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Orbital moiré and quadrupolar triple-q physics in a triangular lattice
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We numerically study orders of planer type (xy, x2 − y2) quadrupoles on a triangular lattice with nearest-
neighbor isotropic J and anisotropic K interactions. This type of quadrupole possesses unique single-ion
anisotropy proportional to a third order of the quadrupole moments. This provides an unconventional mechanism
of triple-q orders which does not exist for the degrees of freedom with odd parity under time-reversal operation
such as magnetic dipoles. In addition to several single-q orders, we find various orders including incommensurate
triple-q quasi-long-range orders with orbital moiré and a four-sublattice triple-q partial order. Our Monte Carlo
simulations demonstrate that the phase transition to the latter triple-q state belongs to the universality class of
the critical line of the Ashkin-Teller model in two dimensions close to the four-state Potts class. These results
indicate a possibility of realizing unique quadrupole textures in simple triangular systems.
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Introduction—Superposition of multiple standing waves
creates a moiré texture, and this is recognized in our daily
life, e.g., when looking at overlapped fences or lace cur-
tains swaying in the wind. It is known as notorious wavy
patterns in photography and its post processing [1]. This vi-
sually fascinating texture is characterized by multiple wave
vectors {q�}. Recent evolution of “moiré engineering” has
been developed [2,3] for twisted graphene multilayers [4–6]
and transition metal dichalcogenides [7–9], and this opens a
way to manipulate their functionality and physics itself such
as superconductivity [4], nonreciprocal phenomena [10], flat
bands [11], and magnetoelectric effects [12,13].

Another realization of moiré structure uses topologi-
cal texture of internal degrees of freedom. Representative
examples are superfluid He [14], various types of su-
perconductors [15–17], Bose-Einstein condensates in cold
atoms [18–20], and exciton-polariton condensates [21–23].
This started in magnetic systems from the seminal work about
quasi long-range orders in planer magnets [24], and this has
opened a way toward topological physics. The discovery of
skyrmion crystal in MnSi [25–27] triggered the current explo-
sion of researches which aim at realizing moiré structure [28].
Such a spin moiré [29,30] is also realized by a crystallization
of various topological defects [31–33]. Clarifying their prop-
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erties is important for understanding the fundamental physics
and also for developing the next-generation technology.

Spatial modulations of a moiré structure are characterized
by a set of ordering vectors {q�} (� = 1, 2, . . . ). This requires
a multiple-q order of order parameter, and control of the
ordering vectors {q�} is an important issue. Ferromagnets with
noncentrosymmetric structure have Dzyaloshinskii-Moriya
interaction [34] and it shifts the ordering vector q from 0
to finite incommensurate (IC) values. Such an IC ordering
is also established by other mechanisms such as geometrical
frustration [35], Fermi-surface effects in itinerant electron
systems [36,37], and anisotropic interactions [38–40]. These
varieties of possibility open a wider range of material research
for realizing multiple-q orders [41].

Recently, several studies have tried realizing multiple-q
orders of nonmagnetic degrees of freedom ϕ such as electric
charge [42,43] and electric quadrupole [44–46]. These order
parameters are time-reversal even, which differs from mag-
netic ones. This makes a crucial difference in their free energy
from the magnetic counterpart [43,47–50], and, for example,
the cubic terms ϕαϕβϕγ are allowed. Such terms may arise
from a single-ion anisotropy and favor triple-q orders, since
the term ∝ ϕα (q1)ϕβ (q2)ϕγ (q3)δq1+q2+q3,0 lowers the free en-
ergy by properly choosing the phase and direction of each
ϕ(q�). In magnetic systems, such couplings are possible only
when a finite magnetic field is applied [38]. Thus, nonmag-
netic systems have a potential to exhibit multiple-q physics at
zero magnetic field, and provide a good playground for the
moiré engineering.

In this Letter, we propose a minimal model and demon-
strate that nonmagnetic systems are useful for realizing moiré
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textures. The model is defined for electric quadrupoles on
a triangular lattice with nearest-neighbor interactions, and
we have performed Monte Carlo simulations for its effective
classical Hamiltonian. In addition to varieties of phases, we
have found IC triple-q quasi long-range orders relevant to
the two-dimensional Ashkin-Teller and Potts models with the
partial ordering of quadrupole moments.

