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Generic increase of observational entropy in isolated systems
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Observational entropy—a quantity that unifies Boltzmann’s entropy, Gibbs’ entropy, von Neumann’s macro-
scopic entropy, and the diagonal entropy—was recently argued to play a key role in a modern formulation of
statistical mechanics. Here, relying on algebraic techniques taken from Petz’s theory of statistical sufficiency
and on a Lévy-type concentration bound, we prove rigorous theorems showing how the observational entropy of
a system undergoing a unitary evolution chosen at random tends to increase with overwhelming probability and
to reach its maximum very quickly. More precisely, we show that for any observation that is sufficiently coarse
with respect to the size of the system, regardless of the initial state of the system (be it pure or mixed), random
evolution renders its state practically indistinguishable from the uniform (i.e., maximally mixed) distribution with
a probability approaching 1 as the size of the system grows. The same conclusion holds not only for random
evolutions sampled according to the unitarily invariant Haar distribution but also for approximate 2-designs,
which are thought to provide a more physically and computationally reasonable model of random evolutions.
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I. INTRODUCTION

von Neumann, in his book on the mathematical foun-
dations of quantum theory [1], immediately after having
introduced and operationally motivated the quantity that is
now known as von Neumann entropy, notices, however, that
such a quantity is not the right one to consider in the context
of statistical mechanics. This is because, as he writes, “[von
Neumann entropy] is invariant in the normal [i.e., Hamil-
tonian] evolution in time of the system, and only increases
with measurements — in the classical theory (where the mea-
surements in general played no role) it increased as a rule
even with the ordinary mechanical evolution in time of the
system” [1]. In this passage, von Neumann presumably refers
to the free expansion of an ideal gas, in which there is a
strict increase in the (macroscopic) thermodynamic entropy,
although the (microscopic) von Neumann entropy associated
with the state of the gas does not change as the gas undergoes
Hamiltonian evolution.

To meet this challenge, von Neumann proposes the concept
of macroscopic entropy, which takes into account not only the
intrinsic uncertainty associated with the microscopic state of
the system but also the additional uncertainty associated with
the coarse-grained, macroscopic observation with which the
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system is being monitored. As the gas expands, it is this latter
aspect of uncertainty, arising from the limited capabilities of
a macroscopic observer, that increases while the microscopic
degrees of freedom evolve undisturbed.

Since von Neumann’s proposal, macroscopic entropy
has been largely overshadowed by its more famous—and
eponymous—sibling. A notable exception is Wehrl’s review
paper [2], in which macroscopic entropy (therein referred
to as coarse-grained entropy) plays an important role.
Nevertheless, von Neumann’s macroscopic entropy and a gen-
eralization of it called observational entropy have recently
been the subject of renewed interest [3—7] in connection with
the mathematical and conceptual foundations of statistical
mechanics [8] and various applications [9-21].

von Neumann was able to bring the idea of macroscopic
entropy to fruition by proving a powerful H theorem [22],
showing that macroscopic entropy tends to increase, even
in Hamiltonian systems, and typically grows to its maxi-
mum value regardless of the initial state of the system [23].
Unfortunately, however, von Neumann’s result was later mis-
understood and criticized and was forgotten for decades. The
facts are very nicely recounted in Refs. [24,25], which also
have the merit of bringing von Neumann’s theorem back to
the attention of the community.

In this paper, we aim to derive statements similar in spirit to
von Neumann’s H theorem but valid in the more general case
of observational entropy and informed by recent results on
random quantum circuits. In particular, we study the change
in observational entropy that can occur in isolated systems.'

"Here, we follow Ref. [8] and call a system isolated if it can only
exchange work; its evolution is therefore unitary but not necessarily
energy conserving.
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Even in this simple case, very little is known about the dy-
namics of observational entropy: While Ref. [8] showed that
the observational entropy of an isolated system initialized
in a state fully known to the observer cannot decrease, the
conditions for its strict increase, which is the real crux of
the problem, have not been discussed. Also, nothing is known
about the generic behavior of observational entropy, i.e., what
happens if the initial state of the system is arbitrarily given
and the unitary evolution is drawn at random.

In order to fill these gaps, we first provide an explicit
characterization of all situations in which the observational
entropy undergoes a strict increase with time. Such a char-
acterization relies on Petz’s theory of statistical sufficiency
[26-29]. We then move to the case of arbitrary initial states,
for which, based on a Lévy-type concentration bound [30,31]
that we prove for observational entropy, we arrive at a
statement similar to von Neumann’s H theorem: For any ob-
servation that is sufficiently coarse grained with respect to the
size of the system, under the action of Haar-random evolution,
the observational entropy approaches its maximum; i.e., the
state of the system becomes practically indistinguishable from
the maximally mixed (uniform) one, regardless of the state it
started from.

