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Chaotic solutions found in the gravity model of network transport
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The gravity model is a mathematical model that applies Newton’s universal law of gravitation to socioe-
conomic transport phenomena and has been widely used to describe world trade, intercity traffic flows, and
business transactions for several decades. However, its strong nonlinearity and diverse network topology make a
theoretical analysis difficult, and only a short history of studies on its stability exists. In this study, the stability
of gravity models defined on networks with few nodes is analyzed in detail using numerical simulations. It was
found that, other than the previously known transition of stationary solutions from a unique diffusion solution
to multiple localized solutions, parameter regions exist where periodic solutions with the same repeated motions
and chaotic solutions with no periods are realized. The smallest network with chaotic solutions was found to be
a ring with seven nodes, which produced a new type of chaotic solution in the form of a mixture of right and left
periodic solutions.
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I. INTRODUCTION

Transport in socioeconomic systems is ubiquitousand
found in various spatiotemporal scales, such as the movement
and exchange of money and goods, measured at the scale of
intra-cities, inter-cities, and countries. Typically, the gravity
law is used as a model of fluxes in these transport systems,
such as world trade [1,2], population movement [3–7], traffic
[8–11], human mobility [12,13], and business transactions
[14]. With technological advancements, the types and scales
of transportation have continuously expanded. Furthermore,
the acquisition of big data has made it possible to observe
interactions between entities at a scale that is more micro-
scopic than ever before. As a result, the scope of application
for gravity laws continues to expand even today.

Owing to this ubiquity, the gravity law has been a long-
standing research topic in social science and economics. Many
studies have been done on the empirical validation of the
gravity law [4–7,9–14] or deriving the gravity law theoreti-
cally [2,15,16], whereas very few studies have been conducted
on the stability of transport systems driven by the gravity
law. Nevertheless, the stability of the transport systems gov-
erned by the gravity law remains a profound subject, because
the aforementioned examples of such systems are funda-
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mental components of our society. Studies on the stability
of the transport systems are desired from both the theoreti-
cal understanding of them and the practical need to control
them.

To address this problem explicitly, one approach involves
interpreting the transport by the gravity law as nonlinear trans-
port on networks. The gravity law defined on the edges of
the network serves as a nonlinear function to determine the
interaction flux, because the flux depends not only on the
size of the source site but also on the size of the target site.
Along this direction, a model known as a “gravity interaction
model” [17–19] acted as a working model of an open system
of gravity law transport in investigating the role played by
the combination of network topology and nonlinearity in the
stability of the state.

To clarify the role of gravity interaction in stability, a basic
question arises: What is the possible nonlinear behavior, such
as oscillatory states and chaotic states? The transition from a
diffusive state to a localized state is reported in Refs. [17,18].
Recently, our model study revealed hysteresis in a three-node
system of gravity law transport [19]. These studies focused
only on the stability of the fixed points; however, possibilities
exist for other types of solutions.

In this paper, we study the gravity interaction model and
show the phase diagram of the model on rings—one of the
simplest network structures for investigating behaviors be-
yond fixed points—to explore diverse solutions. In particular,
we found a chaotic region in the localized phase for the first
time, even in small networks, such as ring networks with
only seven nodes. We show strange attractors in such cases
and elucidate the mechanism of the chaotic solution from
the perspective of the stability of symmetric localized fixed
points. We find that such chaotic behavior occurs for n � 7
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nodes in the ring network and, finally, discuss the role of
dissipation.

II. MODEL

The equation of the gravity law is

fi j ∝ Ai j

Sα
i Sβ

j

dδ
i j

, (1)

where fi j is the flux from nodes i to j, Ai j is the binary
adjacency matrix of the network, Si, S j are the sizes of i and
j, and di j is the distances between i and j, for some fixed
parameters α, β, δ � 0. In the classical cases of world trade
[1] and human movement [4], the values of α and β are
α = β = 1, and δ is either δ = 1 [4] or 2 [1]. More recent
studies of microscopic data revealed a further development
of the gravity law. In the case of intra-city human mobility,
the distance decay exponent δ is reported as 0.57 [13], and
its value is expected to be close to 0 in the business relations
[20]. Other studies show that the distance decay exponent δ

temporally varies due to globalization and economic changes
[21,22].

