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Recently, there is interest in coincident “sharpening” and “learnability” transitions in monitored quantum
systems. In the latter, an outside observer’s ability to infer properties of a quantum system from measurements
undergoes a phase transition. Such transitions appear to be related to the decodability transition in quantum error
correction, but the precise connection is not clear. Here, we study these problems under one framework we call
the general quantum inference problem. In cases as above where the system has a Markov structure, we say that
the inference is on a quantum hidden Markov model. We show a formal connection to classical hidden Markov
models and that they coincide for certain setups. For example, we prove this for those involving Haar-random
unitaries and measurements. We introduce the notion of Bayes nonoptimality, where parameters used for infer-
ence differs from true ones. This allows us to expand the phase diagrams of above models. At Bayes optimality,
we obtain an explicit relation between “sharpening” and “learnability” order parameters, explicitly showing that
the two transitions coincide. Next, we study concrete examples. We review quantum error correction on the toric
and repetition code and their mapping to two-dimensional (2D) random-bond Ising model (RBIM) through our
framework. We study the Haar-random U(1)-symmetric monitored quantum circuit and tree, mapping each to
inference models that we call the planted simple symmetric exclusion process and planted XOR, respectively, and
expanding the phase diagram to Bayes nonoptimality. For the circuit, we deduce the phase boundary numerically
and analytically argue that it is of a single universality class. For the tree, we present an exact solution of the
entire phase boundary, which displays re-entrance as does the 2D RBIM. We discuss these phase diagrams, with
their interpretations for quantum inference problems and rigorous arguments on their shapes.
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I. INTRODUCTION

Recently, there has been considerable attention on
measurement-induced phase transitions on certain monitored
quantum circuits. Here, as the rate or strength of measure-
ments is increased, there is a coincident “observable sharpen-
ing” and “learnability” transition [1–5]. In the former case, the
variance of an observable on the final quantum state undergoes
a phase transition. While for the latter, the phase transition
is for the ability for a “decoder” to correctly predict the ob-
servable given the measurement outcomes. The appearance of
inference in the latter case suggests a connection to other ac-
tive areas in physics: quantum error correction and statistical
physics of inference; the latter is less discussed in the quantum
community.
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Sharpening/learnability transition in monitored circuits.
More concretely, in the “sharpening” transition, one prepares
an initial state |ψ0〉 and performs a monitored evolution
characterized by measurement strength or rate ε, obtaining
a particular trajectory of measurements and final state |ψt 〉.
Then, for typical trajectories and a particular observable Ô, the
variance δO2 = 〈ψt |Ô2|ψt 〉 − 〈ψt |Ô|ψt 〉2 undergoes a phase
transition from a finite value to zero as ε increases [1]. In the
“learnability” transition, we consider “Alice” who chooses an
initial state from an ensemble of states with definite values of
the observable {|ψO〉} with probability p(|ψO〉), performs the
monitored evolution, then obtains the measurement outcomes
Y . An eavesdropper “Eve” intercepts only the measurement
outcomes and tries to guess O. The classification error of
Eve’s guess undergoes a phase transition from a finite value
to zero with ε [2].

Quantum error correction. A simplified model for quantum
error correction (QEC) can be described as follows [6]. First,
we prepare a quantum state |ψ〉 that encode some quantum
information. Then, we suppose that, due to the environment,
errors E occur with some probability p(E ), sending the state
to Ê |ψ〉. Then, we measure some syndromes S that depends
on the errors E . We then use a “decoder” to infer the operation
to correct the errors and revert the state back to the original
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|ψ〉. A natural question is whether there is a transition in
the ability to successfully error-correct as the rate of errors
varies. The point at which this occurs is the threshold. Within
this general setting, we can generalize to a case where our
readout of the syndromes is unreliable, and/or the case where
we accumulate errors et and measure syndromes st at each
time step t before we apply an operation at some final time.

Bayesian inference. In classical inference problems, we are
interested in a state of the system x. As the inferrer, we assume
a prior distribution p(x) for the state. We do not have direct
access to the state x, but instead have access to observations
y that we assume are correlated with x according to a likeli-
hood/“observation model” p(y|x). Our goal is to infer x given
y. To do this, we compute the posterior p(x|y) according to
Bayes’ rule,

p(x|y) = p(y|x)p(x)

p(y)
, (1)

where the marginal likelihood is given by p(y) =∑
x p(y|x)p(x).
We may also assume additional structure, such as that of a

hidden Markov model (HMM) [7,8]. Here, the state at time t ,
xt undergoes a Markov process, and therefore the prior for the
entire trajectory is given by

p(x1:t ) =
(

t∏
τ=2

p(xτ |xτ−1)

)
p(x1), (2)

where we have introduced the notation x1:t to denote a se-
quence of variables x1, . . . , xt . At every time step, information
about the current state xt is transmitted through observations
yt according to p(yt |xt ), leading to total likelihood

p(y1:t |x1:t ) =
t∏

τ=1

p(yt |xt ). (3)

With the additional structure, one can consider various infer-
ence tasks. One is a “filtering” task, where the posterior for
the current state is inferred from a history of measurements,
p(xt |y1:t ). It can be shown that the unnormalized posterior dis-
tribution q(xt |y1:t ) of the current state xt , given the history of
measurements y1:t , evolves linearly and as a Markov process
according to the forward algorithm [9]

q(xt |y1:t ) =
∑
xt−1

p(yt |xt )p(xt |xt−1)q(xt−1|y1:t−1), (4)

with the initial condition q(x1|y1:1) = p(y1|x1)p(x1). In fact,
the unnormalized posterior is just the joint distribution
p(xt , y1:t ) = q(xt |y1:t ). Importantly, the evolution of the pos-
terior for the filtering task is Markovian; i.e., the posterior for
the future time step only depends on that of the current time
step q(·|y1:t−1) and observation yt . This is a consequence of
the structure of HMMs [7].

Recently, Ref. [10] studied statistical mechanical and
hydrodynamical models of Bayesian inference under the con-
dition of Bayes optimality. Its observations have some overlap
with ours under the condition of Bayes optimality, while our
use of the teacher-student scenario allows nonoptimal infer-
ence to be explored. We explain the notion of Bayes optimality
and nonoptimality in Secs. II and III.

General quantum inference problem. In this work, we
consider an inference problem that we call the general quan-
tum inference problem. Here, we consider a quantum system
where certain channels records their outcomes in classical
registers. Some of these registers are revealed to the observer,
while others are hidden. Then, the task for the observer is
to infer the hidden register given the revealed ones. Within
this general framework, one can also define quantum hidden
Markov models (qHMMs), which have a similar structure
as classical HMMs on the level of density matrices. All the
aforementioned inference problems are special cases of the
general quantum inference problem.

Outline. In the above discussion, we considered a
highly idealized scenario where we have perfect infor-
mation about the distribution that generates the measure-
ments/syndromes/observations. In reality, one does not know
the correct model that generates data. For example, in a QEC
setting, one may not know the correct error distribution. In the
learnability setting, one may incorrectly estimate the circuit
parameters. Accounting for this relevant and realistic scenario
requires a quantum framework in which the data generating
process and observation model can differ. In the classical
setting, this is known as the teacher-student framework, where
a “student” infers from data provided by the “teacher..” This
terminology is taken from the field of statistical physics of in-
ference [11] and is introduced in Sec. II. In Sec. III, we discuss
the notion of Bayes optimality in inference problems, equiva-
lent to the “Nishimori condition„” which is where the model
assumed by the student agrees with the teacher. We show that
we have an exact relationship between order parameters of
inference (or “learnability”) and uncertainty (or “sharpening”)
in this case. Next, we introduce the general quantum inference
problem in Sec. IV, which generalizes the teacher-student
framework to the quantum case to allow us to study the above
examples, among others. In Sec. V, we consider an additional
Markov structure similarly to classical inference problems and
introduce qHMMs, which can be viewed as a generalization
of HMMs, and discuss under what conditions they reduce to
HMMs. As concrete examples, in Sec. VI, we prove that in-
ference for qHMMs with Haar-random unitaries under certain
conditions reduce to HMMs.

Next, we study three examples through the lens of in-
ference. First, in Sec. VII, we review two QEC problems
under bit-flip errors: the toric code, and the quantum repetition
code with read-out errors on the syndrome measurements. We
show that both setups can be cast as inference problems and
map to the two-dimensional (2D) random-bond Ising model
(RBIM), and that the repetition code case has a structure of
an HMM. Second, in Sec. VIII we study the Haar-random
U(1)-symmetric monitored quantum circuit, which maps to
a classical inference problem that we call the planted simple
symmetric exclusion process (planted SSEP), where the state
of an SSEP is inferred from its noisy “images..” Under the
teacher-student scenario, we go beyond existing work and ex-
pand the phase diagram to Bayes nonoptimality in student and
teacher parameter space. Using a combination of numerical
and analytic arguments, we deduce its phase boundary and
universality class. Third, in Sec. IX, we go the other way and
generate a quantum inference problem from a classical one.
We start from the planted XOR model, a classical inference
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problem on an HMM where a Boolean variable, resulting from
XOR operations with a tree structure, is inferred from a series
of noisy measurements. This maps to a Haar-random U(1)-
symmetric monitored quantum tree. We exploit the structure
of the tree to analytically obtain the full expanded phase
diagram in the space of student and teacher parameters. In
particular, we uncover a re-entrance in the phase diagram,
which is also present in the 2D RBIM. Finally, in Sec. X, we
discuss the phase diagrams of these inference problems, with
a rigorous argument on their shape and their interpretation in
the quantum case.

II. TEACHER-STUDENT FRAMEWORK AND THE
PLANTED ENSEMBLE

In the above discussion, we considered a highly
idealized scenario where we have perfect information
about the distribution that generates the measurements/
syndromes/observations. A more accurate situation would be
when they differ. In statistical physics of inference, there is a
standard language to describe the inference problem, namely
the teacher-student scenario [11]. Here, we discuss the frame-
work in the classical Bayesian inference setting.

We consider the “teacher,” an underlying phenomenon that
produces some random variable x̂∗ which we call the teacher
variable. The teacher variable is picked from p∗(·), which
we will call the teacher’s prior for reasons that will follow.
Our phenomenon is then observed, giving rise to a random
variable ŷ which is a noisy function of x̂∗; it is encoded by
a conditional distribution p∗(ŷ = y|x̂∗ = x∗); henceforth, we
will denote such expressions as p∗(y|x∗) for brevity. This
is a convenient abuse of notation, as we are distinguishing
different distributions by their arguments. We will refer to
this conditional distribution as the likelihood or the obsevation
model.

We, the observer, or “student,” are given ŷ. We have
a probabilistic model, which is not necessarily correct, for
how ŷ relates to the underling phenomenon x̂∗. We call the
corresponding random variable x̂, and whose distribution is
encoded by the conditional probability ps(x|y). If the student
had a perfect model of the experiment, then we would have
ps(·|y) = p∗(·|y).

As the student, our probabilistic model of the experi-
ment would be the posterior assuming a particular likelihood
ps(x|y) and prior ps(x). For the remainder of the article, we
will consider the case where the student has access to the
functional forms of the distributions but does not necesarily
the correct parameters. Therefore, we will denote the general
functional forms without subscripts, for example, likelihood
as p(x|y), and use s or ∗ to specify if it is the student’s or the
teacher’s.

The joint distribution

p(x, y, x∗) = ps(x|y)p∗(y|x∗)p∗(x∗)

= ps(y|x)ps(x)p∗(y|x∗)p∗(x∗)

ps(y)

(5)

is known as the planted ensemble [11]. In some cases, it may
be beneficial to regard the student’s posterior ps(x|y) as a
Gibbs distribution. This arises, for example, in the study of

spin glasses. In this language, we can map ps(y|x)ps(x) ↔
e−βH (x|y) and the marginal likelihood/evidence ps(y) ↔ Z (y)
as a partition function, dependent on some “disorder” y. In
disordered statistical mechanical systems, y is often chosen
iid. In the planted ensemble, by contrast, it is distributed as

p(y) =
∑

x∗
p∗(y|x∗)p∗(x∗), (6)

so the distribution is affected by the teacher configurations x∗
that give rise to it. x∗ is sometimes said to be “planted” in
y, which gives rise to the name of the ensemble. In the limit
where y is independent of x∗, where the observations have
zero signal-to-noise ratio (SNR) (e.g., when y is iid), we revert
to a typical scenario of disordered stat-mech models.

III. BAYES OPTIMALITY AND MOMENT RELATIONS

In statistical physics of Bayesian inference, when the stu-
dent and teacher distributions coincide (∗ = s), the student’s
model is said to be “Bayes optimal.” The naming is apt for the
following reasons. Consider a classifier h(y) that predicts the
hidden state given the observations y. Then, the classification
performance is given by the average overlap between h(y) and
x∗, Ey,x∗ [δh(y),x∗ ], where δ·,· is the Kronecker delta. Then, the
optimal classifier that maximizes the overlap is argmax of the
true posterior [12],

hoptimal(y) = argmax
x

p∗(x|y). (7)

For real-valued state observables O(x), consider an estimator
Õ(y) given y. One possible figure of merit would be the
mean squared error (MSE) Ey,x∗ [(Õ(y) − O(x∗))2]. Then, the
optimal estimator that minimizes mean squared error of the
estimator is the expectation of the true posterior [13],

Õoptimal(y) = E
x∼p∗(·|y)

[O(x)]. (8)

At Bayes optimality, the joint distribution given by the planted
ensemble [Eq. (5)] is symmetric with respect to x ↔ x∗. This
means that the marginal distribution for x must have the same
distribution as that of x∗. In turn, sampling from the student’s
posterior distribution is identical to sampling from the true
distribution.

In the spin glass and statistical physics of inference lit-
erature, Bayes optimality is also known as the Nishimori
condition [11].

Given an inferred posterior ps(x|y) and an observable O(x),
there are a few natural “order parameters” that quantify the
performance of the inference.

The first natural quantity is the mean squared error of the
mean estimator from the inferred posterior (MSEM),

MSEM := E
y,x∗

[(〈O(x)〉s − O(x∗))2], (9)

where 〈O(x)〉s = Ex∼ps (·|y)[O(x)] is the expectation on the
inferred posterior. It can be viewed as the student’s estimator
Õ(y). Note that at Bayes optimality, the mean on the inferred
posterior is the optimal estimator.
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FIG. 1. General quantum inference problems and on qHMMs. (a), (b) In the general quantum inference problem, the “teacher” (a) applies a
quantum channel C∗ to their quantum state, which generates a hidden register O∗ and revealed registers Y . Given Y , the “student” (b) conditions
their channel by projecting on to Y via TY [·] := trY [PY (·)]. The student assumes a channel Cs, which may differ from the teacher’s. Given their
conditioned density matrix ρs(Y ) = TYCs[ρs,0], the student can compute a posterior on O given Y , ps(O|Y ) = tr[Oρs(Y )]. (c), (d) Additional
causal structure can be put on quantum inference problems. If the channel at each time step does not take previous revealed registers as input,
then the evolution of the student’s density matrix is Markovian and inference is on a qHMM.

The second natural quantity in the context of the planted
ensemble is the MSE,

MSE := E
x,y,x∗

[(O(x) − O(x∗))2], (10)

where the expectation is over the planted ensemble [Eq. (5)].
This case can be thought of as the student obtaining their
estimator Õ(y) by sampling from their posterior.

The third quantity is the variance of O on the inferred
posterior distribution,

δO2
s := Ey,x∗

[〈O(x)2〉s − 〈O(x)〉2
s

]
, (11)

which measures the uncertainty of the student on their esti-
mate of the observable.

At Bayes optimality, exploiting the symmetry between the
student and teacher replicas, we can derive an exact relation
between Eqs. (9) and (10),

δO2
s (Bayes optimal) = MSEM(Bayes optimal)

= 1
2 MSE(Bayes optimal). (12)

Therefore, on average, uncertainty in the student’s posterior is
equal to its error. The derivation is detailed in Appendix E.

IV. THE GENERAL QUANTUM INFERENCE PROBLEM

In this section, we use the language of the teacher-student
scenario discussed in Sec. II to unify inference problems in
quantum systems. We call this framework the general quan-
tum inference problem.

Consider the teacher who prepares a quantum state ρ∗,0.
This may be a mixed state, if they were to choose from an
ensemble of pure state with some probability, or a pure state.
The teacher applies a quantum channel C∗ to the state. The
internal structure of the channel may be complicated, but let
us assume that the teacher records some of the outcomes in
classical registers. For example, they may be outcomes of
measurements, or records of application of error channels.
Out of all the registers, the teacher will reveal some of these
|Y 〉〈Y | to the student, while hiding others |O∗〉〈O∗|. This is

shown schematically in Fig. 1(a). After the application of the
channels the teacher’s density matrix can be written as

C∗ρ∗,0 =
∑
O∗,Y

ρ∗(O∗,Y ) ⊗ |Y 〉〈Y | ⊗ |O∗〉〈O∗|, (13)

=
∑

Y

ρ∗(Y ) ⊗ |Y 〉〈Y |. (14)

In the second line, we have grouped ρ∗(Y ) =∑
O∗ ρ∗(O∗,Y ) ⊗ |O∗〉〈O∗|. Its trace gives the probability

of the teacher recording Y , p∗(Y ). Additionally, the
joint probability of recording both O∗ and Y is given by
p∗(O∗,Y ) = tr[ρ∗(O∗,Y )].

The goal of the student is to infer the hidden register
O∗ given the revealed registers Y . To do this, the student
simulates the density matrix conditioned—in a manner we
describe below—on the revealed registers. In their simulation,
the student applies a channel Cs. This channel may differ from
the teacher’s in general. As discussed before, we assume that
it has the same functional form as C∗ and only differs in
its parameters, unless stated otherwise. After Cs, the student
conditions on the revealed register Y by applying TY [·] :=
trY [PY (·)]. Here, PY is a projector onto the revealed registers
and the trace is over the register degrees of freedom Y . This in
general will reduce the norm of the student’s density matrix.
The student’s procedures are shown in Fig. 1(b). Then, the
student’s unnormalized density matrix conditioned on Y is

ρs(Y ) = TY Csρs,0

=
∑

O

ρs(O,Y ) ⊗ |O〉〈O|, (15)

where O denotes the student’s hidden register. The trace of
Eq. (15) is the probability that the student’s model produces
register Y .

The student can calculate their posterior distribution for the
observable as

ps(O|Y ) = tr[POρs(Y )]

tr[ρs(Y )]
, (16)
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where PO projects the student’s hidden registers onto a partic-
ular outcome O.

For the purposes of analysis, it will be convenient to con-
sider the student’s density matrix simulation as an actual
density matrix. Then, the joint density matrix between the
student, the revealed registers, and the teacher is given by

ρ =
∑

Y

ρs(Y )

tr[ρs(Y )]
⊗ |Y 〉〈Y | ⊗ ρ∗(Y ), (17)

where similarly to the student, ρ∗(Y ) = TY C∗ρ∗,0. Here, we
have normalized the student’s density matrix so that the joint
density matrix is properly normalized. Equation (17) is the
quantum analog of the planted ensemble [Eq. (5)].

At the end, the teacher can “grade” the student’s inference.
One possibility is that the student calculates an estimator
Õ(Y ) by taking the expectation over their posterior, Õ(Y ) =∑

O Ops(O|Y ), then hands it to the teacher. The teacher then
calculates the MSEM. Õ(Y ) can be expressed in terms of
Eq. (17) as ÕY = tr[OsPY ρ], where the operator Os acts on
the student’s register. Then, the MSEM averaged over the
experimental runs is found by

MSEM =
∑

Y

tr[(O∗ − Õ(Y ))2PY ρ], (18)

where O∗ is an operator acting on the teacher’s hidden register.
Another way the student could produce an estimator is by
sampling from their posterior, Õ(Y ) ∼ ps(·|Y ), which is then
averaged over the experimental runs. This gives the MSE,
which can be written in terms of the joint density matrix as

MSE =
∑

Y

tr[(O∗ − Os)2PY ρ]. (19)

Within this formalism, we can also study the observable
sharpening transition. In this case, we can simply ignore the
student by tracing them out. Then, the observable variance of
the state can be calculated by

δO2
∗ =

∑
Y

(
tr[O2

∗PY ρ]

tr[PY ρ]
− tr[O∗PY ρ]2

tr[PY ρ]2

)
. (20)

One can also consider the observable variance of the student’s
posterior δO2

s . This is given by replacing ∗ → s in Eq. (20).
Note that at Bayes optimality the joint density matrix Eq. (17)
is symmetric with respect to exchange of student and teacher.
Therefore,

δO2
∗ = δO2

s (Bayes optimal). (21)

That is, the observable variance of the student’s posterior is
equal to the observable variance of the true quantum state.

Moreover, using the moment relations of Eq. (12), this
exactly implies that the “observable-sharpening” transition
corresponds to the “learnability” transition at Bayes optimal-
ity.

In the field of monitored quantum circuits, “forced
measurements” were introduced to make analysis of
measurement-induced phase transitions tractable [14]. Here,
the measurement outcomes Y = (y1, y2, . . . , ) are chosen to
be iid. In this case, no information is provided by the teacher
about the quantum state, which in general is the case whenever

the joint distribution p∗(O∗,Y ) between the hidden observable
O∗ and observables Y factorizes.

V. INFERENCE ON QUANTUM HIDDEN
MARKOV MODELS

Now consider the case where the whole channel C can
be broken down into a sequence of channels in time, as in
Fig. 1(c). There are two kinds of channels in this sequence.
For the first kind, denoted as R∗, the outcomes are recorded,
while for the second kind, E∗, they are not.

For the recorded channels, the teacher records the outcome
in a register as

R∗ : ρ∗ →
∑

a

K∗,aρ∗K†
∗,a ⊗ |a〉〈a|. (22)

Here, {K∗,a}a are Kraus operators which obey the canonical
Kraus map condition. Out of all the registers, some Y = y1:t
will be revealed to the student, while others O∗ will not.

Now, we assume that the channel applied by the teacher
at each step does not depend on the outcomes of the previ-
ous revealed registers. Then, the student can condition each
channel with the revealed register yt , separately. Recalling the
definition Tyt

[·] = trYt [Pyt
(·)], where Yt is the Hilbert space

of the revealed registers at time t in this case,

Tyt
Rs = Ks,yt

: ρs → Ks,yt
ρsK

†
s,yt

. (23)

In this case, we say that the inference is on a qHMM [15].
We can formally connect qHMMs to HMMs as follows.

