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Dynamical quantum maps for single-qubit gates under universal non-Markovian noise
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Noise is both ubiquitous and generally deleterious in settings where precision is required. This is especially
true in the quantum technology sector where system utility typically decays rapidly under its influence.
Understanding the noise in quantum devices is thus a prerequisite for efficient strategies to mitigate or even
eliminate its harmful effects. However, this requires resources that are often prohibitive, such that the typically
used noise models rely on simplifications that sometimes depart from experimental reality. Here we derive a
compact microscopic error model for single-qubit gates that only requires a single experimental input—the
noise power spectral density. Our model goes beyond standard depolarizing or Pauli-twirled noise models,
explicitly including non-Clifford and non-Markovian contributions to the dynamical error map. We gauge our
predictions for experimentally relevant metrics against established characterization techniques run on a trapped-
ion quantum computer. In particular, we find that experimental estimates of average gate errors measured through
randomized benchmarking and reconstructed via quantum process tomography are tightly lower-bounded by our
analytical estimates, while the depolarizing model overestimates the gate error. Our noise modeling including
non-Markovian contributions can be readily applied to established frameworks such as dynamical decoupling

and dynamically corrected gates, or to provide more realistic thresholds for quantum error correction.
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I. INTRODUCTION

The prospective advantage of quantum information pro-
cessors (QIPs) relies on their ability to tap an exponentially
large computational space with a limited number of base
constituents. However, for the very same reason these pro-
cessors might be powerful, they are also fragile and hard
to control. Anyone who wants to run a powerful QIP will
have to contend with the fact that an exponentially large
computational space often comes with an exponentially large
amount of possible errors, which must be carefully character-
ized and minimized. The development of QIPs—in particular
at scale—thus requires sufficient knowledge about the de-
vice and its noise. However, demanding full detail in the
characterization of all noise sources would make any at-
tempt unpractical. Consequently, there is a large effort within
the quantum characterization, verification, and validation
(QCVYV) community to devise effective and efficient means
of determining errors in QIPs, and their practical dynamical
quantum maps. This endeavor should ideally require only a
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small amount of (experimentally accessible) knowledge, yet
still maintain all salient features to be useful for QCVV at
increasing system sizes.

In a digital quantum computation context, we are typically
interested in quantifying the errors affecting the individual
operations (gates) that form a so-called universal gate set ¢.
Using ¢, any computation can be approximated to arbitrary
accuracy so long as the implementation of each gate is ideal,
that is free of errors. For any real system, however, noise
can introduce errors that affect the computation. The effect of
noise can be quantified by calculating the average error rate g,
per gate of a specific type g € ¢, also commonly referred to
as the average gate infidelity

gg(t) =1 — /dlﬁo (Yol U ()& (po)Ug (1) o) . (1)

Here, po = |¥o) (o] is the initial state described by a positive
semidefinite operator of unit trace py € D(7) in the Hilbert
space of the system 73, Uy(t) is the target gate unitary, and
&; is the faulty time-evolution operation obtained by acting on
the QIP with a set of controls during the time intervalt € T =
[0, #r]. Additionally, dv is the uniform Haar measure used to
average over all possible initial pure states. The error rate can
be used to evaluate if the device is below the error threshold
g4(t) < &m [1,2] of a quantum error correction (QEC) code
[3-6], which will depend on the specific noise model.

The most generic description of a system’s noisy
time-evolution is that of a dynamical quantum map & :
D(Js%) — D(J%) Vt € T, namely, a one-parameter family
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of completely positive trace-preserving (CPTP) superopera-
tors C(s%5) fulfilling &y(p) = p [7-10]. For each specific
time, a snapshot of the dynamical quantum map is a so-called
quantum channel, which can be expressed in different ways.
Here we use the process y matrix representation and focus on
the description of the gate errors by writing it as

d*—1

E(po) =Y X MOE,pa()E], )
a,f=0

where pi(f) = Ug(t)/ogUgT (t) is the ideal unitary evolution
under the target gate, d = 2" is the Hilbert space dimension
for N qubits, and the operators E,, are the orthonormal Pauli
basis

1 ®"
E,c%p = ﬁ{ﬂz, Oy, Oy, 0} . 3)
The coefficients Xof‘g(t) € C form the error process matrix
[11], which is a constrained semidefinite positive matrix that
contains all of the information of the dynamical error map,

X(t) € Pos(Ch), Y xOEJE, =14 (4
a.p

When errors in QIPs are modeled, assumptions have to be
made to keep the problem complexity manageable. Two major
simplifications that are typically found in the literature are
first to restrict to Pauli-type dynamical quantum maps, and
second to ignore any time variations and time correlations for
each snapshot. A representative example is the single-qubit
depolarizing channel [12] of rate p, which is related to the
above error g,, and corresponds to a Pauli channel with a
diagonal process matrix and equal error rates,

Golon) = (1= p)pa® + Y Zoppuon. (5)

b=x,y,z

Here, x-, y-, or z-type errors occur after the ideal unitary with
the same probability p,/3, while 1 — p, is the probability
that no error occurs at all. The connection of this model’s
error probability p, to the average gate infidelity in Eq. (1)
comes from the exact formula for the Haar-measure integral
[13], leading to p; = 3¢&./2 for a unique and fixed gate time.
Assuming that all gates within ¢ are characterized by one-
and two-qubit depolarizing channels with a unique depolar-
izing rate p,, one finds that the threshold using topological
QEC codes such as Kitaev’s surface code [4,14] lies in the
range py < pm ~ 0.1-1% [6,15-17]. In spite of its apparent
simplicity, the depolarizing channel has been used to predict
logical errors in current QIPs with accuracy similar to more
complex error models [18]. However, this feature depends
strongly on the structure of the underlying task. It is ex-
pected that, for improving error rates, more complex error
models will yield better predictions and provide more reliable
accounts of the threshold. Recent work [19-22] constitutes
an ongoing effort for the realistic assessment of near-term
QEC with trapped-ion quantum computers using noise models
with increasing, yet manageable, levels of detail. This more
detailed modeling can avoid the over- or underestimation of
the correcting capabilities of a QEC strategy, ideally including
non-Markovian effects typically neglected in most studies.

It comes as no surprise that realistic noise sources possess
more structure than the above depolarizing channel. To begin
with, one- and two-qubit gates are typically driven by distinct
mechanisms, and will therefore be subject to distinct error
channels. Additionally, qubits idling during gate operations
will invariably be subject to a noise channel that is different
from that of active qubits, though both do depend on the
control in general. Moreover, the error channels for the var-
ious operations including idling will be dynamical, with time
dependence arising via a number of avenues. For instance, the
idle channel must account for the different waiting periods,
including time allocated for nonunitary operations such as
reset, or (re)cooling and ion shuttling. Additionally, including
the time dependence of the process matrix is a requisite if one
aims at modeling noise fluctuations typically characterized by
a nonzero correlation time t., which leads to colored (cor-
related) noise. These correlations can be responsible for the
non-Markovian dynamics of the QIP, which are not captured
by the oversimplifying depolarizing channel. Spatio-temporal
noise correlations are indeed ubiquitous in all physical hard-
ware platforms, and break base assumptions in much of the
theory work in QEC and QCVV. One way around this has
been to turn correlated noise into uncorrelated Pauli noise on
average through the randomized compiling approach [23]. In
some contexts this average noise channel approach is inappro-
priate; for example in QEC where assumptions on correlations
between errors matter in every shot rather than on average.

A different strategy to deal with correlated noise, which
we pursue in this work, is to provide a more accurate
time-dependent modeling of the underlying errors, including
leading-order non-Markovian effects. In doing so we charac-
terize the full quantum dynamical map {&; : t € T'}. We refer
to this collection of quantum channels as the dynamical error
map since this is fully characterized by the time dependence of
the error process matrix in Eq. (4) acting after the ideal unitary
gate in Eq. (2). Let us remark that error channels without
an explicit time dependence provide only a snapshot of the
evolution. Their predictive power is thus limited and, in partic-
ular, their accuracy depends on context, that is, whether or not
they are applied in exactly the same environment as they were
reconstructed in, e.g., using quantum process tomography.

Accepting that an error channel’s time dependence and
time correlations are important does not automatically mean
that microscopically motivated derivations of error channels
are inherently superior. From a pragmatic point of view, one
could apply the tools of quantum process tomography (QPT)
[12,24-27] to estimate various snapshots of x®7(z) for the
gates using experimental data via, e.g., fitting. The channels
&, so reconstructed could then be used in numerical simu-
lations of the QEC error (pseudo)thresholds [21]. However,
this approach can be unsatisfactory for a number of reasons:
(i) We often only gain limited knowledge of how the gates
are actually affected by the different noise sources when re-
constructing a single snapshot using the “black-box” QPT.
In essence, we receive the (net) effect of the noise but not
the root cause of this effect, which limits diagnostic utility to
the experimentalist. (ii) This reconstruction provides limited
increase in predictive capabilities. Time correlation and time
dependence make the channel’s accuracy context-dependent,
which means that one has to trade accuracy in predictions
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against the number of reconstruction points. (iii) The standard
QPT toolbox assumes that the system can be perfectly ini-
tialized in a set of informationally complete (IC) pure states,
and measured via an IC set of error-free positive operator-
valued measures (POVMs) [7,10]. In practice, however, both
steps also require applying imperfect gates, manifesting in
so-called state preparation and measurement (SPAM) errors
[28]. SPAM errors contribute to the error channel one is trying
to characterize by QPT. There are tomography techniques that
have built-in self-consistency to SPAM errors such as gate set
tomography (GST) [29-31], but so far assume that the under-
lying noise has no time correlations, that is they work in the
Markovian limit. Additionally, their measurement overhead is
substantial even when compared to standard QPT.

A. Summary of the main results

In this manuscript we present a microscopically motivated
reconstruction of the dynamical error map of single-qubit
gates subject to colored dephasing and amplitude noise,
sometimes refereed to as multiaxis or universal noise in the
literature. This yields a non-Clifford and non-Markovian map,
which is compared to depolarizing and Pauli-twirled approx-
imations. Despite its microscopic origin, our dynamical error
map requires only a single quantity that is accessible in ex-
periments: the power spectral of the noisy parameter of the
driving field, that is phase, amplitude, or both. Using this
reconstruction we tackle problems (i)—(iii) listed above. To
overcome the first two limitations, and set the stage to face
the third one, we go beyond a black-box QPT toolbox that
makes no assumptions about the microscopic features of the
device and its noise. As we show, a more detailed microscopic
modeling allows us to parametrize the dynamical error map in
a way to infer the root cause of the specific effects of the noise
on single-qubit gates. For instance, we find that certain filtered
noise components are the cause of a coherent misrotation that
affects the gate even for a perfectly calibrated driving field.
Other filtered noise components fix the overall decay of the
gate fidelity and also set the weights of an effective biased
noise model that includes non-Markovianity. In the situation
where simultaneous amplitude and phase noise are not cross-
correlated we find that amplitude noise manifests as simple
corrections to the effective parameters describing the typically
dominating phase noise.

Characterizing the errors in the desired high-fidelity regime
of QIPs is made challenging by the presence of SPAM errors
at similar levels to gate errors. An added benefit of estimating
the full dynamical error map rather than a single snapshot is
that we can explore the dynamics at arbitrarily large times.
The large-time accumulated gate error contribution of the
noise can be distinguished from the smaller (constant) SPAM
errors. The analytic form of the reconstructed noise model
can then be evaluated at shorter times to assess the errors
in the high-fidelity regime of the QIP, where non-Markovian
effects become more important. In particular, we show that
our analysis allows us to predict the quantum processor’s
performance via, e.g., gate error rates in regimes where the dy-
namics can be proven to be non-Markovian. These error rates
are then verified against other established but resource-heavier
SPAM-consistent tools or benchmarking routines which only

provide partial information about the channel. In our work,
we apply randomized benchmarking [32,33] to experimental
trapped-ion QIPs and find a reasonable agreement with our
analytical error rates. This agreement is in spite of the under-
lying simplifications, e.g., our analytical predictions consider
dephasing and amplitude noise with no cross-correlation as
the error sources and, moreover, apply a low-order truncation
of a cumulant expansion to arrive at manageable time-local
master equations that can be analytically solved. We present a
Pauli-twirled version of the dynamical error maps, which, to
the best of our knowledge, provides the most accurate Pauli
approximation to the error map of single-qubit gates subject
to time-correlated noise to date. This channel can be used in
large-scale simulations of noisy Clifford-type circuits, to, e.g.,
predict more realistic error thresholds of QEC.

Finally, we note that the microscopic non-Markovian dy-
namical error map presented in this work can be used in other
SPAM error-free approaches such as gate set tomography, ex-
tending them to a non-Markovian regime [34]. The techniques
presented here will also be useful to explore the effects of
correlated noise in dynamically corrected gates, or to analyze
the practical limitations of dynamical-decoupling sequences
for quantum noise spectroscopy.

This manuscript is organized as follows: Sec. II consti-
tutes the bulk of this work, where we revisit the theoretical
framework to describe effects of stochastic processes in the
dynamics of a single qubit. We present a new analytical so-
lution for the dynamical quantum map of the qubit including
strictly non-Markovian effects in its evolution by combining
the formalism of time-local master equations with that of
filter functions and noise power spectral densities. Further, we
gauge the validity of our analytical methods against quasiex-
act Monte Carlo simulations of the stochastic dynamics, using
as a toy model the Ornstein-Uhlenbeck process to model the
frequency noise of a laser. Additionally, we discuss the effects
of shot noise, and how to reconstruct snapshots of the dynam-
ical error map from data corresponding to a finite number
of shots. This analytical section ends with the expressions
for the average dynamical gate error with respect to ideal
unitary dynamics, and a comparison of the non-Clifford and
non-Markovian error map with depolarizing and Pauli-twirled
channel approximations. In Sec. III, we connect our analytical
formalism with experimental data obtained on a trapped-ion
QIP. Here, we abandon the idealized Ornstein-Uhlenbeck for
dephasing and amplitude fluctuations and use the specific
power spectral density of the multiaxis noise of the laser driv-
ing the ion, which are obtained by independent experimental
techniques based on self-heterodyne interferometry and di-
rect measurement, respectively. We close this manuscript in
Sec. IV where we comment on the relevance, applicability,
and extensibility of our findings to QCVV and QIP generally.

II. DYNAMICAL QUANTUM MAP
FOR SINGLE-QUBIT GATES

The single-qubit gates in & correspond to unitaries U,(f) €
U(2) involving transitions between two states, e.g., the com-
putational basis |0) <> |1). These transitions are oscillatory
under continuous drive and are commonly referred to as Rabi
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flops [35,36]. They allow to implement arbitrary single-qubit
unitaries by subjecting the qubit to an external drive that
can be accurately controlled. However, any real gate will
be subject to noise from the controls and the surrounding
environment, which causes deviations from U,(t). Excluding
systematic mismatches between the target parameters for a
gate and the implemented ones, there are two distinct avenues
for gate errors: the coupling between qubit and its environ-
ment, and control noise in the driving field. While distinct
in origin, their effect on the coupling is indistinguishable,
leading in both cases to decoherence. Which of these effects
dominates depends strongly on the hardware platform. Cur-
rent state-of-the-art QIPs are now frequently shielded so well
against external perturbations that fluctuations of the control
fields can become the limiting factor to coherence. The de-
scription and study of stochastic noise processes to model
those fluctuations have thus garnered increasing interest in the
community.

When the coupling of the system to the stochastic noise
process is sufficiently weak, or when this process has
additional properties specified below, then the dynamics
can be described via a power spectral density (PSD) (see
Appendix A). We are interested in particular in the filter
function formalism [37—40], and its more recent adaptations
[41-43], in which the dynamics of the qubit are controlled by
the overlap of the noise PSDs with appropriate filter functions.
The estimation of PSDs is of great interest to a number of
applications, and thus a wealth of methods to extract them
have been developed over the years. Some of them rely on
performing measurements using qubits as sensors such as in
quantum noise spectroscopy [44—69], which includes sophis-
ticated adaptations [55,70-72] that exploit the dependence of
the qubit relaxation rates on the filtered noise PSD. Other
methods rely on direct measurement of the noise PSDs in
components, for example the local oscillators used in the
driving fields [73-76].

With the wealth of work already discussed elsewhere, we
in turn address the question of how to estimate the dynamical
error map of single-qubit gates, extending the standard long-
time approach of filtered relaxation rates to the high-fidelity
regime of quantum gates in which the filters act for a shorter
time, and do not resolve a single frequency component of
the noise PSD. Moreover, we note that the filtered relaxation
rates used in quantum noise spectroscopy focus on a particular
initial state while we are interested in the full dynamical quan-
tum map. We combine the cumulant expansions in stochastic
quantum dynamics [77,78] and the filter function formalism to
go beyond these limitations, capturing the noisy dynamics for
high-fidelity gates and for any initial state. We derive closed
analytical expressions for the dynamical error map of single-
qubit gates, showing that the different snapshots depart from
error channels in the Clifford group. Moreover, we find that
additional filters not accounted for previously are responsible
for the non-Markovianity of the dynamical map. These results
are then used to address the three challenges outlined in the
introduction. In particular, we present analytical expressions
for the gate infidelity in Eq. (1) that go beyond previous
approximations and are valid in the regime of non-Markovian
dynamics. For specificity, we start by focusing on the
experimentally relevant case where the leading source of noise

in the control is colored frequency or phase fluctuations lead-
ing to dephasing, as occurs for trapped-ion processors. After
obtaining closed expressions for the effect of the dominant
source of noise, we incorporate the correction effects caused
by amplitude fluctuations on the driving field to give a univer-
sal description of the effect of noise on single-qubit gates. We
emphasize, however, that the expressions of the noisy gates
and their derivation do in no way require amplitude noise to
be smaller in contribution than phase noise.

A. Stochastic Langevin equations and the dressed-state
master equation

We start by considering first only frequency noise on the
drive. Using a semiclassical approximation [79], the rotating
frame Hamiltonian describing a Rabi flop subject to dephasing
noise is given by

H(t) = 1Q0, — 18a(t)o, (6)
where we have defined
0p = COS o, — sin ¢o,. @)

In the above expressions, €2 and ¢ are the Rabi frequency
and average phase of the drive, respectively, and we have set
B = 1. We denote stochastic quantities with a tilde to distin-
guish them from deterministic ones from hereon. In particular,
the detuning §@(¢) is modeled as a stochastic process [77,80]
with contributions from the fluctuations of both the driving
phase ¢(t) = ¢ + 8¢(t) and frequency @q(t) = wo + S@q(t).
Assuming that the average drive frequency is resonant with
the qubit transition wy, the above dephasing noise appear as

sat) = 86a(1) + %&50), ®)

where we note that the frequency fluctuations §&,(¢) can also
incorporate the effect of noisy external fields shifting the qubit
frequency. Although we could carry on with a general study,
we assume for simplicity that the stochastic processes above
have zero mean, that is E[@(?)] = O such that, on average,
the drive induces resonant Rabi oscillations subject to noise.
Noise of the type in Eq. (8) is generally referred to
as dephasing noise. While the origin of dephasing in ac-
tual hardware is usually predominantly technical, any finite
linewidth oscillator used as a drive inevitably induces dephas-
ing [78,81,82]. For well-controlled systems phase fluctuations
are typically larger in magnitude than the noise caused by
intensity fluctuations, and persist even in the absence of in-
tensity noise [83]. As an initial modeling of this phase noise,
one may take for example stochastic models of lasers above
threshold, which also appear in the context of Brownian mo-
tion [84]. For instance, in the phase diffusion model [85-88],
8¢(t) fluctuates according to a Wiener process or, alterna-
tively, as the result of white-noise fluctuations in the laser
frequency manifested in the detuning §&,(7). As discussed
in Appendix B, this model is the zero correlation-time limit
of an extended phase diffusion model [81,88,89] that uses
an Ornstein-Uhlenbeck frequency noise [80,90], accounting
for non-Lorentzian PSDs [89]. These models should be un-
derstood as simplified phenomenological models that appear
as limiting cases of a more detailed description of the laser
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[78,81,82,91], and are used in our work for numerical bench-
marks of the analytic derivations. These models assume, in
particular, that there is no added technical noise. Moreover,
they are meant to characterize the direct laser output, which
will afterwards (un)intentionally be affected by other ele-
ments, changing in this way its spatiotemporal makeup and
the microscopic PSD. Nevertheless, using fairly broad as-
sumptions about general noise properties like Gaussianity or
some form of stationarity, we can progress on the tomography
of the dynamical error map using a generic PSD of the noise,
that is in particular including technical contributions. These
PSDs are the ones that can actually be accessed by indepen-
dent experimental means as mentioned in the introduction.
The rest of this section aims at substantiating all of the above
claims starting from the effect of the stochastic dephasing on
the qubit’s dynamics.

1. Stochastic Langevin equations

When writing the qubit state in an orthonormal basis, e.g.,
|1ﬂ(t)) = Zi:O,l ¢;(t) i), the Schrodinger equation associated
with the Hamiltonian in Eq. (6) becomes a system of stochas-
tic differential equations (SDEs) [77,80] for the vector ¢(¢) of
random amplitudes,

dc(t) _

= _éQJ¢E(t) - %ozi(t)&b(t). )

This type of SDE, which is linear in the noise d&(t), is
known as a Langevin equation [80,92]. The first term in this
equation is called the drift and corresponds in this case to
the Rabi drive, whereas the second one is called the diffusion
and is proportional to the stochastic dephasing. In particular,
the diffusion term is a multiplicative Langevin noise [see the
discussion around Eq. (A15) in Appendix A], which turns the
qubit amplitudes into stochastic processes themselves. Ob-
servables O(t) = (/(¢)| O |/ (¢)) are consequently stochastic
quantities and will thus require an additional statistical aver-
age O(t) = E[O(1)] over the process.

