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Projected entangled pair states (PEPS) are a class of quantum many-body states that generalize matrix product
states for one-dimensional systems to higher dimensions. In recent years, PEPS have advanced understanding
of strongly correlated systems, especially in two dimensions, e.g., quantum spin liquids. Typically described
by tensor networks on regular lattices (e.g., square, cubic), PEPS have also been adapted for irregular graphs;
however, the computational cost becomes prohibitive for dense graphs with large vertex degrees. In this paper,
we present a PEPS algorithm to simulate low-energy states and dynamics defined on arbitrary, fluctuating, and
densely connected graphs. We introduce a cut-off, x € N, to constrain the vertex degree of the PEPS to a set
but tunable value, which is enforced in the optimization by applying a simple edge-deletion rule, allowing the
geometry of the PEPS to change and adapt dynamically to the system’s correlation structure. We benchmark our
flexible PEPS algorithm with simulations of classical spin glasses and quantum annealing on densely connected
graphs with hundreds of spins, and also study the impact of tuning « when simulating a uniform quantum spin
model on a regular (square) lattice. Our paper opens the way to apply tensor network algorithms to arbitrary,

even fluctuating, background geometries.

DOLI: 10.1103/PhysRevResearch.7.L.012002

Introduction. In recent decades, tensor network algorithms
have become state-of-the-art numerical methods for simulat-
ing complex many-body systems [1,2]. The most famous and
successful example of a tensor network is the matrix product
state (MPS) [3], which has been established as a benchmark
or simulating one-dimensional (1D) quantum systems. The
projected entangled pair states (PEPS) method [4] extends
the MPS framework to effectively simulate two-dimensional
(2D) and higher-dimensional quantum systems, possibly with
an arbitrary geometry [5], but incurs a significantly higher
computational cost. Despite the limiting cost, PEPS have sig-
nificantly advanced our understanding of strongly correlated
quantum systems, in particular those with topological order
[6,7], including quantum spin liquids [8].

PEPS are usually applied to approximate low-energy states
or dynamics of Hamiltonians that are the sum of local opera-
tors that act only on a few neighboring sites. One constructs
the PEPS tensor network according to a graph P, the “corre-
lation geometry”, that best reflects the (assumed) correlation
structure of the target state. For Hamiltonians that are the
sum of only two-site interactions, such as the Ising model,
one can consider the Hamiltonian geometry G, namely, the
graph whose nodes and edges correspond to the sites and
the interaction terms, respectively. Typically, P is chosen
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to match the Hamiltonian geometry G. In this case, when
P = G, the computational cost of the PEPS roughly scales
as ~xX, where x is the PEPS bond dimension (namely, the
maximum size of a bond index) and K is the maximum vertex
degree in G, which quickly becomes prohibitive for large K
corresponding to densely connected Hamiltonians. The choice
P = G seems reasonable for translation-invariant Hamiltoni-
ans defined on regular lattices, in which case all the terms of
the Hamiltonian are comparable. However, for Hamiltonians
defined on irregular graphs or those with disorder—for ex-
ample, classical and quantum spin glasses [9-11], which are
also relevant for combinatorial optimization problems [12],
Sachdev-Ye-Kitaev models [13,14], and quantum chemistry
models (see, e.g., [15,16])—the correlation geometry of the
target state could significantly deviate from the Hamiltonian
geometry. Even for certain translation-invariant models on
regular lattices in higher dimensions (d > 4), where mean-
field techniques become more accurate, or models on locally
tree-like lattices [17], PEPS based on a sparse P, reflecting
small correlations, may already be effective. However, guess-
ing an effective PEPS geometry is generally a difficult task,
and presents a key challenge for PEPS methods based on
a fixed geometry. Additionally, we know of many situations
where there is no underlying lattice at all, e.g., when simulat-
ing a quantum circuit, or for the case of a dynamical system
with fluctuating background geometry.

While attaching a PEPS to a predefined lattice can be
useful, this is also a stringent constraint. For one, long-range
gates (Fig. 1) can only be applied by employing a sequence
of swaps to bring the sites in question next to each other
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FIG. 1. (a) An MPS update after absorbing a two-site gate.
(b) Absorbing two-site gates into the standard fixed PEPS updates
the bonds but not the tensor network geometry. (c) A sequence of
two-site gates corresponding to a irregular Hamiltonian applied on
the flexible PEPS. Absorbing each gate adds an edge to the PEPS.
After a few updates, tensor no. 5 acquires 5 > « = 4 edges, trigger-
ing an edge-deletion and updating tensors 4 and 5. The deleted bond
is selected according to bond entanglement entropy score(= edge
thickness).

before applying the gate, which can become very expensive.
In general, it would be more beneficial to let the geometry
(distance between sites) fluctuate and adapt dynamically, as
the algorithm flows, to the entanglement structure that is nat-
ural to the system.