Nevertheless, both physical and computational insights in-
dicate that, rather than the Haar-random unitary model, a
more reasonable model for random evolutions is provided
by approximate 2-designs, i.e., finite sets of unitary opera-
tors which, when sampled at random, are indistinguishable
from a Haar-random evolution up to the second moment. On
the one hand, from a physical point of view, approximate
2-designs turn out to be closely related to the eigenstate
thermalization hypothesis (see, e.g., Ref. [32] and refer-
ences therein). On the other hand, from a computational
point of view, it is known that while the Haar distribution
requires exponentially many random quantum gates, approx-
imate 2-designs can be generated by extremely shallow (i.e.,
polylog-depth) random quantum circuits [33,34]. Motivated
by these arguments, we therefore consider the concentration
of the observational entropy under the action of approximate
2-designs, and by specializing several derandomization tech-
niques [35-38], we show that the observational entropy also
reaches its maximum value in this case, regardless of the
initial state of the system. In this case, since approximate
2-designs can be viewed as very short random circuits, we
can intuitively say that the maximum of the observational
entropy is reached very quickly. In considering thermaliza-
tion [e.g., eigenstate thermalization hypothesis (ETH)] and
entropy increase, it is important to consider chaos and coarse
graining (i.e., discard information). In this study, chaos is
expressed in terms of e-approximate f-design, and coarse
graining is quantified in terms of coarseness of measurement
(Definition 1).

This paper is structured as follows. First, in Sec. II, we
introduce the notations and basic concepts that we will use
in this paper. In Sec. III, we define and explicitly characterize
macroscopic states and prove that under unitary time evolu-
tion, if the system is initialized in a nontrivial macroscopic
state, its observational entropy strictly increases except for a
zero-measure set of unitary operators. In Sec. IV, we consider
the case of arbitrary initial states, and using Lévy-type con-

centration inequalities, we show that the observational entropy
increases generically also in this case. This is proved sepa-
rately for Haar-random unitary evolutions and e-approximate
2-designs.

II. BACKGROUND

Following the standard conventions in quantum infor-
mation theory [39,40], in this paper we consider a finite
d-dimensional quantum system with Hilbert space H, whose
states are represented by density operators p > 0, Tr[p] = 1.
The maximally mixed (i.e., uniform) state is denoted u =
1/d. The von Neumann entropy, i.e., the microscopic entropy,
is defined by the formula S(p) = — Tr[plnp], which is zero if
and only if the state p is pure, i.e., a rank-1 projector on some
unit vector |¢) € H. Another central quantity is the Umegaki
quantum relative entropy [41,42], defined as D(p|lo) =
Tr[p(Inp — Ino )], where o > 0 is an invertible reference (or
prior) state. Whenever p and ¢ commute, the Umegaki rel-
ative entropy coincides with the Kullback-Leibler divergence
[43]. An observation (measurement) on the system is mathe-
matically represented by a positive operator-valued measure
(POVM), i.e., a family P = {P,}, of positive-semidefinite op-
erators P, > 0, labeled by a finite set X = {x} (the outcome
set) and normalized so that > P, = 1: Given the state of
the system p, the expected probability of observing outcome
x is computed as p, = Tr[P, p]. Whenever all the elements
of a POVM are projections, i.e., PPy = 8, Py, we speak
of a projection-valued measure (PVM). A PVM is trivial if
one of its elements is the identity operator 1 (and all the
remaining elements are null). In what follows, as very often
done in the literature, it will be convenient to think of an
observation as a quantum-to-classical channel, i.e., a map
P(-) =Y, Tr[P; -1lx){x|, where |x) are orthonormal vectors
in an auxiliary Hilbert space with dimension equal to the size
of the outcome set X. Finally, we recall the idea of POVM
postprocessing [44,45]: Given two POVMs P = {P,},cx and
0 = {0, },cy, defined on the same Hilbert space H but with
possibly different outcome sets, we write Q < P whenever
a conditional probability distribution p(y|x) exists such that
0y, =) . pOylx)P forally e Y.

A. Observational entropy

The observational entropy (OE) of a microscopic state p
with respect to a POVM P = {P,},cx is defined as [3-8]

Sp(p) = — Z pxlnf,—j

= Ind — D(P(p)||Pw)),

where p, = Tr[P, p] and V, = Tr[P,]. Since V, = 0 implies
P, = 0 and hence, in particular, p, = 0, without loss of gen-
erality we can consider only POVMs with V, > 0 for all
x € X, so that the OE is always finite. von Neumann’s orig-
inal definition of macroscopic entropy is limited to PVMs.
The presence of both the probabilities p, and the volume
terms V, suggests that OE somehow “interpolates” between
Boltzmann’s and Gibbs’ entropies. Indeed, when one partic-
ular ¥ exists such that p; = 1, OE recovers the Boltzmann
entropy InV;, whereas when the volume terms are all equal to
1, OE coincides with the Gibbs entropy — > p,Inp,. In the
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latter case, in particular, if the POVM consists of the orthog-
onal projectors on the energy eigenbasis, then OE recovers
what is known as diagonal entropy [46]. It is straightforward
from the definition that the difference of Sp(p) from its max-
imum value Ind indicates how distinguishable state p is from
u by measurement P.

