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Nonmonotonic dynamics of nuclear-to-cellular volume ratio under osmotic shocks
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How the nuclear size dynamically scales with the cellular size during osmotic shock treatments remains
controversial. We develop a dynamic model by incorporating the typical interactions between polydisperse
biomolecules and the mechanical elasticity of the cytoplasm and nucleoplasm to investigate this long-standing
critical issue. We find the nontrivial phenomenon that the nuclear-to-cellular volume ratio can vary nonmono-
tonically with time, instead of maintaining a constant as usually known, under the osmotic shocks. Combining
simulations and analytical argument, we validly account for this nonmonotonic dynamic behavior, and identify
its essential regulatory mechanism to be the collaboration of the excluded volume interactions between the
polydisperse biomolecules and the spatial constraint from the nuclear envelope on the macromolecule diffusions.
Our results agree well with the published experiments for cellular and nuclear size controls of the protoplasts. Our
model offers energetic insight in characterizing biology-associated dynamic processes such as macromolecular
crowding, and biophase separation occurring in cytoplasm and nucleoplasm.
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Cells are the fundamental units that make up living or-
ganisms. In particular, the emergence of eukaryotes evolving
more complex intracellular organizations has made the king-
dom of life flourish [1,2]. A long-standing concern for the
eukaryotic cell types is how the nucleus size dynamically
scales with the cell size during cell response to external
stimuli [3-5]. The traditional experience believes that the
nuclear-to-cellular volume ratio, i.e., the N/C ratio, always re-
mains a constant for many intracellular organization scenarios
[4,5]. Research on this issue, however, is far from completely
conclusive. Several avenues such as modifying protein trans-
port, modulating apparent mechanics of the nuclear envelope
(NE), and electrostatic interactions at an intracellular biointer-
face were shown to function experimentally in disrupting the
maintenance of the N/C ratio [6—8]. These studies evidence
the biological complexity that the controls of the cellular and
the nuclear size highly depend on the time evolution of self-
organization and diffusive exchange of diverse biomolecules
between the organelles inside the cell [3,9—-12].

Recent experiments evidenced that the cells with the nu-
cleus inside behaves as an ideal nested osmometer due to their
respective soft nature, suggesting that the osmotic pressures
created by the osmotically active biomolecules, also termed
as (bio)osmolytes, can govern their sizes [4,12]. Whereas, the
existing models [4,5], based upon the van’t Hoff relationship
at the osmotic equilibria state, can hardly quantify the dynam-
ics of the N/C ratio under the osmotic shocks; in particular,
the interactions between the intracellular biomolecules with
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polydispersity in size [13—17] and the mechanical elasticity
of the cell (due to inherent cytoskeletons) [18—20] have been
largely ignored.

In this Letter, we develop a new theoretical framework
to study the osmotically driven dynamics of the N/C ratio.
In our model, the cell and its nucleus are treated as the mi-
crogel and the nanogel, as depicted in Fig. 1, respectively.
The crosslinked gel network (nonosmotic phase) represents
the alike biofunctions of the cytoskeletons to ensure different
elasticities for the cytoplasm and the nucleoplasm [2]. Of note,
the cell membrane is intrinsically viscoelastic, while such a
hallmark has been ignored in our model by considering a
simple scenario that the cell takes the small deformation under
the moderate external stimuli. It showed previously that there
exist prevalently the excluded volume interactions between
the polydisperse (bio)osmolytes in the intracellular crowding
[21-24]. Herein, we consider the intracellular plasma to be
a binary mixture of small and large (bio)osmolytes, regarded
as the hard colloids, and employ the depletion theory at ther-
modynamic equilibria in a free energy density model for their
interactions [16,25,26].