Model—We consider a triangular lattice with the hexagonal
site symmetry of the point group D6 or C6v . In this case,
the order parameter with the symmetry of �5 (E2) doublet
is particularly interesting, as will be explained below. This is
the two-component quadrupole (φu, φv ) with the symmetry of
(2xy, x2 − y2), and we ignore magnetic sectors, which might
be present in real materials, for simplicity. We use a classical
approximation to represent this quadrupole moment by a unit
vector pointing to the direction denoted by θr,

φr = (φu,r, φv,r) =: ê(θr), ê(θ ) ≡ (cos θ, sin θ ), (1)

where r is the site position. We will use ê also for other
vectors along with ê� ≡ ê(�ω) for the special angle ω ≡ 2π

3 .
This classical description is valid when its finite temperature
properties are discussed. These two-component quadrupoles
possess a local cubic coupling as a single-ion anisotropy:

V = λ
∑

r

(
3φ2

u,r − φ2
v,r

)
φv,r = λ

∑
r

sin 3θr. (2)

Without loss of generality we can set λ � 0. Its microscopic
origin is discussed in the Supplemental Material [51] for mod-
els with the doublet local ground state E2: {2xy, x2 − y2} and
a singlet excited state A1: 3z2 − r2.

Now, let us introduce exchange couplings for the
quadrupole moments. Each nearest-neighbor pair φr and φr+d
interacts via two types of exchange couplings: an isotropic J
and an anisotropic K one, as

Hex =
∑
r,d

∑
i j

[(J − K )δi j + 2K did j]φi,r+d φ j,r. (3)

Here, r runs over the sites on the triangular lattice. d runs
over a half of the nearest neighbors d ≡ (du, dv ) ∈ {ên}2

n=0.
Then, the Hamiltonian is the sum of the two terms H=
Hex+V . Note that the orbital degrees of freedom are nothing
but anisotropic charge distribution, thus they usually possess
anisotropy in their Hamiltonian. See Refs. [52–54], for exam-
ple. This contrasts with the magnetic systems where the single
site anisotropy originates from small spin-orbit couplings.

Ordering vectors—Let us first examine the single-q spiral
orders φr ∝ Re φ(q�) exp(±iq� ·r), and determine the value of
ordering vector q� [51]. One can easily find that the order is
ferroic (q� = 0) when 2J < −|K|. When −|K| < 2J < 5|K|,
the order is commensurate antiferroic (AF) and q� locates at
one of the edge centers (the M points) in the Brillouin zone
(BZ): Q� = 2π√

3
ê[( 1

4 − �)ω] (�=1, 2, 3). An interesting part is
the IC state for the region of 5|K| < 2J . As |K| decreases, q�

leaves Q� and moves along the BZ edge, q�
� =Q�+�M ê4−�

with cos(�M/2)= (2J + |K|)/(4J − 4|K|), and it reaches the
BZ corner [K or K′ point; qK =2ωê0 and qK′ =2ωê( 5

2ω)]
when K =0. As shown in Figs. 1(a) and 1(b), the lowest-
energy eigenmodes φ(q�

�) differ between distinct edges, but

FIG. 1. Lowest-energy eigenmode φ(q�) of Hex for q�
� on the BZ

edges for (a) K > 0 and (b) K < 0. Within each edge, the eigenmode
does not change and the quadrupole moment is illustrated together
with the corresponding pseudospin (arrow for angle θ ) and nematic
director (bar for angle θ̃ = − 1

2 θ ). (c) Representative configurations
of θr and θ̃r in commensurate orders: ferroic (F), 120◦ antiferroic
(120◦ AF), canted single-q (cSQ), symmetric triple-q (sTQ), and
asymmetric triple-q (asTQ). A–D are the sublattice indices

remain unchanged on each edge irrespective of �M: φ(q�
�) ∝

v+
� = ê[(�− 1

4 )ω] or v−
� = ê�−1.

