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Group twirling is crucial in quantum information processing, particularly in randomized benchmarking and
randomized compiling. While protocols based on Pauli twirling have been effectively crafted to transform
arbitrary noise channels into Pauli channels for Clifford gates—thereby facilitating efficient benchmarking and
mitigating worst-case errors—the lack of practical twirling groups for multiqubit non-Clifford gates remains
a challenge. To address this gap, we study the issue of finding twirling groups for generic quantum gates,
focusing on a widely used circuit structure in randomized benchmarking or randomized compiling. Specifically,
for multiqubit controlled phase gates, which are essential in quantum algorithms and directly implementable in
practice, we determine optimal twirling groups within the realm of classically replaceable unitary operations.
Contrasting with the local Pauli twirling group for Clifford gates, the optimal groups for such gates contain
nonlocal operations, highlighting the overhead of tailoring noise in global non-Clifford contexts. We design
new benchmarking procedures for multiqubit controlled phase gates based on the optimal twirling groups. Our
simulation results show that our scheme can improve the precision and accuracy of benchmarking in small-scale

systems.
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I. INTRODUCTION

There has been an increased interest in quantum informa-
tion processing due to its potential revolution in both science
and technology. While quantum computing holds the promise
of quantum advantages, its practical implementation faces
significant challenges, primarily due to the inherent noise of
quantum systems. When dealing with quantum noise, group-
twirling-based noise tailoring is an essential step. Group
twirling symmetrizes the noise channel [1,2], allowing ac-
curate and efficient extraction of noise channel parameters.
Then, it enables efficient noise characterization and sub-
sequent quantum control optimization [3,4]. This principle
underlies the randomized benchmarking (RB) methodology
[5-8], which stands out as a major quantum benchmarking
technique due to its low sample complexity and resilience
against state preparation and measurement (SPAM) errors.
Moreover, group twirling is essential in randomized com-
piling [9], which turns generic noise into a Pauli channel,
reducing the worst-case error of quantum gates and facilitat-
ing Pauli channel learning protocols [10-13].

While randomized benchmarking and randomized com-
piling have seen considerable advancements, efficient noise
tailoring protocols for multiqubit gates mainly focus on the
Clifford case, primarily achieved through Pauli group twirling
[9,14,15]. For multiqubit non-Clifford gates, researchers also
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made some progress and proposed benchmarking protocols
for two kinds of quantum gate sets: CNOT dihedral group [16]
and matchgate group [17,18]. Nonetheless, these groups are
both large and highly nonlocal, posing challenges to practical
implementation in expansive quantum systems. Experimen-
tal undertakings have, so far, been limited to the two-qubit
domain for the CNOT dihedral group [19] and none for the
matchgate group. This raises the question of whether more
compact and local twirling groups might suffice for twirling
and benchmarking tasks. Similar issues exist for randomized
compiling. The lack of methodologies for tailoring multiqubit
non-Clifford gates hinders their applications, though many
of which are directly implementable or native in quantum
processors [20,21].

In this work, we investigate noise tailoring strategies for
generic quantum gates within RB and randomized compil-
ing. Central to noise tailoring is the selection of appropriate
twirling gates for the twirled gate, namely the gate undergoing
twirling. We study this question within a frequently used cir-
cuit structure—the twirled and twirling gates are intertwined.
Within this structure, we summarize the constraints between
the twirled and twirling gates, and we find that any quantum
gate tailoring demands a twirling gate set comparable in mag-
nitude to the Pauli group, implying the optimality of existing
noise tailoring schemes designed for Clifford gates.

In addition to the well-studied Clifford gates, our study
emphasizes multiqubit controlled phase gates, given by

Toni1_y 0
C'Z, = P B (D
0 elw

where n and m are both positive integers, representing the
number of control qubits and the phase, respectively. The
matrix I,.1_; denotes the identity of dimension 2"*! — 1 and
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0 denotes the zero matrix. Our study can be further general-
ized by replacing the phase from 27” to any angle 6 € [0, 27].
These gates are the key components in quantum information
processing, featuring in seminal algorithms such as Shor’s
algorithm [22], Grover’s algorithm [23], linear combinations
of unitary operations [24], and the preparation of hypergraph
states for universal quantum computing [25]. Moreover, the
C"Z,, gate is native to superconducting [26,27], ion trap [28],
and Rydberg [29] quantum systems. It is also a key ingredient
to construct fault-tolerant non-Clifford gates in quantum error
correction [30-32]. Thus, devising efficient noise tailoring
schemes for such gates is crucial in both the theory and ex-
periment.

Within our framework, we introduce an optimal noise tai-
loring scheme for the C"Z,, gate if the twirling group falls
within the class of classically replaceable unitary operations
(CRU) [33] or incoherent unitary operations [34,35]. This
optimality is characterized by the twirling group being the
most local choice in a semiproduct structure and being the
smallest one. We shall elaborate on this following Theorem 1.
CRU comprises gates that can be moved after computational
basis measurements, typically the Z-basis measurements, and
replaced by classical postprocessing. Unlike the relatively
straightforward tailoring process for Clifford gates, the op-
timal twirling gate set for C"Z,, contains nonlocal quantum
gates.

We further conducted numerical simulations to assess the
benchmarking performance of the CS gate and C"Z gates
using various noisy twirling groups. Our findings indicate
that the optimal twirling group delivers superior performance
compared to the CNOT dihedral group and the Pauli group in
a small-scale quantum system. We believe these results will
contribute to the broader use of native non-Clifford gates in
quantum computing and facilitate the practical implementa-
tion of a wide range of quantum algorithms.

The structure of this paper is organized as follows. In
Sec. II, we rigorously describe the problem of finding the
twirling group for a target gate and show the main results.
In Sec. III, we extend the results to randomized compiling.
In Sec. IV, we show simulation results of RB protocols with
noisy twirling groups. Finally, we conclude in Sec. V.

II. TWIRLING GROUPS IN RANDOMIZED
BENCHMARKING

We start with clarifying the algebraic relations between
the twirled gate and the twirling gates in RB, following the
ideas of Refs. [14,36-38]. More details about RB and the
technical derivations of the results in this work are available
in Appendices A and B.

The task of RB is estimating the fidelity of an individual
gate, U, robust to SPAM errors. Consider a noisy quantum
gate, { = U A, where U is the Pauli-Liouville representation
of the noiseless gate U, and - represents the noisy version. The
noise channel is denoted by A. The key to enabling RB is ob-
taining the powers of the G-twirled noise channel, A”, where
m e Z, and Ag = Eg.gGAGT. Here, G represents a twirling
group that renders A diagonal in the Pauli-Liouville repre-
sentation up to a unitary transformation independent of A.
The diagonalizability ensures reliable and SPAM-error-free

m gate layers

m gate layers

FIG. 1. Random twirling gates G, G, - - - , G,, interleaved with
U in RB. The inverse gate Gy = ([~ UG;)"; "~ represents the noisy
version of a quantum gate; A denotes the composite noise channel of
U and the twirling group, which reduces to the noise channel of U
in the case of noiseless twirling group; Ag is the G-twirled noise
channel.

extraction of the diagonal elements and hence the fidelity of
A using single-exponential fitting via character RB techniques
[37]. In cases where Ag is not diagonal, a matrix exponential
fitting challenge occurs, and accurate fidelity estimation be-
comes problematic.

To obtain A7, we consider the circuit in Fig. 1. One in-
dependently and randomly samples m twirling gates G; from
group G and implements them interleaved with target gate U.
The circuit ends with the inverse gate G,y = (]_[Z."z1 UG))".
This circuit structure is first devised in interleaved RB [38],
but here U is not necessarily in G. The target gate U is the
one whose noise channel is twirled, so we call U the twirled
gate. The gates from G are named the twirling gates.

Note that in practice, the interleaved circuit measures noise
from both the target gate U and the twirling group G. One
can set the target gate as the identity to measure the aver-
age noise of the twirling group solely. While this requires a
gate-independent noise for the twirling group, a higher-order
fitting [7,38] can alleviate this constraint. By comparing the
fidelities measured with and without the twirled gate, one can
derive an interval estimation of the fidelity of the target gate.
The accuracy of this estimation improves as the fidelity of the
twirling group increases [38]. Later in the simulation part, we
will demonstrate the influence of the gate-dependent noise of
the twirling group on the fidelity estimation of the target gate.
It turns out that, in this case, the interleaved technique still
works in a small-scale system and enables reliable fidelity
estimation. In the following, we omit the noise of the twirling
group for brevity and use the noise channel of U, A, to
represent the composite noise channel of U and the twirling
group.

Focusing on the interleaved circuit, we mathematically de-
scribe it as follows:

SNm = ginv ﬁ Z/{Agl

i=1

=u™[uUg’ag;. 2

i=1
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where G} = ([1}2, G;U)GIU! for 1 <i < m. To get Ay
from gm, we just need UGU " = G as shown below.
IfUGUT = G, then {G), 1 < i < m} are independent and
random elements from G. After taking expectation, Eq. (2)
would become U™ (U Ag)". For multiqubit controlled phase
gates, we found that UGU' = G ensures Agld = UAg.
Then, Eq. (2) would further reduce to A{} as we want. For
other quantum gates, one can at least obtain the fidelity of

(L{T'"(Z/IAG)’”)i, which we proved to be a lower bound of
the fidelity of A in Lemma 11 in the Appendix. The lower
bound of the fidelity is known to be fidelity witness [39] and
is also useful in quantum benchmarking. When UGU " = G,
one can also choose m such that U™ = I to ensure the inverse
gate belonging to G and implement the inverse gate without
additional difficulty. Below, we summarize the requirements
of the twirling group to tailor U in RB.

Question 1. Given a gate, U, find a twirling group, G such
that,

for any quantum channel A,
Ag = EGeaGAG is diagonal up to a

unitary transformation independent of A, 3)
and
UGU' =G. 4)

Equation (3) implies that the twirling group G must make
the twirled noise channel A sufficiently symmetric, irre-
spective of the characteristics of the original noise channel.
Additionally, Eq. (4) ensures that the operation of U does
not destroy this symmetry. Identifying the smallest and most
local groups within Question 1 is not only pivotal for de-
vising practical benchmarking schemes but also crucial for
understanding the varying levels of difficulty in benchmark-
ing different quantum gates. To find the optimal group for a
gate, we examine the diagonalizability of A, which imposes
constraints on G as follows.

Lemma 1. If a finite n-qubit unitary subgroup, G, satis-
fies Eq. (3), then the Pauli-Liouville representation of G is
multiplicity-free. As a corollary, the cardinality of the twirling
group |G| > 4".

In the proof of Lemma 1, we leverage the arbitrariness of
A to demonstrate that any trace-preserving map can be twirled
into a diagonal form. From this, we prove G multiplicity-free,
which means that any irreducible representation of G appears
at most once in the decomposition of the Liouville representa-
tion of G. Then, with Burnside’s theorem [40], which relates
the group size to irreducible representations, we obtain that
|G| > 4". Interestingly, Lemma 1 is a converse proposition of
aresult in character RB [37], which asserts that a multiplicity-
free group G can twirl any channel into a diagonal form.

The above lemma reveals that the twirling group for noise
tailoring cannot be smaller than the (projective) Pauli group,
whose cardinality achieves 4”. Pauli gates are also local. Thus,
we show the superiority of Clifford gates in noise tailoring,
for which the Pauli group is a solution to Question 1. For a
non-Clifford gate, this solution fails, for which we present a
simple but may not be an optimal solution in Appendix B 3.

Lemma 1 shows requirements for generic unitary twirling
groups. Below, in Lemma 2, we consider twirling groups
belonging to CRU and show much stronger requirements
other than the cardinality constraint for twirling groups. CRU
comprises all gates in the product of a permutation matrix,
like Pauli X and Toffoli gates, and a diagonal matrix on the
computational basis, like Pauli Z gate. This set is large and
becomes universal after adding Hadamard gates. Using CRU
subgroups for twirling lets us replace the inverse gate with
classical postprocessing when measurements are under the
computational basis [33], bringing additional advantages in
practical implementation. We provide more discussions about
CRU twirling groups in Appendix B 4.

Lemma 2 (Informal Version). If a finite n-qubit CRU sub-
group, G, satisfies Eq. (3), then G can interchange any two
computational basis states. That is, for any two computational
basis states |i) and |j) where i, j € {0, 1}", there exists a gate
G € G such that |j) = GJi).

To prove Lemma 2, we leverage the decomposable prop-
erty of CRU into a permutation matrix and a diagonal
matrix, facilitating the analysis of twirling. We also introduce
Burnside’s lemma [41] to transform the issue of calculating
multiplicities into a problem of orbit counting. More specifi-
cally, we translate the multiplicity of the trivial representation
into the orbit of G acting on computational basis states. Then,
Lemma 2 follows from Lemma 1.

Note that diagonal gates, CNOT gates, and Toffoli gates
do not affect |0). Lemma 2 implies that the CRU subgroup G
must include a gate set like X = (X)®". Combining this with
Eq. (4), we can deduce the necessary quantum gates that G
must contain for tailoring a gate, U. Furthermore, when U
is a multiqubit controlled phase gate, we derive its optimal
twirling group as detailed in Theorem 1.

Theorem 1. The optimal twirling group G in CRU for the
multiqubit controlled phase gate, U = C"Z,,, withn > 1,m >
2, is given by

t
G= {n(]‘[(njun,-uf)lf)n e X,t € N, Vi,

i=1
l,'E:l:l,HiEX}. (5)

Group G is the smallest group containing X and normalized
by U, which we prove to satisfy Question 1. Note that any
CRU subgroup is decomposable into the semiproduct of a
permutation group and a diagonal group,

GCRUZHD(WZ{HWH_[EH,WEW}. (6)

The optimal group can be expressed as G = X x Wy
where Wy = {TTTUTIUT, IT € X} only comprises diagonal
gates. The optimality here means that any Gcry satisfying
Question 1 implies W D Wy and || > |X]. In this semiprod-
uct structure, X and Wy are the smallest and the most local
choices in the permutation part and the diagonal part, respec-
tively. A direct corollary is that any Gcgy satisfying Question
1 implies |Gcrul| = |X x Wx|. In practice, one may deter-
mine the permutation part and the diagonal part separately to
sample a gate in CRU. The gate is realized by sequentially
implementing these two parts. In this case, the most local
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TABLE I. Scaling of the group size and computational complexity of the twirling group for tailoring C"Z and CZ,, in this work and
Ref. [16]; CXD represents the CNOT dihedral group. The term “Complexity” refers to the complexity of computing the multiplication and the
inverse of group elements. The size and the complexity are expressed with the qubit number N, controlled qubit number n, and phase angle
index m. Unlike Ref. [16], which specifically addresses computational complexity for m = 2¥, our results apply to generic positive integer m.

Group Size Complexity
This work (c='z,c"*z,-.- ,CZ,Z,X) O(N™) O(N"™)
CXD [16] (CX, Zyn1, X) O(N™1) O(N3+1)

Group Size Complexity
This work (CZ, Zpm, X) O(N?logm) O(N?logm)
CXD (CX, Zyy, X) O(N'eem) O(N3loem+1y

property in the semiproduct structure of the optimal twirling
group helps its implementation.

Specific forms of twirling groups for C"Z and
CZ, are summarized in Table 1. Group G reduces to
(cr-'z,c*z,-..,CZ,Z,X) and (CZy,Zn X) for
U=C"Z and U =CZ, with odd m, respectively. For
U = CZ, with even m, G < (CZy2, Z,, X). Within group
generator (), we use X to denote {Xi, X5, ---,X,}, the
Pauli X gates on all qubits, and similarly omit subscripts
associated with the acting qubits when referring to
c'z,c"*Z, -+ ,CZ,Z and CZ,, Z,,.

Note that enabling noise tailoring requires sampling from
the twirling group and performing group element multi-
plication. These tasks introduce considerations for sample
complexity, directly related to group size and computational
complexity, contingent on the algorithm used for group mul-
tiplication. Table I provides complexity results for C"Z and
CZ,, and shows that our method surpasses previous results
in Ref. [16]. Nonetheless, even with the optimal approach,
the twirling group becomes large and highly nonlocal as the
controlled qubit number increases. This leads to unfavor-
able sample and computational complexity for large quantum
gates, highlighting an inherent challenge in benchmarking
multiqubit non-Clifford gates.

III. RANDOMIZED COMPILING FOR MULTIQUBIT
NON-CLIFFORD GATES

In this part, we discuss the application of previous results
in randomized compiling. The task of randomized compil-
ing is turning the noisy quantum gate U =UA to UAg,
where the twirled noise channel Ag is a Pauli channel. More
specifically, suppose that we implement a quantum circuit,
C=.--UhU; =---Up AU Ay, as shown in Fig. 2(a). The
aim is tailoring C into - - - Uy Ayl A1 as shown in Fig. 2(c).
The quantum gates U;, i € Z are tailored gates. To tailor
them, we add twirling gates G; and G} = U,AGITU;r beside the
tailored gates as shown in Fig. 2(b), where G; is randomly
sampled from a twirling group, G. In reality, the gates G;
and G;_, are merged and implemented together to reduce
quantum resource consumption. Thus, the twirling gates in
general belong to V = | ., GUGU".

Similar to the discussion in RB, we investigate the re-
quirements of the twirling gates for tailoring a gate set

U = {U, Us, - - - }. More specifically, we should optimize the
choice of G to make the twirling gate set V = | J,,., GUGU
smaller and more local in practice. We summarize the question
below.

Question 2. Given a gate set, U= {U;,U,,---}, find a
twirling gate set, V, such that V = |, GUGU' and the
twirling group G satisfies

Ag = EgegGAGT is a Pauli channel. @)

When the tailored gate set U only comprises Clifford gates
and single-qubit T gates, the twirling gate set suffices to be
chosen as the dihedral group (X, S) [9]. Here, we consider
that U is composed of a multiqubit controlled phase gate
U = C"Z,,. Question 2 reduces to finding gate set GUGU "
while Ag is a Pauli channel. When considering G as a CRU
subgroup, GUGU ' can be written in a form,

V=GW={GW|GeG,WeW}, ()

where W = (G'UGU', G € G} is a set of diagonal gates.
Similar to the results in RB, for U = C"Z,,, W D> Wy =
{Imtuniut, 1 € X} based on Lemma 2, proved in the proof
of Theorem 1. Meanwhile, based on Lemma 1, G cannot be

FIG. 2. Randomized compiling for U;, U, ---, by inserting
twirling gates G; and G, = U,-GjU;r beside U; with i € Z,; Ajg is
the G-twirled noise channel required to be a Pauli channel. In reality,
G; and G/_, are merged and implemented together as quantum gate
G,G._,.
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smaller and more local than the Pauli group P,. However, by
choosing G as Pauli group P,, we would obtain a solution
V =P, UP,U" =P,Wx to Question 2. This is the optimal
solution for tailoring a multiqubit controlled phase gate with
G restricted in CRU if one separately implements the permu-
tation matrix and the diagonal matrix for a CRU gate.

