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Multiband superconductors under magnetic fields:
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Inspired by the recent experiments in monolayer iron-based superconductors, we theoretically investigate the
properties of a two-dimensional multiband superconductor under magnetic fields, focusing on two aspects. First,
for vortex bound states under out-of-plane magnetic fields, the spatial anisotropy and positions of electron density
peaks are associated with interband couplings. Second, under in-plane magnetic fields, even with inversion
symmetry, a Ising-type spin-orbit coupling is allowed, leading to an enhanced in-plane upper critical field.
Applications to other two-dimensional multiband superconductors are also discussed.
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Introduction. Recently, multiband superconductors with
multicomponent order parameters have attracted growing
attention in the condensed matter community, with mate-
rial candidates such as MgB2 [1–5], NbSe2 [6–10], and
Ba1−xKxFe2As2 [11–16]. It has been proposed that multiband
superconductors may lead to exotic forms of superconduc-
tivity such as topological superconductivity [17–19] and
quantum vortices [20,21], with some experimental progress
reported [3,4,7,9,13,22,23].

In particular, the recent experimental observation of evi-
dence on quantum vortices carrying fractional flux quantum
(so-called fractional vortices) in iron-based superconductors
by Zheng et al. [24] adds fuel to the study of multiband
superconductivity.

Theoretically, multiband superconductivity can be ana-
lyzed within the phenomenological Ginzburg-Landau frame-
work [25–32], and self-consistent calculations based on
microscopic band structures [33–40]. To understand the obser-
vations of fractional vortices and multiband superconductivity
reported in Ref. [24], one first needs to analyze the micro-
scopic band structure of iron-based superconductors.

It is generally recognized that the Fermi surfaces of iron-
based superconductors mainly consist of d-orbital pockets
of iron atoms, hybridized with orbitals from other atoms
[41–48]. In particular for KFe2As2 in Ref. [24], one may focus
on hole pockets from dxz, dyz, and dxy orbitals near the �, M
points [49–53], and the point group is D4h.

In this Letter, we consider a two-dimensional (2D) su-
perconductor model with dxz, dyz and dxy-orbital hole bands
under point group D4h. First, we focus on the two-band model
near the � point formed by dxz, dyz bands and reveal the
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essential properties of superconductivity under external mag-
netic fields. After deriving the k · p model from a symmetry
analysis, we investigate the anisotropy of Fermi contours and
vortex bound states under out-of-plane magnetic fields. Then,
we extend to the three-band model of dxz, dyz, and dxy bands,
and discuss the corresponding modifications due to the ad-
ditional dxy band. Finally, we self-consistently calculate the
in-plane upper critical field of the multiband superconductor.

For KFe2As2 in Ref. [24], the vortices can split into two
or three, where the two- or three-band model applies. Further-
more, the density of states for bound states in the fractional
vortices has an anisotropic spatial profile, which can be cap-
tured by our mean-field calculations.

Our method is based on the symmetry analysis under
mean-field theory, and applies to generic 2D multiband su-
perconductors when fluctuations can be neglected.

Two-band model. At the � point, dxz, dyz orbitals furnish
the 2D irreducible representation Eg of point group D4h. In
particular, under in-plane fourfold rotation C4z, we find the
eigenbasis of the orbital angular momentum Lz,

d± ≡ 1√
2

(dxz ± idyz ), Lz = ±1. (1)

On the spinful orbital basis {d+↑, d+↓, d−↑, d−↓}, the time-
reversal symmetry T , in-plane fourfold rotation symmetry
C4z, and vertical (horizontal) mirror symmetry My (Mz) are
represented as (Jz = σz + 1

2 sz )

T = isyσxK, C4z = iJz , My = isyσx, Mz = isz, (2)

where s are Pauli matrices in spin space, σ in orbital space,
and K is the complex conjugation operator. Since we have
both orbital and spin degrees of freedom, we expect two types
of couplings, namely the interband coupling (IBC) between
different orbitals, and the spin-orbit coupling (SOC) between
different spins.

