen-vertex model presented in
Ref. [42]. As shown in Fig. 1, the sixteen-vertex model on
the square lattice includes two subsets: the even eight-vertex
configurations [vertices (1)—(8)] and the odd ones [vertices
(9)—(16)]. In Ref. [42], the author attempted to find suitable
BCs for the even and odd eight-vertex models such that the
finite lattice partition function has a simple product form,
but did not succeed. In this study, we have identified such
BCs for the eight-vertex model satisfying the free-fermion
condition, in both even and odd subcases. Using the mapping
method developed in Ref. [39], we translate these BCs into
the corresponding versions of the Ising models on the square,
triangular, and honeycomb lattices. As we will demonstrate
later, this leads to the B-K-type BCs of the Ising models, under
which the finite lattice partition function admits a double
product form.

The remainder of this paper is organized as follows. In
Sec. II, we derive the partition function of the free-fermion
model under the special BCs we find. We obtain exact double
product forms in both the uniform and row-by-row staggered
cases. Section III applies these BCs to rediscover the B-K
BCs for the square lattice Ising model. In Secs. IV and V,

we further propose the B-K-type BCs for the triangular and
honeycomb lattice models, respectively. For each Ising model,
both solutions in the zero field and in the imaginary field are
presented. Summary and discussion are given in Sec. VI.

II. SPECIAL BOUNDARY CONDITIONS
OF THE FREE-FERMION MODEL

For a sixteen-vertex model, we assign a set of vertex
weights {w;, i =1,...,16} to the vertex configurations in
Fig. 1. Reference [39] has studied the even eight-vertex model
by rewriting the partition function as the vacuum expectation
value of a many-fermion system. It was found that under a
certain condition for the vertex weights the resulting fermion
system has no interaction terms in the Hamiltonian; thus, this
condition is called the free-fermion condition. Reference [41]
has extended this condition to the odd eight-vertex model. The
well-known free-fermion condition is either

Ww) + W34 = W5We + W7WR (2)
for the even eight-vertex model [39,40] or
Wi + W11V = W3W14 T W5W16 3)

for the odd eight-vertex model [41]. Both the even and
odd free-fermion models are exactly solvable. Among the
various approaches developed to obtain the exact solution
[39-41,43-49], we adopt the Pfaffian method to derive the
partition function under the special BCs. The Pfaffian method
has proven very useful in solving statistical lattice models, in
particular, the dimer model [31,50-61]. When applied to the
vertex models, this method usually requires the construction
of a corresponding dimer lattice with appropriately assigned
dimer weights. In our work, we follow closely the construc-
tion established in Ref. [40], which first proposed the Pfaffian
solution for the even free-fermion model, but we implement a
different choice of BCs.

Since Secs. III-V rely on the mapping from the Ising
models to the even free-fermion model [39], we restrict our
analysis in this section to the even subcase. All results pre-
sented in the main text pertain exclusively to the even subcase;
the results of the odd subcase are provided in Appendix A.
For clarity, we henceforth use the term “free-fermion model”
to refer specifically to the even subcase throughout the main
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FIG. 2. The construction of the dimer lattice for the free-fermion model. (a) The dimer cluster for a single vertex site. The associated dimer
weights are presented and the six points are numbered. (b) All possible dimer arrangements of a cluster for each of the vertex configurations.
Each thick line represents a dimer, while each thin line represents an edge uncovered by a dimer. As stated in the beginning of Sec. I A 1, “—”
and “1” represent dimers on the horizontal and vertical edges, respectively, while “<" and “|” indicate the absence of a dimer.

text. Additional discussions on the odd free-fermion model
can be found in Appendix D.1 of Ref. [42].

We briefly describe the content of this section before the
details are presented. The special BCs of the free-fermion
model are introduced. We transform the partition function
of the free-fermion model under such BCs into that of the
equivalent dimer model. Then, we use the Pfaffian method to
derive the solutions for the uniform case and the row-by-row
staggered case in Secs. IT A and II B, respectively.

A. Uniform case

In this section, we study the free-fermion model with uni-
form weights; i.e., each site of the model is assigned the same
set of vertex weights. Consider a square lattice with M rows
and 2N columns. We examine two sets of BCs, both of which
impose periodic boundary conditions in the N direction and
prescribe fixed arrow configurations on the upper and lower
edges of the lattice. Here the arrows on the upper edge refer
to the upper vertical arrows of the vertices at the top, while
those on the lower edge refer to the lower vertical arrows of
the vertices at the bottom. These BCs are denoted as (i) and
(ii), corresponding to the following fixed-edge configurations:

(i) Both the upper edge and lower edge consist of 2N “|”
arrows. (That is, only vertices (2), (3), (6), and (8) are allowed
at the top, and vertices (2), (3), (5), and (7) are allowed at the
bottom.)

(i1) The upper edge consists of 2N “4” arrows, and the
lower edge consists of 2N ““|” arrows.

1. Construction of the dimer lattice

We adopt the correspondence between the arrow and dimer
configurations: “—” and “4” are regarded as dimers on the
horizontal and vertical edges, respectively; correspondingly,
“<«” and “}” indicate the absence of a dimer (i.e., dimer
uncovering). Following Ref. [40], we construct a dimer cluster
for each vertex site of the free-fermion model. Figure 2(a)
shows the dimer cluster corresponding to a single vertex,
along with the assigned dimer weights. Each cluster consists
of six points on the dimer lattice, which are numbered in
Fig. 2(a). Figure 2(b) lists all possible dimer arrangements
for each of the eight-vertex configurations, along with the
corresponding arrow-dimer mappings. It can be verified that
all vertex weights {w;, i = 1, ..., 8} are correctly generated.
For example, we can examine the weight of vertex (2):

we — W3 w5 — W4 we — W3
+ w1 +

; ws — W4
w4 + 03—

w1 w1 (93} (9}

WsW6 + W78 — W3W4

wy.
w1

In this way, the partition function of the free-fermion model
is translated into that of the corresponding dimer model. The
associated BCs, denoted as (i)’ and (ii)’, likewise impose pe-
riodic boundary conditions in the N direction and fixed upper
and lower edges. These BCs can be readily verified as shown
in Fig. 3. We adopt the convention that the first row is at the
top and the first column is on the left.
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FIG. 3. The dimer lattices for the free-fermion model under BCs (i) and (ii), with the directions on each edge. (a) System (i)’ corresponding
to the BCs (i). (b) System (ii)’ corresponding to the BCs (ii). The fixed upper and lower edges ofe systems (i)’ and (ii)" are directly yielded

from the arrow-dimer correspondence.

For the dimer model under (i)’ and (ii), either partition
function can be expressed as the Pfaffian of a certain ma-
trix. To determine the elements of the matrix, we should
first draw directions on each edge of the dimer lattice, to
ensure that every closed polygon containing an even number
of edges and enclosing an even number of points is clock-
wise odd [31,40,53]. That is, in a complete circulation around
this closed polygon there are an odd number of clockwise
directions (and also an odd number of counterclockwise di-
rections). Since both systems (i)’ and (i)’ are on a cylindrical
face and no crossing edges appear, we can make a unique
choice of the directions, as shown in Fig. 3. For a detailed
analysis of the choice of directions, one can see Sec. IV.4 of
Ref. [31].

Then, we can explicitly define the matrices M for system
(i) and M, for system (ii)’. The Pfaffian of each matrix is
the partition function of the corresponding system. The goal
of Sec. IT A is to evaluate the determinants of M; and M,.
We number the clusters of the dimer lattice row by row, and
the clusters of each row from left to right. Note that there are

J

M, (a. b) = {(s)a,b)w(a, b),

where w(a, b) is the dimer weight on the edge connecting a
and b, and

(@.b) = 1, if the direction on the edge is from a to b,
sla, 9) = —1, otherwise.

(N

For example, M1(®1, @1) = w3, Ml(@l, @1) = —ws3, and
M;(®;, ®,) = 0. Comparing Fig. 3(b) with Fig. 3(a), we
can verify that system (ii)’ can be obtained by removing
®y,...,Oyy and the associated edges from system (i)'.
Therefore, M, is actually the part of M; with the first 2N
rows and 2N columns removed. M, is of the size (6M —

if a and b are connected by an edge,
otherwise,

six sets of lattice sites [see Fig. 2(a)]; the sites of each set
are numbered in the same way. We use the notation [i] (i =
1, ..., 6) for the sites of each set:

[1=01 Oy Oonyi - Oay - - - Qr—1yxav+1 - - Qo -

1st row

2nd row Mthrow

“

For system (i)', the matrix M is of the size 12MN x 12MN
and in a form of

[11[21[3]1[41(5][6]

M, = [3] . (%)

Each row of M;, as well as each column, is labeled with a
lattice site. Given two sites a and b, the element M (a, b) is

(6)

(

1)2N x (6M — 1)2N. Both M; and M, are antisymmetric.
The partition function of each system can be evaluated by the
Pfaffian of the corresponding matrix:

Zi) = Zgy = PE(M,) = [det (M])]"/?,
Ziy = Zgiy = Pf(M,) = [det (M)]'/2. (8)
2. Pfaffian solution
We use the Kronecker product to express M;:
M =T®Iy®Ly+A ®Iy ® Hyy + A @ Iy @ HY,
+B®Vy @ Ly + B, ® V), ® Ly. )]
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Here I, is the n x n identity matrix, Vy; and Hyy are M x M
and 2N x 2N matrices, respectively,

0 0 --- 0 0
1 0 --- 0 0
(0 0 1 0
T0 1 0
0 0 1 0
Hy=|: : : 0l (10)
0 0 0 1
-1 0 0 0
and T, A, A,, B;, and B, are 6 x 6 matrices
[0 N - C R (RN
—a 0 0 0 Qs gy
1 o 0 0 1 1 i
T= oo 0 -1 0 -2 0
0 e ] 2 0 0
—w3 —W4 —w1 0 0 0
[0 0 0 0 0 O]
0 0 01 0 0
A |0 0 0000
1o o0 o 0 0 o}
0 0 00 0 O
0000 0 0
[0 0 0 0 1 O]
0000 0 0
B |0 0 0 0 00
'=1lo o0 0 0 0 0O
0 000 0 0
00 00 0 0
Ay =—-A], B,=-Bl. (11)