Gravity law (1) provides the functional form of the flux as
follows:

fi j = Ai jd
−δ
i j Sβ

j∑
k Aikd−δ

ik Sβ

k

DSα
i , (2)

where D is a normalization factor. We call this “share interpre-
tation,” where the fraction corresponds to a share of node j,
and the term DSα

i corresponds to the total volume of outgoing
flow from node i per unit-time. This representation is often
referred to as the “singly constrained gravity model” [16] in
transportation modeling literature. In this interpretation, we
can see the roles of exponents α, β, and δ. The parameter
α characterizes the nonlinearity of the total outflow, and the
parameter β characterizes the nonlinearity of the inflow. In
the case of thermal diffusion, α = 1 and β = 0.

When we consider real transportation systems, the flow
is often not conserved in the given network, and we need
to introduce injection and dissipation. For example, interna-
tional migration flow is not closed in the country network;
the number of humans is changing due to birth and death in
each country. Money flow is not closed in the firm-to-firm
business network; money is injected into business firms from
individuals, banks, or firms abroad, and dissipation occurs due
to employees’ salaries, taxes to the government, or payments
to other countries. These examples illustrate the open nature
of the network flow systems. Here, since we are discussing
the microscopic basis of the macroscopic network trans-
port of gravity law, it is natural to consider dissipation and
injection.

By using this flux formula (2), it is natural to construct the
equation of continuity as follows:

Ṡ j = D

[∑
i

Ai jd
−δ
i j Sβ

j∑
k Aikd−δ

ik Sβ

k

Sα
i − Sα

j

]
− ν jS

α
j + Fj . (3)

Here, the role of the dissipation parameter ν j and injection
constant Fj is to control the external interaction of flows.

This is the general formulation of the gravity interaction
model of network transport. For the business transaction,
we can construct the model (3) of companies’ annual sales
from business transaction data consisting of approximately
one million Japanese companies by considering the money
flow between companies via transactions, with dissipation
and injection [14,17]. It is possible to recover Zipf’s law of
the sales at α = 0.9, β = 0.3, δ = 0, D = 1, and ν j = ν =
0.1, Fj = F = 95 ∀ j [17]. This is intriguing because not only
the underlying network structure but also nonlinearity expo-
nents α and β are essential components to reproduce real sales
distribution. For simplicity, we consider a special case of this
gravity interaction model (3), where δ = 0, D = 1, and uni-
form external interaction parameters ν j = ν, Fj = F ∀ j, and
network topology is fixed over time. This parameter setting
reduces the number of parameters drastically, but the model
is still relevant for describing the real data of money flow in
Japanese business networks [17].

We consider a ring network, where each node follows a
simple, identical external interaction coupled with a gravity
interaction. It is natural to assume bidirectional interactions
because interactions do not comprise only unidirectional links
in reality. Then, it is possible to formulate the time evolution
of the size variables x j = Sα

j /F for each node j = 1, 2, . . . , n
as follows:

ẋ j = xγ
j

xγ

j−2 + xγ
j

x j−1 + xγ
j

xγ
j + xγ

j+2

x j+1

− x j − νx j + 1, j = 1, 2, . . . , n, (4)

where γ denotes the parameter of the nonlinearity of the
flux and ν denotes the dissipation coefficient controlling the
external interaction with the outside of the network. The first
three terms are couplings, and the last two terms are external
interactions—that is, dissipation and injection. It is possible to
recover the typical diffusion at γ = 0. Because all elements
are identical, 〈x(t )〉 ≡ 1

n

∑
j x j (t ) asymptotically converges

to ν−1, implying that the dynamics are confined to a plane
in the phase space. In particular, the model (4) admits the
uniform state x j = ν−1 ∀ j for any γ . Because we consider a
ring network, our model has rotational and reflection symme-
tries. For the numerical integration, we used the fourth-order
Runge-Kutta method with a fixed time step size of 0.01.
For a different time step size (0.1, 0.005 for fourth-order
Runge-Kutta method) and integration scheme (adaptive step
size integration with Dormand-Prince method), we confirmed
that the result behaves the same qualitatively. The initial state
is uniformly sampled from [ν−1 − 1, ν−1 + 1] in the case of
ν < 1, and [ν−1 − 0.1, ν−1 + 0.1] in the case of ν � 1, for
each node of the ring network.