We consider a cell with an initial radius R¢g, as well as
a nucleus with Ry, to take the respective radii Rc(¢) and
Ry (t) over time. In this problem, we dictate that the small and
the large osmolytes are both restricted by the cell membrane
(CM), but only water can freely pass through the CM under
the osmotic shocks. It is this widely adopted assumption that
guarantees the conservation in numbers of the polydisperse
osmolytes inside the cell [4,5]. Within the cell, the nuclear
envelope, a semipermeable membrane, allows the small os-
molytes with a Stokes radius r, < 3 nm, e.g., glycerol and
nucleotide, to freely pass, while it remains impermeable to
the large osmolytes with the radius r;, in the range of 6—
40 nm, e.g., proteins, DNA, and mRNA [4,5,15]. We denote
the components of water, the gel network, and small and

large osmolytes by the subscripts “w,” “g,” “a,” and “b,”
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FIG. 1. Schematics of gel-like colloids mimicking the cell (mi-
crogel) consisted of the nucleus (nanogel). The cell under (a) isotonic
condition, (b) hyperosmotic shifts, and (c) hypoosmotic shifts. The
concentration profiles in (b) and (c) manifest the respective segre-
gation configurations of small and large osmolytes over time. Here,
bao = Ppo = 0.13, ¢py0 = 0.7, r, = 3 nm, and r, = 20 nm.

respectively. Their individual volumes are o; = 471ri3 /3 with
r; being the radii (r, means gyration radius of a segment in
the gel network). The time-dependent volume fractions of
these components are ¢;(r, 1), and ), ¢; = 1 in the cell. The
kinematic equations of water and the osmolytes are governed
by the force balance between the thermodynamic force and the
hydrodynamic dissipative force. Since the components are the
same in the cytoplasm and the nucleoplasm, these equations
can be represented universally in the cell:

Cwa(Vw -V + {wb(Vw Vi) + ngvw +Vuy, = 0 (1a)

f=keT| Y —¢ilngi+ Y.
i=w,a,b i]—:g(;’[z

where a;; = 2n /3)(ri + 1 )? is the second-order virial coef-
ficient to represent the excluded volume interactions between
the osmolytes, and the third term accounts for the elastic
energy due to the small deformation of gel-like cytoskeletons
with the initial concentration ¢y, where Go = mkgT /o, is
the elastic modulus with m crosslinking degree.

Solving Eq. (1) by substituting Eqgs. (2) and (3) and the
condition }_,_, ., . vi¢i = 0, we obtain the velocities V; for
water and the osmolytes (see [27] for their expressions). One
then arrives at the time evolution equations of ¢; with one-
dimensional spherical symmetry
, 1 a@r?Jy)
b= “)

where J; = V;¢; are the fluxes. Here, the use of velocities V; in-
stead of the velocities v; is to implement “soft-cell” approach
(SCA) for solving Eq. (4) numerically with the appropriate
boundary conditions. The SCA we proposed previously is
very portable in addressing moving boundary complexes for

gaw(va — V) + Cab(Va -Vp)+ {agva +Vu, = 0, (]b)
Chw(vb - Vw) + é.ba(vh - Va) + Zhgvb + V/Lh = 0, (1C)

where velocities (relative to the gel network) are used as
Vi=v; — v, (i = w, a, b) with v; being the components ve-
locities relative to the laboratory, and u; = 0,0 f/d¢; are the
respective chemical potentials with f being the free energy
density model. In Eq. (1), assuming the dilute regime, the
frictional coefficient of water molecules percolating through
the osmolytes are much less than that penetrating through the
gel network £y, i.€., {uwa and &y are ignored. The frictional
coefficients of the osmolytes diffusing in water, the plasma,
and the gel network are all given by the Einstein relation ¢;; =
kgT/D;j (i=a,b, j=w,a,b, g, i # j) with D;; being the
self-diffusivities of the osmolytes. The osmolyte diffusivities
in water are given by Stokes-Einstein-type D;,, = kgT /67 nr;,
where 7 is the water viscosity, and those in the gel network
Di,, as well as the ¢,,, are all fully discussed in Sec. I of the
Supplemental Material [27]. To determine the diffusivities of
the osmolytes in the plasma, D, and Dp,, we follow Phillies’
model [5] which is frequently used to fit the microrheological
experiments in vivo [15], which yields