The determinant of M; can be calculated by block diagonal-
ization. We first observe that HI,, = H,y; thus, H,, and Hay
can be simultaneously diagonalized. Explicitly,

ei()t[
. -1
Hoy =Tn .. Ty,
el
e—il)tl
H, =H;!=T - ;! (12)
oN — thoy — tH . H >
el
with o; = % i=1,...,2N. Then, we define the matrix

Mli
M =(T®Iy®Ty') x Mj x (Is ® Iy ® Ty)
= T®IM ®12N +A1 ®IM ®diag{ei°‘f} +A2 ®IM

® diagle ™} +B; ® Vyy @ Ly + B, ® V1, ® Ly,
(13)

whose determinant is equal to that of M;. By rearranging the
rows and columns of M;, we obtain a block diagonal matrix

M]Z
y Cu(enr)
M, = . (14)
Cuy(aon)

1\:/[] is a similar matrix to M;; thus, their determinants are
identical. In Eq. (14), the 6M x 6M matrix Cy(«) is

Cu@)=Iy T+ 1y ® (A1) + Iy ® (¢e7™As)
+Vu ®B; +V;, @B,

C B, 0 0o 0 0
B, C B 0o 0 0
o B C --- 0 0 O
=1 : : R : S )
o o0 o0 --- C B, 0
o o o0 .--- B C B
(0 0 0 -~ 0 B C|
with
C = T + eiaAl + EiiaAz
[0 o 0 @ses 0 o]
_Z)La]a 0 0 eia wzglws o
|0 0 0 1 | IO
- wsc;m _e—ia -1 0 _ Z_: 0
0 e ] @ 0 0
—w3 —4 —w1 0 0 0
(16)

Applying similar techniques to M leads to
M, = (Iey—1 ® Ty') x My x (Iey—1 ® Th) 17)
and

B Cua(ar)
M, = : (18)
Cir2(2n)

The (6M — 1) x (6M — 1) matrix Cy () is

[C, Dy 0 - 0 0 0]

D, C B, --- 0 0 0

0 B, C --- 0 0 0

Cypa)=| : : oo : S, (19

0 0 0O .- C B, 0

0 0 0 --- B, C B,

| 0 0 0o --- 0 B C|]

with

0 0 ey =S,

I
|
N
1
c
|
_
o
|
5

G

043258-5



DE-ZHANG LI AND XIN WANG

PHYSICAL REVIEW RESEARCH 7, 043258 (2025)

(20)

=

Il
SO oo O
SO OO
SO Oo OO
SO Oo O =
cocoocococo

)
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Il

I

=)

-~

That is, Cy2() is the part of Cy (o) with the first row and
first column removed. Then, we have
N
det (M) = [ ] det [Cpr ()],
i=1
N
det (My) = [ [ det [Cara(@)]. @n
i=1
For an exact calculation of det(M;) and det(M;), we only
need to solve two Toeplitz determinants [24,62]: det[Cys(a)]
and det[Cy 2 ()].
We denote det[Cy ()] and det[Cy2()] by [Cy] and
[Cy 2], respectively. Regarding the elements 1 in B; and —1
in By, it is clear to verify that [C,,] can be expanded as [60,63]

[Cu] =I[C] x [Cy—1] + [Cp]s57:5.7

where [C] is det(C) and [Cy]; j;;,; denotes the determinant
of Cy () with the ith and jth rows and ith and jth columns
removed. Noticing that [Cy]s7.5.7 = [Cls;s X [Cpy—1.2], [Cu]
is expressed as

[Cu]l =[C] x [Cy-1]1+[Cls5 x [Cy-12].  (22)
Similarly, [Cys2] is expanded as
[Cu2] = [Cliy X [Cy—1] +[Clisis X [Cu—12],  (23)

where we have used [C;] = [C]y;; and [Cylau = [Cli 5.5
Notice the initial condition [C;] = [C], [C; 2] = [C];.1, and
the recursion relation is thus obtained:

[Cul] _ [ [C] [Cls.s ][ [Cu-1]
[Cu2l|  [[Cli

[Clisis || [Cyu-12]
[IC] [Clss 'M‘l[[cll]

- [Cliy [Clisias) [Ci2]
_[rer e 1
~[Cl [Clisas) [0i| 4

Calculate the elements of the recursive matrix and use the
notations

a=[C]= w% + a)g + 2wyws3 cos o,
b =[Cls5 = 2iwsws sin «,

¢ =[C]y;; = —2iwswy sina,

d =[Cly 5.5 = 0] + 0] — 2wjwycosa. (25)

The eigenvalues of the recursive matrix are

Ao = %[a+dﬂ:\/(a+d)2—4(ad—bc)]. (26)

To solve the recursion relation, one can use the method
introduced in Refs. [60,63], which employs the generating

functions of [Cy] and [Cy2]. Or we can directly calculate
the recursive matrix to the Mth power by using

a b|[ b b 1 [ b b 1
C d kl—a )\.z—a - )\.1—61 )\.2—a )\2 ’

(27
This yields the result
AMHL M MM
Cyl = A —d—=, 28
[Cu] o o (28a)
)\.M _ )\.M
[Cuzl = C—All — xi : (28b)

As shown in Refs. [25, 29], the term A}/ — 1) allows us to
write the solution in a product form. To indicate this in detail,
we can make use of an identity

yM—l +VM—3_i_”._}_y—(M—S)_'_y—(M—l)

M—1 j7T
- ]_[ <y+y1 —2cos ﬁ) (29)

This identity can be easily proved by verifying that both the

left—hand and right-hand sides have the same roots {e*'7 , j =

1,..., M — 1}. Equation (29) leads to

My = “)]_[ vy —2c0s5). 30)
M

Now we are able to express [Cy 2] in Eq. (28b) as

()\1)"2)M/2 )\1 M2 )\2 M2
C— JE— — JE—
Al — A2 A2 Al
QM2 (a2 (a2\"?
=CcC— _— —_ _—
A — Ao Ao A
172 1/2 .
)\.2) T
X + = —2cos —
E[] [( > ()»1 M:|

M-

et

1

[Cup2l =

._‘

T
|:)\.1 + )\.2 — 2()»1)\.2)1/2 COS Jﬁ:|

M—1 .
c [a +d — 2ad — be)'? cos %} 31)
j=1

Now, we see that [Cy, »] is our choice as it has a single product
form.

The last step of our derivation is to substitute Eq. (31) into
Egs. (21) and (8). The following calculation

N 2| 1
(= DNHS“‘“! = |:H in( lzN )”i| = 220N (32)

i=1

yields
2N
[ Jete) = 2*(@sen™. (33)
i=1
By using Eq. (33) and verifying that the term [- - - ] in Eq. (31)
has the symmetric property [-- - [(¢;) = [ - - [(otany—i+1), We
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achieve the expression of Z:

M-1 .
Ziiy = 2(wswr)Y [a,»+ d;i— 2(a;id;— bic;)"* cos %} (34)
i=1 j=1
with
2i —1
a; + di = 0} + 03 + 0} + ] + 2(wrw3 — W wy) cos (lz—N)n
2i— D ]? 2i—1
a;d; — b;c; = |:a)1a)3 — wrwy4 + (Wjwy — w3wy4) COS %] + (wswe — 607608)2 sin® % (35)

This result demonstrates that we have succeeded in finding the BCs (ii) for the free-fermion model, under which the partition

function of finite lattice has a double product form.

3. Thermodynamic limit

Equation (34) can be rearranged as

jm

hr . Qi-Dx . 2j7

+D +E (2i - Dm
COS — COS —COS —MMM
N M

2N

N M-1 12
Ziiy = 2wson)" [ T] [(a,- +d;)? — 4aid; — bic;) cos® ﬁ}
i=1 j=1
M—1
o 2jm . (2i
=2 N A+Bcos=— +C
(wsw7) l_[ |: + Bcos i + C cos

i=1 j=1

_ 2jmr Qi—Dr]"?
+ F cos —cos ———— ,
M N

with
A= (o] + a)ﬁ)2 + (03 + w%)z + 2(wfw] + ©303)

+ 4wswswrws,

B= —Z(a)% + a)ﬁ) (w% + a)-f.) + 4w wr w304 + WsweTWR),
C = 4wrws (w% + w%) — 4w1w4(w% + wi),

D= Z(a)%a)i + a)%a)%) — 4wswewrws,

E = —4(w10) — 0304) (0103 — wr04),

F = 40010304 — 05060703). 37

Then, the solution in the thermodynamic limit M, N — oo is
obtained:

lim

1 2 2 B )
MN—o00 2MN In Zgi) = 16712/0 de/o d¢ In[A + Bcos 0

+Ccos¢p + Dcos2¢p + E cos6 cos ¢
+ F cos 6 cos2¢]. (38)

Different expressions of this solution can be seen in
Refs. [39,40], and Appendixes E.3 and E.4 of Ref. [42].

In the end of this section, we outline the main result. For
a square lattice of M rows and 2N columns, we have found
the BCs—periodic boundary conditions in the N direction,
2N “1” arrows on the upper edge, and 2N “]” arrows on
the lower edge. Under these BCs, the partition function of
the free-fermion model has an expression of a double product
form, as shown in Eq. (34) or Eq. (36).

B. Row-by-row staggered case

In this section, we consider the case of row-by-row stag-
gered weights. The studied system is still the free-fermion

(36)

(

model on a finite square lattice of M rows and 2N columns.
There are two sublattices A and B in a row-by-row pattern;
i.e., one row is on sublattice A and the one below it is on
sublattice B such that two sublattices form an ABAB pattern.
Two sets of vertex weights {w;4, i =1, ..., 8} and {w;p, i =

FIG. 4. The dimer cluster for the row-by-row staggered free-
fermion model, with the top vertex site on sublattice A and the bottom
one on B. Twelve points are numbered.
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1, ..., 8} are attached to the sites on A and B, respectively.
Both {wia, i=1,...,8} and {wis, i =1, ..., 8} satisfy the
free-fermion condition [Eq. (2)]. Below we show that in this
case the solution under the BCs (ii) can also be given in a
product form, when M is even. We set the first row at the top
to be on sublattice A; thus, the last row is on sublattice B.