III. LOCALIZED SOLUTIONS: TYPICAL FOUR PHASES

The numerical result reveals that four phases exist in our
model: (a) diffusive phase: the fixed point at γ = 0 (the
uniform state x j = ν−1 j = 1, 2, . . . , n) is stable, (b) first lo-
calized phase: the fixed point at γ = 0 becomes unstable
and multiple localized fixed points become stable, (c) chaotic
region: the localized fixed points change their stability and
the periodic or chaotic trajectory becomes the attractor, and
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FIG. 1. Four phases of our model. Panels (a)-(d) show spatiotemporal patterns of the model’s solution corresponding to four typical states.
Horizontal and vertical axes represent space j (node positions aligned in a circular order of the ring network) and time t , respectively. Color
indicates the state variable x. (a) Diffusive phase: The fixed point at γ = 0 is stable. (b) First localized phase: The fixed point at γ = 0 becomes
unstable, and multiple localized fixed points emerge. (c) Chaotic region: The trajectory does not converge to a fixed point. Instead, it becomes
periodic or chaotic. (d) Second localized phase: Multiple localized fixed points coexist.

FIG. 2. Enlargement of the chaotic region. The center left panel shows the top three Lyapunov exponents λ1(blue), λ2(red), and λ3(green)
versus γ , whereas the center right panel shows the Kaplan-Yorke dimension DKY calculated from the Lyapunov spectrum. The top and bottom
panels show attractors for different values of γ across the chaotic region. Dissipation ν is fixed to 0.01. Attractors are represented in three-
dimensional space, with coordinate axes being x1 + x2 + x3, x4 + x5 + x6, and x7 + x8 + x9. The top three attractors are obtained for γ = 0.925
(fixed point attractor), 0.9445 (strange attractor), and 0.95 (strange attractor), and the bottom three attractors are obtained for γ = 1.0 (torus
attractor), γ = 1.015 (strange attractor), and 1.023 (strange attractor). The value of DKY is up to 2.5 throughout the chaotic region, justifying
the representation of attractors in three-dimensional space.
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FIG. 3. Example of the attractor structure, obtained for γ = 0.943, in the vicinity of the left onset of chaos. A nine-dimensional trajectory
is represented in three-dimensional space in the same manner as attractors in Fig. 2. The trajectory is traveling around nine saddle points
(shown in the top and bottom panels, with horizontal and vertical axes being space j and value x, respectively) from 1, 2, . . ., 9 in the center
panel.

(d) second localized phase: the localized fixed points be-
come stable again. These four phases in Eq. (1) are shown
in Fig. 1. The four panels show a 106 time-unit trajectory.
The bifurcation point γc of the uniform state has been studied
as the diffusion-localization transition point [17,18] and is
approximately 0.576 for ν = 0.01 for n → ∞. The wave-
like localized fixed points become stable at this bifurcation.
Multiple localized fixed points exist owing to symmetry, and
the state eventually converges on one of them depending on
the initial state. In the localized phase, the wavelength of the
localized fixed point is reduced by increasing γ . At certain
values of γ , the fixed points become saddles, and the peri-
odic trajectory traveling around these saddles becomes the
attractor. This periodic trajectory becomes chaos at the left
onset of the chaotic region. At the right onset of the chaos,
the chaotic state becomes transient chaos, and eventually, the
localized fixed points become stable again. In this second
localized phase, the localized state consists of two waves of
wavelength four, and in each wave there are two peak nodes
[see Fig. 1(d)]. In this state, a main-stream structure [23]
of flow exists; the two nodes at the peak of the wave are
propelling each other, and the other nodes are being pro-
pelled only to the adjacent node which is nearer to the peak
nodes. No further wavelength shortening occurs by increas-
ing γ , because this state is stabilized by strong nonlinearity.
The stability of the uniform state presents the characteristic
wavelength as a function of γ , which confirms the above
picture [24].

IV. CHAOTIC SOLUTIONS IN RING NETWORK

For the chaotic region, we calculated the Lyapunov
exponents numerically. The calculation is based on the
Shimada-Nagashima algorithm [25], with 1 time-unit re-
orthogonalization, for a 105 time-unit trajectory after a 103