Note that the twirling gate set P, Wy is simpler than the
twirling group X x Wy for C"Z,. Generally speaking, the
requirements for the twirling gates in randomized compiling
are much simpler than those in RB. A direct observation to
Question 2 is that as long as UP,U" only comprises local
gates, U can be tailored with only local twirling gates in ran-
domized compiling. We leave the problem of tailoring more
kinds of quantum gates in the setting of randomized compiling
to the future.

IV. SIMULATION OF BENCHMARKING MULTIQUBIT
CONTROLLED PHASE GATES

Below, we present the numerical benchmarking results for
CS and C"Z gates with noisy twirling groups. The CS gate in-
volves 2 qubits, and the C"Z gate involves n + 1 qubits in the
simulation. We simulate practical benchmarking experiments
by considering gate-dependent noise in the twirling group.
Here, both twirling gates and the target gate are CRU, which
enables efficient gate sampling and simulation by separately
determining their permutation and diagonal parts:

(1) The permutation part is generated by Pauli X and
CNOT gates. We consider unitary errors e®* and controlled-
"X for the two gates, respectively, where § is small.

(2) The diagonal part is generated by multiqubit controlled
phase gates and single-qubit Z rotation. The unitary error
of the former is considered to be a diagonal gate where the
diagonal elements depend on the control qubit number. The
unitary error of the latter is a small Z rotation.

We also consider local dephasing and local amplitude-
damping noise, where the noise strength depends on the time
to implement the gate. The SPAM is also simulated with
flip errors. More details about the noise model are shown in
Appendix C 1.

Notice that one needs first to obtain the fidelity of the
composite noise channel, denoted as Fj, via the interleaved
circuit and the fidelity of the twirling group, denoted as F;, via
the reference circuit. The fidelity of the target gate is evaluated

by
F_d2F1—1 . +1 ©)
TR — 1 a) " ar

The derivation is given in Appendix A S. In this section, we
only present the fidelity of the target gate, while the other
two kinds of fidelities are available in Appendix C 3. We also
simulate the case of the noiseless twirling group, and the
results are shown in Appendix CS5.

Depending on the SPAM settings, we simulate two dif-
ferent benchmarking procedures and show the results in
Secs. IV A and IV B, respectively. We compare our scheme
with the Pauli group and the CNOT dihedral group. Note
that the Pauli group does not satisfy the requirements in
Question 1 to benchmark multiqubit controlled phase gates.
In this case, the inverse gate in Fig. 1 has to be outside the

Pauli group to make the ideal circuit equal to the identity.
In general, this inverse gate can take any element within the
optimal group given by Eq. (5), which may be nonlocal.

A. Benchmarking with random SPAM settings

Recall that the gate fidelity is estimated by evaluating
different diagonal terms of twirled noise channels in the Pauli-
Liouville representation. The number of different diagonal
terms of the twirled noise channel depends on the twirling
group. This number increases exponentially with respect to
the qubit number for the Pauli group and the optimal group
and is 2 for the CNOT dihedral group. In the simulation, we
sample and evaluate 20 different diagonal terms instead of all
of them for the former two groups. For the CNOT dihedral
group, we only evaluate 2 different diagonal terms.

To evaluate a diagonal term, tr(PA(P))/2V, where A is the
noise channel, N is the qubit number, and P is a noniden-
tity Pauli observable, we simulate the circuit in Fig. 1 with
the eigenstate of P as input and P as measurement observ-
able. By simulating randomly sampled gate sequences and
averaging the results over different sequences, we estimate

tl‘(ﬁA"Gl(Wf) (¥])) where Ag is the twirled noise channel and
P|yr) = |i). The circuit depth m is taken from {2, 4, 6, 8, 10},
and the number of different gate sequences for each cir-
cuit depth varies. The total number of gate sequences for
different groups is the same to make a fair comparison.
By fitting tr(M Ag (p)) to AL™ one can get A and estimate
tr(PA(P))/2V.

In Fig. 3, we present the simulation results for the CS and
CCZ gates. The results demonstrate that the fluctuation of
the benchmarking results for the optimal group is as small as
the Pauli group and is much smaller than the CNOT dihedral
group for benchmarking two gates. The large fluctuation of
the CNOT dihedral group mainly results from a more severe
gate-dependent noise.

Concerning bias in benchmarking results, the performance
of the optimal group lies between that of the CNOT dihedral
group and Pauli group when benchmarking CS gate. In con-
trast, the performance is similar across all three groups when
benchmarking CCZ gates. The bias observed in the Pauli
group arises from a less effective twirling action compared
to the other two groups, leading to matrix decay rather than
a single exponential decay. This introduces bias in fidelity
estimation. Furthermore, the sampling of diagonal terms in-
troduces bias to the results of the Pauli group and the optimal
group. Additionally, gate-dependent noise affects the accu-
racy of these results. The CNOT dihedral group is the most
affected, followed by the optimal group, and least impacted is
the Pauli group.

B. Benchmarking with the ZX -SPAM setting

We notice that when the twirling group contains the CZ
dihedral group, (CZ, Z, S), another SPAM setting can be
employed to enhance the performance, which we name ZX-
SPAM. Instead of extracting the diagonal term tr(PA (P))/2V
once at a time, by preparing [0)®V and measuring in Z®V,
one can extracting tr(P;A(Pz))/2N for all P, e (I, Z}®V.
Similarly, by preparing |+)®" and measuring in X®", one
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0.996 -=--|deal
I Pauli, random SPAM
0.994 I CZD, random SPAM (this work)
XD, t PAM
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»09%1 @ ____ S S I SN i
3 0.988 : = =
© 0.
= * R T &= ? - =
0.986
0.984
0.982
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num_sequence
(a) CS
0.99+ - .
0.98+
iy I
3 0.971
o
b ‘
0.96 1
---ldeal
0.951 I Pauli, random SPAM
I CZP, random SPAM (this work)
0.941 N I CXD, two SPAM
20 40 60 80 100

num_sequence
(b) CCZ

FIG. 3. Benchmarking results for the CS and CCZ gates in panels
(a) and (b), respectively, with the optimal twirling group, the Pauli
group, and the CNOT dihedral group. The optimal twirling group is
the CZ dihedral group (CZ, Z, S) for CS, and the CZ Pauli group
(CZ,Z, P) for CCZ. The red dashed line is the theoretical value of
the noise channel fidelity. Each box plot contains 20 fidelities, and
each fidelity is estimated with circuit depths {2, 4, 6, 8, 10}, and the
total number of different gate sequences for each depth is specified by
the horizontal axis. Here, for the Pauli group and the optimal group,
we randomly sample and estimate 20 different diagonal terms of the
twirled noise channel. We mark this setting with “random SPAM”
on the label. For the CNOT dihedral group, we estimate only two
different diagonal terms of the twirled noise channel. We mark this
setting with “two SPAM” on the label. Each SPAM setting prepares
an eigenstate of a Pauli observable with eigenvalue 1 and measures
this Pauli observable. In “two SPAM,” the two Pauli observables are
chosen as Z®N and X®V.

can extract tr(Py A(Py))/2N for all Py € {I, X}®N. These two
SPAM settings are sufficient to obtain all different diagonal
terms as long as the twirling group includes the CZ dihedral
group. Compared to extracting the diagonal term once at a
time, the procedure with ZX-SPAM estimates the fidelity

0.992
0.990 R ¢
) ’
g 0.988
= * L == = =
+
0.986 --- Ideal
I Pauli, random SPAM
I CZD, ZX-SPAM (this work)
0.984 I CXD, ZX-SPAM
20 40 100 200 400 1000
num_sequence
(a) CS
M --- Ideal
1.001 I Pauli, random SPAM
[ CZD, ZX-SPAM (this work)
N I CXD, ZX-SPAM
0.99
2
= ¢+
(0]
2 0.98
0.97
4 ‘
0.96+1 . ‘ ‘ ,
20 40 60 80 100
num_sequence
(b) CCZ

FIG. 4. Benchmarking results for the CS and CCZ gates in panels
(a) and (b), respectively, with the Pauli group, the CZ dihedral group
G% = (CZ, X, S), and the CNOT dihedral group. The group GZ is
denoted as CZD in the label. The red dashed line is the theoretical
fidelity value. Each box plot contains 20 fidelities. The setting of
circuit depths and sampling is the same as in Fig. 3. Nonetheless,
for G* and the CNOT dihedral group, the SPAM setting and the
postprocessing differ from that in Fig. 3, which is preparing |0)®Y
and measuring in Z basis and preparing |+)®" and measuring in X
basis to get all different diagonal terms of the twirled noise channel.
We mark this setting with “ZX-SPAM” on the label.

more precisely and accurately, thanks to more efficient ex-
traction of diagonal terms and the absence of sampling errors.
More details about this simulation procedure are available in
Appendix C 2.

We simulate this enhanced benchmarking procedure and
present the results in Fig. 4. For C"Z gates, we use
group G% = (C”_lz, ---,CZ,X,S) instead of the optimal
one (C"~'Z,---,CZ, X, Z) for twirling to make the twirling
group contain the CZ dihedral group. A little overhead of
adding phase gate S simplifies the noise channel more and
helps to improve the benchmarking performance. For the CS
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* Ideal

0.88{ HEE Pauli, random SPAM
I CZD, ZX-SPAM
I CZP, random SPAM

0.861
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qubit_num

FIG. 5. Benchmarking results for C"Z gates with the Pauli
group, G? =(C*'Z,.--,CZ,X,S), and the optimal group
(C"'Z,...,CZ, X, Z). The three methods are labeled with “Pauli,
random SPAM,” “CZD, ZX-SPAM,” and “CZP, random SPAM,”
respectively. The benchmarking setting is the same in Figs. 3 and 4.
The red five-pointed star with a line denotes the ideal fidelity value.
Each box plot contains 20 fidelities.

gate, the optimal group is the CZ dihedral group. To make a
fair comparison, in this simulation, we adopt the ZX-SPAM
setting for the CNOT dihedral group as well.

Figure 4 shows improved benchmarking results for GZ and
the CNOT dihedral group with the enhanced benchmarking
procedure. Among all benchmarking methods, utilizing G*
with the ZX-SPAM enjoys the best precision and accuracy
for benchmarking CS and CCZ gates, providing a practi-
cal scheme for tailoring multiqubit controlled phase gates in
small-scale systems.

When the system size increases, the CNOT dihedral group
becomes ineffective and fails to provide accurate fidelity esti-
mates due to severe gate-dependent noise within the twirling
group. In Fig. 5, we present benchmarking results for C"Z
gates with up to 5 qubits, comparing the Pauli group, G, and
the optimal group. With larger gate-dependent noise, results
for the latter two exhibit significant fluctuations, especially
for systems with 5 qubits. In practice, this fluctuation can
be mitigated by increasing the number of sampled sequences,
as illustrated in Figs. 3 and 4, with further simulation results
provided in Appendix C. Notably, the results from GZ using
the ZX-SPAM remain closest to the ideal values, a consis-
tency observed for the 6-qubit case, detailed in Appendix C 4.
These simulations highlight the crucial role of identifying
small and local twirling groups that possess sufficient twirling
capabilities. Moreover, all results are applicable to Toffoli
gates, controlled-+/Y gates, and various other nondiagonal
gates through the use of local gauge transformations [15].

V. OUTLOOK

In this work, we study noise tailoring from a distinct
perspective of identifying suitable twirling groups and show
nearly optimal results for multiqubit controlled phase gates
C"Z,,. Besides benchmarking gate fidelity, the tailoring

scheme can help extract more information, such as Pauli
eigenvalues, and study the learnability of Pauli noise [42].
The results also benefit fault-tolerant protocols and quantum
algorithms utilizing multiqubit controlled phase gates.

In the future, it is crucial to explore optimal twirling groups
for practical quantum gates and assess the feasibility of using
only local twirling gates for efficient noise tailoring. The gate-
dependent noise and the unfavorable size and computational
complexity of the optimal twirling groups for large-scale
non-Clifford gate benchmarking pose a significant challenge.
Potential solutions include exploring circuit structures beyond
those shown in Fig. 1 and seeking benchmarking methodolo-
gies that do not rely on a group structure [36,43—45]. Based
on our simulation results, a twirling gate set between the Pauli
group and the optimal group may be an intermediate option
to twirl multiqubit controlled phase gates, like the set of gates
implemented within a short depth in the optimal group.

Beyond noise tailoring, the insights gained on CRU sub-
groups in this study can further enhance random matrix
protocols involving them, such as classical shadow [46] and
gate-set shadow [47,48], and contribute to the exploration of
the classical simulation capabilities of various groups.
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APPENDIX

Here, we briefly introduce the content of the Appendices.
In Appendix A, we introduce the notations used in this work
and preliminaries about quantum channels, group theory, ran-
domized benchmarking, and classically replaceable unitary
operations. In Appendix B, we show the proof of the main
results in this work, including restating the requirements of the
twirling groups in randomized benchmarking, proof of main
lemmas and theorems in the main text, and the structure anal-
ysis of the optimal twirling groups for multiqubit controlled
phase gates. In Appendix C, we show the simulation details,
including the noise model, the benchmarking protocol, and
additional benchmarking results.

APPENDIX A: PRELIMINARY

In this part, we introduce some related works and basic
mathematical tools. Below, we first introduce basic notations.
The Hilbert space for n qubits is denoted as H and the set of
linear operators on H is denoted as £(#). Same in the main
text, we denote a quantum gate, or a unitary transformation
acting on H, in the standard representation with a capital
letter, like U and G. A set composed of quantum gates is
denoted with sans serif fonts like S. A quantum gate set satis-
fying group condition under the gate composition is always
denoted as G. Note that, in this work, we distinguish two
concepts: the twirling gate set and the twirling group. The
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TABLE II. Notation.

Quantity Notation

n Number of controlled qubit in C"Z,, or qubit number
m Phase of controlled qubit in C"Z,, or circuit depth
N Qubit number

H Hilbert space

L(H) Set of linear operators on H

U Target gate

VvV Twirling gate

G Twirling gate in group G

u Pauli Liouville representation of U

A Noise channel

Ag G-twirled noise channel

U Noisy version of U

\Y Twirling gate set

G Twirling gate group

Can _ (H20n+1,1iz£ 0)
elm

<2<

N

~ O~ =

G, G, ..)

Qv
BN

jom [

Multiqubit controlled phase gate

Pauli X on qubit j

Pauli Y on qubit j

Pauli Z on qubit j

Identity operator

Identity channel

Group generated by Gy, G, ...
n-qubit Pauli group (X, Z)®"

n-qubit local dihedral group (X, Z,,)®"
Character function of a group
Projector or permutation matrix

twirling group is a twirling gate set with a group structure. We
normally use V and G to represent the twirling gate set and
the twirling group, respectively. The Liouville representation
of U is denoted as its calligraphic letter, /. In this paper, the
Liouville representation refers to the Pauli-Liouville repre-
sentation, which will be reviewed in detail in the following
subsection. Quantum channels are defined as completely pos-
itive and trace-preserving (CPTP) linear maps on £(#). The
noise channel of U is normally denoted as A, and we use the
same expression for the map representation and the Liouville
representation for A. We use a wavy line to represent the
noisy version of U like U and U. Note that a quantum gate
is always a quantum channel, but a quantum channel is gen-
erally not a quantum gate. We summarize the frequently used
notations in Table II. Note that we sometimes reuse part of no-
tations, and the meanings of these notations are relevant to the
context.

1. Pauli-Liouville representation

Here, we introduce the Pauli-Liouville representation of
quantum channels. Normally, a quantum channel, A, is de-
fined within its Kraus representation. For any O € L(#), the
action of channel A is defined with

k
A(O) = ZK,OK,*, (A1)
=1

where k € Z, and {K;, 1 <[ < k} is the set of Kraus opera-
tors satisfying the condition

k
2 KiKi=T,
=1

where I represents the identity operator.

The Kraus representation is not a matrix representation
and, hence, not convenient for our work. For further elab-
oration, we introduce the Liouville representation, which is
defined on a set of trace-orthonormal basis elements in £(H).
In this work, we choose the basis to be the normalized and pro-
jective Pauli group. In this case, the representation is named
Pauli-Liouville representation. The n-qubit Pauli group,
denoted as P,,, is given by

(A2)

n

P, = )X, 2)

j=1

= <X17ZI9X21227 e 7Xn3Zn>

={x1. £} x { QPiIP; e {l.X.Y.Z}}.  (A3)
j=1

where I = ((1) ?) is the identity operator with dimension 2.

X, Y, and Z are the single-qubit Pauli matrices given by

0 1 0 —i 1 0
x=(V0) v=(0 9) z=(p O) @
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X; is the single-qubit Pauli X matrix acting on
jth qubit given by (®/I)®X(®_,, 1). The
notation (-) denotes the group generated by -. The
elements in () are called group generators. For in-
stance, X;,Z;) = {X;”‘Z;“Xj""zZ;'2 - |\Vi,my,n; €2} =
{1, £i} x {I;,X;,Y;,Z;}. In the main text and below, for
brevity we sometimes use notation (X, Z)®" or even (X, Z)
to represent (X1, Z, Xo, 2, - -+ , Xy, Z,) where in this case,
X and Z denote Pauli X and Pauli Z gates on all qubits,
respectively. We would always omit subscripts, representing
which qubits the gates act on, in () when the group generators
contain the same gates acting on all qubits.

In literature, people always use another definition for the
Pauli group, which is, in fact, the projective Pauli group.
Projective Pauli group is the quotient of the Pauli group by its
center {1, £i}, (X1, Z1, X2, Z3, - - - , Xy, Z,) /{£1, £i}. Thus,
we normally use ®Zf:1 {I, X, Y, Z} to represent it. As in quan-
tum systems, the overall phase is not important. The quotient
by the phase {%1, £-i} does not influence the quantum state.
Below we simply use the Pauli group to denote the projective
Pauli group and use the following definition:

P, = é{ﬂ,x, Y, Z).

J=1

(AS5)

The normalized Pauli group is obtained by normalizing the

elements of the n-qubit Pauli group by a factor of 1/4/2" as
follows:
1
P = a,-:—P,-PiePn}. A6

These normalized Pauli operators are complete and satisfy the
orthonormality under the Hilbert-Schmidt inner product,

tI'(O’iTO'j) = 3,’_,‘, (AT)

where §;; is the Kronecker § symbol. Thus, we can represent
the quantum state and the quantum channel with normalized
Pauli operators as a set of bases.

Any n-qubit operator O in £(H) can be decomposed with
the 4" normalized Pauli operators,

0= (o] 0.

o;eP),

(A8)

Thus, we can use the expansion coefficients tr(oiTO) to rep-
resent O and in Pauli-Liouville representation, we express
Eq. (A8) as

0) = Y (o] 0)lo). (A9)

o;eP),

where |o;)) in Pauli-Liouville representation is a length-4"
vector with only one nonzero element 1.