The fundamental bound of OE, which is a consequence of
the data-processing property of the Umegaki relative entropy,
is Sp(p) = S(p), which holds for any choice of p and P [6].
States that saturate the bound, i.e., states p such that Sp(p) =
S(p), are called macroscopic for P. The reason for this name
comes from the fact that the condition Sp(p) = S(p) holds if
and only if [6]

P,
p= ;Tr[Px Pl (1)

which means that the state p can be inferred [47—49] only
from the knowledge of the measurement P and its outcomes’
statistics p,. This is all and the only information that is avail-
able to the macroscopic observer [6]. In this precise sense,
then, states that satisfy the equality Sp(p) = S(p) are called
macroscopic. Note that the maximally mixed state u is always
macroscopic for any choice of POVM P. Moreover, u always
achieves the maximum value of OE, that is, Sp(z) = Ind.

III. OBSERVATIONAL ENTROPY INCREASE
IN MACROSCOPIC STATES

As anticipated in the Introduction, one of the main reasons
to consider OE is that it can increase even in isolated systems,
in contrast to von Neumann entropy, which instead remains
constant. Motivated by Ref. [8], we begin our study by con-
sidering the behavior of OE when the initial state of the system
is macroscopic. Such an assumption will be lifted in the rest
of the paper.

Let us thus consider an isolated system evolving in time
from ¢t =1y to t =1t > ty. Let py be the initial state of the
system, U describe the time evolution from #; to #;, and p; =
U poU" be the state of the system at ¢,. Let us also assume that,
at time f, the system’s state is macroscopic for P. While the
von Neumann entropy S(p;) of the system remains constant
(as a consequence of the fact that the von Neumann entropy
depends only on the spectrum of the density operator, which
does not change under unitary transformations), for the OE
we have

Tr[P,
Se(p1) = — Y TrIP, pylin P

Tr[P]

Tr[UTP.U pol
=3 TrHUPU polln—— P2
Xx: 'l A T

= Syipu(P0)
> S(po) = Sp(po) = S(p1). )

The final inequality holds because py is macroscopic for P but
may not be so for U TPU. Thus, from the above discussion,
we immediately see that (1) the OE of an isolated system
starting in a macroscopic state never decreases (cf. Lemma 5
in [8]) and (2) it remains constant if and only if p; is also
macroscopic for the same P as pp. Given that, the question

that we want to consider now is, When does the OE strictly
increase? In order to answer this question, we first need to
provide a characterization of all macroscopic states associated
with a given POVM P = {P,}. While Eq. (1) provides an
implicit characterization, the following theorem provides it
explicitly.

Theorem 1. Macroscopic states. Given a POVM P = {P,},
a state m is macroscopic for P, i.e., satisfies Eq. (1), if and only
ifaPVM I = {I1,},, with IT < P, together with coefficients
¢y = 0, exists such that

m=Ycm, 3)
S

The full proof of Theorem 1, which is based on the theory
of statistical sufficiency [28,29], can be found in Appendix A;
here, we comment only on its consequences. We first note
that, since the maximally mixed state u is macroscopic for
any POVM but remains invariant, the interesting situations,
i.e., those in which a strict increase in OE can occur, may
arise only if nonuniform macroscopic states exist. As a conse-
quence of Theorem 1, a necessary condition for a state m to be
macroscopic for a POVM P = {P,},c is that [m, P,] = O for
allx € X. This fact, whose proof can be found in Appendix A,
immediately tells us that, in the case of an isolated system
initially prepared in a nonuniform macroscopic state, only a
very restricted set of unitary operators, i.e., those that satisfy
the conservationlike relation

[UmUT,P]=0 Vx,

can preserve the observer’s information about the system,
whereas a generic evolution, such as one uniformly sampled
from the entire set of unitary operators, will necessarily cause
a strict increase in OE. In such cases, although the micro-
scopic evolution is perfectly reversible, from the macroscopic
observer’s point of view, information is irreversibly lost.