Consider one “time step” as the interval between applying a
operator conditioned on a revealed register Kyt

. We group all
channels between such Kraus maps as Et . Then, in one time
step, the student’s density matrix evolves as

ρs(y1:t ) = Ks,yt
Es,tρs(y1:t−1). (24)

Now consider the forward equation [Eq. (4)] for HMMs on
a student’s model. If we represent the unnormalized poste-
rior distribution as a probability vector, |qs(y1:t )), such that
qs(xt |y1:t ) = (xt |qs(y1:t )), then the forward equation can be
written as

|qs(y1:t )) = Ks,yt
Es,t |qs(y1:t−1)). (25)

Here, Ks,yt
is is the diagonal measurement model/likelihood

matrix defined as (xt |Ks,yt
|xt ) = ps(yt |xt ), and Es,t is the prior

Markov kernel matrix defined as (xt+1|Es,t |xt ) = ps(xt+1|xt ).
Therefore, the unconditioned channel Et and conditioned

channel Kyt
of qHMM corresponds to the prior Markov

kernels and measurement model/likelihood in HMM, re-
spectively. As mentioned earlier, the only Bayes nonoptimal
situations we consider are where the student’s model has the
same functional form as an optimal model of the system but
perhaps the wrong parameters. Note, however, that the student
is free to use a qHMM model described by Eq. (24) irre-
spective of the true structure of the teacher’s channel, which
could even be non-Markovian. In this case the teacher would
have the general structure of Fig. 1(a) while the student uses
Fig. 1(d).

In general, the student may need to simulate the full density
matrix in order to obtain an accurate estimate for the hidden
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register O∗. However, depending on the particular hidden reg-
ister that the student is trying to infer and the structure of the
channels, it may be sufficient for the student to evolve a re-
duced density matrix on a subset of degrees of freedom whose
evolution is still Markovian. Furthermore, it may be that the
reduced density matrix is completely diagonal in a certain ba-
sis, ρreduced

s = ∑
xt

qs(xt |y1:t )|xt 〉〈xt |. In these cases, where the
quantum system is accurately captured by a classical HMM,
the diagonal matrix elements qs(xt |y1:t ) are exactly described
by Eq. (25). Therefore, HMMs are a subset of qHMMs. In
the remainder of this work, we will describe many such cases
where qHMMs reduce to HMMs.

VI. THE CASE OF HAAR-RANDOM UNITARIES

In this section, we give some explicit examples of where
classical HMMs provide good, even optimal, predictions for
interacting quantum systems. Specifically, we will consider
the case where the teacher’s evolution involves applying Haar-
random gates and measurements to a many-qubit system. It
may initially seem surprising that classical models can cap-
ture the full complexity of a quantum many-body system.
However, in one limit, the ignorance of the student, and in
the other (that of large on-site Hilbert space dimension d) the
self-averaging qualities of the dynamics give rise to effectively
classical behavior.

Consider Haar-random unitary gates [16] with some block
diagonal structure in the computational basis. This could be
due to an imposed symmetry. For example, taking the local
Hilbert space to be Hloc = C2 ⊗ Cd (a qubit-qudit pair), we
can consider U(1)-symmetric gates that preserve the particle
number in the qubit sector when acting on the overall Hilbert
space H⊗N

loc . A two qubit gate would have the block diagonal
structure,

uU(1) = u(2) ⊕ u(1) ⊕ u(0). (26)

Each block acts on the 2, 1, and 0 particle sector and has
dimension d2 × d2, 2d2 × 2d2, and d2 × d2, respectively.

Then, we combine such Haar-random unitary gates in se-
quence with measurements of the observables that are also
diagonal the computational basis. For example, a weak mea-
surement channel on qubits with continuous outcomes could
be

ρ →
∫

dyQ(y)ρQ(y) ⊗ |y〉〈y|, (27)

where the weak measurement operator (or partial projector)
Q(y) is [17]

Q(y) = 1
4
√

2πσ 2
exp

[
− (y − εẐ )2

4σ 2

]
. (28)

Here, y, ε, and σ are measurement outcome, strength, and
width, respectively.

In this setting, we consider two scenarios of inference
problems, and discuss when they can be mapped to classical
HMMs.

A. Hidden Haar unitaries

The Haar unitary channel where the teacher records the
choice of unitary is given by

ρ →
∫

dμ(u)uρu† ⊗ |u〉〈u|. (29)

In the first case, we consider when the teacher does not
reveal their choice of Haar unitary. In this case, the clas-
sical register does not participate in any future operations.
Therefore, we are free to trace over these degrees of freedom,
leaving us with the memoryless Haar unitary channel,

ρ →
∫

dμ(u)uρu†. (30)

Equation (30) is completely depolarizing on each sector
and returns an equally weighted ensemble of diagonal den-
sity matrices in the sector. The measurements on the qubits
are also on diagonal observables. The result is that charge
diagonal observables obey a closed set of equations of motion
amongst themselves. Therefore other degrees of freedom can
be safely traced out, and the circuit can be mapped to a
classical HMM.

For example, our two-site uU(1) Haar-random unitary chan-
nel is equal to

ρ → ESSEP ⊗ Dqudits[ρ], (31)

where ESSEP is the incoherent SSEP [18] channel on the
qubits, and Dqudits is the depolarizing channel on the qudits.
On the diagonal entries of density matrices in the qubit com-
putational basis, ESSEP acts as an SSEP Markov kernel on two
Ising variables s and s′ corresponding to on-site charges

pSSEP(st , s′
t |st−1, s′

t−1) = (st s
′
t |

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0 1
2

1
2 0

0 1
2

1
2 0

0 0 0 1

⎞
⎟⎟⎟⎟⎠|st−1s′

t−1).

(32)

The measurement operator maps to likelihood/measurement
model. For example, the weak measurement [Eq. (28)] maps
to the measurement model

p(y|s) = 1√
2πσ 2

exp

[
− (y − εs)2

2σ 2

]
. (33)

Finally, the prior at initial time is p(s1) = tr[Ps1ρ0]. Thus, in
the setting where the teacher does not reveal their specific
choices of U(1) Haar unitaries, the teacher’s experimentally
measured outputs are indistinguishable from those generated
by an effectively classical HMM. Thus, for the purposes of
prediction, the student cannot do any better than to use this
classical HMM.

B. Revealed Haar unitaries

In the next case, the teacher stores the choice of Haar
unitary in a classical register and reveals it to the student as
in Eq. (29).

In this case, coherence is intact for each trajectory. One
might imagine that the student will have to simulate the full
quantum evolution for an optimal posterior. Now, we consider
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that the Haar unitary acts on qubit-qudit pairs (with qudit
dimension d), with the same block diagonal structure on the
qubits as before. In the limit of d � eLT , the typical gate u is
well approximated by its Haar average. For example, for our
two-site uU(1),

utyp
U(1)[ · ]

(
utyp

U(1)

)† d�eLT

≈ ESSEP ⊗ Dqudits[ · ]. (34)

Precisely, in Appendix G, we rigorously prove that, for any
circuit with Haar-random unitary gates acting on k qubit-qudit
pairs with block diagonal structure (with each block acting on
all qudits) and weak measurements on number of qubits such
that there are extensive number (∼V T ) of such elements, we
have

E
U,Y

[|p(s|Y ) − p̄(s|Y )|] � C
V TrV

1 rV T
2

dk/2
, (35)

where C, r1,2 are some constants independent of d , V is the
volume, T is the total number of time steps, and p̄(s|Y ) is the
posterior derived from the Haar-averaged channels, i.e., using
the channel on the RHS of Eq. (34) in place of the unitaries in
order to deduce the posterior.

Previously, that p̄(s|Y ) well-approximate p(s|Y ) was
checked at the level of the replica trick and in the formal
limit d → ∞ for a quantum circuit with two-qubit uU(1) local
unitaries with onsite projective measurements, in Ref. [1].

In the d � eV T limit, Haar unitaries are self-averaging. For
that reason, the student’s inferences are not improved further
even if the teacher reveals the particular unitaries used; opti-
mal inference is achieved with the ensemble-averaged circuit,
which is a classical HMM model.

Finally, note that disregarding (tracing out) the student sec-
tor leaves behind a monitored quantum circuit. In the large d
limit, any observables on qubits diagonal in the computational
basis are given by a classical stochastic model (an HMM),
while the “maximally quantum” d = 1 limit cannot be re-
duced to such classical models. Therefore, qudit dimension
d can be used to interpolate between the two limits.

VII. RANDOM BOND ISING MODEL AND QUANTUM
ERROR CORRECTION

In this section, we review the emergence of the 2D RBIM
for two QEC scenarios originally discussed in Ref. [6]: QEC
with bit-flip errors on the toric code and one-shot syndrome
measurements, and on the repetition code and repeated noisy
syndrome measurements with read-out errors. For a detailed
introduction, see Ref. [6].

First, we look at these QEC scenarios as quantum inference
problems on qHMMs. The toric code case has a trivial Markov
structure, as there is only one cycle of errors followed by syn-
drome measurements. On the other hand, the repetition code
case has an extended temporal structure as measurements and
errors channels are repeated. The choice of bit-flip errors will
mean these scenarios reduce to inference on classical HMMs.

With the mapping to HMMs established, we adopt the
language of Bayesian inference in the teacher/student setting
for HMMs and discuss each scenario.

A. Quantum error correction as a quantum inference problem

We consider scenarios where the teacher prepares an en-
coded logical qubit |ψ〉 = α|0̄〉 + β|1̄〉 comprised of many
physical qubits. For the toric and repetition codes, the physical
qubits live on links l of the 2D square lattice and 1D chain,
respectively.

The teacher randomly applies bit-flip errors on the phys-
ical qubits. Importantly, the teacher keeps a record of links
where a bit-flip error is currently applied in an “environment”
| f 〉〈 f | where f = ( fl )l . Here, we introduced the compact
tuple-builder notation ( fl )l := ( fl : l ∈ all links).

When there is a bit-flip is applied on link l , the register
is set to fl = −1, and to fl = 1 otherwise. Therefore, the
environment is initialized as |1〉〈1|.

This is modeled by a bit-flip error channel that acts with
rate π∗ and also updates the record of the currently applied
errors, given by

ρ∗ → π∗
(
Xl ⊗ X env

l

)
ρ∗
(
Xl ⊗ X env

l

) + (1 − π∗)ρ∗ (36)

=
∑

el

K∗,el ρ∗K†
∗,el

. (37)

Here, Xl acts on the physical qubits, whereas X env
l acts on the

environment registers. In the following sections, we will relate
error rate π∗ with fidelity β∗ as π∗ = e−β∗/2 cosh β∗. In the
second line, we wrote the channel in terms of Kraus operators,
Kel = √

p(el )(Xl ⊗ X env
l ). There, occurrence of an error and

no error is denoted as el = −1 and el = 1, respectively. Its
probability is given by p(el ) = e−β∗el /2 cosh(β∗).

Next, the teacher measures the syndromes and records the
outcomes. For the toric code, the syndrome is ŝP = ẐP =∏

l∈P Ẑl , where P is a plaquette on the square lattice and l ∈ P
denotes the links neighboring P. For the repetition code, the
syndrome lives on the vertex and is ŝv = Ẑv = ∏

l∈v Ẑl . The
syndrome measurement channel only acts on the quantum
state and is given by

ρ∗ →
∑

s

Psρ∗Ps ⊗ |s〉〈s|. (38)

For the repetition code, we will consider read-out errors.
There, there is a further error channel on the syndrome regis-
ter, i.e., the true syndrome register s∗ is now a hidden register,
and only the (potentially) corrupted syndrome register s =
e · s∗ is revealed. This corresponds to the channel

ρ∗ →
∑

s

∑
s∗

Ps∗ρ∗Ps∗ ⊗
√

p∗(s|s∗)|s〉〈s|
√

p∗(s|s∗). (39)

We consider the case where the probability of occurrence
of read-out error is the same as that of the bit-flip er-
ror, π∗ [6]. Therefore, we have p(s = e · s∗|s∗) = p(e) =
e−β∗e/2 cosh β∗.

Then, the syndromes S are revealed to the student, while
the environment register is hidden from them. The goal of the
student is to infer the hidden environment register from the
revealed syndromes.

Although the above discussion was restricted to toric and
repetition codes, the above can be easily generalized to any
QEC models, replacing the bit-flip errors, codes, and syn-
drome measurements to arbitrary ones. As long as the revealed
syndrome measurements do not participate in subsequent
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channels, as is the case above, the quantum inference problem
is on a qHMM.

In the special case of bit-flip errors on toric and repetition
codes discussed, the inference problem can be reduced to that
on classical HMMs. Application of bit-flip errors will result
in a statistical mixture of states |τ〉 := ∏

l X (1+τl )/2|ψ〉. If the
environment register faithfully records the errors, the den-
sity matrix will be a statistical mixture

∑
α pα|τ (α)〉〈τ (α)| ⊗

| f (α)〉〈 f (α)|, where τ
(α)
l = f (α)

l . On such states, tracing out the
Hilbert space of the quantum state, we reduce to an HMM on
the hidden environment registers. The error channel [Eq. (36)]
reduces to

p∗( f ∗
l,t | f ∗

l,t−1) = exp(−β∗ f ∗
l,t , f ∗

l,t−1)

2 cosh β∗
, (40)

while for the syndrome measurement channels [Eqs. (38) and
(39)], tracing out the quantum state simply moves the action
of projectors to the environment register, resulting in measure-
ment models p∗(s∗

P|( f ∗
l )l∈P ) as in Eq. (42) for the toric code

and p∗(s∗
v|( f ∗

l )l∈v ) as in Eq. (46) for the repetition code.

B. Toric code

For the toric code scenario, we consider single round of
errors, followed by projective measurements of syndromes,
as pictured in Fig. 2(a). Therefore, we can just consider the
occurrence of errors E∗ = (e∗

l )l . In the mapped classical in-
ference problem, teacher first picks the true error chain E∗
from their prior

p∗(E∗) =
∏

l

p∗(e∗
l ) ∝

∏
l

exp (β∗e∗
l ), (41)

then generates syndromes S = (sP )P from their likeli-
hood/observation model. As we consider noiseless projective
measurements, this is given by

p∗(S|E∗) =
∏

P

p∗(sP|(e∗
l∈P )l )

=
∏

P

δ

{
sP,

∏
l∈P

e∗
l

}

= δS,∂E∗ , (42)

where δ{·, ·}, δ·,· are both Kronecker deltas, and ∂E∗ denotes
the boundary of the error chain. Here, boundary is defined
on the dual lattice and therefore lives on the plaquettes. Note
that the process of generating observations (syndromes in this
case) is completely deterministic. The failure of perfect infer-
ence stems from the fact that the map E∗ → S is many-to-one.

Given the syndromes S = (sP )P, the student can infer
a posterior distribution assuming student parameters π =
e−β/2 cosh(β ),

ps(E |S) = ps(S|E )ps(E )

ps(S)
.

FIG. 2. Schematic of the set up for mapping the quantum error
correction on (a) the toric code and (b) quantum repetition code to
the 2D random-bond Ising model. The curly links denote periodic
boundary conditions. For the toric code, only bit-flip errors (lightning
symbol) for a single timeslice is considered. For the repetition code,
read-out errors (eye symbol) and multiple time steps are considered,
which we view as a space-time lattice. Here, the green vertices denote
fixed boundary condition of σl = 1 at t = 0 and tf .

Marginalizing over the syndromes, the conditional probability
of the student inferring E given that the teacher picked E∗ is

p(E |E∗) =
∑

S

ps(E |S)p∗(S|E∗)

=
∑

S

δS,∂E ps(E )δS,∂E∗

ps(S)

∝ δ∂E ,∂E∗ ps(E ).

The set of inferred errors E that respect the delta function only
contains error chains such that E = C � E∗, where � is ele-
mentwise multiplication, such that el = e∗

l cl . Here, C = (cl )l ,
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cl ∈ {−1,+1} and links where cl = −1 form a cycle. We can
automatically satisfy such configurations by parametrizing
cl = σP1(l )σP2(l ), where P1,2(l ) are the two plaquettes neigh-
bored by link l and σP is a fictitious Ising variable living on
plaquette P. Finally, we can write down

p(E = C(�) � E∗|E∗) = exp
[ − β

∑
l e∗

l σP1(l )σP2(l )
]

Z (E∗)
,

(43)

for � = (σv )v and Z (E∗) is the partition function that nor-
malizes the distribution. This is the Gibbs distribution for the
2D RBIM. Finally, to calculate expectation values, we do so
with respect to the true/teacher’s prior distribution p∗(E∗) ∝
exp[β∗

∑
l e∗

l ].
A natural order parameter for successful inference

and therefore error correction is the MSE between the
true/teacher’s error E∗

l and inferred/student’s error El at the
same link averaged over realizations, E[(El − E∗

l )2] = 2 −
2E[ElE∗

l ], or equivalently, their correlations,

E
E ,S,E∗

[ElE
∗
l ] = E

E ,S,E∗

[
E∗

l σP1(l )σP2(l )E
∗
l

]
= E

E ,S,E∗

[
σP1(l )σP2(l )

]
, (44)

which corresponds to ferromagnetic (FM) order for the 2D
RBIM. In fact, as long as the inferred error is in the same
homological class as that of the true error, the error correction
is successful. Therefore, the more relevant order parameter
would be the probability of inferring the correct homology
class. However, it turns out the transitions for both order
parameters coincide [6].

C. Quantum repetition code

In the repetition code case, we consider also read-out errors
and multiple time steps. Here, the teacher prepares the initial
register as f ∗

l,t=0 = 1; therefore, p∗( f ∗
0 ) = δ f ∗

0,1. For subse-
quent times, f ∗

t undergoes a Markov chain as

p∗( f ∗
t | f ∗

t−1) =
∏

l

p∗( f ∗
l,t | f ∗

l,t−1) ∝
∏

l

exp[β∗ f ∗
l,t f ∗

l,t−1],

and the prior for entire trajectory F ∗ := f ∗
1:t , becomes

p∗(F ∗) =
(

t∏
τ=2

p∗( f ∗
t | f ∗

t−1)

)
p∗( f ∗

1 )

∝
∏
l,τ

exp[β∗ f ∗
l,t f ∗

l,t−1], (45)

where we set f ∗
l,0 = 1.

Then, they generate unreliable syndromes sv,t at vertex v

by randomly flipping the true syndrome s∗
v,t = f ∗

lL,t f ∗
lR (v),t as

p∗
(
sv,t | f ∗

lL (v),t , f ∗
lR (v),t

) ∝ exp
[
β∗sv,t f ∗

lL (v),t f ∗
lR (v),t

]
, (46)

where lL(v) and lR(v) are left and right links of vertex v, respec-
tively. Then, the observation model for the entire trajectory is

p∗(S|F ∗) =
∏
v,τ

p∗
(
sv,t | f ∗

lL (v),τ f ∗
lR (v),τ

)
. (47)

The student could then infer a posterior distribution over the
whole trajectory through Bayes’ rule,

ps(F |S) = ps(S|F )ps(F )

ps(S)
, (48)

using assumed fidelity π ∝ e−β . To infer the current errors
in real time, the student may use the forward equation to
infer ps( f t |s1:t ), then take its argmax f t

to determine the error
correction operation.

The natural order parameter in this case would be the
mean-squared error of current bit-flips E[( fl,t − f ∗

l,t )
2] = 2 −

2E[ fl,t f ∗
l,t ], or equivalently the equal-bond correlation be-

tween that of the student and teacher, E[ fl,t f ∗
l,t ].

To massage the above to the 2D RBIM, we picture space-
time as a 2D lattice, as shown in Fig. 2(b). Now the original
links on the 1D chain are horizontal links l→ = (l, t ) in the 2D
lattice. Vertical links l↑ = (v, t ) connect the vertex at current
time step to that of the previous time step. Note that the lattice
is periodic in the horizontal direction, but in the vertical direc-
tion, starts with horizontal links and terminates with vertical
links. We denote e∗

l→ = −1 as a bit-flip error occurring at
time t , and e∗

l↑ = −1 to denote if a syndrome measurement is
corrupted by a read-out error. In Appendix F, we show that for
E∗ = E∗

↑ + E∗
→, and similarly for E , p(E |E∗) is again the 2D

RBIM partition function Eq. (43) but with periodic boundary
conditions in space, fixed boundary conditions σ = 1 at both
t = 0 and t = tf . Furthermore, the correlation order parameter
becomes

E[ fl,t f ∗
l,t ] = E

[
t∏

τ=1

σvL (l ),τ σvR (l ),τ

]
, (49)

a many-body correlation function equal to one if all spins are
aligned. Reference [6] claims that the error-correctability tran-
sition in this case also coincides with that of ferromagnetism.

D. Implication of the 2D random bond Ising
model phase diagram

In the two cases, the information about the true errors E∗
is “planted” in the syndromes S. Therefore, RBIMs can also
be referred to as “planted Ising models” [11].

Conventionally, the phase diagram of the 2D RBIM is
drawn in the p − T parameter space, where p = π∗ is the
probability of ferromagnetic bonds and T = 1/β is the tem-
perature. To interpret it in the inference setting, however, it
is instructive to plot it in the student-teacher fidelity space
β − β∗. In this case, the Nishimori line, equal to the Bayes
optimal line, is a straight line β∗ = β. The phase diagram is
plotted with these variables in Fig. 3 interpolated from nu-
merically accurate datapoints obtained from previous studies
[20–22].

Though previously debated, it is now established that there
exists a slight re-entrance in the phase diagram, such that
the critical line between βc

∗(β = β∗) and βc
∗(β = ∞) is not

horizontal [21,22]. This has implications on the thresholds
of different decoders. The “decoder” discussed in quantum
error correction literature is equivalent to the classifier h(Y )
onto the most likely error chain. As shown in Sec. III, the
optimal classifier is the Bayes classifier—argmax of the true
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FIG. 3. Phase diagram of the 2D random bond Ising model
drawn in student-teacher (assumed-true) fidelity β − β∗ parameter
space, which also applies to static QEC problems on the toric code
and dynamic QEC the quantum repetition code. Light green region
denotes FM phase and the inference- or QEC-possible phase. Light
red region denotes the PM phase and inference- or QEC-impossible
phase. Black line: Fidelity thresholds, linearly interpolated from
the datapoints in the commonly discussed p − T parameters. Gray
dashed line: Bayes optimal line β = β∗. Light blue dashed line: exact
perturbation from clean 2D Ising model β∗ = ∞, where βc(β∗ =
∞) ≈ 0.4407 [19]. Gray markers: fidelity thresholds obtained in
Ref. [20]. Red circle and dashed line: fidelity threshold on the Bayes
optimal line βc

BO = 1.048 ± 0.001, obtained in Ref. [21]. Green
dashed line: fidelity threshold at infinite student fidelity βc

∗(β =
∞) = 1.081 ± 0.001, obtained in Ref. [22], which implies a slight
re-entrance in the phase diagram. Note that the y axis starts at
β∗ = 0.8 and that the aspect ratio is not equal between β and β∗,
to accentuate the re-entrance.

posterior hoptimal(S) = argmaxE p∗(E |S). In a more realistic
setting, however, the evaluation of the posterior is too time-
consuming. Therefore, the minimum-weight perfect matching
(MWPM) decoder is used [23]. In the toric code setting, This
is when error chains with the shortest length between the
syndromes is assumed to correct the error. It turns out that
this is equivalent to the argmax of the posterior at β → ∞
[6]. Therefore, this suggests that the threshold for the MWPM
decoder is slightly lower in p (or higher in β∗) than the Bayes
optimal setting, though not by much.

