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The evolution of complex correlated quantum systems such as random circuit networks is governed
by the dynamical buildup of both entanglement and entropy. We here introduce a real-time field theory
approach—essentially a fusion of the GX functional of the SYK model and the field theory of disordered
systems—engineered to microscopically describe the full range of such crossover dynamics: from initial product
states to a maximum entropy ergodic state. To showcase this approach in the simplest nontrivial setting, we
consider a tensor product of coupled random matrices, and compare to exact diagonalization.
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Introduction. When addressing the physics of complex
many-body systems, an early choice needs to be made:
One option is to focus on individually resolved quasiparticle
trajectories, which in concrete terms means working with sec-
ond quantized representations, many-body field integrals, and
related concepts. The alternative is to consider the more com-
plex trajectory of the system at large, as described by a single
exponentially high-dimensional Hamiltonian matrix. Depend-
ing on the context, the preferred choice is usually evident;
use cases including large portfolio of many-body field theory
approaches to condensed matter systems, or the modeling of
complex nuclei in terms of high-dimensional random matrix
theories, respectively. However, since the advent of synthetic
quantum matter, we are increasingly witnessing applications
in twilight zones, where the appropriate approach is not so
clear. For example, starting from initial product states of qu-
dits or quasiparticles, circuit dynamics addresses the buildup
of complexity, eventually leading to a fully entangled state.
In the latter, individual states can no longer be meaningfully
resolved and global representations, e.g., in terms of a high-
dimensional random matrices, may be more appropriate. The
crux of the matter is that precisely the crossover dynamics
leading from individually resolved quasiparticle world lines
to the single complex trajectory of a many-body state is hard
to capture in terms of the analytical toolkits of field or path
integration, which may be a reason for the relative scarcity of
such methods in the theory of quantum circuits. (For power-
ful phenomenological, semiclassical, or statistical mechanics
inspired approaches, see, e.g., Refs. [1-7].)

In this Letter we define a random matrix model displaying
such type of crossover dynamics in the simplest possible set-
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ting. The model will serve as a test bed for a path integral
approach whose central ingredient is an interaction vertex
possessing the mathematical structure of a Hadamard prod-
uct. We will discuss how the Hadamard vertex catalyzes the
progressive locking of initially separate subsystem trajecto-
ries to a configuration representing a maximally entangled
ergodic final state. As a representative of various observables
witnessing this dynamics we will consider the spectral form
factor, whose time dependence we will compute analytically
and compare to exact diagonalization. We conclude with a
discussion of the extensibility of the approach exemplified
here to more complex circuit arrays.

The model comprises two Nx-dimensional qudits, X =
A, B, governed by the Hamiltonians Hy ® 13 and 14 ® Hp,
with Hx drawn from a Gaussian random matrix ensem-
ble. The two sectors are entangled via the likewise random
N4 Np-dimensional Hamiltonian Hyp, defining the full Hamil-
tonian H = Hj + Hp + Hup, where we suppress trivial factors
®1 for notational simplicity. Floquet variants of this model
have been recently studied with a focus on spectra [8,9],
eigenstates [10], and entanglement properties [10-13]. While
these analyses were based on combinations of semiclassical,
perturbative, and numerical approaches, we here aim for a
first-principles analysis of the Hamiltonian system by field
integral methods.

We begin our analysis of this model with a qualitative
discussion in terms of Feynman path amplitudes. This picture
will provide an intuitive basis for the subsequent quantitative
formulation in terms of a real-time matrix path integral.