Ferroic, AF 120◦, and triple-q orders—Now that q�
�’s are

determined, the classical solution of φr is readily obtained.
However, the cubic potential (2) causes nontrivial modifica-
tions. Before their discussion, let us analyze simpler parts, i.e.,
the ferroic (F) order for 2J <−|K| and the 120◦ AF order for
5|K|<2J . See Fig. 1(c). Owing to the cubic term (2), these
phases have no continuous degeneracy, and the moment’s
direction is locked at θr = (nr+ 3

4 )ω with nr ∈ {0, 1, 2}.
For 0<2J <5K , the simplest candidate is the symmetric

triple-q (sTQ) state. The three ordering vectors locate at Q�’s
with an identical amplitude φ� ≡ |φ(Q�)| for all �. Note that
φ(Q�)’s are all real since −Q� ≡Q�. The v+

� mode has a lower
energy of Hex than the v−

� mode, and this comprises the triple-
q configuration

φr =
∑

�=1,2,3

φ� cos(Q� ·r) σ� v+
� , σ� ∈ {+1,−1}. (4)

Substituting this with φ� = 1
2φ>0 in Eq. (2), one finds V =

− 3
4 N λφ3σ1 σ2 σ3, where N is the number of sites. This term

is minimized when all thee or otherwise one of σ�’s is +1.
This energy gain readily guarantees that the first-order transi-
tion occurs at a temperature higher than that of a continuous
transition to the single-q state in the simple Landau analysis.
This sTQ state indeed has a four-sublattice partial order with
{φr}={0, φ v+

1 , φ v+
2 , φ v+

3 }, as shown in Fig. 1(c). The four
sets of {σ�} correspond to domains with the disordered site on
different sublattices.

For 5K <2J <0, one may expect a similar sTQ state, but
the situation is quite different. Employing Eq. (4) with v+

� →
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FIG. 2. (a) Director angle configuration θ̃r in the triple-q state
with q�

� ∼ qK′ −�ê4−� with �= π

24 . (b) Half-vortices (◦) form a hon-
eycomb lattice, and vortices (�) are positioned at the center of each
hexagonal unit.

v−
� results in V = 0. Thus, the sTQ state is not stable for K <

0 in contrast to the case of K > 0.
Parasitic ferro moments—The cubic term (2) affects the

order parameters significantly. Using the eigenmodes v+
� for

K > 0, we find that V contains the following term:

− 3
2λD · φ(0), D=(√

3
(
φ2

3 −φ2
2

)
, 2φ2

1 −φ2
2 −φ2

3

)
. (5)

Once the symmetry φ1 = φ2 = φ3 is broken, D is activated,
and this induces the ferro moment φ(0) [49,50]. This is natural
since in the sTQ state φr’s are disordered at a quarter of
the sites and thus this state is not stable at T = 0. Such an
asymmetric triple-q (asTQ) state is illustrated in Fig. 1(c) for
the case of φ1 >φ2 =φ3, and φ(0) ‖ ê( π

2 ). In general, the v+
�

and v−
� components hybridize, and this rotates φr. See φr in

the C and D sublattices in Fig. 1(c).
Even for single-q states, such a ferroic moment emerges.

Consider the single-q state for K <0 with q� =Q�. The AF
mode φ(Q�)≡φ� ê(θ�) can couple with the ferro mode φ(0)=
φ0 ê(θ0), and this yields V ∼ 3N λφ2

� φ0 sin(2θ�+θ0). This
shows that the ferro component φ(0) points to the direction
θ0 = 3

2π−2θ�, and thus, the canted single-q (cSQ) state is
stabilized as shown in Fig. 1(c). For K < 0, θ� = (�−1)ω, and
thus, φ(0) ‖ ê[(− 7

4 +�)ω].
IC triple-q—Now, we study the triple-q states for K >0

with the ordering vectors {q�
�}3

�=1 on the BZ edges. The cubic
term is important, as it stabilizes the IC triple-q (IC-TQ)
states. Since −q�

� �≡ q�
�, the factor σ� cos(Q� ·r) in Eq. (4)

should be replaced by cos(q�
� ·r+η�) with a general phase η�.

Then, V =− 3
4 Nλφ1φ2φ3 cos(η1+η2+η3), and this is mini-

mized when η1+η2+η3 ≡0. This energy gain guarantees that
the IC-TQ state is more stable than the single-q state for
sufficiently large λ.