Furthermore, any quantum channel A can be represented
as a matrix in the Liouville representation. The action of the

channel on an operator O is given by
[ACO)) = AlO), (A10)

and the elements of the Liouville representation of A are given
by

Aij = (oilAloj) = tr(oiA(o))). (A1)

Specifically, the diagonal terms of Pauli-Liouville representa-
tion are named Pauli fidelity [15], defined as follows:
1
Ai = {oi|Aloy)) = Etr(PiA(Pi))a (A12)
where P; is a Pauli operator, and d is the dimension of the
Hilbert space.
In the Liouville representation, the concatenation of two

channels can be represented as the product of their corre-
sponding matrices,

[A2 0 A1(0))) = A2|A1(0))) = A2 A4|O)). (A13)

The Liouville representation also allows us to vectorize the
measurement operators using the Liouville bra-notation. The
measurement probability of a state p using a positive operator-
valued measure (POVM) F; is given by

pi = (Flp) = tr(F, p),

where ((F;| is the Liouville bra-notation of F; and is equal to
the conjugate transpose of |F;)).

We also briefly introduce another representation called the
X -matrix representation for quantum channel A. Given an n-
qubit state, p, A(p) can be expanded as

A(p)=d Z XijUiPUT,

iJj

(A14)

(A15)

where the process matrix x is uniquely determined by the
orthonormal Pauli operator basis o; and d = 2" represents the
dimension of the quantum system. Note that oy = %. If a
channel is diagonal in this representation, then it is called a
Pauli channel. It is easy to verify that a Pauli channel is also
diagonal in the Pauli-Liouville representation. The diagonal
terms of Pauli-Liouville representation and that of x-matrix
representation are related by Walsh-Hadamard transformation
as shown in the following equation:

rj= Z(—l)g'j))(ii,

where (i, j) = 0 if P, commutes with P;, and (i, j) = 1 oth-
erwise. The inverse Walsh-Hadamard transformation is given
by

(A16)

1 .
Xij =25 2 (=D (A17)

2. Quantum channel fidelity

To facilitate the understanding of RB, we introduce the
concepts of process fidelity and average fidelity. These two
fidelities are equivalent to each other by linear transformation.
The task of RB is estimating the fidelity of a given quantum
gate or a given gate set.

The process fidelity of a channel, A, can be defined with
its x-matrix representation as follows:

F(A) = xoo(A).
The process fidelity can be obtained from Eq. (A17) as

1 1
F(A) = xoo(A) = =5 3 &) = —u(A),
J

(A18)

(A19)
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which is equal to the trace of A in Liouville representation di-
vided by d?. Equation (A19) provides an alternative definition
of process fidelity.

There exists a relation between the commonly used average
fidelity F,y. and the process fidelity [49],

dF +1
ave — d——i‘l (AZO)
The average fidelity is defined as
Fae = /dllftr(lllf)(llfll\(h/ﬁ(l/fl)), (A21)

where the integral is taken over the Haar measure, it means
the average fidelity of the ideal final state and the realistic
final state over all pure states. Both the process fidelity and
the average fidelity are well-defined metrics for quantifying
the closeness of a quantum channel to the identity. Below,
we refer to the fidelity to the process fidelity without further
explanation. Also, note that in reality, a quantum gate, U, is
noisy, and its noisy version can be expressed as the composite
channel of ¢/ and its noise channel A. Then, the fidelity of U
refers to the fidelity of its noise channel A.

3. Group twirling and representation theory

Representation theory is an effective tool for analyz-
ing abstract groups and is especially useful in randomized
benchmarking and randomized compiling. Below, we briefly
introduce basic concepts in representation theory and refer to
Refs. [50,51] for systematic introduction. Let G be a finite
group and G € G be an element of the group. The representa-
tion of G is defined as follows.

Definition 1 (Group representation). A map, ¢, is called a
representation of the group G on a linear space, V, if it is a
group homomorphism mapping from G to GL(V'), where

¢:G >GLV),

g—>¢(G), VG € G. (A22)

Here, GL(V') denotes the general linear group of V. The repre-
sentation ¢ satisfies the condition of preserving multiplication
that for all Gy, G, € G,

#(G19(G2) = ¢(G1Gy).

Intuitively, representation is just using a matrix group to
represent G. Below, we introduce the concept of irreducible
representation. Given a representation, ¢, on V, a linear sub-
space, W C V, is referred to as invariant if for all w € W and
forall G € G,

(A23)

P(G)w € W. (A24)

The restriction of ¢ to the invariant subspace W is called
the subrepresentation of G on W. Note that any representa-
tion has a subrepresentation mapping all elements in G to 1
where W = {0} and has itself as a subrepresentation where
W = V. These two subrepresentations are both trivial. With
the concept of subrepresentation, we define the irreducible
representation as below.

Definition 2 (Irreducible representation). A representa-
tion ¢ of the group G on the linear space V is said to be
irreducible if it only possesses trivial subrepresentations.

Maschke’s theorem provides an interesting property stating
that every representation ¢ of a finite group, G, can be decom-
posed into the direct sum of irreducible representations. For
all G € G, the decomposition can be expressed as follows:

$(G) = @B Tnn, ® $1(G),

$i€Ra

(A25)

Here, Rg denotes the set of all irreducible representations,
and n; represents the multiplicity of the equivalent irreducible
representations of ¢; in ¢.

The trace of a representation is called a character, which is
defined below.

Definition 3 (Character function). Let ¢ be a representa-
tion over the group G. The character of ¢ is defined as the
function x4 : G — C such that for every G € G,

x4(G) = tr[p(G)].

Character function is a powerful tool in representation the-
ory. We can define the inner product of two character functions
as below.

Definition 4 (Inner product of character function). Let x;
and x, be two character functions of a finite group, G, their
inner product is defined as

(A26)

1
tulre) = i > X (6G)xA(6). (A27)

GeG

There is a useful result for the inner product between two
characters when y; and x, are both irreducible represen-
tations. Then (x;|x2) =1 if x; and x, are equivalent and
(x11x2) = 0 otherwise. Note that Eq. (A25) tells us that

X%p(G) = r(¢(G) = Y mixi(G),

¢i€Rg

where x;(G) = tr(¢;(G)). With the orthonormality of irre-
ducible representations, we obtain n; = (x;|x¢). Then, we
have the following lemma.

Lemma 3 (Multiplicity of irreducible representations). For
any irreducible representation ¢; with character x;, the multi-
plicity of ¢; in ¢ is given by

(A28)

ni = (xjlxe)- (A29)

We also introduce a concept named multiplicity-free repre-
sentation for further elaboration.

Definition 5 (Multiplicity-free representation). Given a
representation, ¢, of group G, if for any irreducible represen-
tation, ¢;, the multiplicity of ¢; in ¢ is 1, then we call ¢ a
multiplicity-free representation.

Using the character function, we can also obtain the gen-
eralized projection formula utilized in character randomized
benchmarking [37].

Lemma 4 (Generalized projection formula). Consider a fi-
nite group, G, and its representation ¢. Let ¢; be an irreducible
representation contained in ¢ with character x;. The projector
onto the support space of ¢; can be expressed as

d;
M= Y 16 (G),

GeG

(A30)

where d; = dim ¢; denotes the dimension of ¢;.
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The representation theory is also useful for us to analyze
the group twirling on a channel, A, over a group, G.

Definition 6 (Group Twirling). For a representation ¢ of
the group G on the linear space V, the twirling of a linear
map, A : V — V over G is defined as

1
Ao =15 Y (G AG(G).

GeG

(A31)

To analyze the result of group twirling, we introduce
Schur’s lemma, which is essential in our further elaboration.

Lemma 5 (Schur’s lemma). Let ¢ : G — GL(V)) and ¢, :
G — GL(V;) be two arbitrary irreducible representations of
group G and A :V; — V, be a linear map from V; to V5.
Suppose for any G € G,

Ap1(G) = g (GA.

Then, A equals 0, mapping all vectors in V; to zero vector in
V,, if ¢ and ¢, are inequivalent irreducible representations;
A is proportional to the identity operator if ¢; and ¢, are
equivalent irreducible representations. Note that when ¢; and
¢, are equivalent, V| and V, are equivalent linear space, so the
identity operator is well-defined.

Using Schur’s Lemma, we can establish the following
proposition.

Proposition 1. Let ¢ : G — GL(V)) and ¢,:G —
GL(V;) be two arbitrary irreducible representations of group
G and A : V; — V; be an arbitrary linear map from V; to V5.
Define

(A32)

Ag = Egea$)(G)Ag (G). (A33)
Then,
Ag =0, (A34)
if ¢ and ¢, are inequivalent, and
tr(A)
= I, A35
¢ dim V1 ( )

if ¢ and ¢, are equivalent, where I is the identity operator
mapping from V; to V,.

For further elaboration and proof, we provide the Burnside
theorem in the representation theory.

Lemma 6. Consider a finite group, G, and its all inequiva-
lent irreducible representations Rg = {¢;}, then the cardinality
of the twirling group, |G| can be given by

Gl = ) dimg}.

$i€RG

(A36)

4. Randomized benchmarking and diagonalizability
of twirled noise channel

Below, we introduce RB and character randomized bench-
marking [37]. Let us start with a brief review of the standard
RB, which aims to estimate the fidelity of a quantum gate
group. We consider an n-qubit gate group, G, where each
gate G € G is assumed to be with a noise channel A in im-
plementation. In reality, the noise channels for different gates
can be different. Below, we simply consider the first-order
approximation [7], which is valid and useful in experiments,
and regard the noise channels for different gates in G as the

same. One can express the noisy quantum gate G = AG as the
composite of the noiseless gate G and its noise channel A for
any gate G € G. Then, the task of RB is estimating the fidelity
of A robust to SPAM error.

To achieve that, one always performs random gate se-
quences composed of m random gates from G and an inverse
quantum gate where m is a prefixed integer called circuit
depth,

m m
S=Gn][]Gi=AGn][]AG (A37)
i=1 i=1
where G,y = (]_[:":l G:)', G; denotes the Liouville representa-
tion of G;, and~ means the quantum gate is noisy. -
In the sense of expectation, the random gate sequence S is
equal to

EvicaS = ABvi G,ca l_[ 1_[ G;
i=1 \ j=1
= A(EgecG'AG)"
= AA”.

P
Al TT9
j=1

(A38)

The second line utilizes the fact that G is a group. Thus,
]_[lj:1 G; independently and identically satisfy the uniform
distribution on G for any 1 < j < m.

If we use the same state preparation and measurement for
all random sequences, then in the expectation, we can get

f(m) = By g,ca{(M|S|p)
= (M|AAZ|p)
= (M'|A%|p)),

where p and M are prefixed initial state and measurement,
respectively, and M’ is the measurement absorbing the noise
of the inverse gate, satisfying (M'| = (M| A.

The next step is obtaining the trace of Ag robust to state
preparation and measurement (SPAM) error. Note that the
fidelity F(A) = dl—ztr(A) = %tr(AG). Normally, Ag has few
parameters as it has been twirled and becomes symmetric.
These parameters can be evaluated robustly to SPAM error via
obtaining f(m) with different circuit depths m and employing
exponential fitting. Then, the trace of Ag, or the fidelity, can
be evaluated with the parameters of Ag.

Before the work of character RB [37], researchers mainly
focus on a large group, G, like the Clifford group, to make
A highly symmetric with few parameters. For Clifford RB
[6,7], Ag is a depolarizing channel with a single parameter p
satisfying Ag(p) = pp + (1 — p)%d. In Pauli-Liouville repre-
sentation, Ag = |00)) (00| + p X_;> l0i) {oil. Then, f(m) has
a single exponential decay expression

f(m)=Ap" +B,

(A39)

(A40)

where p is only relevant to A, and A and B are only relevant
to SPAM. Thus, via single exponential fitting, one can get p
along with the trace of A¢ and the fidelity of A.

For CNOT dihedral RB [16], AG = l_[() + pznz + anX
has two undetermined parameters, p; and px where

My = o0} (00l Tz = Y o 2 jou/c, |02 0], and TIx =
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Y oocp e AT |ox) (o], then f(m) is a double exponential
*=n 2’ V2

decay function with parameters pz and py. One has to employ

double exponential fitting to obtain tr(A¢) and its fidelity.
For a general group G, f(m) is complex and generally not

an exponential decay function [36]. But if Ag can be written

as
A = Zpini,

where {I1;} are mutually orthogonal projectors only dependent
on G in the space of Liouville representation, we can obtain
all decay parameters p; with only single exponential fitting
via the technique of character RB [37]. Note that Eq. (A41)
can also be interpreted as that Ag is diagonal in the Pauli-
Liouville representation up to a unitary transformation 7,

AG = T(Z pJ’If)TT,

where I17 is a projector, equaling the summation of the Pauli
operator bases. The projector 17 and the unitary transfor-
mation 7 are independent of the channel A and are only
related to group G. We consider the case that 7 is a Liouville
representation of a unitary gate T'.

Note that in this case,

fm) = (M'|AZIp) =) (M'|TLi| o)l

l

(A41)

(A42)

(A43)

is a multiple exponential decay function. If we directly fit
f(m) with a multiple exponential decay function, ) ;A;p},
then the fitting process would consume massive computa-
tional resources, and the result is normally inaccurate. The
key step of character RB is utilizing Lemma 4. Instead of
implementing the gate sequence in Eq. (A37), in character
RB, we select a projector IT; from {I1;} and implement

m m
S = G (]‘[ gi) G = AGim (1‘[ Agi) G, (A44)
i=1 i=1

where G’ is named character gate and is independently sam-
pled from a predetermined gate set, named character group,
G’. We select a character function x’ associated with an
irreducible representation ¢’ of G’ and obtain a projector
according to Lemma 4,

dim ¢’
r— / G/ /’ Ad5
e > X(G)HG (A45)
G'eG
such that for any projector I1; € {I1;},
', = 6,17 (A46)

Meanwhile, we consider (M |§ "dim ¢’ x'(G")|p)) and in the
expectation, this quantity equals
£i(m) = Evi.6.c6.0ca (MIS' dim ¢'x'(G)] o)
= (MIAAGIT|p)
= (M'|AGIT|p))
= > AT o)

L

= (M'ITT'|p) P (A47)

Thus, p; can be obtained via single exponential fitting and
due to the arbitrariness of I}, all parameters of Ag can be
obtained via single exponential fitting, and hence the fidelity
can be evaluated accurately.

Note that in character RB, the key point is realizing pro-
jector IT'. Below we show that we can always realize IT’
satisfying Eq. (A46). First, each projector can be decomposed
as

tr(T1;)

M= > ) sl (A48)
k=1

where {1}, 1 < k < tr(I1), VII; e {I1;}} forms an orthonor-
mal operator basis in Liouville representation. As normalized
Pauli operators P, is also an orthonormal basis, there ex-
ists a unitary transformation linking the two bases. Then,
given IT; from {II;}, we select |  ){w |, which is equal
to TloN(o|T = |ToT™)(ToTT| where |o) (o] is a Pauli
operator basis and 7 is the unitary transformation linking two
bases. For Pauli group P,,, we have the following equation:

lo) (ol = Epep, xo (P)P,

where x, = (—1)"*) equals 1 when P and o commute and
—1 otherwise. Then, we only need to choose G' = TP, T" and
x' = xo to realize

(A49)

' =TloN(o|T" = Epep,x'(PYTPT". (A50)

Then, IT’ satisfies Eq. (A46).

In summary, as long as A has an expression of Eq. (A41)
or Eq. (A42), then with the technique of character RB, one
can obtain tr(A¢g) and the fidelity of A accurately with only
single exponential fitting. In Appendix B, we would prove
that if the Liouville representation of G is not multiplicity-
free, as defined in Definition 5, then A¢ cannot be diagonal
for arbitrary noise channel A. If the Liouville representa-
tion of G is multiplicity-free, then Ref. [37] has shown that
the character group G’ can be chosen as a subgroup of G.
In this case, each projector I1; in Eq. (A41) relates to an
irreducible representation subspace of G. Denote this irre-
ducible representation as ¢; with character y;, then I1; can be
realized with

M= dfgl‘t” 3 1(GHg.
G'eG

(AS1)

Thus, implementing character gate G’ is not harder than the
twirling group.

Besides adding character gates, there is another method to
effectively realize the projector I1; in Eq. (A41). If one can re-
alize a measurement M such that ), p;(M'|T1; = p; (M'|I1},
then Eq. (A43) will also reduce to p’J’-’ (M'|T1|p)). An accurate
initial state p, satisfying ), p;I1;|p)) = p,;I1;|p)), can also
achieve that. Thus, if we have some information about SPAM,
then we can realize the projection without the need to imple-
ment character gates.

Note that the realization of one projector allows one to get
one of the diagonal elements in the twirled noise channel. To
estimate the fidelity, one has to get multiple different diagonal
terms in the twirled noise channel. Given the twirled noise
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channel, Ag = ), p:I1;, the fidelity of A is given by

IT;
Fay =Y,

(A52)

i

It is possible that the number of indexes i in the summation
increases exponentially with respect to the number of qubits
n, like the Pauli group. Nonetheless, in this case, one only
needs to sample and estimate a constant number of diago-
nal elements to estimate the fidelity within acceptable error
margins and confidence levels. Particularly, take an index set
I in which element i is randomly sampled with probability
“(4—51"). Then, by Hoeffiding inequality, the estimator \}_I Y icl Pi
satisfies

Y

Thus, |I| only needs to take 2¢2(In26~") to make the esti-
mation within error margin € and confidence level 1 — §. The
size of [ is independent of the qubit count.

|7]€®

1
mZpi—F(A) >e> <2eXp<—T>. (A53)

iel

5. Interleaved randomized benchmarking

Above, we only introduce how to evaluate the fidelity
of a quantum gate group G via randomized benchmarking.
To obtain the gate fidelity of an individual target gate, U,
one needs to utilize the technique of interleaved RB [38]. In
Ref. [38], the target gate U is embedded into a group, G.
Below, we call them the twirled gate and the twirling group,
respectively. To enable interleaved RB, one implements two
kinds of circuits. The first is just a random gate sequence
in regular RB, extracting the average gate fidelity of the
twirling group G. The second type of circuit is composed
of random twirling gates from G interleaved with the target
gate U, extracting the composition gate fidelity of the twirling
group and the target gate. Comparing the two results, one
can get the individual gate fidelity of the target gate. Specif-
ically, suppose the noise channel for twirling group G is £

J

(d*F(A)— DAPFE) - D +d>—1

and the noise channel for the target gate is A. Then with
the RB methods introduced before one can obtain F(£) =
lr;#. After that, one implements an interleaved random gate
sequence,

$i = Giny [ |UG: = Gy [ [UAEG:, (A54)
i=1 i=1

where Gi,y = (]_[:.":1 UG, G; and U denote the Liouville rep-
resentation of G; and U, respectively, and~ means the quantum
gate is noisy. Note that i/ = U/ A while G = £G. The noise
channels for U and gates in G are put in different positions,
but due to the arbitrariness of A and £, the difference does not
put any restriction on the noise. In Ref. [38], the target gate
U belongs to twirling group G, then under the expectation of
sampling of G;, Eq. (A54) is equal to

EvigeaSi = EBvigea [ [ | | [ ]G |1

i=1 j=2
< AE[[T]ou |G
j=2

= E(EgeaG AEG)" = E(AE).

The second line utilizes the fact that G is a group. Thus,
same as the discussion in the previous subsection, interleaved
quantum circuits allow us to estimate the fidelity of A&, that
is, F(AE) = % In Ref. [38], the authors show how to es-
timate F'(A) from F(AE) and F (E). We review this technique
as elaborated below.