In this paper, we materialize the above intuition by propos-
ing a PEPS algorithm based on a flexible geometry for
simulating models defined on irregular and densely connected
graphs with large K, even comparable to the system size.
In order to control the exponentially scaling cost ~xX, we
introduce a new PEPS cutoff x € N « K. At any step in
the optimization, we enforce that the maximum number of
bond indices of the PEPS tensors remains < «, but otherwise
allow the PEPS geometry change and adapt to the (generally
unknown) target correlation geometry, see Fig. 1. Starting,
for instance, with a product state, a PEPS variational opti-
mization or time-evolution proceeds by adding new edges
(and correlations) to the tensor network. Whenever a tensor
violates the k-cutoff, we delete a bond index from that tensor,
chosen according to a bond entanglement score. We pro-
pose a simple edge-deletion rule, which can be incorporated
with standard PEPS optimization algorithms based on simple
[18], cluster, or full update schemes [19,20], briefly reviewed
in the Supplemental Material (SM) [21]. We demonstrate
that simple updates supplemented with edge deletion already
gives remarkably accurate results across several benchmark-
ing simulations of irregular and densely connected models
with hundreds of spins, up to approximately 1200 spins. (See
final discussion for why simple update might be effective for
the setting of this paper.)

Setup. Consider a many-body system made of L sites,
described by a tensor product Hilbert space V = ®1.L:l Vi
and a local Hamiltonian H : V — V, which we assume is
the sum of only two-site Hermitian operators H = ) . i hijs
where h;; acts nontrivially only on sites i and j, not necessarily
neighbors, and as the identity on remaining sites. The total
Hamiltonian H defines a graph G whose nodes correspond to
lattice sites and sites #, j are connected with an edge only if an
interaction term A;; appears in the Hamiltonian.

Aims. Our goal here is to approximate the low-energy
states and real-time dynamics of the system using PEPS-based
time evolution methods [22]. Specifically, we would like to
approximate the state |¥) = e~ ™| W,) (up to normalization),
where the initial state |W() is a product state or a simple
PEPS with a small bond dimension. Here, 7 is either real,
in which case |WV) is a low-energy state (e.g., the ground
state) resulting from an imaginary time evolution, or purely
imaginary, T = iT, which corresponds to a real-time evolution
for time 7. Using Suzuki-Trotter decomposition, we approxi-
mate the time-evolution operator e~ " as a circuit comprised
of two-site gates g;j = e ™, e~ ~ I1;;g;;, connected ac-
cording to G and sliced into N time steps §7 = N/t. The
Suzuki-Trotter decomposition is exact if all the two-site terms
commute but otherwise incurs an error that scales polynomi-
ally with 67. In order to minimize the Suzuki-Trotter error, we
partition each trotter step (a single time-slice) into G “layers”,
{Gi}C_,, such that each layer Gy contains only nonintersecting
(thus, commuting) gates [23]. Thus, we obtain the circuit,
et ~ HI(G:1(®(i,j)egA 8ij)-

Flexible PEPS algorithm. We now describe our new PEPS
algorithm to approximate the trotterized time evolution from
state |Wp) towards |W). At any step in the evolution, the in-
stantaneous state is approximated as a PEPS |P;) € V whose
geometry P, is now allowed to change along the time evo-
lution such that |Wy) = |Pp) and |¥) =~ |Py). We choose
[Wo) = |Po) to be a product state, corresponding to an edge-
less graph Py. The initial evolution proceeds by adding bonds
to the PEPS. Specifically, gate g;; creates entanglement be-
tween sites i and j, captured by creating a bond between
tensors located at those sites. The PEPS at time ¢ consists
of a set of tensors {['"}: | and diagonal matrices (e, jo
attached to the nodes i and edges [i, j] of the graph P,
respectively, and represents a state |P;) € V, which can be
recovered by contracting all the PEPS tensors. The basic op-
timization step consists of updating the PEPS tensor network
after applying a single two-site gate. In this paper, we apply
the simple update scheme (see the Supplemental Material
[21]) absorbing the gate locally into the PEPS and ignoring
the rest of the system, which already gave accurate results
across a range of benchmarking simulations. As the gates
are applied, the PEPS becomes increasingly more connected,
thus, escalating the computational cost of the updates, rapidly
becoming prohibitive for densely connected Hamiltonians. In
order to control this cost, we now enforce a vertex constraint,
namely, no PEPS tensor is allowed to have more than k € N
bond indices at any time in the evolution. If after applying a
gate a tensor violates this constraint, we proceed to remove a
bond index from that tensor. In order to reduce the impact on
expectation values of local observables acting at that site, we
propose to remove the bond with minimal bond entanglement