By the method of invariants, the normal Hamiltonian up to
the quadratic order of electron momentum reads

H0(k) = ε + 2λ1kxkyσy + λ2
(
k2

x − k2
y

)
σx + βszσz, (3)
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FIG. 1. (a), (b) Fermi contours and (c)–(f) zero-energy density
of states in the two-band model Eq. (3). Dashed lines denote the
directions with a longer decay length. The two-band model Eq. (3)
is employed with μ = −0.6, t = −1, β = 0, �1 = �2 = 0.1. In (c),
(e), λ1 = 0.2, λ2 = 0.1, and in (d), (f), λ1 = 0.1, λ2 = 0.2. Fractional
vortices are described by Eq. (11) with ξ = 1.

where k = (kx, ky) is the electron momentum, ε is the kinetic
term, λ1, λ2 are spin-independent IBC parameters, and β is
the Ising SOC. For hole bands we have

ε = −μ − tk2, (4)

with a chemical potential μ < 0 and hopping term t < 0.
Under time-reversal symmetry, s, σz are odd, while σx,y

are even. Under inversion, s, σ are all even. As a result, both
IBCs and Ising SOC are even in k, unlike those k-odd IBCs
in Bernevig-Hughes-Zhang (BHZ) model [54] and k-odd
Rashba SOC [55,56].

Unlike the isotropic kinetic term ε and Ising SOC β, IBCs
λ1,2 serve as the source for anisotropy in our model. The
normal Hamiltonian has an emergent symmetry

(kx, ky) → 1√
2

(kx + ky, kx − ky), λ1 ↔ λ2. (5)

Namely, an in-plane improper rotation of angle π/4 is equiv-
alent to the exchange of λ1,2. When |λ1| = |λ2|, the model
acquires an emergent full rotation symmetry.

The anisotropy of Fermi contours in the normal Hamilto-
nian depends on λ1, λ2 as shown in Figs. 1(a) and 1(b). When
|λ1| > |λ2|, the outer pocket is “×” shaped (dxy-like) as in
Fig. 1(a), and when |λ1| < |λ2| it is “+” shaped (dx2−y2 -like)
as in Fig. 1(b). In fact, with λ2

± ≡ 1
2 (λ2

1 ± λ2
2), the bands of

Eq. (3) read

E±(k) = ε ±
√

(λ2+ − λ2− cos 4θ )k4 + β2, (6)

in the polar coordinate k = k(cos θ, sin θ ).
Below, we discuss the anisotropy effects of IBCs λ1,2 in

superconductivity.
Superconductivity. We now turn to the superconducting

phase of our model, and discuss both uniform pairing and the
nonuniform vortices.

When the pairing is uniform in real space, we can work in
the momentum space, where the electron operator dσ s carries
orbital σ = ±, spin s =↑,↓, and momentum k, while the

hole operator d†
σ s carries orbital −σ , spin −s, and momentum

−k. The Bogoliubov–de Gennes (BdG) Hamiltonian on the
Nambu basis {d+↑, d−↑, d+↓, d−↓, d†

+↑, d†
−↑, d†

+↓, d†
−↓}T is

HBdG(k) =
(

H0(k) �(k)

�†(k) −H∗
0 (−k)

)
. (7)

The pairing matrix �(k) includes spin-singlet, spin-triplet,
intraband, and interband channels, and the particle-hole sym-
metry reads

�(k) = −�T(−k). (8)

In the following, we consider on-site pairings, which are
described by an antisymmetric pairing matrix

� =

⎛
⎜⎜⎜⎝

0 �+ �0 + �z �1

−�+ 0 �2 �0 − �z

−�0 − �z −�2 0 �−
−�1 −�0 + �z −�− 0

⎞
⎟⎟⎟⎠,

(9)
with six pairing order parameters �1,2, �0,z, and �±, which
furnish four irreducible representations of D4h,

�1,2 ∈ A1g, �0 ∈ B1g, �z ∈ B2g, {�+,�−} ∈ Eg.

(10)

In phase B1g or B2g, there is only one order parameter and
multiband superconductivity cannot be realized. In phase Eg,
the two order parameters �± are degenerate in the quadratic
Ginzburg-Landau (GL) free energy, but have to fall into either
a chiral (�+�− = 0) or nematic (|�+| = |�−|) phase when
considering quartic GL terms.

We thus consider the trivial pairing phase A1g, which is
time-reversal invariant and pairs up opposite-spin opposite-
orbital states. It can be found that the BdG bands of Eq. (7)
are topologically trivial, which is consistent with experimental
observations in iron-based superconductors that edge states
are absent [24].