Determining these averages requires calculating noise tra-
jectories {§a(t;) : i € Zy,}, which may be governed by a
separate Langevin SDE. Here, M, refers to the number of
time steps used to discretize the time interval T to solve
the SDE (see Appendix A). Obtaining these trajectories can
only be done approximately for a sufficiently small time step
At, with the exception of the simple cases of uncorrelated
white noise, or for colored noise described by the Ornstein-
Uhlenbeck random process. Both of these regimes lead to
the two phase diffusion models of the laser mentioned above.
Introducing other stochastic processes in which trajectories
cannot be generated exactly requires a numerical Monte Carlo
approach [92]. One can generate Myc trajectories of §@(t)
by using Myc x M, independent Gaussian random variables
of zero mean and unit variance. These trajectories are then
fed into a system of difference equations for the amplitudes,
which result from discretizing the time derivatives in Eq. (9)
as finite differences, e.g., via Heun’s method [see Eq. (A6) in
Appendix A].

When the specific SDE governing the dephasing noise is
not known a priori, alternative means to generate the noise
trajectories are required. Remarkably, there are situations in

which the knowledge of the autocorrelation function, or the
PSD, suffice for such a goal. The autocorrelation function,
or covariance, of a stochastic process (here: frequency fluc-
tuations) is defined as the statistical average of the two-time
correlation functions

Calt,1") = E[(8d(t) — 8(1)(8a(t") — 8(1)], 10)

where 8(t) = E[8@(r)] is the mean value of the process that
is assumed to vanish in this work. We focus on processes
that are wide-sense stationary or have independent stationary
increments, for which C; (7, ') = Cz(r — t’) [93]. In this case,
the PSD of the noise S;(w), that is the power of the stochastic
process per unit frequency, can be defined as

*® dw )
C@(t):/ 2O S (w)e . (11)

0o 2T

If the process is Gaussian, such that all moments of the
distribution can be expressed in terms of the two-time func-
tions [80], then one can generate trajectories very efficiently
without even knowing if there is an underlying Langevin
SDE. One can use a Cholesky-Crout factorization [94] to
generate the trajectories of dé@(¢) by Franklin’s algorithm in
Eq. (A19), noting that the autocorrelation function for dis-
crete time steps is a positive-definite Hermitian matrix [95].
Alternatively, when the process is also wide-sense stationary,
one can directly work with the PSD via Percival’s algorithm in
Eq. (A23), and obtain a noise trajectory from a Fourier series
with complex random coefficients weighted by the PSD [96].
In the limit of large Myc and small Az, the stochastic averages
will have very small approximation errors, and can be used
to benchmark analytical predictions, such as our following
dressed-state master-equation approach.

2. Dressed-state master equation

The density matrix for the qubit is defined as p(¢) =
E[1¥ (¢)) (4 (¢)]], such that the averaged qubit observables,
which do not depend explicitly on §@(t), can be expressed
as O(t) = Tr{@p(t)}. It is possible to derive a master equa-
tion for this density matrix resulting from the average over the
stochastic process in analogy to the theory of open quantum
systems [97-101]. In fact, the underlying projection opera-
tor techniques for open quantum systems [99,102] were first
developed in the context of SDEs. In this work, we truncate
the so-called time-convolutionless approach at second order
and go beyond a Lindblad-type master equation [103—-105] by
considering a time-dependent kernel. Departing from previous
approaches, we will consider a different parameter regime for
the kernel, which allows to use a different expansion of the
underlying equations in a way that captures the role of the
noise’s time correlations in the short-time regime of high-
fidelity gates (see Appendix B). In particular, we achieve this
by using a particular instantaneous dressed frame [88] also
known as a toggling frame in the context of filter functions
[41,106].

For concreteness, we set ¢ = 0 in Eq. (7), although sim-
ilar expressions could be found for any drive phase. In
this instantaneous frame, the second-order time-local master
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equation for the density matrix is given by

ip(,) = —/ dt'Cy(t —1)[0.(1), O.(t")p(t)] + H.c.,
0

dt
12)
where O, (t) is the Pauli phase-noise operator in the interaction
picture with respect to the perfect unitary Rabi drive,

0.(t) = LU (o, Ua (1), Uy(t) = e "3%.  (13)

The advantage of working in this frame is that the perti-
nent regime in which the qubit undergoes several Rabi flops
with little decoherence is not in conflict with the low-order
truncation of the fast fluctuation expansion of the time-local
master equation, where non-Markovian effects can arise from
keeping the full time-dependence of the kernel. Thus we can
still explore short-time regimes of high-fidelity gates, e.g.,
one Rabi flop, even if the timescales become comparable to
the correlation time t. of the dephasing noise. We are now
expanding in Awt, < 1 instead of relying on small parameter
Q/Aw < 1, as in the usual truncation of the SDEs leading to
a Bourret-Markov approximation [81,102,107], where Aw is
the linewidth of the laser. This master equation can now be
used to characterize microscopically the errors that affect the
gates. The only constraint is that the noise correlation time
must be smaller than an effective dephasing time on the qubit,
which is the case if one is interested in high-fidelity gates.
However, the correlation time can be sufficiently large in
comparison with the gate time such that the dynamics display
genuine non-Markovian effects, which can be quantified using
non-Markovianity measures [108,109].

By working in the dressed-state basis, that is the basis of
eigenstates of o4, we can obtain an accurate analytic solution
to this master equation, and extract the dynamical error map
describing the noisy Rabi oscillations. The analytic solution
derived in Appendix C, can be expressed in terms of the pop-
ulations of the dressed states |+), where we have introduced
|+z) = (|0) + z|1))/+/2 for any z € C, namely,

pra(t) =1 £12p41(0)— De ", (14)

which is rewritten in terms of a filtered integral I'y(z) of
the noise PSD in Eq. (11), connecting to the formalism
of filter functions [37-43]. The dressed-state coherences
evolve as

— T ,~i%n)e _ [ p+- @)+ p—1 ()
Er)=e"""e £0), &)= <p_+ O~ oo (t)),

15)

where we have defined the rotation angle

o) = \/A%(t) — A3() = T3(), (16)

the Pauli vector o, and the following rotation axis which,
having complex-valued components, accounts for nonunitary
evolutions

1
n@) = %(Al(t), —iAa (1), iT2(1))". a7

Altogether, our solution depends on additional filter integrals
{T1(2), T'a(), Aq1(2), Ax(2)}, namely,

;@) =/ dw Sy(w) Fr,(w, 2, 1),

o0

oo
Ai(t) :/ dw Su(w) Fa (0, 2, 1), (18)
—00

each of which is expressed in terms of a different filter func-
tion that depends on the Rabi drive. Based on its effect on the
qubit, we refer to Fr, (w, €2, t) as the decay filter function,

Fr(@ 2.0 =10p@=-o)+n@+o). (19

Here, we have made use of a nascent Dirac §,
£ x
Ne(x) = — sin’ (—) (20)
TX £

fulfilling n.(x) — 8(x) as ¢ — 0T, and f_oooo dxn.(x)=1.1t
then becomes clear that, in the long-time limit where & =
2/t — 0T, the function becomes a perfect §-type filter

Fry (@, Q.1) ~ f—l(sgu(sz) +Sh(—Q)) = %S@(m, @1

where we have used that classical noise PSDs are always
parity even, ie., Sz(—)=S;(2) [110]. The qubit co-
herence decays with an exponential that depends on the
noise PSD evaluated at the Rabi frequency as follows from
Eq. (C3) in the Appendix for sufficiently long driving
times f. This connects directly to some of the aforemen-
tioned methods of relaxation rate quantum noise spectroscopy
[48,50,53,54,60,61]. If one starts from a qubit dressed state
|£), then the so-called spin-locking dynamics yield the
density-matrix elements p1. (1) = (1 + e~"/2¢7)/2, such that
the relaxation of the qubit coherences can give informa-
tion about the noise PSD via a renormalized dephasing time
T et = 2/S5(S2). By sweeping the Rabi frequency €2 of the
resonant drive, one can infer S;(w) in a frequency range
® € [Qnmin, 2max] by monitoring the coherence decay of the
qubit in this long-time limit. We emphasize that the long-
time-limit condition is crucial for the reconstruction of the
noise PSD. Spectral leakage otherwise makes PSD estimation
a complicated inversion problem [57]. Active shaping of the
filter function can further aid in this regard [72].

What may be considered “long-time” can be understood
from a comparison of the width of structures in the PSD and
relative to the filter function. Doing so leads to the condition
t > 1., as one can check for the particular case of the ex-
tended phase noise model. This long-time limit would allow
to express the master equation in a Lindblad-type form and
yield a time-independent kernel, as discussed in Appendix B.
Taking the long-time limit is somewhat implicit in the stan-
dard approach to the fast fluctuation expansion in Q/Aw <K
1, but it is unnecessary when working in the instantaneous
dressed frame where Awt, < 1. In particular, the toggling
frame allows for gate times outside of ¢ > t.. Therefore, we
can go beyond the long-time limit and explore situations of
experimental relevance in which one targets one (half of a)
Rabi flop to realize the desired gate. Our treatment is thus able
to extend current work to shorter times where non-Markovian
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FIG. 1. Frequency dependence of decay and coherent filter func-
tions. (a) At short times (+ = 7 /S2) both filter functions Fr, and Fj,
are broad, and thus allow for a wide range of frequencies compo-
nents of the noise PSD to affect the qubit dynamics. Both are finite
and close to their maximum at zero frequency. (b) At longer times
(t = 9.57 /) the filters get considerably narrower. Fy, is strongly
concentrated around the Rabi frequency w = ££2, getting strongly
suppressed at zero frequency, which is responsible for an enhance-
ment of the effective qubit 7, time if considering the long-term rather
than short-term decay. F,, is a dispersive-type function with zero
crossings at w = =££2, but remains appreciable at zero frequency.

effects can play a role, and not only focus on the dynamics
of a specific set of states, e.g., |£), but look into the full
dynamical error map, which requires going beyond a single
filter function.

A consequence of our extended model is the emergence of
the additional system parameters of Eq. (18), with associated
additional filter functions. For example, the filter function
associated with A (¢) reads

FAI((U, Qv t) = + 8FA1(0)7 Qv t)? (22)

t
27(Q2 — w?)

where we have introduced the parity-even function

SF (@, Q1) = —
s@ 2.0 = = T ay @+ Q)

1 <sin((a) —Q)) sin((w+ Q)t))

Although this filter also narrows in the long-time limit, it
is qualitatively different to the previous one in Eq. (21). It
vanishes asymptotically at the Rabi rate in contrast to the
(usual) filter function Fr, which is concentrated around the
Rabi rate w ~ 2, as shown in Fig. 1. Instead, Fa, contributes
with spectral spread around the Rabi rate and has nonvanish-
ing contributions around zero frequency. Based on the effect
of A;(¢) which leads to a correction of the coherent Rabi
flops, we refer to F'a, as the coherent filter function. The two

remaining filter functions for the set of four parameters are

2cos 2t . (1
Frz(a), Q1) = m sin <§(a) — Q)l)

1
X sin <§(w+9)t),
Fao. Q1) 2 sin Q¢ . 1( o)
,Qt)=—————sin| = (w —
a2l @ — a2 2

X sin <%(w + Q)I). 24)

We can now gauge the accuracy of our analytical results by
comparing them to Monte Carlo simulations for the stochastic
Langevin equations (9) over a set of Myic trajectories. Our
expressions are valid for any wide-sense stationary (or in-
dependent increment stationary) noise by virtue of utilizing
noise PSDs in the filter functions. However, for numerical
simulations we need to pick a particular process. For demon-
stration purposes we use the extended phase diffusion model
[81,88,89], which is realized by an Ornstein-Uhlenbeck fre-
quency noise (see Appendix A); a stationary Gaussian process
that is fully described by a simple Lorentzian PSD,

C‘L'2

Sa(w) = m (25)

where c¢ is the diffusion constant and 7. is the correlation
time. For 7. — O this turns to the white noise PSD of the
standard phase diffusion model [85-88]. It is important not to
confuse the Lorentzian PSD of the model with the Lorentzian
spectral lineshape of the laser, which arises for a white phase
noise PSD instead. In fact, the extended phase diffusion model
was put forth to account for deviations from the Lorentzian
lineshape for lasers operated well above threshold [89]. Ac-
cording to Refs. [88,89] the full width at half maximum
of the Lorenizian lineshape can be taken as Aw = ct? in
that regime, where . is much smaller than the timescale of
interest.

For this specific stochastic process we find excellent agree-
ment between the stochastic (numerical) evolution of Eq. (9)
and our analytical approach based on filter functions accord-
ing to Egs. (C3) and (C7) as can be seen in Fig. 2. The time
evolution in the computational basis shows the expected Rabi
oscillations [Fig. 2(a)] damped by dephasing noise. Both mod-
els agree quantitatively on the expected exponential damping
of the coherences [Fig. 2(b)] which is well-captured by the
spin-locking renormalized dephasing time 75 of = 2/S5;(€2) at
long times. Remaining discrepancies can arise from a number
of factors: The analytical treatment is approximate in arriving
at the dressed-state master equation (12) and in truncating the
Magnus expansion to solve Eq. (C8). The numerical method
has inherent finite sampling errors that become more apparent
in the long-time limit where the coherences are very close to
zero. The agreement shown here is for a set of four cardinal
states. We will show in the section below that the agreement
holds for any initial state via the full dynamical error map.

013008-7



J. M. SANCHEZ VELAZQUEZ et al.

PHYSICAL REVIEW RESEARCH 7, 013008 (2025)

1.0 St. Hamiltonian |0)
== Master equation |0)

0.0 \/\v’\vf\/\vnvnv,\v,\v«

—-0.5

St. Hamiltonian |1)

Master equation |1)

0.5

(UZ>

—10¢f ! . . . . . . - @

LOT § St. Hamiltonian |+)

== Master equation |+)

St. Hamiltonian |—)

Master equation |—)

0.5

E 0.0

—-0.5
~1.0 (b)
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

Qt/m

FIG. 2. Population and coherence dynamics for resonant Rabi
oscillations under Ornstein-Uhlenbeck dephasing noise. (a) Decay
of the population (o,(¢)) in initial states |0) and |1) under noisy
drive, either predicted by the numerical simulations of the stochastic
Langevin equations (markers) or by the analytic dressed-state master
equation approach (lines). (b) Same for the qubit coherences (o, (¢))
for initial states |&). Both panels use Myc = 10* noise trajectories
for the stochastic simulations, using the update expressions dis-
cussed in Appendix B, with 7, = 5 x 107*s, ¢ = 2/(1072), time step
At = 0.057,, and we consider a Rabi frequency of Q@ = 1/(57.). We
remark that these numbers are not related to the specific trapped-ion
setting, where we will use a measured noise PSD inferred from
separate experiments. The common feature is that, in both cases, the
correlation time is small in comparison to the timescale of interest.

B. Ideal tomography for the dynamical error map
1. Error Kraus decomposition

The goal of this section is to use the tools of quantum
process tomography [12,24-27] to give explicit analytic ex-
pressions for the dynamical error map underlying Eq. (2). For
each instant in time, the snapshot of the dynamical error map
is described by a CPTP channel fully characterized by the
process matrix yg(f) or, equivalently, by the operator sum

representation [111] reading

d? d?
E(po) =Y K, Opia®) K[ (1), D KIOK, () =14
n=1 n=1

(26)
Here, {K,(t)} is the set of Kraus operators that encode the
deviations from the target unitary dynamics U,(t), connecting
directly to Eq. (2). QPT aims at estimating the d?(d> — 1)
linearly independent parameters that fully characterize each

snapshot. For this task, the system must be prepared in an
informationally complete set of |Sy| = d? linearly indepen-
dent initial states {00 : s € So} C D(5%), which must then
evolve in time under the noisy stochastic Hamiltonian for a
particular set of times {#; : i € [;} C T at which we want to
estimate the dynamical quantum map. We remark that these
times are not related to the M, steps of the noise trajectories
required for the numerical simulation of the Langevin SDE
(9). For each of these |I,| < M, times, the evolved states will
be finally measured by an IC set of positive operator-valued
measurements (POVMs), which contains [M| > d? linearly
independent elements {M,, : i € M} [112] described by pos-
itive semidefinite operators M, € Pos(/%) constrained to
resolve the identity > M M, =14 [10,12]. For the moment,
we assume that there are no errors in state preparation and
measurements, which will allow us to extract closed expres-
sions for the dynamical quantum map with errors stemming
from the colored noise.

For a single qubit, one possible IC set of initial states
corresponds to the following |Sy| = 4 pure states:

Po.s € {IH) (F1, [+ ) (+il, [0){O], [T) (1]} 27

The POVM elements we use are the [M¢| = 6 orthogonal pro-
jectors labeled by u = (b, my,), corresponding to the outcomes
my, € {+1, —1} for each b € {x, y, z} basis:

M, € ML =)L L+ il | — i (=il,
0)(O], [1)(1]}. (28)

Following Refs. [7,12], the theoretical probabilities for these
measurements py; , are given by Born’s rule, where we note
that only 12 of them are independent as the binary outcomes
for each measurement basis are mutually exclusive. This
equals the number of real parameters in the process matrix,
and leads to |[;| independent systems of equations that can be
solved by matrix inversion after vectorizing the x (¢;) process
matrix

Psiw = 0(Dsux (1)), [Dylpa = tr(M,E,posEf).  (29)

Here, the set of d x d* matrices {Dy,, : 1 € Mg, s € So} con-
tains all of the information about the state preparation and
readout. We remark that the estimated x(#;) is the process
matrix for the complete evolution, and not just that for the
error channel taking place after the ideal unitary gate U,(t;).
Therefore, it must be diagonalized to obtain the corresponding
error Kraus operators, which are then transformed to express
the full dynamical map at #; as the ideal gate U,y (t;) = Uq(t;)
followed by the error in Eq. (26) with

42

Ka(t;) = vdu(t) Y vant)Ug(t)DEUS (1), (30)

a=1

where d,,(t;) and v, = 252:1 van ()€, are the eigenvalues and
eigenvectors of the process matrix x ().

Remarkably, using the analytical solutions of the dressed-
state master equation that depend on the filtered integrals in
Eq. (18), we have found closed analytical expressions for
the Kraus operators that provide a concise description of the
effect colored noise has on the ideal unitary evolution V¢; € T,
which we then label again as ¢. To limit the complexity of
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the expressions, we start by disregarding the contributions of
the last two filter functions in Eq. (24), whose influence can
be vanishingly small in the Markovian limit. This amounts to
setting I'>(t) = A,(¢t) = 01in Eq. (17), such that

4
Ec(po) = Y Ku(t)pia(K] (1),

n=1

€29}

with the Kraus operators found by linear-inversion QPT read-
ing

K@) = %\/s(t)(cos Qt |[+) (—| + isin Qr |=) (+]),

L

V2
I

Ko(t) = e s MO T =@+ ) (HD.

Ky(t) = —=+/e(r)(cos Q2 | =) (| 4 isin Q1 |+) (=),

1 i
Ku(t) = Ee—ﬂ“%(\/l — e+ (+] + =) (=]. (32)

Here, we have introduced a time-dependent error rate

e(t)y=1—e 0, (33)

although we remark that it can only be considered as a rough
estimate of the average gate error of Eq. (1). We will provide
below an exact expression of the average gate error for this
dynamical error map. We also emphasize that, for general
parameters, the channel does not belong to the Clifford group
of channels.

Let us inspect the form of this map further to connect to the
point raised in the introduction about not only reconstructing
the net effect of the noise on the channel but actually providing
a diagnostic that can identify the cause of the different effects
of the noise. This will ideally lead to a means or strategy
to minimize noise in the experiment. The first two operators
in Eq. (32) are linear superpositions of jump operators be-
tween the two dressed states |£) <> |F) that depend on the
Rabi frequency of the drive 2 and have a total amplitude
that is set by the effective error rate (¢) in Eq. (33). The
time dependence of this key quantity is fully determined by
I"1(¢), and thus by the PSD weighted by the decay filter Fr,
according to Eq. (18). If this filter function in Fig. 1 is highly
concentrated, that is in the long-time limit of Eq. (21), then
the effect of this noise would be primarily controlled by the
value of the PSD evaluated at the Rabi frequency of the drive.
Consequently, the incoherent contribution of the colored fre-
quency noise to the error can be minimized by going to larger
Rabi frequencies provided that the PSD decays sufficiently
fast with frequency. This is the main idea underlying spin
locking [113,114] and the schemes for driven relaxation noise
spectroscopy discussed in Refs. [48,50,53,54,58,60,115]. As
we have shown here, this kind of interplay between the noise
PSD and the driving-induced filters also appears in the full
dynamical error map. It would be natural to introduce our
more realistic, extended filters into the existing techniques
of optimal quantum control such as dynamical decoupling or
dynamically corrected gates, which will be studied in future
work. For specific values of €z, the first two Kraus operators
in Eq. (32) correspond to simple Pauli matrices, e.g., o, for

Qt = m /4. It should be noted that our expressions do not rely
on the long-time limit of the filter functions, and thus allow
to extract this effective error rate for any specific gate time ¢,
regardless of how large or small it is with respect to the noise
correlation time t.. It is worth pointing out that an inverse
scaling of the infidelity with the Rabi frequency also happens
to result for a white noise model.

The second pair of operators in Eq. (32) possesses a co-
herent contribution to the dynamical error map, acting as
an over- or under-rotation controlled by A(#), which might
perhaps appear as surprising given that the underlying noise
is incoherent. We recall that A;(#) is controlled by the filtered
PSD via Eq. (18) [see Fig. 1(b)]. As we will explicitly show
below for the extended phase diffusion model, in analogy to
Eq. (21), this filtered integral can also yield a contribution that
grows linearly in time in the long-time limit. In this case, the
extra terms in the Kraus operators can be associated with a
noise-induced shift of the Rabi frequency Q2 — Q + §2.