entropy (BEE) & j = -3 AL logz(k,[f,’j]), where AL are
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the entries of the diagonal bond matrix Al"/! [24]. In order to
delete index a between nodes x and y, we truncate the bond
matrix A1 keeping only the largest singular value and the
corresponding left and right singular vectors, which are then
absorbed into the vertex tensors '™, TP ag

1/2
F[X] a, ... - ()ng(]) F[x,] a=l1, ... (1)

: SN2 1D
I 0

a=1, .. @)

We assume here that the singular values are sorted in descend-
ing order along the diagonal of A1, i.e., a = 1 corresponds
to the largest singular value. Slicing and scaling tensors,
Egs. (1) and (2), incurs minimal computational cost, and the
overall cost of the flexible PEPS algorithm is still dominated
by the cost of the PEPS updates, roughly scaling as ~y*
(compared to ~x X for a fixed PEPS).

Although heuristic, we found that the BEE is a meaningful
edge-deletion score. First, as we demonstrate later, our edge-
deletion rule has an intuitive impact when applied to uniform
models on regular lattices, in particular, we demonstrate that
BEE can be used to locate critical points in such models with
reasonable accuracy (see the SM [21]). Second, for several
densely connected Hamiltonians, we observed that the bond
spectrum S; = {&; ;}; of site i—namely, sorted BEE values
of all the bonds at i—decays exponentially with the vertex
degree, thus, the impact of the BEE-based truncation is poten-
tially controllable.

Results. We now demonstrate that our flexible PEPS algo-
rithm based on simple updates + simple measurements (see
the SM [21]), works reasonably well for simulations of (1)
classical Ising spin glasses, (2) disordered quantum annealing,
and (3) the uniform 2D quantum Ising model.

(1) Classical spin glasses. We applied the flexible PEPS
algorithm to find the ground of a classical Ising spin glass
defined on a graph G, Hysing.s6 = > hiZi + Y _;; JijZiZj + C,
where i, j enumerate the vertices of G, each vertex corre-
sponds to a site described by C?% 7 = ((l) _01), and C is a
constant. All the eigenstates of Hisng.sg are product states,
since Higing-sG is already diagonal in the Z basis on each site.
Finding the ground product state of this model is equivalent
to solving a generally NP-hard [25] quadratic unconstrained
binary optimization (QUBO) problem, corresponding to min-
imizing the cost function F = Zi ; x;Q;jxj, where x; € [0, 1]
is a (classical) binary variable, and Q is the quadratic cost
matrix. The classical Ising spin glass Hising.sg maps to a
QUBO by identifying h; = (Qii + }_; 0i/2), Jij = Qij, and
C= Zij(Qi;/Z + Q;;/4). The binary string xo, x1, ..., xz, that
minimizes F corresponds to the ground state |{g) = |xp) ®
[x1) ... ® |xz) of Hising-sG-

We approximated |yg) using the flexible PEPS by simu-
lating trotterized imaginary-time evolution starting from the
state |+) = ®,,(JL§|0)I- + JLim,-). The PEPS was optimized
by combining simple updates with the BEE edge-deletion
rule. The algorithm often converged to an entangled state with
a small bond dimension (=2 or 3), which we expected to have
a large overlap with the ground product state. We sampled 100
product states from the converged PEPS by adapting (see the
SM [21]) the perfect sampling algorithm for the MPS [26,27]
and chose the sampled state with the lowest energy as the
solution.

We approximated the ground state of Hygne—sg for several
values of h; and J;;. We chose eight random models (by
randomly sampling h; and J;;), labeled as R1-R8, consist-
ing between 80 and 128 spins and nine models from the
QPLIB database [28], Q1-Q9, consisting between 561 and
1225 spins, see the SM [21] for details; models Q1-Q9 are
not very dense (vertex degree < 4) but are known to be hard.
Figure 2 (bottom) shows the error of the ground-state energy
relative to the solution obtained using the Gurobi software
(applied to the QUBO formulation of these models), see also
the SM [21]. We found that the flexible PEPS exactly matches
the energy for all the randomly generated models and incurs
only up to 1% error for the QPLIB models. Remarkably, our
simple method was also able to find a better solution for some
of the QPLIB models when the Gurobi optimization time was
limited to 300 seconds, comparable to the time taken by the
PEPS algorithm. These results demonstrate the potential of
the flexible PEPS for solving hard combinatorial optimization
problems.