Djj = Dy, exp(—wpio;), 2

where i = a, b, j =b,a (i # j), and the scaling parameters
are suggested as f; = r;B40/20 with B4 ~ 7.4 measured for
a genetically encoded multimeric (GEM) nanoparticle with a
diameter of 40 nm [15]. Note that these diffusivities in Eq. (2)
are often measured on the magnitude of 10713 m? /s [5,15],
which can be matched by taking factor v = 10 in our model.
The free energy density model f(¢y, ¢a, P», $¢) can be sim-
ply given akin to that for the colloidal gel solutions [25,29]:

_ 2
L+ G{%) , 3)

gel dynamics [26,28]. The boundary conditions used here
become concise: (i) At the nucleus center r = 0, no fluxes
exist, J; = 0; (ii) at the CM r = R, the fluxes of the osmolytes
are zero, J, = J, = 0, whereas the water flux is related to the
cell radius by J,, = —Rc (#); (iii) an extra condition is needed
for the constraint from the NE upon the large osmolytes
by Jyl,=r, = 0; (iv) due to condition (iii), the concentration
gradient of the large osmolytes could become very large at
the NE, leading to unexpected instability for the continuous
diffusion equations of the small osmolytes and water. For
simplicity, we assume d¢,/dr = 0 only at the NE in their
diffusion equations.

In our model, the NE has been assumed to be infinitely thin
such that its interfacial energy is negligible [4,5], while the
CM thickness varies with the cell size by & = hy(Rc/Rco)™“
with hy an initial CM thickness [19]. The cellular size,
as validated experimentally [5,19], exclusively relies on the
osmotic pressure difference causing the water flux passing
through the CM, which can be determined by Darcy’s law
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Rc(t) = k AT1/nh, where k is the CM permeability and
ATl = Iy — Ty, is the osmotic pressure difference between
the cytoplasm and the surroundings. Strictly, ITcy(#) deter-
mined by the solid phases ¢;(f) in the cytoplasm is time
dependent. If we first crudely assume AII a constant, R¢ can
be expressed analytically for « = 1 as

Rc/Rco = exp (t ATk /nhoRco) )

which typifies an exponential mode of cellular size control, a
prevalent mode in experiments [5,15]. For the sake of simplic-
ity, Eq. (5) is preapplied for the boundary condition (ii), while
during the SCA calculations, we revisit the time-dependent
nature of Iy, in Eq. (5) by

Hcyt(t) = nkBT Z %Z(d;i)a (6)

; i
i=a,b

where the contribution of the cytoskeletons to the pres-
sure is ignored due to its very dilute concentration (e.g.,
¢ =0.04), n is the matching factor, and the solution

- 5. 2 %3
compressibility factors are given by z(¢;) = W
i/ Pp

where the coefficients are a; =4-1/¢,, a, =10—-4/¢),
and a3 = 18—10/¢,, and ¢, = 0.58 being the loose pack-
ing fraction [29,30]. The osmolyte concentrations used in
Eq. (6) are the volumetric average in the cytoplasm ¢;(t) =
3/, If; r2¢idr/(R2—R3,). A set of coupled diffusion equations
in Eq. (4) can be made dimensionless, such as the dimension-
less time T = 1D,,,/R%, (see Sec. 11 the Supplemental Mate-
rial [27]). Herein, the cellular size in Eq. (5) can be rewritten
in its dimensionless form by R¢(t)/Rco = exp(Cont ATIT)
with ATl = 0,ATI/kT and Cont = 5k Rco/hor>. We dictate
some main parameters fixed in this problem: Rco =3 pm,
hy =100 nm, r, =0.2 nm, r, =3 nm, r; =30 nm, « ~
7x107" m?, and Ryo/Rco = 0.406. Generally, the nucleus
may be softer than the cell [2], and we then subdivide Gy
into GY ~ 0.11 kPa in the nucleoplasm and G§ ~ 10 kPa
in the cytoplasm. We set the water initial concentration as
¢wo = 0.7, and the initial concentrations of the osmolytes
as ¢.0 = ¢po = 0.13. This produces, revisiting Eq. (6), an
initial isotonic pressure in the cytoplasm Hgyt ~ 0.923 MPa
for r, = 20 nm (n = 110) [15].