It is also possible to find closed analytical expressions
for the dynamical error map with nonzero I'»(¢), A,(t) # O,
which can be expressed in terms of a time-dependent block-
diagonal process matrix derived in Appendix D This leads to
the following dynamical error map:

Swmpo) = Y [T O], 4EapiaE]

«,f=0,1
+ Y O] EaeaE], (4
o,f=2,3

where the specific block matrices x§"(¢), x5 (t) depend on
the filtered noise PSD via Egs. (D2) and (D3). Interestingly,
incorporating the filters Fr,, Fa, in the dynamics leads to a
non-Markovian quantum dynamical map in Eq. (34) for the
qubit. The extent to which it is can be quantified by a nonzero
measure A¢p(¢) of non-Markovianity [108,109]. This mea-
sure, which signals situations in which the overall dynamical
map is not completely positive divisible, can be expressed as

1 [ ,
Sert) =5 [t -0 69
0
Thus, the non-Markovianity is defined in terms of a single
canonical decay rate which depends on the noise correlations
via yi(t), y2(t), 82(t) # 0 in Egs. (C2) and (CS5), namely,

Pe(t) = 371() £ 3,/ v3 () + 83(1).

Here, y,, y», and §, encode the effect of the dephasing noise on
the qubit via its correlation function, as discussed in detail in
Egs. (C2) and (C5) in Appendix C. The second rate is always
positive y,(t) = —%8, log(1 — &(t)) > 0 V¢, which means it
never contributes to the value of the integral. Clearly, when
y2(t) = 8,(¢t) = 0, one gets y_(t) = y4(¢) > 0, such that the
non-Markovianity measure vanishes, signaling a CP-divisible
dynamical map. Hence, including the additional filtered in-
tegrals in Eq. (24) is crucial to model non-Markovian noise
effects in the gates. We depict the non-Markovianity measure
in Fig. 3 for an Ornstein-Uhlenbeck process describing the
phase noise. It is interesting to mention that .A¢p saturates at
the same time for all the Rabi frequencies shown, and that it
possesses a unique maximum at a certain Rabi frequency.

(36)
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FIG. 3. Non-Markovianity measure .4¢p(£2,¢) as a function of
Rabi rate and evolution time. We depict how it accumulates in a
particular range of Rabi frequencies as time evolves, and eventually
becomes constant at the times in which the canonical decay rate
becomes positive. In this figure, the yellow color indicates the regions
in which the non-Markovian effects in the qubit dynamics is more
important. In this figure we use a Ornstein-Uhlenbeck process with
7. =5x 107*s and ¢ = 1.6 x 10° s~ as the stochastic process.

2. Numerical comparison for colored frequency noise

Having obtained closed analytical expressions for the dy-
namical error map, we can go beyond the comparison of just
cardinal states in Fig. 2 and test the validity of our approach
at the level of the complete quantum dynamical map. We
choose again the extended phase noise model for illustration
purposes. The simple form of the noise PSD in Eq. (25)
allows computation of all filter integrals analytically, leading
to Eq. (D11) in the Appendix. We recall that the long-time
limit is defined as the regime where the evolution time is
much longer than the noise correlation time ¢ >> 7., which
approaches the memoryless Markovian limit of ¢ /7. — oo. In
this case, two of the filtered integrals become approximately
linear functions of time

t 2
TV~ ——, Do = ——,
1) Do 2 eff )
AG) ~ 8Q1, 89 = Q— (37)
2, eff

The two remaining filter integrals for I';(r) and A,(¢),
however, do not grow with time and become negligibly small,
which is consistent with our previous characterization of
(non-)Markovianity. For shorter times, however, they play
an important role in capturing non-Markovian effects. The
effective time 75 . in Eq. (37) connects to our previous dis-
cussion of spin locking and quantum noise spectroscopy. A
result that is, to our knowledge, completely novel is that the
colored dephasing noise contributes with a coherent over- or
under-rotation which in the long-time limit can be simply
understood as a shift of the Rabi frequency again controlled
by the value of the PSD at the original Rabi frequency. As
with the effective 7, time, this shift will generically decrease
with Rabi frequency for PSDs falling with frequency such as
Eq. (25).
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FIG. 4. Comparison of average channel infidelities, capturing the
deviations of the full numerical solutions of the stochastic Langevin
equations with the depolarizing channel (red), the Pauli-twirled chan-
nel (purple), the non-Clifford Kraus channel (blue), and the full
non-Clifford and non-Markovian channel (orange). We average the
simulated Langevin SDEs over Myc = 10° noise trajectories, and
average the channel infidelities by randomly drawing Ny = 5 x 10°
initial pure states. The simulations use an Ornstein-Uhlenbeck de-
phasing noise with 7, =207/, c =1/ (40tc3), a time step At =
0.057., and a Rabi frequency Q2 = 27 x 20kHz, which are chosen
for presentation purposes and are not connected to the experimental
trapped-ion noise of the following section. The local minima ap-
pearing in the effective Kraus channel are due to the over-rotations
induced by the non-Markovian effects that this approximation does
not capture.

We will gauge the accuracy of our analytical treatments
here against the full numerical time evolution under the
stochastic Hamiltonian in Eq. (6). Up to numerical preci-
sion and finite sampling over the noise, a state py(t) =
E(|(£)) (¥ (t)]) so evolved is an exact predictor that does
not depend on any of the additional approximations in our
analytical error map. For this comparison, we compute the
average state fidelity [116] for two mixed states,

T (1) = Tely Vo Opa0)Y 0O, (38)

where pg(t) is the stated evolved under the stochastic
Langevin equations. The initial state py = [19) (¥o| must be
averaged over a sufficiently large number of noise trajecto-
ries. The second mixed state, p(¢), can either come from our
closed analytical expressions of (i) the Kraus decomposition
for the non-Clifford dynamical error map éxc in Eq. (31),
(ii) the non-Markovian process-matrix reconstruction of the
map &wm in Eq. (34), or (iii) depolarizing and Pauli-twirled
approximations of the channel that we discuss below.

We compare the different channel descriptions by using
the average channel infidelity, which is defined as £(¢) =

— % [dodgsin6.Z, (t). We approximate this integral by
generating Ny = 10° Haar-random pure states, parametrized
by angles 6 and ¢, which in the computational basis read
000, 9) = %(]lz + cos o+ sin 6 cos ¢po,+ sin O sin poy).
For each random initial state we compute the time evolution,
the corresponding mixed-state fidelity, and finally average
over all initializations. As shown in Fig. 4, the average
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channel infidelity for both the non-Clifford dynamical error
map Encfrom Eq. (31) (blue), and the non-Markovian process
matrix reconstruction &yy from Eq. (34) (orange) is very
small for all considered evolution times, and soon drops below
1074 infidelity. As a baseline comparison, we also show the
average channel infidelity with respect to a depolarizing
channel &p from Eq. (5) (red) which, as remarked in the
introduction, is the typical noise model used in the literature.
As discussed around Eq. (5), this channel depends on a single
time-independent error rate p that, in the present context, can
be upgraded to a dynamical one via p — p(t). The specific
time dependence can be fixed by equating the average gate
error [106,117] derived in the following section in Eq. (54) to
that of the depolarizing dynamical map. In this way, we find
that it only depends on I'|(¢) via

pat) =31 —e 1),

We see that both &\c and &y outperform this depolariz-
ing error map by at least one order of magnitude already at
short times. We note that the deviation of the depolarizing
noise model with respect to the exact stochastic dynamics
becomes larger as time evolves, eventually reaching 0.5 for
arbitrarily long times, whereas the channel infidelity of both
&ne and énv drops to 1073 in the long-time limit. Moreover,
the dynamical quantum map including non-Markovian effects
&\Mm 18, on average, the most accurate one. We expect that
this improvement of &\y with respect to &yc will increased
further for a noise with a higher correlation time.

An improvement over the above depolarizing error
map of Eq. (5) can be obtained by performing a Pauli
twirl [28,118,119] on the microscopically predicted non-
Markovian error map &yy. The resulting Pauli error map can
be expressed as

Er(po) = (1 = p)pa) + Y pp(t)oy piat) o, (40)

b=x,y,z

(39)

where the time-dependent error probabilities found by
twirling are defined as

! 1
px()= 7 (1 +e 0 —2cos §®(t)e—én<z>),

1 - AZ(I) . 1 1
py(t) = Z(l —e F'(')—I—Z% sin 5@(1)6 2F1(’)>,

AZ(Z) . l —%FI(Z)
o SN 500 ) 41)

where we have introduced p(t) = p,(¢) + py(t) + p.(¢). We
thus see how the phase noise enters via the different filtered
integrals, leading to a biased Pauli error channel for each
snapshot ¢ € T, which has partial error weights that evolve in
time. Although this dynamical error map is known to have the
exact same gate fidelity with respect to the ideal unitary, and is
better than the simple depolarizing approximation, we see that
the deviation with respect to the actual stochastic dynamics
also increases as time evolves, paralleling the behavior found
for the depolarizing error map. It is also interesting to note
that, in the limit of small Markovian errors where I';(t) ~
1/ T efi, px(t) =~ 0 and p,(t) =~ p,(t) ~ t /4T, cf, the effective
noise model has clearly more structure than the depolarizing

1
o= (1o

channel, and also differs from a simpler dephasing channel
that one could naively guess using perturbative arguments.
Essentially phase-flip errors get admixed with an equal weight
of bit-flips through the Rabi driving.

Single-qubit gates are primarily implemented by the short-
time Rabi flop dynamics ¢ < 2x. In this parameter regime,
we can see that the depolarizing channel already performs
worse than any of our microscopically motivated error chan-
nels. It is interesting to see that the Pauli-twirled error map
performs well in this short-time regime, and can thus be
adopted for large-scale Clifford-group simulations of QEC
codes. The average channel infidelity of the analytic models
in the first flops is larger than for the longer-time evolution,
which we believe is a consequence of the inherent underes-
timation of noise correlations in the second-order truncation
of the cumulant expansion. It rises to a maximum value of
3 x 10~* when considering the non-Clifford Kraus decompo-
sition, which neglects all non-Markovian contributions arising
from the interplay of the Rabi drive an the nonzero noise
correlation time. The drop in channel infidelity and loss of
structure demonstrates that non-Markovian effects are most
important for the short-time high-fidelity gates as one would
expect. Therefore, improved descriptions for short times
where non-Markovian effects are stronger will require even
higher-order truncation of the time-convolutionless approach
discussed in Appendix B. The benefit of our non-Markovian
treatment over the depolarizing channel can be further im-
proved by keeping higher order terms in the truncation.

C. Dynamical error map with amplitude noise

Up until now we have focused entirely on phase and fre-
quency noise. However, real quantum systems are typically
subject to various types of noise simultaneously. If the under-
lying noise operators commute and are mutually uncorrelated,
then the dynamical map of the net noise effect is simply the
composition of the individual noise maps. Unfortunately, this
is rarely the case, and the treatment of universal or multiaxis
noise becomes more difficult in general. As we now show, it is
possible to generalize our formalism to incorporate the effects
of transversal noise, such that both amplitude and phase fluc-
tuations in the drive affect the single-qubit gates. The drive
amplitude fluctuations will be modeled by stochastic noise in
the Rabi frequency [120] roughly as
Q8IL(1)

8Qu(t) ~ =

Q — Q+8Q0), S
L,0

, (42)

where §Q(¢) and 81;(¢) denote the stochastic fluctuations of
the Rabi rate and the laser intensity, respectively, and I o
denotes the ideal intensity of the driving field, where intensity
is proportional to the square of the field amplitude.

The Hamiltonian governing the dynamics of the qubit un-
der a driving with both phase and amplitude fluctuations can
be written in a toggling frame, within the same approxima-
tions as in Eq. (6), as

H(t) = 2(Q+8Q1))og — 388(1)o. (43)

Following similar steps as in our previous derivation, we can
approximate the dynamics of the system using a cluster ex-
pansion of the Nakajima-Zwanzig equation. For simplicity we
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pick in the following the case ¢ = O such that the Rabi drive
is around o, again and we consider stochastic processes with
zero mean. We also assume that the processes are individu-
ally correlated in time, but display no cross-correlations, i.e.,
E{8a()8Q(t")} = 0, leaving the more-involved case of arbi-
trary correlations to future work. Within these approximations
the evolution of the density operator in the interaction picture
with respect to the perfect Rabi oscillation is described by

d

1 t
Sp)= - / dt'{Calt — 1)[os, 0up]

4 Jo
+ Ca(t —1)[0.(t), O.()p]} + Hec.,  (44)

where Cq(t —t') and C,; (¢t — t’) are the autocorrelation func-
tion for each of the stochastic process and O,(¢) is the
time-dependent Pauli matrix in the frame of the ideal Hamil-
tonian as previously defined in Eq. (13). Projecting onto
the dressed state basis {|+), |—)}, we obtain again a system
of equations for the diagonal terms which are decoupled
from the nondiagonal terms, such that the evolution of the
populations coincides exactly with the pure-dephasing case
in Eq. (14).

The time evolution of the coherences can be explicitly
computed within a first order Magnus expansion. Using the
variables introduced in Eq. (15) the evolution reads

1) = e*(l“l(f)+AF1(f))efi¥n(t)-v§(0)’ (45)

where the time-dependent unit vector and angle read as before
in Egs. (16) and (17). The net effect of amplitude fluctuations
amounts to a redefinition of the 7, time of the system by
adding a correction to the decay I'; as

[.¢]

AT'(1) =/ doSq(w)Fa(w, 1), (46)
—00

where we have introduced an additional decay filter function

_ 1 /1 —cos(wt) _
Fo(o.0) = —{ ——5— | =tn:(). 47

(0]

Moreover, we can generalize the closed-form expressions
of the Kraus operators of the error quantum channel in
Eq. (13) for the Markovian limit [',(z) = A,(t) = 0, to the
case of multiaxis noise. The amplitude fluctuations only affect
two of the Kraus operators as

= %\/s(t)[sin(ﬂt)oz + cos(Q2t)o, ],

K, = %M[COS(QI)UZ — sin(Q2)o, ],

K3=%‘/S_(t)|:sin< 1()>12— s(M'T(t))ax},
K4=%\/s+(t>[cos< ‘4( )) i (M‘f))ax} (48)

where the effective error rate (¢) agrees with that of the pure
dephasing noise from Eq. (33), and we have to introduce two
additional modified error rates:

E()=1+ e N1 4 26*%(1"1(t)+Al“1(t)). (49)

For the non-Markovian case T'»(z), Ay(t) # 0, we can
again derive a closed-form analytical expression for the
dynamical error map in terms of a time-dependent block-
diagonal process matrix similar to Eq. (34), as can be seen
in Appendix D This analytical form reads

Ewmpo) = Y (X O)],4EapiaE]

«,f=0,1
+ > [T O)], EapaE],  (50)
o,f=2,3

where the block matrices ¥;" (), ¥5"(¢) depend on the same
filtered noise PSD as the pure phase noise and, additionally, on
the amplitude noise PSD via ATy (¢) [see Egs. (D6) and (D7)].
Again, incorporating the filters Fr,, Fa, into the dynamics
leads to a non-Markovian quantum dynamical map. The ex-
tent to which the map is non-Markovian can be quantified by
the same measure in Eq. (35) but with a different canonical
decay rate,

Va(t) € {0, 271 () £ 3, /¥2 (1) + 820 )} (51

where we have replaced the decay rate y;(¢t) with the new
dressed decay rate y;(¢) = y1(¢) — 5y (¢).

Finally, we can again find the best description of the noise
channel in terms of a Pauli channel by twirling. The resulting
error map can be written in the form of Eq. (40) with the time-
dependent error probabilities defined as

P, (1) = (1 4 e—rl(f) 2 cos l@(r)e_é(rl(t)"’Arl(f)))
X 2 E)

(1) = l( e ) L o=~ Aa(1) sin 1@(t)e;(l"1(t)+m“1(t))>
y 4 )

Q) 2

Ar(1) . 1®(t)e_2(r‘(’)+M‘(’))>

_l _ i) _
pz<t)—4(1 e 2 o0 i3
(52)

and again, we have defined p(t) = px(t) + py(t) + p.(?).

D. Projection noise, maximum-likelihood, and analytical
estimates of the gate error rate

Any real implementation of the dynamical error map es-
timation will be subject to errors in the state preparation
and measurement. Assuming that there are no such SPAM
errors is a problematic idealization under most circumstances,
and can lead to nonphysical reconstructions. There are dif-
ferent strategies to combat the existence of SPAM errors. As
was mentioned, self-consistent methodologies like gate set
tomography [29-31] are equipped to handle SPAM. GST has
two main drawbacks for our purpose: (i) the measurement
overhead for amplifying intrinsic gate set noise through in-
creasing lengths of random sequences, and (ii) the fact that
the evaluation assumes Markovian white noise. We have seen,
however, that the noisy dynamics for the driven Rabi flops
have a nonzero measure of non-Markovianity, which is largest
at short times and maximal for some unique Rabi rate.

Our approach, however, is by construction able to deal with
colored noise and non-Markovian dynamics. Additionally,
it provides a consistent framework that extends to arbitrary
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times. Therefore, it is also possible to amplify the phase noise
we want to characterize simply by applying the same inter-
action for longer times as in previous work, but in a unified
theory. Accumulating phase noise errors means that at some
point the relative effect of SPAM contributions will become
negligible, such that we gain direct access to the noise PSD
via Egs. (37). At that point, we may use the fact that we have
obtained all parameters for our closed expressions to infer the
properties of short gates as used in the QIP. There are of course
other ways to obtain the noise PSD [48,50,53,54,58,60,61,73].
Howeyver, care has to be taken to ensure that the information
obtained in this fashion is indeed comparable to what is ex-
tracted via long-time channel reconstruction, for example due
to different environment in the measurement or violation of
the base assumptions.

The amplification process does however not solve the esti-
mation errors due to shot noise, which is caused by the finite
amount of collected data points N; per evolution time t; € T'.
This data serves to approximate the probabilities modeled by
Eq. (29) as finite frequencies f;;pm, = Ns.i.b.m,/Ns.i. Here,
Ns.ipm, 15 the number of outcomes associated with the pth
POVM element in Eq. (28), starting in the sth initial state
in Eq. (27), and after an evolution time #; € T. Additionally,
Nsip = Zmb Ns.ip.m, 1s the number of shots per initial state,
evolution time and measurement basis, and N, ; = ), Ny ;.
To avoid nonphysical estimations, the linear inversion algo-
rithm for QPT in Eq. (29) has to be replaced by a nonlinear
optimization that constrains the estimated evolution to be a
CPTP map, and will no longer be analytically solvable Vt; €
T. By focusing on a specific time set {#; : i € [,}, and a finite
number of shots N; per time, we will be able to account for the
shot noise and, moreover, infer || snapshots of the dynamical
map from experimental data at these evolution times. The cost
function L; to be optimized at each instant of time follows
from a maximum-likelihood (ML) principle [25-27,121,122],
and is defined in a way that it would coincide with the multi-
nomial joint probability distribution associated to the set of
measurement outcomes if the estimated process matrix agreed
exactly with the real one. Taking the negative logarithm and
performing a rescaling, one can formulate the ML optimiza-
tion as a nonlinear constrained minimization

Sol 1M

Minimize: —logli = — Y Y fui, log(tr{Dy, x (t))),

s=1 pu=1

subject to: x(#;) = 0, Zxa,,g(t,')E;Ea =1z,
a.p
(53)

where we recall that the D-matrix, defined in Eq. (29), only
depends on the set of initial states and POVMs. The price paid
to impose the CPTP constraints is that the estimator is only
asymptotically unbiased, which can have some limitations
when the number of shots is not sufficiently large. We remark
that this nonlinear minimization must be repeated for each of
the |l;| snapshots of the dynamical quantum map.

Shot noise arising from a finite number of measurements
introduces stochastic uncertainty in the estimation. Evaluat-
ing the associated confidence regions for the average gate
error in Eq. (1) requires special attention [123,124]. We
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FIG. 5. Reconstruction of the gate error €(¢;) for noisy Rabi os-
cillations under an Ornstein-Uhlenbeck noise with 7. =5 x 10™*s
and ¢ = 1.6 x 10° s7>. We include shot noise for a total number of
measurements Ny,os = 2.4 x 107, which allows us to approximate
the tomographic probabilities p, ; , by the corresponding relative fre-
quencies f;; ,. The confidence region (purple shading) and the mean
(purple markers) are estimated by distributing this data into N, = 10°
repetitions of the maximum-likelihood reconstruction, leading to
N; = 1200 shots per time step. The analytical predictions &,p in
Eq. (54) (green), which is the established model in the literature, as
well as the errors for our Markovian non-Clifford ¢, nc in Eq. (55)
(blue) and non-Markovian &, v in Eq. (56) (red) estimates, which
depend on the Lorentzian noise PSD in Eq. (25). Inset: Absolute
value of the difference between the ML reconstruction and the non-
Clifford Kraus map (blue) or the non-Markovian map (red) infidelity.

perform a statistical analysis of this error by performing the
maximum-likelihood estimation for different realizations of
the projection noise (see Fig. 5). We consider a total number
of measurements Nyyois = 2.4 x 107 uniformly distributed in
groups of N, = 10° repetitions, which allows us to obtain
the corresponding relative frequencies f;; ,, for Ny ;, = 100.
By distributing the data in this way and repeating the ML
optimizations, we can characterize the statistics of the cor-
responding estimate. To perform a numerical study of the
effect of shot noise, we simulate the stochastic outcomes by
performing a set of v € {1, --- , Ny ;;} simple Bernoulli trials
per repetition. Since there are mutually exclusive outcomes
my = %1 in the POVM set in Eq. (28), we only need to sample
one of the outcomes by numerically generating a uniformly
distributed pseudorandom number u,, € U(0, %), and com-

paring it with the “success” probability py; , € [0, %] that is
obtained by the numerical simulation of the Langevin SDEs
(9), where one averages over all the Myc noise trajectories.
In this way, when u,, < pi"i’ . We increase the count Nj; ,,
which allows us to obtain the relative frequencies of mutually
exclusive pairs fs;p+, fsin— = 1 — fs.ip+ required to simu-
late numerically the tomography under shot noise. Once we
have the set of relative frequencies, we run the log-likelihood
minimization in Eq. (53) for the different instant of time to
estimate the snapshots of the dynamical map &,. We thus
obtain a statistical ensemble of estimated processes {&;} for
all the N; repetitions, which can be used to obtain the mean
and, additionally, find the corresponding confidence regions.
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Typically, the maximum-likelihood QPT in Eq. (53) aims
at estimating a full process matrix that is completely un-
known. Estimating the d’(d> — 1) free parameters of an
entirely unknown process matrix is a daunting task since
for an N-qubit system d = 2V. However, we can exploit our
microscopical dynamical error maps as a priori information
to reduce the number of parameters in the process matrix,
facilitating the QPT reconstruction. This leaves unaffected
the asymptotic resource scaling, but can in practice substan-
tially reduce the parameter space to be searched for larger
systems or more expensive estimation methods [34]. Indeed,
combining the present derivations with a realistic modeling
of cross-talk and two-qubit gates may allow to dramatically
reduce the severity of the exponential scaling in characterizing
multiqubit QIPs, which will be studied in more detail in the
future. For the present work, we take a more conservative
parametrization of the estimated dynamical error map that
would allow to find further deviations. At the very least,
we know that the error process matrix has a block struc-
ture that allows us to halve the number of free parameters
of the maximum-likelihood minimization from 12 to 6 (see
Appendix D, simplifying the nonlinear optimization and the
complexity of the calculation of the confidence regions for the
reconstructed process matrix.