We still use the Pfaffian method to solve this case. The
dimer lattice, as well as the determination of the directions
on each edge, is the same as that for the uniform case (see
Fig. 3). But in this case each dimer cluster consists of a
couple of vertex sites in a column, as shown in Fig. 4. Each
cluster can be regarded as a basic unit, forming an M/2 x 2N
square lattice. There are twelve points of the dimer lattice
in each cluster, which are numbered in Fig. 4. Now we see
that there are also two sets of dimer weights, corresponding to
two subclusters A and B, respectively. In each subcluster, the
dimer weights are determined in the same way as that in the
uniform case [see Fig. 2(a)]. The BCs of the dimer model are
still denoted by (i)’ and (ii)'.

O wgA O W34 —WeA O
wiA W1A
— 8 0 0 0 Wi =54
) WIA
0 0 0 1 1
WeA —W3A 0 —1 0 __ WA
wiA W1A
0 WsA—Wan | A 0
—w3a —wia —OiA 0 0
Tsta -
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
L 0 0 0 0 0
[T, B,
|B, Ts
and
[0 0 0 0 0 O
0O 0 0 1 0 O
0O 0 0 0 o0 O
0O 0 0 0 0 O
0O 0 0 0 0 O
A 00 0 0 0 O
sal=10 0 0 0 0 0
0O 0 0 0 0 O
0O 0 0 0 0 O
0O 0 0 0 o0 O
0O 0 0 0 0 O
_O 0O 0 0 0 O

w3A
W4A

wiA

=leololoNeoloNolaololol-2=]

SO O O O o o o o o

Then, we define the 12MN x 12 MN antisymmetric ma-
trix Mg, 1 and the (6M — 1) 2N x (6M — 1) 2N antisymmet-
ric matrix My, » in the same way as we have done for M, and
M, [see Egs. (4)—(7)]. The desired solution is again expressed
as the Pfaffian of Mg, 2:

Za (i) = Zga. iy = PF(Mga2) = [det My 2)]2 (39)

1. Pfaffian solution

Similarly, M, ; can be expressed using the Kronecker
product:

M1 = Toa ® Ingjo @ Iy + Agra1 @ Lo ® Hoy
+ Asa2 ® Injp @ Hiy + Byt ® Vigyo ® Loy

+ Bsta,Z &® VZ’I/Z &® IZNs (40)
where
0 0 0 0 0 0]
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
—1 0 0 0 0 0
0 0 0 0 0 0
0 om0 om0y
—w—?’; 0 0 0 % Wap
0 0 0 1 1 1B
WeB—W3p 0 1 0 _ wip
w|p 1B
0 Wsp—wap ~1 w1 0 0
w|B w1B
—w3p —w4p  —iB 0 0 ]
41)
0 0 0 0 O]
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0 0 0 0 Of (A 0
0O 0 0 0 o [0 A
0O 01 0 O
0O 0 0 0 O
0O 0 0 0 O
0O 0 0 0 O
0 0 0 0 0
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lea,l =

_[o B,
“lo o)

[=leoleoloNoloNeololo ool
[=leleoloNoNoNolalao ol =N
[=NeloNoNoNoNeloloRoloNe]
[=NeloloNoNoNeololoRoleoNe]
[=leololoNoloNeololoBoleNe]
[=leololoNoloNeololooloNe]
[=leleoloNoNoNeolaoloRol=N=]
[=NeloNoNoNoleloNoRoloNe]
[=NeloloNoNoNeloloRoloNe]
[=leloloNoloNeololoRoleoNe]
[=leololoNoloNolololo el
[=leololoNoNoNeololo ool

Asla,Z = _AT Bsta,Z = _BT

sta,1° sta, 1

(42)

T4 and Tp are defined in Eq. (11) corresponding to two sets of weights {w;4} and {w;g}, respectively. Mgy, » is the part of My, |
with the first 2N rows and 2N columns removed. Employing the techniques similar to those for M; and M,, we can obtain the
block diagonal matrices

. Cya,nmp2(cr)
Msta,l = .. (43)

Ca.my2(@an) |

and

y Cstam/2,2(c01)
Msta,Z = e s (44)
Catam22(002w) |

which have the same determinants with M, ; and Mg, », respectively. Here,

Csla Bsta,Z 0 0 0 0

Bsta,l Csta Bsta,Z o 0 0 0

0 Bsta,l Csta 0 0 0
Cyia,mp2(00) = : : : : : N (45)

0 0 0 ce Cs[a Bsta,2 0

0 0 0 te Bsta,l Csla Bsta,Z
L 0 0 0 e 0 Bsta,l Csta _
with
_[ci B,

Csta - |:];1 CB]’ (46)

and C,4 and Cp are defined in Eq. (16). Cy, p1/2,2(cr) is the part of Cq, pr/2() with the first row and first column removed. We
still have

2N
det (Mga2) = [ [ det[Cyamjn2(ei)]. (47)

i=1

Again, we obtain the recursion relation for the Toeplitz determinants [Ci, p7/2] and [Ciia a/2,2], similar to Eq. (24):
2
[Csampz] | _ | [Coal [Cstalirn M
[Csta,n/2,2] [Csalti  [Cstaliinnn 0

M/2
= Asta byt / 1 (48)
Csta  dsta of
In the last step, we use the notations similar to Eq. (25), for the elements of the recursive matrix. From Eq. (31), we immediately
know that

M/2—1 .
2jm
[Csta,M/2,2] = Csta l—[ |:asta + dsta — 2(astadsta — bstacsta)1/2 cos 7] 49)

J=1
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It is straightforward to examine the relation between {ag,, bsa, Csta» dsta} and {a, b, ¢, d}:

Asta by _laa by ||ap bp
Csta dsta o CA dA B dB

from Eq. (46). Then, we see that when {w4} = {wg}, i.e., the system is reduced to the uniform case, Egs. (48) and (49) become

(50)

Egs. (24) and (31), respectively.
Now we calculate {agy,, bsta, Cstas dsta} €Xplicitly:

2 2\( 2 P
aga = (w34 + w3, (35 + ©35) + 2(W2aw30028w35 + WerWsaWspWE) + 2(Wra W35 + W3aW2E)

X (woawap + W3aw3p) COS O + 2(WraW34W2pW3E — WeAWRAW5EWTR) COS 20X,

o 2 2 2 2
by = 2isina[ (w3, + w3, )wepwss + (Wi + 0ig)Weawsa — 2(WerWsa®1BW4E — D24 W30W65WSEE) COS A |,

. 2 2 2 2
Csta = —21 sma[(wm + w4A)CUSBw7B + ((1)23 + w33)w5Aw7A — 2(W1AW4AW5pWTB — WSAWTAWIBW3R) COS Ol],

2 2\ 2 2
dya = (wiy + @3y (075 + ©5p) + 2(@1A0sa 015045 + WsaW7ADepWsE) — 2(W1AW4B + WirW1E)

X (W1aw1B + Wsaw4p) COS A + 2(W1AW4A W1 W4 — W54 W74 WERWER) COS 201,

Note that the term |- - -
and (39), and using Eq. (32) and asadsta

]in Eq. (49) has the symmetric property [ - -

(5D

1(e;) = [ - - l(@an—i+1)- Substituting Eq. (49) into Eqgs. (47)

— bstaCsta = (ad — be)a(ad — be)p, we present the expression of Zg, (iiy:

Zta, iy = 2 1_[ { wly + 0)4A wspwip + (wzg + w;g)wSAwm — 2(W1AW4AW5pWTB — WSAWTAWIRW3R) COS Olz]

M/2—1

< 1

j=1

[asm,,- + dyai — 2(aid; — bic)y*(aid; — bici)y” cos

(52)

al

In this expression, ag, ; and dg, ; are determined by Eq. (51) with o = o, and (a;d; — bic;)s and (a;d; — b;c;)p are determined
by Eq. (35). Therefore, we have shown that Zy, i) also has an expression of a double product form.

2. Thermodynamic limit

We rearrange Eq. (52) as we have done in the uniform case:

Zgia, iy = 2 1_[ { wly + 0)4A wspwip + (wzg + w;g)wSAwm — 2(W1AW4AW5pWTB — WSAWTAWIBW3R) COS Olz]

M/2—1 2] 12
X 1_[ [(asta,i + dsta,i)2 — 4(aid; — bici)a(aid; — bici)p cos’ —] } (53)
j=1 M
The solution in the thermodynamic limit M, N — oo can be directly obtained from Eq. (53):
) 1 2 2
M,l[\llrgoo SMN In Zsa i) = ﬁ /(; do /O d¢ In[(as. + dsta)2 — 4(ad — bc)s(ad — be)g cos’ 01, (54)

where ag, and dg, are determined by Eq. (51) with o = ¢, and (ad — bc), and (ad — bc)p are determined by Eq. (35) with

(2' l)” replaced by ¢.

In the end of this section, we outline the main result. For
the row-by-row staggered free-fermion model on an M x 2N
square lattice, our desired BCs are the same as those in the
uniform case, i.e., BCs (ii). Under the BCs (ii), the partition
function has an expression of a double product form, as shown
in Eq. (52) or Eq. (53).

III. B-K BOUNDARY CONDITIONS OF THE SQUARE
LATTICE ISING MODEL

For a square lattice of M rows and 2N columns, the B-K
BCs [25] for the Ising model are as follows: periodic boundary
conditions in the N direction, 2N “+” spins on the upper edge

(

(the zeroth row), and 2N alternating spins “+ — --- + —" on
the lower edge [the (M + 1)th row]. The B-K BCs, as well as
the B-K-type BCs in Secs. IV-V, can be connected to the BCs
(ii) of the free-fermion model via an appropriate mapping.
Below we discuss this mapping method in detail.

