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Experimentally enhancing high-dimensional subchannel discrimination via optimal local filtering
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The subchannel discrimination task involves distinguishing between different branches of a quantum evo-
lution. The guessing probability of this task can be enhanced using quantum resources such as entanglement
and steerability. In this study, we explore how to optimize the task’s guessing probability within the one-sided
device-independent quantum information processing framework, which is naturally associated with steering,
and restricted to one-way local operations and classical communication. From a theoretical standpoint, we
demonstrate how to separately optimize local filters and measurements, and provide an optimality condition
that directly links the enhancement of guessing probability to the maximum steerability achievable through
local filters. We then experimentally demonstrate the enhancement of the discrimination task on a two-ququart

photonic system by implementing the optimal local filters.
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Introduction. Manipulating quantum resources through
distillation, filtering, or amplification [1-3] is essential for
achieving quantum advantage in quantum information tasks
[4], e.g., state discrimination [5—12], which underpins quan-
tum communication [13,14]. For instance, entanglement
enhances the guessing probability in channel discrimination
[15-18]. This quantum advantage is characterized by en-
tanglement robustness, a measure of entanglement [19-22].
However, the maximum enhancement may involve global
operations on a two-party system. The optimal solution can
be formulated as a semidefinite program (SDP) in terms
of a quantum tester [23], implementable as a global state
preparation and measurement. Such operations are difficult to
implement when the parties are spatially distributed in line
with communication assumptions.

From this practical perspective, then, it makes sense to
restrict ourselves to local operations and classical com-
munication (LOCC). Further restricting to one-way LOCC
(IW-LOCC) and its associated one-sided device-independent
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(1S-DI) framework [24] provides a complete characterization
of the advantage for the channel discrimination, and its gener-
alization the subchannel discrimination, in terms of quantum
steerability [25-30] (see also Refs. [31-36] for qubit-qubit
experiments). More precisely, the steering robustness [27]
quantifies the maximal quantum advantage over all possible
subchannel discrimination tasks, which is directly mapped to
a steering game or, equivalently, a steering inequality. Thus,
beyond the general interest for 1S-DI or 1 W-LOCC protocols,
this restriction is motivated by practical considerations.

Recently, the distillation of steering under 1 W-LOCCs has
been studied both theoretically [37—41] and experimentally
[41-44]. In the one-copy stochastic scenario, the problem has
been fully resolved [38—41,43]. Although the link between
steerability and task advantage is evident, steering distillation
does not always guarantee benefits for the task associated with
the given resource. In extreme cases, the distilled resource
may fail to surpass the optimal classical guessing probability.
Here, we present a method for optimizing local operations in
the 1S-DI or 1W-LOCC scenario using SDP and provide an
optimality condition that also guarantees that the maximum
enhancement of the discrimination task coincides with the
maximum quantum steering distillation. Finally, we demon-
strate a proof-of-principle experiment using local filters on
a two-ququart photonic system, achieving the optimal en-
hancement of the state discrimination task and the maximum
steering distillation in a single experiment. Our amplification
strategy achieves 98% discrimination success, aligned with
the theoretical 100%, with minimal setup changes.

Published by the American Physical Society
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FIG. 1. Subchannel discrimination in 1W-LOCC scenarios. The
entangled state p4p is shared by Alice and Bob. Bob’s system un-
dergoes a quantum evolution with branches (subchannels) {A,},.
After this, Bob performs the measurement {/, }, and sends the output
x to Alice, which performs the measurement {M,}, accordingly.
Alice then uses the outcome b to formulate the guess about which
subchannel A, was applied, i.e., Pyess = P(a = b).

Background knowledge. A positive operator-valued mea-
sure (POVM), {M,},, is a collection of positive operators
M, > 0 that sum up to identity ) M, = 1. A POVM repre-
sents a quantum measurement: the probability for the outcome
ais p(a) = Tr(pM,). State transformation after measurement
is described by quantum instrument A = {A,},, i.e., a set
of completely positive (CP) trace nonincreasing (TNI) maps
such that ) A, is a quantum channel [CP trace preserving
(TP)]. The probability and output state are given by p(a) =
Tr(A.(p)) and p, = A,(p)/p(a), respectively.

