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Thermal Ising transition in two-dimensional SU(3) Fermi lattice gases with population imbalance
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We focus on three-component SU(3) Fermi gases loaded into a square optical lattice, with population
imbalance between one component and the others. At strong coupling the system is described by the SU(3)
Heisenberg model with an external field that couples to the population imbalance. We discuss the ground state at
the mean-field level and then analyze the thermal fluctuations with the semiclassical Monte Carlo method. The
interplay of interactions, population imbalance, and thermal fluctuations gives rise to a phase transition linked
to the breaking of an emergent Ising symmetry, despite the absence of frustration. This represents another
scenario of discrete symmetry breaking in low-dimensional systems with continuous symmetries. Possible
implementations with cold alkaline-earth(-like) atoms are discussed.
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Introduction. Symmetry and its spontaneous breaking
have been playing a central role for understanding the low-
energy physics of many-body systems and classifying phase
transition phenomena. According to the Mermin-Wagner-
Hohenberg theorem [1,2], continuous symmetries cannot be
spontaneously broken at nonzero temperature in one- and
two-dimensional systems with sufficiently short-range in-
teractions. However, it has been found in certain systems
with only continuously symmetric interactions that a spon-
taneous symmetry breaking with respect to a discrete order
parameter can emerge through a nontrivial mechanism even
in low dimensions at nonzero temperature. In the frame-
work of Heisenberg-like models, in a seminal work [3],
Chandra, Coleman, and Larkin introduced the idea that this
scenario can be realized in the presence of frustration coming
from competing exchange interactions; in fact, their pro-
posal of an Ising transition in the frustrated J;-J, model
on the square lattice has been confirmed in various subse-
quent studies [4-6]. An additional example of this kind is
given by the Ising transition in the fully frustrated spin-1/2
Heisenberg ferromagnetic/antiferromagnetic square bilayer,
which exhibits a finite-temperature phase transition in the
two-dimensional (2D) Ising universality class [7,8], occurring
at the endpoint of the discontinuous (first-order) phase tran-
sition between the singlet-dimer and fully polarized triplet
phases. In the triangular lattice Heisenberg model it is the
interplay of geometric frustration and magnetic field that
stabilizes the up-up-down state, which breaks only a dis-
crete translational Z; symmetry. In this Letter we aim to
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extend these concepts to SU(N)-symmetric Heisenberg mod-
els: We argue that, even without frustration coming from
geometry or competing exchange interactions, the presence
of a suitable “external field” [the SU(N') symmetry admits
N — 1 couplings that play the role of generalized magnetic
fields] can indeed induce the breaking of an emergent discrete
symmetry.

The optimal experimental platform to test the above idea is
given by ultracold atoms in optical lattices, which represent
invaluable quantum simulators of many-body physics. For
instance, two-component Fermi atoms in an optical lattice can
realize the Hubbard model [9], the simplest model for strongly
correlated electrons. At half filling and strong coupling the
system is well approximated by the SU(2) Heisenberg model
[10], and recent experiments employing the quantum gas mi-
croscope technique have confirmed that in a square optical
lattice short-range spin-spin correlations exhibit finite cor-
relation length, as expected at low but finite temperatures
(20.25 times the tunneling energy) [9]. Owing to the advances
in the manipulation of cold alkaline-earth(-like) atoms, such
as '>Yb and ¥’Sr, analogous experiments on systems with
SU(WN) symmetry, N > 2, have been underway [11-14]. This
has stimulated vast theoretical work, leading to numerous pre-
dictions of exotic ground states for various lattice geometries
and and degrees N [15-19]. However, the effects of “external
fields” that partially break the SU(N) symmetry have been
rarely investigated, as well as those of thermal fluctuations
[20]. Note that in cold-atom experiments, such an external-
field effect can be simulated by imposing a global imbalance
of populations among the A/ components [21].