Denote &; to be the £ twirled by the whole unitary group.
It is known that &, is a mixture of the identity channel and the
depolarizing channel,
d*F(&)—1 d*F(E)—1\1

721 +(1 71 )d' (A56)
Now, let us investigate the quantity |F(AE)— F(AEy)|,
which is equal to

(AS5)

Ea(p) =

IF(AE) — F(A&)| = ‘F(AE) -

@) ‘ (AST)

Assuming |F(AE) — F(AE,)| is upper bounded by E, we can deduce F (A) belongs to the following interval,

d* (F(AE)—E)—1 : 1 1
d2F(€) — 1 ( _d_2)+d2’

P d’F(AE)—1
This interval has a mean value TFET

bounded by Eq. (A59) [38].

d*(F(AEY+E)—1 | i) 1
d’F (&) — 1 <_d2 tal

(11— dlz) + % and length

(AS8)

2(d*—1)E
APF(E)-1"

With matrix analysis, the quantity E can be upper

4d+ DYT=F@E) +2E1(1 - F(&))

|d>(F(AE)=F (ENA2F (E)=F(AE)=1|+(d*F (E)=DHU-F(£))

E < min

pp] : (A59)

|d*(F (AE)—F (E)+2F (E)—F (AE)—1|+(d>F (E)—1)(F (£)—F (AE))

-1
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In general, the higher F (€) is, the smaller E is, and the more
accurate the estimation of F(A) is. In Ref. [38], the target
gate U belongs to G so the noisy levels, or the fidelities,
of A and & are close, which is not beneficial for estimating
F(A). This is also one of the reasons that finding a small and
practical twirling group G matters. In the main text, we focus
on the interleaved circuit to estimate F(AE), and F(A) can
be estimated via Eqs. (A58) and (A59). Note that though this
estimation assumes the noise channel of the twirling group
to be gate-independent, this assumption is good enough in
a high-fidelity region and could also be relieved by using a
higher-order fitting formula by more sophisticated analysis
like Ref. [7].

6. Dihedral group and classically replaceable unitary operations

For further elaboration, in this part, we introduce the local
dihedral group and CRU operations [33] along with their
properties. The local dihedral group on n qubits is similar to
the n-qubit Pauli group, which is defined as follows:

DZ1 = (X, Zm)®n = <X1, (Zm)la XZa (Zm)2a e 7Xn7 (Zm)n>»
(A60)

where X = ((1) (l)) is the Pauli X gate and Z,, = ((1) e,(z)%) is

a phase gate with phase 27” Here, m is a positive integer. In
general, the phase on different qubits can be different and we
can define (X1, (Zn, )1, X2, Zm,)2, - -+, Xuy (Z, )n), but below
we only consider a simple case that m| =my = --- =m, =
m. Same with the discussion of the Pauli group, we can define
the projective local dihedral group via quotient by the center
of (X, Z,,)®",

D)y = (X, Z,)®" /(@n), (A61)
where @, = ¢/ and (w,) = {e''n,0 <k < m—1}. As the
overall phase is not important, below we do not distinguish the
local dihedral group and the projective local dihedral group
and use the definition D' = (X, Z,,)®" /(wp).

Classically replaceable unitary operations, or incoherent
unitary operations, are all unitary gates that can be moved
after computational basis measurements and be replaced with
classical postprocessing. Given the computational basis |i) on
the Hilbert space H, we can define the dephasing operation A.
For any p € D(H),

A(/O)=Z|i)<i|p|i><i|- (A62)
Then, the CRU gate set has an expression,
{U is unitary|UA = AU}. (A63)

Note that we use the same notation A to represent its map
representation and Liouville representation. It is shown that a
CRU can be given by [33,52]

U= e"lo(l, (AG4)
J

where o is a permutation over computational basis and 0; is a
phase in [0, 27r). And any unitary gate having an expression

of Eq. (A64) is a CRU. We can decompose U as
U=y lo(il ) el
J J

Set I =3, [o(j)(jland W = 3", ¢/} (j| and we can see
any CRU can be written as the multiplication of a permutation
matrix, I1, and a diagonal matrix, W, U = I[1W. Note that any
matrix with the form ) i lo ()Y for arbitrary permutation
o is defined to be a permutation matrix. Also, the multiplica-
tion of a permutation matrix and a diagonal matrix is always
expressed as Eq. (A64) and is a CRU.

Lemma 7. Any classically replaceable unitary operation U
can be decomposed as the multiplication of a permutation
matrix, I1, and a diagonal matrix, W, U = I[1W. Vice versa.

From the above lemma, we can obtain that the computa-
tional basis gate set is invariant under the action of a CRU.

Lemma 8. Diagonal matrices set or computational basis
gate set is invariant under the action of any CRU.

Proof. For any CRU U =Y ¢“|o(j))(j| and diagonal
matrix W =3, e® i) {jl,

(A65)

UWU™" =) 0o ()4 1K) k1o ()]

Ji'k

= o (M o)l
J

= o),
J

which is a diagonal matrix. Proof is done. |

In fact, for any CRU subgroup G < CRU, all diagonal ma-
trices in G forms a subgroup, Gz of G. Then, Gz is invariant
under the action of any gate in G, or equivalently, Gz is a
normal subgroup of G.

Lemma 9. Given an n-qubit CRU subgroup G, set
the computational basis subgroup of G as Gz ={U ¢
G|U is diagonal}. Then, Gz is a normal subgroup of G.

Proof. Obviously, Gz is a subgroup of G. We only need
to prove that under the conjugate action of any quantum gate
G in G, Gz is invariant. For any gate G € G, G € CRU,
then GG;G' only contains diagonal matrices. As all diago-
nal matrices in G are contained in Gz, GG;G™ < G. Also,
|GG,GT| = |Gz|, so GG;G' = G. As G is an arbitrary gate
in G, we prove that G is the normal subgroup of G. Here, we
complete the proof.

Below, we present a result about permutation matrices for
further elaboration. The lemma tells us the structure of the
permutation matrices, which can always be decomposed as
the multiplication of Toffoli gates, CNOT gates, and Pauli X
gates.

Lemma 10. All permutation matrices on n qubits can
be generated by Pauli X gate on each qubit and all Tof-
foli gates C"~'X with n—1 control qubits and 1 target
qubit.

Proof. The expression of permutation matrices on n qubits
can be unified as follows:

M, = Y loe(Ml.

Jjelo. 1y

(A66)

(A67)
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where o is an arbitrary permutation on {0, 1}". The permuta-
tions themself form a permutation group with cardinality 2"!.
As transpositions can generate the permutation group, we only
need to prove that any transposition (s;, s;) can be generated
by Pauli X gates and C"~'X gates for 51 # s, € {0, 1}".

Denote X; to be the Pauli X gate acting on kth qubit and
set X* = @, X for s € {0, 1}". We also denote C"~'X;
to be the Toffoli gate with kth qubit as the target qubit and
other qubits as the control qubits. Then, for any s € {0, 1}",
X*C" 1 X (X*)" would swap the basis [1” @ s) and [1" @ 1; ®
s) while keeping other bases fixed. Here, 1" = 11--- 1 is the
all-1 bit string and 1; = 0¥-110"7* is the bit string with 1
in kth position and 0 in other positions. Thus, by taking k
over 1 to n and s over {0, 1}" we would obtain any transposi-
tion (s, s D 1;). As (5,5 D 111)(s, s D Lpo)(s, s D 1) = (s D
11, 5 @ 1), we would also obtain any transposition (s, s @
141 & 1g2... ® 1), which suffices to produce any transposi-
tion (s, sp) for s; 5& AP S {0, 1}"

Note that the Toffoli gates with less than n — 1 control
qubits are also permutation matrices. It means that with single
qubit Pauli X gates and C"~'X gates, one can construct any
controlled-X gates C*X with1 <k <n—2. |

APPENDIX B: OPTIMAL TWIRLING GROUPS FOR
MULTIQUBIT CONTROLLED PHASE GATES IN
RANDOMIZED BENCHMARKING

In original interleaved RB [38], to benchmark an individual
target quantum gate, U, one always embeds U in a large
group, G, with a number of global quantum gates so that G
has a strong twirling effect. However, the large size of the
twirling group would make group sampling and computing
inverse gates difficult, and plenty of global quantum gates in
G would make the twirling gates hard to realize. The former
difficulty is a classical computational problem, and the latter
is a gate implementability problem. In this work, we focus on
finding the smallest and the most local twirling group for a
target gate.

Fortunately, Refs. [14,15,37] show that embedding the
target gate U in the twirling group G is not necessary to
characterize U. A Clifford gate can be effectively charac-
terized with local Clifford twirling or Pauli twirling instead
of global Clifford twirling. It gives hope that maybe we can
choose a small twirling group for benchmarking a generic
target quantum gate. Normally, we would like to choose a
twirling group as small as possible, but the twirling group
can not be arbitrarily small as well. Otherwise, the twirled
noise channel is not symmetric enough, resulting in hard
postprocessing and inaccurate fidelity estimation. In the main
text, we have briefly introduced the requirements for twirling
groups in RB and proposed Question 1. Below, we will present
more detailed and complete requirements for twirling groups
in RB and rederive Question 1. Moreover, in this part, we
will provide the formal versions of the theorems and lem-
mas in the main text along with their proof. It is worth
mentioning that when we write “a channel is diagonal,” it
always means that “the channel is diagonal up to a unitary
transformation.”

m gate layers

m gate layers

vi=GuGt ut
—_

FIG. 6. Random twirling gates V;, Vs, --- , V,, interleaved with
U in RB. The inverse gate Vi,, = ([]i2, UV;)".~ represents the noisy
version of a quantum gate. A is the composite noise channel of V
and U, and Ag is the G-twirled noise channel.

1. Requirements for twirling groups
in randomized benchmarking

Below, we focus on how to estimate the fidelity of a target
gate, U, with methods of RB. Same with the notations in the
main text and in Appendix A, we express the noisy quantum
gate Y = U A as a composite of the noiseless gate U and its
noise channel A, where U/ denotes the Pauli-Liouville repre-
sentation of U, and ~ represents the noisy version of a quantum
gate. As mentioned in Appendix A4, the key to enable RB
is obtaining the powers of the G-twirled noise channel, AZ,
where m € Z+, and ensuring A is diagonal up to a unitary
transformation, or can be written as Eq. (A42). Then, with
the technique of character RB, one can obtain tr(A¢) and the
fidelity of A. Here, G is the twirling group for tailoring A.

Different from the elaboration in the main text, below we
distinguish two concepts of twirling gate set V and twirling
group G. In the main text, we directly select a twirling group,
G, and implement a random gate sequence composed of gates
from G interleaved with target gate U to obtain A. But in
fact, we have another way to obtain A{; as shown below.

To obtain A, we implement m twirling gates V; =
GU GlelU , sampled from the twirling gate set V =
GUGU', interleaved with the target gate U as shown in Fig. 6.
Here, G; is uniformly and randomly sampled from the group
G, and we set Gy = I. The circuit ends with the inverse gate
Viy = ([T, UVy)" = U™1G} U™ The circuit ideally equals
the identity, corresponding to Ag = I. Note that the twirling
group G and the twirling gate set V are in general different
and G C V. Although we only require A to be twirled by G,
we need to realize gates in V to achieve that since the circuit
involves gate U. The twirling gates should first eliminate
the effect of the twirled gate U and then influence the noise
channel A. Note that the inverse gate Vi,, can always belong
to V as long as we choose m such that U™ = I. The cost to
implement the inverse gate is nearly the same as other twirling
gates.

Same with the main text and the arguments in
Appendix A5, we omit the noise from the twirling gates.
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Then, the circuit is represented as

gm = Vinv ﬁUAVz

i=1

=um'gu Tusgug; . u'
i=1
=U"[Tug AgG. (B1)
i=1
In terms of expectation over sampling of G;, Eq. (B1) becomes
U™ U AG)". Compared to A, this formulation only requires
the commutation relation,

AU = UAg, (B2)

which means that the symmetry of the group G is preserved
under the action of U in the Liouville representation. Thus, to
tailor U in RB, our task is finding the twirling group G satis-
fying Eq. (B2) and ensuring the diagonalizability of Ag while
minimizing the size of the twirling gate set V = GUGU . The
question is summarized below.

Question 3. Given a gate, U, find V such that V =
GUGU" and the twirling group G satisfies

for any quantum channel A, Ag = Egcg¥ AGTis diagonal

up to a unitary transformation independent of A, B3)
and
Al =UAg. (B4)

Question 3 is a more refined problem for finding a twirling
group in RB. However, in general, Eq. (B2) is challenging to
characterize, so we substitute it with a more easily handled
condition, that is,

UGU' =G. (B5)

In this case, V = G and Question 3 reduces to Question 1 in
the main text, as shown below.

Question 1. Given a gate, U, find a twirling group, G such
that,

for any quantum channel A, Ag = EgegGAGT is diagonal
up to a unitary transformation independent of A, (B6)

and
UGU' =G. (B7)

As mentioned in the main text, the solution to Question 1
allows us to obtain the fidelity of (U™ (U Ag)’”ﬁ, which is a
lower bound of the fidelity of A. Below, we present the proof.

Lemma 11. Given a target gate, U, and a twirling group,
G satisfying Question 1, then for any positive integer m, the
fidelity of (Z/{T’“(Z/{Ag)’”)i is a lower bound of the fidelity of
A. Mathematically,

F(U™UAG™ ") < F(A), (B8)
or equivalently,

(U™ UAG)™)) < tr(A). (B9)

Proof. As tr(A) =1tr(Ag), we only need to prove
(U™ U™ < tr(Ag).

Note that A has the expression of Eq. (A41) and can be
written as

k

Ag =) pil. (B10)
i=1

Also, the condition UGU' = G ensures that UTAgU =

(Z/{TAGL{)G as proven in Lemma 12, which means we can

express U AgU as

k
UAGU =" gil;. (B11)
i=1

As U is unitary and does not change the spectrum of
Ag, the value of g; must be equal to one of elements from
{pi, 1 <i < k}. Thus, we can construct a map fi : {p;, | <
i <k} — {gi, 1 <i < k). Similarly, as UUTAcl)UT = Ag,
we can construct a map f> : {g;, | <i <k} —> {p;, 1 <i<
k} so that the compositions of f; and f, are identity maps,
fio f2(qi)) = qi and f; o fi(p;) = p;. Then, f; is just a per-
mutation on {p;, | <i <k} and {g;, | < i < k} is equivalent
to {p;, 1 < i < k} after permutation. Thus, the diagonal terms
of UTAGUAG are {pips} where o is a permutation on
{1,2,--- ,k}.

Similarly, the diagonal terms of U"WUAG)" =
U - U U AGUDAGUAG - U)AG  are  {pipoyiy -+
Do,_)} where oy,---,0,_; are permutations on
{1,2,---, k}. Thus, with rearrangement inequality,

k
(U™ UA)™™) =D (PiPaiy* Ponr)"

i=1

k
< ZP:’
i=1

= tr(Ag). (B12)

Here is the proof. |

Thus, solve Question 1, and then we can provide a lower
bound of the fidelity of the target gate. Based on the proof
of Lemma 11, this lower bound is close to the real fidelity
as long as the diagonal terms of the noise channel in the
Pauli-Liouville representation are close to each other. And the
lower bound is saturated for a global depolarizing noise. More
importantly, if the target gate U is a multiqubit controlled
phase gate, then the twirling group satisfying UGU" = G
would also satisfy Agld = UAg, which we will show in
Theorem 2. As a consequence, we can accurately estimate the
fidelities of multiqubit controlled phase gates instead of only
providing a lower bound.

Lemma 12. Given a unitary gate, U, and a unitary sub-
group, G, if UGUT = G, then for any quantum channel A,
UAU G =UAGUT.

Proof. Provided with UGU " = G, we have

UAUNG = EgeaGUAU G
= EgecUU'GUY AU GTUU
= IEGEGZ/{QAGQTUT

=UAU". (B13)
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The equality in the third line comes from the condition
UGU™ = G. |

2. Proof of Lemma 1

In the main text, we present the lemma that for a finite
n-qubit unitary subgroup G, if for any quantum channel A,
its G—twirled channel, Ag, is diagonal in the Pauli-Liouville
representation up to a unitary transformation independent of
A, then the Pauli-Liouville representation of G is multiplicity-
free. Also, the cardinality of the twirling group |G| > 4".
Below, we present the proof of this lemma. It is worth men-
tioning that, in the proof, we consider a more generic scenario:
if Ag is diagonal up to an invertible matrix transformation
rather than a unitary transformation, then the Pauli-Liouville
representation of G is multiplicity-free. The result is more
generic, and the proof is stronger here.

For convenience, we rewrite the Lemma 1 below.

Lemma 1. For a finite n-qubit unitary subgroup, G, if
for any quantum channel A, its G—twirled channel, Ag, is
diagonal in the Pauli-Liouville representation up to an in-
vertible matrix transformation independent of A, then the
Pauli-Liouville representation of G is multiplicity-free. As a
corollary, the cardinality of the twirling group |G| > 4".

Proof. Let us begin with the irreducible representation de-
composition of the Pauli Liouville representation of G. For

J

each element G € G, G can be decomposed as the direct sum
of irreducible representations up to an isomorphism V),

k
VGV = P Ly, ® $i(G), (B14)

i=1

where V is an invertible matrix, ¢; denotes the irreducible
representation of G, and n; denotes its multiplicity in G. The
term k records the number of inequivalent irreducible rep-
resentations that G contains. It is worth mentioning that the
basis making G block-diagonal may not be Pauli operators
(I, X,Y,Z}. That is why we put V and V~! in the left side of
Eq. (B14). As any unitary channel has an invariant subspace
{I}, the Pauli-Liouville representation of a unitary channel
must be block-diagonal as follows:

1 0
g:<0 Tg>'

Thus, the form of the basis transformation matrix, V, can also

be constrained like Eq. (B15). That means V only changes

the nonidentity basis while keeping the basis I invariant. In

addition, without loss of generality, we set the irreducible

representation in the subspace spanned by {I} as the trivial

representation, that is, mapping all group elements to 1.
Given a channel, A, its twirling over group G is

(B15)

k k -1
A6 = EGeaGAG ™" = EgegV ™! (EB L, ® @(G)) ZN% (EB L, ® @(G)) v

i=1

k k
=V Egea (ED L xcn, ® ¢,-<G>> vy (ED L, ® ¢,~<G>> V.
i=1

i=1

i=1

-1
(B16)

Focusing on the calculation in the square brackets in Eq. (B16), we denote A’ = VAV ™! and decompose it corresponding to

the block partition of the right-hand side in Eq. (B14). That is,

AL A2
AL A2
A =
AKL pAR2
where we set
1
AYy
Al
A/ii _ 21
i 1
Anll An,2

Then, we get Eq. (B19).

k k
Egea (EB Tn, ® ¢,»<G>) N (@ Tn, ® ¢,-(G>>
i=1

i=1

—1

%G 0 - 0 Al

k 0 ¢(G) - 0 Af,
= E¢ec P . : . .
~ : : : :

0 0 $i(G) ) \ Al

i 1
Azz A2n; 0

AZ[Z e A:’fﬂ’l,’ ° 0 0

A/lk

A/an
, B17)

A rkk

A/i
l}’l,’
1

2n;

(B18)

1
nin;

Ny e AL\ (47G) 0 0

i

¢ (G - 0

(e
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i(G)NL¢,7 1 (G)
¢,~(G)A’;2¢;‘(G)

¢:i(G)A},¢; 1 (G)
k ¢,-(G)A§;¢;' (G)

= ]EGeG @

i=1

¢1(G)A”1¢ (G) ¢Z(G)A”2¢ G)

Egea¢i(G)A] 9, (G)
Egea¢i(G)AS9; ' (G)

k
Eceeqﬁ,(G)Aﬁ,’ 1671(G)
By Schur’s lemma, for any irreducible representation ¢; and

matrix A, the twirling of A over G would be proportional to
identity,

Eceadi(G)Ad; ' (G) = tr(A)%, (B20)
where d; = dim ¢:. We set |
w(Af)  w(A) - w(Af)

wo [rad) wad) el
w(A) w(Al) - w(Al,)

Thus, we conclude that

k
IEGeG ( @ ]In,xn, ® ¢l(G)> (@ Hnixn,- ® ¢1(G)>

i=1 i=1

-1

(B22)

and
k

I
Ag = vl(@z\; ® j‘”)v
i=1 i

Note that Ag is diagonal up to an invertible matrix trans-
formation independent of A. There exists a fixed invertible
matrix transformation }’ such that

VAV = Z pill;,

(B23)

(B24)

where T1; is a projector independent of A and V' is also
independent of A.