Such triple-q configurations can be visualized as or-
bital moiré. Figure 2(a) shows an example of “nematic”
director angles θ̃r ≡− 1

2θr (mod π ). They point to the
direction of the orbital node: θ̃r =0 for the xy or-
bital and 3

4π for x2−y2. When q�
�’s are near the K

or K′ point, the configuration is characterized by a set
of sublattice directors θ̃r∈X (X = A, B, or C). Then,
we introduce their vector vortex charges n= (nA, nB, nC)

defined by [55]

nX (r) ≡
∮

r+r′∈X

dr′

2π
· ∂

∂r′ θ̃r+r′ , (6)

where the integral is defined for a closed loop encircling the
site r. For the data in Fig. 2, the ordering vectors are chosen as
q�

� =qK′ −�ê4−� with �= π
24 . The θ̃r configuration in Fig. 2(a)

shows a triangular lattice of vortices and half-vortices with
the approximate periodicity 4π/(3�). Their vector vortex
charges are either n1 = (−1, 1

2 , 1
2 ), n2 = ( 1

2 ,−1, 1
2 ), or n3 =

( 1
2 , 1

2 ,−1). Figure 2(b) shows the director configuration in the
A sublattice. One can easily see that half-vortices (nA = 1

2 )
form a honeycomb structure, with vortices (nA = −1) being
located at the center of each hexagon. Similarly, when q�’s
are close to the M points, the moiré texture is characterized by
four-sublattice vortices [51]. These moiré textures have cores
where |φr| � 0. These cores are energetically unfavored at
low temperatures, similar to the disordered sites in the sTQ
state. They are common characteristics of the triple-q states at
finite temperatures [35].

Monte Carlo simulation—We have performed classical
Monte Carlo (MC) simulations to examine the effects of ther-
mal fluctuations on the triple-q orders discussed above. We
have used hexagonal clusters with the edge length L � 96,
and the maximum one has N = 27 937 sites. The periodic
boundary conditions are applied for the three pairs of opposite
edges. We use the exchange MC algorithm [56,57] combined
with single-spin flip updates for efficient simulations. At each
temperature T , we calculate observables by averaging over
M =106 MC steps (MCS) after thermalization of typically 105

MCS. We parametrize (J, K )= J̄ (cos α, sin α) with J̄ = 1.
Let {φ(m)

r } denote the snapshot at the mth MCS and
define their Fourier component by φ(m)

σ (q�) ≡ N−1 ∑
r vσ

� ·
φ(m)

r e−iq�·r(σ =±) for those q�’s on the �th BZ edge. Since
φ(m)

σ (q�)’s may have arbitrary phases, we define the single-

q order parameter as Sσ (q�) := M−1 ∑
m|φ(m)

σ (q�)|2 =:
〈|φσ (q�)|2〉, while that for the triple-q order is defined as
T σ ({q�}3

�=1) ≡ 〈φσ (q1)φσ (q2)φσ (q3)〉 with q1+q2+q3 ≡0.
Figure 3(a) shows the T -α phase diagram for λ = 1. Simi-

lar results have been obtained for λ � 0.5 [51]. There appear
six ordered phases in total. Their transition temperature is
mostly determined as the temperature where the Binder ratio
of the order parameter coincides for L = 32 and 48. For first-
order transitions, it is identified to the temperature at which
the order parameter jumps upon lowering T . Near α=0, the
120◦ AF order is stable and its transition from the high-T
disordered phase is first order. This is fully consistent with the
results of the analysis based on the Landau theory [51]. The
presence of six 120◦ AF domains suggests that the transition
is described by the six-state Potts model, which is known to
exhibit a first-order transition [58]. For the F and cSQ states,
the finite-size scaling analysis shows that the transition is of
the three-state Potts universality class [51]. For the sTQ, we
find that the universality class of the transition belongs to that
on the critical line of the Ashkin-Teller model [59]. This is ap-
parent in both triple-qT +({Q�}3