Reference [39] introduced a mapping between the arrow
configurations of the even eight-vertex model and the spin
configurations of Ising model. Now this mapping method is
directly employed to transform the BCs (ii) into the B-K BCs
of the square lattice Ising model. We briefly describe this
method as follows. We put a site in the center of each square
of the spin lattice, and these sites form a square lattice, i.e.,
the dual lattice of the original one [64-67]. Each edge I of
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Z ~
N\ =g
Sy Sy
S, 55
+1 <« +
S8, =
-1 <« +
+1 «—> —s
5283 = -1 <«~— —<

FIG. 5. Mapping between the arrow configurations of the even
eight-vertex model and the spin configurations of the Ising model.
The sites and edges of the even eight-vertex model are marked in
blue, while those of the Ising model are marked in black.

the dual lattice crosses an edge ! of the spin lattice. Then,
we draw an arrow on [ with the correspondence between the
arrow configuration and the product of two spins connected
by /, as shown in Fig. 5. It is easy to verify that we obtain an
even eight-vertex model on the dual lattice by this mapping.
Conversely, given any configuration of an even eight-vertex
model, we can generate the corresponding spin states.

Now we can indicate the relation between the BCs (ii) of
the even eight-vertex model and the B-K BCs of the square
lattice Ising model clearly. First, the spins on the upper edge
are set as “+ - - - +”. As shown in Fig. 6, given a certain con-
figuration of the (M 4 1) x 2N even eight-vertex model under

+A+AF + A+

+Y -V + +Y -

FIG. 6. The correspondence between the BCs (ii) of the even
eight-vertex model and the B-K BCs of the Ising model.

the BCs (ii), we can obtain an M x 2N spin state. The set of
configurations under the BCs (ii) is mapped into two sets of
spin states; i.e., the spins on the lower edge are “+ — - - - 4+ —”
in one set and “— + - - - — 4" in the other. That is to say, BCs
(i) correspond to two sets of BCs of the Ising model. Noticing
the periodic boundary conditions in the N direction, these
two sets of BCs are equivalent. Therefore, BCs (ii) (M + 1
rows) are transformed into the B-K BCs (M rows). When
the Boltzmann factors of the Ising model are appropriately
translated into the vertex weights of the even eight-vertex
model, the partition functions can be easily related by

Zpk = %Z(n)- (55)

We note that the mapping method discussed here plays a
crucial role in connecting the results of the free-fermion model
and the Ising models. This method, as well as its direct view
presented in Figs. 5 and 6, also applies to the triangular and
honeycomb lattice Ising models to identify the B-K-type BCs
from the BCs (ii).

A. Zero-field case

The Hamiltonian is given in Eq. (1) with Hex = 0. The
square lattice Ising model in this case can be mapped into the
uniform free-fermion model, with the vertex weights deter-
mined by

CD(S[Sz, $253, 5354, S]S4) — gf%ﬂj(&‘]S2+S2_S‘3+S3S4+S]S4)' (56)
Here, {s1, 52, 53, 54} are the four spins around this vertex site,
and four products {ss,, 5253, 5354, 5154} determine the vertex
configuration (see Fig. 5). Note that the energy 2NJ from the
interactions between the upper edge spins and —2NJ from the
interactions between the lower edge spins are not included
in the Hamiltonian. Equation (56) takes into account half of
both parts, so that the Hamiltonian conserves and the partition
function is correct. Now all the eight vertex weights can be
listed according to the vertex configurations in Fig. 1:

o1 = o+, +,+,+) =,

(%) =a)(_a _5_5_)=62ﬂ15
w3 :a)(—’ +1_1 +): 15
a)4=---:a)8=1. (57)

Obviously, the free-fermion condition [Eq. (2)] is satisfied.
Therefore, the mapping leads to an (M + 1) x 2N free-
fermion model under the BCs (ii). Using Egs. (55) and (34),
we immediately obtain the solution

N M

Zowsw = 4" ]I 1 [cosh2 (2BJ) + sinh (2BJ)

i=1 j=1

Qi — ) jm
X (cos N + cos 7 1)} (58)

Note that this expression holds for both cases that J > 0
and J < 0. This well-known solution has been studied in
various literatures [25,30,32,68]. The partition function in the
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thermodynamic limit is yielded [5,69-75]:

) 1 2 2
o 2agy M ZBKsw =2+ o ) do /0 9
In[cosh? (2BJ) + sinh (2B8J)(cos ¢ + cos 0)]. (59)

The Fisher zeros in the zero field can then be conveniently
calculated from Eq. (58). Giyen i and j, the zeros in the
variable Z = sinh(28J) are e=ii, with n;; € [0, 7] given by

1 Qi—m " jm 60)
ii=—= _— s——— .
COS 1) > cos N o Ml

The Fisher zeros in the complex z plane lie on the unit circle
|z| = 1. Then, we consider the variable z = ¢*#/, which is
usually used in the low-temperature series expansion. Given
i and j, four zeros in the variable z can be calculated; thus, the
4MN zeros are explicitly determined. When 0 < 5;; < %, the
zeros can be expressed as

Zjk=1+v2e%, k=1,...,4, (61)
with

Oij1 = %mj + arccos(\/Wn,-j),

0i;2 = Lni; — arccos(y/cos n;;) + 7,

0ij3 = —%nij - arccos(\/(ij) + 27,

0ij.4 = —3ni; + arccos(y/cos n;;) + 7. (62)

While 7 < n;; < 7, the zeros are

zjk = —1+ 2% k=1,...,4, (63)
with
1
;i1 = 27 + arccos(y/— cos 7;;) — %,

1

T
0ij2 = E”” — arccos(y/ — cos ;) + 3

1 S
Oij3 = —Emj — arccos(y/— cos ;) + >

1 3r
Oij4 = —En,j + arccos(y/—cos ;) + - (64)

We see that the Fisher zeros in the complex z plane lie on two
circles

lz4 1] = V2, (65)

for any finite lattice under the B-K BCs.

The thermodynamic limit of a system without long-range
interactions is independent of the BCs. Therefore, the Fisher
loci in the thermodynamic limit can be achieved via the finite
lattice partition function under the B-K BCs. As the system
approaches the thermodynamic limit M, N — oo, the number
of zeros increases to infinity, and the accumulation points
of the zeros, i.e., the Fisher loci, form two circles shown
in Eq. (65). This is consistent with the original finding of
Fisher [4]. Figure 7 shows these two circles as well as the
phases. We use the notations of phases in Refs. [20,76], which
are ferromagnetic, paramagnetic, and antiferromagnetic. In
the thermodynamic limit, the distribution of zeros on the
Fisher loci &1 + +/2¢%(0 < 6 < 27) can be described by a

Im(z)
1.5

AFM

FIG. 7. The Fisher loci in the complex z plane of the square
lattice Ising model in the zero field. The phases divided by the loci
are shown.

density function. Lu and Wu derived the density functions
in the complex z plane and tanh(—pJ) plane [37], and the
transformation into the variable z is straightforward. We give
the explicit expression of this density function [38]

2|sin 0](v/2 — cos 0)[1 — +/2 cos 6|

g10) =
l 723 —2«/§cos6?)2
© 25in6(+/2 — cos )
3 —24/2cosb '
&:(0) = g1i(jr — 0)), (66)

where K (k) = [7/? ——L
gral of the first kind, and I and r refer to the circles on the left
and right, respectively. The Fisher loci cut the physical domain
of z, i.e., the interval (0, 1) [or (1, 400)] on the positive real
axis, at the critical point z = V2 -1 (or z = V2 + 1). Itis
clear to verify from Eq. (66) that the density function near
the critical point (when |8| — 0) is of the order O(|6]). This
leads to a divergence of the specific heat, i.e., a second-order
phase transition at the critical point in the thermodynamic
limit [4,37,38].

We can also use the derivative of free energy [Eq. (59)]
with respect to temperature to determine the critical points.
When there are singularities in the derivative function, the
order of derivative identifies the order of phase transition; e.g.,
the singularity of the second derivative is the second-order
critical point. However, this approach usually indicates the
behavior along the positive real axis in the complex temper-
ature plane. The Fisher loci in the thermodynamic limit can
provide a thorough analysis of the critical behavior, as we can
obtain the distribution of Fisher zeros in the whole complex
temperature plane (including the unphysical singularities). We
can see that the finite system does not have a phase transition,
as the Fisher zeros of a finite lattice do not cut the positive real
axis. When the system approaches the thermodynamic limit,
we obtain the Fisher loci. If the Fisher loci cut the positive real
axis, the points of intersection identify the critical points, and
the behavior of the density function of zeros at these points
indicates the order of phase transition.

dt is the complete elliptic inte-
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S ———
_—— -
E
—_—— -
——— -
E
_—— -
——— -
c
L ——

S ———
—_—— -
f o~ — - -
——— -

4

+
—_—— -
——— -

4

+
—_—— -

B

+ - + -

FIG. 8. Splitting of [, s; into certain pairs of product s;s; cover-
ing all spin sites. An example of 3 x 4 square lattice is shown, with
the pairs marked with dashed lines.

B. Imaginary-field case

In this case, the effect of the imaginary field He =
i(mw/2)kpT is deduced as [14-16,38]

2MN 2MN 2MN

BHex Z Si 'Z Si __ 2MN 1—[
=1 Si.
i=1

e i=1 — li:l

In the last step, we use the identity i =i x s;. Omitting the
constant i?MV | the contribution of a certain spin state {s;} to the
partition function includes the Boltzmann factor e~/ 2 5153
and the product of all spins [];s;. Following Refs. [15,77],
we split [[;s; into certain pairs of product s;s; covering all
the sites. Taking the 3 x 4 lattice as an example, the splitting
method is shown in Fig. 8. Note that the 2N “+” spins on the
upper edge are included in the product, which does not affect
the correctness. From Fig. 8, we can clearly see that this case
is mapped into a row-by-row staggered free-fermion model,
by defining the vertex weights on the sublattice A as

(67)

WA (8152, 253, $354, 5154)

_1 T I I
— (S1S4)€ 2ﬂJ(a132+‘&233+3334+3134), (68)

and those on the sublattice B as Eq. (56). We calculate all the
vertex weights:

w14 = 0p(+, +, +, +) = e,

W = wp(=, = =, =) = =,

w3p = wp(—, +, —, +) =1,

w4p = wp+, — +, —) = —1,

wsp = wga = 1,

wep = w14 = —1, (69)

and {wp} are listed in Eq. (57).