An instrument A defines a subchannel discrimination task
as the following multiround game. In every round, the referee
applies A to half of a shared state psp, the B part, which
results in the generation of the output @ and the application
of the transformation A,. Alice and Bob try to guess a by
performing measurements on the system. Note that the usual
channel discrimination task {p,, ®,},, where each channel ®,
is applied with a probability p,, is a special case [45].

The most general protocol involves entangling measure-
ments on Alice and Bob’s systems and can be explicitly
calculated via SDP methods [23] based on the quantum
comb formalism [46]. Here, we consider a different situation
where the physical operations and device characterization are
restricted, namely, in the 1S-DI or IW-LOCC scenario. Be-
yond the interest for minimal experimental assumptions and
characterization of the devices, which are the main traits of
device-independent approaches to quantum information, the
restriction to LOCC operations is also dictated by practical
reasons as noted by Piani and Watrous [27]. Entangling op-
erations can be difficult, or even practically impossible to
implement. A further restriction to 1W-LOCC allows for a
complete characterization of the resources available and the
optimal guessing probability via the steerability properties of
the state [27]. The 1W-LOCC protocol starts with the ap-
plication of A to Bob’s side. Then, Bob performs the local
measurement {N,}, and communicates x to Alice. Then, she
performs the measurement {Mp,}, and uses the outcome b
to formulate her guess. The overall protocol is schematically
illustrated in Fig. 1. The guessing probability is then Pyyess :=
p(a = b), namely,

Paess = Y Tr((Mar ® No)(ids ® Aa)(pan)), (1)

X,a

with id4 being the identity channel. Note that only local
operations {N,}, and {Mp,}, and a classical communication
from Bob to Alice are involved, i.e., 1W-LOCC operations.
In the 1S-DI framework, only Bob’s system is characterized,
i.e., we have no assumption on Alice’s setup. Thus, one can
mathematically formulate the 1S-DI or 1W-LOCC task by
tracing out Alice

Tr((Mayx ® Ny)(ida ® Ag)(pag))
= Trp(NAu(Tra(Myx ® 1pap)))
= TrB(NXAa(Uﬁx)) = TrB(AZ(NX)Gf‘x)
= Trp(Gax0l,), @)

|x

where G, 1= AZ(NX) and O’f‘x 1= Tra(My) ® 1pap) is the
(unnormalized) reduced state obtained from the uncharacter-
ized measurement of M, on Alice’s side. These reduced
states form a state assemblage (SA)—the standard notion of
a steering resource [24]. Equation (2) provides already a clear
picture of how the subchannel discrimination game can be
optimized in the 1S-DI or IW-LOCC scenario, namely, by
optimizing Bob’s measurements {N,}, and Bob’s SA {0, }4 x-
In order to discuss the latter, it is helpful to recall some basic
definitions related to quantum steering.

A measurement assemblage (MA) is a collection M =
{Myx}ax with {My}, a measurement. The SA o = {o4jx}ax
satisfies o,y = 0 and Za o4 = pp for all x. Each oy is
the (unnormalized) reduced state as in Eq. (2). A SA is un-
steerable if we can write o, = Y, D(alx, A)oy, for {o3}x
with 0, > 0 ), 0. = pp and D(alx, 1) a fixed deterministic
postprocessing. Otherwise, the SA o is steerable. Similarly,
a MA is jointly measurable if M, =), D(alx, .)G, with a
valid POVM {G, },. Steerability is witnessed whenever

Z Tr(Falealx) > 1, (3)

for some positive operators {Fy,}, . that satisfy some nor-
malization constraints (see Ref. [27] and Appendix A). For
each pair (a, x) Bob receives a state o,/ Tr(o,,), on which
he evaluates the operator F,,. We refer to this protocol as a
steering game and the value of the right-hand side of Eq. (3)
as its local bound [47]. The analogy between {Fj}, . and
{Gax}ax in Eq. (2) is apparent. Indeed, Piani and Watrous [27]
provided an operational interpretation of the maximum score
over all possible games {Fy|,}, . as the maximum advantage
that steerable resources provide over unsteerable ones in sub-
channel discrimination tasks. More precisely, G, , = aFy, for
o =Y, Fux || ~!, where « is the maximum guessing prob-
ability in the discrimination task when using only unsteerable
resources. For the optimal game {F/ }4 «

Pyess =0 Y _Tr(Fjoh) =a*(1+SR(0))., (4

where SR is the steering robustness, see Ref. [27] and
Appendix A. The steering resource SR, then, quantifies
the maximum advantage over all subchannel discrimination
games.