�=1) and single-q S+(Q�) order
parameters as shown in Fig. 3(b) for α = 0.375π . The critical
exponents determined are ν � 0.71 and β =ν/8, where the
latter relation holds along the critical line. As α varies, ν
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FIG. 3. (a) T –α phase diagram. The low-T region of the IC-TQ
state, situated between the 120◦ and the sTQ states, is expected to
be the 120◦ AF one, because q� moves to qK,K′ as T decreases.
(b) Finite-size scaling analysis of S+(Q�) and T +({Q�}) for α =
0.375π with the choice (ν, β ) = (0.71, 0.089), where the transition
temperature is assumed Tc/J̄ � 0.9853. (c) Snapshot θ̃r in the A sub-
lattice for L = 50, α = 0.0938π , and T/J̄ = 0.489, where the IC-TQ
configuration with q�

� = qK′ − 4π

3
3

50 ê4−� is realized. (d) S+(q) vs δq =
q − q� for (d1) T > T ∗ and (d2) T < T ∗ for L = 96, where the data
along two directions δq ‖ ê(�ω) and ‖ ê[(�− 1

4 )ω] are averaged. The
data are fitted in the region of 0.5 � |δq| � 2.0 by a function shown
in the figure. (e) T dependence of correlation length ξ for L = 96
obtained by fitting χuu(rê0 )= c1 cos[(c2 + ω)r]r−c3 e−r/ξ . The fitting
range is 10 � r � 50 (blue, green) for higher T , while 20 � r � 60
(red) and 40 � r � 80 (black, pink) for lower T . The green curve is
the KT form ξ = a1 exp[a2/

√
T − T ∗], with a1,2 being a constant.

Data fitted with fixed c3 = 1/4 (expected in the KT form) and those
with c3 being a free parameter are similar, while the low-T data for
the latter have large error bars (pink).

changes slightly, but its value is close to that for the four-state
Potts universality class corresponding to the end point of the
critical line: ν = 2

3 and β = 1
12 [58,60]. These results are related

to the fourfold degeneracy of the disordered site position.
A similar situation has been discussed in the literature for
such an example of N2 molecules adsorbed on Kr-plated
graphite [61,62]. Between the sTQ and 120◦ AF states, the
IC-TQ appears at finite T . However, it becomes unstable at
lower T ’s since a finite density of disordered sites has no
contribution to energy gain. Note that the “incommensurate”
is just nominal and means q� is neither on the K(K′) nor M
point along the edge of the BZ.

IC-TQ and orbital moiré—In the IC-TQ state, the ordering
vector q� moves along the BZ edge with lowering T , and
this is similar to the case of the Devil’s staircase in frus-
trated magnets [63]. The varying q� is triggered by forming
dislocations of the vortex lattice [51]. Figure 3(c) shows a
snapshot sublattice configuration of θ̃r averaged over 1000
MCS. It is well described by a hexagonal moiré texture with
its sublattice vortices nA =−1 and 1

2 (Fig. 2). The short-time
averaging makes the vortex cores clearer than in a single
snapshot. For α � tan−1 2

5 � αc, the 120◦ AF order seems
to appear at the lowest temperature. Near α = αc, the MC
sampling is not sufficient due to the presence of many lo-
cal minima related to the IC configurations. We expect q�

approach qK,K′ and the IC-TQ states are unstable at lower tem-
peratures. These IC-TQ states intervene between the sTQ and
the asTQ states for α � αc. However, we should be aware that
the vector q� depends on L and the boundary conditions for
these IC-TQ states. Recalling that the phases η�’s correspond
to the choice of the origin of IC oscillation [29], it is natu-
ral to expect their fluctuations to destroy the IC long-range
order [24,64–66]. Indeed, one evidence of such a quasi-long-
range order is the power-law behavior of the correlation
function of φ(q) shown in Fig. 3(d), where the mass term
A in S+(q) ∼ (A + C|q − q�|2)−1 vanishes below the tran-
sition temperature T ∗/J̄ � 0.518. The dependence on δq =
q − q� is obtained by fitting the data for 0.5 < |δq| < 2.0
near T ∗, resulting in S+(q) ∼ |δq|−ζ with ζ � 1.6 ∼ 2.0 [51].
These are not far from the value ζ = 2 − 1/4 = 1.75 at the
Kosterlitz-Thouless (KT) transition [24]. The real space cor-
relation χi j (r) = 〈φi,rφ j,0〉 shows an exponential decay above
T ∗. Figure 3(e) shows that its correlation length ξ is well
fitted by the exponential divergence typical in the case of the
KT transition as ξ ∝ exp[const./

√
T − T ∗] [51]. In addition,

the data of T + indicate that all the configurations of {η�} are
realized, which leads to a relation 〈φ′

+(q1)φ′
+(q2)φ′

+(q3)〉 =
−〈φ′

+(q1)φ′′
+(q2)φ′′

+(q3)〉. Here, φ′(φ′′) denotes the real
(imaginary) part of φ. In this sense the phases {η�} are not
locked [51].