Notice that Eq. (B24) is a linear function acting on A. If for
any channel A, Ag is diagonal, then the linear combination
of any set of quantum channels would also be diagonal after
G-twirling. Note that the linear span of quantum channels is
the set of all trace-preserving (TP) maps [53]. Thus, for any

TP map with form A = (i TOA), V' AgV'" must be diagonal.

It further requires that for any index i, A} defined in Eq. (B21)
is diagonal up to an invertible matrix transformation. Recall
that A/ is defined from A’, which equals VAV~!. As V has

the form ((1) TOV) and A = (i TOA) is an arbitrary TP map,

AN =VAV! = (Ttt TVTO r-1) 18 also an arbitrary TP map.
Aty
Denotet’ = Tytand Ty = Ty Ty T;l, the elements of t’ and

]EGEG¢i(G)A 1l2¢,'_ (G)
Egeati(G) A5 ¢ (G)

Eceadi(G)A],¢7'(G)

$i(G)AT, ¢ (G)
¢,»(G>A§n,¢;1(G)

$:i(G)A;, n‘</> G

Eceati(G)A}, ¢71(G)

EGEG¢:(G)A2H ¢ '(G)
; (B19)

Eceeqﬁ,(G)AZ (6]

(

T s would be arbitrary. Back to considering A}, when i = 1,
@1 is the trivial irreducible representation, then A} = A" can
be written as follows:

t) Ta;, Ay

T
A/l = : : .. :. ’ (B25)

t T
, ,
n—1 AV Aty -1

where the matrix elements are arbitrary except for the first
line. If n; > 1, then there exists a matrix (} (1)) eI, >
that cannot be diagonalized. Thus, n; must take 1. Similarly,
when i > 2, A} can take any matrix as A’ is an arbitrary TP
map. If n; > 1 in this case, then we can also find a matrix
(} ?) @ I,,—» that cannot be diagonalized. The above argu-
ments indicate that Vi, n; = 1. The irreducible representation
decomposition of Pauli-Liouville representation of G must be
multiplicity-free to make A diagonal for any channel A. This
completes the proof of the first conclusion in the lemma.

A direct corollary of the nonmultiplicity condition of G in
Liouville representation is the cardinality of the twirling group
|G| > 4". This can be obtained by the Burnside theorem, as
follows:

Gl = ) dim’¢;

¢i€RG

k

> ) dim’ ¢,
i=1
k

> ) dim¢
i=1

= 4", (B26)
where Rg records all inequivalent irreducible representations
of G. [ |

3. Systematic twirling group construction
for generic quantum gates

Before we go through the proof of the main theorem, we
discuss how to construct twirling groups for generic quantum
gates satisfying the conditions in Question 1.

Notice that if G contains a subgroup H that would make
arbitrary channels diagonal, up to a unitary transformation,
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via twirling, then G would also enjoy this property as Ag =
(Ag)g, which is shown below.

Lemma 13. If G contains a subgroup H that would twirl
any noise channel into a diagonal channel, up to a unitary
transformation, in the Pauli-Liouville representation, then G
would also enjoy this property. Mathematically,

H c G,VA, Ay is diagonal = VA, Ag is diagonal. (B27)

Proof.
(Ac)n = Eg,eHEceaGnGA(GhG)
= EgeaGAG
= Ag. (B28)
Proof is done. |

As Pauli group P, can twirl any channel into a Pauli chan-
nel, a simple solution to Question 1 is just the smallest group
containing Pauli group and normalized by target U, which is
constructed and spanned by continuously applying U on P,
until no new element is generated. It is worth noting that, ex-
cept for Pauli group P, local dihedral group D" = (X, Z,,)®"
can also twirl any channel into a Pauli channel. In fact, P, is
a special case of D’ when m = 2. For specific target gate U
like Z,,, substituting P,, with D!’ may lead to a smaller twirling
group G though D" is in general larger than P,,. In reality, one
can select an optimal m to obtain a better choice of G. The
above discussions can be summarized below.

Corollary 1. If n-qubit Pauli group P, C G, then Ag is a
Pauli channel and is diagonal in the Pauli-Liouville represen-
tation.

Corollary 2. If n-qubit local dihedral group D} € G, then
Ag is a Pauli channel and is diagonal in the Pauli-Liouville
representation.

Example 1 (Simple twirling group construction). Given an
n-qubit unitary, U, a simple solution to Question 1
is the smallest group containing D}’ and normalized
by U where m > 2 is a positive integer. Concretely, the
twirling group G can be constructed as follows:

G= <U U’DZl(UT)Z>

leN
= {(UIIDI(UT)h )k1 (UlzDz(UT)lz )k2 e
Via lia ki S Z’ Di € DZ}

={U"D\(UTY'UD,(UTY> -+ Vi, l; € Z,D; € D).
(B29)

Here, D is the n-qubit local dihedral group (X, Z,)®". In
practice, we select an optimal m to make |G| as small as
possible.

4. Proof of Lemma 2

Below, we focus on the case that the twirling group is a
CRU subgroup and prove Lemma 2 and Theorem 1 in the
main text. We first provide a more formal and more mathe-
matical version of Lemma 2.

Lemma 2 (Formal Version). For a finite n-qubit CRU
subgroup G, set the Z-basis subgroup of G as Gz =

{U € G|U is Z basis}, which is a normal subgroup of
G by Lemma 9. If for any quantum channel A, its
twirling over group G, Ag, is diagonal up to a uni-
tary transformation in the Pauli-Liouville representation,
then the quotient group G/G;z can interchange any two
computational basis states. In another word, G/Gz con-
tains set S = {IT;|I; = I TIE, i = ijir...i, € {0, 1}", TT; =
XX X" e X, TIf € C""X}. Here, X = (X) is the group
generated by Pauli X gates on all qubits, C'""1IX =
(CX, CCX, C"'X) is the group generated by CNOT and mul-
tiqubit Toffoli gates on all qubits.

Note that (-) denotes the group generated by
Same with before, we simply use (X) to represent
group (X1, X5, -+, X,) and (CX, CCX, C"’IX) to represent
(CXq3,---CCXqa3, - - - ,C”’1X1,2,...,,) while subscripts label
the qubits acted upon. Below we provide the proof of
Lemma 2.

Proof. From Lemma 8, we obtain that the space spanned
by {I,Z}®" is an invariant subspace of G. By rearranging
Pauli operator bases and put {I, Z}®" forward, the Pauli-
Liouville representation of G would be in a block-diagonal

form
G=0:Pa..

where dim G; = 2" and dim G, = 4" — 2". Correspondingly,
we represent channel A in a block-diagonal form in the rear-
ranged basis,

(B30)

A= (K\fz ‘}{f) (B31)
Thus, the twirling of A over G is
Ag =EgeaGAG™!
GzAzG,'  GzAz, G!
=E Z_ 4. B32
G<G (gLALZgZ] GiALG! (B32)

Due to the direct sum structure, the irreducible represen-
tation decomposition of G is composed of decompositions
of Gz and G,. From Lemma 1, all of the irreducible rep-
resentations contained in G must be inequivalent to make
A diagonal. Therefore, G; and G, do not have any equiv-
alent irreducible representation in common, which leads
to EgeaGzA7z1G,' =0, EgecG1A 172G, =0, and Ag =
(EcecGz02G;") @ (BgeaG1ALGT"). To make Ag diago-
nal, we require that two blocks in it are both diagonal. Below,
we focus on the first block.

Note that Gz is a normal subgroup of G. Consider its coset,
or quotient group G/Gz = {I1,Gz, 1 <i < |G/Gz|}, where
Vi, I1; is a representative element. Without loss of generality,
we set I1; as [,.. Then the other representative elements must
be outside Gz. Then we separate the twirling of Az over G
into two parts. One is the twirling over Gz, and the other is
the twirling over quotient group G/Gz. As Z-basis gates are
all identity in the basis of {I, Z}®" in Liouville representation,
they do not influence the twirled channel in that subspace.
For instance, the Liouville representation of the CS gate is
shown in Fig. 7. In the subspace spanned by {I, Z,, Z,, Z, 2},
CS gate is equal to identity. Certainly, if the CS gate is a
twirling gate, then it contributes nothing to the twirling in this
subspace. The same are the gates in G.
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FIG. 7. Pauli Liouville representation of CS gate.

Thus, the only contribution for twirling in this subspace
comes from the quotient group. With the similar arguments
in Lemma 1, we can directly obtain that |G/Gz| > dim Az =
2", the result in Corollary 3. Specifically,

E¢eaGzA2G;" = Eicicia/a,Miz (EWEGZWZAZWZ_I)ni_Zl

= Ei<icia/a, Miz Az, (B33)

where the subscript Z denotes the sub-representation of Pauli-
Liouville representation in {I, Z}®". It can be verified that
{Niz, 1 <i < |G/Ggz|} is a representation of quotient group
G/Gyz. Therefore, one can decompose IM;z with irreducible
representations of G/Gg,

k

Mz = @¢j(ni)- (B34)
j=1

The twirled channel EgecGzAzG, ! would be block diagonal

corresponding to the irreducible representation decomposition

of M;z. With the same arguments in Lemma 1, IN;z must be
multiplicity-free. Then

IG/Gz| = Z dim? ¢;

J€RG/z

k
> dim’ ¢
j=1

k
> dimg;
J=1

=", (B35)

where Rg/z records all inequivalent irreducible representa-
tions of G/G.

To obtain the result in Lemma 2, we further study the
irreducible representation decomposition of quotient group

G/Gy in the space spanned by {I, Z}®". As mentioned before,
M;z must be multiplicity-free, which means each irreducible
representation can appear at most once in I1;z. Focusing on the
trivial irreducible representation, its multiplicity in N;; can be
obtained via Lemma 3 and is given by

m; = Eneg/g,1 - tr(Mz), (B36)

where 1 and tr(Iy) are characters of trivial irreducible rep-
resentation and representation in space {I, Z}®", respectively.
Through direct calculation, Eq. (B36) can be simplified to

1 .
m =En; > wwnwi)

well,Z®"}

1 1 n ) n )
= 5:En >oowl ]z |n[ ][]z |0
i1,i2, i, =0 j=1 j=1
1 1 n ) n )
—tea y o (112 ) 1T
i1, in=0 =t ) \y=1
1 1 n n )
= 5. En >l (T]z || [z of
i1z, in=0 =1 =1
1 1 n ) )
_ L TR g
- 211 ! Z tr HZ/ HZJ/H

iz, I =0 J=1

n

1
= E]Entr ]_[E Z/nz/m
j=11i;=0

1 n
= 5 Entr [[@+znzm) (B37)

j=1
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As IT € G/Ggz is a permutation matrix, l'IZjl'IT, Zjl'IZjl'IT,
and I+ Z;TIZ;,1T" are all diagonal matrices. Therefore,
Eq. (B37) can be further simplified to

En Y. ]_[ il + Z,T1Z, T i)

ie{0,1}"

:—En Z ]_[(1

ic{0,1)" j=1

(ilz;n1Z;11"}i))

1 1
==5En§:110+(1w|nznﬂn

ie{0,1}"

:—En > ]_[(1+( IDAR{UD)

ie{0,1)" j=1

= _EH Z 2" 871(1) =i

ie{0,1}"
= ]E]'[NH

= 0G/G,—{0,1}- (B38)

In the fourth line, we utilize that a permutation matrix would
transform a bit string into another bit string and denote
| (i)) = IT7|i). Here, 7 is a permutation acting on {0, 1}"
and can be viewed as a representation of I1. In the sixth line,
Nri = Y icq0.1» 8= ()=i denotes the number of fixed points for
T acting on {0 1}*. Via Burnside’s lemma, En N equals to
the number of orbits for group G/Gy acting on {0, 1} which
we denote as Og,/G,—(0,1}-

As trivial irreducible representation can appear at most
once, m; cannot be larger than 1, or the number of orbits
cannot be larger than 1. It implies that gates of G/G can in-
terchange any two computational states or any two bit strings
in {0, 1}". Then, we obtain the results in the informal version
of Lemma 2.

Now, we obtain that G/Gz can transform 0" to any other
bit string in {0, 1}". Recall that G/Gz is a subgroup of
(X, C"'X), each element in G/Gy can be written as IT¥ I,
where T € X = (X), ¢ € (CX,CCX, ---,C"'X). As
any element in (CX, CCX, - -- ,C"™1X) has no effect on bit
string 0", TIXTIS would simply transform [0") to T1¥|0").
Thus, IT¥ must take over all elements in X to transform 0"
to all bit strings in {0, 1}". Here, we complete the proof of
Lemma 2. |

In the main text, we have discussed the advantages of
choosing the CRU subgroup as a twirling group in virtually
implementing the inverse gate. Below, we discuss that it might
be sufficient only to consider CRU twirling gates for tailoring
diagonal gates. We notice that in most RB protocols, the
twirling groups contain a CRU subgroup that can twirl the
noise channel diagonal, including Clifford group [6], gener-
alized matchgate group [18], and CNOT dihedral group [16].
We conjecture that if any finite group G can make arbitrary
noise channels diagonal via twirling, then under the equiva-
lence of unitary transformation, it has a CRU subgroup G¢
also achieving that. A concrete example is G as the Clifford
group and G as the Pauli group. Thus, for diagonal gate U in
the computational basis, considering G in CRU highly likely

suffices to find the optimal solution. It is worth noting that the
above discussion is only conjecture, and we hope in the future,
people can find the smallest group in the whole unitary group
for tailoring generic quantum gates.

From Lemma 2, we can directly obtain a lower bound for
the cardinality of the quotient group, as shown in the following
corollary.

Corollary 3. For a finite n-qubit CRU subgroup G, set
the computational basis subgroup of G as Gz ={U €
G|U is computational basis}. By Lemma 8, Gz is a normal
subgroup of G. If for any quantum channel A, its twirling
over group G, Ag, is diagonal up to a unitary transformation
in the Pauli-Liouville representation, then the cardinality of
the quotient group |G/Gz| > 2".

5. Proof of Theorem 1

Below, we provide the proof of Theorem 1. The key point
is utilizing that G contains specific permutation gates and G is
normalized by target gate U. We first present a lemma, telling
us what is the smallest group containing a given permutation
group and normalized by a given computational basis diagonal
gate U.

Lemma 14. Given a permutation group, 1, and a diagonal
gate, U, in the computational basis, the smallest group con-
taining I and normalized by U is given by

G=nxW, (B39)

where x denotes and W= ({ITfUnu-,
IT e N}).

Proof. We first clarify the meaning of semiproduct. It
means that

(1) Any element in M x W has an expression of TTW
where IT € Mand W € W.

(2) W is a normal subgroup of M x W.

It is easy to verify the second condition that W is a normal
subgroup with the first condition. We only need to verify that
for any IT and IT’, I IITUTIUTIT € W. This can be seen via

the following equation:

semiproduct

n'nfvnu'n = @m)'v@mm)u @ uno’y'.
(B40)
As (IIIUMITUT and IITUTI'UT are both elements
in W, we successfully show the soundness of the second
condition.
Now we turn to the proof of the lemma. Obviously, I x W
contains [1. It is also normalized by U:

Given an element ITW where IT € Mand W ¢ W,
UNIWU" =UTiu'w

(B41)
=narfvnuhHw.

The first line comes from the fact that W and U are both diag-
onal gates. As TITUTIU " and W both belong to W, UTIWU
has an expression of [IW’ where W’ € W. Combining the
condition 1, we obtain that M x W is normalized by U.
Meanwhile, for any group G containing N and normalized
by U, UTIU" € G and ITTUTIU" € G. Then we know M and
W both belong to G. As a consequence, G must contain
M x W. Combining with the arguments before, we prove that
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M x W is the smallest group containing N and normalized
by U. |

With Lemma 14, we can easily prove Theorem 1 in the
main text. For convenience, we rewrite the theorem below.

Theorem 1. The optimal twirling group G in CRU for the
multiqubit controlled phase gate, U = C"Z,,, withn > 1,m >
2, is the smallest group containing X and normalized by U,
given by

t
G= {n(]‘[(njuniuf)l/)m eX,t eN,
i=1
Vi, l,-e:tl,l'[,-eX}. (B42)
Proof. From Lemma 2, we can deduce that G at least
contains permutation group (S) where S = {[T¥I1¢, VIT
X, M€ e Cl"~UX]}. Using Lemma 14, we obtain that any
twirling group G as a solution to Question 1 must satisfy

S)x {Munu', m e (S)}) <G. (B43)

If U=c"'z, ="
(Munu’, m e (X)}) < {IMfunu’, 1 e (S)}). For
brevity, we denote W = ({IT"UTI'UT, 1" € (S)}) and
Wy = ((ITTUTIUT, IT € (X)}). For any generator IITUTIU Y
in Wy where IT e X, ITTUTI is a diagonal matrix while
only one diagonal element is not 1 but equals e . As
the permutation elements in S can interchange any two
computational bases, there must exist an element [T € S such
that

0
E ), then we can show that

mun =ofurn. (B44)

Then,

nvnvt=n‘vnu’. (B45)

Thus, any generator of Wy belongs to W. Then, we obtain that
Wy < W for C"~!Z,,. This result also applies to the diagonal
matrix in which only one diagonal element differs from the
others.

Note that the smallest group containing X and normalized
by U is X X Wy. As X is no larger and no global than (S) and
Wy is a subset of W, X x Wy is smaller and more local than
(S) x {ITTUTIUT, T € (S)}), which implies that the twirling
group cannot be better than X x Wy. Below, we would show
that for U = C"Z,, with n > 1,m > 2, X x Wy suffices to
tailor C"Z,,. Combining the two sides, we would obtain that
the optimal twirling group for C"Z,, is X x Wy, just shown in
Theorem 1.