Qualitative discussion. In the absence of coupling, the
spectrum of our model comprises all NyNp different sums
€4 + €pj. While these levels can come arbitrarily close (no
RMT-like level repulsion) they remain statistically correlated
(no Poisson statistics). To understand these correlations, it
is best to switch to time space, and consider the spectral
form factor, which, prior to normalization, is defined as
K@) = (tr[GT()]tr[G™(—1)]) in terms of the retarded and
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FIG. 1. Schematic representation of closed scattering sequences
in A and B Hilbert space traversed in retarded and advanced time
order (outer and inner rings), and starting and ending at times 0
and ¢, respectively. For constructive interference, the sequences must
contain the same scatterers but can be traversed at a relative time
delay, 74 and 73, indicated by dots on the retarded and advanced
contours. Insets: In and out scattering induced by H,, and temporal
structure of the Gaussian propagator Eq. (3).

advanced Green’s functions G*(t) = FiO(&£t)exp(—iHt).
Consider first a single ergodic system, such as the A factor
of our tensor product structure. Representing the trace as
tr(...) = Zu(ul ...|u), the form factor becomes a double
sum over self-returning scattering paths traversed in time ¢,
as indicated in Fig. 1. To leading approximation in N; !, only
paths traversing the same sequence of scattering events in
retarded and advanced chronology contribute upon averag-
ing over the ensemble. However, the anchor points at which
the sequences start in Hilbert space at time r = 0 can be
independently chosen for the two amplitudes, and it is this
sliding degree of freedom, which is responsible for the lin-
earity K(¢t) ~t [14]. Turning to the full problem, the trace
assumes the form tr(...) = Zw(uw ...|uv), where we use
the shorthand notation {(uv| = (1| ® (v|, and the second fac-
tor labels the states of B. On this basis, we now compare the
two alternative approaches mentioned above, paraphrased as
second vs. first quantized for brevity.

Second quantized. Consider the states |uv) = aLb’LlO)
represented in terms of single-particle bosonic operators gen-
erating the subsystem states. Beginning with the uncoupled
system, Hyp = 0, the factorization of the trace tr[G*(¢)] =
tr[Gj (t)]tr[Gj,F(t)] is manifest in this language. It extends to
the form factor, and so K (t) ~ ¢2 in this limit. However, upon
switching on the interaction, we encounter the nonlinear op-
erator (summation convention) Hyp = a;bZHW wv by, ex-
pected to send the full system into an ergodic regime. Defining
the variances of our random Hamiltonians as Na (|Ha . |2y =
Np(|Hpow ) = 32, and NaNp(|Haguvow?) = A2, a straight-
forward golden rule estimate suggests a coupling rate y
A?/x, and hence we expect K(¢) ~ ¢t for time scales ¢ >
y~!. However, the quantitative description of this crossover
requires the solution of an interacting problem, which is non-
trivial in this language.

First quantized. In this representation, H,, , is a ma-
trix of dimension NyNp, and the derivation of a linear form
factor K(t) ~ t follows standard protocols (for example, by
interpreting the construction indicated in Fig. 1 in terms of

scattering paths in tensor product space.) However, it is no
longer straightforward to describe the crossover to K (t) ~ t2
upon lowering Aj; extracting the disentangling into separate
subsystem paths in p and v space and the emergence of two
independent sliding symmetries from the global matrix repre-
sentation is difficult. We observe that neither approach appears
to be well suited to address the middle ground between the two
limiting regimes.

Field integral approach. In the following, we fol-
low a strategy inspired in equal parts by field theories
of disordered systems [15], and the GX approach to
the SYK model (for a review, see Ref. [16]), to con-
struct a theory tailored to describe the form factor at
all time scales. Referring to the Supplemental Material
for details [17], we start in second quantization and next
turn to a real-time field integral representation, K(f) =
| — ai,zb'i,tai,ogi,o)’ where a = {a;, ,} and b = {b; ,} are
now complex commuting field variables, and the causal
index (s = &£) distinguishes between fields propagating for-
ward and backward in time. The functional average (...) =
[ D(a, byexp(iSla, b])(...) is over the action S[a,b]=
Sola, b] + Sinla, b], with Sola, bl = [y dt ", ,%r3(id, —
Hy + i073)x, and Siyla, b] = [ dt ab t3Hspab, where Hilbert
space indices are suppressed for clarity, and t3 is a Pauli
matrix in contour space. The (Itd) time discretization of the
functional integral implies (1) =1, i.e., it yields real-time
Green’s functions without the need for explicit normaliza-
tion [18].