time-unit transient. The results are shown in the middle left
panel of Fig. 2. The results did not change qualitatively for
different transient and trajectory time lengths. This revealed
the existence of periodic and chaotic regions for parame-
ters ranging from approximately 0.928 to 1.027. The top
and bottom panels show the attractors represented in three-
dimensional space, with the axes being the sum of three
adjacent nodes, namely, x1 + x2 + x3, x4 + x5 + x6, and x7 +
x8 + x9. We choose n = 9 as an illustration because it is
convenient for visualizing the attractor structure while main-
taining symmetry in this way. The Kaplan-Yorke dimension
DKY is calculated from the Lyapunov spectrum, and the result
is shown in the middle right panel of Fig. 2. DKY is 2.5, at
most, throughout the chaotic region, which justifies the three-
dimensional representation of the attractors. The fixed point
attractor (γ = 0.925) [26] becomes saddles, and the attractor
becomes a torus (γ = 0.943) connecting these saddles. To
illustrate the structure of the strange attractor in the chaotic
region, we first show the torus attractor at the left onset of
chaos in Fig. 3. The three-dimensional representation of the
attractor is the same as that in the top and bottom panels of
Fig. 2. The periodic trajectory travels around nine saddles
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FIG. 4. Summary of the intermittent feature at the onset of chaos.
For γ < γ∗ = 0.9434317, two periodic attractors traveling in oppo-
site directions exist, as shown in Fig. 3. At the onset of chaos γ ≈
γ∗, we found the intermittent switching of the traveling direction.
(a) Trajectory at γ = 0.94343175, slightly above γ∗, represented
as a spatiotemporal plot, as in Fig. 1. The terms “jumping” of
peak position and “switching” of jumping direction are annotated.
(b) Distribution of switching duration τ , measured from a single 107

time-unit trajectory. (c) Average of switching duration. (d) Largest
Lyapunov exponents λ1. Here, the Lyapunov exponent is calculated
over a 106 time-unit trajectory after a 106 time-unit transient. The
scalings of 〈τ and λ1 found here are frequently reported in the
intermittency route to chaos.

labeled 1, 2, . . ., 9, in that order. This behavior is similar to that
of the replicator dynamics, in which invariant subspaces of the
model induce structurally stable heteroclinic cycles [27–29].
One difference is the time spent near the saddles, which is
linearly increasing for heteroclinic cycles [30], whereas it is
constant in our case. Note that the two one-dimensional torus
attractors traveling in two directions coexist by reflection sym-
metry. For a slightly larger value of γ , we obtained a strange
attractor by merging these two tori (γ = 0.9445). At the onset
of chaos (γ = γ ∗ = 0.9434317), switching traveling direc-
tion occurs intermittently. The statistics are summarized in
Fig. 4. The average duration of switching traveling directions
[Fig. 4(c)] and the largest Lyapunov exponent [Fig. 4(d)] sup-
port the common scaling law reported in standard literature of
intermittency [31,32]. This strongly suggests an intermittency
route to chaos in this system.

Once such a strange attractor has been formed, it becomes
thick (γ = 0.95). A region exists near γ = 1 where the at-
tractor becomes a torus again, connecting nine saddle points
of different orders from γ = 0.943. For a larger γ , a region
of chaos exists, again, where the attractor is fully developed
[γ = 1.015; see Fig. 1(c) for the spatiotemporal plot]. As γ

reaches the right onset of chaos, the attractor changes form
(γ = 1.023). In this region, the saddle points differ from those

FIG. 5. Phase diagram of the model on a ring with n = 7 nodes.
Note that Figs. 1–4 are the results for ring n = 9 with ν = 0.01.
The black dashed lines indicate the bifurcation point of the uniform
state, which is analytically derived in Ref. [18]. For small and large
ν values, such as 0.001 and 2.0, the chaotic region disappears. The
chaotic region does not even exist outside of the range of γ in this
figure.

observed in γ = 0.943 and γ = 1.0 cases. At the right onset
of chaos, the saddle points found in γ = 1.023 stabilize, and
the state is in the second localized phase.

We have discussed chaos in the n = 9 ring with fixed
dissipation ν = 0.01. A similar analysis was performed, as
shown in Fig. 2, for rings of different sizes and different
values of ν, and it was found that the minimum number of
nodes that exihibit chaos is 7, in the case of a ring. The rings
with nodes n � 6 did not exhibit chaotic or periodic solutions.
The phase diagram of the model (4) for the n = 7 ring is
shown in Fig. 5. Four regions exist; the uniform state (blue
region in Fig. 5), which is identical to the “diffusive phase”
in large networks [17], two regions of localized fixed points
(red region in Fig. 5), where the localized pattern stablilizes
itself, and the periodic [yellow region in Fig. 5) and chaotic
regions (purple region in Fig. 5), where the localized patterns
are moving regularly or irregularly. One finding is that chaos
exists only at intermediate dissipation values ν, approximately
between 0.1 and 1.0. One possible mechanism is as follows:
For a sufficiently large dissipation, the dynamics are domi-
nated by external interactions; thus, the uniform state can be
stable for high γ . The localization wavelength immediately
after the bifurcation of the uniform state is sufficiently short,
so the localized pattern can be stable. For a sufficiently small
dissipation, the peak of the localized pattern has almost every
size. The remaining nodes are so small that no driving forces
destabilizing the pattern exist.