The resource SR cannot increase, on average, with 1W-
LOCC operations [24], but it can when one postselects on
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a fixed outcome of a stochastic operation, i.e., performs
a local filter. We say that two assemblages are connected
by a local filter, i.e., 0’ = &y (0)/Pguess, Where pguess =
Tr(}Y", Euy(Tap)) = Tr(Euy(pp)) and &, is an element of a
quantum instrument {&,},, i.e., a local filter, and we write

LF . . Lo . .

o — o’. Notice that this operation is consistent with the 1S-
DI or 1W-LOCC framework. Local filters on Bob’s side can
stochastically increase SR up to its maximum [38], namely,
to the incompatibility robustness (IR) of the steering equiv-
alent observables (SEO) [48]. Here, the SEO B = {Bx}ax
is a valid MA defined as By, = p; *0u.py /> ¥ a, x with
pB = Za 04)c- Similarly to SR, IR is also defined in terms of
an optimal witness of incompatibility. The optimal filter can
be efficiently computed via a SDP [38].

Theoretical results. The optimization of subchannel dis-
crimination in the 1S-DI or IW-LOCC scenario, as shown by
Eq. (2), consists in optimizing Bob’s operations ({N,},) and
Bob’s resources ({oy|x}a,x). It is straightforward to see that the
former is a SDP (see Appendix A). Here, we show that the
latter, namely, the optimization of the SA for a fixed steering
game via local filtering, can be efficiently solved via SDP (Re-
sult 2). Alternating between these two optimizations (seesaw
method) provides a heuristic way of optimizing the subchan-
nel discrimination in the 1S-DI or 1W-LOCC scenario. The
seesaw method does not guarantee the global optimality of
the solution, i.e., with respect to all local measurements and
all SA. However, such optimality is guaranteed whenever the
filter provides a score for the steering game coinciding with
the maximal steering robustness that can be stochastically
distilled via local filters. A sufficient condition for this is given
in Result 3.

The first observation concerns the maximal amplification
of the guessing probability by local filters:

Observation 1. Given two SAs, o and o’ connected by a

local filter, i.e., o E) o', and a subchannel discrimination task
in the 1S-DI or IW-LOCC scenario, i.e., Eqs. (1) and (2), we
have

Pauess(0') — Pouess(0) < (1 +IR(B)) — o = «IR(B), (5)

where Pyuess(0) is the optimal guessing probability for the
subchannel discrimination task obtained with the SA o, and
similarly for ¢’, « is the guessing probability with no steering
resources, and IR(B) is the incompatibility robustness of the
SEO of a; see Supplemental Material I [49].

A proof can be obtained by Eq. (4) and the observation
in Refs. [38,40] that the maximal steerability obtained by
local filters is IR of SEO, whereas the infimum in the same
equivalence class (connection by local filter) is given by O,
i.e., the unsteerable SA.

Beyond this general upper bound, we obtain the filter to
maximize the score of any steering game.

Result 2. Given a steering game {Fy,} and a SA o, the
maximal score obtainable by only applying local filtering on
Bob’s side, namely,

1
MaXeeCPTNI —g ZTF(FaMD(Uau)), (6)

guess g x

with pf .. = 2, Tr(®(o,y,)) the guessing probability of
passing the filter, can be determined by the SDP:

maxy c, Z Tr (Falx na\x)

a.x

sub. t0 g = TrB/((afl;.)t ® 18 CSDB’B)), Va, x,

Tr (Z n) =1, cf®>o. (7

a

To prove this, notice that Cy is the Choi matrix [50] of
the filter ®, up to a constant factor necessary to make it
TNI. By Eq. (6), this factor cancels out. Indeed, the con-
dition Tr (), n4) = 1 guarantees that 1, := d>(aa|x)/pfgl’uess
is properly normalized. To conclude, one can explicitly con-
struct the Choi matrix of the physical filter Cg™™ from the
solution C5PP as C1™ = C3PP /& max (Trow (Co ) ), where Amax
denotes the maximal eigenvalue. Other normalizations are
possible, but this provides the highest probability of passing
the filter. Since the identity channel is a feasible solution, the
SDP is strictly feasible and it provides a game score that is
equal to or better than the original one.