We now present our statistical analysis of the average
gate error in Eq. (1), which will depend on the ensemble
of estimated dynamical maps {&;} and the ideal target gates
U,(t;) describing resonant Rabi flops. In this way, we get an
ensemble of gate errors at a given time {g,(#;)} by collecting
the errors for each of the N, repetitions, such that one can
easily calculate the mean €. If we order these gate errors in
increasingly, then we can also easily estimate the confidence
region that contains 95% of the estimated values around the
mean. We note that the distribution of gate errors is not
Gaussian in general. The confidence region obtained in this
way is typically not symmetric about the mean.

Linear inversion and maximum-likelihood estimation both
have distinct shortcomings in the situation where experimen-
tal shots are costly in some way, and are therefore small in
number: The choice is between possible nonphysicality or
estimation bias. However, we have found the estimation bias
to be asymptotically vanishing for large numbers of shots,
that is convergence of the mean of the linear inversion and
maximum-likelihood estimation. At the same time, linear in-
version will also provide physical estimates for any finite
fidelity given a finite number of shots. In our example here,
the bias becomes irrelevant at 10> tomography runs, which
amounts to a total of N; = Y , Ny;» = 1.2 x 10° projective
measurements per snapshot t; € T, and a total number of shots
Nihots = 2; Ni = 2.4 x 107 for all times shown in Fig. 5.

Both of these methods share, however, the typical large
requirements on total shot count to reduce estimation error
bars substantially. Even for this total number of shots, we see
in Fig. 5 that the stochastic uncertainty due to shot noise is
roughly of the same order of magnitude as the estimated gate
errors. For gates with high fidelities as we typically want to
characterize this means that the process infidelity is entirely
overshadowed by shot noise unless substantially more shots
can be provided. In those regimes, it should be noted that
the asymmetry of the confidence regions around the mean

value will grow, becoming more predominant toward lower
gate errors. In the case of only a small number of shots
being available, a different and more efficient route to estimate
confidence intervals is discussed in Ref. [124], where one
works directly with the standard likelihood prior to taking
the logarithm and rescaling in Eq. (53). In this way, one can
approximate the underlying probability distribution using a
Monte Carlo Markov chain algorithm, and obtain more statis-
tical information rather than focusing solely on the maximum
likelihood value.

If we aim at reconstructing the dynamical error map af-
ter many Rabi flops, such that the error reaches high values
of order 10" as shown in Fig. 5, then taking around N; =
1.2 x 10® measurements per time will approximate the mean
behavior with a noisy reconstruction that varies within the
confidence interval. Many such traces have to be produced to
then find the statistics. However, for high-fidelity gates with
one (half of a) Rabi flop and errors of order 10~* as typically
reported in state-of-the-art experiments, at least N; = 1.2 x
107 measurements per time point with additional repetitions
to perform the statistical analysis, should be performed. This
overhead in shots can be prohibitive in terms of time for some
(but not all) experimental platforms. For numerical bench-
marking purposes we can still use this maximum-likelihood
reconstruction to test the validity of our dynamical error map
estimates for the gate error in Eq. (1).

We note that approximate expressions for the gate fidelity
in terms of filter functions have been reported in previous
accounts [19,83,106,117], in which the ensemble average over
the noise process is applied directly on the unitary time evolu-
tion operator, which can be treated using a Magnus expansion
[106,117]. This however does not take into account the de-
scription in terms of the stochastic cumulant expansion, or
the time-local master equation that underlies our treatment,
and leads to an overestimation of the gate errors. Within the
approximation of Refs. [19,83,106,117], the gate error only
depends on a single filtered integral:

gep(t) = 2(1 —e 0. (54)

In particular, this expression is half of the effective error
parameter (¢) in Eq. (33), which only depends on the decay
filter Fr,. As we have already mentioned above, ¢(¢) is only
a rough estimate of the gate error since the specific form of
the dynamical error map also contain the effect of coherent
over- or under-rotations controlled by the coherent filter Fa,.
Moreover, there can be non-Markovian effects encoded in the
two filters Fr,, Fa, that are missed by Eq. (54). As discussed
around Eq. (39), this gate error can be used to fix the error
probability of a depolarizing noise model in Eq. (5), and we
refer to Eq. (54) as the depolarizing error shown in green in
Fig. 5.

Using the specific expressions of the Kraus operators
in Eq. (32) for the non-Clifford dynamical error map &xc
(26) we find instead the following expression for the gate
error:

e MO 273N 0 cos (1A1(1))). (55)

Comparing this expression to Eq. (54), we see that in this
approach the error rate does account for the effect of the
over- or under-rotations, which lead to additional oscillations

1
ggnc(t) = 7=
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controlled by A(¢). In addition to the oscillations the weight-
ing coefficients change completely, leading to quantitatively
different error rates. The non-Clifford error rate in Eq. (55)
agrees much better with the mean of the maximum-likelihood-
derived estimates at all times, as shown in Fig. 5.

So far, both gate errors have implicitly assumed a Marko-
vian CP-divisible dynamical map, neglecting the effect of the
filter functions Fr,, F, that are the ones responsible for the
nonzero measure of non-Markovianity in Fig. 3. We make
use of the analytical expressions for the corresponding map
&xv(34), and obtain a gate error that also incorporates the
non-Markovian filtered integrals of the noise PSD:

Eenm(t) = 1 — (e 0 4 2e3MW cos (LO1))).  (56)

This expression captures better the oscillations of the gate
error, as can be seen in the inset of Fig. 5.

Furthermore, we can give closed expressions that incor-
porate the effect of the amplitude fluctuations that we have
discussed in the previous section. The gate infidelity in the
Markovian case accounting for both phase and amplitude
noise reads

EgNCI = %[3 _ o N1 _ 9,~3TIO+ATI0) (g (%Al(t))],
(57)

which is surprisingly similar to the case of pure phase noise
but with a correction to the decay rate. The non-Markovian
case is entirely analogous to the purely phase noise case with
the same correction such that

genm1 = L[3—e T — 2~ 3 CHOFATIO) (oo lom)].
(58)

The effect of amplitude noise in the gate infidelity can be
appreciated in Fig. 6.

We note that the Pauli-twirled approximations &pr, in
Eq. (40), for both the pure dephasing noise case and including
amplitude fluctuations, have the exact same fidelity as each of
the non-Markovian maps respectively but, being of Pauli-type,
they can be used in large-scale simulations of Clifford circuits.

III. TRAPPED-ION NOISY RABI OSCILLATIONS:
TOMOGRAPHY AND RANDOMIZED BENCHMARKING

Up to this point we have gauged the validity of our ana-
lytical predictions against numerical simulations with an ad
hoc noise model, namely, the extended phase diffusion model
with an Ornstein-Uhlenbeck process §@(t). We are now at the
point where we can gauge the utility of our approach against
more realistic noise models that include (structured) technical
contributions. When deriving the analytical expressions for
the process matrix and the effective Kraus operators, we have
only assumed that the noise is wide-sense (or independent
increment) stationary, and that there is no cross-correlation
between amplitude and phase noise. As we have discussed, in
this scenario we can express the dynamical map in terms of the
filtered integrals in Eq. (18), so it can describe any scenario in
which the predominant noise of the laser can be characterized
using a power spectral density [93].

In the following section, we will discuss the applicability
of these results in a specific experimental setup: a trapped-ion
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FIG. 6. Comparison of the gate error with respect to the
ideal Rabi flop for the depolarizing channel (green), the non-
Clifford Kraus channel (dashed blue), and the full non-Clifford and
non-Markovian channel (red) including the effects of intensity fluc-
tuations. We also include the pure phase noise case (solid blue) to
see the impact of the Rabi frequency fluctuations. The simulations
use two Ornstein-Uhlenbeck processes, one for the phase noise with
7. = 20m /Q, ¢ = 1/(4072), a time step Az = 0.057 ¢, and a differ-
ent one for the Rabi fluctuations with 7. = 207 /2, ¢ = 0.1/ (4Orc3),
a time step Ar = 0.057 ¢, and a Rabi frequency 2 = 27 x 20kHz,
which are chosen for presentation purposes.

QIP. We will begin by describing the experimental setup used
to obtain estimates of the noise PSD, as well as the trapped-ion
QIP itself. We then outline method and results in obtaining ex-
perimental estimates for the reconstruction of the snapshots of
the dynamical error map, yielding the gate error for both many
and few Rabi flops. We compare these estimates obtained
from QPT and randomized benchmarking to our analytical
model for the average gate error in Eq. (56). It is important
to note that these results rely on the predictive character of the
dynamical error map derived in the previous sections, which
allows us to provide specific expressions for the dynamical
quantum map at any time with the sole knowledge of the laser
noise PSD, and evaluate the associated average gate error.

A. Experimental setup

The trapped-ion QIP used in our experiments features a
macroscopic Paul trap within which linear strings of °Ca™
ions can be confined. The overall experimental system that
was used to generate the majority of data in this study
is described in Ref. [125]. Optical qubits are encoded in
the ground state |4 S/, my = —1/2) and excited metastable
state |3 Dsj2, my = —1/2), which are connected via an elec-
tric quadrupole qubit transition near 729 nm. The electric
quadrupole transition is driven by a frequency-stabilized Tita-
nium:Sapphire laser whose frequency fluctuations lead to the
noise processes d@(t) and 8Q(r) in Egs. (8) and (42) that have
been studied above. Projective measurements in the compu-
tational basis are performed by state-selective fluorescence.
When qubits in the electronic [4S;,, m; = —1/2) state are
illuminated by a readout beam near 397 nm the states will be
rapidly driven on an electric dipole transition, scattering many

013008-15



J. M. SANCHEZ VELAZQUEZ et al.

PHYSICAL REVIEW RESEARCH 7, 013008 (2025)

photons which can be collected on a camera. If the qubit is,
however, in the |3 Ds/,, m; = —1/2), then they will not partic-
ipate in this transition, such that the qubit state can be inferred
by the presence (absence) of substantial fluorescence signal.
We use a simple threshold-based discriminator between the
two qubit states which leads to measurement infidelity better
than 1073 [125].

Independent measurement of the frequency noise power
spectral density of this laser was performed using a dedi-
cated optical phase noise measurement setup [73]. The setup
performs self-referenced, short-delay self-heterodyne mea-
surements using differential detection and cross-correlation to
extract the noise PSDs of ultrastable oscillators. The device
noise floor limits the spectral range within which the laser
PSD dominates the signal. Consequently, when calculating
integral quantities weighted by the analytical filter functions
we have to make some assumptions on the shape and size
of the PSD outside the measurement bandwidth. For Fourier
frequencies below the measurement bandwidth we assume the
frequency noise PSD to be constant at the level where the
(acoustic) noise floor intersects the laser PSD, that is the phase
noise PSD diverges with w2 toward zero frequency. This is
a reasonable assumption based on typical laser performance
and was verified down to 1 kHz using spin-locking noise
spectroscopy in Ref. [73]. For a laser of ~1Hz linewidth
we expect that below some small frequency v =~ 1 Hz the
frequency noise PSD rises as w2 due to technical noise,
but saturate at some finite value akin to the behavior of the
Ornstein-Uhlenbeck process. However, we have disregarded
this minor correction here. Toward much higher frequencies
we assume that the frequency noise PSD is white, that is P,
such that the phase noise PSD falls as w~? for sufficiently high
frequencies which is typical for realistic lasers [83]. Given that
the frequency PSD still has structure within the measurement
bandwidth we do not know what constant level should be
used to approximate the integrand toward infinite frequency,
though a reasonable assumption would be a level similar to
the low frequency plateau. However, the weighting of the
filter function with =2 means that the contribution at large
frequencies is strongly suppressed such that these details are
not important for the gate fidelities.

Let us remark that there are artifacts from the above mea-
surement setup within the bandwidth that have to be removed.
These are twofold: Spurs at the phase noise analyzer inter-
ferometer’s free spectral range, and spectral features that are
present on the light at the measurement location but not at the
location where the trapped-ion qubits interact with the laser.
The origin and removal of the former of the two is described
in detail in Ref. [73]. For the latter, namely, the servo bump
of the fiber noise cancellation feedback connecting the laser
to the measurement setup, we assume that no noise structure
is hidden below the servo feature and smoothly interpolate
the PSD between the levels outside the bump. The result of
this procedure leads to the PSDs shown in Fig. 7. The PSD
structure is dominated by technical noise sources and devi-
ates substantially from the Ornstein-Uhlenbeck’s Lorentzian
centered at zero frequency. This PSD can still be used to
predict the gate error, which we can then compare against
those derived from tomographic reconstruction or randomized
benchmarking, as we will do below.
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FIG. 7. Experimental power spectral densities for the laser.
(a) Frequency PSD with (blue) and without (orange) measurement
artifacts. The broad peak at w &~ 400 x 10°rad/s is a servo bump
not present at the qubit location. (b) Rabi frequency PSD obtained
from intensity fluctuations using a photovoltage detector.

The relative intensity noise PSDs were recorded using
a transimpedance-amplified photodetector positioned after a
beam pickup close to the ion trap. The signal’s spectral density
is measured by a audio analyzer (spectrum analyzer for low
frequencies). The voltage drop (or photocurrent) measured by
the square-law detector is proportional to the optical power.
The ratio of photovoltage to average voltage is therefore iden-
tical to the ratio of optical intensity fluctuations to optical
mean intensity 817 (t)/I1.o. We note that relative intensity noise
is frequently defined as the ratio of electrical powers, not
optical powers. However, here optical powers and not their
square are required.

B. Noisy tomography of the dynamical error map
and validation of the analytical error rate estimates

Let us finally compare our theoretical results to the ex-
perimental tomographic and randomized benchmarking data,
focusing in particular on the predicted and estimated average
gate errors. We will be interested in both the gate error of the
full dynamical map for several time steps, as well as the gate
error of a single w-pulse.

We extract the experimental gate error from the mea-
surement data by applying the QPT framework discussed in
Sec. IID to the set of experimentally obtained relative fre-
quencies. The presence of further sources of noise in the data
necessitates use of the log-likelihood estimator in Eq. (53)
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instead of linear inversion to obtain only physically admis-
sible channels. However, statistical treatment presented above
would lead to poor estimates for mean gate error and variance
given the limited amount of shots per time we can obtain in
experiments. It would not be sensible to further subdivide the
data to make statistical predictions of the confidence regions.
Therefore, we have followed the alternative method described
in Refs. [123,124]. This method becomes unwieldy for large
amounts of data, but its great advantage is direct access to the
statistics of the distribution. Thus, within our regime of sparse
data it can more accurately and efficiently predict confidence
intervals.

To allow for an efficient Monte Carlo sampling of the
distribution of the parameters, one must consider directly a
rescaled multinomial likelihood function rather than the pre-
vious negative log-likelihood in Eq. (53), that is

[Sol 1Myl Nyip

L1 2) = [T T [TITr@sx@nr«, (59

s=1 pu=1 v=1

which is proportional to the confidence that the underlying
quantum channels for the snapshots are described by a given
process matrix x(t;) given the experimental data set ¥ =
{ns,,.v(t:)}. Here, ng, () € {0, 1} are the specific binary
outcomes for each POVM measurement and time-evolved
initial state, taking into account the mutually exclusive cases.
Note that using Ny ; , = Y, is, 0 (t;), and taking the rescaled
negative logarithm, connects to the previous cost function
in Eq. (53). This likelihood function peaks at the experi-
mental relative frequency as before, but in contrast to the
log-likelihood estimator, the dispersion of the distribution will
narrow with the amount of available data making for a more
precise prediction of the confidence regions.

Given a likelihood function, it is not easy to obtain the
underlying probability distribution, as the scaling factor is
generally unknown. However, we can reconstruct this dis-
tribution using an a Metropolis-Hasting acceptance-rejection
Markov chain Monte Carlo method [126]. For each time step,
this algorithm starts from an initial assumption of the process
matrix x (), and, given a proposed new value of the matrix,
it either accepts or rejects it with a certain update probability
« set by the ratio of the above likelihood function in Eq. (59)
evaluated at both the current and proposed values of the pro-
cess error matrix. Note that if we use asymmetrical probability
distributions to propose the new process error matrix from the
current one, the above update probability needs to be corrected
by the ratio of the corresponding probability distributions to
not introduce a bias in the Monte Carlo updates. We impose
the physical constraints of the process error matrix in Eq. (53)
in a different way to the maximum likelihood method de-
scribed above to perform the Metropolis-Hastings algorithm
efficiently in the context of QPT. In particular, we impose
its positivity by resorting to the Cholesky decomposition, i.e.,
decomposing x (t;) = L, (¢; )L; (t;), where L, (t;) is a lower tri-
angular matrix, and demanding that all of its diagonal entries
are positive. Taking into account the block-diagonal structure
of the microscopic process error matrix [see the discussion
around Eq. (D1) in Appendix D, we can reduce the number of

entries of the lower triangular matrix as

L11() 0 0 0
| @) () 0 0
L)( (ti) - 0 O 633 (ti) O ) (60)
0 0 il34(t;)  Laa(t)

where £,4(1;) € R. In addition, the trace-preserving constraint
(53) amounts to normalizing the entries such that

\/E%l(ti) + 05, (1) + G5 () + €3,(1) + 6, (1) + G, (1) = 1.

(61)
Hence, the reconstruction of the estimator distribution re-
quires us to sample each entry of L,(#) under the above
constraints for each iteration. We use a truncated Gaussian
distribution in the interval £,4(%;) € [0, 1] for the diagonal
elements and £,4(#;) € (—1, 1) for the nondiagonal ones. Fur-
thermore, to be sure that the trace-preserving condition holds
for all the proposed matrix elements, we need to normalize the
proposed values using Eq. (61). To reconstruct the distribution
of each element, we have used a Metropolis-Hastings chain
of Myic = 10° steps, which allows for sufficient smoothness
in the reconstructed histograms that approximate the cor-
responding probability distribution of the estimated process
matrix. Once we have these histograms, we can compute the
corresponding gate error in Eq. (56) to then calculate its dis-
tribution amenable to discrete statistics. In particular, we can
compute the maximum of the distribution by computing the
mode and the corresponding confidence region by computing
the desired quantiles of the histogram.

For the maximum-likelihood reconstruction of the dy-
namical error map we need to experimentally estimate the
probabilities py ; , of Eq. (29). We perform our measurements
with a register of ions in the trap, where the first serves as
qubit for this study and the others idle. The qubit is prepared
in one of the states {|0), |1), |+), |[+i)}. After the noisy Rabi
evolution we measure the expectation values of {o,, oy, 0.}
for the generated state, where we perform N;;;, = 100 mea-
surements, and obtain the data set Z = {n,, ,(#;)}, which
can be used to reconstruct the probability distribution under-
lying the likelihood in Eq. (59). In Fig. 8, we present the
results of applying this reconstruction to the trapped-ion QPT
experimental data, where we recall that we are performing
N; = 1200 measurements per time. The 95% confidence in-
tervals can be more accurately predicted with this method
compared to with log-likelihood estimators. However, our
analytical treatment does not fall into the confidence region
of the experimental estimate. We attribute this to a two fac-
tors: First, the experimental data is subject to more than just
the pure dephasing and amplitude noise we have assumed in
the analytical model, which includes drift in parameters, and
correlated and coherent (miscalibration) errors. Second, and
in this case predominantly, the relatively low number of shots
leads to an estimation bias on the reconstruction, as well as
introducing substantial projection noise. While the predicted
gate error lies around 10~ for all the considered times and
Rabi frequencies, the shot noise for N; = 1200 measurements
lies at around 1072, In a situation where an insufficient num-
ber of shots available we turn away from QPT to produce a
better estimate of the average gate error.
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FIG. 8. Reconstruction of the gate error from experimental data
and how it compares with the analytical predictions. In (a) we depict
the 95% confidence region of the gate error (shaded area) for the
estimated snapshots using QPT, as well as the maximum-likelihood
estimate (purple markers, line as guide to the eye). The experimental
data is subject to SPAM errors and shot noise associated with the
N; = 1200 measurements per time. We depict the analytical error
prediction of the gate error in Eq. (56) due to solely the filtered
dephasing noise PSD of Fig. 7 (red), and with the amplitude fluc-
tuations contribution (black). The reconstructed infidelity from the
QPT data is dominated by the SPAM errors, and hence the agreement
with the analytical model cannot be extracted from this dataset.
In (b) we show the randomized benchmarking estimates for the
gate error (purple) against our non-Markovian phase-only estimation
(red), the model including amplitude noise (black), and the standard
depolarizing model (green) for a w-pulse as a function of the Rabi
frequency of the system. Error bars of the data here are below the
marker size. With this SPAM-resistant dataset, one can see that the
non-Markovian analytical estimation is compatible with the experi-
mental measurements in contrast to previous analytical estimations in
the literature. Several experimental imperfections are not considered
in this model, which means an underestimation of the infidelity is
expected.