We then move to the nonuniform pairings in the real space.
Namely, �1,2(r) can now depend on the spatial position r. In
particular, we focus on fractional vortices. For simplicity, a
fractional vortex for order parameter � j to vanish at its core
r = c j can be modeled by the ansatz

� j (r) = � je
iϕ tanh

|r − c j |
ξ

, (11)

where ξ is the coherent length, ϕ is the polar angle of r − c j ,
and � j is the asymptotic pairing amplitude away from the
core |r − c j | → ∞. The magnetic flux trapped in such a
fractional vortex is a fraction of the flux quantum and hence
the name [20–24]. Our method here is based on the mean-
field ansatz Eq. (11) without taking into account fluctuations
[31–33] and self-consistency [34–40].

With the above ansatz, one can calculate the bound states
within fractional vortices, which can be represented by the
zero-energy density of states as shown in Figs. 1(c)–1(f).
From the calculations, one can find that the vortex bound
states (VBSs) are usually localized near the fractional vortex
core with anisotropic decay length.

It is usually found that the VBS decay length is longer
along the x and y axes when |λ1| > |λ2| [Figs. 1(c) and 1(e)],
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and along the diagonal directions |x| = |y| when |λ1| < |λ2|
[Figs. 1(d) and 1(f)]. We may understand these in terms of ef-
fective pairing potentials on the Fermi contours E± = 0. It can
be worked out that due to the d-wave-like IBCs λ1,2, effective
pairings on the Fermi contours are also d-wave-like with the
form factor −2iλ1kxky + λ2(k2

x − k2
y ). When |λ1| > |λ2|, the

effective pairings are more like a dxy wave with x and y axes
as the weaker pairing directions, and when |λ1| < |λ2|, the
effective pairings are more like a dx2−y2 wave with diagonal
directions |x| = |y| as the weaker pairing directions. Along
the weaker pairing directions, VBSs will be less bounded and
the decay length is longer.

In iron-based superconductors, experimental results
[24,53] seem consistent with the case of |λ1| < |λ2|.

The relation between the anisotropy of Fermi contours and
that of VBSs obtained in our ansatz-based calculations can
also be found in self-consistent calculations [35].

Three-band model. As mentioned previously, the additional
dxy-orbital hole band can hybridize with d± bands, and the
two-band model Eq. (3) becomes a three-band model, which
is a 6 × 6 matrix including spin.

At either the � or M point, the point group is D4h, and the
dxy orbital furnishes the 1D irreducible representation B2g. In
particular, under C4z its orbital angular momentum is Lz = 2,
and under My it changes sign. Since inversion symmetry is
preserved in D4h, there is no SOC for the single-band dxy

orbital. As a result, the dispersion of the dxy band can be
described by a scalar function ε′(k), which is a k-even kinetic
term.

Near the M point, IBCs between the dxy band and d±
bands are negligible to leading order, due to the large
momentum/energy mismatch. We may treat the dxy band as
an additional band at the M point, which is decoupled from
the d± bands and hence does not affect the previous results in
this Letter.

Near the � point, due to time-reversal symmetry, the three-
band Hamiltonian including SOC reads

H0(k) =
(

h(k) 0
0 h∗(−k)

)
, (12)

on the basis {d+↑, d−↑, dxy↑, d−↓, d+↓, dxy↓} with

h =
⎛
⎝ε + β λ A+

λ∗ ε − β A−
A∗

+ A∗
− ε′

⎞
⎠. (13)

To leading order, we have ε(k) = −μ − tk2, and λ(k) =
−2iλ1kxky + λ2(k2

x − k2
y ) as in the two-band model Eq. (3).

The IBCs between the d± bands and dxy band are

A±(k) = a±(kx ± iky), a± ∈ C. (14)

Under in-plane rotations, d± orbitals are fully isotropic, while
the dxy orbital is fourfold anisotropic. Thus, unlike fully
isotropic ε(k), we expect ε′(k) is fourfold anisotropic,

ε′(k) = −μ + M − t ′k2 − t ′′(k4 + ηk2
x k2

y

)
. (15)

For comparison, the fourfold anisotropy of the d± bands is due
to the IBC λ(k) within the d± bands as shown in Eq. (6), and
a two-band Hamiltonian Eq. (3) up to the quadratic terms in k
is sufficient to describe such anisotropy.