One order parameter not yet discussed for the 2D RBIM
is the observable variance [Eq. (11)] of the error chain in
the student’s distribution, i.e., δE2

l and δ f 2
l,t for the toric and

repetition code case, respectively. Although the error chain
variance is equal to MSEM and MSE/2 on the Bayes optimal

line, it is not necesarily related off of it. In the FM/inference
possible phase, it is clear that the student’s variance is small.
However, a priori, we cannot rule out that it is small in
the inference impossible phase. Writing out the variance for
both cases results in quantities that only depend on Edwards-
Anderson-like (EA) order parameters, 1 − E[〈σP1(l )σP2(l )〉2]
and 1 − E[〈∏t

τ=1 σvL (l ),τ σvR (l ),τ 〉2] for the toric and repetition
code, respectively (The EA order parameter is E[〈σl〉2]). In
the disordered systems literature, the spin glass phase (SG)
is characterized by no FM order and presence of EA or-
der [24]. In the 2D RBIM, the SG phase does not exist
for any β < ∞ [25]. Therefore, the “error-chain fuzzy and
sharp” phases, corresponding to the uncertainty in the pos-
terior distribution, which in turn correspond to phases where
the Edwards-Anderson order parameter does not vanish and
vanish, respectively, coincide with the inference impossible
and possible phases, respectively. Here, error-chain fuzzy or
sharp phases are defined as regions in student-teacher param-
eter space where the uncertainty of the student’s posterior on
the error-chains is nonzero or vanishes, respectively.

VIII. THE PLANTED SSEP AND THE HAAR-RANDOM
U(1)-SYMMETRIC MONITORED QUANTUM CIRCUIT

In this section, we discuss a weak-measurement variety of
the recently studied Haar-random U(1)-symmetric monitored
quantum circuit [1]. This is a quantum inference problem
on a qHMM, which using the arguments of Sec. VI can be
mapped to a classical inference problem on an HMM that
we call the planted SSEP, where the state of an SSEP is
inferred from its noisy “images.” In turn, the original quantum
model can be referred to as the quantum planted SSEP. If
the student is disregarded, the model can be thought of as a
standalone circuit operated by an experimentalist/teacher. We
introduce the quantum model in Sec. VIII A and the classical
counterpart in Sec. VIII B. In Sec. VIII C, we study the planted
SSEP. After discussing the general considerations, we develop
discuss its replica field theory away from Bayes optimality
(Sec. VIII C 1), whose predictions are verified numerically
(Sec. VIII C 2) to obtain phase boundary in Fig. 4 and its
universality class.

A. Quantum circuit model

Consider a local Hilbert space of qubits and qudits, Hloc =
C2 ⊗ Cd , with qubit computational basis states |s〉 ∈ {| −
1〉, |1〉} and qudit basis states |g〉 ∈ {|0〉, . . ., |d − 1〉}. Now,
we consider a 1D chain of such local degrees of freedom
living at sites x with even system size L and periodic boundary
conditions. The teacher (or the experimentalist) prepares an
initial state ρ0, then runs the quantum circuit which we will
describe below.

We study two scenarios for the initial states. The first
scenario is where the teacher prepares a pure state ρ0 =
|ψ0〉〈ψ0|, applies the circuit, then measures the total charge
of the system afterwards. The final measured charge is then
the hidden register. For simplicity, we take the initial state
to be an equal superposition of all qubit and qudit basis
states, which can be prepared as a product state |ψ0〉 =
|+〉⊗L ⊗ |χ〉⊗L = (2d )−L/2 ∑

s,g |s〉 ⊗ |g〉. Again, we used the
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FIG. 4. Phase diagram of the planted SSEP deduced from various
methods. From TEBD, we obtain blue, orange, and green lines which
delineate where extracted exponent ν and extracted superfluid stiff-
nesses ρs, ρs,dual approache plateau values, respectively. Red line is
contour for E[〈sx〉s∗

x ] = 0.5 from TEBD. Purple line is critical point
determined by point where δC2(t ) turns from a power law in time
to exponential decay from exact calculation of the posterior. The 45◦

gray dashed line in parameter space corresponds to Bayes optimality
ε = ε∗. Shaded colors are given by the alignment E[〈sx〉s∗

x ]. The good
agreement with phenomenology predicted by replica field theory
suggests that the whole phase boundary is modified KT.

bold symbol notation to denote configurations over all space,
|+〉 := 2−1/2(|−1〉 + |1〉) is the Pauli-x eigenstate, and |χ〉 :=
d−1/2 ∑

g |g〉 is the equal superposition of qudit computational
basis states.

The second scenario is where the teacher randomly picks
from an ensemble of states {|ψC∗ 〉}, each with a definite
total charge C∗, where charge in the system is defined as
Ĉ = ∑

x Zx. The hidden register then becomes the randomly
picked charge. Therefore, the initial ensemble can be writ-
ten as ρ0 = ∑

C∗ p∗(C∗)|ψC∗ 〉〈ψC∗ | ⊗ |C∗〉〈C∗|. In order that
tr[Psρ0] is the same as the previous scenario, we choose the
charge to be binomially distributed p∗(C∗) = 1

2L

( L
(C+L)/2

)
and

|ψC∗ 〉 ∝ (
∑

s:C[s]=C∗ |s〉) ⊗ |χ〉⊗L.
Although both of these scenarios can be used in the in-

ference and standalone settings, the first scenario is the most
natural when the student is disregarded, and the second is the
most natural in the teacher-student inference setting.

After preparation of the state, the teacher runs the quantum
circuit for time steps in the order of system size tf ∼ L. At
each time step t , the teacher applies unitary gates on neigh-
boring qubit-qudit pairs in a brickwork fashion,

ut =
⊗
x∈Rt

ux:x+1,t , (50)

where Rt are the even sites at even times and odd sites at
odd times and each ux:x+1,t is a Haar-random two-qubit uU(1)

as Eq. (26). We will denote all instances of unitaries as U :=
u1:tf . This layer of unitary gates is followed by weak mea-
surements on each qubit at every site Q(yx,t ) as Eq. (28). We
will use the notation yt = (yx,t )x∈1:L and Y = y1:tf to denote
the collection of all measurements gained at time step t and at
all time steps, respectively.

In the inference setting, the teacher would then send the
student the measurements Y and possibly their sampled Haar
unitaries U . The student then infers the total charge in the sys-
tem C∗ with their model which has the same functional form
as the teacher’s but with the student’s assumed parameters
ε, σ .

Thought of as a standalone circuit, the quantity of interest
would be the charge variance δC2

∗ , i.e., Eq. (20) for observable
O = Ĉ.

At Bayes optimality, δC2
∗ = δC2

s . This immediately implies
the charge sharpening transition, which is the most naturally
formulated in the standalone circuit coincides with the learn-
ability transition in the inference setting here.

B. Classical inference model

Using the arguments of Sec. VI, in cases where the choice
of Haar unitaries is hidden or qudits have large Hilbert space
dimension d � eLtf , the quantum model can be mapped to
a classical inference problem on an HMM which we call
the planted SSEP. Here, the teacher generates trajectories of
bitstrings S∗ via the SSEP [18]. Then, they generate noisy
“images” of the configurations, Y ∼ p∗( · |S∗) (which could
be done at each time step), which they hand to the student. The
student then uses their own model to infer a posterior given the
measurements ps(S|Y ).

Concretely, we consider the teacher drawing a brickwork
SSEP [26] on a 1D lattice of size L with periodic boundary
conditions. At t = 1 the teacher draws initial Ising (equiva-
lently Boolean b = (s + 1)/2) variables s∗

1 = (s∗
1,1, . . ., s∗

L,1)
from a separable distribution p∗(s∗

1 ) = ∏
x p∗(s∗

x,1) (the initial
state considered in the quantum model maps to an initial
distribution of equally likely charge configurations, p∗(s1) =
2−L). For subsequent times, the teacher state evolves as a
Markov process

p∗(s∗
t |s∗

t−1) =
∏

x∈Rt

p∗(s∗
x:x+1,t |s∗

x:x+1,t−1). (51)

Denoting the incoming and outgoing states as
(sx,t−1, sx+1,t−1), (sx,t , sx+1,t ), respectively, the two-site
kernel is given by the SSEP kernel [Eq. (32)]. The probability
distribution for the whole trajectory is

p∗(S∗) =
(

tf∏
t=2

p∗(s∗
t |s∗

t−1)

)
p∗(s∗

1 ). (52)

The “noisy image” generated at each time step, yt , is given
by the pixel values

yx,t = ε∗sx,t + σ∗ηx,t , (53)
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where ε∗ is the true/teacher’s signal strength and σ∗ is the
true/teacher’s noise strength, and ηx,t ∼ N (0, 1). Therefore,

p∗(yx,t |s∗
x,t ) = 1√

2πσ 2∗
exp

(
− (yx,t − ε∗s∗

x,t )
2

2σ 2∗

)
, (54)

and for set of all images, is p∗(Y |S∗) = ∏
t p∗(yt |st ) =∏

x,t p∗(yx,t |s∗
x,t ). Again, we will consider the regime where

the total number of time steps is on the order of magnitude as
the system size tf ∼ L.

Given Y , the student infers a posterior distribution ps(S|Y )
using their own model with parameters ε and σ , with all other
functional forms equal.

The joint distribution is then given by the planted ensemble
[Eq. (5)] for X, X ∗ → S, S∗. In the Bayes optimal case, where
∗ = s, it is symmetric under S ↔ S∗. Since S∗ evolves as the
SSEP, this means that S must also evolve as the SSEP in this
case. Away from this point, p(S) �= ps(S) generally.

As in the quantum problem, we define total charge
as C[st ] := ∑

x sx,t . Then, a natural quantity to study in
the Bayesian inference setting is the MSE and MSEM of the
total charge C. As we are interested in observables at the
final time, we can marginalize over configurations at previous
time and look at the posterior distribution for the filtering
task, ps(st |y1:t ), which will evolve according to the forward
equation (4).

This model is natural generalization of the recently studied
planted directed polymer [8]. In that case the trajectory of one
particle was inferred, equivalent to restricting the prior to the
one-charge sector in the planted SSEP.

C. Analysis of the planted SSEP

For simplicity, we consider the case when all initial charge
configuration is equally likely, ps(s1) = p∗(s∗

1 ) = 2−L. This
is half-filling on average, with the total charge distributed
binomially. Unless specified, we set σ = σ∗ = 1 and consider
the behavior of the planted SSEP across the ε − ε∗ plane.

Along the ε = 0 line, no information is assimilated by
the student’s posterior. Therefore, the posterior is decoupled
from the measurements and evolves as the SSEP ps(S|Y ) =
pSSEP(S). Our uniform initial state is the stationary state of
the SSEP, which has no second-order connected correlations,
and therefore 〈sx,t sx′,t 〉c = 0. Here, the angled brackets denote
expectation on the posterior. At average half filling we also
have 〈sx,t sx′,t 〉 = 〈sx,t 〉 = 0.

On the Bayes optimal line ε∗ = ε, due to the symmetry
between the teacher and student in the planted ensemble,
the marginalized distribution of S follows that of the SSEP,
p(S) = pSSEP(S). Therefore, observables linear with the stu-
dent’s posterior, such as the averaged disconnected correlator,
is equal to that of the SSEP, i.e., zero due to the choice
of average half-filling EY,S∗ [〈sx,t sx′,t 〉] = 0. However, higher
moments, such as the variance of the total charge, can still
deviate from those of the SSEP.

Remaining on the Bayes optimal line, existing numerics
for the projective measurement case and analytic replica field
theory for weak measurements suggest that there is a phase
transition between a charge “fuzzy” and “sharp” phase, ex-
hibited in the higher moment observables in the posterior

(or unravelled density matrix of each trajectory) [1,3]. The
known phenomenology is as follows: the variance of the total
charge of the student’s posterior, averaged over Y, S∗, is finite
for t < t# and is exponentially decaying for t > t# where t#
is the sharpening time. In the charge fuzzy phase, t# ∼ L,
whereas it is sublinear in the sharp phase. Our Eq. (12) im-
mediately implies that, as the order parameter of inference
exactly equals the order parameter for sharpening, there is also
a corresponding phase transition between a hard inference
phase, where the time required for the mean squared error of
the total charge to exponentially decay grows as tinference ∼ L,
and an easy phase, where it is sublinear. In the replica field
theory, the phase transition is predicted to be a modified-KT
transition [3]. Combined, existing works suggest a transition
around projective measurement rate π#

BO ∈ [0.2, 0.3] [1,3].
From arguments of inferrability on a single site (Appendix D),
we expect the transition for weak measurements to be around
ε#

BO ∈ [0.49, 0.63].
We now go beyond Refs. [1–3] by moving off the Bayes

optimal line. Here, p(S) deviates from that of the SSEP. Treat-
ing ε as a small variable and rε := ε∗/ε as a factor of order 1
and using the identities of the SSEP, we can expand various
correlators in orders of ε (Appendix B). To smallest nonzero
order, we find that the leading order terms scale with ε, ε∗ as

EY,S∗ [〈sx,t s0,t 〉c] ∝ −ε2, (55)

EY,S∗ [〈sx,t s0,t 〉] ∝ ε4(r2
ε − 1

)
, (56)

EY,S∗ [〈sx,t 〉s∗
0,t ] ∝ εε∗. (57)

Along the Bayes optimal line, the averaged disconnected cor-
relation function vanishes as required by the choice of initial
condition and that p(S) = pSSEP(S). We also note that its sign
changes as the line is crossed. As expected, the correlation
between the student’s inferred and teacher’s true states is only
nonzero and positive only if both ε, ε∗ > 0.

1. Replica field theory

In this subsection, we outline the derivation of the replica
field theory to identify the universality class of the phase
transition away from Bayes optimality. We will compute var-
ious correlators, and combine these with numerical results, in
order to determine a phase diagram for the quantum inference
problem. See Appendix A for details.

Observables, both linear and nonlinear in the student’s pos-
terior (or student’s density matrix in the quantum language),
which could also be linear or independent on the teacher
distribution (teacher’s density matrix), can be written as

O = 1

Z
∑

S1:n,S∗

∫
dY O(S1:n, S∗)

× qs(S1,Y )· · ·qs(Sn,Y )

qs(Y )n
q∗(S∗,Y ), (58)

where qs(Y ) = ∑
S qs(S,Y ). Here, we replaced the

probability distribution with unnormalized ones at
the cost of introducing the partition function Z =∑

S1:n,S∗
∫

dY qs (S1,Y )···qs (Sn,Y )
qs (Y )n q∗(S∗,Y ). As examples,

O(S1:n, S∗) could be
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(1) δC2
s (s1:2

t ) = C2[s1
t ] − C[s1

t ]C[s2
t ] for the student’s

charge variance,
(2) MSE(s1

t , s∗
t ) = (C[s1

t ] − C[s∗
t ])2 for the MSE of the

charge, or
(3) MSEM(s1:2

t , s∗
t ) = C[s1

t ]C[s2
t ] − 2C[s1

t ]C[s∗
t ] + C2[s∗

t ]
for the MSEM of the charge.

Note that we are free to write qs(Y )−n =
limk→−1(

∑
S qs(S,Y ))nk . Defining Q = n + nk + 1, we

will adopt the replica trick and switch the limit and integrals,
then assume that nk is an integer, resulting in the following:

O = lim
Q→1

1

ZQ

∑
S1:Q

O(S1:n, SQ)

×
∫

dY qs(S
1,Y )· · ·qs(S

Q−1,Y )q∗(SQ,Y ). (59)

Throughout, we will refer to the first Q − 1 replicas as the
“student replicas,” and the Qth replica as the “teacher replica.”
Taking the rate of exchange between neighboring particles in
the SSEP kernel as a tunable parameter J , then going to con-
tinuous time t̃ = bt , where b is the temporal lattice constant,
and finally removing the tildes, one can find that

ZQ =
∑
S1:Q

∫
dY qs(S

1,Y )··qs(S
Q−1,Y )q∗(SQ,Y ), (60)

→ 〈+|⊗QL exp

(
−
∫ tf

0
dtHQ

)
|+〉⊗QL, (61)

where |+〉 is the Pauli-x eigenstate, with replica Hamiltonian

HQ = −J
∑

A=X,Y,Z

∑
a,x

Âa
xÂa

x+1 +
∑
a,b,x

Ẑa
x MabẐb

x , (62)

interreplica interaction matrix

M = diag[ �ε2] − 1

Q
�ε �ε T , (63)

and �εm = (εm · · · εm εm
∗ ) is a Q-dimensional vector in replica

space. Throughout this subsection, we will adopt the notation
that arrowed vectors refer to vectors in replica space.

We now adopt the spin-coherent path integral [27]
and take the continuum limit. Introducing compact fields
(θa

x (t ), φa
x (t ))a=1:Q,

x=1:L with correspondence (X̂ , Ŷ , Ẑ ) →
(cos φ sin θ, cos φ sin θ, cos θ ) turns the partition function
into a path integral Z = ∫

D[θa
x , φa

x ]a
xe−S with action

S = ∫
t (− i

2

∑
a,x cos(θa

x )(∂tφ
a
x ) + HQ(θ, φ)). As we are

working at half-filling, we expand θ = θ0 + δθ at θ0 = π/2
and treat δθ ≈ −Ẑ as a Gaussian variable, neglecting its
compactness. Introducing continuum position x̃ = ax, where
a is the spatial lattice constant, expanding the action to
smallest relevant orders in a, and removing the tildes,
results in the partition function Z = ∫

D[θa, φa]ae− ∫
t,x L with

Lagrangian density

L = i

2a

Q∑
a=1

δθa∂tφ
a + 1

2a

Q∑
a,b=1

δθaMabδθ
b

+ Ja
2

Q∑
a=1

[(∂xδθ
a)2 + (∂xφ

a)2], (64)

The interreplica interaction matrix can be diagonalized as
M = V �V T . There is one zero mode λ0 = 0 with �v0 ∝
�ε−1 and one mode with eigenvalue λK = (ε/σ )2 1+Kr2

ε

1+Kr2
σ

and
eigenvector �vK ∝ (ε · · · ε − Kε∗) where K := Q − 1 is the
number of student replicas and rσ := σ∗/σ . The rest of the
modes are massive with eigenvalues λ1�α�Q−2 = (ε/σ )2. In-
tegrating out the massive modes of δθα , doing a spacetime
transformation to make the action isotropic x̃ = x/

√
v and

t̃ = √
vt with v = 2a(ε/σ )

√
J , removing the tildes, apply-

ing a Hubbard-Stratonovich transformation, separating the
azimuthal angle field into smooth and vortex parts φa =
φa

s + φa
v then integrating out the smooth part, we retrieve

the dual Lagrangian with degrees of freedom χa, related to
φ as ρs∂μφa ↔ εμν

2π
∂νχ

a (just in this case, εμν is the Levi-
Civita symbol for μ, ν ∈ {t, x}), and vortex density ρa

v =∑
μ

(−1)μ

2π
(∂μ∂μ̄φa

v ),

Ld = −i
Q∑

a=1

χaρa
v + LG, (65)

where the Gaussian part is

LG = 1

8π2ρs

[
(∂tχ0)2 + D2

(
∂2

x χ0
)2]

+ 1

8π2ρs

∑
μ=t,x

Q∑
a,b=1

(∂μχa)�ab(∂μχb)

+ 1

8π2ρs

[
(∂tχK )2 + 1 + r2

ε K

1 + r2
σ K

(∂xχK )2

]
, (66)

� = 1Q − �v0�vT
0 − �vK �vT

K is a projector out of the zeroth and
K th modes, the noncompact dual fields related to the original
variables as Ẑ ≈ −(a/π )∂xχ , the vortex densities are ρa

v =∑Na
i=1 ma

i δ(r − ra
i ) with vorticities ma

i , space-time coordinate
r = (t, x), “superfluid stiffness” ρs ∼

√
Jσ 2/ε2 and diffusion

coefficient D2 ∼
√

Jε2/σ 2.
We would like to identify the most relevant term after

integrating out ρa
v . At Bayes optimality, it was shown in

Ref. [3] that the minimal vortex configurations are inter-
replica vortex-antivortex pairs between all replicas, leading to
the minimal Lagrangian LBO = LG + λ

∑
a>b cos(χa − χb).

From renormalization analysis, it can be shown that the mini-
mal interaction becomes relevant at ρ#

s = π−1, corresponding
to a modified Kosterlitz-Thouless (KT) transition [28].

Away from Bayes optimality, we use a “Landau approach”
to determine the minimal interaction term. Writing down the
most general term satifying the symmetries then identifying
the most relevant minimal vortex term [28], we find that away
from Bayes optimality, the teacher vorticity is forced to be
zero, as adding terms that correspond to introducing teacher
vorticity are irrelevant away from commensurate points, but
also always less relevant than the term that follows. The min-
imal vortex configurations are interreplica vortex-antivortex
pairs involving only the student replicas. This leads to the min-
imal Lagrangian LBnO = LG + λ

∑
a>b : a,b�K cos(χa − χb).

However, as vortex anti-vortex pairs are still the minimal
configurations, we still predict a transition at the identical
ρ#

s = π−1.
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FIG. 5. Heatmap of observables computed via TEBD, for L = 60, tf = 4L, and #samples � 41. (a) Decay of connected correlator,
E[〈sxs0〉c] ∼ |x|−ν , expected to be ν/2 ≈ 1 in the fuzzy phase. Note that vanishing ν as the ε = 0 axis is approached reflects vanishing
correlations in the SSEP. (b) Superfluid stiffness extracted from local charge variance δC2

[0,x] ∼ (8ρs/π ) ln |x|, (c) from string operator
W 2

[0,x] ∼ |x|−2πρs,dual , expected ρ#
s /π−1 = 1 at the transition. (d) Student-teacher alignment E[〈sx〉s∗

x ], expected to be ∼1 in the easy inference
phase and ∼0 in the hard phase. White circles indicate points in parameter space obtained, while the rest of the plot is interpolated. To make
the features visible, we cap the dynamic range of the heatmap at 2.

Inside the charge-fuzzy phase, where the vortex terms are
irrelevant, we can use the Gaussian theory to predict the
scaling of correlators. Away from the Bayes optimal point,
the connected correlator can be nonzero. Using the aforemen-
tioned operator relations we find

E
Y,S∗

[〈sxs0〉c] = −4πρs

(
a
x

)2

, (67)

E
Y,S∗

[〈sxs0〉] = 4πρs
(
r2
ε − 1

)(a
x

)2

, (68)

E
Y,S∗

[〈sx〉s∗
0] = 4πρsrε

(
a
x

)2

. (69)

Although the exact scaling does not agree with the lowest-
order expansion [Eqs. (55)–(57)], the sign of the quantities
do. In particular, both methods agree that the sign of the
disconnected correlator switches sign at the Bayes optimal
point rε = 1.