We therefore use randomized benchmarking as an es-
tablished and frequently used QCVV method, which also
improves resolution of the error to be estimated relative to
SPAM by repeated application of the noisy channel. For the

experimental estimates we again load a register of ions but
only utilize one as qubit for this study, while the rest idle. We
initialize the qubit in |0) and perform random sequences of
Clifford gates of sequence length 2 up to 2 = 1024, where
the last Clifford gate inverts the action of the sequence to
the identity in the absence of errors. We measure (o) 100
times for a given sequence and average over 100 realizations
of random sequences at fixed k. We then fit an exponential
decay model to the probability of arriving back at |0), more
accurately the parameter A in the fully symmetric depolar-
izing channel &V (p) = ANp + (1 — AN)/d, as a function of
sequence length to extract the average Clifford gate fidelity
erg = 4(d — 1)A/3d + 1/d [127].

In the Clifford gate decomposition used there are an aver-
age of ~2.2 pulses which we then may use to find a proxy of
average gate fidelity on the pulse level. Note that this fidelity
estimate is somewhat different to the fidelity obtained from
the dynamical error map. First, the randomized benchmarking
decay is not solely due to the zero-mean phase and amplitude
noise without cross-correlation, i.e., we expect some coherent
(miscalibration) errors and potentially cross-correlation. The
estimated error rate is therefore likely higher. Second, the
dynamical error map estimate uses a fixed Pauli axis in the
evolution but averages over input states instead. An addi-
tional difference is that randomized benchmarking is known
to provide inaccurate fidelity estimates in the presence of
(temporally) correlated errors [128], whereas the method pre-
sented here is robust to this. Last, egg /2.2 is not a theoretically
rigorous estimate of an average gate fidelity on the pulse level,
but we include it as it is very commonly used in the commu-
nity. We then compare the theoretical prediction for a 7 -pulse
and the randomized benchmarking estimate for a range of
Rabi frequencies that can be achieved experimentally. The
benchmarking estimates at the different Rabi frequencies are
lower-bounded by our analytical estimates which can be seen
in Fig. 8(b). They are notably below the standard infidelity es-
timates commonly used in the literature. We expect our model
to provide a lower bound to experimental data, interpretation
difficulties from RB aside, since we are not modeling several
known experimental imperfections. However, we also expect
this lower bound to be close since the out-of-model effects are
small perturbations that will only potentially become domi-
nant after substantial hardware advancements.

IV. CONCLUSIONS AND OUTLOOK

In this work we have provided a microscopically moti-
vated tomography of the dynamical error map of single-qubit
gates subject to colored multiaxis noise. We have provided
an efficient parametrization of the dynamical error map that
depends only on various filtered integrals of the underlying
noise power spectral densities. By working in a dressed-
state instantaneous frame, we have shown that the cumulant
expansion in the time-convolutionless master equation ap-
proach can be truncated at second order and yet capture the
non-Markovian dynamics of the stochastic quantum system
in a compact completely positive and trace-preserving map
whose accuracy substantially outperforms a more standard
depolarizing map. Our derived dynamical error map, valid
at arbitrary times, is in general not a Clifford-type channel,
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and provides predictive power based solely on experimentally
accessible power spectral densities. Moreover, it allows to
qualitatively and quantitatively identify non-Markovian con-
tributions to the noise, all of which are condensed in various
simple filtered integrals that, to the best of our knowledge,
have not been previously discussed in the literature. We have
also provided a compact Pauli-twirled approximation of the
channel, which maintains the non-Markovian effect during
each driving within a single gate, but can be used in large-
scale simulations of noisy Clifford circuits.

We have gauged our analytical approach extensively
against direct numerical simulations of the noisy dynam-
ics as well as against map reconstructions based on various
approximate models. Comparing the average channel infi-
delity of single-qubit gates subject to an extended phase
diffusion model of the laser, we have found that our non-
Clifford and non-Markovian dynamical map outperforms the
literature-standard depolarizing noise model. We further see
that coherent over-rotations present in the noise can be
explained when including non-Markovian contributions to
the noise that have previously not been described. Further-
more, we have extended our formalism to handle universal,
multiaxis colored noise. This allows a compact methodol-
ogy to study analytically the effect of multiaxis stochastic
fluctuations in the dynamics of single-qubit gates from the
characterization of the noise properties alone. Given the broad
assumptions of our treatment we have also used this model’s
predictions to compare against experimental data obtained via
quantum process tomography and randomized benchmark-
ing. For short times, that is the regime of few Rabi flops
in which QIPs typically operate, we see that non-Markovian
contributions arise, although they are small in comparison to
other contributions to the error. However, we point out that
it is expected that non-Markovian contributions will become
important in longer sequences of gates as are encountered in
algorithms or QCVV methods that employ signal amplifica-
tion. Capturing these contributions will thus be important in
understanding the cumulative effect of noise correlations in
QIPs for QCVYV and applications.

In our trapped-ion experiments, we find that our re-
constructed noise model provides a good lower bound for
established infidelity estimators such as randomized bench-
marking. In particular, we find that our model outperforms
previous gate infidelity metrics based on filtered power
spectral densities, and captures the main contributions of ex-
perimental infidelity. We find as expected that the effect of
amplitude fluctuations is subdominant under the assumption
that there is no (or little) cross-correlation between phase
and amplitude. We note that the resource overhead of quan-
tum process tomography reconstructions and estimation of
gate infidelity is substantial for trapped ions, such that they
were entirely dominated by projection noise in our study.
However, in experimental platforms where experimental shots
are more readily accumulated, such as in superconducting
qubits, this should remain a viable approach. Our predictions
are compared against (standard) randomized benchmarking,
which can be inaccurate under several circumstances that are
experimentally relevant. In the future, other techniques such
as cycle benchmarking [129] could be employed for a more
stringent test.

The toolbox presented in this document offers sev-
eral opportunities to extend established QCVV protocols.
Our analytical model enables a more efficient microscopic
parametrization for gate set tomography, significantly reduc-
ing the resource requirements associated with this powerful
but demanding procedure. Additionally, our extended filter
function findings for noisy gates may be used to design im-
proved dynamically corrected gates to mitigate noise effects
in general information processing tasks, or in dynamical de-
coupling sequences for error suppression or quantum noise
spectroscopy. A direct extension of the presented toolbox
could involve incorporating time-dependent drive and control
waveforms, which would better describe a wider range of
experiments. This would pave the way for an accurate de-
scription of a sequence of gates in quick succession, where
correlations between gates may arise and become important.
Such an extension would no longer allow for compact, closed-
form expressions of the involved integrals, necessitating a
numerical approach to handle the time-dependent functions
describing the error channel. Another potential extension,
which we will explore in future work, involves including addi-
tional noise sources to make our model more sophisticated and
even closer to experimental conditions. In particular, we are
investigating the effects of the electromagnetic vacuum and
are generalizing this analysis to two-qubit gates.

The data that support the findings of this study are openly
available in Zenodo [130].
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APPENDIX A: STOCHASTIC PROCESSES AND MONTE
CARLO METHODS

In this Appendix, for the sake of completeness, we re-
view some aspects of the theory of stochastic processes and
stochastic differential equations [77,80] that are important to
understand the results presented in the main text. We dis-
cuss as well various numerical methods to simulate them
[92]. The appearance of stochastic processes in physics is
related to a coarse-grained description of the dynamics at a
certain scale, as first considered in the context of Brownian
motion [84,90,131,132]. In this Appendix, we recall the un-
derlying mathematical framework, which serves to set our
notation.

A random/stochastic process X : T x E + R can be un-
derstood as a function that assigns a real number x € R to
each ordered pair (f,e) € T x E. Here, t is drowned from
the time interval T = [f, tr], whereas e € E belongs to the
event set. This set is determined by a particular combina-
tion of outcomes of an experiment, all of which form the
so-called sample space S. In a probability space (S, E, P),
which is equipped with a probability measure P that fulfills
Kolmogorov’s axioms [133], the random process can be un-
derstood as a sequence of random variables X (¢, -) = X (¢) :
E +— R, such that each random variable is assigned to a
different time. This sequence of random variables are char-
acterized by the joint probability density functions (PDFs) for
any finite set of times pg (X) = Py, 1y, 1, (X1, X2, -+ , X)), VR €
Z* (Y, €T, such that pg(x) >0 and [d"xpg(x) = 1.
One can then define certain ensemble averages characterizing
crucial aspects of the stochastic process, such as the mean and
the variance,

X(t)=EX®], AX*¢t)=E[X@®)—-X®)*, (Al

where the average is defined in terms of the one-time pdf

ELf(X)] = /dXPt(X)f(x)- (A2)

Similarly, the covariance quantifies the autocorrelation of the
stochastic process at different times,

Cx(t1, 1) = E[(X (1) — X(11)X (1) — X (12)],

and requires using the joint PDF for two times t;,f, € T.
One may carry on this procedure and define the nth order
moments of the stochastic process, which would require using

(A3)

n-time PDFs within the so-called Kolmogorov’s hierarchy of
joint PDFs. When the mean and variance do not depend on
time, and the autocorrelation function is such that Cx (t;, ;) =
Cx(t; — 1p), the stochastic process is said to be wide-sense
stationary. We note that these ensemble averages can also
be understood from a frequentist interpretation as the relative
frequency of individual realizations of the stochastic process
X(-,e): T — R, which are referred to as trajectories.

Instead of dealing with the hierarchy of joint PDFs and
their evolution equations, one can describe the dynamics
of the process via certain stochastic differential equations
(SDEs),

dX 5 -
— =GX(),1, 7)),

dt (A4)

where G is a particular function, and the stochastic process
X () inherits the randomness nature from an external ran-
dom process 7(t). In the following, we will assume that
the mean of this external noise vanishes 77(¢) = 0. In spite
of the smoothness of G, the random fluctuations introduced
by a particular trajectory of the external process 7j(t) =
(-, ) may even be nondifferentiable, e.g., Wiener process
[80]. Therefore, instead of relying on differentiability, these
SDEs should be interpreted in terms of stochastic integrals,
which will be used according to the so-called Stratonovich
prescription [80].

In this work, we will focus on a particular type of SDEs
that are linear in the external random process, the so-called
Langevin SDEs [80,81,92]. We will consider a system of
coupled Langevin SDEs equations,

ax o
= a&©).0) + 8RO )70,

(AS)
where X is a vector composed of the different stochastic
processes, and ¢, g are certain smooth multivariable functions.
The first term in the Langevin SDE is the so-called drift term,
whereas the second one is the diffusion/noise term, which
can account for additive noise when the external random
process only affects the inhomogeneous term of the SDE,
e.g., gX,t) = go € R in the case of a single stochastic pro-
cess. The diffusion can also account for multiplicative noise,
when g(X, t) has any dependence different from a constant,
e.g., linear gX,1) = goX (¢) in the case of a single stochastic
process. More generally, one can also have various noise
sources, which can be accounted for by letting 7(¢) — (),
and upgrading the diffusion term to a matrix.

As briefly noted above, the ensemble averages can be
obtained by trajectory averages in the limit of a very large
number of realizations Myc. In analogy with ordinary dif-
ferential equations, the numerical approach to the Langevin
SDEs [92] will generate such trajectories by approximating
them via stochastic difference equations that discretize the
time variable in M, steps, such that #; =ty + iAt with At =
tt/M;, and i € Zy,. The main idea is to exploit the smooth-
ness of functions ¢, g to expand then in a Taylor series of
the time step At, paying special attention to the differences
between the drift and diffusion terms. For instance, Heun'’s
algorithm uses a semi-implicit Euler discretization of the time
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derivatives, and gets the following formula:

~ ~ A ~ ~
X)) =X@) + %(q(ti, X)) +qic1, X)) +k+2))

+ na: (i)

5 (g(t:, X (1)) + g(tir1, X (1) + 1 + £)),

(A6)

where we have introduced the integrated random process

t+At
Nar(t) = f dt'n(t), (A7)
t
as well as the infinitesimal random parameters
k= A, X (1)), €=nat)gt, X(@).  (A8)

One thus sees that, given an initial condition for a single
trajectory X (0), one can generate the individual sequences of
random variables that form a single trajectory of the stochas-
tic process if one has an update formula for the integrated
external noise giving us {na;(#;) : i € Zy,}. There are impor-
tant cases where such an update formula is known exactly,
and one can generate the trajectories using a random number
generator, much like in other numerical Monte Carlo methods
that provide solutions to a deterministic problem by exploiting
randomness.

A particular case where this method is exact occurs for
a white noise diffusion term #(t) = /c€(¢t) with diffusion
constant ¢ € R. The integral of this process is the aforemen-
tioned Wiener noise W (t) = /c [ dt'&(s), a random process
that displays statistically independent increments, as these are
given by the uncorrelated white noise:

W+ A1) = W(t) = céa(t), Ce(ty — 1) =8(t — 1)

(A9)
Being the increments statistically independent, we can sample
them using M, independent Gaussian random variables of
zero mean and unit variance {i;}, also known as normal unit
random variables N(u, o) characterized by a Gaussian PDF
with zero mean p = 0 and unit variance o> = 1. Specifically,
a trajectory of the Wiener process follows from

W) = VcAti; : @; € NO, 1), E(a,, ﬁj) = 8,"1'. (A10)

We thus see that, using a numerical pseudorandom number
generator, the integration of the Langevin SDE subjected to
white noise is straightforward when using Heun’s method
(A6) and the above Wiener-process update (A10).

The Wiener process belongs to a type of stochastic pro-
cesses known as Markovian, in which the probability of a
future event only depends on the present and not on the past
history of the process, which can be formalized using the
joint PDFs and the notion of the conditional probability [80].
Another important Markovian process where the exact update
formula is known is the so-called Ornstein-Uhlenbeck noise
[80,134], which evolves under the Langevin SDE

dijou

dt
where we have introduced the relaxation/correlation time
7. € R (A9), and we recall that £(¢) stands for white noise,

and that c is the diffusion constant. The Ornstein-Uhlenbeck
process is also Gaussian, which means that the joint PDF can

1 .
= —f—ﬁou(t)+«/55(t), (A11)

be expressed in terms of a multivariate Gaussian function, and
that all higher-order moments can be expressed in terms of the
mean (Al), variance (A1) and autocorrelation (A3) functions.
In particular, it can be shown that the autocorrelation function
for this process, for times 7, > 7, that amount to fully
relaxed conditions [134], reads

CTe _In-ul
Chou(t1 — 1) = 76 e
It is clear from this expression that, in this limit, the process
is wide-sense stationary and, being Gaussian, also strictly
stationary. The stationarity allows us to describe the whole
process using a power spectral density (11) with Lorentzian
shape (25), as used in the main text. From this expression,
one sees that the Ornstein-Uhlenbeck process leads to random
variables that display appreciable correlations for times that
lie approximate on the range |t; — 2| < 7., which is the under-
lying reason why 7. is called the correlation time. In spite of
being Markovian, which is often associated to a memoryless
random process, the Ornstein-Uhlenbeck process does indeed
accounts for nonzero time correlations. In the context of a
noisy quantum system, in which a Markovian noise affects
the qubit multiplicatively (9), the resulting quantum evolution
does not necessarily result in a Markovian qubit evolution.
Indeed, as discussed in Appendix B, one needs to go beyond
the standard Born-Markov approximations in the derivation
of a quantum master equation to describe accurately the qubit
dynamics. In fact, the dynamics of the qubit under this master
equation can be characterized by nonzero values of certain
measures of quantum (non-)Markovianity [135-139], as dis-
cussed in Appendix D
Continuing with the description of the numerical inte-
gration of SDEs with a diffusion term proportional to the
Ornstein-Uhlenbeck process, we note that the Langevin SDE
(A1l) can be integrated exactly, finding that the increments
at distinct instants of time are again uncorrelated, and can
be sampled using normal unit random variables. In particular
[134], the update formula for this process is

(A12)

_ A CT¢ _2At
flou(tix1) = flou(ti)e =~ + 7(1 —e )i, (Al3)
where we use N, unit normal random variables it; € N(0, 1),
which must be statistically independent E(it;, it;) = §; ;. It is
important to note that this update formula is exact and does
not require a small time step Af. For the integral of the
Ornstein-Uhlenbeck process, which is what would appear in
the Heun-discretized system of SDEs (A6), there is also an
exact update formula that is valid for arbitrary time steps. This
formula requires sampling over more independent normal unit
random variables to account for the nonzero correlation time
[92]. In any case, since we are ultimately interested in the
discretized system of SDEs (A6), which is only valid for
small time steps, it turns out that the integral of the Ornstein-
Uhlenbeck process can be accurately approximated by the
process itself:

ti+At
Hou.ar(t) = / di' fou(t) ~ Atiiou(t).  (Al4)
1,

Once we have reviewed the formalism of stochastic pro-
cesses and the numerical integration of SDEs, we can directly
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connect with the stochastic Hamiltonian in Eq. (6), and the
SDEs for the state amplitudes in Eq. (9). As can be seen in
this equation, the vector of qubit amplitudes amplitudes plays
the role of the stochastic processes X () — &(¢) in a Langevin
Eq. (AS), such that the randomness of the qubit amplitudes is
inherited from the underlying dephasing noise 7(t) + d@(¢).
The drift and diffusion terms are linear functions without any
explicit time dependence, and depend on the Rabi frequency
and the Pauli operators (7) via

(A15)

aann)z—éﬁ%an, mann>=§@an.

According to the discussion below Eq. (A5), we see that the
qubit dynamics falls into the class of Langevin SDEs with
linear multiplicative noise. Therefore, provided that we have
an update formula for the integral of the dephasing noise, we
can use Heun’s method (A6) to generate Myc trajectories for
the time-evolution of each individual realization of the state
evolution {¢; ,(t) MIC under the stochastic Hamiltonian. The
corresponding ensemble average yields a density matrix

p(t) = E[lY () (J(@)]]
- Z(

where the approximation becomes exact in the limit Myc —
oo. With this density matrix, one can obtain any of the observ-
ables and channel fidelities discussed in the main text.

We now discuss some alternative methods to generate the
trajectories of the external noise even when one does not
know its precise SDE, but can ascertain that the process is
Gaussian, and thus entirely described by the nth moments up
to order n = 2. As customary, we consider that the mean of the
process vanishes, such that all information is contained in the
autocorrelation function. If we know this function C, (¢, 1),
then we can obtain the autocorrelation matrix

Gj =Em@E)nepl, Vit €T,

which is a real symmetric positive-definite matrix C;; = Cj; >
0, and use it to generate trajectories of 7(z) without actually
going though the Langevin SDE. In particular, one can use
Crout’s factorization to express the correlation matrix as a
product of lower and upper triangular matrices C;; = (LL');;,

Mwuc

Zq,,(ﬂc,,ﬁ)) i) (jl, (A16)

(A17)

2 j—1

j-1
Cii—Y Li| . Ly=L(Cj= ) LaLi
k=1 k=1

(A18)
Then, Franklin’s algorithm generates a single trajectory of the
Gaussian external noise by sampling over M; independent unit
normal random variables #; € N(0, 1), E(#;, it;) = &; ; [95] by
using a simple linear superposition of the random variables

n) = ZLijﬁj~
J

This method is designed so that one recovers the original
autocorrelation function after averaging over a sufficiently
large number of trajectories Myc. It is interesting to note that
Franklin’s method can account for Gaussian processes that

(A19)

are not stationary, such as the Ornstein-Uhlenbeck process for
times within the relaxation window, e.g., t; —fp < .

In case the stochastic process is not only Gaussian, but also
wide-sense stationary, we can generate its trajectories through
the power spectral density (PSD) S, (w), which is related to
the autocorrelation function via Eq. (11) of the main text.
More specifically, we will work with the one-sided spectral
density S;S(w) = 25, (w), for v > 0, which is defined via a
cosine Fourier transform of the autocorrelation function

o0
S =4 / dt C,(t) cos(2m f). (A20)
0
Rather than using an inverse Fourier transform and then
applying the previous Franklin’s algorithm, we can directly
generate the trajectories of the process from the PSD using
the so-called Percival’s method [96], which makes use of
a sequence of unit normal random variables weighted in a
specific manner by the PSD. We sample the one-sided PSD

S = S3*(fm),
with an even number My = 2" of frequencies f,, = fo(m —
1), where fo =1/t and m € {1,2,--- ,M;/2 + 1}. By using
now the following weighted sequence of unit normal random
variables it,, € N(0, 1), E(fy, ) = Sm.n»

= [Sm . .
Ay = 7(”m + ilhy1),

we can obtain the specific trajectory of the external stochastic
process using

(A21)

(A22)

(t) Z . e—z2ﬂf,,,

f—to

(A23)

where v = \/ERC(A]), f)N/2+l = \/ERC(AN/Q_H), whereas
Uy =A, for 1 <m<Mi/241, and v, :A%_m for
M¢/2 < m < My. In this way, one finds that the correlation
function of the generated process coincides with the Riemann-
sum approximation of the inverse Fourier transform, leading

to the cosine transform of the one-sided PSD (A20).