V. DISCUSSIONS

Our analysis shows that the gravity law transport model
exhibits chaos in the ring topology, without any heterogeneity
of the parameters or complex network topologies. In partic-
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FIG. 6. Typical four phases in the n = 7 ring. See Fig. 1 in the main text for a description of the figure.

ular, the chaotic region is found in the localized phase, and
the system exhibits low-dimensional chaos after the traveling
wavelike periodic solution connecting the saddles, owing to
the intermittency of the change in traveling direction. We
focused on ring topology in this paper to address the minimal-
ity of systems with chaotic behavior, but we have confirmed
that chaotic solutions are observed on other network topolo-
gies, such as random regular networks. These results may be
relevant to chaos in social sciences and economics [33–37].
Our results could be a bridge between separately discussed
subjects in socioeconomic systems, namely, gravity law and
chaos. Our results highlight several open problems. First, a
natural question is the minimal degrees of freedom that exhibit
chaos for any network topology, as mentioned previously. We
confirmed that none of the strongly connected graphs with
four and five nodes exhibit chaotic behaviors. We found chaos

FIG. 7. Attractor structure at γ = 1.45, ν = 0.1. The attractor is
obtained from the 105 time-unit trajectory.

in seven-node rings but not in six-node or less (see Appendix).
This minimum number may be related to the dominated wave-
length of the model, but the detailed mechanism of chaos in
this model should be investigated.

Another open problem is the behavior of the large systems,
as in reality. In our case, ring topology exhibits chaos with the
intermittent change in traveling direction, but other network
topologies may exhibit different types of chaotic solutions,
which may be more complicated. It would also be interesting
to study the behavior of the heterogeneous version of our
model, for instance, by introducing link weights, distributed
dissipation, and a complex functional form of nonlinearity.
For example, link weights can be useful for capturing the role
of distances. The role of such heterogeneity in the stability of
a system is key to understanding the stability of real systems.
Last but not least, the gravity interaction model successfully
reproduced the distribution of company sales [17] using the
real business network and the parameters estimated from real
money flow data. More data collection and analysis of real
systems to explore the potential applications of nonlinear
transport, along with model studies, are greatly needed for
a better understanding of this ubiquitous phenomenon. Our
model suggests the possibility that money flow may fluc-
tuate in an economy consisting of companies or countries
connected by gravity law. While empirical detection of such
chaotic endogenous fluctuations in temporal data presents
significant methodological challenges, the identification of
these patterns remains a compelling research objective with
substantial implications for macroeconomic theory.
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APPENDIX: ANALYSIS RESULT FOR n = 7 RING

We show that the minimal size for a ring showing a chaotic
region is seven in the main text. In this section, we show the
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FIG. 8. Lyapunov exponents, Kaplan-Yorke dimension, and attractors. See Fig. 2 in the main text for a description of the figure. For each
parameter value, a simulation is performed for the 105 time-unit after the 103 time-unit transient.

result of analyzing n = 7 rings, in parallel to the n = 9 result
in the main text.

In the case of n = 7, the four phases [(a)–(d) in Fig. 1 in
the main text] can be seen in the different parameter region
for ν = 0.1, as in Fig. 6. In this case, the bifurcation point γc

is approximately 0.774 for larger ν = 0.1 for n → ∞ (γc =
0.576 in the case ν = 0.01, as seen in the main text). There
are four phases, including the chaotic region (limit cycles and
chaos), which exists between two localized phases.

The attractor structure for parameter γ = 1.45, ν = 0.1 on
the n = 7 ring is then shown in Fig. 7. Simulation is per-
formed for 105 time units. Here, three axes—x1 + x2, x3 + x4,
and x5 + x6—are chosen because the dynamics, after a suffi-
ciently large transient, are confined in x1 + x2 + x3 + · · · +
x7 = 7

ν
and are thus six-dimensional. Lyapunov exponents

and the Kaplan-Yorke dimension confirmed that this three-
dimensional representation of the attractor is justified (see
Fig. 8).
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