IV. OBSERVATIONAL ENTROPY INCREASE
IN ARBITRARY STATES

In the above discussion, we used algebraic arguments to
treat the case of isolated systems that are initially prepared
in nonuniform macroscopic states. In what follows, we in-
stead apply measure-theoretic ideas, in particular Lévy-type
concentration bounds, to show that, under appropriate as-
sumptions, no matter what the initial state of the system is
(macroscopic or not, pure or mixed), if the observation is
sufficiently coarse with respect to the size of the system, the
probability that a random unitary evolution will bring the OE
of the system close to its maximum value Ind so that the
state of the system becomes macroscopically indistinguish-
able from the uniform distribution is close to 1.

In order to formalize this intuition we begin with the sim-
plest, although highly idealized, case of a random evolution
sampled from the Haar (unitarily invariant) distribution (the
proof is given in Appendix B).

Theorem 2. Haar-random case. Let us consider a d-
dimensional system in an arbitrary (but fixed) state p, a
POVM P = {P,} with a finite number of outcomes, and a
value § > 0. For a unitary operator U sampled at random
according to the Haar (unitarily invariant) distribution, the
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probability that the system’s observational entropy Sp(U pU ™)
is é-far from the maximum value Ind can be bounded as
follows:

Pu{Sp(UpU") < (1 — 8)Ind}

< 4 e—CSK(P)zdlnd 4)
= k(P) '
where «(P) = min, Tr[P, u] = iminx Vi and C = ﬁ ~

0.0018 > 2710,

In other words, after a random unitary evolution, under
any sufficiently coarse observation, the system will essentially
look as if it were in the maximally mixed state, no matter what
its actual initial state was. Looking at Eq. (4), the parameter
that decides whether the POVM is sufficiently coarse with
respect to given dimension d and tolerance § is the parameter
k(P) € (0, 1), which is a universal parameter, i.e., indepen-
dent of the system’s initial state. For the right-hand side of
Eq. (4) to be small, «(P), which is the ratio between the
smallest volume term of the POVM and the total dimension d,
has to play well with C, §, and d. This condition is reminiscent
of von Neumann’s condition on the minimum volume of the
phase cells in his proof of the H theorem [22]: “The number
of states (quantum orbits) in each phase cell has to be not
only very large, but also on average quite large compared to
the number of phase cells.” In our notation, the role of the
number of states in each phase cell, that is, the minimum
thereof, is played by min, V, = d« (P), while the number of
phase cells is just the number of possible outcomes, i.e., the
number of elements of the POVM P. Let us denote the latter
by N(P). We can thus summarize von Neumann’s condition
as N(P) < dk(P).

The normalization of the POVM, i.e., Zx P, =1, implies
that N(P)x(P) < > Tr[P, u] = 1 or, equivalently, N(P) <
1/k(P). Hence, if 1/k(P) < dk(P), that is, if

Vd < di(P) = min Tr[P,], 5)

then von Neumann’s condition is satisfied. A schematic illus-
tration is provided in Fig. 1. As we will show next, condition
(5) is closely related to the requirement that the right-hand
side in (4) goes to zero as d goes to infinity.

A. Taking the limit

Condition (5) requires min, Tr[P,] to be much larger than
Vd while remaining smaller than d /N (P) (as a consequence
of the normalization). One might wonder how restrictive this
requirement is. As the following back-of-the-envelope calcu-
lation shows, it is not particularly onerous. That is because,
already for moderate dimensions, there is a lot of room avail-
able between +/d and d ; see Fig. 1 for an illustration. To
get an idea of the orders of magnitude we are talking about,
let us consider a system comprising 128 qubits (d = 2!%%)
and take, for example, 6 = 275 and min, Tr[P,] = 2%, i.e.,
k(P) = 2738, Using these numbers, the exponent in (4) is
bounded as

180

Ctoas2
Cék(P)*dInd > 27192 5ﬁ27 =24

d

TE 2

FIG. 1. A schematic illustration to help visualize, in a nonrig-
orous but intuitive way, von Neumann’s condition, as formalized in
Eq. (5). The outermost light blue circle represents the total Hilbert
space, which has dimension d. The inner green circles represent the
POVM elements: The circles overlap, which means that the POVM
elements need not be orthogonal. The dark gray inner core represents
the von Neumann bound (5): The green circles should all be quite

larger than their inner cores. As d grows, there is a lot of room
between d and +/d to accommodate many POVM elements.

meaning that the probability that the OE, after a Haar-random
evolution, does not exceed (1 —27%) x 128 = 124 bits is less
than 2% x exp[—2*] ~ 0.

While Theorem 2 provides a bound on the probability of
large deviations when all parameters [i.e., « (P), d, and §] are
fixed, a better understanding of their interplay can be obtained
by looking at the asymptotic behavior of (4). To this purpose,
let us consider a sequence of systems and observations in the
limit of d (i.e., the system’s Hilbert space dimension) tending
to infinity. We must first define exactly what it means for
a sequence of observations to be “asymptotically coarse.” A
possible (but by no means unique) definition is as follows.