When μ is near the gap between ε and ε′, |μ| ∼ |M|, close
to the Fermi energy, the significant bands are the dxy band and
one of the d± bands, leading to the two-band BHZ model, as
derived in monolayer FeTe1−xSex [19].

On the contrary, deep in the hole band, |μ| 
 |M|, the
three-band model Eq. (13) has to be employed. In this case,
one may investigate the role of IBCs in the Fermi con-
tour anisotropy. It can be found that, when λ1 + λ2 = 0
and η = 0, all three Fermi contours are circular and fully
isotropic in the three-band model Eq. (13), which is a special
case of the isotropic condition |λ1| = |λ2| for the two-band
model Eq. (3). In general, the three Fermi contours are four-
fold anisotropic when λ1 + λ2 �= 0 and η �= 0, as shown in
Figs. 2(a) and 2(c), where we plot Fermi contours with fixed
λ1,2 but different a±.

In the superconducting phase A1g, besides �1,2 for the d±
bands, a trivial s-wave spin-singlet pairing order parameter �3

for the dxy band is also included. The pairing Hamiltonian is
described by on-site pairings

HA1g =
∑

r

�1d+↑d−↓ + �2d−↑d+↓ + �3dxy↑dxy↓ + H.c.,

(16)
where the sum is over all lattice sites r.

Under an out-of-plane magnetic field, fractional vortices
of � j (r) as modeled by Eq. (11) with j = 1, 2, 3 and the
corresponding VBSs can be induced. In Figs. 2(d)–2(f) we
calculate and plot the zero-energy density of states. When all
IBCs are weak, one may expect three peaks localized at the
cores of three fractional vortices as shown in Fig. 2(d). As the
IBCs increase, VBS peaks at the nearest fractional vortices
may merge together, resulting in two peaks [Fig. 2(e)] or even
one peak [Fig. 2(f)]. Thus, when one vortex is split into three
fractional vortices, the observed number of VBS peaks can be
one, two, or three, depending on the details of the IBCs. Our
theoretical calculations are consistent with the experiments
[24], where VBSs with one, two, and three peaks have all been
observed.

The fractional vortices are induced and stabilized by out-
of-plane magnetic fields. In the following we will consider the
effects of in-plane magnetic fields.

In-plane upper critical field. When an in-plane magnetic
field B is applied, the orbital effect can be neglected and the
Zeeman effect dominates. In the normal state, the three-band
Hamiltonian Eq. (13) is modified to contain the Zeeman cou-
pling term

H0(k) → H0(k) + 1
2μBĝB · s, (17)

where μB is the Bohr magneton, ĝ = diag(g+, g−, g3) is a ma-
trix in orbital space, and g±, g3 are the Landé g factors for the
d± orbitals and dxy orbital, respectively. Due to time-reversal
symmetry, g+ = g− ≡ g.

In the superconducting state, we need to focus on the Fermi
contours where pairing occurs. On the Fermi contour of the
dxy band, due to inversion symmetry, there is no SOC in
the orbital singlet dxy band. As a result, the in-plane upper
critical field is 2BBCS

c2 /g3, where BBCS
c2 is the critical field of a

Bardeen-Cooper-Schrieffer (BCS) superconductor purely due
to the Zeeman effect.
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FIG. 2. (a)–(c) Fermi contours and (d)–(f) zero-energy density of states in the three-band model Eq. (13). The parameters are μ = −0.6,
t = −1, λ1 = 0.1, λ2 = 0.2, t ′ = −0.3, t ′′ = t ′/12, η = −2, M = β = 0, and �1 = �2 = 0.1, �3 = 0.05. In (a), (d) a± = 0, in (b), (e) a+ =
0, a− = 0.8, and in (c), (f) a± = 0.8. In (d)–(f), three fractional vortices of � j (r) as modeled by Eq. (11) with j = 1, 2, 3 and ξ = 1 are placed
at c1 = (28, 28), c2 = (12, 12), and c3 = (20, 20), leading to (d) three peaks, (e) two peaks, and (f) one peak in zero-energy density of states,
respectively.