Now we can give the solution of this case when M is odd, as
the row-by-row staggered free-fermion model under the BCs
(ii) with an even number of rows has been exactly solved.

Substituting the vertex weights into Eq. (52) yields

ZB-K,squ,i%

T{[-osm e )]
=[] 1|—4sinh (2BJ)( cosh (2B.7) + cos ———
o 2N

M-1)/2

< |1

j=1

2i—Drm 2jm
—C0S ———— —CO0S .
N M+ 1

The solution when M is even has been given in Ref. [29].
The partition function in the thermodynamic limit is directly
obtained [2,11,12,15,77-80]:

[8 sinh? (2ﬂJ)<2 cosh? (28J)

(70)

1
M%\l/gloo IMN lrlZB -K squt

2 2
= ;/‘ d@/ d¢ In[16 sinh? (28J) cosh? (28J)
167'[2 0 0
— 8sinh? (28J)(cos ¢ + cos6)]. (71)

It is convenient to calculate the Fisher zeros in the variable

7 = ¢*¥/_ First, the partition function in Eq. (70) is expressed
as
ZB-K,squ,ig
13 MNlﬁ[ PR i — D
= oS —————
z 1 T 2N
M—1)/2 ;
2i—1
< T [1+22+2z<1 _cos B
j=1
2jm
— cos
M+1
s\ MV N (M-1)/2
= (1+2") >+ 2201
() eI Do

Qi —Drm 2jm >j|
—cos — cos )

72
N M+1 72)

In the last step, we have made use of

N

2i — 1)
N N = 142 (—. 73
Nty g[yﬂ/ +2c0s = (73)

Equation (72) demonstrates that the 2MN zeros in the com-
plex Z plane include the root 1 of multiplicity MN, N roots
on the unit circle associated with 1 4+ zV, and (M — 1)N roots
{Zi;} from the term

ﬁ(Mﬁ/2 1+24+2z(1 @i—r 2jm
— COS ——— — COS .
i=1 j=1 ’ ’ N M+1
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AFM

FIG. 9. The Fsiher loci in the complex Z plane of the square
lattice Ising model in the imaginary field. The phases divided by the
loci are shown.

The loci of zeros {Z;;} are similar to that in the case where M
is even, as analyzed in Ref. [29]. The zeros {Z;;} lie on the unit
circle

2i—1)m 2jm
S—_

Z| =1, for —1<1—co cos <1,
M+1
(74a)
and on the line segment
2i—1
3 2/2<E<-342v3, for 1<1—cos 2T
2jm
— cos < 3. (74b)
M+1

We see that the Fisher loci in the complex Z plane in the
thermodynamic limit consist of the unit circle and the line
segment [20,29,81], as shown in Fig. 9. The density function
of Fisher zeros in the thermodynamic limit depends on the
distribution of {Z;;}. The explicit expression is [37]

gule) = |sina|K( B+ cosa)(l — cosa)) (75a)

272 4

on the unit circle ¢(0 < a < 27) and

sinh A (3 — cosh A)(1 + cosh A
gu(A) = | 72 |K< )4( )> (75b)

on the line segment —e*[In(3 — 2+/2) < A < In(3 4+ 2v/2)].
The point of intersection of the Fisher loci and the positive
real axis is Z = 1, i.e., B = 0 (T = +00). The Fisher loci do
not cut the interval (0, 1) or (1, +00) on the positive real
axis; thus, we can verify that for both cases / < 0 and J > 0,
there is no singularity in the physical temperature range. The
system in the imaginary field does not have a physical phase
transition.

For the case J < 0, we can also indicate this point from
the spontaneous magnetization. We quote the spontaneous
magnetization from Eq. (49) of Ref. [2]:

_ (1+%2)> e
(1—51+63+)72 |

It is obvious that the only singularity for 0 <z < 1isZ =1,
which is consistent with the result from the Fisher loci. For
the case J > 0, we note that there have been studies of the
system in the field Hyx = i(6/2)kpT (0 < 6 < ) [82-84].
When 6 — m, the critical temperature approaches infinity.
This agrees with the result from the Fisher loci.

+ 4+ o+ o+

Sy S5
5, 5,
+ -+ -

FIG. 10. The B-K-type BCs of the triangular lattice Ising model.

IV. B-K-TYPE BOUNDARY CONDITIONS OF THE
TRIANGULAR LATTICE ISING MODEL

The B-K BCs of the square lattice Ising model can be
extended to the triangular and honeycomb lattices. In this
section, we introduce the B-K-type BCs for the triangular
lattice model, as shown in Fig. 10. The triangular lattice is
easily represented by a “square” structure, with M rows and
2N columns. Then, it is straightforward to propose the B-K-
type BCs: periodic boundary conditions in the N direction,
fixed spins “4---+4” on the upper edge, and fixed spins
“4 — ...+ —” on the lower edge.

We employ the same mapping method as that shown in
Fig. 5, to construct an even eight-vertex model under the BCs
(i1) with M + 1 rows and 2N columns. As indicated in the
case of the square lattice Ising model, the relation between the
partition functions [Eq. (55)] still holds, if the vertex weights
can be appropriately defined using the Boltzmann factors of
the Ising model.

A. Zero-field case

This case can be mapped into the uniform free-fermion
model, whose vertex weights are given by

—BJLS (s152+5253+5354+5154)+5153]

(76)

w(S152, 5253, 5354, S154) = €

The determination of the vertex weights is very similar to that
for the square lattice Ising model, except for the interaction
Js1s3 = J(s152)(s253) (see Fig. 10). All vertex weights are
then calculated:

By =P

w| =e

w=-=wg=e"’, wy=wg=eP. (7
Using Eq. (34) with the vertex weights in Eq. (77), the solution
is obtained:

N M
Zoxw =[] [e‘ﬁﬁf + 3¢ + 4sinh (287)
i=1 j=1
i — m Qi— jm
X | cos ——————+ 2 cos cos .
2N AN M+1
(78)
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The partition function in the thermodynamic limit is directly
yielded:

lim
M,N—oco 2MN
1

b4 /2
=— [ do / d¢ In[e % 4 3¢*# 4 4inh (28J)
= Jo 0

In Zg-K ui

X (cos2¢ + 2 cos ¢ cosO)].

By performing variable transformation 8 =6 + ¢, ¢ =6 —
¢ and doing some simple algebra, we achieve the well-known
expression [8,16,85,86]

1
v, Sar K

1 2 B 2 5
=— do f d¢ In[e % 4 30287

87'[2 0 0
+ 4 sinh(28J)(cos 8 + cos ¢ + cos(@ — d)].  (79)
We use the variable 7 = ¢*#/ to solve the Fisher zeros. The
solution in Eq. (78) has the form

N M
Zoxwi =2 " T]T1 [1 +32 422z - 1)

i=1 j=I

@i-brx o Qi-lx jn
X|{COS —— COS COS
2N 4N M+1

N M
=z VAT + 32 + 222 — D)(cos;)]. (80)
i=1 j=1

where the term (cos; ;) denotes the part of the cosine functions.

The 2MN Fisher zeros can then be solved from 1 + 37> +

2%(Z — 1)(cos;;):

(cos;j) £ /[(cos;;) — 3][(cos;;) + 1]
3 + 2(cos;;) '

Zij12 = (81)
It is trivial to verify that —% < (cos;j) < 3. Therefore, when
—% < (cos;j) < —1, Z;;,1 and Z;;» are negative real numbers
in the respective domains:

1
Zij1 € |:—1, —g), Zij2 € (—oo, —1]. (82)
When —1 < (cos;;) < 3, we have
3 (cosj) £ i,/[3 — (cos;)I[1 + (cos;;)]
Zijia = — v . —,  (®3

3+ 2(cos;;)

and one can examine that Z;;; and Z;;» can be expressed as
~ 1 2 6 .
Zijk = —3 + 5619”"‘, with

eij,l (S (0, 7'[), 9[/‘,2 = —9,']',1 + 21 € (7[, 27’[) (84)

The Fisher loci in the thermodynamic limit consist of the line
segment (—oo0, —%] and the circle —% + %eie(O <6 < 2n),
which can be seen in Fig. 11. The exact Fisher loci had been
reported in Refs. [76,87,88], by simply setting the argument of
the logarithm in the solution in the thermodynamic limit equal
to zero, which was termed as “handwaving” in Ref. [87]. Here,
the use of the B-Ktype BCs makes the determination rigorous,

Im(Z)

PM

Re(Z)

FIG. 11. The Fisher loci in the complex Z plane of the triangular
lattice Ising model in the zero field. The phases divided by the loci
are shown.

as the Fisher zeros of any finite lattice under the B-K-type BCs
can be calculated exactly, and found to be precisely on certain
loci.

The Fisher loci cut the positive real axis at 7z = %, which is
the ferromagnetic critical point. This elucidates that only the
ferromagnetic model, i.e., the J < O case, exhibits a physical
phase transition. The density function of Fisher zeros in the
thermodynamic limit had also been derived [37], and we quote
it here:

)= —> 150l e (85)
8= (5 " 4cos6)
on the circle —1 + 2¢%, with
k(@) = l[i - 1]1/2[1 +E@®)]?
~ 4| E®) ’
E@)= —— 86
©) (5 —4cos0)/? (86)
and
1T+ ul(1 = 3u) 1
— K| — 87
8100 = T = Pk ) [k(u)} &7
on the line segment —oo < u < —%, with
7 3 /2 32
k(u)=1[m—1:| [1+Fuw]’=,
1+3u 7Y
= [u(l - u)] o

The density function g.(0) near the critical point (when 0| —
0) is of the order O(]@]). This verifies a second-order phase
transition at the ferromagnetic critical point.

