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Self-organized criticality driven by droplet influx and random fusion
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The droplet size distribution typically decays exponentially in solutions formed by liquid-liquid phase sep-
aration. Nevertheless, a power-law distribution of nucleolus volumes has been observed in amphibian oocytes,
which appears similar to the cluster size distribution in reaction-limited aggregation. In this work, we study the
mechanism of power-law distributed droplet sizes and unveil a self-organized criticality driven by droplet influx
and random fusion between droplets. Surprisingly, the droplet size dynamics is governed by a Smoluchowski
equation similar to the cluster size in aggregation systems. The system reaches a critical state as the area fraction
approaches the critical value at which the droplet size has a power-law distribution with an exponent of 1.5.
The system is also spatially scale-free, with a divergent correlation length at the critical state, marked by giant
droplet-density fluctuations and power-law decay of the pair correlation function.
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Introduction. Critical phenomena are ubiquitous in var-
ious physical systems, marked by a divergent correlation
length and scale-free distributions [1–3]. The self-organized
criticality (SOC) concept has been successfully applied to
various nonequilibrium systems [4–9], in which a system
self-organizes to a critical state in which local perturbations
trigger responses across all scales. Similarly, fractal structures
of clusters and power-law distributions of cluster sizes have
been widely observed in the kinetic aggregation of small par-
ticles to form large clusters [10–14]. Hyperuniform patterns
in which density fluctuations are suppressed at large length
scales [15] are also observed in nonequilibrium systems, such
as sheared colloidal suspensions [16,17], the jamming transi-
tion [18], and spinodal decomposition [19].

Similar to the power-law distributions of cluster sizes in
particle-aggregation systems [10,12–14], Brangwynne et al.
have observed a power-law distribution of nucleolus volumes
in Xenopus laevis oocytes, in which the formation of nucleoli
is governed by liquid-liquid phase separation [20]. Power-law
distributions of cluster size and nucleolus volume with an
exponent of τ = 1.5 were observed in both cases. However,
in the case of aggregation, the power-law distribution hap-
pens only in the case of reaction-limited aggregation (RLA)
[12,13], in which the number of diffusion-induced collisions
before aggregation of two clusters succeeds is sufficiently
large to allow clusters to sample all possible mutual bond-
ing configurations. This feature of RLA appears inconsistent
with nucleoli since these membraneless organelles are liq-
uidlike and fuse virtually immediately once they touch [20],
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a common feature of liquid-liquid phase separation [21–24].
Therefore, the fusion dynamics of nucleoli seems to be better
described by diffusion-limited aggregation (DLA); however,
a characteristic size of clusters appears in DLA, and the
distribution of cluster sizes typically decays exponentially
[13,25,26]. Therefore, the mechanism of the power-law-
distributed nucleolus volume observed in X. laevis oocytes
remains elusive. Brangwynne et al. empirically found that
introducing a slow, constant influx of small droplets in a
Monte Carlo simulation of fusing droplets could numerically
reproduce the observed power-law distribution of droplet size,
which hints that an external injection may be crucial for gen-
erating this power-law distribution of droplet sizes.

In this Letter, we introduce a simple model of droplet
fusion with a quasistatic addition of small droplets. We add
a spherical droplet of a unit area in a random position to a
two-dimensional system with a periodic boundary condition
and a linear system size L. If any droplets overlap, they fuse
into a new spherical droplet with a conserved area and a fixed
center of mass. We repeat the fusion process until no droplets
overlap. Then, we randomly add a new unit-area droplet and
repeat the process. We label the system state by the area
fraction φ, the total area of all droplets divided by the system
area, which gradually increases as more and more droplets
are added to the system. Interestingly, the system approaches
a critical state as φ → φc, where the droplet size distribution
becomes scale-free and decays as a power law (Fig. 1), which
has not been reported yet, to our knowledge. We propose an
argument to demonstrate that the fusion kernel, the probability
for two droplets to fuse per unit φ, can be approximated as
K (S1, S2) ∼ S1 + S2 and confirm this prediction numerically.
Interestingly, this type of kernel leads exactly to an exponent
of 1.5 for the droplet size distribution in the context of kinetic
aggregation [10,27,28], in agreement with the distributions of
nucleolus volumes [20]. We also calculate the spatial density
variance of droplets inside a finite subsystem and find that
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FIG. 1. We randomly add small droplets quasistatically to the
system. As the area fraction of droplets φ increases, the system
approaches a critical state at which scale-free patterns of droplets
emerge. (a) Local configurations of the system at area fractions
φ = 0.1, 0.3, 0.5, and 0.7. (b) The whole-system configuration at
φ = 0.77 near the critical state.