Model. Inspired by the previous considerations, in this Let-
ter we study the strong-coupling regime of three-component
Fermi gases with SU(3)-symmetric interactions in a square
optical lattice at 1/3 filling [15,16] with population imbalance
between one component and the others, which breaks the orig-
inal SU(3) symmetry down to SU(2) x U(1). The system is
described by the antiferromagnetic SU(3) Heisenberg model
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with an external field,

- Zx i —DZASI J > 0), )]

(i, ))

where i; = ():l.,ia ):2,,-, o, ):g’,‘) are the generators of the
SU(3) Lie algebra in the defining representation [22], acting
on the three local basis states, which we refer to as three
“colors,” |R;), |B;), and |G;) [15, 16] at site i. In the form
given by the Gell-Mann matrices, A3 and Ay are diagonal,
diag[1, 0, —1] and \/lgdlag[l 1, —2], respectively, while the
others have off-diagonal entries, responsible for the color
change of the local state. The last term of Eq. (1) repre-
sents a bias field controlling global population imbalance
P, between {R,B} and G. Although this partially breaks
the original SU(3), the system still possesses the continuous
SU(2) x U(1) symmetry, related to the global rotatlons in the
SU(2) space generated by A;_3 and that around Aig.

The SU(3) Heisenberg model corresponds to the spin-1
Hamiltonian with equal bilinear and biquadratic exchange
couplings [23], which has been discussed in the context
of spin liquid in NiGa,S4 [24], under the identifications
{IR:), IB:), 1Gi)} = {|1;), |—1;), |0;)}. In the language of solid
state physics, the imbalance field D corresponds to the intrin-
sic single-ion anisotropy of the magnetic material. In artificial
quantum systems of alkaline-earth(-like) atoms in optical lat-
tices, the Hamiltonian (1) can be realized more directly with
no fine tuning of coupling parameters. Those atoms possess
SU(2I + 1)-symmetric repulsive interaction for nuclear spin
I (I =5/2for'Yband I = 9/2 for ¥Sr), and the technique
of optical pumping allows for the preparation of any number
N of components out of the 21 + 1 spin states [25].

The mean-field ground state. First, we consider the mean-
field ground state of Eq. (1) at zero temperature, based on
a variational wave function of the form |W) = [, |¥;) with
|¥i) = dr.iIR;) + dg.i|Bi) + dg.i|G;). The coefficients can be
represented by a normalized complex vector parametrized as

d; = (dr,ds,, dg,i)

<fcos , /i€ sm— e%i\/1 _Si)- 2)

The amplitude and phases (s;, 6;, ¢;, ;) € [0, 1] x [0, 7] %
[0, 27)> should be determined in such a way that the
variational energy Eyp = (WA = JZ(;,/) |d§ ‘dj|2 —
DY ,(3s; — 2)/«/5 is minimized. For D = 0, namely at the
SU(3)-symmetric point, the minimization only imposes that
the d; vectors on neighboring sites are orthogonal. This is not
enough to uniquely determine the global configuration of the
d; vectors, resulting in an accidental ground-state degeneracy
within the mean-field approximation. Previous studies have
predicted that the thermal fluctuations favor the Néel configu-
ration shown in Fig. 1(a) via entropic selection [15,16], while
the three-color stripe long-range order shown in Fig. 1(b) is
chosen via a quantum order by disorder mechanism.

In the presence of an imbalance field D, this degeneracy
is already lifted without taking fluctuations into account. In
Figs. 1(c) and 1(d), we show the values of the energy per
site and the global population imbalance P, respectively, as
functions of D/J, for several mean-field solutions, labeled
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FIG. 1. Illustration of the two- and three-sublattice struc-
tures with ordering wave vectors (a) @, = (7, 7) and (b) Q; =
(2r /3, =27 /3) or QF = (27 /3,27 /3). Sublattices are labeled A,
B, C. (c) Energy per site and (d) global population imbalance of the
mean-field states as functions of the field D at zero temperature.

(i)—(v). For D < 0, the imbalance field D tends to increase
the global population of the |G) state and competes with
the antiferromagnetic coupling J, which tends to arrange
different colors at neighboring sites. When D is sufficiently
negative (D < —8J/ V/3), the forced ferromagnetic state [(i) in
Fig. 1]is formed (|y;) = |G) for all i). For —8]/«/5 <D <0,
we found the “minority-united canted-Néel” (MUCN) phase
[(i) in Figs. 1 and 2], in which the variational parameters
in Eq. (2) are (s;, 6, ¢ o) = [L(1 + 2 2), 6, 0. @y - i +
ap], as the ground state. Here, the phases 6o, ¢o, and g
are arbitrary and Q, = (;, ) is the propagation vector. In
the MUCN state, while the phase «; is alternating on the
two sublattices [see Fig. 1(a)], interestingly the SU(2) sec-
tor of R and B exhibits ferromagnetic order with uniform
6o and ¢y, despite the antiferromagnetic nature of the ex-
change interaction. This can be understood as a mechanism
to minimize the interaction energy between the majority G
and the minorities {R, B}. Notice that the MUCN state can
be mapped to the conventional canted-Néel state of quantum
antiferromagnets under magnetic field through the map-
ping cos (8/2)|R) + € sin (8/2)|B) > |1), |G) — || ). For
D > 0, since the global population of {|R;), |B;)} tends to
increase, there is no competition with the antiferromagnetic
interactions. Therefore, an infinitesimally small field stabi-
lizes (iii), the standard Néel order (with R and B), which is
of course the ground state of the SU(2) Heisenberg model.
Although the mean-field theory predicts the two-sublattice
ground states (MUCN and R-B Néel), besides the uniform