We first examine the influences of the osmotic shocks.
As Figs. 1(b) and 1(c) show, the hypertonic shock, leading
to shrinkage of the cell, raises the osmolyte concentrations,
while the hypotonic shock, causing swelling of the cell, lowers
them in the cell. We find that the osmotic shocks can cause
the formation of concentration patterns of the osmolytes. For
example, under the hyperosmotic shocks, in the cytoplasm,
the small osmolytes enrich (monotonic increases in ¢,) at the
domains near the CM and the NE, while the large osmolytes
are driven towards the middle domain, and meanwhile, in the
nucleoplasm, the large osmolytes enrich (monotonic increases
in ¢,) towards the NE, while the small osmolytes are repelled
away from the NE (a negative gradient of ¢,). The strong size
asymmetry of the osmolytes enhances the cross interactions
[virial coefficients a,, = ap, in Eq. (3)] whose effect on the
diffusions of the osmolytes is not symmetric [27], which
essentially leads to the formation of specific segregation con-
figurations in the osmolyte concentrations. The exhaustive
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FIG. 2. Dynamics of the cellular size control and the nuclear size
control for (a) hypoosmotic shifts and (b) hyperosmotic shifts. (c)
Nonmonotonic dynamics of the N/C ratio under variable osmotic
shifts. The initial N/C ratio &g = 6.69% and r;, = 20 nm.

analyses, which are also available for our problem, can be
cited in the work on the stratification in drying the binary
colloidal mixtures [31].

Figure 2 shows the dynamics of cellular size, the nuclear
size, and the N/C ratio for different osmotic shocks. Compar-
ing to the R, the Ry displays the nonmonotonic variations
over time [Figs. 2(a) and 2(b)]. In Fig. 2(c), we further sur-
prisingly find that the N/C ratio varies nonmonotonically over
time, instead of maintaining a constant [4,5], during the os-
motic treatment. For the hyperosmotic shocks, the profile of
the N/C ratio behaves as a shape with initial falling and fol-
lowing rising, while a shape with initial rising and following
falling for the hypoosmotic shocks. Particularly, the N/C ratio
at the steady state could maintain the same value as the initial
one. We speculate that the resulting concentration configura-
tions arising from the coupled diffusions of the polydisperse
bio-osmolytes [as characterized by the nonlinear partial dif-
ferential equations in Eq. (4)] act as a major cause of this
nonmonotonic dynamics of the N/C ratio, as well as its main-
tenance at the steady state. Although formulating an analytical
expression finely fitting the numerical profiles of the N/C ratio
in Fig. 2(c) has still remained elusive, we shall simply formu-
late the functional dependence of the N/C ratio (especially at
the steady state) on the osmolyte concentrations by employing
a signature that the polydisperse osmolytes are intrinsically
conserved in numbers within nucleoplasm and cytosol. Let
e(t) = R?V /Rg be the N/C ratio. Since the large osmolytes
are conserved in numbers within the nucleoplasm and the
cytoplasm, respectively, we then have R3, = R§;0¢;;3° / cf)'l}“ and
RL—R} = (R —Ry)¢ /", where ¢f'(¢) and ¢, (¢) are
assumed to be the volumetric average concentrations with
spatial independence. The N/C ratio is then written as (t) =
&o/leo(1—k) + k], where €9 = Ryo/Rco is an initial N/C ratio
and k = ¢, ¢ /o, . Our calculations confirm that the
factor k can closely approximate to 1 for a wide range of
concentrations considered here [27]. Therefore, the N/C ratio
can be estimated by e(t) = go/k. Numerical calculations re-
peatedly suggest that for the special initial condition ¢ =