it decreases more slowly than the inverse of the subsystem
area, which means the system exhibits a diverging corre-
lation length. Furthermore, the average droplet fusion time
approaches a finite value at criticality φc, contrasting with
conventional self-organized critical systems in which such
times diverge.

Results. We introduce a characteristic droplet size S∗ de-
fined as follows: The total area of droplets with S smaller than
S∗ is half the total area of all droplets. As we continuously

add droplets to the system, S∗ increases as φ increases and
diverges as φ → φc, with the following finite-size scaling:

S∗ ∼ L2 f [(φc − φ)−γ /L2]. (1)

The scaling function f (x) exhibits two distinct regimes: (1)
For x � 1, we expect a scaling behavior for an infinitely
large system, S∗ ∼ (φc − φ)−γ , which means that f (x) ∼ x;
(2) for x � 1, finite-size effects dominate, with f (x) ap-
proaching a constant, yielding S∗ ∼ L2. The excellent data
collapse demonstrates that φc = 0.80 ± 0.01 and γ = 3.4 ±
0.1, unveiling the scale invariance and self-organized critical
behaviors in our system [Fig. 2(a)].

We use the Smoluchowski equation to describe the φ de-
pendence of the droplet size distribution,

dn(S, φ)

dφ
= 1

2

∑
S1

K (S1, S − S1)n(S1, φ)n(S − S1, φ)

− n(S, φ)
∑

S1

K (S, S1)n(S1, φ) + δS,1, (2)

where K (S1, S2) is the fusion kernel, the probability for two
droplets with size S1 and S2 to fuse per unit φ. Here, n(S, φ) is
the number density of the droplet size, defined as the number
of droplets with size S normalized by the system area L2 at
a given φ. In this paper, we interchangeably use the terms
"number density of the droplet size" and "droplet size distribu-
tion." Note that φ = ∑

S Sn(S, φ). The last term on the right
side of Eq. (2) represents the addition of new droplets with
unit area.

In the thermodynamic limit L → ∞, n(S, φ) must be sys-
tem size independent. Because the dimension of the kernel
is length squared, we expect it to be a linear function of the
droplet size S in the simplest scenario. Another way to think
about kernel scaling is to enlarge the system by a factor λ to
create an imaginary system. For a small interval �φ, the num-
ber density of newly created droplets in the original system is
given by �n(S1 + S2) = �φK (S1, S2)n(S1)n(S2). In the en-
larged system, this expression becomes �n′(λ2S1 + λ2S2) =
�φK (λ2S1, λ

2S2)n′(λ2S1)n′(λ2S2). Since n′(λ2S) = n(S)/λ2

by definition, we have K (λ2S1, λ
2S2) = λ2K (S1, S2). Because

the two droplets are equivalent, we propose the following form
of the fusion kernel:

K (S1, S2) ∼ S1 + S2, (3)

which we verify numerically (Fig. 3).
Kernels with such a sum form have an analytical solution in

the context of kinetic aggregation of colloidal particles [10].
We propose that the same result should apply to the droplet
size distribution, leading to the following asymptotic form of
n(S, φ):

n(S, φ) = φ√
πSc

S− 3
2 exp

(
− S

Sc

)
, (4)

which satisfies dynamical scaling [13,27]:

n(S, φ) = φS−2
c ψ

(
S

Sc

)
, (5)