In the following, we show X x Wy satisfies Question 1
for multiqubit controlled phase gate U = C"Z,,. From the
definition of X x Wy, we know that X x Wy is normalized
by U. Thus, we only need to verify that X x Wy can make
arbitrary channels diagonal via twirling. With corollaries 1
and 2, it is sufficient to show that Pauli Z gate or Z,, gate on
each qubit belongs to Wy. Below, we show that this is right
forU = C"Z, withn > 1,m > 2.

Recall that Wy = ({ITTUTIUT, T € (X)}), in the follow-
ing we analyze the generators of Wy, or TITUTIU, in detail.
For certain I1 € (X), let us define its pattern to be a 0-1 bit

string, s}_[, such that s}_[ =1 if the jth qubit of IT is / and

s}_' = 0 if the jth qubit of IT is X. Then, the matrix repre-
sentation of ITTUTIU for U = C"Z,, is

1

n‘c'z,nc'z = el

m

, (B46)

where the (s™, s™) entry is e/ , the (2"+! — 1, 2"+ — 1) entry
is e, and other diagonal entries are 1. As generators are
all diagonal, all elements in Wy are diagonal in the com-
putational basis. Moreover, the diagonal elements would be

power of ¢! . Define an injective map ¢ : Wy — ZZ2"" where
Zln={05 17"‘ 7m_1}’

In[w]o,0

P(w) = —im

o (B47)

11’1[11]]271+1_172n+1_1

Note that the entries of ¢(w) will always belong to
{0,1,--- ,m—1}. With map ¢, we express the gate in
Wy with a vector. For example, ¢(I1°'C"Z,,[1C"Z}) = e;n —
exm+1_1, where we define ¢; to be the basis vector whose ith
entry is 1 and other entries are 0. In this way, the group
multiplication is turned into integer vector addition, and the
group generation is equivalent to the linear combination of
vectors. As IT can take any element in X, vectors vy = ¢y —
€pntl_1, -+, Vntl_p = €on+i_p — €on+1_1, are all basis vectors.
Note that the overall phase of a quantum gate is not im-
portant, so any vectors differing by multiples of vy =

a - I)T are equivalent. Next, we show how to con-
struct vectors associated with Z or Z, gates with vectors
Vo, *** 5 Upntl_q.

As different qubits are symmetric under arbitrary per-
mutation, we only need to construct Z gate or Z, gate
on the first qubit. If m is odd, then we show Z, € Wyx.
Gate Z,, on first qubit corresponds to vector ¢((Z,)1) =

© - 0 1 1)’ Define

u=—+ v+ -+ vasi_o) + " = Dy
=(0 2T (B48)

When m is odd, ged(2"t!', m) =1, vector u is equivalent
to (0 l)T = emy+i_1. Then, we can also obtain e¢; =
vi +u for 0 < i< 2" —2. With ¢; for 0 <i 2" —1,
¢((Z,y)1) can certainly be constructed by

¢((Zm)1) = €pn+l_on + €ontl_nyq + -+ €on+l_1. (B49)

Thus, if m is odd, then we can ensure that phase gates Z,, on
all qubits belong to Wy. In this case, G = X x Wy definitely
satisfies the requirements in Question 1.

When m is even, we show Z € Wyx. We first express
m=q2* where ¢ >1 is odd and k is a positive inte-
ger. Gate Z on first qubit corresponds to vector ¢(Z;) =
© ... 0 g2¢! g2 As ged(@, m) =

2min(+1.6) "y can be expressed as (0 gmin(n+1.6)y "
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Then, ¢(Z;) can be constructed by

D(Z1) = 2" ey + €xnn_gnyy + - + €ii_y)
=2 Uyt _gn F Va1 gy e Vi)
+q2"71(2" = Deyn_y +q2 g,
= g2 Uy vy g - F Vo)
T P
=2 Uy _gp 4 Va1 gy e Vi)

+ q2n+k—l—min(n+l,k)u. (BSO)

Asn>1l,n+k—1—min(n+ 1,k) =max(n — 1,k — 2) is
always a nonnegative integer. Thus, g2k~ 1-min(+1.6) j5 an
integer. As a consequence, ¢(Z;) can be constructed with
linear combination of vy, - - - , Vou+1_5, and u, which is equiv-
alent to Z; € Wy. Thus, if m is even, then we can ensure that
Pauli Z gates on all qubits belong to Wy. In this case, G =
X x Wy also satisfies the requirements in Question 1. Proof is
done. |

6. Twirling groups for multiqubit controlled phase gates

Below, we prove the following theorem, showing the
twirling groups constructed for multiqubit controlled phase
gates in the previous subsection not only satisfies UGU ™ = G,
but also satisfies UAGUT = Ag.

Theorem 2. For U = C"Z,, withn > 1, m > 2 and nm #
2, the twirling group G = X x Wy satisfies UAGUT = Ag.

For such quantum gates, our protocol can provide their
fidelity estimation accurately instead of providing lower
bounds. To prove Theorem 2, we present the following lemma.

Lemma 15. Aslong as (X,CZ, S) < G and U is diagonal
in the computational basis, the equation U/ Agld™ = A holds.

Proof. In Pauli-Liouville representation, {/ is block-
diagonal. Below, we investigate the diagonal blocks of ¢/. By
definition,

Z/l,-j = tr(aiU(oj))
ZdtI'(O'iUO'jUTU;O'j)

=dtr(c;0:U0;U"c]). (B51)
As U is diagonal in the computational basis or Z basis and
o0; is proportional to a Pauli operator, the right part Uo ;U o jT
is also diagonal in the computational basis. Thus, when the
left part o;0; is not diagonal, the trace of the above expression

is 0. In general, we can express that o; = \/LgXa/Zb‘. and 0; =

ﬁxajzbj where X, Xa, € {I, X}®" and Zy,, Zy, € {1, Z}®".
The notation a; is a bit string from {0, 1} meaning X, =
[Tz, Xk(a")k. The same are for a;, b;, and b;. If X, # X, , then
o0jo; is not diagonal and hence Uf;; = 0. Thus, for any operator
X, € {I, X}®", there is a corresponding block with dimension
2" x 2" in the Liouville representation of the diagonal matrix
U. The linear space associated with the block is spanned by
bases {X, - I®", X, - I®"'®2), -+, Xa - Z®"} and we de-
note the set of this bases as X,Z. It is worth noting that the
block spanned by Z is equal to identity with dimension 2",

which means this block can be further decomposed into the
direct sum of 2" small blocks with dimensions 1.

Recall that Ag is also diagonal in Liouville representation,
and all of its blocks are proportional to identities. If Ag has
the same blocks as U, then they will commute with each
other and hence UAgU~! = Ag holds. Now we show that
(X,CZ,S) < G is enough for A to have the same blocks
as U. Since (X, Z) < (X,CZ, S) < G, Ag must be diagonal
in Pauli-Liouville representation, Ag = Zi Ailoi) {(o;]. Note
that if there exists an element G € G such that o; = Go;G",
then o; and o; are symmetric under the group action of G,
which results in A; = A}, or equivalently, o; and o; are in the
same diagonal block [16]. Note that any G € (CZ, S) < G can
be decomposed as G = WV where W € (CZ),V € (S), then
for any X, € (I, X}®"/1®",

GX,G" =wWVX,VIw’
=Xa (X, WX (X VX))V WT

=X (X, WX, WX VX, V). (B52)

Below we express X, = ®?=1Xi”" where a; € {0, 1} and
we simply denote a = (ay, az, - - - ,a)T €0, 1} As X, is
not equal to identity I®", there is at least an element in
{ai,ar,--- ,a,} to be nonzero. Suppose a; = 1. For any
Zy € {I, Z}*" where b = (b1, by, --- , b,)T € {0, 1}*, we can
b; > ajb;

choose W = [, c, j. CZj/, V = S such that

XaX] WX, WXV XV

1<j<n. j#i

:Xa< 1_[ Zj?,-)(Zia,-b,-+2z,g,<n,,-#ia,bj)

I<j<n, j#i
=% [[
1<j<n
= XaZp (B53)
Here we utilize the following two identities:
X,CZ ;X,CZ; = Z;, (B54)
XS X:S = 7. (B55)

Then, for any X, € {I, X}®"/I®" and Z, € {I, Z}®", we can
find a unitary G = WV, such that

GX,G' = XaZp. (B56)

It means that the linear space spanned by X,Z is a diagonal
block for A, which is the same as /. In the space spanned by
Z, Ag and U are both fully diagonal with 2" one-dimensional
blocks. Thus, we prove that (X, CZ, S) < G suffices to make
A commute with the diagonal matrix &/ and complete the
proof of Lemma 15. |

Now we present the proof of Theorem 2.

Proof. The situation of m = 2 and that of m > 3 are dif-
ferent. Below, we first discuss the case that m > 3. The main
technique is following the discussion in the proof of Theorem
1 and mapping Wy to Zf,:“ via injective map ¢ in Eq. (B47).
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Suppose m > 3. In the case that m is odd for U = C"Z,,
from the proof of Theorem 1, we obtain that ¢(Wy) is
spanned by {e;,0 < i < ontl 1}. It means that ¢(Wy) is
equal to Zf;“. Note that ¢(C"Z,,) = ey+i1_1, S0 in this case
the target gate U itself belongs to Wy and hence U belongs to
the twirling group G = X x Wx. When U € G, then

UAU" = EgeaUGAGTUT

= IE:GeG gAg'I'

= Ag. (B57)

The commutation between U/ and Ag is satisfied automati-
cally.

Below, we discuss the case that m is even and m > 3 for
U =(C"Z,. Based on Lemma 15, we study whether CZ and
S gates belong to Wy or not. By symmetry, we only need
to study that for the phase gate on the first qubit S; and the
controlled-phase gate on the first two qubits CZ;,. Note that
the phase gate S can be expressed as S = Z”/4 and CZ can be

m

expressed as CZ = CZ"/%. We express m = q2* where ¢ > 1
is odd and k > 1 is a positive integer. Note that the bases of
d(Wy) are {v; = ¢; — eym1_1, 0 < i < 2" — 2} along with
u = 2mint+Loe . Then, ¢(S)) can be constructed by
¢(S1) = q2k72(62n+|72n + €ontl_nyq + -+ €2n+171)
= q2k72(v2n+1,2n + Upnt+l _pny + -+ U2n+l,2)
+q2572(2" — Degwri_ + ¢2F 2eqnn
:qzk_z(vzzz+l_2n =+ U2n+l_2n+] + ..+ v2n+1_2)
+ q2n+k72€2n+1,1
= q2k72(02n+172n —+ U2n+|,2n+1 + -4+ U2n+172)
+q2n+k—2—min(n+l.k)u
:qzk_z(vznﬂ_zn =+ U2n+l_2n+l + ..+ U2n+1_2)

4 qzmax(k—3,n—2)u. (BSS)
Meanwhile, ¢(CZ,) can be constructed by

¢(C212) = q2k71(62n+1,2r1—1 =+ Contl _gn—141 + -4+ 62n+171)
= q2k_1(v2n+1_2n71 + Upntl _gn—14 + .-+ U21x+1_2)
+ 212" — Deguni_y + g2 eqi_
= q2k_1(v2n+1_2n71 + Upntl _gn—14 + .-+ U21x+1_2)
=+ q2n+k72€2n+171
= q2k_1(v2n+1_2n71 + U2n+1_2n—1+1 + e + U21x+1_2)
+q2n+k727min(n+1,k)u
= q2k_1(v2n+1_2n71 + U2n+1_2n—l+l + e + U2n+l_2)
+q2max(k73,n72)u. (B59)
The constructions Eq. (B58) and Eq. (B59) are valid only
when the coefficients of the bases are integers. Obviously,
k >3, and k =2 and n > 2 can make the coefficients to be
integers. In this case, S; and CZ;, belong to Wy and further-

more, (CZ, X, S) < G.Based on Lemma 15, U AgUT = Agis
satisfied. The exceptions are the case that k = 1 and thatn = 1

and k = 2. Below, we discuss the two kinds of exceptions in
detail.

When k =1, the target gate U = C"Z,, and m = 2q. In
this case, u = 2ep1_y, and CZ,,); and Z,, gates belong to G,
which can be derived through the following equations:

¢((Zm)1) =epnti_gn + et _gnyq + oot oty
= Upn+1_7n =+ U+l _pny | + .-+ Upn+1_9
+ (2” — Depri_| + epnr1_g
= Upn+l_7n =+ U+l _pny | + -+ Upn+1_9 =+ 2”62»&1,1

= Vg1 _gn F Vet _gnyy 4 - F Vo _p + 2",
(B60)
P(CZyj2)12) =2(eqm1 g1 + €gnt1 _gu-t gy + -+ + €pri_y)
=2V _gn-t + Vguri gty + -+ Ve )
+ 22" = Degni_g + 2emm1_y

= 2(U2rx+l_2n—l =+ U2n+l_2n—1+1 R U2n+1_2)

+ 2"eqnri_y
=2(vgn+1 _gu-1 + Vgnst _gu-igq + -0+ Ve o)
+ 2" 1y,
(B61)
Thus, when k=1, (CZ,», Zy,) <Wxy and Xx

(CZyp2, Zn) < G. Notice that m >3 and m/2 is odd,
so m/2 > 3 holds. It can be verified that the irreducible
representation decomposition of the Liouville representation
for group (CZ,,Z,,X), where m >3 and m is odd, and
group (CZ,S,X) are the same. As X KX (CZny2, Zypa) <
XX ACZy 2, Zn) < G and m/2 > 3, after being twirled by
G, the twirled noise channel A; would have the same blocks
asU, and UAgUT = Ag is satisfied.

When n =1 and k = 2, the target gate U = CZ,, and
m = 4q. The bases for ¢p(Wx) are vy = (1,0, 0, -,y =
0,1,0, =D, v, =(0,0,1, —1)T, and u = (0, 0, 0, 4). Note
that ¢(CZ-S1) =(0,0,q,3¢)" = v, +u and ¢(CZ-S,) =
0, g, 0, 3q)T = vy +u. Thus, in this case, (CZ-S§,,CZ -
S>) € Wy < G. In the proof of Theorem 1, we have al-
ready shown that Pauli group P, € G. Thus, the twirled noise
channel would be diagonal in Liouville representation, Ag =
> Ailoi) {(oil. Also, we have the following identities:

CZ-$1X1(CZ-S)) =X12,2,, (B62)
CZ-$:X1(CZ -8, =X12,, (B63)
(CZ-S,-CZ-SNX\(CZ-S,-CZ-8)' =X,Z,. (B64)

Under the twirling of (CZ - S|, CZ - $,), X1, X1Z1, X1Z,, and
X1Z,Z, would be symmetric. Their corresponding Pauli fideli-
ties A; would be the same after the twirling. As the twirling
group contains (CZ - S;,CZ - S,), the twirled noise channel
A would be diagonal and proportional to identity in the space
spanned by X;Z. The cases for spaces spanned by X,Z or
X1XoZ are the same. In summary, Ag has diagonal blocks in
spaces spanned by X1Z, X,Z and X, X,Z, respectively. Thus, in
this case, UAGUT = Ag is also satisfied.

At last, we analyze the case that m =2 and n > 2. The
case that m =2 and n = 1 is just CZ and obviously in this
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case UAGU™ # Ag. When the target gate is C"Z with
n>2, the twirling group is G=XxWy=
(C"1'7,...,Z,X). Different from a generic diagonal
gate, the diagonal blocks spanned by X,Z of C"Z gate in
Pauli-Liouville representation can be further divided into two
small blocks. We will show that any channel twirled by group
(CZ,Z,X) would have the same diagonal blocks as C"Z

in Liouville representation. As (C”’IZ, ---,Z,X) contains
(CZ,Z,X), Acr1z,... z,x) would commute with C"Z.
Similar to Eq. (B51), by setting 0; = ﬁxaizb, and 0; =

ﬁxajzbj where X, Xa, € {I, X}®" and Zy,, Zy, € {1, Z}®",
we get the matrix element of the Liouville representation of

U=C7Z,

[/{J'[ = dtr(o,-ojC”ZU,-C"Zaf)
1
= gtr(xaizbixafzbjw)

1
[0 Etr (XaiXa,ZbiZb_, W) s

W = C"ZX, C"ZX,,. (B65)

Notice that to make U{;; nonzero, we at least require X, =
Xa,;. Define support of X, to be the set, supp(Xy)=
{i|X,, on qubit i is X'}, which is essentially the location of 1
in a;. Notice that two of the diagonal elements of W are —1
while others are all 1. Suppose these two elements are W, ;,
and W, ,,. Without loss of generality, i, can be set as 2" — 1
as the element of the last row and last column is —1. To
make Uj; nonzero, we furthermore require that (Zy, Zp, )i, i, =
(Zb;2b; )iy iy» OF (0112, 2, 1i1) = (i2|Zn,Zp,|i2). Note that |i) =
Xa,111). Thus, to make Uj;; nonzero, we require that X,
and Zy,Zp, commute, which is equivalent to that Zy,Z,, has
even number of Z gates on qubits of supp(X,,). Hence, the
block spanned by X, Z can be further split into two blocks
when m =2. One block is spanned by XiZ, = {XaZs,,
mod (|]a; Nbg|,2) = 0} and the other block is spanned by
XaZo = {Xa,Zp,, mod (|a; Nbg|,2) = 1}. Here, a;Nby is
the bitwise and operation between a; and by, |a; N by| is the
weight of a; Vb, and mod (]a; Nb|,2) = 0 means that
there are even number of Z gates of Z,, acting on qubits of
supp(X,,). Notice that mod (|a; N by|, 2) = 0 is equivalent
to that Zlgjgn(ai)j(bk)j isevenand mod (Ja;, Nby|,2) =1
is equivaleﬂt to that Z]g jgn(a,-) j(bg); is odd. These relations
are useful in the following proof.

Now we obtain that the Liouville representation of U
is spanned by blocks with bases X,Z, and X,Z,. To show
UAcUT = Ag, we also need to check whether Ag has the
same diagonal blocks with ¢/ and whether A is proportional
to identity when restricting in these blocks. The proof is
similar to that in Lemma 15. Recall that Ag = ), A;]0:)) {0
in Liouville representation. Also, if there exists an element
G € G such that o; = Go;G’, then A; = 1}, and o; and o;
would be in the same blocks. Then, we only need to check
whether any element in X,Z, can be generated from X, by
conjugate action of elements in G.

Given X, € {I, X}®"/I®", choose i from supp(X,). For
any Zp € {I,Z}®" where X,Z € XaZ,, we can choose

W = ]_[#l. CZ", such that

ij?