¢th [used for calculations in Figs. 2(c) and S3 [27]), the
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FIG. 3. Volumetric flux of the small osmolytes across the NE
Ju(t, Ry) varies with time under (a) hyperosmotic shocks and (b)
hypoosmotic shocks. The used parameters are the same as in Figs. 1
and 2. The N/C ratio dynamics can be modulated by (c) the cellular
elasticity and (d) the radius of large osmolyte for different osmotic
shocks.

concentrations ¢}"° and ¢,”" are seen to be totally comparable

at the steady state [Figs. 1(b), 1(c), and S3 [27]], signifying
k =1, which leads to ¢(t — 00) = gy. We then argue that
if the large osmolytes in the nucleoplasm and the cytoplasm
are initially equal in concentrations, their concentrations most
likely maintain to be totally comparable as the cell takes the
new steady state. This regime (k = 1) naturally allows the
maintenance of the N/C ratio at the steady state. Of note,
though the conservation laws of the osmolytes are physically
precise, the present argument, also relying on the numerical
output of the osmolyte concentrations, appears qualitatively
instead of analytically. Our results show that this N/C ratio
maintenance is more robust for the cells exposed to the hy-
perosmotic shocks (similar to the macromolecular crowding
[7,15,16]) than the hypoosmotic shocks [Fig. 2(c)]. In addi-
tion, this maintenance is shown to remain unaffected by the
osmotic shocks and the cellular elasticity [Fig. 3(c)], though
these factors significantly alter the N/C ratio dynamics. For a
more general case ¢fa¢ # ¢,5', also indicating @' # ¢, at
the steady state, we find the visible deviations of &(t — 00)
from ¢ [Fig. S4(a) in Ref. [27]]. We shall suggest here an-
other form to readily evaluate () for this general case,

o Palt)
ba0 ¢ (1)

where we have adopted the conservation law of the small
osmolytes within the cell R} = R ¢p.0/Pa(t). Equation (7)
manifests that the N/C ratio, especially at the steady state,
can be well estimated by only accessing the average con-
centrations of the osmolytes in the cytosol instead of the
nucleoplasm, which is an avenue experimentally preferred.
To further explore analytically the physical origin of the
nonmonotonic dynamics of the N/C ratio, we start from its
time derivative & = SS(RN /Ry — Rc /Rc¢), and naturally ¢ < O

e(t) = g

(N

for a decreasing &, while ¢ > 0 for an increasing ¢. The
sgn(é) (the sign of &) merely depends on the sgn(RN /Ry —
Rc/Rc). By revisiting the conservation equations in Eq. (4),
if considering the concentrations independent of r, we can
rewrite them as —J;(t,r) =r¢;/3 (i =a,w). The cellu-
lar size and the nuclear size are related to the fluxes of
the small osmolytes and water by Rc = —Ju(t,Rc) and
Ry = —[J, (t, Ry) + J,(t, Ry)], respectively. We then obtain
Rc/Re = ¢y, and Ry /Ry = ¢y + ¢, and therefore arrive at
Ry /Ry — Rc /Re = qﬁa. This underlines that the rate of change
of the N/C ratio is negatively correlated with the flux of the
small osmolytes across the NE, i.e., £(t) = —eJ,(¢t, Ry)/Ry.
Accordingly, it produces

sgn[£(r)] < sgn[—J,u(t, Ry)]. ®)