where ψ (x) = x−3/2e−x/
√

π .
Equation (5) suggests that the characteristic droplet size

S∗ is proportional to Sc, which can be seen from its definition:
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FIG. 2. (a) The characteristic droplet size S∗ versus area fraction φ for systems of different sizes (L2 = 103 to 106). The main panel shows
S∗, which satisfies the scaling (φc − φ)−γ (dashed line) with φc = 0.80 and γ = 3.4. The inset demonstrates data collapse when plotting S∗/L2

versus (φc − φ)−γ /L2, confirming the universal scaling function f (x) with two distinct regimes. (b) Droplet size distributions at various area
fractions. The solid lines represent the theoretical prediction (4). The inset shows the normalized distribution, and the dashed line has a slope
of 1.5 in the log-log plot. (c) The variance in the spatial density of droplets inside a subsystem as a function of its linear size l , normalized
by the average spatial density 〈ρ〉. As φ approaches the critical value, σ 2

ρ (l ) ∼ l−η, with η = 0.84. (d) Pair correlation function g(r) near the
critical point. The inset shows g(r) − 〈ρ〉 versus r in a log-log plot, from which we find that g(r) − 〈ρ〉 ∼ r−η, with η being consistent with
the value in (c).

FIG. 3. (a) The fusion kernel K (S1, S2) in the range 0.7 < φ < 0.75. (b) The fusion kernel normalized by S1 + S2 is approximately
independent of S1 and S2. The pronounced flatness of the kernel after normalization confirms the sum-form scaling K (S1, S2) ∼ S1 + S2.
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φ

2 = ∫ ∞
S∗ n(S, φ)S dS = ∫ ∞

S∗
φ√
π

( e−S/Sc√
SSc

)dS. By substituting x =
S/Sc, we obtain

∫ ∞
S∗/Sc

x−1/2e−x dx =
√

π

2 . Numerical calcula-
tion gives Sc = 4.40S∗. To verify the validity of Eq. (5), we
compute Sc from the measured S∗. Intriguingly, the theoret-
ical curves (solid line) calculated using Eq. (5) demonstrate
excellent agreement with our simulation results [Fig. 2(b)].
We further confirm that the scaling form should also work
if we replace Sc by S∗ [inset of Fig. 2(b)]. The power-law
exponent below the characteristic cutoff is 1.5, as predicted.
The power-distributed droplet size is also valid when system-
spanning droplets exist. In this case, the size distribution for
non-system-spanning droplets follows the power law with an
exponent of 1.5.

To verify whether there is a diverging correlation length,
we cut the system into a lattice of square blocks with a linear
size l and compute the spatial density ρ of droplets inside
each block (the number of droplets in the block divided by

l2). We calculate the spatial density variance across all blocks.
For φ far below φc, the variance σ 2

ρ ∼ l−2, according to the
central limit theorem [15]. Interestingly, near the critical state,
the variance decays as a power-law function of l , but with a
different exponent,

σ 2
ρ (l ) ∼ l−η, (6)

where η = 0.84 [Fig. 2(c)]. We also compute the isotropic pair
correlation function g(r), the particle density with a distance r
from the particle at the center, using the droplet center near φc.
One expects that g(r) should decay as a power-law function of
the distance with the same exponent η,

g(r) − 〈ρ〉 ∼ r−η. (7)

Here, 〈ρ〉 is the average droplet density (the total droplet
number divided by the system area). This can be derived as
follows [15]:

σ 2
ρ (l ) = 〈δN (l )2〉

l2d

= l−2d
∫∫

wl (r1, r2)〈δρ(r1)δρ(r2)〉 dr1dr2

= l−2d
∫∫

wl (r1, r2)〈ρ(r1)δρ(r2)〉 dr1dr2

= l−2d
∫∫

wl (r1, r2)〈ρ〉[g(|r2 − r1|) − 〈ρ〉] dr1dr2

= l−2d〈ρ〉
∫ (∫

wl (r1, r1 + �r) dr1

)
[g(|�r|) − 〈ρ〉] d�r

= l−2d〈ρ〉
∫

[ldv(�r/l )]{l−η[g(|�r/l|) − 〈ρ〉]}ld d (�r/l )

= l−η〈ρ〉
∫

v(x)[g(|x|) − 〈ρ〉] dx

∼ l−η. (8)