(2) Simulated quantum annealing. Next, we applied the
flexible PEPS algorithm to simulate quantum annealing,
specifically, to approximate the real-time dynamics of the
time-dependent Hamiltonian Hsga (Ar) = A Higing—sg — (1 —
A Y X Xi = () ).and 0 < 7 < 1is varied adiabatically
between Ao = 1 and A; = 0. We again chose the initial state
|+), which here is the ground state of the initial Hamil-
tonian Hsga (0) = Z,‘Xi- When X, is varied adiabatically,
the time-evolved state |i;) = e®7Hsea@0) |y} remains close to
the ground state of the instantaneous Hamiltonian Hsga (A;)
throughout the evolution, thus converging at A =1 to the
ground state of the classical Ising model Hiygne—sg (equiv-
alently, to the solution of the corresponding QUBO). As
opposed to the classical imaginary time-evolution discussed
previously, here the evolution is driven by a quantum Hamil-
tonian, which introduces a trotter error, which we mitigated by
choosing a small trotter step. We used the annealing schedule
plotted in the SM [21], a rescaled version of the schedule of
the D-wave physical annealer. The results are shown in Fig. 2
(top, left/right). We found that the algorithm performed poorly
for randomly generated problems giving up to 75% error, but
performed better for the structured QPLIB problems giving
~8% error. We believe that this poor performance is caused
by breaking of adiabaticity, which diverges the time-evolved
state from the instantaneous ground state. As an attempt to
course-correct, we also simulated a hybrid annealing, which
incorporates intermittent imaginary-time evolution driven by
the instantaneous Hamiltonian to steer the state back towards
the instantaneous ground state. This approach gave much
more accurate results, shown in Fig. 2 (bottom), giving up
to 4% error for the randomly generated problems and up
to 1% error for QPLIB problems, comparable with classical
imaginary time-evolution, but remarkably beating Gurobi on
more problems.

(3) 2D uniform quantum transverse field Ising model. We
also applied the flexible PEPS to approximate the ground state
of the uniform quantum Ising model with nearest-neighbor
interactions, Hrem = ) ;) ; i ZiZj + ) >_;X;, on an infinite
square lattice. We approximated the ground states of this
model using flexible PEPS based on simple updates and
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FIG. 2. Relative error (%) of the flexible PEPS algorithm vs Gurobi for QUBO problems (details listed along x axis) when using imaginary
time evolution, quantum annealing, and hybrid annealing. Simulation details in the SM [21].

a 3 x 3 unit cell, varying k = 2, 3,4. Figure 3 shows the
single-site magnetization averaged over the unit cell, com-
puted using the “simple measurements” scheme (see the SM
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FIG. 3. Average single-site spin magnetization vs the strength of
the magnetic field A for the ground state of the uniform 2D quantum
transverse field Ising model Hrgv on a square lattice. Curves without
markers correspond to flexible PEPS simulations with « = 2, 3, 4.
For each «, the results were converged by increasing bond dimension,
lighter curves correspond to smaller bond dimensions. The curves
with markers correspond to fixed PEPS simulations of Ising models
defined on the “critical” geometries shown here (see the SM [21])
that were recovered from the flexible-PEPS simulations.

[21]). We found that PEPS with « =4, equal to the co-
ordination number of the square lattice, accurately locates
the 2D Ising critical point around ~3.1. But, as perhaps is
expected, flexible PEPS with x = 2, 3 performed poorly in
locating the critical point. However, an interesting feature
emerged—the flexible PEPS curves for k = 2, 3, nonetheless,
displayed sharp transitions, at > & 1 and A ~ 2, respectively.
(In fact, the average bond entanglement entropy also exhibited
similar transitions, see the SM [21].) In order to understand
these sharp transitions, we tracked the (dynamic) geometry
of the flexible PEPS across the transitions. The “critical” ge-
ometries manifesting precisely at the transitions are depicted
in Fig. 3. The critical geometry for k = 2 is a chain with
periodic boundaries, but with an optimization-determined site
order, while ¥k = 3 corresponded to an irregular graph with
average vertex degree of x2.6. For k = 4, we recovered the
2D square lattice at the critical point. We then simulated two
different quantum Ising models I, /5 defined on the critical
geometries for k = 2, 3, respectively, using the usual fixed
PEPS, and found (solid markers in Fig. 3) that the locations
of the sharp transitions, A & 1 and A = 2, observed in the
flexible PEPS simulations coincide with the critical points of
b, I respectively. (In particular, A = 1 is the critical point of
the quantum transverse field Ising model on a spin chain .)
Thus, when applying our edge-deletion rule in simulations
of uniform Hamiltonians, we find a correspondence between
limiting the number of PEPS bonds and truncating the cor-
responding Hamiltonian terms. This correspondence, which
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is compatible with the intuition that all PEPS bonds must be
equally prominent when P = G, suggests that our heuristic
edge-deletion strategy behaves reasonably in the familiar set-
ting of uniform models. Note that in Fig. 3, the geometry of
the Flexible PEPS is changing along the solid curves, while
the solid markers are for fixed PEPS based only on the critical
geometries. Consequently, for any fixed « away from the
critical points the solid markers deviate from the solid curves.