In the charge-sharp phase, connected correlators decay ex-
ponentially, EY,S∗ [〈sxs0〉c] ∼ −ex/x0 . As for the disconnected
correlator, in the crudest approximation, since we expect the
student to closely follow the teacher, we expect EY,S[〈sxs0〉] ≈
EY,S[s∗

x s∗
0]. Since the teacher configuration evolves as the

SSEP and due to the choice of the prior at initial time, we
expect EY,S[〈sxs0〉] ≈ 0 and have no sign on average.

The above field theory analysis is only valid for ε > 0. At
the exceptional line ε = 0, all three of the correlators should
vanish for x �= 0.

2. Numerical results

Time-evolving block decimation (TEBD). To test the long-
distance predictions of the replica field theory, we must study
larger system sizes. We therefore simulate the posterior using
TEBD [29] for L = 60 and tf = 4L using the iTensor library
[30].

We fit a power-law exponent ν to the decay of the averaged
connected correlator, EY,S∗ [〈sxs0〉c] ∼ |x|−ν . We expect ν to

plateau to a value ≈2 inside of the charge fuzzy phase with
ε > 0. In the charge sharp phase, we expect an exponential
decay. Therefore, a fit to power-law decay will give ν > 2.
In Fig. 5(a), we plot a heatmap of ν/2 in the ε − ε∗ plane. We
can clearly see two regions where ν plateaus to value νplateau ≈
0.9 × 2, indicating a charge-fuzzy phase, and one where ν �
2, indicating a charge-sharp phase.

We can extract superfluid stiffness ρs from two different
observables. The first is via the local charge variance, which,
in the charge-fuzzy phase, can be predicted to be

δC2
[0,x] = E

Y,S∗

∑
x′,x′′∈[0,x]

[〈sx′sx′′ 〉c] (70)

≈ 8ρs

π
ln |x| + · · ·. (71)

This is shown in Fig. 5(b). The second is via the string order
parameter

W 2
[0,x] = E

Y,S∗
[〈s0s1· · ·sx〉2], (72)

∝ |x|−2πρs,dual , (73)

shown in Fig. 5(c). In the charge sharp phase, both quantities
are exponentially decaying, so we expect both of the extracted
stiffnesses to be small, ρs � 1. We see good agreement be-
tween the two methods of extraction. At Bayes optimality, we
see good evidence of phase transition at ε#

BO ≈ 0.6, consistent
with the expected location when mapping from projective
to weak measurements as discussed in the beginning of the
section. At fixed ε∗ < ε#

BO ≈ 0.6, as ε is increased, we see
that ρs plateaus instead of decaying to a value ρs � 1 as is
the case for ε∗ > ε#

BO. Presumably due to finite size effects,
the plateau value is smaller than critical value predicted by
the field theory ρs,plateau(ε∗ < ε#

BO) ≈ 0.25ρ#
s , but is much

larger than ρs(ε∗ > ε#
BO) ≈ 10−3ρ#

s .
In the Bayes optimal case, due to Eq. (12), the transition

in the charge variance also corresponds to the transition in
the mean squared error of the charge. We expect the phase
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FIG. 6. Time evolution of normalized charge variance δC2/L as a function of time via exact calculation of the posterior, for 6 � L � 22,
#samples = 100. Data from all system sizes L are overlaid on top of each other, showing good collapse. Log-log plot for (a) rε := ε∗/ε = 0,
(b) rε = 1/2, and (c) Bayes optimal case rε = 1. For rε = 0, we see data consistent with a power law ∼t−1 even for high ε = 4. For rε = 1/2, 1,
the scaling switches from ∼t−1 to exponential decay e−t at critical ε#(rε ), as shown by semilog plot in panel (d).

diagram of the easy and hard regimes of inference to continue
away from the Bayes optimal point. As a measure of the
quality of the inference, we look at the alignment between the
teacher and the student, EY,S∗ [〈sx〉s∗

x ] in Fig. 5(d). We see that
it follows the general profile of the other three observables.
This indicates that the charge-fuzzy and sharp regimes also
corresponds to the inference impossible and possible regimes,
respectively.

To determine the phase boundary from each of the com-
puted observables, in Fig. 4, we overlay the boundaries
extracted from the four observables. For ν, ρs, and ρs,dual, we
plot the points when the observables reach the plateau value.
For E[〈sx〉s∗

x ], we plot the contour when it is equal to 0.5. This
is for the following reason. If sx is guessed randomly, the order
parameter is 0. On the other hand, if the inference is perfect,
it is 1. 0.5 is a simple choice of midpoint between these two
limits. In principle, assuming that there’s a phase transition,
any other point between these two limits should work. We see
that the phase boundary suggested by the four observables has
good agreement. First, along the Bayes optimal line, we see a
phase transition at around ε#(rε = 1) = ε#

BO ≈ 0.6. Looking
at fixed ε∗ and varying ε, we see that there appears to be a
threshold again at around ε∗ = ε#

BO ≈ 0.6.
Exact calculation of the posterior. The remaining ques-

tion is whether the phase boundary hits the ε∗ = 0 line as
ε is further increased. The replica field theory cannot give
predictions on whether the phase transition occurs at finite
ε, since we do not have an explicit map to ρs. From TEBD,
we see no evidence it for ε < 1.5. However, higher values
of ε are unachievable at this system size using TEBD. This
can be understood in the “forced” measurement limit (rε =
0) [31,32], where the measurements are iid Gaussian noise.
When ε is large, consider receiving the first measurement y1
is compatible with total charge C1 = ∑

r sgn(yr,1). Consider
when ε is large enough such that a TEBD algorithm with
a finite cutoff for truncation (or even exact calculation of
the posterior with finite precision) will discard other charge
sectors not equal to C1. In the next time step however, we may
receive y2 with C2 �= C1 that has higher likelihood than the
first image, exp(ε

∑
r yr,2) � exp(ε

∑
r yr,1). However, due to

the truncation at the first time step, the weight in charge sector
C2 is zero and stays zero even after applying the likelihood

with large weight. The C1 sector on the other hand may be
killed as the likelihood has very small weight. Normalization
then leads to numerical instability due to division by zero.

We therefore resort to exact calculation of the prior for
small system sizes 6 � L � 22 using quadruple-precision
floating numbers, capable of expressing floating points of the
range [10−4932, 104932] compared to normal double-precision
floats with range [10−308, 10308]. This allows us to reach
higher values of ε without suffering from numerical instabili-
ties.

We first study the charge variance. In Fig. 6, we plot the
dynamics of the normalized charge variance δC2/L up to
tf = 4L. We overlay data for all system sizes, which shows
good collapse, indicating that δC2(t ∼ L) ∼ L. We see that
for rε = 1/2, 1, in the charge fuzzy phase, the decay of the
charge variance is consistent with δC2 ∝ Lt−1, while in the
charge-sharp phase ε > ε#(rε ), the dynamics switches to an
exponential decay δC2 ∝ Le−t as evidenced by Fig. 6(d). In
the forced measurement case rε = 0, we see no deviation from
the power law up to ε � 4.

A simple tractable model to get an intuition on the power-
law/exponential-decay transition is when the charges are
either static or always swap, i.e., J = 0,∞ (see Appendix C
for details). In this case, the asymptotic behavior for charge
variance can be calculated exactly via saddle-point approx-
imation. For ε > 0 and ε∗ = 0, δC2 ∝ Lε−1t−1/2, while for
any ε∗ > 0, we have exponential decay with time, with δC2 ∝
Lε−1t−1/2e−r2

ε t/2 when rε � 2ε and δC2 ∝ L exp(−2ε(rε −
2ε)t ) when rε > 2ε. The reason for the change in scaling with
t is due to the fact that the saddle point is at zero for ε∗ = 0 and
therefore no leading order term is present. When ε∗ > 0, the
saddle point shifts away from zero resulting in leading order
factor e−r2

ε t/2. Therefore, the simple model has no phase tran-
sition in the forced measurement case and transitions into the
exponentially decaying phase as soon as ε∗ > 0. In Fig. 4, we
also overlay the boundary where the charge variance switches
from a power law decay in time to an exponential one. We see
good agreement with the boundaries found from TEBD.

Next we look at the sign of the averaged disconnected
charge correlator, 1

L−1

∑
x �=0 sgnEY,S∗ [〈sxs0〉]. At ε = 0, it is

exactly zero due to it corresponding to SSEP at half fill-
ing. In the charge-fuzzy phase, both perturbation theory and
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FIG. 7. Average sign of the disconnected charge correlator for
L = 14 and #samples = 100, showing clear delination between rε ≶ 1
charge-fuzzy regions.

replica field theory predicts that sign is positive for rε > 1 and
negative for rε < 1. In the charge-sharp phase, we expect it
to be zero. Therefore, the sign of the disconnected correlator
distinguishes between the three regions. The predictions are
well supported by the numerics as shown in Fig. 7, showing
a sharp delination between rε ≶ 1 charge-fuzzy regions, even
for smaller system sizes.

IX. THE PLANTED XOR AND THE HAAR-RANDOM
U(1)-SYMMETRIC MONITORED QUANTUM TREE

In the previous section, we started with a monitored quan-
tum circuit and derived a classical inference problem. Here,
we go the other way around. In Sec. IX A, we start with a
classical inference problem on an HMM we call the planted
XOR. In Sec. IX B, we convert it to the Haar-random U(1)
monitored quantum tree with qubits and qudits of dimension
d , which can also be referred to as the quantum planted XOR.
For the task of inferring the final (qu)bit, the d = ∞ quantum
case is equivalent to the classical HMM model. For d < ∞,
however, the quantum model is not reducible to the classical
HMM. For both the original HMM (Sec. IX C) and the fully
quantum d = 1 limit (Sec. IX D), we exploit the structure of
the tree and analytically deduce the full phase diagram in the
student-teacher parameter space as Fig. 9. Remarkably, we
uncover a re-entrance in the phase diagram in the quantum
case, which has been previously seen numerically in the 2D
RBIM (cf. Fig. 3).

A. Classical inference model

Consider the teacher, who prepares 2N hidden Boolean
variables b∗

1 = b∗
1:2N ,1, each chosen randomly with equal prob-

ability. At each time step, they apply the XOR gate on each
neighboring pair, yielding b∗

2 = b∗
1:2N−1,2 at the next time step.

This is repeated until there is only one Boolean b∗
1,N+1 left

at final time step N + 1. Throughout this section, we will
interchange between Ising and Boolean variables as si,t =
2bi,t − 1.

FIG. 8. (a) The planted XOR model and (b) The Haar-random
U (1)-symmetric quantum tree. Box with a meter represents pro-
jective measurements. Box with a bell curve represents a noisy
observations in the classical inference case, and continuous weak
measurement in the quantum case. Box with U (1) denotes a Haar
unitary acting on qubit-qudit pairs that conserves charge on the qubit
sector.

Although the evolution for the Booleans is deter-
ministic, it can still be described as an HMM. The
prior for the entire trajectory B∗ := b∗

1:t would be
p∗(B∗) = [

∏
τ p∗(b∗

τ |b∗
τ−1)]p∗(b∗

1 ). The initial choice of
Booleans is still random, p∗(b∗

1 ) = 2−N , but the “Markov”
kernel is deterministic and separable as p∗(b∗

t |b∗
t−1) =∏

i p∗(b∗
i,t |b∗

iL,t−1, b∗
iR,t−1), where

p∗
(
b∗

i,t |b∗
iL,t−1, b∗

iR,t−1

) = δ
{
b∗

i,t , XOR
(
b∗

iL,t−1, b∗
iR,t−1

)}
. (74)

Here, we recall that δ{·, ·} is the Kronecker delta.
At each time step, the teacher also generates observations

on each Boolean b∗
i,t yi,t = ε∗s∗

i,t + σ∗ηi,t , yielding the mea-
surement model [Eq. (54)] as in the planted SSEP case.

The goal of the student is to determine the last bit b∗
1,N+1,

or equivalently, the parity of the starting bits. They can do this
by inferring a posterior for the filtering task, ps(b1,N+1|Y ). The
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FIG. 9. Exact expanded phase diagrams for the (a) classical
planted XOR or the d = ∞ Haar-random U(1)-symmetric monitored
quantum tree and (b) quantum XOR or the d = 1 Haar-random U(1)-
symmetric monitored quantum tree, the latter of which is given by
Eq. (102). Note the re-entrance of the phase diagram, similar to that
of 2D RBIM Fig. 3.

natural order parameter then would be the MSEM or the MSE
of the final bit.

B. Quantum tree model

To map the above classical inference problem into a quan-
tum one, we first note that given input bits bLbR, the SSEP
kernel [Eq. (32)] allows for the possible transitions 00 → 00,
01 → 01, 01 → 10, 10 → 01, 10 → 10, and 11 → 11. Then,
we observe that if we condition on the left output bit to be
a 0, the right output bit is XOR(bL, bR). Conversely, if we
condition the left output bit to be a 1, then the right output

bit is NOTXOR(bL, bR). Then, applying the SSEP gate then
giving the information about the left output bit is equivalent
to applying an XOR or NOTXOR and revealing which was used.
As this information is completely specified, the model can be
exactly mapped to the above situation of applying the XOR

each time (and the student knowing this fact).
To construct the quantum tree model, we do the opposite

procedure of Sec. VI. Since the SSEP kernel [Eq. (32)] is ob-
tained from uU (1), we replace each XOR gate with a uU (1) gate
with one output qubit projectively measured. The observation
model is replaced by weak gaussian measurements [Eq. (28)].
This results in a quantum tree as sketched in Fig. 8(b).

As for the initial state, we will select the scenario where
teacher randomly chooses from an equally weighted ensemble
of product states of qubit-strings and equal superposition of
qudit strings in the computational basis, |χ〉 (introduced in
Sec. VIII A),

{|ψ0〉} = {|b∗
1:2N 〉 ⊗ |χ〉⊗2N

: b∗
1:2N ∈ {0, 1}N }. (75)

The teacher evolves the quantum tree and sends the choice
of unitary gates sampled from the Haar distribution and the
projective and weak measurement outcomes to the student. At
the end, the teacher measures the final qubit in the computa-
tional basis to obtain Z∗. The student then tries to guess the
final projective qubit measurement performed at the end by
the teacher.

In the case of general local qudit dimension d < ∞ and
revealed choice of Haar unitaries, the inference problem on
this quantum tree is not reducible to a classical HMM. A
similar model with both measurements being projective with
a finite rate was studied in Ref. [33] at Bayes optimality.

In the inference setting, the natural order parameter to
study would be the mean squared errors or the alignment
between the true and inferred final qubit,

MSE = E
U,S,Y,S∗

[(s1,N+1 − s∗
1+N+1)2]

= 4 − 4 E
U,Y,S∗

[ps(s1,N+1 = s∗
1,N+1|Y )]. (76)

MSEM = E
U,Y,S∗

[(〈s1,N+1〉 − s∗
1+N+1)2], (77)

= 4 − 4 E
U,Y,S∗

[ps(s1,N+1 = s∗
1,N+1|Y )]

+ 4 E
U,Y,S∗

[ps(s1,N+1 = −1|Y )ps(s1,N+1 = 1|Y )],

(78)

and the student’s final qubit variance,

δZ2
s = E

U,Y
[〈Z2〉 − 〈Z〉2], (79)

= 4 E
U,Y

[ps(s1,N+1 = −1|Y )ps(s1,N+1 = 1|Y )]. (80)

In the standalone quantum tree case, the natural order param-
eter would be the teacher’s final qubit variance δZ2

∗ , equal to
Eq. (79) at Bayes optimality.

C. Analysis of the classical (d = ∞ quantum) planted XOR

Due to the tree structure and Booleanity of the model, the
model can be studied without resorting to the replica trick. The
key observation is that the student’s posterior, or the density
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matrix, can be treated as a random variable dependent on
the observations Y . Furthermore, due to the forward equa-
tion and the tree structure, the posterior for a particular bit
at a particular time p(bi,t |y1:t ) only depends on the posterior
for the left and right bits at previous times, p(biL,t−1|y1:t−1),
p(biR,t−1|y1:t−1), which are independent, and likewise for the
density matrix. Due to Booleanity, one only needs to keep
track of the posterior for one value of the Boolean, since
p(bi,t |y1:t ) = 1 − p(bi,t |y1:t ).

1. Finding the critical parameters

Then, we can apply the method of traveling waves used
to study the directed polymer on a tree in Ref. [34]. In that
case, the partition function at time t , Zt , evolved linearly
with independent partition functions at previous times as Zt =
e−βV [Z (1)

t−1 + Z (2)
t−1], where V ∼ N (0, 1) in their case. Then,

a generating function Gt (x) := EV [exp(−eβxZt )] is defined
and evolves as the FKPP (Fisher-Kolmogorov-Petrovsky-
Piskunov) equation. In our case, the posterior at time t evolves
nonlinearly as a function of the posterior at previous time
t − 1. However, if there exists a transition as parameters are
varied, we expect the posterior of the student evaluated at
the true Boolean to be close to one, ps(bi,t = b∗

i,t |y1:t ) ≈ 1,
or equivalently, the posterior evaluated at the opposite value

b∗
i,t to be small ps(bi,t = b∗

i,t |y1:t ) � 1. Therefore, we can
linearize the evolution equation and continue with the same
analysis. This is the same strategy used in Ref. [32].

Concretely, consider the posterior for a boolean b = bi,t

on a particular branch at a given time step, p(b|y1:t ). Due
to the structure of the tree, it is in fact only dependent on
observations from branches connected to it from the past, i.e.,
p(b|y1:t ) = p(b|yc

1:t ). Using the forward equation, this can be
related to the posterior for booleans connected from left bL =
biL,t−1 and the right bR = biR,t−1 from the previous time step,

p
(
b|yc

1:t

) = p(yt |b)
∑

bL:R
p(b|bL:R )p

(
bL|yL

1:t−1

)
p
(
bR|yR

1:t−1

)
p
(
yc

1:t

) .

(81)

Here, the marginalized likelihood is p(yc
1:t ) =∑

b,bL:R
p(yt |b)p(b|bL:R)p(bL|yL

1:t−1)p(bR|yR
1:t−1). y = yt is not

iid but is distributed as y = η + ε∗s∗, with s∗ = −s∗
Ls∗

R. Near
the phase transition, we assume that p(b = b∗|yc

1:t ) is large
and p(b = b∗|yc

1:t ) is small, and likewise for the posteriors for
bL and bR. If b∗ = 1, we can either have (bL, bR) = (0, 1) or
(1, 0). If b∗ = 0, we can have (1, 1) or (0, 0). For every case,
denoting the smaller posterior value as pt = p(b = b∗|yc

1:t )
and likewise for pL,R

t = p(bL,R = b∗
L,R|yL,R

1:t−1), the posterior
evolution equation is the same for every four possibilities
mentioned above (up to changing sign of η),

pt =
(
pL

t−1 + pR
t−1 − 2pL

t−1 pR
t−1

)
eε(η−ε∗ )((

pL
t−1 + pR

t−1 − 2pL
t−1 pR

t−1

)
eε(η−ε∗ ) + (

1 − pL
t−1 − pR

t−1 + 2pL
t−1 pR

t−1

)
e−ε(η−ε∗ )

) , (82)

which can be expanded to linear order as

pt = A
(
pL

t−1 + pR
t−1

)
, (83)

with A = e2ε(η−ε∗ ), which is importantly iid.
To understand the evolution of typical pt with increasing

t , we define the generating function Gt (x) = 〈exp(−e−x pt )〉.
The linearized recursion can be expressed as

Gt+1(x) = E
η

[Gt (x − ln A)Gt (x − ln A)], (84)

with traveling wave ansatz Gt (x) = G(λ)(x − vε,ε∗ (λ)t ). λ ∈
[0, 1] parametrizes a family of possible traveling wave so-
lutions and will be chosen to be λc which minimizes the
velocity vε,ε∗ (λ), subject to the initial condition G0(x) =
exp(−e−x/2)

x�1→ 1 − (1/2)e−x [31,34]. Using the exponen-
tial decay of the wave ansatz at large arguments G(λ)(u) �
1 − e−λu, and that Eη[Aλ] = e2λε(λε−ε∗ ), we can find the wave-
front velocity as

vε,ε∗ (λ) = 1

λ
ln
(

2E
η

[Aλ]
)

= ln 2

λ
+ 2ε(λε − ε∗). (85)

minimizing it respect to λ ∈ [0, 1], we find that

λc = min

(
1,

√
ln 2

2

1

ε

)
. (86)

Therefore, the velocity is given by vε,ε∗ = vε,ε∗ (λc). If the
velocity is positive, then it means that pt is exponentially

decaying as we increase t . If velocity is negative, then pt is
exponentially growing with time and the nonlinear part of the
evolution becomes important. Then, the critical point is the
velocity changes sign, i.e., when vε,ε∗ = 0. Combining the two
conditions, we find

εc
∗(ε) =

⎧⎪⎨
⎪⎩

ln 2
2ε

+ ε ≈ 0.346574ε−1 + ε, for ε <

√
ln 2
2 ,

√
2 ln 2 ≈ 1.17741, for ε �

√
ln 2
2 .

(87)

Using this result, we can deduce that in the regime where
ε > 0, ε∗ > εc

∗, as the student correctly deduces the final
Boolean, both MSE, MSEM and δZ2

s would decay exponen-
tially with time and tend to zero as t → ∞. On the other hand,
for ε > 0, ε∗ < εc

∗, we would expect to converge to a nonzero
value. The derived phase diagram is plotted in Fig. 9(a).

2. Power-law scaling of bit variance in the ε∗ = 0 limit

The scaling of the long-time bit variance can be analyzed in
the ε∗ → 0 and large ε limit. Here, we cannot a priori expect
either of ps(1|Y ) or ps(0|Y ) to be larger than the other. Instead,
we will exploit the iid nature of the disorder to extract the
distribution of the posterior.

Let us arbitrarily choose one of the posterior π :=
ps(1|yc

1:t ) to study. We will denote π ′ := ps(1|yL
1:t−1) and
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π ′′ := ps(1|yR
1:t−1). Then, the evolution is

π = eεyA+
eεyA+ + e−εyA−

, (88)

where A+ = π ′(1 − π ′′) + (1 − π ′)π ′′ and A− = π ′π ′′ +
(1 − π ′)(1 − π ′′). For forced measurements, y is iid and un-
correlated with π ′ and π ′′.

The probability distribution for π then evolves as

p(π ) =
∫

dy
e−y2/2

√
2π

∫ 1

0
d p(π ′)d p(π ′′)

× δ

(
π − eεyA+

eεyA+ + e−εyA−

)
. (89)

Define g(y) := π − eεyA+
eεyA++e−εyA−

. The delta function of a func-

tion is given by δ(g(y)) = ∑
i

1
|∂yg(yi )|δ(y − yi ), where yi’s

are zeros of g(y). First solving for g(y) = 0, we get y0 =
1
2ε

ln( π1A−
(1−π1 )A+

). Differentiating g(y) and then substituting y0,
we get ∂yg(y0) = 2επ (1 − π ). Therefore, we have

p(π ) = 1

2επ (1 − π )
√

2π

∫ 1

0
d p(π ′)d p(π ′′)e− 1

8ε2 ln2( πA−
(1−π )A+ )

.