B. Imaginary-field case

We still use Eq. (67) to deal with the effect of the imaginary
field and split the product [];s; in the way shown in Fig. 8,
when M is odd. Like in the case of the square lattice model
in the imaginary field, we map this case into a row-by-row
staggered free-fermion model under the BCs (ii), with {w4}
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defined as

WA (8152, 5253, 354, S154) = (5154)

X e—ﬁJ[%(XlS2+S2S3+S3S4+S1S4)+X1Ss] (89)

and {wp} determined from Eq. (76). We then calculate all the
vertex weights:

wip = eiSﬂj, wyp = —eﬁj, e’

W34 = W54 =

win=—eP, wg=eP, (90)

’

J
W4A = WeA = —ef s

and {wp} are listed in Eq. (77). Using Eq. (52), the solution of
this case is immediately obtained:

ZBK i,iT
N
2i — 1
- H {|:—2 sinh (2,3])(6_4ﬁj + 1+ 2cos u)]
il 2N
M-1)2

< ]1

Jj=1

@i-Dr
X1 COS ——— Sin
N

|:612ﬂl — 4 4 3¢* — 8sinh? (28J)

Qi—m 2jm
cos .
2N M+1

oD

It is straightforward to yield the partition function in the ther-
modynamic limit

lim
M,N—oco 2MN
. 1

T 4x?

— 8sinh? (2BJ)(cos2¢ + 2sin ¢ cos O)].

InZp_K iz
do / deIn[e” 2P — 4 4 3647
0 0
By performing variable transformation ¢ =¢ +60 — 3, 6 =

¢ — 6 + % and doing some simple algebra, we achieve the
known expression [11,15,16]

M,ll\i’IEoo TMN InZp K iiz

2w 5 2 -
= - / do / dgIn[e” 2 — 4 4 3647
167 0 0

— 8 sinh? (2BJ)(cos ¢ — cosB + cos(@ + @))]. (92)

We still express the solution in Eq. (91) in terms of the
variable 7 = ¢*#/:

ZpK ui,iZ

73MN/2(1 )MNH {|:1 +Z(1 + 2cos %)]

M—1)/2
<[] [<1+2)2+4zz(sini_,-)]}, 93)
j=1

where (sin;;) denotes

i — < :
n sin

cos
2N M+1

Qi — 2jm
2N '

Im(Z)

0.4

0.2
FM

FIG. 12. The Fisher loci in the complex Z plane of the triangular
lattice Ising model in the imaginary field. The phase is shown.

We can indicate from Eq. (93) that the 2MN zeros in the
complex Z plane include the root 1 of multiplicity MN, N roots
associated with 1 + Z(1 + 2 cos %), and (M — 1)N roots
{Zi;} from the term

N (M=1)/2
[T T 1a+27?+42Gin)).
=1 j=1
The Fisher loci in the thermodynamic limit only depend on the

distribution of {Z;;}, which exhibits a nonzero and nontrivial
density. {Z;;} can be directly solved as

-1+ 2‘/ —(sin,-j)

Zij12 =

One can verify that —% < (sin;;) < 2. When —}1 < (sin;;) <
0, Zij,1 and Z;;» are negative real numbers in the respective
domains:
~ 1 ~
Zijpe[-1,-3), Zijo € (—oo,—1]. (95)

When 0 < (sin;;) < 2, we have

-1+ 2i,/ (sin,-j)

Zij12 = - 96
G2 = T A sing) ©6)
It can be examined that Z;;; and Z;;, in this case can be
expressed as Z;;x = —1 + €%, with

0ij1 € (B0, ), b2 =—0ij1 +2m € (w, —0 + 2m),

6y = arccos (%) o7

The Fisher loci in the thermodynamic limit consist of the line
segment (—oo, —1] and the arc —1 + ¢ (6) < 0 < —6) +
2m), as shown in Fig. 12. This result had been proposed in
Ref. [20]. Again we note that the use of the B-K-type BCs
enables us to exactly solve the Fisher zeros of a finite lattice,
such that the determination of the Fisher loci is rigorous.

The Fisher loci do not cut the positive real axis, so that
there is no singularity in the physical temperature range. Then,
we verify that the system in the imaginary field does not have
a physical phase transition in both cases J < 0 and J > 0.
The density function of {Z;;} on the Fisher loci had been
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FIG. 13. The B-K-type BCs of the honeycomb lattice Ising model.

derived [37]. We quote it here:

(1 + cos0)/*

8a(0) = _25/4n2|sin 9|5/2

K[k(0)] (98)
on the arc —1 + 1e®(6) < 0 < —6) + 27), with

1 3 12
k(@) = —[— - 1] [14 G©O)P?,

4| G@®)
GO)=—7, (99)
Slnz
and
_ —|1 4 ul s
8§00 = Sk OH () |:k(u):| (100)
on the line segment —co < u < —%, with
k( )—l 2 l/21 Hu)P?
u—4H(u)— [1+H@w)]"",
172
H(u)=<—2Mj1> . (101)
u

V. B-K-TYPE BOUNDARY CONDITIONS OF THE
HONEYCOMB LATTICE ISING MODEL

In this section, we introduce the B-K-type BCs for the
honeycomb lattice Ising model. Like what we have done
for the triangular lattice, we set a “square” structure in the
honeycomb lattice as shown in Fig. 13. There are M rows
and 2N columns in the “square” structure, and the number
of spins of the honeycomb system is 2(2M + 1)N. With the
“square” structure, the B-K-type BCs are easy to determine,
which are very similar to the cases of the square lattice and
triangular lattice models: periodic boundary conditions in the
N direction, fixed spins “+ - - - +” spins in the zeroth row, and
fixed spins “4+ — --- 4+ =" in the (M + 1)th row. Figure 13
clearly shows the B-K-type BCs.

Again, we employ the mapping method as that shown in
Fig. 5, to transform the system into an even eight-vertex model
under the BCs (ii) with M + 1 rows and 2N columns. Like
in the cases of the square lattice and triangular lattice Ising

models, the relation between the partition functions [Eq. (55)]
holds, with the vertex weights appropriately defined using the
Boltzmann factors. We note that there is a spin inside each
“square,” i.e., 55 as shown in Fig. 13. The interactions do not
consist of (or cannot be represented by) the spin products as-
sociated with the “square” edges, such as s;s,. This indicates
that the way to define the vertex weights is somewhat different
from that for the square lattice and triangular lattice models.

A. Zero-field case
In the zero field, the vertex weights can be calculated from

w = E e PIss(s1ts2ts3)
ss==1

(102)

In this way, the vertex weights are uniquely defined. Take
vertex (1) for example. There are two possible spin states
corresponding to vertex (1): s; =s, =s3 =s4=1and s; =
s, = s3 = s4 = —1. For either case, Eq. (102) produces w; =
e384 38 Then, we list all the vertex weights

a)2=---=a)6=e_ﬁj+eﬁj,

(103)

w) = e 3 4 3,
w7 = e 4 63’3], wg = e P 4P

Obviously, this is a uniform free-fermion model. Using
Eq. (34) with the vertex weights in Eq. (103), the solution
turns out to be

Z-K.hon = 2V [cosh (28J) + 11V [2 cosh (28J) — 11V

N M
< [ ] ]8[cosh’® 287) + 1 — sinh® (28.)

i=1 j=1

2i —1 2i—1 j
x | cos @i—bm +2cos @i — Dz cos I~ . (104)
2N AN M +1

Employing the same technique as that for the triangular lattice
model [see Eq. (79)], the partition function in the thermody-
namic limit can be obtained [6,7,16,89,90]:

lim —————— InZgK hon
MNSoo 20M + DN B
3 1 2 2
=-In2+ / dO/ d¢ In[cosh® (28J) + 1
4 167'[2 0 0

— sinh? (28J)(cos 6 + cos ¢ + cos(6 — ¢))].

(105)

We express the solution in Eq. (104) in terms of z = ¢*#/:

Zp-Khon =2 CMFDN (7 4 [)2MFDN (2 _ 2 L 1)V

N M
X Hn[z4 — 223 4677 — 2241 —2z2(z — l)z(cosij)],
i=1 j=1
(106)

where (cos;;) is the same as that in Eq. (80) denoting the part
of the cosine functions. We see that the zeros in the complex z
plane include the root — 1 of multiplicity 2(M + 1)N, the roots
% + ‘/7§i both of multiplicity N, and 4MN roots {z;;} from the
term

7t =223 + 622 — 27+ 1 — 2z(z — 1)*(cos;)). (107)
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FIG. 14. The Fisher loci in the complex z plane of the honey-
comb lattice Ising model in the zero field. The phases divided by the
loci are shown.

As is well known, the interaction constant J of the Ising model
can be related to that of the dual lattice model, J*, by [65]

e*7" = tanh (—pJ). (108)

We use the notation v = tanh(B8J). Since the dual lattice of
the honeycomb net is the triangular lattice, we can verify from
Eq. (108) that the Fisher zeros of the honeycomb lattice model
in the complex v? plane coincide with those of the triangular
lattice model in the complex Z plane (see Sec. IV A). To
illuminate this in detail, we make use of z = (1 +v)/(1 — v)
to recast Eq. (107) into

(1:;0)4[1 + 3v* — 20 (1 — v¥)(cos;;)].
Comparing with Eq. (80), we confirm that the Fisher loci
in the complex v? plane from Eq. (109) consist of the line
segment (—oo, —1] and the circle —1 + %¢(0 < 6 < 27),
as shown in Fig. 2 of Ref. [88]. When transforming the Fisher
loci into the complex z plane, we obtain the arc e"‘?(%r <
0 < 57”) corresponding to the line segment (—oo, —%] and
the lima-bean-shaped curve corresponding to the circle —% +
%e’p (0 £ 0 < 2m). Figure 14 displays the Fisher loci, which
had been reported in Refs. [76,91]. The analytic expression of
the lima-bean-shaped curve z = re® is derived from |3v? +
1] =2:

(109)

r=1++2rcosé. (110)

Reference [92] had proposed an equivalent expression, but
for the curve in the complex z~! plane. We observe that
Eq. (104) is invariant under the transformation J — —J, z —
z~1. Therefore, the solution in terms of z~! = ¢~2#/ has the
same form as Eq. (106) with z replaced by z~!, and Eq. (110)
is also the expression in the complex z~! plane.