Definition 1. Asymptotic coarseness. Consider a sequence
of systems with increasing dimension d and, in each sys-
tem, a POVM P = (P}, . For each d, define x(d) =
K (P) = min,, Tr[P u]. We say that the sequence of
POVMs {P“)} ;. is asymptotically coarse whenever a t > 0
exists such that

K(d) = Qd~2), 6)
i.e., whenever 3M > 0 and 3d, such that
K(d)=Md=2" Yd > d,. 7

The above definition can be justified starting from
von Neumann’s condition (5) as follows. Let us assume
that, in the limit d — oo, von Neumann’s condition be-
comes N(d)/dk(d) — 0. For k(d) ~ d“, using the fact that
N(d)x(d) <1 (a consequence of the normalization of the
POVM), we obtain

Nd) _ 1
dr(d) ~ dx(d)?
~ d72a71

’
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which goes to zero if and only if @ > —1/2, in agreement with
Definition 1.

An alternative justification for Definition 1 can be de-
rived directly from Theorem 2. For an asymptotically coarse
sequence {PD},cn of the POVM, i.e., such that «(d) =
Qd —5+t ), the right-hand side of Eq. (4) is of the order of
dr~7e~C3d"nd \which goes to zero for any § > 0 in the limit
of d — oo. Therefore, for a system of sufficiently large di-
mension d, it holds that

Spar (U pUT
]P’H{—P(d)( p )>

o 1—5} 1 ®)

for any § > 0, in line with what would be expected from a
typical, coarse macroscopic observation.

B. Physical random evolutions

The Haar distribution, while mathematically convenient,
is often considered an unphysical model for random evolu-
tion because the amount of randomness required to sample
from it, even approximately, grows exponentially with the
dimension of the system. To address this problem, following a
recent trend in theoretical condensed matter physics (see, e.g.,
Refs. [50,51]), we replace the continuous Haar distribution
with e-approximate 2-designs, i.e., finite sets £ of unitary op-
erators which, if chosen at random, are able to reproduce, up
to an error ¢ > 0, many features of the Haar distribution that
are of physical interest [35,36]. The relevance of approximate
2-designs lies in the fact that it was recently shown, using
rigorous complexity-theoretic arguments [37,38], that, indeed,
g-approximate 2-designs and, more generally, k-designs can
be efficiently implemented as short random circuits, further
justifying them as a physically reasonable model for random
evolutions. As shown in Appendix B, we are able to derive a
more general law of generic OE increase that is also valid for
g-approximate 2-designs.

Theorem 3. Approximate 2-design case. For a unitary op-
erator U sampled at random from an e-approximate 2-design
&, regardless of the initial state p of the d-dimensional system
at hand, we have

Pe{Sp(UpU™) < (1 — 8)Ind}

_ 1 41 +e)
S k(Pdlnd

©))

for any value § > 0.

The upper bound given in Eq. (9) is weaker with respect
to that given in Eq. (4) since the negative exponential rate in
d that was present in (4) is now lost, replaced by (dInd )1,
This is due to the fact that the assumptions in Theorem 3 are
weaker, in the sense that an e-approximate 2 design is only an
approximation of the ideal, but unphysical, Haar distribution.
Again, we emphasize that while e-approximate 2-designs are
physically reasonable because they can be implemented effi-
ciently with little randomness [37,38], the Haar distribution is
more of a mathematical abstraction.

Nevertheless, the right-hand side of Eq. (9) is still very
small in a large window of parameter values. For example,
using the same values of the parameters that we used in the
back-of-the-envelope calculation that we did for the Haar-

random case, the probability that the OE, after an evolution
sampled at random from an e-approximate 2-design (¢ < 1),
does not exceed 124 bits (when the maximum is 128) is again
quite small:

1 4(1+e) 2238
< —
k(PYdlnd § 2271

x 28 =21

Note that, crucially, «(P) is again the only parameter that
depends on the POVM; everything else is fixed.