APPENDIX B: TIME-CONVOLUTIONLESS MASTER
EQUATIONS AND THE CUMULANT EXPANSION

In this Appendix, for the sake of completeness, we review
certain aspects of the derivation of time-convolutionless mas-
ter equations in stochastic quantum systems, and their relation
to the so-called cumulant expansion [102]. This will allow
us to understand the regime of validity of the dressed-state
master equation (12), which is the starting point of our work.

The Liouville-von Neumann equation for the stochastic
density matrix p(¢) = [ (¢)) (¥ ()|, which follows from the
Schrédinger equation under a stochastic Hamiltonian H (¢),
such as the one in Eq. (6), can be formally solved as p(t) =
?Zﬁfo(po), where pg = |¥o) (ol is the initial qubit state that
gets mixed as a consequence of the evolution under the fluc-
tuating noise and the corresponding averaging. Here, we have
introduced the super-operators

Zi(p) =

_i[ﬁ(l‘/),p], GZZtl,tz — y{eft’zl dt/z’}, (B1)
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where the time-ordering operator .7 acts by ordering the oper-
ator products that stem from a Taylor series of the exponential
such that their time arguments increase from right to left.

For each individual trajectory of the stochastic process, the
above evolution @Zl 1, 18 purely unitary, and corresponds to the
Dyson series of the Hamiltonian evolution. However, as one
performs subsequent measurements to infer the statistics of
a certain observable, the result will depend on the ensemble
average over many trajectories of the stochastic process. As
a consequence of the averaging, the effective dynamics is
no longer described by a unitary but rather by a completely
positive trace-preserving (CPTP) map & ,, [7-10]. Our task
is then to perform this ensemble average p(t) := E[p(¢)] =
[E[?Z,,U](po) =: & 4 (po), and find a tractable expansion for
the averaged super-operator &; ;. In some special cases, these
expansions can be solved exactly, while in the general case
one must resort to truncations that try to capture accurately
the time evolution.

At the level of the underlying differential equations, this
problem amounts to solving a set of SDEs with multiplicative
noise, as those discussed in Appendix A, namely,

dp(t)

i = Z(p@)),

which could be accomplished using the so-called cumulant
expansion in the context of SDEs [140-142]. An alter-
native, but fully equivalent approach [102] makes use of
the Nakajima-Zwanzig projection operators &, 2 =1 — 2,
where &2 = & [100,101]. In the context of open quantum
systems, which is more familiar to the topic discussed in this
paper, this projection corresponds to the partial trace over
environmental degrees of freedom [98]. In our work, it is
instead the ensemble average over the noise process

(1)) == Ep)] = p(t) : 2(pp) =0=P(Z). (B3)

By introducing the identity resolution 1= %+ 2 in
Eq. (B2), one finds the Nakajima-Zwanzig equation for the
averaged density matrix, namely, an integrodifferential equa-
tion

(B2)

dlo(t) _ ! / / /
yr —fodt%(t,t)p(t),

where we have set o = 0 from now on, and introduced a
convolution kernel that contains the memory effects
Ht,t)= PLUZDL,.

t,t

(B4)

(BS)

Here, we have avoided the nested parenthesis for the action of
all subsequent super-operators, and used a projected evolution
operator with antichronological time ordering

q}t% — Q%({ef/,dz”ﬂzj,/}
t ~ t t ~ ~
=1 +/ dt" 2%, +/ dt”/ dt" 2% 2%
,, v o

+ e,

where the .7, orders the operator products that stem from the
series expansion with time increasing from left to right.
Equation (B4) is exact provided that the conditions in
Eq. (B3) are fulfilled: the initial state is independent of the
stochastic process, and the mean of the stochastic process

(B6)

vanishes, which are both fulfilled for the problem discussed
in the main text. However, the form of the convolution kernel
of the integrodifferential equation (B5), which depends on
all the past history of the stochastic quantum system and
thus encodes all memory effects, is still too general to have
a tractable and useful expansion. One possibility to find a
suitable expansion is to expand the anti-chronological evolu-
tion operator in a Taylor series, and then show that, term by
term, one can recover the cumulant expansion of Kubo and
Van Kampen [102]. As discussed in Ref. [99], this expansion
can nonetheless mix the contributions at different orders of
the small physical parameter that underlies the expansion,
which is a direct consequence of the integrodifferential nature
of the Nakajima-Zwanzig equation. This “problem” can be
alleviated by resorting to the so-called time-convolutionless
methods [98,99], which allow one to rewrite the Nakajima-
Zwanzig equation (B4) as a time-convolutionless master
equation local in time
dp()

T H()p(1),
where we have now a kernel .#(¢) that, in spite of not being
a convolution, still manages to encode all the effects arising
from nonzero time correlations. To find this kernel, one must
again make use of the anti-chronological time evolution, but
this time without the previous projection (B6) and with an
inverted sign

B7)

oo = Tufe 0020,

which allows us to propagate the density matrix backwards in
time. In this way, all memory effects are directly included in
the time-convolutionless kernel, which reads

H(t)=PZL(-E@),

where we have introduced a super-operator playing the role of
a “self-energy” in the evolution kernel

(BY)

(B9)

t
S(t) = / dt' %3 2.2 PUy . (B10)
0
We have now all the ingredients to organize a power series
for the evolution. If the super-operator in Eq. (B1) has a
certain coupling strength ¢, then one can perform a power
series in terms of a multinomial expansion of

S0 =) a"S,0), H)= Z@.,%(Zamimm) :
(B11)

which leads to the desired expansion [99] of the kernel

FAOEDIF A (B12)

Under the assumptions on the action of the projectors on
the Liouvillian and the initial density matrix in Eq. (B3),
the first nonzero contributions has a very simple expression
Hr(t) = [ydt’ P(Z.Zy). As shown in Ref. [99], this ker-
nel series is equivalent to the cumulant expansion of Kubo
and Van Kampen [140,141], which can be used to derive
closed expressions for the nth order contribution, which con-
tains n — 1 time-ordered integrals [98]. An advantage of the
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time-convolutionless approach with respect to the cumulant
expansion is that one can readily generalize these expres-
sions beyond the assumptions in Eq. (B3), and apply them
to projectors different from the ensemble average, going
beyond SDEs.

Once expressed in this way, it remains to identify the small
parameter that justifies a truncation at a certain nth order,
which must be obtained by multiplying o by some other rel-
evant timescale related to the noise. For the problem at hand,
one could identify the relevant small parameter by working in
an interaction picture instead of the rotating frame of Eq. (6)

Ho () = %@e"ﬁ?d”ﬁ@“’) +H.ec.. (B13)
Here, the ladder operators read o, = |0)(1| = (o_)", and we
have used the dephasing noise defined in Eq. (8). The super-
operator evolution in Eq. (B1) is thus

Zr(p) = —ilHn (1), p],

such that the microscopic coupling strength is set by o = Q.
As discussed in Refs. [102,142], the so-called cluster prop-
erty of the nth contribution to the kernel JZ,(¢) is crucial to
identify a small truncation parameter. To understand it, let us
start by focusing on (), which depends on the two-time
autocorrelation functions in E[.Z.%]. We can thus identify
%, as a correlation time such that, for times |t — t| > ., the
autocorrelation functions in J#%;(¢t) would become negligibly
small. Here, a hat is used to distinguish this correlation time
from that of the previous Appendix, t.. This correlation time
would be used to model a colored dephasing noise d@(t) on
its own, regardless of its effect on the qubit. For the phase
diffusion model mentioned in the main text [85-88], a type
of phase noise that can be traced back to the Anderson-Weiss
model of random-frequency modulations [143] and to Kubo’s
oscillator [144], the laser frequency fluctuates as a white noise
process with diffusion constant ¢, such that the detuning in
Eq (B13) reads da(t) = ﬁé (t). This noise has a vanishing
correlation time 7. = 0 and, following Eq. (A9), a flat power
spectral density S;(w) = ¢. Moreover, its time integral is the
Wiener random process W (¢) that directly affects the above
autocorrelation function [[.,ZZ,.,%Z,/]. In fact, using (A9), we
find an exponential law E[e ©=W))] = =31l controlled
by the noise diffusion constant. This yields the correlation
time 7. = 2/c, which clearly differs from that of the white
frequency noise. In fact, it can be connected to the nonzero
linewidth of the laser radiation which, within this model,
has a Lorentzian PSD Si(w) ox EJ [0 ds el @702
cEZ /[(w — wL)* + (¢/2)?] that clearly differs from the flat
PSD of the dephasing noise S;(w). The laser linewidth Aw,
defined as the full width at half maximum (FWHM) of the
PSD, is fixed by the diffusion constant Aw = ¢ = 2/%, such
that 7. can be interpreted as the finite correlation time of a
quasimonochromatic laser [88].

Coming back to the cluster property [102,142], since
a=Q and only times |f—s| < 7. have an apprecia-
ble contribution to the second-order kernel, one finds
that J#(t) ~ a’%. = alin, and one can identify the small
parameter with

(B14)

é‘int = ch (BIS)

The cluster property for the higher nth order contributions,
which have (n — 1) nested integrals, states that the cor-
responding kernels scale with JZ,(¢) ~ ag‘i'r’n_l, justifying a
low-order truncation when &, < 1. The series in increasing
orders of iy is known as the fast-fluctuation expansion [81].
In our case, truncating Eq. (B7) to second order, one finds a
very simple time-local master equation:

dpint
dt

t t
~ [ dt' P(Z. T o) = / it ELZ.Z pim ).
0 0

(B16)
For multiplicative-noise SDEs, this second-order truncation is
known as Bourret’s equation [107]. From the perspective of
open quantum systems, this second-order truncation would
correspond to a Redfield master equation which, according
to Ref. [98], can still contain certain non-Markovian effects.
To recover a Lindblad master equation, we perform a change
of variables for T =¢ — ¢/, and extend the integral limits to
7 € RT = [0, 00), such that the kernel no longer depends on
time. This last step requires considering a long-time limit ¢ >
7., such that one neglects the contributions from extending
the integral limits as they are weighted by autocorrelations
functions that are vanishingly small [97], leading to a Bourret-
Markov approximation in the SDEs [81].

Coming back to the previous phase diffusion model, the
above fast-fluctuation constraint i, < 1 requires considering
a broadband laser with a very large linewidth, such that the
Rabi flops decohere so fast that one could barely observe
any Rabi oscillations. Indeed, an effective dephasing time due
to the finite laser coherence in this limit, 2 <« Aw, would
make the Rabi oscillations decohere extremely fast. As we
are interested in the opposite regime of high-fidelity gates,
we need to consider Rabi frequencies larger than the laser
linewidth, requiring to go to higher orders of ¢, with their
corresponding higher-weight kernels. We note that, for the
specific case of Langevin SDEs with white frequency noise
(i.e., phase diffusion model) or Ornstein-Uhlenbeck frequency
noise (i.e., extended phase diffusion model [81,88,89]), it is
actually possible to find solutions to any order of &, [87,89].
In the colored-noise case, this solution can be expressed via a
matrix continued fraction solution that can be carried to any
desired order to model high-fidelity gates.

In our work, however, we have chosen a different route that
starts from working in a different picture, called the “instan-
taneous frame” in Ref. [88] and, more recently, a “toggling
frame” in the context of the filter-function formalism [41,106].
This exchanges the roles of Hy and Hj, that lead to Eq. (B13)
and, implicitly, organizes the series expansion in terms of .
The reason for this choice is that, as shown by our results,
a low-order truncation of the master equation in this frame
leads to very accurate results and, importantly, the effective
dynamical error map has a very transparent analytical ex-
pression where one can benefit from the formalism of filter
functions [37-43,106]. In this frame, which we shall call an
instantaneous dressed for reasons that become clear in the
main text, the qubit Liouvillian becomes

Zi(p) = —ilsa(t)0,(t), p1,

where the operator O.(s) is a rotated Pauli operator de-
fined in Eq. (13). Carrying out the same steps based on the

(B17)
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time-convolutionless master equation and the cumulant ex-
pansion, the second-order truncation leads to Egs. (12) and
(13), which are the analog of Eq. (B16), however, will be
completely different, as rather than a power expansion in
the Rabi frequency, we are directly expanding in powers of
the dephasing random process in the instantaneous dressed
frame. Hence, the autocorrelations appearing in E[Z %] are
directly controlled by those of the phase noise and, thus,
depend on the correlation time 7. In this case, an analog of the
cluster property J%,(t) ~ &ldress, Where o = (E[8&*()])/?
is the standard deviation of the random noise, and one can
identify

Tc
Cdress = AT = [ —,

B (B18)

where the effective dephasing time 7, = 2/5;(0) depends on
the value of the noise PSD evaluated at a vanishing frequency,
which is consistent with the fact that the system does not
absorb energy from the stochastic process. The condition of
validity for the second-order truncation dressed-state master
equation (12) is thus &gess < 1 as higher-order terms will
scale with even smaller ¢} ., which hence requires setting
7. < T, and no longer imposes any condition on the Rabi
frequency and the gate duration. In this way, we can explore
the regime of high-fidelity gates and coherent Rabi flops ex-
ploring timescales ¢ ~ é 2 1.. The important difference is
that the effect of the dephasing can still be small for these
timescale t < T,, which is consistent with the regime of va-
lidity of our approximation {gr.ss << 1. We can thus describe
single-qubit gates with a high fidelity, even in fast regimes
where the time-correlation effects in the noise are no longer
negligible.

APPENDIX C: SOLUTION OF THE DRESSED-STATE
MASTER EQUATION

In this Appendix, we give a detailed account for the
analytic solution of Egs. (12) and (44). For ¢ = 0, the dressed-
state basis is composed of |+) = %(IO) =+ |1)), and the action
of the unitary operator that changes the frame on the dressed-
state basis states is Ug(t) |£) = exp{q:i%t} |£). Using these
expressions one can rewrite Eq. (12) in the dressed-state ba-
sis. After some algebra, the evolution for the populations,
which correspond to the coherences in the original basis,
satisfies

dp__

1
= —E)/l(l‘)(P++ —p_)= -

dpi+
dt

Here, we have introduced the key quantity

(ChH

yi(t) = —/ dt'Cy(t — ') cos(Q2(t — 1)), (C2)
0

which encodes the effect of the dephasing noise on the qubit
via its correlation function and its interplay with the ideal
Rabi oscillations governed by 2. These ordinary differen-
tial equations (ODEs) are easily solved when imposing the
trace-preserving condition p4 + p—_ = 1, yielding a closed
analytical expression with no further approximations than
those underlying the second-order expansion that lead to

Eq. (12),

pri(t) =5 £ 32p41(0) — e 1, (C3)
where we have introduced I';(¢) = f(; ds y1(s). However, to
derive closed analytical expressions for the off-diagonal ele-
ments of the density matrix, we will need to approximate the
following system of ODE:s:

e L+ im0, — 20n0) +i8200)
a2 Y1 101 P4— ) V2 102 P—+,
dp_+ 1 . 1 .
P —5(7/1 (1) —i81(1)p-+ — E(Vz(t) — i62(1)) 4,
(C4)
where we have introduced the following functions:
t
ya(t) = —/ dr' C(t — t') cos(Q(t +1')),
0
t
81(t) = —/ dt' C,(t —t')sin(Q(t — 1)),
0
t
8 (t) = +f dt' Cy(t —t')sin(Q(t +1)). (C5)
0

Equations (C1) and (C5) will be referred to as the dressed-
state master equation. Combining both equations in Eq. (C5),
and defining the vector &(r) = (§_(¢), £.(r))' with compo-
nents £L(¢t) = p_4(t) £ p1_(t), we get the following system
of ODEs:

d§

— =AWk,
Ay = L[ MO0 —iGOTR0)
2\i62(0) =81 @) + )

This system has a formal solution in terms of the time-ordered
exponential £(1) = 7 {e)o 4"AC)}£(0), which can be approxi-
mated using the Magnus expansion [145], as we are interested
in deriving a closed analytical expression that provides a
simple yet sufficiently accurate modeling of the effect of the
noise. To lowest order in this expansion, we find

£t) = e "V (cos 1O(1)1, — isin 1O(t)n(t) - 0)£(0), (CT)

where the time-dependent unit vector and angle read

1
n(t) = %(Al(l), —iAs (1), iT2(1)),

O@) = \/A?(t) — A3(t) = T3(0), (C8)
which are expressed as integrals of Egs. (C2) and (C5):
t t
Fit) = f dr'y(t), Ait) = [ dt'8;(1"). (C9)
0 0

The total solution can thus be written in terms of these four
functions which, after performing cosine Fourier transforms,
can be rewritten as in Eq. (18) of the main text.

For the case with amplitude fluctuations, we follow exactly
the same procedure. The new contribution enters solely in the
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nondiagonal terms:

d,OJr, 1 ~ . .

7 = O+ 8O- = () + i )p— ],
dp_ 1

Zt+ = —5[(3710) — i81(0))p4— — (r2(t) — i62(t))p—4 ],

(C10)

where 8, are functions defined in Eq. (C5) identical to the
purely phase noise case, and the decay rate 7,(t) = y(¢t) —
8y1(t) has been redressed by an additional function §y; given
by
1
Syi(t) = 2/ dt' Cq(t — 1), (C11)
0

which acts as an induced decay rate. Hence the new system of
equations reads as Eq. (C8) but with the redressed decay rate
71(t). The solution for the evolution of the coherences is then

the same as in the pure dephasing noise but adding the new
function

t
ario = [ arsna). c12)
0
which can be rewritten as in Eq. (46) of the main text after
performing a cosine Fourier transform.

APPENDIX D: PROCESS ERROR MATRIX
AND NON-MARKOVIANITY

In this Appendix, we present the specific expressions for
the error process matrix x°®"(¢) obtained from our analytical
treatment of the dressed-state master equation of Sec. II A. We
recall that this master equation is obtained from the second-
order cumulant expansion of the time-convolutionless kernel
presented in Appendix B, when one works in an instantaneous
frame that rotates with the Rabi frequency. In the main text,
we discussed the QPT results for the Kraus operators, which
have a simple expression (32) when restricting to a pair of
filter functions leading to I';(¢), and A;(¢) in Eq. (18). How-
ever, our full solutions also depend on the additional pair of
filter functions I',(¢) and A,(#) in Eq. (18), which codify addi-
tional effects of the statistical properties of the noise given by
Cp(t —t') via the filtered PSD. In this Appendix, we present
the explicit expressions of the error process matrix taking
into account these contributions and, furthermore, show that
these can lead to a nonzero measure of non-Markovianity
[108,109]. It should be pointed out that in the quantum
case, different definitions of non-Markovianity exist in the
literature that—while not the present model—may not agree
upon whether non-Markovianity is present in certain open-
system dynamics. At this level of approximation, the error
process matrix, stemming from the linear-inversion quantum
tomography applied to the solution of the dressed-state master
equation described in the main text, can be expressed as a
block-diagonal matrix in the Pauli basis:

0 0
1 Xﬁ"(”‘ 0 0

X (t): Z 0 0 o
0 0 XB @)

, (D1)

where the upper block can be expressed in terms of Pauli
matrices as follows:

1
AT = (1 +e MOy, + 2210 cos z@(t)(rZ

At 1
C2e 0210 G Lo e,
o) 2
where we recall that the time-dependent angle is defined in
Eq. (16). The lower block of the error process matrix is

(D2)

a(t 1
X)) =(1 — e )1, — 267%1—‘1(0% sin §®(t)oz
ipnA2@) 1
+ 2e zl“l(t)W sin §®(I)0y. (D3)

If we further approximate the process by taking I'»(¢) =
A(t) = 0, then the resulting process matrix can be diago-
nalized yielding the Kraus operators (32) we have presented
earlier in this work. The expressions for the block-process
matrices in this scenario simplify to

i i
X;”(t) =+ e_rl(t))]lz + 2e—§F1(f)—§Al(l)0xo.Z’

x5t = (1 —e )1y, (D4)

Let us now discuss how the process matrix changes when
including amplitude fluctuations. When considering multiaxis
noise, the process matrix still retains a simple form as a block-
diagonal matrix in the Pauli basis:
(0] 3
X)) =4

4 0 0 ‘ S err ([)
0 0 XB

(D5)

Here, the upper block can be expressed as
1
F() = (14 e T1O)1, 4 2672 THOHATIO) g E@(t)(rZ

e tmwrariap M@ o 1

o S 5000, (D6)
whereas the lower block of reads
_ 1 L)
SO (1) — (] — ¢~ T10)], 4 2= 3TIOFATI0)
g )= —e )1 + 2e 0
X sin 1®(t)o + 2e_%(r‘(’)+M‘(’))—A2(t)
2 ¢ O(t)
1
X sin z@(t)ay. (D7)

As we have already emphasized in the main text, our ana-
Iytical approach allows us to describe the noisy gate from the
knowledge of the noise PSD. In fact, we can also find closed
expressions that provide an estimate of the gate (in)fidelity
(D9) depending on filtered integrals of the PSD. We can take
advantage of the analytical expression for the gate infidelity
[13,146] averaged over all possible initial states

1 1 .
Fot) = FUg, &) = 5 + 35 D Tr U)oU) (03)).
b

(D8)
This expression sums over the Hilbert-Schmidt scalar product
that between the ideal unitary evolution of the Pauli matrices
Ug(t)crbUgT (1), and the one under the full dynamical quantum
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map & (op) in Eq. (2), where we recall that the basis is b €
{x, v, z}. As we have just derived the analytical expressions
of the process matrix, we can use them to present a closed
expression of the gate fidelity for different levels of our ap-
proximation. We can use either the process matrix depending
on the four functions encoding the PSD of the driving laser,
or the Kraus decomposition, for which [';(f) = A,(¢t) = 0. In
the first scenario, after some algebraic manipulations, we get
to the following very simple formula:

Fot) =L@+ 0 42N O cos 1O(1)). (DY)
|
I(t) = lS@(Q)(t - rcﬁe*é sin Qf — 1,
2 1+ (Q1)?