(90)

We now look for the steady state, that is, p(π ) = p(π ′ =
π ) = p(π ′′ = π ). Then, the above equation becomes a self-
consistent equation/Neumann-type equation and we have a
systematic way of expanding the series, if desired. Expanding
with respect to large ε or small 1/ε we find that

p(π ) = 1

2επ (1 − π )
√

2π
+ O(ε−5). (91)

Although the series is not normalizable, we can calculate
the leading order of the student’s bit variance, δZ2

s = 4p0 p1.
Using that p0 p1 = π (1 − π ), we find that

δZ2
s = 4E[p0 p1] = 4

∫ 1

0
dπ · π (1 − π )p(π )

= 2

ε
√

2π
+ O(ε−5), (92)

a power law in the student’s assumed SNR, ∼ε−1. This indi-
cates that the bit variance does not vanish at long times on the
ε∗ = 0 line.

D. Analysis of the d = 1 quantum planted XOR

Approaching the sharpening/inferrability transition from
the qubit “sharp” phase, we expect the reduced density matrix
of the student’s density matrix of the final qubit to be collapsed
to one of the two qubit values. Therefore, we parametrize the
student’s reduced density matrix at a particular node as

ρs,t = (1 − zt )|b〉〈b| + zt |b̄〉〈b̄|, (93)

where we take zt to be a small parameter, and therefore b to
be the most likely qubit. The student’s density matrix then
evolves as

ρs,t+1 = (Qs,y ⊗ Pb′ )U
(
ρL

s,t ⊗ ρR
s,t

)
U †(Qs,y ⊗ Pb′ )†

tr
[
(Qs,y ⊗ Pb′ )U

(
ρL

s,t ⊗ ρR
s,t

)
U †(Qs,y ⊗ Pb′ )†

] ,
(94)

where Qs,y is the student’s partial projector on (say) the left
qubit given weak measurement outcome y, and Pb′ is the
projector on the right qubit given strong measurement out-
come b′, and U is a Haar-random U(1)-symmetric gate. The
measurement outcomes have probability the teacher’s system,

p∗(y, s′|U ) = tr
[
(Q∗,y ⊗ Ps′ )U

(
ρL

∗,t ⊗ ρR
∗,t

)
U †(Q∗,y ⊗ Ps′ )†

]
.

(95)

Here, we recall that we will freely change notation be-
tween bits and Pauli-z eigenvalues as s = 2b − 1. We will
assume that ρ

L/R
∗,t has the same most likely qubit as that of

the student, a sensible assumption in the inferrable phase.
We would like to find the linearized evolution of zt , and
thereby construct the evolution for the generating func-
tion Gt (x) = E[exp(−e−xzt )]. Here, we must keep track
of both (zt , b) and consider all the cases (bL, bR, b′) =
(0, 0, 0), (0, 0, 1), . . . , (1, 1, 1), and appropriately weight
them by their probabilities. Here, bL/R is the most likely
qubit on the density matrices at time step t connected on the
left/right site.

There are three kinds of cases. The first is bL = bR = b′. In
this case, we have

zt+1 = e−2s′yε(|u|2zL
t + |u′|2zR

t

)
, (96)

where u and u′ are elements from different columns of the
Haar unitary on the |01〉, |10〉 sector. This occurs with proba-
bility up to zeroth order in z∗ as

p∗(y, s′ = sL/R|U, sL = sR) = 1√
2π

exp

(
− (y − s′ε∗)2

2

)
.

(97)

We neglect the case bL = bR �= b′ as it occurs with probability
p∗(y, b′|U ) ∼ O(z∗). For the bL �= bR case, we find

zt+1 = 1

|u|2 e2s′yεzL/R
t , (98)

occurring with probability up to zeroth order in z∗ as

p∗(y, s′|U, sL �= sR) = |u|2√
2π

exp

(
− (y + s′ε∗)2

2

)
. (99)

Then, the generating function is given by

Gt+1(x) =
∫

U,y,zL:R
t

∑
sL:R,s′

exp(−e−xzt+1(sL:R, s′))

× p∗(y, s′,U |sL:R, zL:R )p
(
sL, zL

t

)
p
(
sR, zR

t

)
.

(100)

Substituting the linearized evolution and their probability
for the two different cases and using the asymptotic form
G(λ)(u) ≈ 1 − e−λu, we find the velocity

vε,ε∗ (λ) = 2ε(λε − ε∗) + 1

λ
ln〈|u|2λ + |u|2−2λ〉u. (101)

For a particular (ε, ε∗), the velocity is given by λ ∈ [0, 1] that
minimizes the velocity given λ. The phase transition occurs
when vε,ε∗ (λc) = 0. Using that 〈|u|2n〉 = 1/(1 + n), the exact
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phase boundary is then given by

εc
∗(ε) = min

λ∈[0,1]

[
λε + 1

2λε
ln

(
3

2 + λ − λ2

)]
, (102)

while λc is given by the argmin. In general, this requires a
solution to a trancendental equation. It is plotted in Fig. 9(b).
However, in the Bayes optimal case ε∗ = ε, Eq. (102) can be
found in closed form,

εc
∗(ε = ε∗) =

√
2 ln

(
4

3

)
≈ 0.758 528, (103)

with λc = 1/2, as well as in the limit of infinite student signal,

εc
∗(ε = ∞) = 3

2

√
ln

(
3

2

)
≈ 0.955 142, (104)

where λc → 0. Finally, in the ε → 0 limit, λc ≈ 0.916 732
[35] and the critical teacher signal strength diverges as εc

∗ ≈
0.200 717ε−1.

Similarly to the classical planted XOR case, we can deduce
that in the regime where ε > 0, ε∗ > εc

∗, for a typical trajec-
tory, the student’s density matrix collapses onto one of the
qubit and correctly deduces the final qubit. Therefore all of
MSE, MSEM and δZ2

s would decay exponentially with time
and tend to zero as t → ∞. On the other hand, for ε > 0,
ε∗ < εc

∗, we would expect to converge to a nonzero value.
The phase diagram for d = 1 has two notable features.

First, at fixed ε, the SNR threshold is lower than that of
d = ∞. Recall that the d = ∞ case also corresponds to the in-
ference problem where U is not provided (for any d), whereas
in the d = 1 case considered here, it is provided. Therefore,
the lowering of the threshold is expected, as the student has
more information. Second, the phase diagram features a re-
entrance. This is qualitatively similar to the re-entrance seen
in the QEC/2D RBIM (see Fig. 3), but found exactly in our
case.

X. DISCUSSION OF THE PHASE DIAGRAMS

In this section, we discuss the obtained phase diagrams.
First, we discuss their general features followed by a rigorous
argument as to why the phase boundary cannot curve down-
wards after hitting the Bayes optimal line. Then, focusing
on quantum inference problems, we discuss the operational
consequences of these phase diagrams.

In Sec. III, we introduced order parameters that pertain
to inference (or “learnability”), such as MSEM and MSE/2,
and an order parameter related to the student’s uncertainty
(or “sharpness”) in their posterior, δO2

s . Though these order
parameters are equal at Bayes optimality, they need not be
away from it. Therefore, there could be one phase boundary
between observable sharp/fuzzy phases, and another between
inference possible/impossible phases. However, in the three
examples of (quantum) inference problems studied, they co-
incided, i.e., the sharp phase corresponded to the inference
possible phase, and the fuzzy phase corresponded to the infer-
ence impossible phase. Recall from Sec. VII that in the RBIM
case, quality of inference is quantified by FM order, while
sharpness of the student’s posterior is quantified by EA-like
order parameters. The SG phase is characterized by the lack

of FM order but the presence of EA order. Therefore, the
SG phase can be intuitively thought of as a phase where the
student is confident about their wrong answer. In the language
of spin glasses, the fact that the phases of inference coincide
with those of sharpness means that there is no SG phase.
Note that there are examples of inference models where SG-
like phases exist, such as the planted RBIM on random graphs
[11], or the planted directed polymer on the tree [8].

The phase boundaries in these examples delineate when
the student can infer the state despite the nonoptimal-
ity/inaccuracy of their measurement model. Note the sim-
ilarity of these phase diagrams (cf. Figs. 3, 4, and 9). In
all three cases, the studied parameters quantify the amount
of true signal strength (quantified by ε∗ or β∗) or assumed
signal strength (quantified by ε or β) passed through the
measurements. Below the Bayes optimal line, we find two
scenarios: either the boundary plateaus (as for the classical
planted XOR model or the planted directed polymer on a tree
[8]) or it curves slightly upwards to display a re-entrance (as
shown numerically for the 2D RBIM or exactly for our d = 1
quantum planted XOR model).

That the phase boundary for the MSEM cannot curve down
has the status of a theorem. It follows from the Bayes optimal
estimator theorem [Eq. (8)] that for a given ε∗ the MSEM
is minimized at Bayes optimality (ε = ε∗). Thus, if a given
Bayes optimal point (ε = ε∗, ε∗) is in the inference impossible
phase, then so are all points on the horizontal line passing
through it. A corollary is that the phase boundary cannot pass
through values of ε∗ below the critical value ε#

BO on the Bayes
optimal line.

In measurement-induced phase transitions, forced mea-
surements represent an often-tractable limit where measure-
ment outcomes are chosen to be iid instead of following the
Born Rule. In our expanded phase diagram, this has the simple
interpretation of ε∗ = rε = 0. Then, from the above discus-
sion, a transition for forced measurements corresponds to a
spin-glass-like transition. In particular, we have demonstrated
that there is no transition for this limit for the planted SSEP
and XOR models.

Although not discussed earlier, other problems on quan-
tum systems can also be viewed through the lens of the
general quantum inference problem, such as quantum state
preparation [36] or quantum state tomography [37]. In the
former case, an experimentalist wants to know whether it is
possible to infer the correct operation to prepare the desired
quantum state given measurements. The same teacher-student
framework can be used to describe the underlying process
generating the measurements and the experimentalists” mea-
surement model.

What are the operational consequences of these phase
diagrams? Remaining within the quantum state preparation
setting, let us consider a situation where ε and ε∗ vary together
as the assumed signal strength is varied, meaning that we
will move along a line ε∗(ε) in a typical inference phase
diagram like Fig. 10. An example of such situation may
be one where you (an experimentalist) prepare and evolve the
quantum circuit with parameter ε, and receive measurement
outcomes Y . Then, you would assume that you prepared the
state ρt (ε,Y ). However, due to some systemic and/or random
errors, the parameters are actually ε∗ and in fact the state you
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FIG. 10. Scenario where ε∗ vary together with ε for a typical
phase diagram of a quantum inference problem (red and green solid
lines). Here, we approximate that the phase boundary (blue line)
flattens at the Bayes optimal transition point with no re-entrance. The
phase that an experimentalist detects using their classical decoder is
given by the phase on the red or green lines. The true state of the
prepared state is given by the phase on the diagonal black dashed
line horizontal to the point on the red or green lines, as connected
by the red and green dashed lines. When measurement strength is
overestimated (green line, rε < 1), the detected phase on the decoder
is the same as that of the prepared state. When the measurement
strength is underestimated (red line, rε > 1), as the measurement
strength is increased, the phase transition is detected on the decoder
after the real one occurs.

prepared is ρt (ε∗,Y ). Nevertheless, you may hope that ε and
ε∗ are in some way correlated, and in the simplest scenario
ε∗ is a simple function of ε. Suppose then that you repeat
the experiment for a range of ε’s. You receive measurement
outcomes from the system with parameter ε∗(ε). Using your
classical decoder, you detect a phase transition at ε#.

Let us consider the case when ε∗(ε) is monotonic, and
rε < 1, which corresponds to overestimating the measurement
strength/rate in the quantum circuit. For simplicity, let us also
approximate that the phase boundary flattens at the Bayes
optimal transition point with no re-entrance. As shown in
Fig. 10, the relationship between the phase of the assumed and
the true quantum states is given by drawing a horizontal line
from the assumed point to the 45◦ Bayes optimal line. In this
case, we see that when the the classical decoder detects the
phase transition at ε#, the true quantum state is also prepared
in the critical state. In fact, the phase detected by the classical
decoder always coincides with that of the true quantum state.

Instead, assuming all of the above but for rε > 1, which
corresponds to underestimating the measurement strength, as
ε is increased, the real quantum state undergoes the phase
transition into the charge-sharp phase before the classical
decoder detects it. When the classical decoder detects a phase
transition, the real quantum state is already deep in the charge-
sharp phase.

This would suggest that if the phase boundary is horizontal
to the right of the Bayes optimal transition point with no
re-entrance, then you should always overestimate the mea-

surement strength if you want to prepare the true quantum
state in the correct phase. Even if the phase boundary is not
strictly horizontal, it is better to overestimate the measurement
strength than underestimate it, because the curvature of the
phase boundary means you have a better chance of preparing
the quantum state in the intended phase.

If the precise numerical value of the phase transition at
Bayes optimality is already known (ex. through simulations),
then you would see the phase transition detected by the clas-
sical decoder at the wrong value of ε. This would provide
the systematic error between the assumed parameters and
true parameters. Finally, in the special case of the planted
SSEP, within the charge-fuzzy phase, the average sign of the
disconnected correlator [Eq. (56)] could also be used to detect
Bayes nonoptimality (Fig. 7).

XI. OUTLOOK

In this work, we introduced the general quantum infer-
ence problem, a generalization of classical Bayesian inference
to quantum systems. We also defined scenarios where the
quantum inference model has the structure of qHMMs, which
generalized HMMs in classical Bayesian inference. We dis-
cussed the requirements for qHMMs to reduce to classical
HMMs and proved such cases for qHMMs with Haar-random
unitary gates and measurements. Using the teacher-student
scenario, we introduced the notion of Bayes nonoptimality,
where the model assumed by the student differs from the true
model of the teacher. This allows us to go beyond existing
work and expand the phase diagram in the student-teacher pa-
rameters. Under this lens we studied three explicit examples:
(1) quantum error correction on the toric and repetition code
under bit-flip errors, which map onto the 2D random-bond
Ising model, (2) Haar-random U(1)-symmetric monitored
quantum circuit or the planted SSEP, and (3) Haar-random
U(1)-symmetric monitored quantum tree or the planted XOR.
Then, we discussed the obtained phase diagrams, with a
rigorous argument on their shape and their interpretation in
quantum inference problems.

Many avenues for future research exist. One could re-
verse the quantum to classical inference problem mapping
discussed Sec. VI to study “quantum” versions of classical in-
ference problems. One could explore the more general Bayes
nonoptimality where even the functional form of the student
and teacher’s models differ. This was done for the planted
directed polymer on a tree, where the teacher could have any
arbitrary noise model while the student assumes a Gaussian
one [8]. It is also a common case for many QEC problems
where approximate decoders are used [38]. One could also
explore non-Markovian quantum inference problems, such as
non-Markovian errors in QEC problems [39].
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APPENDIX A: DERIVATION OF THE REPLICA FIELD
THEORY FOR THE PLANTED SSEP

1. Setup

Consider a 1D lattice of Ising variables s = (s1, . . . , sL ),
picked from some separable initial distribution p(s) =∏

x p(sx ), with p(sx ) = πδsx,1 + (1 − π )δsx,−1.
Let it evolve through charge-conserving Markovian

dynamics, p(st |st−1) = ∏
x∈R(t ) p(sx:x+1,t |sx:x+1,t−1), where

R(t ) are even/odd sites for even/odd t , and the transition are
given by

p(sx:x+1,t |sx:x+1,t−1) = 〈sx:x+1,t |ux:x+1|sx:x+1,t−1〉, (A1)

where

ux:x+1 :=
(

1 − σ z
x σ z

x+1

2

)(
1

2

(
σ+

x σ−
x+1 + σ−

x σ+
x+1

) + 1

2

)

+ 1 + σ z
x σ z

x+1

2
. (A2)

Let us denote the entire trajectory as S := s1:t . Then, we
have p(S) = p(st |st−1)· · ·p(s2|s1)p(s1).

Given the dynamics, we generate images over all times
Y := y1:t , where each image consisting of pixels yt :=
(y1,t , . . . , yL,t ) from Ising configurations is given by p(Y |S) =∏

x,t p(yx,t |sx,t ), where

p(yx,t |sx,t ) = 1√
2πσ 2

exp

(−(yx,t − εsx,t )2

2σ 2

)
= 〈sx,t |Px(yx,t )|sx,t 〉, (A3)

where Px(yx,t ) := 1√
2πσ 2

exp( −(yx,t −εσ z
x )2

2σ 2 ).
Let the parameters of the evolution process and imaging

process be unknown, and denote them via (π∗, ε∗, σ∗). As-
suming some other set of parameters (π, ε, σ ), the posterior
distribution over S given the images Y is given by

p(S|Y ) = p(Y |S)p(S)

p(Y )
, (A4)

where p(Y ) = ∑
S p(Y |S)p(S) is given by the assumed

parameters. The distribution of Y and true states S∗
is given by p∗(Y, S) = p∗(Y |S∗)p∗(S∗) and p∗(Y ) =∑

S∗ p∗(Y |S∗)p∗(S∗), where the star denotes that the true
parameters are used.

We have

p(Y, S) = p(Y |S)p(S)

=
(

t∏
t=2

(st |P(yt )ut |st−1)

)
〈s1|P(y1)|π〉, (A5)

where P(yt ) = ⊗
x Px(yx,t ) and ut = ⊗

x∈R(t ) ux:x+1, and
|π) = ⊗

x |π〉x and |π〉x = π |1〉x + (1 − π )|−1〉x.
Although we will sometimes keep track of normalization,

we will show now that the normalization factor should not
matter in the replica calculation. For normalized probabilities,
we have

1 =
∑

S1:n,S∗

∫
dY p(S1:n,Y, S∗)

=
∑

S1:n,S∗

∫
dY

p(S1,Y )· · ·p(Sn,Y )

p(Y )n
p∗(S∗,Y ). (A6)

Let’s consider unnormalized distributions q(S,Y ) := c ·
p(S,Y ) and q∗(S∗,Y ) := c∗ · p∗(S∗,Y ), and define

Z =
∑

S1:n,S∗

∫
dY

q(S1,Y )· · ·q(Sn,Y )

q(Y )n
q∗(S∗,Y ) = c∗. (A7)

Then, any mixed moment observable can be written as

O = 1

Z
∑

S1:n,S∗

∫
dY O(S1:n, S∗)

q(S1,Y )· · ·q(Sn,Y )

q(Y )n
q∗(S∗,Y )

= lim
Q→1

1

ZQ

∑
S1:Q

O(S1:Q)

×
∫

dY q(S1,Y )· · ·q(SQ−1,Y )q∗(SQ,Y ), (A8)

where Q = nk + 1, with the Qth replica index
being the teacher index. Throughout we will use
Q ↔ Q interchangably, and ZQ = ∑

S1:Q

∫
dY q(S1,

Y )· · ·q(SQ−1,Y )q∗(SQ,Y ).
For example, student’s variance or the “precision” on come

observable Ct can be written as

δC2 = E
Y ∼p∗(Y )

[
V

S∼p(·|Y )
[C(st )]

]

=
∫

dY p∗(Y )
∑

S,S′,S∗
(CtCt − CtC

′
t )

p(S,Y )p(S′,Y )

p(Y )2

(A9)

= lim
Q→1

1

ZQ

∑
S1:Q

(
C1

t C1
t − C1

t C2
t

)

×
∫

dY q(S1,Y )· · ·q(SQ−1,Y )q∗(SQ,Y ). (A10)

The mean squared error or the “accuracy,” averaged over
the joint distribution can also be written in above replica form
as

MSEB = E
S,Y,S∗∼p(S,Y,S∗ )

[(Ct − C∗
t )2]

=
∑

S

∫
dY

∑
S∗

p(S,Y, S∗)(C(st ) − C(s∗
t ))2 (A11)

= lim
Q→1

1

ZQ

∑
S1:Q

(
C1

t C1
t − 2C1

t CQ
t + CQCQ

)

×
∫

dY q(S1,Y )· · ·q(SQ−1,Y )q∗(S∗,Y ). (A12)
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2. Continuum limit in time

We can write (unnormalized) expectation values of observables as∑
S

Ct · p(S,Y ) = 〈+̃|Ct T1:t (Y )|π〉 (A13)

and the “evidence” as

p(Y ) = 〈+̃|T1:t (Y )|π〉, (A14)

where T1:t (Y ) := Tt (yt )· · ·T1(y1),

Tt (yt ) =
{

P(yt )ut , t > 1,

P(yt ), t = 1,
(A15)

|+̃〉 := ⊗
x |+̃〉x, |+̃〉x = | − 1〉x + |1〉x.

To go to the continuum limit, we slightly modify the six-vertex transition kernel to the following:

ux:x+1 →
(

1 − σ z
x σ z

x+1

2

)
(4Jb(σ+

x σ−
x+1 + σ−

x σ+
x+1) + (1 − 4Jb)) + 1 + σ z

x σ z
x+1

2
, (A16)

≈ exp(2J[�σx · �σx+1 − 2]b), (A17)

where b is the temporal lattice spacing. The above corresponds to setting a rate to the exchange. We can perform integration over
each measurement yx,t . We consider

P =
∫

dyP1(y)··PQ(y), (A18)

=
∫

dy
1

(2πσ 2)(Q−1)/2

1

(2πσ 2∗ )1/2
exp

{
−
∑

a

1

2σ 2
a

(y − εaẐa)2

}
, (A19)

=
∫

dy
1

(2πσ 2)(Q−1)/2

1

(2πσ 2∗ )1/2
exp

{
−
∑

a

∑
c σ−2

c

2
y +

∑
a

εa

σ 2
a

Ẑa − 1

2

∑
a

ε2
a

σ 2
a

(Ẑa)2

}
, (A20)

=
∫

dy
1

(2πσ 2)(Q−1)/2

(
σ−2

∗∑
c σ−2

c

)1/2

exp

⎧⎨
⎩ 1

2
∑

c σ−2
c

(∑
a

εa

σ 2
a

Ẑa

)2

− 1

2

∑
a

ε2
a

σ 2
a

(Ẑa)2

⎫⎬
⎭. (A21)

Recall that we were allowed to replace the students’ distributions with unnormalized ones. Since

exp{−(y − εẐ )2/2σ 2} = exp{−y2/2σ 2 + yεẐ/σ 2 − ε2/2σ 2}, (A22)

and only exp{yεẐ/σ 2} depends on the state Ẑ , we could have ignored all factors independent of Ẑ and just kept exp{yεẐ/σ 2}, for
example. In fact, we could have had any factor of form exp{−αy2/2 + yεẐ/σ 2 − β/2} for each student replica. On the teacher
replica, we can have add any constant terms, so exp{−y2/2σ 2

∗ + yε∗ẐQ/σ∗ − γ /2}.
In general, we are free to substitute

P →
∫

dy

(
σ−2

∗
(Q − 1)α + σ−2∗

)1/2

exp

⎧⎨
⎩ 1

2([Q − 1]α + σ−2∗ )

(∑
a

εa

σ 2
a

Ẑa

)2

− 1

2

⎛
⎝Q−1∑

a=1

β(Ẑa)2 + γ (ẐQ)2

⎞
⎠
⎫⎬
⎭, (A23)

=
∫

dy

(
σ−2

∗
(Q − 1)α + σ−2∗

)1/2

exp

{
−1

2

∑
ab

MabẐaẐb

}
, (A24)

where

M =

⎛
⎜⎜⎜⎜⎜⎝

β 0 0 0

0 . . . 0 0

0 0 β 0

0 0 0 γ

⎞
⎟⎟⎟⎟⎟⎠ − 1

σ−2∗ + (Q − 1)α

⎛
⎜⎜⎜⎝

ε/σ 2

...