Discussion—Let us discuss how to detect the predicted
quadrupolar orders. Below, we assume that the system has
a weak three-dimensionality with a uniform stacking of
φr along the z axis and the IC-TQ states have true long-
range orders. The most direct and powerful method effective
for the quadrupole orders is the resonant x-ray scattering
experiments [67,68]. The sTQ order is identified by observ-
ing disordered sites, and one can use nuclear magnetic or
quadrupole resonance for that purpose if appropriate nuclei
exist, as has been discussed for UNi4B [46]. One can also
detect free quadrupole moments at the disordered sites by
ultrasonic experiments. When a quadrupole order parameter
spatially modulates [69], an electric polarization field P(r)
is induced in proportion to π(r) ≡ (∂yφu,r + ∂xφv,r, ∂xφu,r −
∂yφv,r, 0) and it is detectable. See a recent observation of polar
skyrmions in PbTiO3/SrTiO3 [70].

When the system has itinerant electrons, they feel a moiré
of ordered quadrupoles. This should be reflected in the band
structure, and moiré minibands have been recently observed
in twisted bilayer WSe2 by the resonant inelastic light scat-
tering experiment [71]. Since the IC-TQ order lacks the local
inversion symmetry, one expects that the spin-orbit coupling
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is activated, and it transcribes the orbital texture into a moiré
of magnetizations M(r). It is induced by electric current j via
the interaction energy

�E = g1(Mq × π−q)z jz + g2Mzq(π−q × j)z, (7)

where g1 and g2 are constants. πq and Mq are the Fourier
transform of π(r) and M(r), respectively. In this Letter
we have not considered magnetic degrees of freedom such
as magnetic dipole Mz(r) perpendicular to the triangular
plane, and octupole moments ∼Mx(r)[M2

x (r)−3M2
y (r)] or

My(r)[M2
y (r)−3M2

x (r)]. If they exist, they may order around
the cores of quadrupole vortices, and the overall configura-
tion is a hybrid quadrupole-dipole/octupole skyrmion(-like)
lattice. Such a dipole-quadrupole skyrmion has been proposed
for a spin-1 system with an elevated SU(3) symmetry [72].
See also recent analyses [73–77]. Entropy release of the mag-
netic degrees of freedom is large at the sites with disordered
quadrupole and it helps such exotic phases to persist even at
low temperatures, as demonstrated for multiple-q multipole
orders [44,46,78,79]. Searching for such states is one of the
fascinating directions for the future.

Searching materials exhibiting the orbital moiré is inter-
esting. To the best of our knowledge, no such materials have

been known so far. Promising local degrees of freedom are a
set of partially filled {2xy, x2 − y2} type-d electrons with the
excited 3z2 − r2 orbital or {yz, zx} dominated non-Kramers
doublet [80] in d2 configurations in triangular systems [51].
Several non-Kramers f -electron systems are also interest-
ing: an orbital triple-q order was reported for the stacked
triangular-lattice compound UPd3 [81] similar to the sTQ,
while IC orbital orders were reported for the cubic compound
PrPb3 [69]. We hope for discovery of compounds exhibiting
various types of triple-q physics through material search, pay-
ing special attention to the above-mentioned local degrees of
freedom in triangular systems.

Summary—We have proposed a minimal quadrupole
model which realizes orbital moiré texture on the triangular
lattice. This model exhibits various triple-q orders, and they
are stabilized by the cubic anisotropy that is forbidden in
magnetic systems due to time-reversal symmetry. We have
shown the emergence of incommensurate triple-q states that
exhibits an orbital moiré texture with quasi-long-range order.
We expect our results pave a basis for the future investigation
for nonmagnetic multiple-q and moiré physics.
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