More importantly, Eq. (9) still allows us to prove an asymp-
totic result, although the notion of asymptotic coarseness
given in Definition 1 must be modified with respect to that ob-
tained before using Eq. (4). Now, in the case of e-approximate
2-designs, we require that «(d) = Q(d’%“) for some 7 >
0. Intuitively, this means that von Neumann’s condition (5)
has to be replaced with d*/* « min, Tr[P,]. In other words,
asymptotic coarseness for e-approximate 2-designs is coarser
than in Definition 1, which was introduced having in mind the
case of Haar-random unitaries. But if the stricter requirement
is satisfied, the right-hand side of Eq. (9) is of the order of
41 + 5)/(8d3flnd), which goes to zero for any ¢, > 0 in
the limit of d — oo. Therefore, for any sufficiently large d,
even in the case where U is sampled from an g-approximate
2-design &, it still holds that, for any § > 0,

]Pg { SP(m(UpUT)

-8} — 1. 1
> }—> (10)

V. CONCLUSIONS

In this paper we demonstrated three ways in which ob-
servational entropy tends to increase and reach its maximum
in isolated systems undergoing a generic unitary evolution.
First, we showed that if the system starts in a nonuniform
macroscopic state, only unitary operators belonging to a sub-
variety of zero volume in the set of all unitaries keep OE
invariant; otherwise, OE strictly increases. Our proofs here
were entirely algebraic, relying on Petz’s theory of statistical
sufficiency. We then moved on to the problem of showing
that the increase of OE in sufficiently large systems and for
sufficiently coarse observations is a generic phenomenon, in-
dependent of the initial state of the system. We considered
both Haar-random evolutions, which give better bounds but
are not physically reasonable, and e-approximate 2-designs,
which give looser bounds but provide a realistic model of
random physical evolutions. In both cases, we found that for
sufficiently large systems and coarse observations, the state
of the system quickly becomes indistinguishable from the
uniform one.

An important point left open for future research is the con-
nection between the random evolution assumption used here
and the eigenstate thermalization hypothesis, which has also
been shown to lead, under additional physical assumptions,
to statements similar to ours [52-54]. Another open question
is to see whether it is possible to show OE concentration in-
equalities for concrete Hamiltonians, such as the free-fermion
chain [55], or for random matrix product states and their long
time averages [56].
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APPENDIX A: CHARACTERIZATION OF THE
MACROSCOPIC STATES (PROOF OF THEOREM 1)

Lemma A 1. Suppose that Q = {Q,} is sharp; i.e., a unit
vector |¢,) exists such that Qy|¢,) = |¢,) for all y € Y [57].
Suppose also that another POVM P = {P,} exists such that
O < P. Then, the postprocessing transforming P into Q is
deterministic, i.e., p(y|x) € {0, 1} for all x and y.

Proof. Let us choose and fix some y € ) and let |¢5) be
such that (¢5|Q5|¢y) = 1. Such a vector exists because Q is
assumed to be sharp. Then,

1= (¢51051¢5) (A1)
= Y pGlO(dsIPl¢s) (A2)
x:p(¥|x)=>0

< D (@5IPdey) (A3)
x:p(ylx)>0

< 1. (A4)

Therefore, for all x € X, the probabilities p(y|x) must be
either 1 or 0. Since the same holds for any choice of ¥, the
statement is proved. |

Proof of Theorem 1. By definition, m is a macroscopic
state if and only if

D(mllu) = D(P(m)||P(u)). (AS)
As proved in [6], the above condition is equivalent to
Py
= Tr [P, m]—. A6
m Z TPl (A6)

This conclusion is obtained simply by noticing that the set of
macroscopic states coincides with the set of fixed points of
the composite channel [Rp , o P](-), where Rp , is the Petz
transpose map [26,27] of P(-) := Y Tr[P, -]|x)(x|, com-
puted with respect to the maximally mixed prior u, that is,

Py
Tr[P]

Rpu() =Y (x| |x) (A7)

It is easy to verify that

P,
[Rp.uoPI) =) TrP: -] (A8)

Tr[P]

According to the terminology introduced in [6], [Rp , o
Pl(p) is the coarse-grained version of p, done with respect
to the measurement P. A state is macroscopic for P if and
only if it coincides with its own coarse-grained version.

The condition (A6) is satisfied for m’ := )" ¢,I1,. Indeed,
we have ’

- Pr P,
Zx: Tr[P, m ]Vx = Z ¢y Z Tr[le'Iy]vx (A9)
P
=Y > 'mmé
y x:suppP, CsuppIl,
(A10)
=) o, (A1)
y
— (A12)

where the second and third lines follows from Lemma A 1.

Conversely, suppose that m satisfies Eq. (AS5), and let
{lex)}x be an eigenbasis of m. Correspondingly, let us define
the map

diag, (X) := Y ex)(exl X lex) (exl.
k

As shown in Sec. 4.2 of [28], Eq. (AS) implies that

mIl, = ¢,I1,, (A13)

where II, := er X, diag (P,) for some partition of X
into disjoint subsets as X =X} UAX, U---U A, such that
diag, (P,)diag,, (Py) = 0 whenever x and x’ do not belong to
the same subset. Note that, in general, such a partition is not
uniquely defined.