ε/σ 2

ε∗/σ 2
∗

⎞
⎟⎟⎟⎠(ε/σ 2 . . . ε/σ 2 ε∗/σ 2

∗ ). (A25)

The natural choice of α = σ−2 and β = ε2/σ 2, γ = ε2
∗/σ

2
∗ retrieves the result above. The choice of β = ε2

∗/σ
2
∗ and α =

σ 2
∗ ε2/σ 4ε2

∗ , γ = ε2
∗/σ

2
∗ turns M proportional to a projector.
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However, we will choose the “natural” choice of α = σ−2 and β = ε2/σ 2, γ = ε2
∗/σ

2
∗ as Eq. (A18). Above we used that

ẐẐ = 1 in order to argue that we can add any constant terms. However, below we will use the spin-coherent path integral
formalism, which is valid for large spin, where ŜzŜz �∝ 1. Considering the model for general spin then interpolating to spin 1/2
corresponds to fixing β and γ as above. Second, if we are studying the model near the Bayes optimal line, we must respect the
symmetry between the student and teacher replica at the Bayes optimal point. Choosing a different α corresponds to breaking
symmetry and altering original measurement operator on the student replicas, which also introduces additional ẐẐ terms.

We renormalize Mab → bMab, where b is the temporal lattice spacing. This can be also seen as renormalizing the noise and
signal σ 2 → bσ 2 and ε → bε.

For small time steps, all operators commute so we can combine the even and odd gates into gates over all sites Ũt with half
strength as

PU ⊗Q
t PU ⊗Q

t−1 ∝ exp

⎧⎨
⎩−b

⎡
⎣−

∑
A=X,Y,Z

∑
x,a

2JÂa
x · Âa

x+1 +
∑
xab

MabẐa
x Ẑb

x

⎤
⎦
⎫⎬
⎭, (A26)

≈
∏

t ′=t,t−1

exp

⎧⎨
⎩−b

⎡
⎣−J

∑
A=X,Y,Z

∑
x,a

Âa
xÂa

x+1 + 1

2

∑
xab

MabẐa
x Ẑb

x

⎤
⎦
⎫⎬
⎭, (A27)

≈ PŨt PŨt−1. (A28)

We define continuous time t̃ = bt . We send tf → ∞ and b → 0 while keeping t̃f = tf/b constant. Doing so then removing the
tildes,

∫
dY

Q⊗
a=1

T (a)
1:tf

∝ exp

(
−
∫ tf

0
dtHQ

)
, (A29)

where

HQ = −J
∑

A=X,Y,Z

∑
ar

Âa
x Âa

x+1 + 1

2

∑
abr

Ẑa
x MabẐb

x . (A30)

As we are interested in boundary observables at tf , we will shift time, such that starting time is at −tf and end time at 0. Therefore,
the partition function can be written as

ZQ = 〈#| exp

(
−
∫ 0

−tf
dtHQ

)
|�〉, (A31)

and variance of an observable can be written as

δC2 = lim
Q→1

1

ZQ
〈#|(C1

0C1
0 − C1

0C2
0

)
exp

(
−
∫ 0

−tf

dtHQ

)
|�〉, (A32)

where superscript above C denotes the replica index, |#〉 := |+〉⊗Q, and |�〉 := |π〉⊗Q. Similarly, the mean-squared error can be
written as

MSE = lim
Q→1

1

ZQ
〈#|(C1

0C1
0 − 2C1

0C∗
0 + C∗

0C∗
0

)
exp

(
−
∫ 0

−tf

dtHQ

)
|�〉. (A33)

3. Coherent state path integral

Doing the coherent state path integral involves replacing (X̂ , Ŷ , Ẑ ) → (sin θ cos φ, sin θ cos φ, cos θ ) in the Hamiltonian
and adding the “kinetic” term i

2a

∑
a θa∂tφ

a. For simplicity, we will look at half filling [cos(θ0) = 0, sin(θ0) = 1]. We define
continuous space x̃ := ax, expand θ = θ0 + δθ around θ0 = π/2 and keeping the lowest order terms, then removing the tildes,
we have

L = i

2a

Q∑
a=1

δθa∂tφ
a + Ja

2

Q∑
a=1

((∂xδθ
a)2 + (∂xφ

a)2) + 1

2a

Q∑
a,b=1

δθaMabδθ
b. (A34)

Then, we have the identification that Ẑ ≈ cos θ ≈ −δθ . To keep track of the operators, we will add a source term∑
a ha(x, t )δθa(x, t ) to the Lagrangian density and send ha → 0. We will not keep track of terms quadratic in h.
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4. Diagonalizing M

We can diagonalize M as follows. For notational convenience, let’s denote K := Q − 1. We can write M as

M =
⎛
⎝ ε2

σ 2 1K �0K

�0T
K

ε2
∗

σ 2∗

⎞
⎠− 1

2(Kσ−2 + σ−2∗ )

⎛
⎝ ε2

σ 4
�1K �1T

K
εε∗

σ 2σ 2∗
�1K

εε∗
σ 2σ 2∗

�1T
K

ε2
∗

σ 4∗

⎞
⎠. (A35)

On an ansatz of form (v w)T , one can see that the solution only depends on �1T
Kv and w. In the case �1T

Kv = 0, ex. nonzero wave
vector Fourier modes on the K student modes v̂1, . . . ,v̂Q−2, one finds that the eigenvalue is ε2/σ 2. In the other case, we have a
2 × 2 eigenvalue of the following form:⎛

⎜⎝
ε2

σ 2 − Kε2

σ 4( K
σ2 + 1

σ2∗
)

− Kεε∗
(σ 2σ 2∗ )( K

σ2 + 1
σ2∗

)

− εε∗
(σ 2σ 2∗ )( K

σ2 + 1
σ2∗

)
ε2
∗

σ 2∗
− ε2

∗
σ 4∗ ( K

σ2 + 1
σ2∗

)

⎞
⎟⎠(�1T

Kv

w

)
= λ

(�1T
Kv

w

)
, (A36)

where eigenvalues and eigenvectors are given by

λ0 = 0, vT
0 = 1√

Kε−2 + ε−2∗
(ε−1 · · · ε−1 ε−1

∗ )T , (A37)

λQ−1 = Kε2
∗ + ε2

Kσ 2∗ + σ 2
, vT

Q−1 = 1√
K[ε2 + Kε2∗]

(ε , . . ., ε,−Kε∗)T , (A38)

So, we have V T MV = �, where V = [v̂0 v̂1 · · · v̂Q−2 v̂Q−1] such that V̂aα = v̂α (a) and

� = ε2

σ 2
diag

[
0 1· · · 1

1 + (ε∗/ε)2K

1 + (σ∗/σ )2K

]T

.

Let δθα = ∑Q
a=1[V̂ †]αaδθ

a = v̂∗
α (a)δθa. We similarly define the transformed fields for φ. As V̂ is unitary, the

already-diagonal terms stay diagonal. Then, the Lagrangian density is (in diagonal basis)

L = i

2a

Q−1∑
α=0

δθα∂tφα + Ja
2

Q−1∑
α=0

[(∂xδθα )2 + (∂xφα )2] + ε2

2aσ 2

⎛
⎝Q−2∑

α=1

δθ2
α + 1 + (ε∗/ε)2K

1 + (σ∗/σ )2K
δθ2

Q−1

⎞
⎠ (A39)

+
Q−1∑
α=0

hαδθα. (A40)

We use lower indices for the α basis and upper indices for a basis throughout. Note that as long as we don’t attempt to integrate
over φ, we can write any linear combination of them such as above, as long as we transform back to the original basis when we
consider its compactness.

5. Integrating out massive modes of θα

As we are treating δθα’s to be Gaussian fluctuations we can integrate over them as long as they are massive. Integrating over
the α = 1, . . . , Q − 1 modes, we get

L = i

2a
δθ0(∂tφ0) + σ 2

8aε2

⎛
⎝Q−2∑

α=1

(∂tφα )2 + 1 + (σ∗/σ )2K

1 + (ε∗/ε)2K
(∂tφQ−1)2

⎞
⎠ + Ja

2

⎡
⎣(∂xδθ0)2 +

Q−1∑
α=0

(∂xφα )2

⎤
⎦ (A41)

+ h0δθ0 − iaσ 2

2ε2

⎡
⎣Q−2∑

α=1

hα (∂tφα ) + 1 + (σ∗/σ )2K

1 + (ε∗/ε)2K
hQ−1(∂tφQ−1)

⎤
⎦. (A42)

We now rescale space and time to make the action as isotropic as possible. We transform ∂t → √
v∂t and ∂x → (1/

√
v)∂x with

v = 2a(ε/σ )
√

J . Defining ρs = √
J/2(ε/σ ), we have

L = i
√

v

2a
δθ0(∂tφ0) + ρs

2
(∂xφ0)2 + ρs

2
(∂xδθ0)2 + ρs

2

∑
μ=t,x

Q−2∑
α=1

(∂μφα )2 + ρs

2

1 + (σ∗/σ )2K

1 + (ε∗/ε)2K
(∂tφQ−1)2 + ρs

2
(∂xφQ−1)2 (A43)

+ h0δθ0 − iaσ 2√v

2ε2

⎡
⎣Q−2∑

α=1

hα (∂tφα ) + 1 + (σ∗/σ )2K

1 + (ε∗/ε)2K
hQ−1(∂tφQ−1)

⎤
⎦. (A44)
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6. Duality transformation

In preparation to the duality transformation, we will define jt0 := (
√

v/2a)θ0. Defining D2 := v/4a2, we have

L = i jt0(∂tφ0) + ρs

2D2

(
∂x jt0

)2 + ρs

2
(∂xφ0)2 + ρs

2

∑
μ=t,x

Q−1∑
α=1

(∂μφα )2 + ρs

2

1 + (σ∗/σ )2K

1 + (ε∗/ε)2K
(∂tφQ−1)2 + ρs

2
(∂xφQ−1)2 (A45)

+ 2a√
v

h0jt0 − iaσ 2√v

2ε2

⎡
⎣Q−2∑

α=1

hα (∂tφα ) + 1 + (σ∗/σ )2K

1 + (ε∗/ε)2K
hQ−1(∂tφQ−1)

⎤
⎦. (A46)

To disentangle the (∂μφα )2 terms for α = 1, . . ., Q − 1, we will introduce the Hubbard-Stratonovich currents jμα . To disentangle
the (∂xφ0)2 term, we introduce jx0. Then, we get

L = i
∑
μ=t,x

Q−1∑
α=0

jμα (∂μφα ) + 1

2ρs

∑
μ=t,x

Q−2∑
α=1

(
jμα
)2 + 1

2ρs

(
jxQ−1

)2 + 1

2ρs

1 + (ε∗/ε)2K

1 + (σ∗/σ )2K

(
jtQ−1

)2 + 1

2ρs

(
jx0
)2 + D2

2ρs

(
∂x jt0

)2
(A47)

+ 2a√
v

h0jt0 − iaσ 2√v

2ε2

⎡
⎣Q−2∑

α=1

hα (∂tφα ) + 1 + (σ∗/σ )2K

1 + (ε∗/ε)2K
hQ−1(∂tφQ−1)

⎤
⎦. (A48)

Now, we can separate φa = φa
s + φa

v for smooth and vortex parts, respectively, and therefore φα = φs
α + φv

α , being careful
that the vortex part is defined in the original a basis. Integrating by parts to move the derivative to jaμ, then integrating over φa

s ,
we impose divergence-free condition on the current,

∑
μ ∂μjaμ = 0∀a without the source term.

With the source term, we can use the ansatz

jtα = 1

2π
∂xχα +

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, α = 0
aσ 2√v

2ε2 hα, α = 1, . . ., Q − 2

1+(σ∗/σ )2K
1+(ε∗/ε)2K

aσ 2√v

2ε2 hQ−1, α = Q − 1,

(A49)

and jxα = (−1/2π )∂tχα . Substituting, we find

L = −i
∑
μ=t,x

Q∑
a=1

χa (−1)μ

2π

(
∂μ̄∂μφa

v

)
(A50)

+ 1

8π2ρs

⎡
⎣(∂tχ0)2 + D2

(
∂2

x χ0
)2 +

∑
μ=t,x

Q−2∑
α=1

(∂μχα )2 + 1 + (ε∗/ε)2K

1 + (σ∗/σ )2K
(∂xχQ−1)2 + (∂tχQ−1)2

⎤
⎦ (A51)

+ a
π

√
v

⎡
⎣h0(∂xχ0) +

Q−2∑
α=1

hα (∂xχα ) +
(

1 + (ε∗/ε)2K

1 + (σ∗/σ )2K

)2

hQ−1χQ−1

⎤
⎦. (A52)

Noticing that
∑

μ
(−1)μ

2π
(∂μ∂μ̄φa

v ) = ρa
v is the vortex density for the ath replica, and partially transforming back to the original

replica basis a,

L = −i
Q∑

a=1

χaρa
v + 1

8π2ρs

∑
μ=t,x

Q∑
a,b=1

(∂μχa)�ab(∂μχb)

+ 1

8π2ρs

[
(∂tχ0)2 + D2(∂2

x χ0
)2] + 1

8π2ρs

[
(∂tχQ−1)2 + 1 + (ε∗/ε)2K

1 + (σ∗/σ )2K
(∂xχQ−1)2

]
,

(A53)

where χa are noncompact variables, ρs ∼ √
J/(ε/σ ), ρ0 ∼ ε2, � = 1Q − v̂0v̂

T
0 − v̂Q−1v̂

T
Q−1, and

v̂0 = 1√
Kε−2 + ε−2∗

⎡
⎢⎢⎢⎣

ε−1

...

ε−1

ε−1
∗

⎤
⎥⎥⎥⎦ ⇒ χ0 = 1√

Kε−2 + ε−2∗

Q∑
a=1

ε−1
a χa, (A54)
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v̂Q−1 = 1√
K[ε2 + Kε2∗]

⎡
⎢⎢⎣

ε
...

ε

−Kε∗

⎤
⎥⎥⎦ ⇒ χQ−1 = 1√

K[ε2 + Kε2∗]

⎛
⎝ε

Q−1∑
a=1

χa − ε∗KχQ

⎞
⎠. (A55)

7. Renormalization group analysis

We have the partition function

ZQ =
∫

D[χa]Q
a=1D[ρa]Q

a=1 exp

{
−
∫

t,x
L
}
, (A56)

where D[ρa] = ∑∞
Na=0

∑Na
ia=1

∏
ia

(
∑∞

ma=−∞
∫

xia
) for each replica index a and ρa

v = ∑
ia

miaδ(r − ria ).
We can see that the action is invariant under:
(1) ϑa → ϑa + 2π∀a,
(2) Replica permutation, a ↔ b∀a, b �= Q, i.e., for student replicas only.
(3) Symmetric under χa → −χa.
We will try the “Landau approach” to determining relevant terms. We will try adding terms to the Lagrangian L = LG + V

that respects the symmetry of the problem. The minimal such terms are as follows:

V = −λ0SQ−1 cos

(∑
a

naχa

)
= −λ0

1

(Q − 1)!

∑
τ∈SQ−1

cos

(∑
a

nτ (a)χa

)
, (A57)

with the understanding that τ (Q) = Q, and {na}Q
a=1 are integers.

Then, we will apply renormalization and see if which terms are relevant under renormalization group.
We will go through the following recipe.
(1) Integrate out the fast moving + modes of wave vector k ∈ (�/ζ ,�), where � is the UV cutoff. Since SG = S+

G + S−
G ,

Z =
∫

D[χ−]e− ∫
tx L

−
G

[∫
D[χ+]e− ∫

tx (L+
G+V )

]
=
∫

D[χ−]e− ∫
tx L

−
G
〈
e− ∫

tx V
〉
G+ =:

∫
D[χ−]e− ∫

tx (L−
G+�L− ), (A58)

where we equated the expectation value as additional terms in the Lagrangian.
(2) Rescale (t, x), such that (t ′, x′) = 1

ζ
(t, x).

(3) If need be, rescale χ to keep the quadratic term equal.
The interaction term integrated over the fast modes is〈

exp

{
−λSQ−1

∫
tx

cos

(∑
a

naϑa(r)

)}〉
G+

≈ 1 + λ

2
SQ−1

∫
tx

∑
σ=±1

eiσ
∑

a naϑa
−
〈
eiσ

∑
a naϑa

+
〉
G+. (A59)

Noting that ϑa
+ = ∑

α Uaαϑ+
α and using that 〈eibϑα (r)〉 = e− b2

2 〈ϑα (r)ϑα (r)〉,

〈
eiσ

∑
a naϑa

+
〉
G+ =

∏
α

〈
eiσ

∑
a naUaαϑ+

α

〉
G+ =

∏
α

˝
exp

⎧⎨
⎩−1

2

(∑
a

naUaα

)2〈
ϑa

α (r)ϑa
+(r)

〉⎫⎬⎭
˛

G+

. (A60)

We have

〈ϑ+
α (r)ϑ+

α 〉G+ =
∫ �

�/ζ

d2kGα (k) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

4π2ρs

√
4D f̄ ζ , α = 0,

2πρs ln ζ , α = 1, . . . , Q − 2,√
1+K (σ∗/σ )2

1+K (ε∗/ε)2 2πρs ln ζ , α = Q − 1.

(A61)

Therefore

〈
eiσ

∑
a naϑa

+
〉
G+ = exp

⎧⎨
⎩−1

2

(∑
a

naVa0

)2

4π2ρs

√
4D f ζ

⎫⎬
⎭ exp

⎧⎨
⎩−1

2

Q−2∑
α=1

(∑
a

naVaα

)2

2πρs ln ζ

⎫⎬
⎭

× exp

⎧⎨
⎩−1

2

(∑
a

naVa,Q−1

)2√
1 + K (σ∗/σ )2

1 + K (ε∗/ε)2
2πρs ln ζ

⎫⎬
⎭ (A62)
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= exp

⎧⎨
⎩− 1

2[Kε−2 + ε−2∗ ]

(∑
a

na(εa)−1

)2

4π2ρs

√
4D f ζ

⎫⎬
⎭ exp

{
−1

2

∑
ab

nanb�ab2πρs ln ζ

}
(A63)

× exp

⎧⎪⎨
⎪⎩− 1

2K[1 + K (ε∗/ε)2]

⎛
⎝Q−1∑

a=1

na − K (ε∗/ε)nQ

⎞
⎠2√

1 + K (σ∗/σ )2

1 + K (ε∗/ε)2
2πρs ln ζ

⎫⎪⎬
⎪⎭. (A64)

Since the expectation value does not depend on σ , we see that〈
exp

{
−
∫

r
V
}〉

G+

≈ 1 + λ
〈
ei

∑
a naϑa

+
〉
G+

2
SQ−1

∫
r

∑
a

∑
σ=±1

eiσϑa
− (A65)

≈ exp

{
λ
〈
ei

∑
a naϑa

+
〉
G+SQ−1

∫
r

cos

(∑
a

naϑa
−

)}
. (A66)

Rescaling space-time, we get a factor of ζ 2 and so the coupling constant flows as

λ → λζ 2
〈
ei

∑
a naϑa

+
〉
G+. (A67)

Looking at Eq. (A62), we see that in order to prevent the operator from being exponentially irrelevant, we have a hard constraint
that we require

∑
a naε−1

a = 0. Away from commensurate points, this forces the teacher vorticity to be zero, nQ = 0. Then, the
minimal relevant configuration is the inter-replica vortex configuration (1,−1, 0, . . ., 0, 0), such that〈

eiσ
∑

a naϑa
+
〉
G+ = exp {−2πρs(ln ζ )}. (A68)

Let us consider the best case scenario for commensurate points. For rε > 1, we can consider ε∗ = 2ε. In this case, we can
consider the configuration (1, 0, . . ., 0,−2). Here, we have

〈
eiσ

∑
a naϑa

+
〉
G+ = exp

{
−1

2
2πρs(ln ζ )(−2)(�1,Q + �Q,1)

}
(A69)

× exp

⎧⎨
⎩− 1

2K[1 + K (ε∗/ε)2]
(1 + 2K (ε∗/ε))2

√
1 + K (σ∗/σ )2

1 + K (ε∗/ε)2
2πρs ln ζ

⎫⎬
⎭. (A70)

For rε < 1, we can consider ε∗ = 1
2ε. In this case, we can consider the configuration (2, 0, . . ., 0,−1). Then, we have

〈
eiσ

∑
a naϑa

+
〉
G+ = exp

{
−1

2
2πρs(ln ζ )(−2)(�1,Q + �Q,1)

}
(A71)

× exp

⎧⎨
⎩− 1

2K[1 + K (ε∗/ε)2]
(2 − K (ε∗/ε))2

√
1 + K (σ∗/σ )2

1 + K (ε∗/ε)2
2πρs ln ζ

⎫⎬
⎭. (A72)

Therefore even at the commensurate points, the minimal relevant configuration is the inter-replica vortex configuration
(1,−1, 0, . . ., 0, 0).

8. Observables in the charge-fuzzy phase

In the charge-fuzzy phase, where the vortex terms are irrelevant, we can calculate the expectation values using the Gaussian
theory.