Averaging over the distribution of the three involved ran-
dom matrices produces an effective action containing products
of up to eight field operators. They all occur in combinations
summed over Hilbert space indices, suggesting the introduc-
tion of effective Hubbard-Stratonovich variables (Gx)ff: =
—iNy ! xfu)"cit,(—)sl. We effect this locking via Lagrange mul-
tipliers (Xyx )ff/’, and arrive at the representation (...) =

fD(G, ) exp(iS[G, X]), where S = Sy + Sp + Sap, with

)\’2
Sx[G, ] = iNXtr<ln(i8, — Zx)+ GxZx + 763(),
2NaNp

5 l(Ga© Gp13)*]. (1

A
SaplGl =i
Here, the traces imply summation over all indices, tr(AB) =
[ dtdt’Ass BSS, and we encounter the Hadamard or elemen-
twise product defined as (A @B)ff,/ :Aff,/Bff,/ . In the same
notation, the correlation function assumes the form K(¢) =
(NaNp)*((Ga © Gg)/'f (Ga © Gy )-

Stationary phase. The introduction of the collective (G, X)
variables is rewarded by the appearance of the factors Ny
upfront the action, inviting a stationary phase approach. For
simplicity, we assume that the coupling Hup is sufficiently
weak to not significantly affect the mean-field Green’s func-
tions of our system. Temporarily neglecting the Hadamard
vertex, a variation of the action in G and X (we suppress
the label X = A, B for readability) then leads to the equa-
tions G = (i3, — £)~' and ¥ = A?G, which are solved by
G, = —ir3®[13(t — t')] exp(—A|t — t'|): the average Green’s
functions and the self-energies are rapidly decaying functions
in time, respecting causality. Neglecting 0, in comparison
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to X, the saddle point equations are approximately invariant
under temporally slow rotations, G — TGT ™!, T = (T}
(Note that the rotational symmetry breaking in causal space,
G « 13, identifies the T’s as Goldstone mode fluctuations,
with 9, an explicit symmetry breaking.) The expansion of the
action to leading order in derivatives 0; reads as S[Ty, Tg] =

> x Spc[Tx1, where
Sp[T]=imp / dtdt/tr[rﬂ"”_,l(aﬂ + 3r)Tm], 2

is the real-time representation of the matrix actions known to
produce the random matrix form factor of systems with spec-
tral density pxy = Nx/(wA) [15,19]. With the notation Q =
Tt T~', our correlation function assumes the form K(¢) =
iP5 [1x (93,10 Oxq., ) the factorization implying that at this
level we obtain the product form factor of the decoupled
theory.

However, what is not so evident is how for finite A the
Hadamard coupling vertex will result in a collapse to a single
Goldstone mode Q required to describe an emerging ergodic
phase. Naively, one might speculate that its proportionality
to G4 © Gg ~ Q4 © Qp enforces a locking Q4 = Qp = Q of
the fluctuation fields. However, this is not how it works. It is
straightforward to verify that the vertex does not vanish on
such field configurations, implying that sought-after modes
must be realized differently. The crossover problem articu-
lated in the beginning now assumes a very concrete form: our
path integral must possess a single Goldstone mode with a
uniquely specified action. However, it is not obvious where
this mode hides.

Perturbation theory. In order to get traction with this
problem, and establish contact to the above Feynman path
picture, we turn to a more concrete level and expand the
Goldstone mode fluctuations in generators chosen to anti-
commute with the saddle point ~73, T = exp(Bt4 — Bit),
where t+ = %(n + i) and B = {B;}[19]. The quadratic
expansion of the decoupled theories assumes the form S[B] =
Zinpfdtdt/B,,r(E), + 8,/)3;” implying that the Wick con-
traction of matrices in this free quadratic theory is given
by