It is clear that the flux of the small osmolytes across the
NE can phenomenally predict the nonmonotonic behaviors
of the N/C ratio over time. Clearly, as seen in Fig. 3(a), the
hyperosmotic shocks lead to the efflux of the small osmolytes,
as well as water, from the nucleus, i.e., J,(Ry) > 0, at the
earlier stage, while as the segregations of the osmolytes form
near the NE [Fig. 1(b)], in which the concentration of the
small osmolytes at the outer side of the NE becomes higher
than that at the inner side of the NE, suggesting that the
small osmolytes will diffuse backward the ucleus, i.e., an
influx towards the nucleus J,(Ry) < 0, at the later stage. This
manifests that, by revisiting Eq. (8), sgn(¢) < 0 (the falling
part) is followed by sgn(¢) > 0 (the rising part) over time,
corresponding to the profile shape of the N/C ratio for the
hyperosmotic shocks [Fig. 2(c)]. A similar analysis, as shown
in Fig. 3(b), could be applied to understand the inverse profile
shape for hypoosmotic shocks [Fig. 2(c)]. With these results,
we argue that the excluded volume interactions between the
osmolytes of different sizes and the preferential localization of
the large osmolytes constrained by the NE mutually determine
either the efflux or the influx of the small osmolytes from
the nucleus, which essentially dominates the nonmonotonic
configurations of the N/C ratio dynamics under the osmotic
shocks.

We probe the effects of the cytoplasm elasticity GS
(roughly regarded as the cellular elasticity) and the radius of
the large osmolyte on the N/C ratio dynamics in Figs. 3(c)
and 3(d), respectively. As Gg varies, i.e., the cell gets softer or
harder, the dynamics of the N/C ratio is significantly affected,
while its value at the steady state remains unaffected. Instead,
the large osmolyte radius can markedly affect the N/C ratio at
the steady state rather than its dynamics. It is indicated that
the biological factors, such as the concentration and the size
of the osmolytes, which are directly involved in modulating
the depletion interactions between the osmolytes, could break
the maintenance of the N/C ratio at the steady state.

Lastly, we compare our simulations with the experiments
for the cellular and the nuclear size controls obtained from
the whole fission yeast cells and the protoplasts [5] in Fig. 4.
Comparing to the whole cell, the protoplast is the cell whose
elastic wall has been removed. Our model in which the elastic
interfacial energy from the cell wall has been ignored for
simplicity is nearly identical to the case of protoplasts. In
fact, though we simply refer to the exponential mode of R¢
in Eq. (5), the employment of the time-dependent osmotic
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FIG. 4. Comparisons between the experiments (symbols with er-
ror bars) and our simulations for (a) the cellular volume V¢ /VC“" and
(b) the nuclear volume Vi /V/°, where V/*° and V= are the volumes
in the isotonic medium, as the functions of the osmotic shocks. The
experiments are taken from Ref. [5], and the dashed lines, i.e., Boyle
van’t Hoff fitting, depict the behaviors of the ideal osmometers in the
absence of membrane tension from the elastic cell wall. The initial
N/C ratio gy = 8%.

pressure Ile,(¢) in Eq. (6) prevents us from formulating
the cellular size analytically, but allows us to access it nu-
merically. Apparently, our simulations and the experimental
measurements share the same linear dependence of the cel-
lular size, as well as the nuclear size, on the osmotic shocks.
This evidences that our model which is capable of quantifying
the nontrivial dynamic behaviors of cellular and nuclear vol-
ume controls can also remain coherent with the existing data
for their volumes at steady state. We also expect our theory

to be further validated by future experiments in terms of
nontrivial phenomena including segregation configurations in
the osmolyte concentrations and the resulting nonmonotonic
dynamics of the N/C ratio.

In conclusion, we have presented a theoretical framework
to investigate the dynamics of nuclear-to-cellular volume
ratio. We confirm the surprising finding of nonmonotonic
dynamics of the N/C ratio, instead of maintaining a constant,
under the osmotic shocks, which challenges the traditional
knowledge [4,5]. We show that this nontrivial dynamics can
be characterized phenomenologically by the specific segrega-
tion configurations in the concentrations of the polydisperse
osmolytes. We further spotlight that the collaboration of the
excluded volume interactions between the osmotically active
osmolytes and the preferential localizations of the large os-
molytes separated by the NE serves as the dominant physical
origin of these observed phenomena. Future work may focus
on extending our simple framework by integrating the factors,
such as homeostasis regimes [5,15] and biointerfacial features
[32,33], to explore the biology-associated dynamic processes,
e.g., macromolecular crowding and biophase separations,
which hold physiological importance for living organisms.
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