Discussion and outlook. We have introduced a flexible
PEPS algorithm that can adapt the underlying tensor network
geometry to the correlation structure of the target state while
maintaining a manageable number of bond indices, thus ex-
tending PEPS techniques to irregular and densely connected
Hamiltonians (defined even on fluctuating background ge-
ometries) for hundreds of sites. We have demonstrated that
a straightforward PEPS algorithm combining only simple up-
dates with a bond entanglement entropy-based edge-deletion
rule already works remarkably well for a range of problems;
however, we expect a systematic improvement by upgrading
to cluster or full updates. On the other hand, the fact that
simple updates work reasonably well for the class of densely
connected Hamiltonians considered here is surprising. The
simple update PEPS scheme is an uncontrolled approximation
because it neglects the environment tensors when updating
PEPS during time evolution or variational optimization. While
this limitation is significant, the approximation is known to
work well on tree graphs or loopy graphs that are locally
tree-like. However, we believe there are two further comple-
mentary scenarios where the simple update can also perform
effectively when applied to simulating the ground state of
densely connected, disordered Hamiltonians. We believe that
some of the successful applications of the flexible PEPS,
introduced here as a heuristic method, could potentially be
explained by the two scenarios outlined below.

(1) Dense connectivity with strong disorder. Strongly dis-
ordered Hamiltonians may flow to Hamiltonians acting on
locally tree-like graphs under coarse-graining transformations
such as the strong disorder renormalization group (SDRG)
[29,30]. SDRG iteratively removes the strongest disorder
bonds while renormalizing nearby Hamiltonian couplings.
Characterizing Hamiltonians that exhibit such an RG flow
could provide insight into how to leverage a dynamical
geometry—as in the flexible PEPS—to improve tensor net-

work simulations. Additionally, it is worth investigating
whether our edge-deletion procedure mirrors SDRG-like
decimation, but applied to quantum states rather than Hamil-
tonians.

(2) Dense connectivity with weak disorder. In systems with
dense connectivity and relatively weak disorder (i.e., a more
uniform interaction), the simple update might effectively cap-
ture an emergent mean-field (low-entanglement) description
owing to monogamy of entanglement.

We believe, however, that dynamic site ordering—a fea-
ture central to the flexible PEPS algorithm—is crucial for
capturing the correct SDRG flow in scenario (1) or the
low-entanglement structure in scenario (2). Analogous to ar-
bitrarily permuting the sites of a chain of nearest-neighboring
Bell state pairs, which introduces artificially high bipartite
entanglement and complicates the state’s description, com-
mitting to a fixed site order—for instance, by choosing a
particular spanning tree graph of the Hamiltonian graph—is
likely to result in a superficially complicated representation
of the state. Furthermore, in disordered systems, the optimal
site ordering that minimizes entanglement is generally not
obvious. An additional difficulty in fixing a site order this
way is that densely connected graphs can have extremely
large number of spanning trees (which can be counted using
the Kirchoff’s matrix tree theorem). Therefore, as demon-
strated in this paper, dynamically adjusting the site ordering
can potentially reduce simulation costs significantly by better
aligning the PEPS representation with the underlying correla-
tion structure of the system.

Finally, we remark that when « = 2, the PEPS reduces to
a flexible MPS with dynamic site order determined by the
optimization, which already worked well for some spin glass
problems (see Fig. 1 and the SM [21]). Interesting directions
for future work include applications of the the flexible PEPS
to SYK models, assessing the potential of the flexible MPS
for simulating densely connected disordered models, and un-
derstanding whether tuning « in flexible PEPS simulation of a
generic uniform model also locates critical points of the same
model defined on various geometries.
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