The separate, and alternating, optimization of the SA o
(Result 2) and the operations {N,}, (Appendix B) does not
guarantee the global optimality of the solution. It is guaran-
teed, however, when the game score obtained saturates the
bound in Observation 1. A sufficient condition for this is
provided in the following.

Result 3. Consider the SA o obtained from the bipartite
maximally entangled state |®) = ﬁ Zf\lzl |ii) and two pro-
jective measurements, each with two outcomes. Consider the
steering game giving a score 1 + SR(a) [see Eq. (4)]. Then,
the optimal game score obtained after the filter in Result 2
and the one obtained after the filter maximizing SR(® (o))
coincide. This filter corresponds to a projection onto the qubit
subspace.

The proof is obtained by explicit analytical calculations of
the solution of Eq. (7) and the maximal robustness obtainable
by local filters [38], which are shown to coincide; see SM II
for details. There are several physical implications of Result
3. First, there exist a subchannel discrimination task that is
optimal for both given SA and distilled SA. Thus, the optimal
distillability of steerability can be efficiently observed experi-
mentally without the need for task or game exchange. Besides,
the Bell state is the optimal state to demonstrate quantum
steerability for two binary projective measurements. However,
it has been demonstrated that the high-dimensional maximally
entangled state is not always optimal; see Supplementary note
3 in Ref. [38].

To conclude, in the case of Result 3, not only we can prove
the optimality of the solution of Result 2, but we are also able
to design an experiment that demonstrates both the optimal
advantage in 1S-DI or IW-LOCC subchannel discrimination
and a witness of steerability. This is the scenario we explore
from the experimental perspective.

Experimental demonstration. Figure 1 provides a
schematic overview of the protocol that underlies our
experimental implementation. To experimentally demonstrate
the enhancement of the guessing probability, we consider
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FIG. 2. (a) Experimental amplification of high-dimensional subchannel discrimination via optimal local filtering (LF). pap consists of a
SPDC-based entangled-photon source and postselection. A, is a branch of quantum evolution and is composed of the steering game {F;}, .
{Ny): and {M;,},,, are Alice and Bob measurement bases, respectively. (b) Experimental setup. HWP: half wave plate; QWP: quarter wave
plate; PBS: polarization beam splitter; BP: bandpass filter; Coupler: fiber coupling lens; PC: polarization controller.

a family of high-dimensional subchannel discrimination
tasks. According to the construction of Piani and Watrous
[27], a steering game {F,.},x always defines subchannel
discrimination tasks A by

1X|

Aa(p) = Y Tr(Fyep)lx) (x]. ®)

x=1

By construction ), A, is CP-TNL If it is not TP, we can al-
ways add extra outcomes to make it TP minimally perturbing
the guessing probability; see Ref. [27] for details.

For this task, the choice of Bob’s measurement {N,}, =
{1x) (x|}, is optimal [27], so no optimization of Bob’s measure-
ment is needed. The MA {M,,},, . on Alice’s side gives rise to
the SA 0 = {04x}q,x. In the 1S-DI or IW-LOCC framework,
Alice’s side is not characterized, and we can only optimize the
SA ¢ via local filters on Bob’s side, as previously discussed.

In our setup, we realize the two-ququart maximally entan-
gled state with two pairs of entangled photons at different
times [51]. Each pair is prepared in the polarization Bell
state, |Vag) = f(|HAHB) + |VaVg)), and their joint state is
equivalent to the four-dimensional entangled state |W41,) =
% Z?:O |lAlB> if we relabel |HjHj>, |H]V]>, |V]H]>, and |V]V]>
as |0;),11;),12;), and |3;) with j = A, B. For consistency,
measurements, filters, and subchannels are realized as tensor
products; see SM II1.

Alice’s measurements M, are given by Moo = [04)(04] +

124)(24] and Mo = ;o &) (&, where & = cos6;]04) +

sin6;]24) and & = cosB,|14) 4+ sin6,|34) for 6, € [0, %],
and M, |, = I4 — M), for x = 0, 1. Bob measures in the com-
bined computational basis N, = |x) (x| forx =0, 1, 2, 3.