(BIHIFB+

L) = AS(AL — AR)B(n, — 1), 3)
with A =1/Q2np), At =ty —t_, and t = (¢4 +1-)/2, and
the & function broadened on the minimal timescale resolved
by the B theory, A~!. Physically, these modes describe the
pair propagation of states indicated in the bottom inset of
Fig. 1, where the temporal constraints imply equal propaga-
tion time of the retarded and advanced amplitude, t,4 — t;4 =
t,_ — t1—, and causality #,; > t;;. Otherwise, the B propagator
is structureless, reflecting ergodicity. Substitution of the ex-
pansion G, — const. + [ d thBI’O and application of the
contraction yields each of the correlation functions as a prod-
uct of two modes (Fig. 1), leading to K(¢) = ]_[X(,o)z( fé drty -
1) o £2, i.e., the product of two form factors, individually pro-
portional to 7. The influence of the Hadamard vertex becomes
transparent once we subject it, too, to the generator expansion.
Referring to the Supplemental Material [17], the latter starts

FIG. 2. Correlation function in the presence of interactions. Top:
For scattering path traversing Fock space in generic, asynchronous
order, only the two-body generalization of out scattering or self-
energy damping is operational. Bottom: For time-synchronized path,
or equal-time scattering sequences in tensor space, in scattering can-
cels against out scattering, stabilizing an undamped ergodic model.

at fourth order, Sap = So+ + So— + Si with
So+ Bl = co / e, ] f diy Bxi, i By, .-
X

SI81 =~ [ drd-Bu Bu Bl By, @

indicating that (i) we are expanding around a proper saddle
point and (ii) it does not induce a trivial mass as a quadratic
term would. Here, ¢, = 2iNANg A% /A3, ¢; = 16iNANgA? /A4,
and the action S,_ is obtained from S, by an exchange B <>
B'. These expressions describe the two-body analogs of the
elementary one-body self-energy and vertex, o and i indicated
in the inset of Fig. 1. Specifically, S, . represents a damping
term correlating the previously independent pair amplitudes
in A and B Hilbert space through out scattering processes, cf.
Fig. 2 top (for the discussion of a similar damping mechanism
for SYK-like models or coupled circuits, cf. Refs. [1,6,7]).
Coupling only to retarded (A4, B+), respectively, advanced
(A—, B—) amplitudes, it leaves the time differences 74 =
tar — ta— and T3 = tp4 — tp_ unconstrained. By contrast, the
competing (note the opposite sign) in scattering vertex does
couple advanced and retarded amplitudes, where the instanta-
neous of the scattering between the A and B sector requires
T4 = Tp, cf. Fig. 2, bottom.

Including these vertices into the computation of the cor-
relation function, we obtain the situation depicted in Fig. 2.
Prior to interactions (cf. Fig. 1), the correlation function K (z)
implies the independent integration over two time arguments
x, X = A, B, parametrizing the temporal delay between re-
tarded and advanced scattering paths. Upon switching on
interactions, generic of these amplitudes suffer out scattering
(top figure), and hence get exponentially damped. However,
for synchronous paths 74 & 73 = t in scattering balances the
out scattering and an undamped contribution ensues (bottom
figure). The integral over the single parameter 7 then pro-
duces the proportionality K(¢) ~ ¢ indicative of ergodicity.
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FIG. 3. Comparison of the spectral form factor Eq. (5) (red) and
numerical simulations (gray), for A/A =0, 0.1 and 2. Dashed and
dash-dotted lines in the insets indicate quadratic, respectively, linear
profiles. For the main plot we use three fitting parameters, resulting
in good agreement (see main text for further discussion).

The projection onto synchronous paths implies that we are
effectively summing over trajectories in tensor product space
t — |uv) (¢), rather than over products of single-particle tra-
jectories t — |u(t)) and ¢ — |v(2)).

A straightforward summation over interaction vertex inser-
tions of arbitrary order leads to the result

K@t)= [(t8)%e " +15], o)

c
NaNp
where y ~ A?/(21), the coupling rate, § ~ A is set by the
width of the spectrum, and ¢ a numerical factor of order O(1).
The first and second term in Eq. (5) are the exponentially
damped contribution of generic asynchronous pairs of single-
qudit paths, and that of undamped tensor product trajectories,
respectively. Our findings are in agreement with the recent
results [8] for the spectral form factor in a related Floquet
model, and the chaotic regime of a complex SYK model [7].