The Fisher loci cut the positive real axis at z = 2 — v/3 and
z = 2 + /3, which are the critical points forJ < 0andJ > 0,
respectively. The density function of {z;;} on the Fisher loci in

FIG. 15. Splitting of [, s; into certain pairs of product s;s; cov-
ering all spin sites on the honeycomb lattice, with the pairs marked
with dotted lines.

the thermodynamic limit can be obtained from that of the vari-
able v2, i.e., Eqs. (85) and (87), by using v = (z — 1)/(z + 1).
The system exhibits a second-order phase transition at either
critical point.

B. Imaginary-field case

Again, we formulate the effect of the imaginary field by the
product of all spins [ [, s; according to Eq. (67). Here, we split
[1; s: in the way shown in Fig. 15; i.e., [, s; is split into the
pairs of s;s5 in each square (see Fig. 13). The vertex weights
are thereby determined from

w = Z (slss)e_ﬁj-v5(51+-Y2+33)‘ (111)
S5=:|:1
We calculate all the weights
w; = w7 = e3P e3ﬁj, w3 = wg = P — e_f”,
W) =Wy = W5 = wg = e P — P, (112)

This case is then mapped into a uniform free-fermion model.
Substituting the vertex weights into Eq. (34) yields the solu-
tion

ZB-K hon,iZ

= 2¥[cosh (28J) — 11V[2 cosh 28J) + 11V

N M
<T1]]8 [ cosh® (2BJ) — 1 — sinh? (28J)

i=1 j=1
2i—Dm . Qi—Dm jm
X | cos —————— + 2sin cos .
2N 4N M+1

(113)

Employing the same technique as that for the triangular lattice
model [see Eq. (92)], the partition function in the thermody-
namic limit can be obtained [11,15,16]:

NS oo 2M F N 2B Kohon.i3

1 2 2
/ do / d¢ In[cosh® (28J) — 1
167'[2 0 0

— sinh? (28J)(cos ¢ — cos 6 + cos(d + ¢))].

3
=2
g et

(114)
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287

In the variable z = e*"/, the solution has the expression

ZB—K,hon,i% — Z7(3M+2)N(1 _ Z)Z(M+1)N(Z2 +z4 1)N

N M

< [Tt +22° + 622 +2:+ 1
i=1 j=1

+ 2z(z + 1)*(cos;))1, (115)

where (cos;;) is the same as that in Egs. (80) and (106), and
can be shown explicitly here:

2i—Drm Qi— jm
(cos;j) = cos ———— + 2cos cos .
2N 4N M+1
In deriving Eq. (115), we have made use of
Qi— D . Qi—Drm jm
cos + 2sin cos
2N 4N M+1
Q2i—rm RIN+1-0i)— 1] jm
=cos——— 4+ 2cos cos
2N 4N M+1
RIN+1-0)—1]x
= —cos
2N
RIN+1—-0i)— 1] M+1—- )
—2cos cos
4N M+ 1

= —(COS(N41-i)M+1—))-

Comparing Eq. (115) with Eq. (106), we can verify that the
solution in the imaginary field is actually that in the zero field
with the replacement z — —z and multiplied by (—1)”". This
can be clearly illustrated by using the technique of defining
the interaction J' = J — %%l [15,77]. The Boltzmann factor

associated with J’ turns out to be

e BIsisr — oThIn s,
This relation leads to
Zgk hon (1) = iI*M N (— )N Zp  hon,iz ().

Then, we have

Zp-Knon.iz () = (=D Zgk hon(J") (116a)
or equivalently
Zg-K hon.iz (2) = (=)™ Zgk hon(—2). (116b)

The Fisher zeros in the variable z in the imaginary field are
exactly the additive inverses of those in the zero field.

The Fisher loci in the thermodynamic limit is then easily
determined, as shown in Fig. 16 and previously reported in
Ref. [20]. Here, the notation ZM of a phase is taken from
Ref. [20], standing for “zero uniform and staggered magne-
tization”; see Fig. 7 and the relevant analysis therein. The
density function can also be obtained correspondingly. The
point of intersection of the Fisher loci and the positive real
axisis z =1, 1.e., B8 = 0 (T = +00). The Fisher loci neither
cut the interval (0, 1) nor (1, 400) on the positive real axis;
thus, the system in this case does not exhibit a physical phase
transition for both J < 0 and J > 0. The system withJ > O in
the field Hex = i(6/2)kgT (0 < 6 < ) has been studied [93].
We see from Ref. [93] that as 6 — 7 the critical temperature
approaches infinity. This is consistent with the result from the
Fisher loci.

AFM

FIG. 16. The Fisher loci in the complex z plane of the honey-
comb lattice Ising model in the imaginary field. The phases divided
by the loci are shown.

VI. SUMMARY AND DISCUSSION

In this work, we report findings in the study of statistical
lattice models from two perspectives:

(1) We identify a set of BCs denoted as (ii) for the
free-fermion model, under which the finite lattice partition
function admits a double product form.

(2) We construct the B-K-type BCs for the Ising models on
the triangular and honeycomb lattices, which allow the Fisher
zeros of any finite lattice to be solved exactly and found to lie
precisely on well-defined loci.

We formulate the Ising models within the framework of
the free-fermion model. Using an appropriate mapping, the
B-K and B-K-type BCs are yielded from the BCs (ii). In ad-
dition to the detailed derivation of the partition functions and
Fisher zeros, we also verify the phase transition and present
the density function of Fisher zeros. Although the phases of
Ising models in the thermodynamic limit have been studied
systematically, the use of B-K and B-K-type BCs enables a
rigorous determination of Fisher loci in the thermodynamic
limit, i.e., the phase boundaries, and thus is very helpful in the
analysis of critical behavior. Furthermore, the product form
of the partition function permits an analytical evaluation of
thermodynamic quantities on a finite lattice. Therefore, the
B-K and B-K-type BCs offer useful tools for the study of
finite-size scaling and corrections [32,94,95]. The finite-size
effects of the Ising models under the B-K-type BCs, as well
as those of the free-fermion model under the BCs (ii), merit
further investigation.

It is natural to explore the construction of B-K-type BCs for
other two-dimensional Ising models. One notable example is
the kagome lattice model, which is not addressed in the main
text. While we are able to define the B-K-type BCs for the
kagome lattice Ising model, we have not succeeded in express-
ing the corresponding partition function in a product form.
Detailed discussions of this case are provided in Appendix B.
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APPENDIX A: SOLUTIONS OF THE ODD
FREE-FERMION MODEL

The solutions of the odd free-fermion model under the BCs
(ii) can be conveniently obtained by a transformation to the
even subcase, when M is even. We use the approach of trans-
formation introduced in Ref. [41] to give the results. Figure 17
shows this approach. By reversing the arrow directions on the
vertical edges marked in blue, each configuration of the odd
eight-vertex model is converted into a configuration of the
even subcase, and vice versa. That is, a one-to-one mapping
between the configurations of the odd and even subcases is
established. Then, it is clear to see from Fig. 17 that the uni-
form odd eight-vertex model is transformed into a row-by-row
staggered even eight-vertex model, with the correspondence
of the vertex weights:

w9 > W1a, W10 > W24, W11 > W44, @12 > W34,
w13 > W74, Wi4 > Wga, W15 > Wea, W16 B> W54,
(Ala)

FIG. 17. The approach of transformation from the uniform and
row-by-row staggered odd eight-vertex models to the row-by-row
staggered even subcase, by reversing the arrows on the edges marked
in blue.

and
w9 > W3p, Wip > W4, @11 > wWrp, W12 > WiB,
w13 > Wep, W14 > Wsp, W15 > W7B, W16 > W8B.
(Alb)

It is straightforward to verify that the odd free-fermion model
[see Eq. (3)] is transformed into the row-by-row staggered
even free-fermion model, and the BCs (ii) are kept under the
transformation. The solution of the uniform odd free-fermion
model can then be obtained via Eq. (52) or Eq. (53), with the
replacement of weights shown in Egs. (Ala) and (A1Db).

The transformation in Fig. 17 can also be applied to the
row-by-row staggered odd eight-vertex model, which still
produces the row-by-row staggered even subcase. The corre-
spondence of the vertex weights are

wWop > W14, W104 > Waa, W11A B> W44, @124 > W34,

W34 B> W74, @144 > WA, W154 B> WeA, W16A > Ws4,

(A2a)
and

wWop > w3, W10 > W4p, W11B > W2B, W12B > WiB,

wi3g > Wep, W14 > Wsg, Wi5B > W7B, Wi6B > WgB.

(A2b)

We see that the row-by-row staggered odd free-fermion model
(M 1is even) is mapped into a row-by-row staggered even
free-fermion model. Therefore, the solution under the BCs
(i1) is still given in Eq. (52) or Eq. (53) when substituting the
weights according to Eqs. (A2a) and (A2b).

We note that the solutions of the uniform and row-by-row
staggered odd free-fermion models under the BCs (ii) can
also be derived by the Pfaffian method. Using the construction
of the dimer lattice with the dimer weights introduced in
Appendix D.1 of Ref. [42], one can perform the calculations
similar to those we have done for the even free-fermion model.
Still consider the BCs (i) and (ii), and two Toeplitz determi-
nants can be deduced. Again, one can express the Toeplitz
determinant corresponding to the BCs (ii) in a product form,
thereby obtaining the solution.