WX, W = X, (X[ WX, W)

_ b 2oi<jcn i 4ib;
=x( [l z'|z
I<j<n, j#i
_ b; (Z[g/gn ajbj)—aib;
=x| 1 #z7)=
I<j<n, j#i
— b; —a;b;
I<j<sn, j#i
_ bj | 7bi
=x( [ z|#
I<j<sn, j#i
= X, Z. (B66)

Here, in the fourth line, we utilize X,Z;, € X,Z,., which means
> i<j<n @jbj is even. In the fifth line, we use the condition
that a; = 1. Thus, we show that A is proportional to identity
when restricting in the block spanned by X,Z,. From a similar
argument, it can be verified that this is also true for block
spanned by X,Z,. Then, we successfully show that ¢/ and
A¢ have the same diagonal blocks, and Y Agld~! = Ag when
m=2.

As a conclusion, the twirling group X x Wy satisfies
UAUT = Ag for U =C"Z, with n=1,m>3 or n>
2, m > 2. Proof is done. [ |

7. Structure of Wy

In this part, we present the concrete form of Wy . Following
the discussion of Wy in previous subsections, we map Wy
into Z2"" via Eq. (B47).

We first discuss the cardinality of Wy. The im-
age ¢(Wy) is the linear span of bases {vy= ey —
, Upnti_p = eqns1_p — epnr1_1}. If considering the
factor of global phase, the image would be the linear
span of bases {vg = ey — emp+i_1, -, Vg = €on+i_p —
e, 1 =2mn0 ke 11, and we denote this enlarged
image to be ¢'(Wy). In ¢'(Wy), any two vectors differing
by vonri_y = (1 l)T correspond to the same gate. If

n+12>k, then u is (0 2k)T. Now we consider the
cardinality of ¢'(Wy ). One can take arbitrary values from Z,,
to fix the coefficients of the first 2"+ — 1 bases. After that, the
coefficient of the last basis u only has 7 inequivalent choices
from Z,, as (a + 5 )u = au. Hence, the cardinality of ¢'(Wy)
is

Con+l_, """

1 W) = m?" =1 2= 2™ 2k,

5 (B67)

For any ¢(w) belongs to ¢'(Wy), we can also find ¢(w) +
(I - D g+ m-D-( - D' in
¢’'(Wyx). All these m terms correspond to the same gate.
Thus, the cardinality of ¢(Wyx) is just |¢'(Wx )| divided by m,
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excluding the redundancy of the global phase,
1, bl
Wx| = Ip(Wi)l = —I¢/ (W)l = m™ 71 /25. (BES)

Now we investigate the structure of Wy =
(nc"z,1C"z}). We first analyze the simple case of
m = q and m = 2q where ¢ is an odd number. Then, we use
induction to analyze the general case that m = ¢2*.

(1) Case l: m=gq.

In this case, k=0, ged(m,2""!')=1, the vector
u=em_;, and ¢'Wyx)= Zf,:“ Clearly, for any
0<i<n, ¢C'Z,) ¢’ (Wyx), so we can obtain
that (C"Zy, C" ' Zy, -+, CZy, Ziy) < Wy Since
<Can, Cn_lZma ] CZnu Zm) = (Can> X <Cn_lzm> Xoees
(C" 2. € Zyy, . C oy, Zy)| = mGD) x
m() s o oxm(T) = w21 = |Wy|. The cardinalities of
Wy and its subgroup (C"Z,,,C""'Z,,, - ,CZy, Z,) are the
same, hence, we can conclude that

WX = <Can, Cn_lZm, o
=(C"Zy) x (C"'Z,) X +++ X (Zy).

(2) Case2: m = 2q.

In this case, k = 1, gcd(m, 21y =2, and u = 2ep_q.
We can use the following formula to construct all C'Z,, with
0<ig<n—1,

) Cst Zm)
(B69)

ClZm = ¢_1(U(21+l,1)*2n—l + Vi1 — 12141
do vy + 27 ), (B70)

But this construction is not valid for C"Z,, as it requires
%u. We can only construct C"Z2 = C"Z,;. This
implies that (C"Z,)»,C""'Z,,C"*Z,,---) < Wy. Since
(C"Zinp2s C" ' Zyy - +) = (C"Zpa) X (C" ' Zp) X -+ - X (Z),
C" Zunj2 € Zos++ CZis Z)| = (/)G 5 3
cxem(T) = m2"+]’1/2 = |Wx]|. Thus, in this case,
Wy =(C"Zy2, C" ' Zyy, -+, CZ,, Z,)

= (C"Zyp2) X (C"'Zy) X -+ X (Zy). (B71)

(3) Case 3.1: m = ¢2* with k < n.

We first give the result and prove it by induction.

Theorem 3. If m = q2k and k < n, then the structure of
Wy can be expressed in the following recursion:

Wy = (C"*Z,,C" 7, -
Ao ={I},Ay ={C"Zy 2},
V2 <k <Ay ={C"F1 7,0, 8C" 2,19 € Ay ).

s Zm) % (Ax),

(B72)

Proof. The proof idea is showing |Wx| =
HC" 2y, C" T Zy -+ Z) x (A)] and (C"THZ,,
Cn_k_lzm’ ] Zm) X (Ak) < WX'

Let us start with studying the relation between
(Ag—1) and (A;). For any ge (Ay—1), it can be
decomposed as g= g’}‘g’%z .-+ where gy,g,--- all
belong to A;_; and X, Ay, --- are integers. Since
glcn’k“Zm, ng”’k“Zm, ... €A, we can conclude that

gJ — (glcnkarlZm)M(gzcnkarlZm))»z e — gcnfkﬂz%i)\i c

(Ax). Suppose Y_; A; is an even number, since C"**1Z, » =
Cn—k+lzi c Ak, the set {g’ gcn—k+lzi’ gC"_kHZ,i, . } C
(Ar). Now we want to argue that any gate has the form
of gC"*1z2*!" cannot be in (Ay). This claim can
be proved by contradiction. If gC"’k“Z,ip e (A,
combining with gC"*+1Z2 € (A;), then it is clear that
Crktz,, = (gCn 1z oCn—kH1Z2PH c (A,). Tt leads
to a contradiction as C"**t!Z, cannot be constructed
with {v;,0 <i< 2" -2} and u =2%ey1_;. Similarly,
if Zi A; is an odd number, then we can see that all
elements have the form gC”’k“Z,f,p 1 will belong to
(A¢) while elements within form of gC"*+1Z2 will not.
In either case, one element g in (Az—;) will contribute to
HC"™*H1Z, )| = 2(C"*1Z,)| elements in (A;), which
implies that |(Ag)| = %|(Ak_1)| x [(C"™*+1Z,)|. By iteration,
the cardinality of (C"*Z,,, C"*1Z,,,---) x (A;) is

HC"*Zy, C" 1 Z,, ) X (AR

1
= EI(C"_H'Zm,C”_kZm, o) X (A1)

1
= ?HCHZm» Cn_lst )

=m?" 1)k, (B73)
This is exactly equal to [Wy|. To complete the proof, we only
need to argue that (C"*Z,,C" %17, ---) x (Ay) < Wy.
Note that ¢'(Wy) is spanned by bases v;, 1 <i <2 —2
and u. We only need to investigate whether the generators of
(C"*Z,,,C" %17, --.) x (A;) belong to the preimage set
of ¢.

For C"*=!7,, with 0 <1 < n —k, it can be expressed in
the form of

ontl_g

"+ Y

[:(2/x+l—k—l —1 ),2k+/

Cl‘l—k—[Zm — ¢—1 21 (0

2n+l =)

=¢ ' 2u+ Z v;

i:(znﬂ—k—l_ 1 ),2k+l

(B74)

Thus, C"*~!Z, belongs to Wy. Next we prove (A;) <
Wy, or equivalently, A, € Wy, by induction. Denote WX =
(FC"Z HC”Zquk). Suppose Ax_; € W5 ~'. Then, any ele-
ment g € Ax_ has the following expression:

g= ¢>‘1(<0

Note that C"**1Z,, can also be expressed in the above form
as

2;x+1_2

2H 4 civi). (B75)
i=0

2/x+l -2

2k—l )T + Z v;

i=(2n—k+2 —1 ),zk—l

(B76)

Cn—k+lzm — d)_l (O
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This implies that C"**!Z2 and C"~**1Z,,¢ can be expressed
as follows:

ontl_p

'+ Y

2Ui> ,
i:(zn—k+2 —1 ),2k—l

(B77)

Cn—k+Ian1 — ¢—l ((O

(2n—k+2_1).2/s—l -1

Zk)T + Z CiV;

i=0

gcn—k+lZm — ¢—1 (O

2n+l =)
+ ) (it by (B78)
i:(zn—k+2,1),2k—l
Therefore, any element ¢ € A; has the expression
2rz+l -2
g=9¢""10 297+ Y e, (B79)
i=0

It means that all elements of A; can be constructed with
u and v;, and belong to W%. Now we have shown that
A C Wﬁ‘(_l implies A; C W’)‘( For the induction argument
to hold, we only need to check the initial condition, i.e.,
A C W}(. This reduces to Case 2. Thus, we prove that Ay C
Wy and (4;) < Wy. Hence, (C"*Z,,,C"*1Z,,,--- ,Z,) x
(Ax) < Wx. Combining with Eq. (B73), we obtain that Wy =
(C"*7,,,C"*=17,. - -.) x (A;) and proof is done. [ |

(4) Case3.2: m = ¢q2* with k > n.

In this case, ged(2"*!, m) = 2" and Wy = (A,;1) as de-
scribed in the previous case.

Below we present examples of the twirling groups for
target gate U to be C"Z and CZ,,, which have been mentioned
in the main text. In the next subsection, we will analyze their
sample complexity and computational complexity.

Example 2. The optimal twirling group G in CRU for mul-
tiqubit controlled Z gate C"Z is

(cr-'z,c"%z,... ,CZ,Z,X)
=Xx({"'z,C"22,.--,CZ,2). (B80)

Example 3. The optimal twirling group G in CRU for con-
trolled phase gate CZ,, is

(CZps Zon, X) = X X (CZy, Zon), (B81)
if m is odd, and
(CZup2, Zins X) = X X ACZnj2, Zn)s (B82)
if m is even and m/2 is odd, and
(CZujas Znpo. X, CZyy 122, CZypoZy)
=X X (CZuj4, Znpp, CZupZY, CZupr 2, (B83)

if m/2 is even. It is worth mentioning that
(CZwja, Zinjas CZypZ), CZynZ2) is @ subgroup  of
<CZm/2» Zm>-

8. Complexity analysis

To enable randomized benchmarking or any other quantum
information tasks with twirling groups, one needs to sam-

ple from the group and compute the multiplication of group
elements. It is necessary to analyze the sample complexity
and the computational complexity of the twirling group. The
sample complexity is directly related to the cardinality of the
corresponding twirling group. The computational complex-
ity is related to both the group structure and the algorithm
for computing the multiplication. We will provide a group
multiplication algorithm and present its complexity as the
upper bound of the group computational complexity. In the
discussion below, we distinguish the number of qubits N and
the number of controlled qubits n. In general, n < N — 1.

To benchmark C"Z gate, the twirling group is Genz =
(c"'z,c"%Z ... ,CZ, Z, X) shown in Example 2. Note that
this group has a semidirect product structure,

-z, c"%z,.-. ,CZ,2,X)

= (X) x ((C"'Z) x (C"%Z) x ---(Z)). (B84)

This means that any element in Genz can be written in
the form of IIW,,_{W,_,--- W W, where Il € (X) and W, €
(C'Z). To sample from this twirling group Genz, we just
need to sample independently from (C"~'Z), (C"~%Z), -,
(Z), and (X). Since the orders of all generators are 2, we
can use a binary string whose length equals the number
of generators of the group to represent an arbitrary group
element. Then, we can sample the group element by sam-
pling the binary string. For instance, the generators of (CZ)
are {CZLZ, CZL3, e, CZI,N, ey, CZZ’:;, e, CZNfl,N}' So
a binary string with length (3) is enough for sampling from
(CZ). The total length needed to sample G¢nz is given by

log|Genzl = log [(X) x ((C"'Z) x -+ x (CZ) x (Z))]

—n+ Z <1:]) = O(N"),
i=1

which is indeed the sample complexity. For computing the
inverse gates, we will utilize the following identity. Given
a C"Z gate acting on qubits iy, ---,i,+; and a subset of
{iy, -+ , iy}, I, then

n
C"Z i,

(B85)

M X; = Mg X, M5, C"B1Z,, ns- (B86)

7"'vi)l+l "'sirH»]

So, the multiplication of two elements in the group is calcu-
lated by

H(I)Wn(Pl . W()(I)H(Z)W(z) . WO(Z)

n—1
[GRTA) 1 DR 1 2 2
= (=)W HU)WHQI .. ‘W1( ¢ )W0< )W’fjl ) "Wo( )
_ 0w 7y (M
= (=1 o nhwl ..

whneOwwOwOw® W@

(1)
— (_I)H(z)-WO H(I)H(Z)W,,/fzw,fl)l -
' Dy Dy @)y (2) Q)7 (2)
WOW1 WO ananfz...Wl WO .

The Wy, ---,W,_, in the third and fourth lines are indeed
the additional controlled-Z gates and multiqubit controlled-Z
gates in Eq. (B86).

Now, we give a brief analysis of the total complexity. The
key point is utilizing Eq. (B86) to shift TT® gate to the left.
We first fix an integer / and focus on C'Z. Now we try to study

(B87)
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the swapping between C'Z and I1?®. By Eq. (B86), the total
complexity for shifting [T across a C!'Z gate is O(2/*!) since
the cardinality of subset / is at most / + 1 and the number of
subsets of / is at most 2/*!. As the number of C'Z gates on N
qubits is at most (lfl), the total complexity for shifting I
to the leftmost is

N

n—1
group multiplication complexity = Z <l n 1) R
1=0

(B88)
The right part is bounded by N”. Hence, the total group multi-
plication complexity is O(N"). Notice that this bound is quite
untight. For example, if we let n = N, then the right part of
Eq. (B88) is indeed 3" — 1.

The inverse of an element TTW,_; - - - Wy is W,_; - - - WpT1,
which equals the multiplication of element W,_; --- W;1x,
and 1wz ---1(zI1, where lg represents the identity in
group G and is indeed the all-zero string in the binary
string representation of group elements. The computational
complexity for computing inverse gate is then equal to the
complexity for group element multiplication, i.e., O(N™).

To benchmark CZ,, gate, the twirling group by our protocol
would always be a subgroup of G¢z, = (CZ,, Z,, X). For
simplicity, we only analyze the complexity of (CZ,,, Z,,, X).
This complexity would be the upper bound of the com-
plexity of the twirling group shown in Example 3.
(CZ,,Z,y,X) has a similar direct product structure like
(c-z,c2z,... ,CZ,Z,X),

Gz, = (X) X ((CZy) X (Zn)). (B89)

Thus, each element in G¢z, can be expressed as WoW;I1
where W, € (CZ,,), W, € (Z,,) and IT € (X). In this case, the
orders of generators CZ,, and Z, are both m. We need to
use [logm] bits to record their multiplicities and to uniquely
identify one group element. Then, to represent an element in
(CZ,,), we should use a bit string with length [logm|N(N —
1)/2. The total number of bits to express a group element is

N

(N -1)
log [(X) X ((CZyp) x (Zn))] = (T —i—N) [logm]+ N

= O(N?logm), (B90)

which is indeed the sample complexity. The equa-
tion Eq. (B86) can be extended for CZ, in the following
way:

czt

£ Xi = X,CZ, X (Zn ), (B91)

where the CZ,, here is on qubit i, j. By a similar argument like
C"Z, we can see that the group multiplication complexity, and
thus inverse computation complexity, is O(N? log m).

The group size and computational complexity for the
CNOT dihedral group have been elaborated in Ref. [16]. So,
we omit the details here. Note that for CZ,,, their results only
apply to m = 2%, and ours admit m taking arbitrary positive
integers. The scaling of the complexity results has been sum-
marized and listed in the main text. In Fig. 8, we also show an
accurate result of the size comparison between our group and
the CNOT dihedral group by considering N = n + 1. The size
of our group increases slower with respect to the qubit number
than that of the CNOT dihedral group.

e This work

50+ CXD
401
<]
o 30 1
o
g qubit_num
201 5 1
10 %
o
oL, . . ' 0 ﬂf%ﬁ&v““f
0 10 20 30 40 50

qubit_num

FIG. 8. Size comparison between the twirling groups for C"Z in
our method and in Ref. [16], associated with blue and orange pat-
terns, respectively. |G| represents the group size. If taking a double
logarithmic scale, then both kinds of groups increased nearly linearly
with respect to the qubit number, but the CNOT dihedral group
increased faster. The smaller figure demonstrates the results in the
logarithm scale.

Below, we discuss the hierarchy of twirling groups, which
may be additionally interesting. In the main text, we have
mentioned that by choosing the twirled gate to be C"Z,, with
increasing n and m, the size of the twirling group and the com-
putational complexity of the group multiplication would keep
increasing. The two complexities are closely related to the
classical simulability of the twirling group, and the hierarchy
of the groups actually forms a computational complexity hier-
archy. The results may be useful in other fields like quantum
complexity theory and quantum simulation.

Here, we discuss the hierarchy of groups themselves
rather than the hierarchy of their sample and computa-
tional complexities. Specifically, we focus on the group
of (C"Z, c" 2z, ...,CZ X, Z,¢). Starting from Pauli group
(X, Z), there are two ways to build up the hierarchy. One
way is adding the number of sides of dihedral groups, i.e.,
increasing the number & in (X, Zx ). The other way is adding
multiqubit controlled Z gates C"Z or even adding multiqubit
controlled X gates C"X . Interestingly, C"Z can be contained in
the CNOT-dihedral group (CX, X, Z,«) by choosingk =n + 1
[16]. The hierarchy is summarized as follows:

'z, c"%z,--- ,CZ,X, Zy)
<(C1z,¢"%Z, - CZ, X, Zopr) - - -
<

'z, ¢z, ,CZ,X,Z6)) - ; (B92)
(C"IX, X, Zy) < (C'X, X, Zoin) -+
<(C"'X, X, Z@©O)) -
< CRU,, (B93)
(X, Zy) < (CZ, X, Zy)
< (CCZ,CZ, X, Zy) - , (B94)
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(X, Zy) < (CX, X, Zy)
< (CCX, X, Zo) -+
< CRU, (B95)
(C*1z,c* 2z, ... [ CZ, X, Zy) < (CX, X, Zy). (B96)

Here, CRU, represents the CRU on n qubits and CRU
represents U,CRU,,. As shown in the above equations, the
upper limit of the hierarchy is CRU. The key point is that
(C"™'X, X) contains all permutations over the computational
bases {0, 1} based on Lemma 10. Thus, (C""'X, X, Z(9))
contains all quantum gates like TIW where IT is an ar-
bitrary permutation gate, and W is an arbitrary diagonal
gate. This is exactly the necessary and sufficient condition
for CRU. Also, from the group hierarchy, it is clearer that
the twirling group of our protocol is smaller than that in
Ref. [16] for multiqubit controlled-Z gates C"Z. It is straight-
forward by investigating (C"~'Z,C"2Z,... ,CZ,X,Z) <
(C1'2,C"%Z, - ,CZ, X, Zx) < (CX, X, Zy).