By taking I',(¢) = A,(t) = 0, we find the expression that
leads to Eq. (55) of the main text, which can be easily check
to agree with the computation of the gate fidelity that uses the
Kraus decomposition (32), namely,

Fot) = L340 427N cos (LA1(1))).  (D10)

This approximation relies on the fact that these filtered inte-
grals are indeed negligible in comparison to I'(¢) and A (z).
Beyond the numerical simulations supporting this in the main
text, we can actually compare their analytical expressions in
the case of an Ornstein-Uhlenbeck noise

1 - (Qw)

m(l — 87é COS QZ)),
C

1 1 :
(@) = ES,;,(Q)COS 91(5 sin 2t — 1. cos Qt + rce_rc>,

1
210 = 55 (10 +

2

1 r ., T . _r
Ar(t) = =S5 (2) §s1n Qt—;stQt—}—tCe © ).

Since these do not have a linear increase with time in the
t > 7. limit, they are negligible in comparison to I';(¢) and
A (t). This actually extends to shorter times, as implicitly
shown numerically in the figures of the main text that compare
the full evolution with that where I';(¢) = A,(¢) = 0.

Let us now discuss how this approximation actually makes
the dynamics Markovian, and going beyond it I';(¢), A, (f) #
0 naturally accounts for non-Markovianity effects. To discuss
quantum non-Markovianity, we first need to state a precise
definition of non-Markovianity [135-139]. In the theory of
classical stochastic processes discussed in Appendix A, we
mentioned that a particular type of stochastic processes known
as Markovian are characterized by conditional probability
distribution functions (PDF) that do not depend on the full
history of the process, but only on the value of the process
at the previous time step. This property is connected to the
Chapman-Kolmogorov equation, which can be expressed as a
simple divisibility condition for stochastic transition matrices
that contain the conditional probabilities of the Markov pro-
cess p(x, t|xo, to) = A4, (x, xo) fulfilling

Ay = Ny Ay gy vi' e [to. 1], (D12)

in which the elements of A, , must be positive and their sum
along the columns should be unity. Positivity is responsible
for the stochastic matrix mapping probabilities onto probabil-
ities. In the quantum realm, physically admissible quantum
evolutions must not only be positive an trace-preserving, but
completely positive. Hence, a natural generalization of the
Chapman-Kolmogorov equation (D12) for quantum dynam-

ical maps is the so-called CP-divisibility
gt,to = Gty O éat’,toa vt' € 1y, t]; &y € C(%), (D13)

where we have introduced the explicit dependence of the
initial time of the CPTP map &, in Eq. (2). If one can

1—(Qw)? _.
e T

2(Qe)

inQt — 1. ———
sin T It Q)

(1-— e % cos Qt)),

(D11)

(

divide this map by the composition of two CPTP maps at
any intermediate time, then the time evolution is said to be
Markovian.

This condition is clearly satisfied by a time-independent
Lindblad-type generator .Z7. [103,104], since the dynamical
map leads to a Markovian semigroup &, ,, = e ~0)ZL For a
time-local master equation such as Eq. (B7), the generator is
given by the time-convolutionless kernel generator as follows
LreL(t) = (t) (BY), which admits a cumulant expansion
(B12). In this case, the infinitesimal dynamical quantum map
is simply given by & a0 & eMF O ~ 14 At (1)), As
discussed in Ref. [108], since this linear operator must be a
CPTP map for the evolution to be Markovian, one can define
a measure that builds on the violation of the CPTP condition

Erpary @ L(| D) (B4]) € D(HE?),
1

b)) = —(]00 11)). D14

| ) ﬁu )+ [11)) (D14)

In particular, using the trace norm, one defines the non-
Markovianity measure as A¢p = fot dt'g(t’),

/ . 1
g(r) = AltlglOE(llé%m,ﬂ Q L(|P4) (P4 DIt — 1). (D15)

This non-Markovianity measure can be computed explic-
itly as
t
S =Y [tz =) 016
- Jo

for time-local master equations in the canonical diagonal form
[109], namely, % (p) = —i[H (), p] + Z:(p), where

1 .
ZOEDY m(r’)(La(an;(t) - S L OLLW). p}>.
’ (D17)
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Here, H(t) is an effective Hamiltonian that does not affect
the non-Markovian effects, and ¥,(t), L;(t) are the canoni-
cal time-dependent rates and jump operators. In essence, the
above canonical form generalizes the standard Lindblad mas-
ter equation to a dynamical case, and the non-Markovianity
measure is proportional to the integral of the sum of the rates
in regions where they are negative.

Starting from the dressed-state master equation in
Egs. (C1) and (CS5), one can rewrite it in the Pauli basis (3)
as

42

‘;—f =—i[H1), pl+ ) daﬂ(t)(EapE; = %{E,;‘,'Ea, p}),
o (D18)
where we have introduced H(t) = }131 (t)oy, and
0 0 0
dit)y=10 3(n@) + ) —18:(1) . (D19)
0 —18,(1) 1) — »@))

This formulation readily identifies the aforementioned renor-
malization of the Rabi frequency discussed in the main text.
Additionally, by diagonalizing the above orthogonal matrix,
one readily finds that the canonical time-dependent rates are

1 1
Va(t) € {0, n )£ 5\/)/220) + 8§(t))}.

By neglecting the terms A;(t) = I'2(¢) =0, one is im-
plicitly assuming that the canonical rates reduce to ¥,(t) €
{0, %yl (t)}; hence, the non-Markovianity measure is simply

(D20)

1 [ 1
ep(r) = 5/0 dt'(In (Ol — ")) = 5 (ITO] = T (@)

(D21)
Note that I'j(¢) is given by the filtered integral of the noise
PSD (18), where the classical PSD is even and the specific
filter is always positive (see Fig. 1). Hence, I'i(¢) is al-
ways a positive real number, and A¢p(t) = 0, V¢ > 0. In spite
of considering the qubit evolution under a time-correlated
noise, this approximation leads to a fully Markovian time
evolution, and one can assert that the Kraus decomposition

(32) is thus a Markovian dynamical map. At the level of the
error process matrix, Eq. (D4) leads to a Markovian quan-
tum channel for each snapshot. However, the process matrix
when A,(t), () # 0 in Egs. (D2) and (D3) can lead to
non-Markovian dynamics, as it requires 8, (), y»(t) # 0, such
that the measure reads
t

Aep(t) = %/O dt'(|7- (O] = 7-("). (D22)
This measure is depicted in Fig. 3(b), where we see how
it increases with time for all the Rabi frequencies until it
saturates at a given time ¢*, which is the same one for all the
frequencies. It shows that non-Markovianities are bounded to
a time region whose length is modulated by the correlation
time 7. of the noise process. It is also remarkable how the
importance of the non-Markovian effects grows with the Rabi
frequency until a maximum value around € = 5rad/s and
then decreases again for higher values of the frequency.

We can also study the non-Markovianity of the error
channel when amplitude fluctuations are taken into account.
Starting from the dressed-state master equation for the evo-
lution of the populations and coherences, Eq. (44), one can
again rewrite the evolution equation in the Pauli basis as

d?

‘;—f = —i[H (), p] + Z_l da,g(m(EapE; - %{E;Ea, p}>,
= (D23)
where we have introduced H(t) = }15 1(t)oy, and
. 0 0 0
()= 3 0 %@+ @ —8,(1) . (D24)
0 —82(1) Y1) — y2(t)

with the new dressed decaying rate y(t) = y(t) + dy1(¢).
By diagonalizing the above orthogonal matrix, one readily
finds that the canonical time-dependent rates are

Pa(t) € {0, 371(1) £ 3/ ¥2() + 831)}.

This readily generalizes our previous results via a renormal-
ization of the purely dephasing noise decaying rate.

(D25)

[1] D. Aharonov and M. Ben-Or, Fault-tolerant quantum compu-
tation with constant error rate, SIAM J. Comput. 38, 1207
(2008).

[2] E. Knill, R. Laflamme, and W. H. Zurek, Resilient quantum
computation, Science 279, 342 (1998).

[3] A. Yu. Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. 303, 2 (2003).

[4] E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, Topological
quantum memory, J. Math. Phys. 43, 4452 (2002).

[5] A. M. Steane, Overhead and noise threshold of fault-tolerant
quantum error correction, Phys. Rev. A 68, 042322 (2003).

[6] A. G. Fowler, A. M. Stephens, and P. Groszkowski, High-
threshold universal quantum computation on the surface code,
Phys. Rev. A 80, 052312 (2009).

[7] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information: 10th Anniversary Edition (Cambridge
University Press, Cambridge, UK, 2010).

[8] K. Kraus, General state changes in quantum theory, Ann. Phys.
64,311 (1971).

[9] M.-D. Choi, Completely positive linear maps on complex ma-
trices, Linear Algebra Appl. 10, 285 (1975).

[10] J. Watrous, The Theory of Quantum Information (Cambridge
University Press, Cambridge, UK, 2018).

[11] A. N. Korotkov, Error matrices in quantum process tomogra-
phy, arXiv:1309.6405.

[12] I. L. Chuang and M. A. Nielsen, Prescription for experimental
determination of the dynamics of a quantum black box, J.
Mod. Opt. 44, 2455 (1997).

013008-28


https://doi.org/10.1137/S0097539799359385
https://doi.org/10.1126/science.279.5349.342
https://doi.org/10.1016/S0003-4916(02)00018-0
https://doi.org/10.1063/1.1499754
https://doi.org/10.1103/PhysRevA.68.042322
https://doi.org/10.1103/PhysRevA.80.052312
https://doi.org/10.1016/0003-4916(71)90108-4
https://doi.org/10.1016/0024-3795(75)90075-0
https://arxiv.org/abs/1309.6405
https://doi.org/10.1080/09500349708231894

DYNAMICAL QUANTUM MAPS FOR SINGLE-QUBIT GATES ...

PHYSICAL REVIEW RESEARCH 7, 013008 (2025)

[13] M. A. Nielsen, A simple formula for the average gate fidelity
of a quantum dynamical operation, Phys. Lett. A 303, 249
(2002).

[14] S. B. Bravyi and A. Yu. Kitaev, Quantum codes on a lattice
with boundary, arXiv:quant-ph/9811052.

[15] R. Raussendorf and J. Harrington, Fault-tolerant quantum
computation with high threshold in two dimensions, Phys.
Rev. Lett. 98, 190504 (2007).

[16] R. Raussendorf, J. Harrington, and K. Goyal, Topological
fault-tolerance in cluster state quantum computation, New J.
Phys. 9, 199 (2007).

[17] D. S. Wang, A. G. Fowler, and L. C. L. Hollenberg, Surface
code quantum computing with error rates over 1%, Phys. Rev.
A 83, 020302(R) (2011).

[18] S. HeuBen, L. Postler, M. Rispler, I. Pogorelov, C. D.
Marciniak, T. Monz, P. Schindler, and M. Miiller, Strate-
gies for a practical advantage of fault-tolerant circuit design
in noisy trapped-ion quantum computers, Phys. Rev. A 107,
042422 (2023).

[19] A. Bermudez, X. Xu, R. Nigmatullin, J. O’Gorman, V.
Negnevitsky, P. Schindler, T. Monz, U. G. Poschinger, C.
Hempel, J. Home, F. Schmidt-Kaler, M. Biercuk, R. Blatt, S.
Benjamin, and M. Miiller, Assessing the progress of trapped-
ion processors towards fault-tolerant quantum computation,
Phys. Rev. X 7, 041061 (2017).

[20] M. Gutiérrez, M. Miiller, and A. Bermiidez, Transversality and
lattice surgery: Exploring realistic routes toward coupled logi-
cal qubits with trapped-ion quantum processors, Phys. Rev. A
99, 022330 (2019).

[21] A. Bermudez, X. Xu, M. Gutiérrez, S. C. Benjamin, and
M. Miiller, Fault-tolerant protection of near-term trapped-ion
topological qubits under realistic noise sources, Phys. Rev. A
100, 062307 (2019).

[22] P. Parrado-Rodriguez, C. Ryan-Anderson, A. Bermudez, and
M. Miiller, Crosstalk suppression for fault-tolerant quantum
error correction with trapped ions, Quantum 5, 487 (2021).

[23] J. J. Wallman and J. Emerson, Noise tailoring for scalable
quantum computation via randomized compiling, Phys. Rev.
A 94, 052325 (2016).

[24] J. F. Poyatos, J. 1. Cirac, and P. Zoller, Complete characteri-
zation of a quantum process: The two-bit quantum gate, Phys.
Rev. Lett. 78, 390 (1997).

[25] J. Fiurasek and Z. Hradil, Maximum-likelihood estimation of
quantum processes, Phys. Rev. A 63, 020101(R) (2001).

[26] M. F. Sacchi, Maximum-likelihood reconstruction of com-
pletely positive maps, Phys. Rev. A 63, 054104 (2001).

[27] M. Jezek, J. Fiurasek, and Z. Hradil, Quantum inference of
states and processes, Phys. Rev. A 68, 012305 (2003).

[28] J. M. Gambetta, A. D. Cércoles, S. T. Merkel, B. R. Johnson,
J. A. Smolin, J. M. Chow, C. A. Ryan, C. Rigetti, S. Poletto,
T. A. Ohki, M. B. Ketchen, and M. Steffen, Characterization
of addressability by simultaneous randomized benchmarking,
Phys. Rev. Lett. 109, 240504 (2012).

[29] S. T. Merkel, J. M. Gambetta, J. A. Smolin, S. Poletto, A. D.
Céreoles, B. R. Johnson, C. A. Ryan, and M. Steffen, Self-
consistent quantum process tomography, Phys. Rev. A 87,
062119 (2013).

[30] R. Blume-Kohout, J. K. Gamble, E. Nielsen, J. Mizrahi,
J. D. Sterk, and P. Maunz, Robust, self-consistent, closed-form

tomography of quantum logic gates on a trapped ion qubit,
arXiv:1310.4492.

[31] E. Nielsen, J. K. Gamble, K. Rudinger, T. Scholten, K. Young,
and R. Blume-Kohout, Gate set tomography, Quantum 5, 557
(2021).

[32] J. Emerson, R. Alicki, and K. Zyczkowski, Scalable noise
estimation with random unitary operators, J. Opt. B 7, S347
(2005).

[33] E. Knill, D. Leibfried, R. Reichle, J. Britton, R. B. Blakestad,
J.D. Jost, C. Langer, R. Ozeri, S. Seidelin, and D. J. Wineland,
Randomized benchmarking of quantum gates, Phys. Rev. A
77, 012307 (2008).

[34] P. Vifias and A. Bermudez, Microscopic parametrizations for
gate set tomography under coloured noise, arXiv:2407.11539.

[35] I. 1. Rabi, Space quantization in a gyrating magnetic field,
Phys. Rev. 51, 652 (1937).

[36] L. Allen and J. H. Eberly, Optical Resonance and Two-Level
Atoms (Dover Books, Oxford, UK, 2023).

[37] A. G. Kofman and G. Kurizki, Acceleration of quantum decay
processes by frequent observations, Nature (London) 405, 546
(2000).

[38] A. G. Kofman and G. Kurizki, Universal dynamical control of
quantum mechanical decay: Modulation of the coupling to the
continuum, Phys. Rev. Lett. 87, 270405 (2001).

[39] A. G. Kofman and G. Kurizki, Unified theory of dynamically
suppressed qubit decoherence in thermal baths, Phys. Rev.
Lett. 93, 130406 (2004).

[40] G. Gordon, N. Erez, and G. Kurizki, Universal dynamical
decoherence control of noisy single- and multi-qubit systems,
J. Phys. B: At. Mol. Opt. Phys. 40, S75 (2007).

[41] M. J. Biercuk, A. C. Doherty, and H. Uys, Dynamical decou-
pling sequence construction as a filter-design problem, J. Phys.
B: At. Mol. Opt. Phys. 44, 154002 (2011).

[42] 1. Almog, Y. Sagi, G. Gordon, G. Bensky, G. Kurizki, and
N. Davidson, Direct measurement of the system—environment
coupling as a tool for understanding decoherence and dynam-
ical decoupling, J. Phys. B: At. Mol. Opt. Phys. 44, 154006
(2011).

[43] A. Albrecht, A. Retzker, F. Jelezko, and M. B. Plenio, Cou-
pling of nitrogen vacancy centres in nanodiamonds by means
of phonons, New J. Phys. 15, 083014 (2013).

[44] C.L. Degen, E. Reinhard, and P. Cappellaro, Quantum sensing,
Rev. Mod. Phys. 89, 035002 (2017).

[45] D. Suter and G. A. Alvarez, Colloquium: Protecting quantum
information against environmental noise, Rev. Mod. Phys. 88,
041001 (2016).

[46] P. Szarikowski, G. Ramon, J. Krzywda, D. Kwiatkowski, and
L. Cywinski, Environmental noise spectroscopy with qubits
subjected to dynamical decoupling, J. Phys.: Condens. Matter
29, 333001 (2017).

[47] O. Astafiev, Yu. A. Pashkin, Y. Nakamura, T. Yamamoto, and
J. S. Tsai, Quantum noise in the josephson charge qubit, Phys.
Rev. Lett. 93, 267007 (2004).

[48] G. Ithier, E. Collin, P. Joyez, P. J. Meeson, D. Vion, D. Esteve,
F. Chiarello, A. Shnirman, Y. Makhlin, J. Schriefl, and G.
Schon, Decoherence in a superconducting quantum bit circuit,
Phys. Rev. B 72, 134519 (2005).

[49] P. Bertet, I. Chiorescu, G. Burkard, K. Semba, C. J. P. M.
Harmans, D. P. DiVincenzo, and J. E. Mooij, Dephasing of

013008-29


https://doi.org/10.1016/S0375-9601(02)01272-0
https://arxiv.org/abs/quant-ph/9811052
https://doi.org/10.1103/PhysRevLett.98.190504
https://doi.org/10.1088/1367-2630/9/6/199
https://doi.org/10.1103/PhysRevA.83.020302
https://doi.org/10.1103/PhysRevA.107.042422
https://doi.org/10.1103/PhysRevX.7.041061
https://doi.org/10.1103/PhysRevA.99.022330
https://doi.org/10.1103/PhysRevA.100.062307
https://doi.org/10.22331/q-2021-06-29-487
https://doi.org/10.1103/PhysRevA.94.052325
https://doi.org/10.1103/PhysRevLett.78.390
https://doi.org/10.1103/PhysRevA.63.020101
https://doi.org/10.1103/PhysRevA.63.054104
https://doi.org/10.1103/PhysRevA.68.012305
https://doi.org/10.1103/PhysRevLett.109.240504
https://doi.org/10.1103/PhysRevA.87.062119
https://arxiv.org/abs/1310.4492
https://doi.org/10.22331/q-2021-10-05-557
https://doi.org/10.1088/1464-4266/7/10/021
https://doi.org/10.1103/PhysRevA.77.012307
https://arxiv.org/abs/2407.11539
https://doi.org/10.1103/PhysRev.51.652
https://doi.org/10.1038/35014537
https://doi.org/10.1103/PhysRevLett.87.270405
https://doi.org/10.1103/PhysRevLett.93.130406
https://doi.org/10.1088/0953-4075/40/9/S04
https://doi.org/10.1088/0953-4075/44/15/154002
https://doi.org/10.1088/0953-4075/44/15/154006
https://doi.org/10.1088/1367-2630/15/8/083014
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1103/RevModPhys.88.041001
https://doi.org/10.1088/1361-648X/aa7648
https://doi.org/10.1103/PhysRevLett.93.267007
https://doi.org/10.1103/PhysRevB.72.134519

J. M. SANCHEZ VELAZQUEZ et al.

PHYSICAL REVIEW RESEARCH 7, 013008 (2025)

a superconducting qubit induced by photon noise, Phys. Rev.
Lett. 95, 257002 (2005).

[50] F. Yoshihara, K. Harrabi, A. O. Niskanen, Y. Nakamura, and
J. S. Tsai, Decoherence of flux qubits due to 1/f flux noise,
Phys. Rev. Lett. 97, 167001 (2006).

[51] M. J. Biercuk, H. Uys, A. P. VanDevender, N. Shiga, W. M.
Itano, and J. J. Bollinger, Optimized dynamical decoupling in
a model quantum memory, Nature (London) 458, 996 (2009).

[52] Y. Sagi, I. Almog, and N. Davidson, Process tomography of
dynamical decoupling in a dense cold atomic ensemble, Phys.
Rev. Lett. 105, 053201 (2010).

[53] J. Bylander, S. Gustavsson, F. Yan, F. Yoshihara, K. Harrabi,
G. Fitch, D. G. Cory, Y. Nakamura, J.-S. Tsai, and W. D.
Oliver, Noise spectroscopy through dynamical decoupling
with a superconducting flux qubit, Nat. Phys. 7, 565 (2011).

[54] S. Kotler, N. Akerman, Y. Glickman, A. Keselman, and R.
Ozeri, Single-ion quantum lock-in amplifier, Nature (London)
473,61 (2011).

[55] G. A. Alvarez and D. Suter, Measuring the spectrum of colored
noise by dynamical decoupling, Phys. Rev. Lett. 107, 230501
(2011).

[56] J. Medford, E. Cywinski, C. Barthel, C. M. Marcus, M. P.
Hanson, and A. C. Gossard, Scaling of dynamical decoupling
for spin qubits, Phys. Rev. Lett. 108, 086802 (2012).

[57] N. Bar-Gill, L. M. Pham, C. Belthangady, D. Le Sage, P.
Cappellaro, J. R. Maze, M. D. Lukin, A. Yacoby, and R.
Walsworth, Suppression of spin-bath dynamics for improved
coherence of multi-spin-qubit systems, Nat. Commun. 3, 858
(2012).