As we are interested in the quantities at the end time 0 (with starting time −tf ), we need consider the end boundary conditions.
This is given by θa(x, 0) = π/2∀a, x, which corresponds to δθa(x, 0) = 0, ∂xφ

a(x, 0) = 0 and ∂tχ
a(x, 0) = 0. Using the method

of images and solving for the Green’s functions, one finds an overall factor of 2 compared to bulk Green’s function. The (Q − 1)th
mode has the same boundary Green’s function due to the log multiply rule, so

〈χα (x, 0)χα (x′, 0)〉G =
{

−2 × 2π2ρs|x − x′| + · · ·, α = 0,

−2 × 2πρs ln |x − x′| + · · ·, α = 1, . . . ,Q − 1.
(A73)

Looking at the source term, we can deduce that Ẑα ≈ − a√
vπ

∂xχα . Recall that we rescaled space, with
√

vxiso. = x, and that the

relations above are for xiso.. In the nonisotropic coordinates, we have Ẑα ≈ − a
π
∂xχα . Using the diagonalization transformation
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Za = ∑
α VaαZα , we have 〈

Ẑa
x Ẑb

0

〉
G = −4πρs�ab

(
a
x

)2

, (A74)

where � = 1Q − v̂0v̂
T
0 is the projector out of the zero mode. Then, we have

E
Y,S∗

[〈sxs0〉c] = lim
Q→1

[〈
Ẑ1

x Ẑ1
0

〉
G − 〈

Ẑ1
x Ẑ2

0

〉
G

] = −4πρs

(
a
x

)2

, (A75)

E
Y,S∗

[〈sxs0〉] = lim
Q→1

[〈
Ẑ1

x Ẑ1
0

〉
G

] = 4πρs(r
2 − 1)

(
a
x

)2

, (A76)

E
Y,S∗

[〈sx〉s∗
0] = lim

Q→1

[〈
Ẑ1

x Ẑ∗
0

〉
G

] = 4πρsr

(
a
x

)2

. (A77)

APPENDIX B: PERTURBATIVE ANALYSIS OF THE PLANTED SSEP

We would like to calculate the various correlators at the limit of small ε while keeping rε := ε∗/ε in the order of 1. In tensor
network/dirac notation, posterior distribution can be written as

ps
(
stf

∣∣y1:tf

) =
〈
stf

∣∣M(
ytf

)
u· · ·M(y1)u|+′〉

〈+̃|M(
ytf

)
u· · ·M(y1)u|+′〉 , (B1)

where |+̃〉 := ⊗x|+̃〉x, |+̃〉x = | − 1〉x + |1〉x, |+′〉 := ⊗x|+′〉x, |+′〉x = 1
2 (| − 1〉x + |1〉x ), and the measurement operator will be

expanded as

M
(
ytf

) = ⊗x exp(εyx,t Zx ) ≈ 1 + εyx,t Zx + 1
2ε2y2

x,t + 1
6ε3y3

x,t Zx + O(ε4). (B2)

Similarly, the joint distribution of measurement and true/teacher trajectories can also be written as

p∗
(
y1:tf , s∗

tf

) = e−Ltf r2
ε ε2/2

〈
stf

∣∣M∗
tf

(
ytf

)
u· · ·M∗

1 (y1)u|+′〉π(y1:tf

)
, (B3)

where π (y1:tf ) denotes the Gaussian measure and M∗ denotes M but with teacher parameters ε → ε∗ = rεε.
We will use the fact that any state ∝ |+〉 is an invariant state under the SSEP, that is, u|+〉 = |+〉, and that the choice of

half-filling initial condition has vanishing disconnected correlators, 〈+|Zx|+〉 = 〈+|ZxZ0|+〉 = 〈+|Zx1 · · ·Zxn |+〉 = 0.
We have

M
(
ytf

)
u· · ·M(y1)u|+′〉 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 + ε
∑
x,t

yx,t Zx,t︸ ︷︷ ︸
:=(1)

+ε2

⎛
⎜⎜⎜⎜⎜⎝

1

2

∑
x,t

y2
x,t︸ ︷︷ ︸

:=(2)

+
∑

(x,t )�=(x′,t ′ )

yx,t yx′t ′Zx,t Zx′t ′

︸ ︷︷ ︸
:=(11)

⎞
⎟⎟⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

u· · ·u|+′〉, (B4)

where Zx,t denotes inserting the Zr operator in the middle of the string of u’s at time t , and we introduced the bracket notation,
where the each number n in the bracket denotes including the nth order term of M. Continuing the series, we get

M
(
ytf

)
u· · ·M(y1)u|+′〉 = (1 + ε(1) + ε2((2) + (11)) + ε3((3) + (21) + (111)) + ε4((4) + (31) + (22) + (211) + (1111))

+ ε5((5) + (41) + (32) + (311) + (22) + (211) + (11111)) + O(ε6))u· · ·u|+′〉. (B5)

1. Disconnected correlator

The disconnected correlator can be written as

E
[〈

sx,tf s0,tf

〉] = e−Ltf r2
ε ε2/2

[
AB

C

]
, (B6)

where squared bracket will denote average over Y under the Gaussian measure and

A = 〈+̃|ZxZ0M(ytf )utf · · ·M(y1)u1|+′〉, (B7)

B = 〈+̃|M∗(ytf

)
utf · · ·M∗(y1)u1|+′〉, (B8)

C = 〈+̃|M(
ytf

)
utf · · ·M(y1)u1|+′〉. (B9)
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Note that in the Dirac expectation, each Z would flip |+〉 → |−〉, and u would generate a superposition of |−〉 the diffuses.
Since at the end, we bra with a 〈+|, each Z must be able to be paired up with another Z from previous time steps. Expanding
each factor as A = A0 + εA1 + ε2A2 and similarly for B,C, This implies that Aodd = Bodd = Codd = 0. Due to the choice of the
initial condition and properties of the SSEP, we also have that A0 = 0, and B0 = C0 = 1. Also, since we put dependence on ε

and ε∗ outside the definition of An, Bn,Cn, we have that Bn = Cn. Denote (n· · ·m)A := 〈+̃|ZxZ0(n· · ·m)u· · ·u|+′〉 and similarly
for B,C. Then, any lone (nodd )A,B,C = 0 there are odd numbers of Z”s, (neven )A = ∑

x,t yneven
x,t 〈ZxZ0〉SSEP = 0 due to the choice of

the initial condition, and (neven )B,C = ∑
x,t yneven

x,t .
Therefore,[

AB

C

]
=
[

(ε2A2 + ε4A4 + · · ·)(1 + r2
ε ε

2B2 + r4
ε ε

4B4 + · · ·)
1 + ε2B2 + ε4B4 + · · ·

]

= [
(ε2A2 + ε4A4 + · · ·)(1 + r2

ε ε
2B2 + r4

ε ε
4B4 + · · ·)(1 − (ε2B2 + ε4B4 + · · ·) + (ε2B2 + ε4B4 + · · ·)2 + · · ·)]

(B10)

= [(ε2(11)A + ε4{(31) + (211) + (1111)}A + O(ε6)) (B11)

× (
1 + r2

ε ε
2{(2) + (11)}B + O(ε4)

)
(B12)

× (1 − ε2{(2) + (11)}B + O(ε4))]. (B13)

When averaging over each yx,t , [ynodd
x,t ] = 0, which means that each yx,t must pair up. Therefore,[

AB

C

]
= ε4

(
r2
ε − 1

)
[(11)A(11)B]. (B14)

The exponential factor cannot pair up with any term to create factors of order smaller or equal to ε4, so we have

E
[〈

sx,tf s0,tf

〉] = ε4
(
r2
ε − 1

)
[(11)A(11)B]. (B15)

Now

[(11)A(11)B] =
∑

(x,t )�=(x′,t ′ )

〈
Z0,tf Zl,tf Zx,t Zx′,t ′

〉
SSEP〈Zx,t Zx′,t ′ 〉SSEP (B16)

=
⎛
⎝ ∑

t ′ �=t,x,x′
+

∑
t ′=t,x′ �=x

⎞
⎠〈Z0,tf Zl,tf Zx,t Zx′,t ′

〉
SSEP〈Zx,t Zx′,t ′ 〉SSEP. (B17)

The second sum is zero again due to the half-filling initial condition. So,

[(11)A(11)B] = 2
∑

t<t ′,x,x′

〈
Z0,tf Zl,tf Zx,t Zx′,t ′

〉
SSEP〈Zx,t Zx′,t ′ 〉SSEP. (B18)

= 2
∑

t<t ′,x,x′
p(0, l ← r, r′ or 0, l ← r′, r; r, r′ do not meet)p(r′ ← r), (B19)

where r = (x, t ), 0 = (0, tf ), l = (l, tf ), and the probabilities refers to inserting a particle at r then at r′ and evolving them
according to the SSEP. This is a sum of probabilities, and therefore is greater than zero. In fact, all terms [(n· · ·n′)X · · ·(m· · ·m′)Y ]
are non-negative quantities similarly to above. Therefore,

E
[〈

sx,tf s0,tf

〉] = 2ε4
(
r2
ε − 1

) ∑
t<t ′,x,x′

p(0, l ← r, r′ or 0, l ← r′, r; r, r′ do not meet)p(r′ ← r) + O(ε6). (B20)

2. Connected correlator

To calculate the connected correlator, we look at the disconnected part,

E
[〈

s0,tf

〉〈
sl,tf

〉] = e−Ltf r2ε2/2

[
DD′C

B2

]
, (B21)

where

D = 〈+̃|ZlM
(
ytf

)
utf · · ·M(y1)u1|+′〉, (B22)

D′ = 〈+̃|Z0M
(
ytf

)
utf · · ·M(y1)u1|+′〉. (B23)
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In this case, for D = D0 + εD1 + ε2D2 + · · ·, only odd terms survive, since there odd numbers of Z’s must be inserted to have
even numbers in the Dirac expectation. So we have[

DD′C
B2

]
=
[

(εD1 + ε3D3 + · · ·)(εD′
1 + ε3D′

3 + · · ·)(1 + r2ε2B2 + r4ε4B4 + · · · )

(1 + ε2B2 + r4ε4B4 + · · · )(1 + ε2B2 + ε4B4 + · · · )

]
(B24)

= [ε2D1D′
1 + ε4r2D1D′

1B2 − 2ε4D1D′
1B2 + · · ·] (B25)

= ε2[(1)D(1)D′ ] + · · · (B26)

= ε2
∑
(x,t )

〈
Z0,tf Zx,t

〉
SSEP

〈
Zl,tf Zx,t

〉
SSEP + · · · (B27)

= ε2
∑

r

p(0 ← r)p(l ← r) + · · ·. (B28)

Again, any term from the expontial factor eLtf r2
ε ε2/2 only creates higher order terms, so

E
[〈

s0,tf

〉〈
sl,tf

〉] = ε2
∑

r

p(0 ← r)p(l ← r). (B29)

Since the disconnected correlator is zero for order ε2, we have

E
[〈

s0,tf sl,tf

〉
c

] = −ε2
∑

r

p(0 ← r)p(l ← r) + O(ε6). (B30)

3. Teacher-student alignment

We have

E
[〈

sl,tf

〉
s∗

0,tf

] = e−Ltf r2ε2/2

[
DE

B

]
, (B31)

where

E = 〈+̃|Z∗
0 M∗(ytf

)
utf · · ·M∗(y1)u1|+′〉. (B32)

Again only Enodd survive. We also have that En = D′
n as we put dependence on rε, ε outside, so[

DE

B

]
=
[

(εD1 + ε3D3 + · · ·)(rεεD′
1 + r3

ε ε
3D′

3 + · · ·)
1 + ε2B2 + r4ε4B4 + · · ·

]
, (B33)

= [ε2D1D′
1 + · · ·] = rεε

2[(1)D(1)D′ ] + · · · (B34)

= rεε
2
∑
(x,t )

〈
Z0,tf Zx,t

〉
SSEP

〈
Zl,tf Zx,t

〉
SSEP + · · ·

= rεε
2
∑

r

p(0 ← r)p(l ← r) + · · ·, (B35)

so we have

E
[〈

sl,tf

〉
s∗

0,tf

] = rεε
2
∑

r

p(0 ← r)p(l ← r) + O(ε4). (B36)

APPENDIX C: SADDLE POINT ANALYSIS OF THE STATIC CHARGE INFERENCE PROBLEM

We consider a simple model of inference, where the charges are static. In this case, the posterior is given by

ps
(
s|y1:tf

) = exp
{
ε
∑

x,t yx,t sx
}

Z
(
y1:tf

) , (C1)

where

Z
(
y1:tf

) =
∑

stf

exp

⎧⎨
⎩ε

∑
x,t

yx,t sr

⎫⎬
⎭. (C2)
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As the partition function is separable we can sum over each site separately. Hence, we have

〈sx〉 = tanh

(
ε
∑

t

yx,t

)
, 〈sxsx′ 〉 = tanh

(
ε
∑

t

yx,t

)
tanh

(
ε
∑

t

yx′,t

)
for x �= x′. (C3)

Therefore, we have that 〈sxsx′ 〉c = 0. Using translation invarinace, the charge variance is given by

δC2 = E

⎡
⎣∑

x,y

〈sxsy〉c

⎤
⎦ = E

⎡
⎣L(1 − 〈s0〉2) + 2L

L/2∑
d=1

〈s0sd〉c

⎤
⎦ = E[L(1 − 〈s0〉2)] = L × E

[
sech2

(
ε
∑

t

y0,t

)]
. (C4)

The teacher’s distribution is given by

p∗
(
s∗, y1:tf

) = 1

2L

∏
x,t

(
exp

{− 1
2 (yx,t − ε∗s∗

x )2
}

√
2π

)
. (C5)

To calculate the expectation value, first note that we can integrate over all yx �=0,t . Then, we shift y0,t → y0,t + ε∗s∗
0. We are

left with

δC2 = L

2

∑
s∗

0

∫ ∏
t

(
dy0,t

e−y2
0,t /2

√
2π

)
sech2

(
ε
∑

t

y0,t + ε∗tf s
∗
0

)
. (C6)

Next, we shift y0,t → s∗
0y0,t . Using the evenness of sech2, we get

δC2 = L
∫ ∏

t

(
dy0,t

e−y2
0,t /2

√
2π

)
sech2

(
ε
∑

t

y0,t + ε∗tf

)
. (C7)

We can treat
∑

t y0,t =: y as a single random variable with variance tf . Making this transformation then transforming y → tf y,
we get

δC2 = L

√
tf

2π

∫
dy exp [−tf f (y)], (C8)

where f (y) = y2

2 − 2
tf

ln sechtf (εy + ε∗). Then, the saddle point approximation is

δC2 = L
1√

f ′′(y0)
e−tf f (y0 )(1 + · · ·). (C9)

Now −(1/tf ) ln sech(tfx) → |x| as tf → ∞, which we will use to identify the saddle point y0 + sgn(εy0 + ε∗) = 0, though
we will keep the exact function for the curvature f ′′(y) = 1 + 2tfε2sech2(tf (yε + ε∗)).

At ε∗ = 0, the saddle point is at y0 = 0, giving f (y0 = 0) = 0 with curvature f ′′(0) = 1 + 2ε2tf .
For 0 < rε < 2ε, the saddle point is at y0 = −ε∗/ε so f (y0) = r2

ε /2 − (2/tf ) ln sechtf (0) = r2
ε /2 and f ′′(y0) = 1 + 2tfε2.

For rε > 2ε, y0 = −2ε and f ′′(y0) = 1 + 2tfε2sech2(tf (ε∗ − 2ε2)) → 1.
Therefore for large tf , we have (for ε > 0)

δC2 = L ×

⎧⎪⎪⎨
⎪⎪⎩

ε−1t−1/2
f , rε = 0,

ε−1t−1/2
f e−r2

ε tf /2, rε < 2ε,

e−2ε(rε−2ε)tf , rε > 2ε.

(C10)

APPENDIX D: INFERRABILITY ARGUMENT FOR MAPPING FROM PROJECTIVE TO WEAK MEASUREMENTS

In projective measurement case, when a measurement does occur, then we know the true spin with probability 1. When it
does not occur, then the probability of guessing the true spin is 1/2. Therefore, with rate π the probability of guessing the correct
spin is p(π ) = 1

2 × (1 − π ) + 1 × π .
For the weak measurement case, the probability of guessing the correct spin should be given by p(s = s′|s∗ = s′). Now

p(s = s′|s∗ = s′) =
∫

φ

p(s = s′|φ)p(φ|s∗ = s′) = p(s|s∗)

=
∫

φ

p(φ|s = s′)p(φ|s∗ = s′)
p(φ)

(D1)

=
∫

φ

eεφ

2 cosh εφ

e−(φ−ε)2/2

√
2π

=: p(ε). (D2)
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If we assume that only the probability of guessing the correct spin is important in the transition, then the measurement rate
and signal strength variables should relate as p(ε) = p(π ).

In Ref. [3], they approximate the critical rate to be around π#
BO ∈ [0.2, 0.3] for the U(1) quantum circuit. Using above

relations, this corresponds to p#
BO ∈ [0.60, 0.65], which corresponds to ε#

BO ∈ [0.49, 0.63].

APPENDIX E: EXACT RELATIONS BETWEEN “SHARPENING” AND “INFERENCE” MOMENT ORDER PARAMETERS

Let us use 〈·〉 to denote the average over the student’s posterior. The first natural quantity is the mean squared error of the
mean of the student’s inferred charge distribution,

MSEM = E
Y,X ∗

[(〈C〉 − C∗)2] = E
Y,X ∗

[〈C〉2 − 2〈C〉C∗ + (C∗)2]. (E1)

The second is the mean squared error on the joint distribution,

MSE = E
Y,X ∗

[〈(C − C∗)2〉] = E
Y,X ∗

[〈C2〉 − 2〈C〉C∗ + (C∗)2]. (E2)

The third is the charge variance of the student’s inferred charge distribution,

δC2 = E
Y,X ∗

[〈C2〉 − 〈C〉2]. (E3)

In the Bayes optimal case, distribution of X and X ∗ is identical in the joint distribution. Therefore, [〈C〉2] = [〈C〉C∗]. This means
that, at Bayes optimality,

MSEM(Bayes optimal) = 1
2 MSE(Bayes optimal) = δC2(Bayes optimal). (E4)

APPENDIX F: DERIVATION OF THE REPETITION CODE CASE

We denote e∗
l→ = −1 as a bit-flip error occurring at time t , and e∗

l↑ = −1 to denote if a syndrome measurement is corrupted
by a read-out error. Then, we have e∗

l→ = f ∗
l,t f ∗

l,t−1 and e∗
l↑ = sv,t s∗

v,t = sl↑s∗
l↑ , where s∗

v,t = f ∗
lL (v),t f ∗

lR (v),t is the “true” syndrome.
Then, we can decouple the prior as

p∗(F ∗) → p∗(E∗
→) ∝ exp

⎡
⎣β∗

∑
l→

e∗
l→

⎤
⎦.

The likelihood for each syndrome can also be written as

p∗
(
sv,t | f ∗

lL (v),t , f ∗
lR (v),t

) → p∗(sl↑ , e∗
l↑ |s∗

l↑ ) ∝ δ{sl↑ , e∗
l↑s∗

l↑} exp[β∗e∗
l↑ ] = p∗(sl↑ |e∗

l↑ , s∗
l↑ )p∗(e∗

l↑ ).

Denoting all occurrences of error as E∗ = E∗
→ � E∗

↑ , we then have

p∗(S|F ∗) → p∗(S|E∗
↑, S∗(E∗

→))p∗(E∗
↑ ) = p∗(S|E∗)p∗(E∗).

Let W be the true “worldlines„” which includes the “true” syndromes S∗ on the vertical links and the true bit-flips E∗
→ on the

horizontal links. Then, W = S∗ � E∗
→. For the whole set of syndromes, we have E∗

↑ = S � S∗. Then, we have that

S = E∗ � W.

Now, W does not have a boundary, if we assert that vertical links at final time has no boundary above. Then this means that S
and E∗ must share a boundary, Therefore, likelihood for syndrome trajectory given all errors is

p∗(S|E∗) = δ∂S,∂E∗ .

In this case, the boundary of S or E∗ now lives on vertices of the 2D space-time lattice.
Marginalizing over the syndromes, the conditional probability of inferring E given E∗ is

p(E |E∗) =
∑

S

ps(E |S)p∗(S|E∗) =
∑

S

δ∂S,∂E ps(E )δ∂S,∂E∗

ps(S)
=
∑

S

δ∂S,∂E ps(E )δ∂S,∂E∗∑
E ′ δ∂S,∂E ′ ps(E ′)

.

Since in the sum over E ′, only S such that ∂S = ∂E∗ survive, we can replace δ∂S,∂E ′ → δ∂E∗,∂E ′ . Then, this term does not depend
on S and can be pulled out of the sum. Therefore,

p(E |E∗) =
∑

S

δ∂S,∂E ps(E )δ∂S,∂E∗∑
E ′ δ∂E∗,∂E ′ ps(E ′)

= ps(E )∑
E ′ δ∂E∗,∂E ′ ps(E ′)

∑
S

δ∂S,∂Eδ∂S,∂E∗

= ps(E )∑
E ′ δ∂E∗,∂E ′ ps(E ′)

∑
S

δ∂E ,∂E∗δ∂S,∂E∗ = ps(E )δ∂E ,∂E∗ ×
∑

S δ∂S,∂E∗∑
E ′ δ∂E∗,∂E ′ ps(E ′)

.
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Then, one notes that the second factor is independent of E ; therefore,

p(E |E∗) ∝ ps(E )δ∂E ,∂E∗ .

Simiarly to the toric code case, to respect the delta function, we only consider E = E∗ � C, where C is a cycle up to the boundary.
Therefore, we can parametrize cl = σv1(l )σv2(l ) except at the final time where cl↑ = σvbelow(l→ ), and the vertex lives below l↑. We
could also set the boundary condition that the vertex that lives above has σvabove = 1. Therefore, we again have the 2D RBIM
partition function [Eq. (43)] with periodic boundary conditions in space, free open boundary at t = 1, and fixed boundary
condition σvabove = 1 at t = tf . To calculate expectation values, we do so with respect to the true/teacher’s prior distribution
p∗(E∗) ∝ exp[β∗

∑
l e∗

l ].
Using that fl,t = el,t · · ·el,1, f ∗

l,t = e∗
l,t · · ·e∗

l,1, and el,t = cl,t e∗
l,t = σvL (l ),tσvR (l ),t e∗

l,t , the correlation order parameter
becomes

E[ fl,t f ∗
l,t ] = E

[
t∏

τ=1

σvL (l ),τ σvr (l ),τ

]
. (F1)

APPENDIX G: PROOF OF CONCENTRATION OF MEASURE FOR HAAR UNITARIES

Consider a quantum circuit given by the evolved state ρt = U · · ·UM· · ·M· · ·ρ0, where each U is an instance Haar-random
distributed local unitary gate, acting on (say) sites i = (i1, i2, . . . , ik ), i.e., on k qubit-qudit pairs. It could have further block-
diagonal structure, and its average is given by Eu U = Ū . M(y) is a local measurement map

M(y) : ρ → Q(y)ρQ(y)

tr[Q(y)ρQ(y)]
, (G1)

where Q(y) are partial projectors acting on qubits on sites i′. We will suppress the argument y in what follows, unless required.
We will denote state evolved by averaged Haar-unitary elements as ρ̄t = Ū · · ·ŪM· · ·M· · ·ρ0.
We would like to show that the Bayes-optimal posterior distribution is concentrated around that given by the Haar-averaged

elements, i.e.,

E
U,Y

|p(s|Y ) − p̄(s|Y )| d→∞−→ 0, (G2)

where the posterior is given by p(s|Y ) = tr[Psρt ] and the posterior from averaged elements, and p̄(s|Y ) := tr[Psρ̄t ]. Y = {y}y is
the set of all measurements. Precisely, we will prove the following.