APPENDIX C: SIMULATION

In this part, we present additional details of the simulation,
including the setting of the noise model, the benchmarking
protocol using the ZX-SPAM setting, and additional bench-
marking results. We denote the total number of qubits as N,
which is 2 for the CS gate and n + 1 for the C"Z gate.

1. Noise model

In summary, to simulate a noisy quantum gate, we consider
local dephasing noise, local amplitude damping noise, and
unitary noise. The strength of the former two noises depends
on the time to implement the gate. To calculate this time, we
first decompose this gate into a series of CNOT gates, Pauli
X gates, multiqubit controlled phase gates, and single-qubit
phase gates. We sum the time to implement each part to obtain
the total time of implementing a gate, denoted as Tyqe. Then,
the former two types of noise are simulated as follows.

(1) Local dephasing channel A,. The dephasing channel
on qubit i, where 1 < i < N, is defined as

Al(p) = KipK) + KipK'™. (C1)
Here,
K= N 0 Ki= v1-=pi 0
o=\ o Up) ' 0 —T=pi)
(C2)

where p; denotes the dephasing strength. The local dephasing
channel is defined as

N
Ag = ® AL (C3)
i=1

In the simulation, we set all p;, 1 <i < N to be the same,
which equals

_ Tgate

pi=e =, (C4

where Ty, denotes the time to implement a gate and depends
on the concrete gate and 7, = 15000 ns.

(2) Local amplitude damping channel A,. The amplitude
damping channel on qubit i, where 1 < i < N, is defined as
Al(p) = KipK} + KipK]'. (C5)
Here,
(O Vi ‘1’). (C6)

i (1 0 i 1
=0 ) i=(o

The parameter g; denotes the noise strength of the amplitude
damping channel. The local amplitude damping channel on N
qubits is defined as

N
Ao = Q)AL (C7)
i=1

In the simulation, we set all g;, | <i < N to be the same,
which equals

_ Tgate

g=e T, (C8)

where Ty, depends on the concrete gate and 77 = 25 000 ns.

To simulate the unitary noise for each gate, we also utilize
the decomposition of the gate and consider unitary errors
for each decomposed part. Then, the noisy gate is simulated
by sequentially acting local dephasing noise, local amplitude
damping noise, and gate with unitary errors.

We introduce the calculation of Ty, and the unitary noise
for each gate below. Recall that all of the twirling gates and
the twirled gate belong to CRU. A CRU gate can be separated
into a permutation part and a diagonal part. The time Ty is
evaluated by the sum of times of two parts. The unitary errors
are also considered separately. We discuss the noise models
for the two parts respectively.

(1) The permutation part is (CX, X) for the CNOT dihe-
dral group and (X) for the other simulated groups. Note that
one can always implement a number of CNOT gates, and then
implement one layer of Pauli X gates to realize an element in
(CX, X); (X) is realized by one layer of Pauli X gates.

For the part constructed by CNOT gates, denoted as
‘CNOT part’, we decompose the circuit based on the algo-
rithm in Ref. [54] and get a synthesis of the circuit with CNOT
gates and SWAP gates. We calculate the circuit depth of the
“CNQOT part,” denoted as “dcnor,” by counting the minimum
layer to realize all CNOT gates. If two CNOT gates can be
realized parallelly, then they are in the same layer. The SWAP
gates do not contribute to the counting of circuit depth since
one can always virtually implement SWAP gates by manually
changing the label of qubits. Then, the time to implement the
“CNOT part” is

tenot = denot X 2 X 30 ns. (C9)

If there are no gates in the “CNOT part,” then zcnor 1S set as
0. For each decomposed CNOT gate, we consider its unitary
noise as

Controlled— exp(i§X), (C10)

where § = 0.0057 and X is the Pauli X gate.
Similarly, the circuit depth of the Pauli X layer is 1 as long
as one qubit is acted nontrivially by a Pauli X gate and 0
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FIG. 9. Pauli Liouville representation of Ap where A is the noise channel of CS gate and P denotes the Pauli group. The values in vacant
squares are all 0, and we omit them. The two axes record the bases of the Pauli-Liouville representation.

otherwise, which is denoted as dx. The time to implement the
Pauli X layer is

ty = d, x 30 ns. (C11)
The unitary error for each decomposed Pauli X gate is
exp(idX), (C12)

where § = 0.0057. The total time of the permutation part is
fperm = fcNot 1 Ix -

(2) The diagonal part of a CRU gate, W, can be generated
by multiqubit controlled phase gates and single-qubit Z rota-
tion:

N
w=[]ITv: (C13)

r=1 iel,

where U/ = C"~'Z; is a multiqubit controlled phase gate with
r — 1 controlled qubit number, and / denotes the phase. When
r =1, U/ is a single-qubit Z rotation. The notation /, is an
index set. When I, is empty, there is no multiqubit controlled
phase gate with ' — 1 controlled qubit number in the de-
composition of W. Since U/ commutes with each other, we
consider all these gates can be implemented at the same time
in the simulation. Thus, the time to implement W is set as

Idiag = max({r|l, # ¥}) x 30 ns. (C14)

This is the time to implement the multiqubit controlled phase
gate with the largest controlled qubit number. The unitary
error is a multiple-Z coupling, considered for each multiqubit
controlled phase gate in the decomposition. For C'~'Z; =
! T I gate, the unitary error is

Uy, = &0 Lecionyr 2‘ZH|Z><ZI’ (C15)

where 6§ = 0.0057, and |z| is the number of 1 in z. The state
with more 1 is influenced more.

Besides the noise of the gate, we also set errors for state
preparation and measurement (SPAM). In our simulation ex-
periments, the initial states are U|0)®Y where U is a local
Clifford gate. In the simulation, we suppose the local Clifford
gate does not bring errors, and the error of the initial state
comes from the noise when preparing |0)®". We assume that
on each qubit, the state |0) would turn into |1) with proba-
bility 0.02, resulting from the thermal excitation. We take the
measurement to be noiseless as there is always a measurement
error correction in experiments.

2. Benchmarking procedure with the ZX-SPAM

Below, we present the benchmarking procedure with the
ZX-SPAM when the twirling group contains the CNOT
dihedral group CZD = (CZ, X, S). Before the introduction
of the concrete benchmarking procedure, we explain why
the ZX-SPAM suffices to extract all different diagonal
terms when the twirling group contains the CNOT dihedral
group.

We take CS gate for an example and present the Liouville
representation of its twirled noise channel under several dif-
ferent twirling groups, including Pauli group P = (X, Z), CZ
Pauli group CZP = (CZ, X, Z), CZ dihedral group CZD =
(CZ,X,S), and CNOT dihedral group CXD = (CX, X, T).
The results are shown in Figs. 9—12.

The matrix elements of the original noise channel A
of CS gate in the Pauli-Liouville representation are all
nonzero and contain complex numbers. After twirled by
the Pauli group, there are only diagonal terms left to be
nonzero, as shown in Fig. 9. If we use a larger twirling
group, the CZ Pauli group, for any X, € {X|, Xz, X;X>}, then
the matrix elements corresponding to X, and X,Z,Z, would
be averaged, and the elements of X,Z; and X,Z, would be
also averaged. The matrix elements of Aczp are shown in
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FIG. 10. Pauli Liouville representation of Aczp where A is the noise channel of CS gate and CZP denotes the twirling group (CZ, Z, X ).
The values in vacant squares are all 0, and we omit them. Note that the elements corresponding to X; X, and Y1 Y, are the same, and the elements
corresponding to XY, and XY, are the same. But the two values are different. Generally, the elements corresponding to X; and Y; are different,
and the elements corresponding to X, and Y, are also different. However, in this case, the noise channel is very special, and the difference can
hardly be seen by accident.

Fig. 10. Its diagonal blocks are associated with the bases set  different diagonal terms,

in {{]I}v {Zl}v {Zz}’ {ZIZZ}’ {Xuzl ) XaZZ}v {Xav XaZlZ2}|X(1 €

{Xi, Xo, X1 X3}}. Thus, the number of different diagonal terms tr(PA(P))/ZN Pel Z}®N U{H X}@N)\]PX)N. (C16)
is 7, excluding the one associated with {I}. Nonetheless, ’ ’ ’

via the ZX-SPAM, one can at most obtain 2(2¥ — 1) =6 o .
Thus, the twirling of the CZ Pauli group does not suffice.
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FIG. 11. Pauli Liouville representation of Aczp where A is the noise channel of CS gate and CZD denotes the twirling group (CZ, Z, S).
The values in vacant squares are all 0, and we omit them. The matrix elements corresponding to X, Z are all averaged respectively for X, €
X1, Xo, Xi X5}
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FIG. 12. Pauli Liouville representation of Acxp where A is the noise channel of CS gate and CXD denotes the twirling group (CX, X, T').
The values in vacant squares are all 0, and we omit them. The second to the fourth diagonal elements are averaged, and the last 12 diagonal
elements are also averaged.

If we further use a bit larger twirling group, CZ dihedral
group, then the matrix elements corresponding to X,Z would
be all averaged as shown in Fig. 11. The number of different
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diagonal terms is just 2(2Y — 1) = 6. In this case, using the
ZX-SPAM, we can extract the diagonal terms of ACzp and
hence obtain the diagonal terms of Aczp via fitting. If using
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FIG. 13. The results of the dressed fidelity, the twirling group fidelity, and the target gate fidelity for the CS gate with five benchmarking
methods. The red dashed line is the theoretical value of the target gate fidelity. The horizontal axis denotes the number of sampled sequences
for each depth and the vertical axis denotes the fidelity.
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the CNOT dihedral group for twirling, then the twirled noise
channel Acxp would be more symmetric than Aczp. The
elements corresponding to Z;, Z,, and Z,Z, will be averaged
and the elements corresponding to {X,Z|X, € {X1, Xz, X1X>2}}
will also be averaged. Thus, Acxp only has two parameters
as shown in Fig. 12. Using the ZX-SPAM can also extract all
different diagonal terms of Acxp.

In Box 1, we introduce the detailed benchmarking proce-
dure with the ZX-SPAM. The twirling group contains the CZ
dihedral group.

Box 1: Procedures for benchmarking with the ZX-SPAM

(1) First initialize the state, |¥o) = |0)®Y or |yy) =
|[+)®", where N is the number of qubits.

(2) Choose a positive integer, M, and choose two sets
of positive integers {m, my, ..., my} and {K;, K, ..., Ky }.
Here, {m,, m,, ..., my} is the set of circuit depths and for
1 < i < m, K; is the number of sampled sequences when
circuit depth equals m;.

(3) For each integer 1 <i < M, uniformly and
randomly sample 2m; gates from twirling group G,
where G D (CZ, S, X), for K; times, which we denote
{Gj1,Gj2,--,Gjam}, 1l < j <K

(4) For eachinteger 1| <i < M and 1 < j < K;, imple-
ment gate sequence

S, mi) = Uiy l_[ U'G;nUG; -1,

t=1

(C17)

where ~ represents the noisy version of the quantum gate
and Uy = ([T, UTGj,leGj’z,_l )'; U is the target gate.
(5) For initial state |1g) = |0)®", measuring all ob-
servables from {I,Z}®V of the final state via Z-basis
measurement. For initial state ) = |4+)®", measuring
all observables from {I, X}®" of the final state via X -basis
measurement. That is, for each Oy € {I, Z}®V, estimate

f2Giomi, k) = tw(OS(j, m)(Bo))- (C18)
For each P, € {I, X}®V, estimate
Fx (i mi, k) = tr(PS(j, m)(B)). (C19)

Here, Py and p; are noisy versions of [0)®V and |+)®V,
respectively.

(6) Average the results of different gate sequences and
obtain

1 &
fatmi k) = ;fzu, my, k), (C20)
1 K;
Fx(mi, k) = = 3 f (G mis ). (C21)
1 j=1
(7) For each O, fit fz(m;, k) to function
f(m) = ArG, (C22)

and obtain Az . For each P, fit fx (m;, k) to function

f(m) = AAY', (C23)
and obtain Ay .
(8) Estimate the fidelity of the target gate via
Azi+ 2N dxx— 1
F = Zk Z.k (Zk X,k ) (C24~)

4N

(9) If one wants to separate further the noise of the
twirling gates and the target gate, then execute the follow-
ing step. Replace the target gate with identity and repeat
the above processes to estimate the fidelity of the twirling
groups, Fg. Then, estimate the fidelity of U with F and Fg

by
F_sz—l AT
U™ B2F; — 1 az) " ar

Note that in the above benchmarking procedure, we use the
circuit structure in Ref. [15] instead of Ref. [14]. That means
we implement random twirling gates interleaved with U and
U instead of being just interleaved with U. For C"Z gate,
U = Uy and this modification does not influence anything.
For more general case that U is C"Z,, gate like CS gate, under
a mild assumption that U and U has the same noise A, the

above procedure can estimate the fidelity of UTAgUAG,
which is equal to the fidelity of A. In this modified procedure,
the circuit depth only needs to be chosen as the multiples of 2.
While within the circuit structure in Fig. 6, just like Ref. [14],
the circuit depth needs to be chosen as the multiples of the
order of the target gate to ensure the inverse gate belonging to
the twirling group. For instance, the order of C"Z,, is m and
can be large for C"Z,, with large m. In this case, the modified
benchmarking procedure in Box 1 can offer an advantage of
shorter circuit depth in circuit implementation. One can also
use the circuit structure in Fig. 6 to benchmark the noise
channel.

(C25)

3. Fidelities of dressed and twirling gates

In this part, we show the full results of the dressed fidelity,
or the fidelity of the composite noise channel of the target
gate and the twirling group, the fidelity of the twirling groups,
and the fidelity of the target gates. Depending on the twirling
group and the SPAM setting, we have five benchmarking
methods:

(1) Pauli, random SPAM.

(2) CZ dihedral group (for the CS gate) or
(c-'z,...,CZ,X,Z) (for the C"Z gate), random SPAM.

(3) CNOT dihedral group, two SPAM.

@) ('z,...,CZ,X,S), ZX-SPAM.

(5) CNOT dihedral group, ZX-SPAM.

For  simplicity, the CZ dihedral group or
(c"1z,...,CZ,X,S) is denoted as CZD. The group
(c-'z,...,CZ,X,Z) is denoted as CZP. The CNOT
dihedral group is denoted as CXD.

Recall that the benchmarking results in the main text
cover the CS, CCZ, CCCZ, and CCCCZ gates. We list the
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FIG. 14. The results of the dressed fidelity, the twirling group fidelity, and the target gate fidelity for the CCZ gate with five benchmarking
methods. The red dashed line is the theoretical value of the target gate fidelity. The horizontal axis denotes the number of sampled sequences
for each depth and the vertical axis denotes the fidelity.
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FIG. 16. The results of the dressed fidelity, the twirling group fidelity, and the target gate fidelity for the CCCCZ gate with five
benchmarking methods. The red dashed line is the theoretical value of the target gate fidelity. The horizontal axis denotes the number of
sampled sequences for each depth and the vertical axis denotes the fidelity.

benchmarking results of the four gates with five methods in
Figs. 13-16, respectively. We can see that the results of the
Pauli group have the minimum fluctuation, thanks to the low
error rate of the twirling group. The results of CZP or CZD are
effective in a small-scale system below 5 qubits. The CNOT
dihedral group fails in benchmarking when the qubit number
is no less than 4. Thus, in the main text, we do not present
associated results.

4. Simulation results of C5Z

In this part, we present the benchmarking results
of C°Z, with the Pauli group, (C*Z,---,CZ,X,S), and
(C*Z,--- ,CZ,X,Z). The latter two are labeled with CZD
and CZP, respectively. The results are shown in Fig. 17. It
can be seen that due to a large gate-dependent noise, the
results of the latter two methods fluctuate a lot. Nonetheless,
from Fig. 17(d), we can still observe that though the variance
of the results associated with the Pauli group is lower, the
bias associated with CZD is smaller. Due to a large fluctu-
ation in the results, we increased the maximum number of
sampled sequences from 100 to 1000 compared to previous
simulations. One can see that when the number of random
sequences increase from 20 to 1000, the fluctuation of results
corresponding to CZD can decrease. In contrast, the bias of
the results associated with the Pauli group does not change
with the number of sampled sequences increase.

5. Simulation results with noiseless twirling groups

To further understand how the choice of the twirling group
influences the final benchmarking results, we also simu-
late the benchmarking procedure with the noiseless twirling
group. The noise model of the target gate does not change
and is still given in Appendix C 1. In Figs. 18 and 19, we
present the results of benchmarking the CS and CCZ gates
with five benchmarking methods, which are introduced in
Appendix C3. It can be seen that the methods “CXD, two
SPAM,” “CZD, ZX-SPAM,” and “CXD, ZX-SPAM” can both
estimate fidelity unbiasedly. The results of the methods “Pauli,
random SPAM” and “CZD (CZP), random SPAM” deviate
from the ideal value, and the results of “Pauli, random SPAM”
deviate more. The deviation of ‘“Pauli, random SPAM” and
“CZD (CZP), random SPAM” can be explained by the effect
of random SPAM settings. The randomly sampled SPAM in-
troduces a bias to the fidelity estimation. Meanwhile, the weak
twirling ‘ability’ of the Pauli group, or the less symmetric
of the twirled noise channel associated with the Pauli group,
introduces another bias effect to the fidelity estimation. Thus,
the results of the Pauli group deviate the most in the case of
the noiseless twirling group. In practice, the Pauli group is the
least noisy. Hence, when considering a noisy twirling group,
especially in a larger system, benchmarking with the Pauli
group can provide relatively more effective fidelity estimation
than other groups.
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FIG. 17. Panels (a), (b), and (c) show the results of the dressed fidelity, the twirling group fidelity, and the target gate fidelity for the
CCCCCZ gate with three benchmarking methods. The three methods are the Pauli group with a random SPAM, (C*Z, --- ,CZ, X, S) with
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horizontal axis denotes the number of sampled sequences for each depth and the vertical axis denotes the fidelity. The maximum number of
sampled sequences is 1000. Panel (d) compares the target gate fidelities associated with the Pauli group and (C*Z, --- ,CZ, X, S). It can be

seen that the variance of the results corresponding to the Pauli group is lower and the bias associated with (C*Z, --- ,CZ, X, S) is smaller.
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FIG. 18. Benchmarking results for the CS and CCZ gates in panels (a) and (b), respectively, with the optimal twirling group, the Pauli
group, and the CNOT dihedral group in the case of noiseless twirling group. The optimal twirling group is the CZ dihedral group (CZ, Z, S) for
CS, and the CZ Pauli group (CZ, Z, P) for CCZ. The red dashed line is the theoretical value of the noise channel fidelity. Each box plot contains
20 fidelities, and each fidelity is estimated with circuit depths {2, 4, 6, 8, 10}, and the total number of different gate sequences for each depth
is specified by the horizontal axis. Here, for the Pauli group and the optimal group, we randomly sample and estimate 20 different diagonal
terms of the twirled noise channel. We mark this setting with “random SPAM” on the label. For the CNOT dihedral group, we estimate only
two different diagonal terms of the twirled noise channel. We mark this setting with ‘two SPAM’ on the label. Each SPAM setting prepares an
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