[58] M. Loretz, T. Rosskopf, and C. L. Degen, Radio-frequency
magnetometry using a single electron spin, Phys. Rev. Lett.
110, 017602 (2013).

[59] S. Kotler, N. Akerman, Y. Glickman, and R. Ozeri, Nonlinear
single-spin spectrum analyzer, Phys. Rev. Lett. 110, 110503
(2013).

[60] F. Yan, S. Gustavsson, J. Bylander, X. Jin, F. Yoshihara,
D. G. Cory, Y. Nakamura, T. P. Orlando, and W. D. Oliver,
Rotating-frame relaxation as a noise spectrum analyser of
a superconducting qubit undergoing driven evolution, Nat.
Commun. 4, 2337 (2013).

[61] F. Yoshihara, Y. Nakamura, F. Yan, S. Gustavsson, J. Bylander,
W. D. Oliver, and J.-S. Tsai, Flux qubit noise spectroscopy
using Rabi oscillations under strong driving conditions, Phys.
Rev. B 89, 020503(R) (2014).

[62] T. Rosskopf, A. Dussaux, K. Ohashi, M. Loretz, R. Schirhagl,
H. Watanabe, S. Shikata, K. M. Itoh, and C. L. Degen, Investi-
gation of surface magnetic noise by shallow spins in diamond,
Phys. Rev. Lett. 112, 147602 (2014).

[63] B. A. Myers, A. Das, M. C. Dartiailh, K. Ohno, D. D.
Awschalom, and A. C. Bleszynski Jayich, Probing surface
noise with depth-calibrated spins in diamond, Phys. Rev. Lett.
113, 027602 (2014).

[64] Y. Wang, M. Um, J. Zhang, S. An, M. Lyu, J.-N. Zhang, L.-M.
Duan, D. Yum, and K. Kim, Single-qubit quantum memory
exceeding ten-minute coherence time, Nat. Photon. 11, 646
(2017).

[65] V. M. Frey, S. Mavadia, L. M. Norris, W. de Ferranti, D.
Lucarelli, L. Viola, and M. J. Biercuk, Application of opti-
mal band-limited control protocols to quantum noise sensing,
Nat. Commun. 8, 2189 (2017).

[66] S. Hernindez-Gémez, F. Poggiali, P. Cappellaro, and N.
Fabbri, Noise spectroscopy of a quantum-classical envi-
ronment with a diamond qubit, Phys. Rev. B 98, 214307
(2018).

[67] J. T. Muhonen, J. P. Dehollain, A. Laucht, F. E. Hudson,
R. Kalra, T. Sekiguchi, K. M. Itoh, D. N. Jamieson, J. C.
McCallum, A. S. Dzurak, and A. Morello, Storing quantum
information for 30 seconds in a nanoelectronic device, Nat.
Nanotechnol. 9, 986 (2014).

[68] V. Frey, L. M. Norris, L. Viola, and M. J. Biercuk, Simultane-
ous spectral estimation of dephasing and amplitude noise on
a qubit sensor via optimally band-limited control, Phys. Rev.
Appl. 14, 024021 (2020).

[69] G. Wang, Y. Zhu, B. Li, C. Li, L. Viola, A. Cooper, and P.
Cappellaro, Digital noise spectroscopy with a quantum sensor,
Quantum Sci. Technol. 9, 035006 (2024).

[70] L. Cywinski, R. M. Lutchyn, C. P. Nave, and S. Das Sarma,
How to enhance dephasing time in superconducting qubits,
Phys. Rev. B 77, 174509 (2008).

[71] T. Yuge, S. Sasaki, and Y. Hirayama, Measurement of the noise
spectrum using a multiple-pulse sequence, Phys. Rev. Lett.
107, 170504 (2011).

[72] L. M. Norris, D. Lucarelli, V. M. Frey, S. Mavadia, M. J.
Biercuk, and L. Viola, Optimally band-limited spectroscopy
of control noise using a qubit sensor, Phys. Rev. A 98, 032315
(2018).

[73] R. Freund, C. D. Marciniak, and T. Monz, A self-referenced
optical phase noise analyzer for quantum technologies,
arXiv:2310.08258.

[74] Z. Yuan, H. Wang, P. Liu, B. Li, B. Shen, M. Gao, L. Chang,
W. Jin, A. Feshali, M. Paniccia, J. Bowers, and K. Vahala,
Correlated self-heterodyne method for ultra-low-noise laser
linewidth measurements, Opt. Express 30, 25147 (2022).

[75] S. P. O’duill and L. P. Barry, High precision estimation of
laser FM-noise using RF quadrature demodulation techniques,
IEEE Access 10, 119875 (2022).

[76] Z. Bai, Z. Zhao, X. Chen, Y. Qi, J. Ding, B. Yan, Y. Wang, Z.
Lu, and R. P. Mildren, A lorentzian narrow-linewidth demod-
ulation scheme based on a short fiber delayed self-heterodyne
technique, Appl. Phys. Express 15, 106502 (2022).

[77] N. G. V. Kampen, Stochastic Processes in Physics and Chem-
istry (North Holland, Amsterdam, 2007).

[78] C. W. Gardiner and P. Zoller, Quantum Noise, 2nd ed., edited
by H. Haken (Springer, Berlin, 2000).

[79] I. 1. Rabi, N. F. Ramsey, and J. Schwinger, Use of rotating
coordinates in magnetic resonance problems, Rev. Mod. Phys.
26, 167 (1954).

[80] C. W. Gardiner, Handbook of Stochastic Methods for Physics,
Chemistry and the Natural Sciences, 3rd ed., Springer Se-
ries in Synergetics Vol. 13 (Springer-Verlag, Berlin, 2004),
pp. xviii4+415.

[81] P. Zoller, Theoretical Quantum Optics: A Practical Guide to
Stochastic Processes & Calculus, Master and Ph.D. Course
(University of Innsbruck, 2018).

[82] C. Gardiner and P. Zoller, The Quantum World of Ultra-Cold
Atoms and Light Book I: Foundations of Quantum Optics
(Imperial College Press, London, UK, 2014).

[83] M. L. Day, P.J. Low, B. White, R. Islam, and C. Senko, Limits
on atomic qubit control from laser noise, npj Quantum Inf. 8,
72 (2022).

013008-30


https://doi.org/10.1103/PhysRevLett.95.257002
https://doi.org/10.1103/PhysRevLett.97.167001
https://doi.org/10.1038/nature07951
https://doi.org/10.1103/PhysRevLett.105.053201
https://doi.org/10.1038/nphys1994
https://doi.org/10.1038/nature10010
https://doi.org/10.1103/PhysRevLett.107.230501
https://doi.org/10.1103/PhysRevLett.108.086802
https://doi.org/10.1038/ncomms1856
https://doi.org/10.1103/PhysRevLett.110.017602
https://doi.org/10.1103/PhysRevLett.110.110503
https://doi.org/10.1038/ncomms3337
https://doi.org/10.1103/PhysRevB.89.020503
https://doi.org/10.1103/PhysRevLett.112.147602
https://doi.org/10.1103/PhysRevLett.113.027602
https://doi.org/10.1038/s41566-017-0007-1
https://doi.org/10.1038/s41467-017-02298-2
https://doi.org/10.1103/PhysRevB.98.214307
https://doi.org/10.1038/nnano.2014.211
https://doi.org/10.1103/PhysRevApplied.14.024021
https://doi.org/10.1088/2058-9565/ad3846
https://doi.org/10.1103/PhysRevB.77.174509
https://doi.org/10.1103/PhysRevLett.107.170504
https://doi.org/10.1103/PhysRevA.98.032315
https://arxiv.org/abs/2310.08258
https://doi.org/10.1364/OE.458109
https://doi.org/10.1109/ACCESS.2022.3219870
https://doi.org/10.35848/1882-0786/ac9177
https://doi.org/10.1103/RevModPhys.26.167
https://doi.org/10.1038/s41534-022-00586-4

DYNAMICAL QUANTUM MAPS FOR SINGLE-QUBIT GATES ...

PHYSICAL REVIEW RESEARCH 7, 013008 (2025)

[84] M. C. Wang and G. E. Uhlenbeck, On the theory of the Brow-
nian motion II, Rev. Mod. Phys. 17, 323 (1945).

[85] G. S. Agarwal, Exact solution for the influence of laser tem-
poral fluctuations on resonance fluorescence, Phys. Rev. Lett.
37, 1383 (1976).

[86] H. J. Kimble and L. Mandel, Resonance fluorescence
with excitation of finite bandwidth, Phys. Rev. A 15, 689
1977).

[87] P. Zoller, Fokker-planck equation treatment of atomic relax-
ation and resonance fluorescence in phase-modulated laser
light, J. Phys. B 10, L321 (1977).

[88] P. Avan and C. Cohen-Tannoudji, Two-level atom saturated by
a fluctuating resonant laser beam. calculation of the fluores-
cence spectrum, J. Phys. B 10, 155 (1977).

[89] S. N. Dixit, P. Zoller, and P. Lambropoulos, Non-Lorentzian
laser line shapes and the reversed peak asymmetry in double
optical resonance, Phys. Rev. A 21, 1289 (1980).

[90] G. E. Uhlenbeck and L. S. Ornstein, On the theory of the
Brownian motion, Phys. Rev. 36, 823 (1930).

[91] H. Haken, Light and matter Handbuch der Physik Encyclope-
dia of Physics (Springer-Verlag, Berlin, 1970).

[92] R. Toral and P. Colet, Stochastic numerical methods: An in-
troduction for students and scientists (Wiley-VCH, Weinheim,
2014).

[93] V. Solo, Intrinsic random functions and the paradox of 1/f
noise, SIAM J. Appl. Math. 52, 270 (1992).

[94] R. A. Horn and C. R. Johnson, Matrix Analysis (Cambridge
University Press, Cambridge, UK, 1985).

[95] J. N. Franklin, Numerical simulation of stationary and non-
stationary gaussian random processes, SIAM Rev. 7, 68
(1965).

[96] D. B. Percival, Simulating gaussian random processes with
specified spectra, Comput. Sci. Stat. 24, 534 (1993).

[97] C. Cohen-Tannoudji, G. Grynberg, and J. Dupont-Roc, Atom-
Photon Interactions: Basic Processes and Applications (Wiley,
New York, NY, 1992).

[98] H. P. Breuer and F. Petruccione, The Theory of Open Quantum
Systems (Oxford University Press, Oxford, UK, 2002).

[99] S. Chaturvedi and F. Shibata, Time-convolutionless projection
operator formalism for elimination of fast variables. applica-
tions to Brownian motion, Z. Phys. B 35, 297 (1979).

[100] S. Nakajima, On quantum theory of transport phenomena:
Steady diffusion, Prog. Theor. Phys. 20, 948 (1958).

[101] R. Zwanzig, Ensemble method in the theory of irreversibility,
J. Chem. Phys. 33, 1338 (1960).

[102] R. H. Terwiel, Projection operator method applied to stochas-
tic linear differential equations, Physica 74, 248 (1974).

[103] G. Lindblad, On the generators of quantum dynamical semi-
groups, Commun. Math. Phys. 48, 119 (1976).

[104] V. Gorini, A. Kossakowski, and E. C. G. Sudarshan, Com-
pletely positive dynamical semigroups of N level systems, J.
Math. Phys. 17, 821 (1976).

[105] U. von Liipke, F. Beaudoin, L. M. Norris, Y. Sung, R. Winik,
J. Y. Qiu, M. Kjaergaard, D. Kim, J. Yoder, S. Gustavsson, L.
Viola, and W. D. Oliver, Two-qubit spectroscopy of spatiotem-
porally correlated quantum noise in superconducting qubits,
PRX Quantum 1, 010305 (2020).

[106] T.J. Green, J. Sastrawan, H. Uys, and M. J. Biercuk, Arbitrary
quantum control of qubits in the presence of universal noise,
New J. Phys. 15, 095004 (2013).

[107] R. C. Bourret, Ficton theory of dynamical systems with noisy
parameters, Can. J. Phys. 43, 619 (1965).

[108] A. Rivas, S. F. Huelga, and M. B. Plenio, Entanglement and
non-Markovianity of quantum evolutions, Phys. Rev. Lett.
105, 050403 (2010).

[109] M. J. W. Hall, J. D. Cresser, L. Li, and E. Andersson,
Canonical form of master equations and characterization of
non-Markovianity, Phys. Rev. A 89, 042120 (2014).

[110] A. A. Clerk, M. H. Devoret, S. M. Girvin, F. Marquardt,
and R. J. Schoelkopf, Introduction to quantum noise, mea-
surement, and amplification, Rev. Mod. Phys. 82, 1155
(2010).

[111] K. Kraus, A. Bohm, J. D. Dollard, and W. H. Wootters, States,
Effects, and Operations Fundamental Notions of Quantum
Theory (Springer, Berlin, 1983), Vol. 190.

[112] S. T. Flammia, A. Silberfarb, and C. M. Caves, Minimal in-
formationally complete measurements for pure states, Found.
Phys. 35, 1985 (2005).

[113] C. P. Slichter and D. Ailion, Low-field relaxation and the study
of ultraslow atomic motions by magnetic resonance, Phys.
Rev. 135, A1099 (1964).

[114] C. P. Slichter, Principles of Magnetic Resonance, 3rd ed.,
Springer Series in Solid-State Sciences (Springer, Berlin,
1990).

[115] E. Collin, G. Ithier, A. Aassime, P. Joyez, D. Vion, and D.
Esteve, NMR-like control of a quantum bit superconducting
circuit, Phys. Rev. Lett. 93, 157005 (2004).

[116] E. Magesan, R. Blume-Kohout, and J. Emerson, Gate fidelity
fluctuations and quantum process invariants, Phys. Rev. A 84,
012309 (2011).

[117] T. Green, H. Uys, and M. J. Biercuk, High-order noise filtering
in nontrivial quantum logic gates, Phys. Rev. Lett. 109, 020501
(2012).

[118] W. Diir, M. Hein, J. I. Cirac, and H.-J. Briegel, Standard forms
of noisy quantum operations via depolarization, Phys. Rev. A
72, 052326 (2005).

[119] J. Emerson, M. Silva, O. Moussa, C. Ryan, M. Laforest, J.
Baugh, D. G. Cory, and R. Laflamme, Symmetrized char-
acterization of noisy quantum processes, Science 317, 1893
(2007).

[120] P. Zoller, Atomic relaxation and resonance fluorescence in
intensity and phase-fluctuating laser light, J. Phys. B 11, 2825
(1978).

[121] Z. Hradil, Quantum-state estimation, Phys. Rev. A 55, R1561
(1997).

[122] D. F. V. James, P. G. Kwiat, W. J. Munro, and A. G.
White, Measurement of qubits, Phys. Rev. A 64, 052312
(2001).

[123] R. Blume-Kohout, Robust error bars for quantum tomography,
arXiv:1202.5270.

[124] L. P. Thinh, P. Faist, J. Helsen, D. Elkouss, and S. Wehner,
Practical and reliable error bars for quantum process tomogra-
phy, Phys. Rev. A 99, 052311 (2019).

[125] P. Schindler, D. Nigg, T. Monz, J. T. Barreiro, E. Martinez,
S. X. Wang, S. Quint, M. F. Brandl, V. Nebendahl, C. F.
Roos, M. Chwalla, M. Hennrich, and R. Blatt, A quantum
information processor with trapped ions, New J. Phys. 15,
123012 (2013).

[126] W. K. Hastings, Monte Carlo sampling methods using Markov
chains and their applications, Biometrika 57, 97 (1970).

013008-31


https://doi.org/10.1103/RevModPhys.17.323
https://doi.org/10.1103/PhysRevLett.37.1383
https://doi.org/10.1103/PhysRevA.15.689
https://doi.org/10.1088/0022-3700/10/8/012
https://doi.org/10.1088/0022-3700/10/2/006
https://doi.org/10.1103/PhysRevA.21.1289
https://doi.org/10.1103/PhysRev.36.823
https://doi.org/10.1137/0152014
https://doi.org/10.1137/1007007
https://doi.org/10.1007/BF01319852
https://doi.org/10.1143/PTP.20.948
https://doi.org/10.1063/1.1731409
https://doi.org/10.1016/0031-8914(74)90123-2
https://doi.org/10.1007/BF01608499
https://doi.org/10.1063/1.522979
https://doi.org/10.1103/PRXQuantum.1.010305
https://doi.org/10.1088/1367-2630/15/9/095004
https://doi.org/10.1139/p65-057
https://doi.org/10.1103/PhysRevLett.105.050403
https://doi.org/10.1103/PhysRevA.89.042120
https://doi.org/10.1103/RevModPhys.82.1155
https://doi.org/10.1007/s10701-005-8658-z
https://doi.org/10.1103/PhysRev.135.A1099
https://doi.org/10.1103/PhysRevLett.93.157005
https://doi.org/10.1103/PhysRevA.84.012309
https://doi.org/10.1103/PhysRevLett.109.020501
https://doi.org/10.1103/PhysRevA.72.052326
https://doi.org/10.1126/science.1145699
https://doi.org/10.1088/0022-3700/11/16/010
https://doi.org/10.1103/PhysRevA.55.R1561
https://doi.org/10.1103/PhysRevA.64.052312
https://arxiv.org/abs/1202.5270
https://doi.org/10.1103/PhysRevA.99.052311
https://doi.org/10.1088/1367-2630/15/12/123012
https://doi.org/10.1093/biomet/57.1.97

J. M. SANCHEZ VELAZQUEZ et al.

PHYSICAL REVIEW RESEARCH 7, 013008 (2025)

[127] R. T. R. Harper, Quantum nescimus: Improving the character-
ization of quantum systems from limited information, Ph.D.
thesis, School of Physics, The University of Sydney, 2018.

[128] H. Ball, T. M. Stace, S. T. Flammia, and M. J. Biercuk, Effect
of noise correlations on randomized benchmarking, Phys. Rev.
A 93, 022303 (2016).

[129] A. Erhard, J. J. Wallman, L. Postler, M. Meth, R. Stricker,
E. A. Martinez, P. Schindler, T. Monz, J. Emerson, and R.
Blatt, Characterizing large-scale quantum computers via cycle
benchmarking, Nat. Commun. 10, 5347 (2019).

[130] https://doi.org/10.5281/zenodo.10461685.

[131] D. S. Lemons and A. Gythiel, Paul Langevin’s 1908 paper
“On the theory of Brownian motion” [“Sur la théorie du
mouvement brownien,” C. R. Acad. Sci. (Paris) 146, 530-533
(1908)], Am. J. Phys. 65, 1079 (1997).

[132] J. L. Doob, The Brownian movement and stochastic equations,
Ann. Math. 43, 351 (1942).

[133] G. Casella and R. Berger, Statistical Inference (Duxbury Re-
source Center, California, 2001).

[134] D. T. Gillespie, The mathematics of Brownian motion and
Johnson noise, Am. J. Phys. 64, 225 (1996).

[135] A. Rivas, S. F Huelga, and M. B Plenio, Quantum non-
Markovianity: Characterization, quantification and detection,
Rep. Prog. Phys. 77, 094001 (2014).

[136] H.-P. Breuer, E.-M. Laine, J. Piilo, and B. Vacchini, Collo-
quium: Non-Markovian dynamics in open quantum systems,
Rev. Mod. Phys. 88, 021002 (2016).

[137] 1. de Vega and D. Alonso, Dynamics of non-Markovian open
quantum systems, Rev. Mod. Phys. 89, 015001 (2017).

[138] L. Li, M. J. W. Hall, and H. M. Wiseman, Concepts of quantum
non-Markovianity: A hierarchy, Phys. Rep. 759, 1 (2018).

[139] D. Chruscirniski, Dynamical maps beyond Markovian regime,
Phys. Rep. 992, 1 (2022).

[140] R. Kubo, Generalized cumulant expansion method, J. Phys.
Soc. Jpn. 17, 1100 (1962).

[141] N. G. Van Kampen, A cumulant expansion for stochastic linear
differential equations, Physica 74, 215 (1974).

[142] R. F. Fox, Critique of the generalized cumulant expansion
method, J. Math. Phys. 17, 1148 (1976).

[143] P. W. Anderson and P. R. Weiss, Exchange narrowing in para-
magnetic resonance, Rev. Mod. Phys. 25, 269 (1953).

[144] R. Kubo, Stochastic Liouville equations, J. Math. Phys. 4, 174
(1963).

[145] S. Blanes, F. Casas, J. A. Oteo, and J. Ros, The magnus
expansion and some of its applications, Phys. Rep. 470, 151
(2009).

[146] L. H. Pedersen, N. M. Mgller, and K. Mglmer, Fidelity of
quantum operations, Phys. Lett. A 367, 47 (2007).

013008-32


https://doi.org/10.1103/PhysRevA.93.022303
https://doi.org/10.1038/s41467-019-13068-7
https://doi.org/10.5281/zenodo.10461685
https://doi.org/10.1119/1.18725
https://doi.org/10.2307/1968873
https://doi.org/10.1119/1.18210
https://doi.org/10.1088/0034-4885/77/9/094001
https://doi.org/10.1103/RevModPhys.88.021002
https://doi.org/10.1103/RevModPhys.89.015001
https://doi.org/10.1016/j.physrep.2018.07.001
https://doi.org/10.1016/j.physrep.2022.09.003
https://doi.org/10.1143/JPSJ.17.1100
https://doi.org/10.1016/0031-8914(74)90121-9
https://doi.org/10.1063/1.523041
https://doi.org/10.1103/RevModPhys.25.269
https://doi.org/10.1063/1.1703941
https://doi.org/10.1016/j.physrep.2008.11.001
https://doi.org/10.1016/j.physleta.2007.02.069