It is easy to see that the operators I, are, by construction,
positive semidefinite and orthogonal to each other. More-
over, since 1 = diag, (1) = diag,,(}_, P,) = )_, diag,,(P,),
the set IT = {I1,}, in fact constitutes a PVM. Thus, by sum-
ming (A13) over y, we immediately obtain Eq. (3) in the main

text, i.e.,
m= Z oI,
y

We still need to show that, for any such a partition, the
corresponding PVM I satisfies I < P. This is due to the
fact that, since ker diag,, (P,) < ker P, i.e., supp diag,, (P,) 2
supp Py, two POVM elements P, and P, must have orthog-
onal supports whenever x and x’ belong to different subsets.
Thus, not only does I, = er X, diag,, (Py), butin fact, I, =
erx‘. P, thatis, IT < P. [ ]

In particular, if m is macroscopic for P = {P,}, then

[m,P]=0

for all P, € P. In order to show this, for any PVM II = {I1,}
such that I1 < P, as a consequence of Lemma 1 we have
I, :=3" . x, Prs where X, are disjoint subsets covering X.
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Then, supp I1, 2 supp P; for all x € &}, and given II, is a
projection, we see that I1, acts as the identity operator on the
supports of all the P,’s it comprises. Moreover, it acts as the
null operator on the support of all remaining P,’s. Thus, any
I1, commutes with any P, although we notice that the opera-
tors P, need not commute with each other. As a consequence,
since macroscopic states are just linear combinations of IT,’s,
they all commute with all P,’s.

APPENDIX B: CONCENTRATION OF
OBSERVATIONAL ENTROPY

The proof strategy that we use here is to show that, for a
unitary sampled at random, the probability that Tr[U pU " P]
is “close” to Tr[u P] for any density matrix p and any non-null
effect 0 < P < 1 is “high.” We then use this fact to bound the
probability of large deviations in observational entropy.

1. From probability to observational entropy

Lemma B 1. Let p be a density operator and P = {P,},cx
be a POVM such that |X| < +o00. Let v denote a measure
on the d-dimensional unitary group Uy, and let P, denote the
corresponding probability of an event. Suppose that a real-
valued nonincreasing function g exists such that

P {ITr[UpU'P] — Tr[uP,]| > &} < g(&) (B1)
for all x € X and & > 0. Then, it holds that

Py {Sp(UpU") < (1 = 8)Ind} < % 8k (P)¥/8Ind), (B2)

where « (P) := min,cy Tr[uP,].

Proof. Define probability distributions p = {p,}, and q =
{gx}« by px = Tr[UpU'P,] and g, = Tr[uP,]. By the defini-
tion of the observational entropy, we have

Ind — Sp(UpU") = Dxi(pllq), (B3)

where Dyp is the Kullback-Leibler divergence for clas-
sical probability distributions defined by Dk (pllq) =
> p«In(py/gy). The condition Sp(UpU) < (1 —8)Ind is
thus equivalent to Dgy (pllq) = §lnd. We will invoke the fol-
lowing upper bound on Dy :

(Px — qx)? o 1XTmax,(py — q:)?
N .
qx min, g,

D (pllg) < . (B4)

X

where the first inequality was proved in [58] (see Lemma A.3
therein). The condition Dy (p|lq) = §lnd then implies

|X | max,(py — q.)*

<P > éInd, (BS)

which is equivalent to

. k(P)8Ind
max |Tr[U pU'P,] — Tr[uP,]| > T (B6)

Thus, we have

P, {Sp(UpU™) < (1 — §)Ind}

< ]P’,,{ max |Tr[U pU " P,] — Tr[uP]|

k (P)8Ind
> [ — B7
VX } ®7

<Y B { ITe[U pU" P.] = Tr[uPy]|

N x (P)8Ind (B8)
- X

< |X| W (Bg)
< 8 X

1
< —— g(K(P)\/(Slnd), (B10)
Kk (P)
where the last line is due to | X |« (P) < 1. ]

2. Concentration with Haar-random unitaries
(proof of Theorem 2)

Lemma B2. (Lemma 3.2 in [36]; see also [30,59].) Let f
be a Lipschitz function on U, with the Lipschitz constant n
defined by

If(U) = fW)]
= - Bl1
" i, U = Unllz (BID
Then
Pu(lf —Enlfll > &) < 4exp (—9 3 252), (B12)
o

where Py denotes the probability computed with respect to
the Haar (unitarily invariant) measure on U; and Ey[f] de-
notes the corresponding mean of f.