APPENDIX B: DISCUSSIONS OF THE KAGOME
LATTICE ISING MODEL

We can still employ the mapping method shown in Fig. 5,
to transform the kagome lattice Ising model into the even free-
fermion model. The “square” structure and the B-K-type BCs
are shown in Fig. 18, for both the zero-field and imaginary-
field cases. In this way, the zero-field and imaginary-field
cases are mapped into the bipartite and four-partite staggered
even free-fermion models [96-98] under the BCs (ii), respec-
tively. However, both for the bipartite and the four-partite
staggered cases, we have not succeeded in expressing the
solution under the BCs (ii) in a product form.

In this Appendix, we investigate the Fisher zeros of the
kagome lattice Ising model under the toroidal BCs. The
boundary is defined in our recent work [16], as shown in
Fig. 6 therein. In Ref. [16], we have used an alternative
approach to map the Ising model under the toroidal BCs
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+

FIG. 18. The B-K-type BCs of the kagome lattice Ising model,
with the “square” structure marked with red dashed lines. (a) The
zero-field case, which can be mapped into the bi-partite staggered
even free-fermion model. (b) The imaginary-field case, which can
be mapped into the four-partite staggered even free-fermion model.
[1;s: is splitted into certain pairs of product s;s; covering all spin
sites on the kagome lattice, with the pairs marked with blue dotted
lines.

into the free-fermion model, namely, the translation into the
sixteen-vertex model and the weak-graph expansion for trans-
formation into an even or odd free-fermion model. Below, we
quote the results of the kagome Ising model there to analyze
the Fisher zeros.

1. Zero-field case

In Ref. [16], the zero-field case is transformed into an
even free-fermion model under the toroidal BCs, whose vertex
weights are

w| = %(€_3ﬁj + 3€ﬂj)2,

I _ Py

’

W) = W3 = W4 = W5 = Wg = %(6_3'6
w7 = wg = 31(e P + 3P ) (e — ). (B1)

The finite lattice partition function of this free-fermion model
is the sum of four Pfaffians corresponding to four choices of

the directions on the edges of the dimer lattice (for choices
of the directions on the edges, see Sec. [ A 1 of the present
paper and Sec. IV.5 of Ref. [31]). As mentioned in Sec. I, the
Onsager-Kaufman solution of the finite square lattice Ising
model under the toroidal BCs [17] consists of the sum of
four products, which can actually be written as four Pfaffians.
The finding of B-K BCs enables an exact calculation of the
finite lattice Fisher zeros. In the case of kagome lattice Ising
model, however, we have not succeeded in finding the product
form of the finite lattice solution under the B-K-type BCs in
Fig. 18. Hence, we are not able to solve the Fisher zeros of
a finite lattice exactly. Here, we analyze the zeros of one of
the four Pfaffians, and then determine the Fisher loci in the
thermodynamic limit.

Consider the even free-fermion model of M rows and N
columns, and the number of Ising spins is 3MN. Each of
the four Pfaffians is the square root of the determinant of the
respective matrix. Each determinant is given in the form (one
can perform the derivation like we have done in Sec. II to
achieve this result)

N M
det M) = [ ][ Jdet(T;)).

(B2)
i=1 j=1
with
B 0 %g]g 0 w3,;lw6 gié_, 61)3_
—o 0 0 el esm gy,
T _| 0 0 0 1 1 o
VT e et 0 -2 0
(oI W]
—e® emes @ 0 0
—w3 —4 —w] 0 0 0
(B3)

i can be 2’7” or (2"_%, and &; can be 2’7” or W Four
choices of {u;, §;} produce four determinants, thereby giving
four Pfaffians. It is obvious that the four Pfaffians become
degenerate in the thermodynamic limit M, N — oo. Hence,
the partition function and Fisher loci in the thermodynamic

limit can be determined only by one Pfaffian. We take u; =
2’7”, & = 2’7” The determinant in Eq. (B2) turns out to be

N M
det M) = [ [ [ [of + @3 + @3 + »}
i=1 j=1
+ 2(w1w4 — wrw3) COS i+ 2(wrws— w1 w3) COS §;
+ 2(w w2 — wsws) cos(i; + &)
+2(w1w2 — wrwg) cos(w; — &;)]. (B4)

With the weights in Eq. (B1), we calculate this determinant
for the kagome lattice Ising model:

N M
det (M) = [ [ [ Jre " + 18¢ " + 24 + 21¢*
i=1 j=1
+4(e ¥ — e — 1 + ") (cos;;) 1. (BS)
Here, the term (cos,-‘,-)’ denotes

cos u; — cos&; + cos(u; + §&;).
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The well-known solution in the thermodynamic limit [10,16]
can be obtained by taking %limMN_)o<3 ﬁ In[det(M)]. We
express this determinant in terms of z = e*#/:

N M

det M) =z MV ][ Jr212* +242° + 1822 + 1

i=1 j=I
+ 42z 4+ D(E — 1 (cos;;) 1. (B6)
The zeros are the roots of
212 +247° + 182° + 1 + 42(2 + D(Z — 1)*(cos;;).  (BT)

As pointed out by Ref. [37], the Fisher zeros of the kagome
lattice model can be related to those of the honeycomb lattice
model, by the star-triangle transformation and the spin deci-
mation. The interaction constant J of the honeycomb lattice
model is determined by

e 1

i Ny B8
e 5 (B3)
From this relation, we can verify that
N tanh? (28J
tanh2(J) = —nn” (2A]) . (B9)
(tanh 28J) + 2)
Use the notations ¢ = tanh(28J) and w = .InSec. VA,

(v+2)
we have indicated that the Fisher loci of the honeycomb lattice

model in the complex tanh?(BJ) plane consist of the line
segment (—oo0, —%] and the circle —% + %eie(O <6 < 2n).
Here, we see from Eq. (B9) that the Fisher loci of the kagome
lattice model in the complex w plane are the same. To illus-
trate this point, we just need to rewrite Eq. (B7) as

L0427 2;2 [1+ 3w? + 2w(1 — w)(cos;;)'].

a-
Noticing that —3 < (cos;;)" < 5 and comparing Eq. (B10)
with Egs. (109) and (80), we can confirm that the Fisher loci
in the complex w plane in the thermodynamic limit coincide
with those of the honeycomb lattice model in the complex
tanh?(BJ) plane, also with those of the triangular lattice model
in the complex e*#/ plane. The density function in the thermo-
dynamic limit is shown in Egs. (85) and (87).

Returning to the complex Z plane, the Fisher loci can
be directly determined from Eq. (B7) or via transformation
from those in the complex w plane, as shown in Fig. 5(a)
of Ref. [99]. The Fisher loci cut the positive real axis at

(B10)

the second-order critical point Z = i — 1. Therefore, the
system exhibits a physical phase transmon only when J < 0.
The Fisher loci in other variables such as tanh(—g8J), ¢*#/,
and e~2#/ had also been reported [88,91,99,100].

2. Imaginary-field case

The imaginary-field case of the kagome lattice Ising model
is very special. In Ref. [16], we have transformed this case
under the toroidal BCs into an odd free-fermion model, with

the vertex weights
3G+ )1 — e,

e—4ﬁ] )2 .

Wy = W] = W13 = W15 =

0)10=0)12=w14=w16=—%€2ﬂj(1— (B11)

Fortunately, the finite lattice partition function of this odd
free-fermion model can be exactly solved. Still let there be
M rows and N columns. Notice that the arrow configurations
of vertices (9), (11), (13), and (15) are 1-in-3-out, while those
of vertices (10), (12), (14), and (16) are 3-in-1-out (see Fig. 1).
Under the toroidal BCs, the total numbers of “in” and “out”
should be equal; thus, the number of each type of vertices
should satisfy

Ny + Ni1 + Ni3 + Nis = Nijg + Ni2 + Nig + Nig. - (B12)

This requires the number of vertices MN to be even and the
number of spins 3MN to be a multiple of 6. We set N to be
even. Taking into account Eq. (B11), the partition function is
given by

MNJ2 MN/2
con@g * Wyg -

Zkag,i% = (B13)

Here, W,,, represents the number of configurations of the M x
N odd eight-vertex model.

Weon 1s easy to calculate. Consider the top row of ver-
tices with N upper vertical arrows and N lower vertical
arrows. From Fig. 1, we can see that, if the upper and
lower vertical arrows of a vertex are in the same direc-
tion (either both 1 or both |), the two horizontal arrows
of this site are pointing in the opposite direction (either
«— or —<). When the upper and lower vertical ar-
rows are in the opposite direction, the two horizontal arrows
keep the direction unchanged. Due to the periodic bound-
ary conditions along the N direction, there should be an
even number of lower vertical arrows that point in the same
direction as the respective upper vertical arrows (the sum
of the numbers of <—— sites and of — <« sites should be
even). Hence, given a set of upper vertical arrows, the num-
ber of choices for lower vertical arrows is Cy + Cx + - -+ +
CN = 2"~!. With fixed upper and lower vertical arrows, there
are two choices for the horizontal arrows (one is the inverse
version of the other; i.e., all horizontal arrows are reversed);
thus, the number of the resulting configurations of this row
is 2 x 21 =2V, We can repeat this process from the top
row to the (M — 1)th row, and take into account the 2V initial
choices for the top row of upper vertical arrows (which are
also the bottom row of lower vertical arrows). The number of
configurations turns out to be

2MN+1

Weon = QY1 2 x 2N = (B14)

The partition function of this case can then be determined
from Eq. (B13):

Ziag.iz = 227" [-(B2 4+ D)z — 1']YV?,

(B15)
where z = ¢*#/. The solution is surprisingly simple. It is
straightforward to give the partition function in the thermo-
dynamic limit, as shown in Ref. [16]. Unlike most of the
two-dimensional Ising models, in this case the Fisher zeros
of any finite lattice are located at two points in the complex
Z plane: 7z = —% and Z = 1. The Fisher loci do not form
continuous curves. It is obvious that the system does not
have a physical phase transition. The solution of this case
demonstrates “the special role played by the Kagomé lattice,”
which is quoted from Ref. [59].
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