We define the subchannel discrimination task A via Eq. (8)
and the steering game Ffl;@z = ff“x @ ffﬁx (direct sum over the
spans of {|0), |1)} and {|2), |3)}) with

I+cos [Z(=1)'—4a)—0]  sin[Z(=1)'—4a)—0]

0 2(vV2+2) 2(V2+2)
Jaix = _sin[Z(=1F—4a)=0]  I-=cos[F((=1)'~4a)—0] |’ ®)
2(vV2+2) 2(vV2+2)

Since we have two projective measurements with binary
outcomes, Result 3 implies that the optimal filter is the one
saturating the steering robustness. It can be determined via

Result 2. For the subchannels determined by F it , the opti-

alx

mal filter is p > KoK} /Tr(oK;Kp), with Kz = |05) (05| +
[1g)(1p|, which boosts the guessing probability up to 100%.

Figure 2 illustrates the experimental setup (see SM 1V for
more details). The subchannels for the discrimination task
[Egs. (8) and (9)] are implemented through their Kraus op-
erators (see SM V for explicit calculations). In turn, the Kraus
operators are implemented by two half wave plates (HWPs)
and one PBS, with the angles of the wave plates determined
by the Jones calculation. The filtering operation Kp is realized
using a PBS to achieve the nearly perfect guessing probability.
All measurements, including the quantum state tomography
and projection, are accomplished by a set of HWPs, quar-
ter wave plates (QWPs), and PBS. The integration time for
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filters assuming an ideal maximally entangled state. The solid lines
are the numerical results using the prepared states in our experi-
ment. The triangles are the measured guessing probabilities in the
experiment.

collecting each coincidence measurement is set to be 10 s.
This setup allows us to measure the guessing probability for
the subchannel discrimination task by simulating it, i.e., in
each round a single Kraus operator of a fixed A, is imple-
mented. The filter is implemented exactly, since the optimal
one consists of a single Kraus operator. Thus, we are able to
measure the guessing probability and its amplification. Partic-
ularly, our experimental setup does not require reconfiguring
the subchannel structure or altering any measurements; the
desired filtering and guessing probability amplification can
be achieved simply by a PBS. This aligns with the physical
implications outlined in Result 3.

Figure 3 shows the guessing probability of the successful
subchannel discrimination Pyess measured for a family of
high-dimensional subchannel discrimination tasks depending
on 6,. Experimentally, Py is given by the ratio of the
number of successful events to the total number of events
(see SM V). Without the local filters, the discrimination is
imperfect, even with the maximally entangled state (black tri-
angles). However, after applying the local filters, we observe
a significant increase of the guessing probability approaching
unity (red triangles). For instance, an increase of Pyyess from
91.3% 10 97.9% is observed in the task near §, = 7. The slight
discrepancy between the measured Pyeqs (triangle dots) and
the Pyuess predicted by the theory results from the imperfect
preparations of the states and the subchannels. The fidelity
between ideal and experimental states is 0.9735. Besides, the
trace distances between the ideal and experimental y matrices
(see SM VI) for the first and second subchannels are 0.0711
and 0.0744, respectively. In this context, we provide a unified
framework that optimally improves the guessing probability
with minimal setup changes. Thus, a complete reconfiguration
of the experimental apparatus, e.g., uncertainty estimation, is
unnecessary.