Lemma B3. Let p be a density operator, and let P be a
positive-semidefinite operator such that P < 1. For a Haar-
distributed random unitary, it holds that

+ d 2
Pu{| Tr[U pU"P] — Tr[uP]| > §} < 4exp (‘ 18i3)'

(B13)

Proof. Due to Lemma B2, it suffices to prove that the
Lipschitz constant of the function f:U ~ Tr[UpU'P] is
bounded above by 2. By the triangle inequality and the
Cauchy-Schwarz inequality, we have

ITr[Uy pU{ P] — Te[U>pU, P]|
= |3Trl(U) + U)p Uy — Uy)'P]

+ 3 Tr[(Uy — U)p(Us + Up)'P]|  (B14)
< SITr[(Uy + Un)p(Uy — Un)'P)|

+ 3ITr[(U — U)p(Uy + Un)P]] (BIS)
< U = U2 21P(Uy + Un)pll,- (B16)
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Taking a diagonal decomposition p =), A;le;)(e;], the sec-
ond term in the last line can be bounded as

IP(U + Ua)pll3 = Trlp(U; + Ua) P2(U; + Us)p] (B17)
< TrlpU; + Un)' (U +Un)p]l  (BIS)

d
=D MU+ Ua) (U + Un)ler)

i=1

(B19)
d
<Y ORI+ U (B20)
i=1
< 4Tr[p?]. (B21)
This implies
Tr[U, pU, P] — Tt[U2pU, P
| [Uip 1 ] [U2p 2 ]|<2 Tr[p2]<2 (B22)
U1 — Uall»
and completes the proof. |
Proof of Theorem 2. 1t follows from Lemma B 3 that
dg>
Puf{l Tr[U pU"Pi] — Tr[uP]| = &£} < 4exp | —
1873
(B23)

for all x. Applying Lemma B 1, we obtain

Pu{Sp(UpU") < (1 — §)Ind}

4 8
< - P)*dInd |, (B24
K(p)‘”‘p< ok P) n) (B24)
where k (P) := min,cy Tr[uP,]. |

3. Concentration with approximate unitary designs
(proof of Theorem 3)

Next, we consider the concentration of observational
entropy by approximate designs. Various definitions of ap-
proximate unitary designs have been proposed, depending on
what measure is used to define “approximate.” We adopt the
following version proposed in Definition 4 in [37].

Definition B1. Fix ¢ > 0 and ¢ € N. A unitary ensemble
& = {pi, Ui}, is an e-approximate (unitary) z-design in the
diamond distance if

t!

[Mg = M|, < e

Vel (B25)

Here, MY(X):= Y1 pUPXU)®, and My (X):=
E[U@X(UT)@’].

Lemma B4. Let p be a density operator, and let P be a
positive-semidefinite operator such that P < 1. It holds that

ST

2
Pe{| Tr{U pUP] — Te[uP]| > &) < é“ “)(%) ,
(B26)

Here, U is sampled from an e-approximate #-design in the
diamond distance.
Proof. By Markov’s inequality, we have

Pe{| Tr[U pU'P] — Tr[uP]| > &)}

= Pe{| Tr[UpU'P] — Tr[uP]|' > &'}  (B27)

< lEgn Tr[U pU ' P] — Tr[uP]|'].

< B28
: (B28)

Due to the convexity of f(z) = |z|', with Y_'_; A;|i){i|] being
the spectral decomposition of p, we have

Es[| Te[U pU TP — Tr[u P1|]
=E¢ Z A(Te[U0) G| U TP — Tr[uP])

i=1

(B29)

< D MEEl| TrU )il U P] — Tr[uP]['].

i=1

(B30)

We will invoke Corollary 24 in [37]: Given a pure state |¢)
and a positive-semidefinite operator P < 1, it holds that

2\ 2
Eel| Te[U]¢)(@|UTP] — Tr[uP]|'] < (1 + 8)(3) ., (B3D)
where U is sampled from an g-approximate (in the diamond
measure) 7-design £. Applying this to each term in (B30), we
complete the proof. ]
Proof of Theorem 3. 1t follows from Lemmas B 1 and B4
that

t

. 1 12 2
Pe{Sp(UpU") < (1 — 8)Ind} < +8( > .

k(P) \ k(P)*5dInd
(B32)

with U being randomly sampled from an e-approximate z-
design £ in the diamond distance. Substituting ¢t = 2 yields
inequality (9). |

Remark B1. It was proved in [38] that approximate uni-
tary designs can be implemented on D-dimensional lattices
by a local random quantum circuit of depth polynomial in
the lattice size. Although the measures adopted in [38] to
define “e approximate” are different from Definition B 1
above, they affect the circuit depth only polynomially. Hence,
we conclude that the concentration of observational entropy
occurs even under random unitaries generated by random
polynomial-depth quantum circuits, which is often regarded
as a physically more realistic model of local quantum chaotic
dynamics. In other words, our setup is a toy model of the
physical ETH many-body Hamiltonian [32].
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