Numerical validation. Before discussing how the analysis
above can be pushed beyond the level of perturbation the-
ory, let us discuss how it fares in comparison to numerics.
Figure 3 shows the analytical prediction Eq. (5) and exact
diagonalization results obtained by sampling over 500 re-
alizations of the matrix model with dimensions Ny = N =
130. The comparison involves three fit parameters, (a, b, ¢) =
(1.08,0.44, 2.11) defined through the proportionalities, y =
aA®/2x,8 = bx, and the normalization in Eq. (5), respec-
tively. The reason why the values a, b are left unspecified is
that our definition of the form factor effectively integrates over
all states in the spectrum, whereas the analytical calculation is
based on approximations valid in the band center. While we
have not been ambitious to push the computation to the higher
level of refinement required for a parameter-free comparison,
the nonmonotonous profile of the form factor predicted by
Eqg. (5) at intermediate values of the coupling is quantitatively
confirmed [20].

Generalizations. It is straightforward to generalize the
above construction beyond perturbation theory, and in this

way identify the Goldstone mode action governing the system
in the long time limit: Starting from the matrix repre-
sentation of observables as Y VWg YarVpr - - — (QaT3 ©
0Op13) - .., we imagine each of the constituent Goldstone
modes expanded in generators W = Br, — B't_, leading to
expressions like (W) © Wg), at nth order in the expansion.
We now observe that each individual Wick contraction ap-
plied in the reduction of such expansions must be subject
to the equal-time difference condition, Wa; ryo, Wht 141, —
War i+ Warier = (Wa © Wa); 141, to escape the damping by
out terms. The recursive application of this condition, im-
plies the collapse (W) © Wg)y — [(W4 © Wp)"],». Finally,
the individual generators appearing in this Hadamard product
must be contracted subject to the rule Eq. (3). With Eq. (3),
and the idempotency ©%(t —t') = ©(¢ — t'), we find that the
product of A and B contractions is equivalent to a single
one, Wy © Wg — W, governed by the action Eq. (2), where
Q =TwT ! and T = exp(W), with the two-body density of
states p o NyNp. In this way, we demonstrate how at time
scales exceeding the coupling time, t ~ A/A? the effective
theory of an ergodic regime in a Hilbert space of dimension
N4Np emerges.

Summary and discussion. We have constructed a path inte-
gral describing the evolution of a tensor product of two weakly
coupled random qudits. For times shorter than a golden rule
coupling time, the latter evolve as nearly independent, but
individually ergodic subsystems, subject to weak damping due
to the interqudit relaxation. However, a crucial feature of the
integral is that it selects temporally synchronous paths, which
are exempt of damping and eventually combine to define the
ergodic phase of the coupled system. Alongside the semi-
classical picture, these contributions afford a nonperturbative
description in terms of a Goldstone mode, Q, representing
the universal causal symmetry breaking principle indicative of
ergodic quantum chaos. Turning back to the tension between
first and second quantization raised in the beginning, we note
that had we approached the problem in the former that Gold-
stone mode would have been visible from the beginning [15].
However, in this formulation the opposite short time regime,
requiring the emergence of two independent modes represent-
ing the subsystems looks inaccessible (or at least we have not
managed to describe it within this framework.)

The exploration of a minimal problem prompts considera-
tions regarding the extensibility to more intricate cases, such
as systems in the SYK class, where the challenge of bridging
between short time quasiparticle evolution [16] and long time
ergodicity [21] remains unresolved, or networks of coupled
circuits. While these must be considered on a case-by-case
basis, a few overarching observations can be made. First,
interacting models subject to statistically independent random
coefficients generically lead to path integrals with Hadamard
vertices. (A case in point is the GX action of the SYK model,
which is governed by an operator G®* in the notation of the
present Letter.) Second, we have seen that the emergence of a
universal ergodic Goldstone mode via this operator followed
from a cancellation of self-energy (out) and vertex (in) scat-
tering processes, which in turn is a robust feature of unitarity.
On this basis, we are optimistic that the concepts introduced
here will become instrumental in the analytical description of
more complex use cases of entanglement dynamics.
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Processed data and PYTHON script used to generate Fig. 3
are available in Zenodo [22].
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