Conclusions. We investigate, from a theoretical and
experimental perspective, the optimization of subchannel dis-
crimination tasks in the 1S-DI or 1W-LOCC scenario, namely,
when only one party possesses trusted devices and is able
to perform local quantum operations. As noted already by
Piani and Watrous [27], this scenario is motivated by prac-
tical considerations related to the ease of implementing the
necessary operations and the characterization of the resources
provided by the theory of steering. Under those restrictions,
the optimization of the task consists in optimizing Bob’s
measurements and its SA. Bob simply chooses the optimal
measurements, whereas the probabilistic SA optimization in-
volves local filters. We show that both can be optimized via
a SDP (Result 2), providing a heuristic optimization based
on a seesaw method. Moreover, we provide sufficient condi-
tions for the heuristic optimization to provide the true optimal
strategy (Result 3). Moreover, such a result also indicates sce-
narios where one can simultaneously demonstrate the optimal
enhancement of the discrimination task and the steerability of
the SA. For the experimental demonstration, we investigate a
one-parameter family of subchannel discrimination tasks de-
fined on a two-ququart system, compute the optimal filter, and
implement it experimentally. In contrast to previous works on
the optimization of quantum resources [52-56], we optimize
the guessing probability for a specific task. The practicality
of our method goes beyond the 1S-DI or IW-LOCC scenario:
since it requires a minimal modification of the experimental
setup—only one extra element (local filter) must be added—
it may find applications in general scenarios. We hope that
our work will stimulate further theoretical and experimental
investigations of the enhancement of discrimination tasks.
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Appendix A: SDP formulation of steering and incompati-
bility robustness. Here, we recall some basic definitions. The
steering robustness &, SR(o), is defined as the minimal ¢
such that {%ﬂf"‘*}a,x has a LHS model for some SA &. It is
computed via the SDP (in dual form) [27]:

maximize

> Tr(Fuyxq,) = SR(0) + 1

a,x

subjectto Y D(alx, MFyy <1, and Fy, >0, (Al)

where D(alx, 1) := §,,, is the deterministic conditional prob-
ability. The objective becomes optimal, steering inequality
with the quantum-classical threshold 1. Thus, {F;,}, , is inter-
preted as the optimal steering game to detect the robustness.
Obviously, this steering game provides a maximal score pre-
cisely for steering robustness (plus 1). On the other hand, this
steering game can be reformulated as the subchannel discrim-
ination task by Eq. (7) in the main body. Then, once Alice and
Bob implement the subchannel discrimination task associated
with the steering game, the optimal guessing probability can
be obtained by Eq. (3).
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For a measurement assemblage M = {M,}, . the dual
SDP problem can be expressed as

D Tr(@asMap) = IR(M) + 1

a,x

maximize

subjectto 71 > ZD(GIX, A)@q)x

a,x

tr(n) =1. (A2)

Similar to the steering robustness, {wq|x}q » can be seen as the
optimal incompatibility game and the objective function is the
optimal violation value of the incompatibility inequality.

Given a SA o with marginal state ), o, = pp ¥V x, we
can always convert it to a MA {B,,} called steering-equivalent
observable (SEO) [48] by

Ba\x = PEI/ZUa|xP;1/2~ (A3)

Walx 20,

It has been shown that if an SA is unsteerable, the correspond-
ing SEO must be jointly measurable (and vice versa). The
incompatibility robustness of the SEO from the o determines
the optimal steering distillability by the local filter. The Kraus
operator of the optimal local filter can be constructed by
ﬁﬁ_l/ 2, where 1 is the feasible solution from the dual
SDP of the incompatibility robustness [38]. The steering ro-
bustness of the distilled SA is equivalent to the incompatibility
robustness of SEO.

Appendix B: Seesaw Optimization of local operations.
Here, we briefly review the seesaw method to optimize
Bob’s local operations in the 1S-DI or 1W-LOCC subchannel

discrimination protocol. Let us rewrite the optimization pro-
cedure explicitly, by combining Egs. (1) and (2):

P, guess

Po
= LY T(AlN0e(h). B
Po

a,x

max _
Pguess, filter = maxy,), o

where Py, filter is the maximum guessing probability con-
ditioned on passing the filter and pe = Tr(D_, P(o,x)) the
probability of passing the filter ®. The seesaw algorithm con-
sists in alternating the optimization of {N,},, for fixed ®, and
of @, for fixed {N,},. The latter is defined explicitly in Result

2, whereas the former can be written as

1 .
maxgy,}, p—q) ZTrB (A;(NX)QD (oﬁx)) s

a,x

N, > 0, forall x,

ZNx =1, (B2)

which is clearly an SDP. Alternating the optimization in
Eq. (B2) with the one in Eq. (7) provides a heuristic method
to optimize over local operations in the 1S-DI or 1W-LOCC
scenario. Note that for the special case of subchannel dis-
crimination tasks defined from steering games as in Eq. (8),
as the ones considered in our experiment, the optimization
in Eq. (B2) is not necessary, as the optimal measurement is
known [27].
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