Theorem G1. Consider a quantum circuit composed of Haar-randomly distributed local unitaries and local measurements.
The unitaries acts on k qudit-qubit pairs, and there is a computational qubit basis such that it is block diagonal, u = u(1) ⊕
· · · ⊕ u(B). Each sector has dimensions ∝ dk . The local measurements M measure k′ qubits and are also diagonal in the same
computational qubit basis. Assume that there is an extensive number of such elements ∼V T , where V T is the space-time volume,
and that measurements are performed after each layer of unitaries. Then, there exists some constant r, such that

E
U,Y

|p(s|Y ) − p̄(s|Y )| � C
V TrV

1 rV T
2

dk/2
. (G3)

Corollary G1. For a circuit with Haar-random uU (1) gates in brickwork fashion with single-site monitoring, we have

E
U,Y

|p(s|Y ) − p̄(s|Y )| � LT φ

2d
rL/2

unitary

(
r1/2

unitaryrmeas
)LT

, (G4)

with φ = √
3, runitary = 10, and rmeas = 2(

√
2 + 1).

Proof of Theorem 1 and Corollary 1. Our strategy is as follows. We would like to bound

c := E
U,Y

|p(s|Y ) − p̄(s|Y )| = E
U,Y

|tr[Ps(ρ − ρ̄ )]|. (G5)

We define an inner product between operators as 〈〈A|B〉〉 := tr[A†B]. By Cauchy-Schwartz inequality, we have that |〈x, y〉| �
‖x‖‖y‖. Since we have 〈〈A|A〉〉 = tr[A†A] = ‖A‖2

F, the appropriate norm is the Frobenius norm. Therefore, we have

c � E
U,Y

[‖Ps‖F‖ρ − ρ̄‖F] = ‖Ps‖F E
U,Y

[‖ρ − ρ̄‖F]. (G6)

Looking at ‖Ps‖F, it will grow as dL. However, we also have that

p(s|Y ) = tr
[
PS

s tr\S[ρ]
]
, (G7)

where PS
s only acts on a reduced Hilbert space of qubits S and tr\S denotes the trace over all degrees of freedom other than

qubits. Denoting the space of qudits as G, we have \S = G. Following through the line of reasoning as before, we have

c = E
U,Y

∣∣tr[PS
s trG(ρ − ρ̄ )

]∣∣ = E
U,Y

∣∣∥∥PS
s

∥∥
F‖trG(ρ − ρ̄ )‖F

∣∣ = E
U,Y

‖trG(ρ − ρ̄ )‖F. (G8)
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Suppose that the last operation was an application of U , supported on SG(i), the Hilbert space of qubits and qudits on sites i.
Then,

c = E
U,Y

‖trG(ρt − ρ̄t )‖F = E
U,Y

‖trG(ρt − ρ̄t )‖F = E
U,Y

‖trG(Uρt−1 − Ū ρ̄t−1)‖F (G9)

= E
U,Y

[‖trGŪ (ρt−1 − ρ̄t−1) + trG(U − Ū )ρt−1‖F] � E
U,Y

[‖trGŪ (ρt−1 − ρ̄t−1)‖F] + E
U,Y

[‖trG(U − Ū )ρt−1‖F]. (G10)

In Lemmas 3 and 4, we will prove that the above is bounded by

c � runitary E
U,Y

[‖tr(G\S(i))∪G(i)(ρt−1 − ρ̄t−1)‖F] + φ

dk/2
= runitary E

U,Y
[‖trG(ρt−1 − ρ̄t−1)‖F] + φ

dk/2
, (G11)

for some constant runitary and φ. If the last operation was instead an application of M, with support on qubits on sites i, we would
have

c = E
U,Y

‖trG[M[ρt−1] − M[ρ̄t−1]]‖F. (G12)

We will also prove in Lemma 5 that

E
U,Y

‖trG[M[ρt−1] − M[ρ̄t−1]]‖F � r (1)
meas E

U,Y
‖trG\S(i)(ρt−1 − ρ̄t−1)‖F + r (2)

meas E
U,Y

‖tr\S(i)(ρt−1 − ρ̄t−1)‖F (G13)

= r (1)
meas E

U,Y
‖trG(ρt−1 − ρ̄t−1)‖F + r (2)

meas E
U,Y

‖trG∪S(\i)(ρt−1 − ρ̄t−1)‖F. (G14)

Then, we can recursively apply the same procedure as above for EU,Y [‖trK(ρτ − ρ̄τ )‖F] for subspaces of the form K. Lemmas 3
and 4 also prove that, for subspaces of the form K = G ∪ S(·), i.e., contains all qudits,

E
U,Y

[‖trK(ρτ − ρ̄τ )‖F] � runitary E
U,Y

[‖tr(K\S(i))∪G(i)(ρτ−1 − ρ̄τ−1)‖F] + φ

dk/2
, (G15)

if the previous operation was a unitary. On the other hand, Lemma 5 proves that

E
U,Y

[‖trK(ρτ − ρ̄τ )‖F] � r (1)
meas E

U,Y
‖trK\S(i)(ρτ−1 − ρ̄τ−1)‖F + r (2)

meas E
U,Y

‖trG∪S(\i)(ρτ−1 − ρ̄τ−1)‖F, (G16)

if the previous operation was a measurement. Note that starting with K = G, we only keep generating subspaces of form G ∪
S(·). We can continue these bounds recursively until τ = 0, where we have that ρ0 = ρ̄0, and therefore EU,Y [trK(ρ0 − ρ̄0)] = 0.

Then, if we assume that a layer of measurement follows each layer of unitaries, and that each layer of unitary contains αV
unitaries and each layer of measurement contains measurements, then we have

c � φ

dk/2

(
αV∑
x=1

(runitary)x

)(
T −1∑
t=0

((runitary)α (rmeas)γ )V t

)
� φ

dk/2
× αV × rL/2

unitary × T × ((runitary)α (rmeas)γ )V T . (G17)

For example, for single site measurements interleaved between Haar-random brickwork circuit,

c � φ

d

⎛
⎝ L/2∑

x=1

rx
unitary

⎞
⎠(T −1∑

t=0

(
r1/2

unitaryrmeas
)Lt

)
� φ

d
× L

2
× rL/2

unitary × T × (
r1/2

unitaryrmeas
)LT

, (G18)

with φ = √
3, runitary = 10, and rmeas = r (1)

meas + r (2)
meas = 2(

√
2 + 1). �

As a first example, we consider a full block Haar unitary gate.
Lemma G1. Consider a full block Haar unitary gate supported on Hilbert space N with dimension N , acting on full Hilbert

space that is potentially larger. Then,

E
U

[‖trK(U − D)ρ‖F] � 1√|N ∩ K|
for any state ρ, and the trace is on any subspace K, which includes the trivial case where there is no partial trace.

Proof. Using Jensen’s inequality, we have that

E
U

[‖trK(U − D)ρ‖F] �
√

E
U,Y

[‖trK(U − D)ρ‖2
F

]
. (G19)

Now consider

E
U,Y

[‖trK(U − D)ρ‖2
F

] = E
U,Y

[‖trK(uρu†) − trKD[ρ]‖2
F

] = E
U,Y

[tr[(trK(uρu†) − trKD[ρ])(trK(uρu†) − trKD[ρ])]] (G20)

= E
U,Y

[tr[trK(uρu†)trK(uρu†)] − 2tr[trKD(ρ)trK(uρu†)] + tr[trKD(ρ)trKD(ρ)]]. (G21)
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Now taking the expectation value for u only, we have that EU,Y [uρu†] = D[ρ], such that

E
U,Y

[‖trK(U − D)ρ‖2
F

] = E
U,Y

[tr[trK(uρu†)trK(uρu†)] − tr[trKD(ρ)trKD(ρ)]]. (G22)

Let us consider the first term.
The following identities will prove to be useful, for an N × N Haar random unitary [16]:

E
u

[ui ju
∗
kl ] = 1

N
δ(i j),(kl ), (G23)

E
u

ui ju
∗
mnuk�u∗

pq = 1

N2

(
1 + 1

N2 − 1

)
(δ(i j),(mn)δ(kl ),(pq) + δ(i j),(pq)δ(kl ),(mn) ) (G24)

− 1

N (N2 − 1)
(δimδ jqδkpδ�n + δipδ jnδkmδ�q), (G25)

= 1

N
δ(i j),(mn)

1

N
δ(kl ),(pq) + 1

N2
δ(i j),(pq)δ(kl ),(mn) (G26)

+ 1

N2(N2 − 1)
(δ(i j),(mn)δ(kl ),(pq) + δ(i j),(pq)δ(kl ),(mn) − δimδ jqδkpδ�n − δipδ jnδkmδ�q). (G27)

These can be written diagrammatically as the following:

(G28)

(G29)

(G30)

Here, χN is the maximally mixed state on Hilbert space acted on by the Haar unitary, N. Now consider the partial trace over K.
Part of it will be within the N space, denoted by K ∪ N while the rest will be over \N space, denoted by K\N. To denote K ∪ N
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and N\(K ∪ N) separately, we can double the lines as following:

(G31)

where gray lines are in K, black lines in \K, and solid lines are in N and dotted lines are in \N. All the lines in the unitary
relations can also be doubled to accomodate this, i.e.,

(G32)

For example, we have

(G33)

such that we have

(G34)

Then, we can apply the identities. For example, the first two terms in is equal to

(G35)

Additionally using that ρ† = ρ on the other terms, we find

E
U,Y

[tr[trK(uρu†)trK(uρu†)]] = tr[trKD[ρ]trKD[ρ]] + trN∩K[(trN\K[χN ])2] · tr[ρ2] (G36)

+ 1

N2 − 1
(tr[trKD[ρ]trKD[ρ]] + trN∩K[(trN\K[χN ])2] · tr[ρ2]) (G37)

− 1

N2 − 1
(tr[trKD[ρ]trKD[ρ]] + trN∩K[(trN\K[χN ])2] · tr[ρ2]). (G38)
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The last two terms cancel out, and trN∩K[(trN\K[χN ])2] = trN∩K[χN∩K] = 1/|N ∩ K|. Furthermore, trK\N[ρ] = ρ ′ is another state,
and the trace of square of a density matrix is upper bounded by 1. The first term exactly cancels out the second term in
EU,Y [‖trK(U − D)ρ‖2

F], and therefore we may upper bound

E
U,Y

[‖trK(U − D)ρ‖2
F

]
� 1

|N ∩ K| (G39)

with no further terms. Using Jensen’s inequality, we have

E
U,Y

[‖trK(U − D)ρ‖F] � 1

|N ∩ K| . (G40)

�
Corollary G2. For two-site full block Haar unitary acting on a qubit-qudit pair with K = G ∪ S(·), we have N = G(i1, i2) ∪

S(i1, i2), and therefore the bound

E
U,Y

[‖trK(U − D)ρ‖F] � 1

d
. (G41)

Lemma G2. For the depolarizing channel D acting on N and any matrix A living in a potentially larger Hilbert space,

‖trKDA‖F � 1√|N\K| ‖trNtrK\NA‖F, (G42)

for any subspace K.
Proof.

‖trKDA‖2
F = tr[(trK∩NDtrK\NA†)(trK∩NtrK\NA)], (G43)

= tr[(trK∩NχN ⊗ trNtrK\N[A†])(trK∩NχN ⊗ trNtrK\N[A])], (G44)

= trN\K[trK∩N[χN]trK∩N[χN]] × tr[trNtrK\N[A†]trNtrK\N[A]], (G45)

= 1

|N\K| ‖trNtrK\NA‖2
F. (G46)

�
Remark G1. For any block-diagonal Haar unitary u = u(0) ⊕ · · · ⊕ u(B) acting on N, with

∑B
α=1 Nα = N , we have

E
u

[U ] = DN1 ⊕ · · · ⊕ DNB =
∑

α

PN
α

Nα

⊗ trNPα. (G47)

Lemma G3. For a block-diagonal Haar unitary u = u(0) ⊕ · · · ⊕ u(B) with N = m ⊗ n, n = ⊕
α nα

∑
α Nα = N , where Nα =

mnα and m ⊂ K,

E
U

[∥∥trK
(
U − DN1 ⊕ · · · ⊕ DNB

)
ρ
∥∥

F

]
�
∑

α

trN∩K

⎡
⎣trN\K

[
PN

α

Nα

]2
⎤
⎦ �

√
B

m
.

Proof. The block diagonal Haar unitary can be written as

(G48)
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Here, uα = u(α) ⊕ 1N\Nα
. Then, we have

(G49)

Since there are projectors in vα , we have

(G50)

From Haar averaging, one of (1) α = β, γ = δ, α �= γ , (2) α = γ , β = δ, α �= β, or (3) α = β = γ = δ must be satisfied.
(1) and (2) are disallowed by projectors. Therefore only (3) is allowed, and we have

(G51)

Therefore, we have

E
U

[∥∥trK
(
U − Dm1 ⊕ · · · ⊕ DmB

)
ρ
∥∥

F

]2 �
∑

α

trN∩K
[
trN\K

[
χNα

]2] · tr[Pα[ρ]2] =
∑

α

trN∩K

⎡
⎣trN\K

[
PN

α

Nα

]2
⎤
⎦ · tr[Pα[ρ]2] (G52)

�
∑

α

trN∩K

⎡
⎣trN\K

[
PN

α

nαm

]2
⎤
⎦ �

∑
α

m
1

m2
� B

m
. (G53)

�
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Corollary G3. For the U (1)-symmetric gate acting on two qubit-qudit pairs and K = G ∪ S(·), we have

E
u

[‖trK(UU (1) − ESSEP ⊗ Dqudits )ρ‖F] �
√

3

d
. (G54)

Lemma G4. Consider (DN1 ⊕ · · · ⊕ DNB ) that decomposes as Dm ⊗ (Dn1 ⊕ · · · ⊕ DnB ), such that
∑

α nα = n and nm = N
n ⊗ m = N, and Dm acts on m. Then, we have∥∥∥∥∥trK

(
Dm ⊗

⊕
α

Dnα

)
A

∥∥∥∥∥
F

�
√

n|K ∩ n|
|m\K|

(∑
α

1

nα

)
‖trmtrK\n[A]‖F. (G55)

Proof. Then, we have that∥∥∥∥∥trK

(
Dm ⊗

⊕
α

Dnα

)
A

∥∥∥∥∥
2

F

=
∥∥∥∥∥trK

(
Dm ⊗

⊕
α

Dnα

)
[A]

∥∥∥∥∥
2

F

(G56)

=
∥∥∥∥∥trK∩mχm ⊗ trK∩n

(⊕
α

Dnα

)
trmtrK\N[A]

∥∥∥∥∥
2

F

(G57)

= 1

|m\K|

∥∥∥∥∥trK∩n

∑
α

P n
α

nα

⊗ trnPαtrmtrK\n[A]

∥∥∥∥∥
2

F

(G58)

� 1

|m\K|

(∑
α

∥∥∥∥trK∩n
P n

α

nα

⊗ trn[PαtrmtrK\n[A]]

∥∥∥∥
F

)2

(G59)

� 1

|m\K|

(∑
α

√|K ∩ n|
nα

‖trn[PαtrmtrK\n[A]]‖F

)2

(G60)

� 1

|m\K|

(∑
α

√|K ∩ n|
nα

√
n‖PαtrmtrK\n[A]‖F

)2

. (G61)

Now observe that ‖PαA‖2
F = tr[A†PαA] � 0. Also, we have that ‖A†A‖2

F = tr[A†A] = ∑
α tr[A†PαA] = ∑

α ‖PαA‖2
F. There-

fore, ‖PαA‖F � ‖A†A‖F. Therefore, we have∥∥∥∥∥trK

(
Dm ⊗

⊕
α

Dnα

)
A

∥∥∥∥∥
F

� 1

|m\K|
∑

α

√|K ∩ n|
nα

√
n‖trmtrK\n[A]‖F (G62)

=
√

n|K ∩ n|
|m\K|

(∑
α

1

nα

)
‖trmtrK\n[A]‖F. (G63)

�
Corollary G4. For the SSEP gate, we have∥∥∥trK E

u
[U ]A

∥∥∥
F

� 10‖trmtrK\n[A]‖F, (G64)

and therefore runitary = 10.
Lemma G5. Consider a measurement map M that acts on S(i). Then, we have

E
U,Y

‖trK[M[ρτ ] − M[ρ̄τ ]]‖F � |S(i)|
(√

|K ∩ S(i)| E
U,Y

‖trK\S(i)(ρτ − ρ̄τ )‖F + E
U,Y

‖tr\S(i)(ρτ − ρ̄τ )‖F

)
. (G65)

For K = ∅, |K ∩ S(i)| → 1.
Proof. For Q[ρ] := QρQ,

E
U,Y

‖trK[M[ρτ ] − M[ρ̄τ ]]‖F (G66)

= E
U,Y

∥∥∥∥ trK[Qρτ ]

tr[Qρτ ]
− trK[Qρ̄τ ]

tr[Qρ̄τ ]

∥∥∥∥
F

= E
U,Y

[
1

tr[Qρτ ]tr[Qρ̄τ ]
‖tr[Qρ̄τ ]trK[Qρτ ] − tr[Qρτ ]trK[Qρ̄τ ]‖F

]
(G67)

= E
U,Y

[
1

tr[Qρτ ]tr[Qρ̄τ ]
‖tr[Qρ̄τ ]trK[Q(ρτ − ρ̄τ )] − (tr[Qρτ ] − tr[Qρ̄τ ])trK[Qρ̄τ ]‖F

]
(G68)
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� E
U,Y

[
1

tr[Qρτ ]tr[Qρ̄τ ]
(tr[Qρ̄τ ]‖trK[Q(ρτ − ρ̄τ )]‖F + |tr[Q(ρτ − ρ̄τ )]|‖trK[Qρ̄τ ]‖F)

]
(G69)

� E
U,Y

[
1

tr[Qρτ ]tr[Qρ̄τ ]
(tr[Qρ̄τ ]‖trK[Q(ρτ − ρ̄τ )]‖F + ‖Qloc‖F‖tr\S(i)(ρτ − ρ̄τ )‖F‖trK[Qρ̄τ ]‖F)

]
. (G70)

We first look at ‖trK[Qρ̄τ ]‖2
F. Note that ρ̄τ is a completely diagonal density matrix. Therefore,

‖trK[Qρ̄τ ]‖2
F = tr[(trKQρ̄τ )(trKQρ̄τ )] =

∑
s,s′,s′′,s′′′

√
p(y|s)p(y|s′)p(y|s′′)p(y|s′′′)tr[trK[Psρ̄τPs′′ ]trK[Ps′′ ρ̄τPs′′′ ]], (G71)

where s, s′, s′′, s′′′ are the degrees of freedom involved in the measurement. Now ρ̄τ is completely diagonal. Therefore, this gives
δs,s′ , δs′′,s′′′ :

‖trK[Qρ̄τ ]‖2
F =

∑
s,s′′

p(y|s)p(y|s′′)tr[trK[Psρ̄τPs]trK[Ps′′ ρ̄τPs′′ ]]. (G72)

Now Ps = Ps\KPs∩K, and Ps\K commutes through the trace. Therefore,

‖trK[Qρ̄τ ]‖2
F =

∑
s,s′′

p(y|s)p(y|s′′)tr[Ps\KtrK[Ps∩Kρ̄τPs∩K]Ps\KPs′′\K trK[Ps′′∩Kρ̄τPs′′∩K]Ps′′\K]. (G73)

Using that ρ̄ = ∑
s,g p̄(s, g)|s, g〉〈s, g|, where |s〉 ∈ S, |g〉 ∈ G,

‖trK[Qρ̄τ ]‖2
F =

∑
s,s′′

p(y|s)p(y|s′′)δs\K,s′′\K p̄(s) p̄(s′′) �
∑
s,s′′

p(y|s)p(y|s′′) p̄(s) p̄(s′′) = p̄(y)2 = tr[Qρ̄τ ]2. (G74)

Therefore,

E
U,Y

‖trK[M[ρτ ] − M[ρ̄τ ]]‖F (G75)

� E
U,Y

[
1

tr[Qρτ ]tr[Qρ̄τ ]
(tr[Qρ̄τ ]‖trK[Q(ρτ − ρ̄τ )]‖F + ‖QS(i)‖F‖tr\S(i)(ρτ − ρ̄τ )‖Ftr[Qρ̄τ ])

]
(G76)

= E
U,Y

[
1

tr[Qρτ ]
(‖trK[Q(ρτ − ρ̄τ )]‖F + ‖QS(i)‖F‖tr\S(i)(ρτ − ρ̄τ )‖F)

]
. (G77)

Now consider

‖trK[Q(ρτ − ρ̄τ )]‖F = ‖trK∩S(i)[QS(i)trK\S(i)(ρτ − ρ̄τ )]‖F � ‖trK∩s[QS(i)trK\S(i)(ρτ − ρ̄τ )]‖F (G78)

�
√

|K ∩ S(i)|‖QS(i)trK\S(i)(ρτ − ρ̄τ )‖F �
√

|K ∩ S(i)|pmax‖trK\S(i)(ρτ − ρ̄τ )‖F, (G79)

where pmax = maxs p(y|s), and the third line is due to Rastegin ’12. Similarly, we have ‖QS(i)‖F � pmax.
Notice that p(yτ ) = tr[Qρτ ], such that Eyτ

[ 1
tr[Qρτ ] ·] = ∫

dyτ [·]. Therefore,

E
U,Y

‖trK[M[ρτ ] − M[ρ̄τ ]]‖F �
(∫

y
pmax(y)

)
E

U,y1:τ−1

[
√

|K ∩ S(i)|‖trK\S(i)(ρτ − ρ̄τ )‖F + ‖tr\S(i)(ρτ − ρ̄τ )‖F]. (G80)

Now pmax(y) = maxs p(y|s) � ∑
s p(y|s). Therefore,

∫
y pmax(y) � ∑

s

∫
y p(y|s) = ∑

s 1 = |S(i)|. Therefore,

E
U,Y

‖trK[M[ρτ ] − M[ρ̄τ ]]‖F � |S(i)|
(√

|K ∩ S(i)| E
U,Y

‖trK\S(i)(ρτ − ρ̄τ )‖F + E
U,Y

‖tr\S(i)(ρτ − ρ̄τ )‖F

)
. (G81)

�
Corollary G5. For on-site measurements, we have

E
U,Y

‖trK[M[ρτ ] − M[ρ̄τ ]]‖F � 2

(√
2 E

U,Y
‖trK\S(i)(ρτ − ρ̄τ )‖F + E

U,Y
‖tr\S(i)(ρτ − ρ̄τ )‖F

)
, (G82)

and therefore rmeas = 2(
√

2 + 1).
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