Here, d is the system’s spatial dimension, r denotes the
displacement vector from the center of the square block,
and δρ(r) = ρ(r) − 〈ρ〉 represents density fluctuations from
the average value. The window function wl (r1, r2) indicates
whether both points lie within a block of size l , formally
defined as

wl (r1, r2) =
{

1 if ‖r1‖∞ � l/2, ‖r2‖∞ � l/2,

0 otherwise, (9)

where ‖ · ‖∞ denotes the maximum norm (i.e., the largest
absolute value among all coordinate components). The inte-
gral

∫
wl (r1, r1 + �r)dr1 corresponds to the overlap volume

between two blocks of size l displaced by �r. This equals the
total block volume ld multiplied by a scaling factor v(�r/l ) ∈
[0, 1], where v represents the fractional overlap. We confirm
Eq. (7) numerically [Fig. 2(d)].

We also investigate the fusion dynamics of droplets and
define the average fusion time n f as the mean number of
merge events triggered when a new droplet of unit area is

introduced. When the area fraction changes by �φ, L2�φ

unit-area droplets are added to the system, inducing L2�φn f

coalescence events. The resulting net change in droplet num-
ber L2�〈ρ〉 = L2�φ − L2�φn f leads to

n f = 1 − d〈ρ〉
dφ

. (10)

The average droplet density 〈ρ〉 has a nonmonotonic depen-
dence on φ. Notably, in the thermodynamic limit L → ∞, 〈ρ〉
exhibits a linear decrease near the critical point φc (Fig. 4).
Interestingly, we find that n f ≈ 1.32 as φ → φc, different
from traditional self-organized criticality models, in which the
mean avalanche duration diverges at criticality [4].

Discussion. In this work, we introduce a simple model of
droplet fusion in which we add small droplets quasistatically.
As the area fraction φ approaches the critical point, the system
becomes scale-free and exhibits power-law distributed droplet
sizes. Using an argument based on dimensional analysis, we
propose the fusion kernel as a sum form, K (S1, S2) ∼ S1 + S2.
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FIG. 4. (a) Nonmonotonic dependence of the average droplet density 〈ρ〉 on the area fraction φ for different system sizes (L2 = 103 to
106), showing a linear decrease (slope = −0.32) near criticality. (b) The log-log plot shows the linear scaling between 〈ρ〉 and φc − φ.

The same argument should hold in three dimensions, where
S represents the volume of a droplet. The sum-form kernel
has been shown to lead to a power-law-distributed cluster size
with an exponent of 1.5 [10,13]. Our findings rationalize the
exponent of 1.5 observed in the power-law distribution of
nucleolus volume [20], emerging from self-organized criti-
cality driven by droplet influx and fusion processes. Similar
power-law distributions have also been observed in collective
human activities [29]. Nucleoli function primarily as factories
for ribosome subunit biogenesis, and they are RNA/protein
bodies within the nucleus [30,31]. The nucleus of amphibian
oocytes is much larger than somatic nuclei; therefore, it is a
model system to study the shape and dynamics of nucleoli.
We hypothesize that the addition of new nucleoli in amphibian
oocytes may be generated by significant rDNA transcription to
provide the egg with large numbers of ribosomes.

Interestingly, the number fraction of N-mers in hyper-
branched polymers follows a power-law function similar to
the number density of droplets in our case [32]. We argue
that in the case of hyperbranched polymers, the probabil-
ity of two polymers (N1-mer and N2-mer) reacting per unit

time is also proportional to the sum of their total number:
N1 + N2. This process is described by a sum kernel, leading to
the same asymptotic distribution. Power-law-distributed bub-
ble sizes have also been observed in motility-induced phase
separation [33], in which new bubbles are nucleated at the
expense of the larger ones, in line with the reverse Ostwald
scenario [34].

The self-organized criticality we uncover for this simple
system resembles driven disordered systems such as sheared
amorphous solids, in which the systems approach a criti-
cal state as the driving force approaches the critical value
[8,9,35–38]. In our model, the driving force is the quasistatic
addition of new droplets, which drives the system into a novel
critical state, which, to our knowledge, has yet to be found.
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