On the Fermi contour of the d± bands, since d± or-
bitals form a doublet, there exists Ising SOC as shown in
Eqs. (3) and (13). Similar to the effective pairing potentials, an
effective Zeeman field on the d± bands can be obtained,

Beff = λF√
λ2

F + β2
F

B, (18)

where λF and βF are angular averages of IBC and SOC,
respectively, along three Fermi contours (FCs),

λF =
∫

FC

dθ

2π
|λ(k)|, βF =

∫
FC

dθ

2π
|β(k)|, (19)

with θ as the polar angle of k. According to our previous
assumption, we have |μ| 
 λF, βF,�1,2.

From Eq. (18), the in-plane upper critical field Bc2 is

Bc2

BBCS
c2

= 2

g

√
1 +

(
βF

λF

)2

. (20)

In Fig. 3 we work out and plot the self-consistent pair-
ing gap � = �1 = �2 as a function of temperature T and
field B. In the phase diagram, the phase transition line de-
notes Bc2. Without Ising SOC, Bc2 becomes the BCS critical
field 2BBCS

c2 /g, as shown in Fig. 3(a), which increases to the
well-known Pauli limit BP at zero temperature. As shown
in Figs. 3(b) and 3(c), when Ising SOC is nonzero, Bc2 can
bypass the Pauli limit even at nonzero temperatures, and the
field enhancement increases with the ratio βF/λF as described
in Eq. (20).

Physically, the inversion symmetry is preserved, and the
Ising SOC couples spin and orbitals near the � point. For each
orbital, Ising SOC behaves as a Zeeman field along the out-
of-plane direction, which enhances Bc2. For opposite orbitals,

Ising SOCs are opposite in sign but the same in magnitude, to
preserve time-reversal symmetry. However, IBCs λ1,2 couple
opposite orbitals and tend to weaken the spin pinning of Ising
SOC for each orbital. As a result, we arrive at the enhancement
formula Eq. (20) for the in-plane upper critical field. This is
one example of Ising superconductivity [57–60].

In our calculations, we assume the Cooper pair momen-
tum is always zero. At low temperatures, finite-momentum
pairing states such as the Fulde-Ferrell-Larkin-Ovchinnikov
phase may arise beyond the Pauli limit [61,62], which could
further enhance the in-plane upper critical fields. In particular,
in the Fulde-Ferrell phase the inversion symmetry can be
spontaneously broken, leading to the potential supercurrent
diode effect [63–65].

Conclusion. In this Letter, we study multiband supercon-
ductors under magnetic fields. We analyze the properties of

FIG. 3. Phase diagrams with different Ising SOCs. The two-band
model Eq. (3) is employed with μ = −0.6, t = −1, λ1 = 0.1, λ2 =
0.2, and (a) β = 0, (b) β = 0.1, and (c) β = 0.2.
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Fermi contours and vortex bound states under out-of-plane
magnetic fields, which are related to the couplings λ1,2 and
a± between different bands.

When |λ1| > |λ2| (|λ1| < |λ2|), the outer pocket and the
effective pairings are more dxy(dx2−y2 ) like, leading to vortex
bound states with a longer decay length along the x and
y axes (diagonal directions |x| = |y|), as shown in Fig. 1.
When the magnitudes of interband couplings |a±| increase,
the electron density peaks of the vortex bound states may
merge, and the observed number of electron density peaks
may range from 3 to 1, as shown in Fig. 2. Our results
may help to explain and predict the experimental observa-
tion of vortex bound states in 2D multiband superconductors
such as MgB2, NbSe2, and monolayer Ba1−xKxFe2As2. It
is reasonable to envision that fractional vortices may also
appear in these 2D multiband superconductors under an
out-of-plane magnetic field. Then one may measure the
anisotropy and peaks of the density of states (DOS) at
zero bias to probe the bound states in the fractional vor-
tices. Our theoretical calculations on the vortex bound states

are consistent with the experimental data of KFe2As2 in
Ref. [24].

We also calculated the in-plane upper critical field self-
consistently as shown in Fig. 3, and predict Ising supercon-
ductivity in monolayer iron-based superconductors such as
Ba1−xKxFe2As2, LiFeAs, and FeTe1−xSex. This is an example
of Ising superconductivity [6,57] in multiband superconduc-
tors besides type-II Ising superconductivity [58–60].
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