L022056-2



THERMAL ISING TRANSITION IN TWO-DIMENSIONAL ...

PHYSICAL REVIEW RESEARCH 5, L022056 (2023)

(ii) MUCN
A

(iii) R-B Néel

v)

120°

:§> i§>

FIG. 2. Two relative phases «;, ¢; in the mean-field states
(ii)—(iv) on the corresponding sublattice structures displayed in
Figs. 1(a) or 1(b) in a fixed gauge with 6; = 7 /2. The angles «yg, ¢o
can be arbitrarily chosen independently. In states (iii) and (v), «; is
not defined since s; = 1.

state for D < —8J/ \/5, we also found three-sublattice solu-
tions as metastable states [corresponding to (iv) and (v) in
Figs. 1(c) and 1(d)]. While in state (iv) the three colors coex-
ist with 7(D < 0) = $(1 + J%l,—) ,r(D>0)=1(1- ﬁglj-’ ,
the component |G) vanishes in state (v), that is, s; = 1. All
these states, including the above-mentioned MUCN and R-B
Néel, are massively degenerate, owing to the SU(2) x U(1)
symmetry of the Hamiltonian. Upon choosing the gauge 6; =
/2, for which densities of B and R particles are identical
and uniform on the lattice, we summarize the remaining two
parameters ¢ and « of the mean-field solutions [(ii))—(V)] in
Fig. 2.

Thermal phase diagram. Since the lowest temperatures
reached in current experiments are in the range 7 =~ 0.7/
[SU(6) chain] [12] to T ~ 0.9J [SU(2) square lattice] [9],
addressing the finite-temperature effects becomes important
beyond a purely theoretical motivation. We hereby take into
account thermal fluctuations from the mean-field ground
state using semiclassical multicolor Monte Carlo (sMC)
simulations [20,26,27].

We perform the standard Metropolis algorithm that allows
the complex vectors d; on L x L sites under periodic bound-
ary conditions to fluctuate thermally with the Boltzmann
weight exp (—Emp/T ). In addition, we employ the relaxation
acceleration (RA) technique [20] with local unitary transfor-
mations exp (icH* /[ H1°||r) defined by the local mean-field
Hamiltonian 7 = £ 3.\ (X;) - X; — Dig ;. Here, the real
number c is randomly generated from an uniform distribution
on the interval [—1, 1], || - - - ||g is the Frobenius norm, and
the sum runs over all nearest-neighbor sites of site i. In the
case of the SU(3) system, the eigenvalues of ’}-Al%"c can be cal-
culated analytically, which contributes to the reduction of the
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FIG. 3. (a) Thermal phase diagram obtained by the sMC simula-
tions. The crossover temperature 7.* is determined by the temperature
where the correlation length reaches ten sites. (b) A snapshot of
the checkerboard partially disordered state (CBPD) order from the
Monte Carlo simulations.

calculation cost [28]. The single Monte Carlo step consists of
the Metropolis updates for d,; ; over the entire lattice, followed
by double RA sweeps. This procedure can enhance decorrela-
tion and increase the convergence speed [20].

Figure 3 shows the sMC thermal phase diagram. The
most surprising feature is a fluctuation-induced phase with
true long-range order emerging for —0.8 < D < 0. The R-B
Néel and MUCN states, being continuous-symmetry-breaking
states, only possess short-range correlations and a crossover
connects them to the high-temperature disordered phase.

In order to determine the transition (or crossover) lines
in Fig. 4, we calculate the correlation lengths [20,29]
£(q) = 15917 VIS(@)/S(q +3¢)] — 1, where S(q) is the
structure factor for wave vector ¢ and 8q = (27 /L, 0). We
use S8V (g) =30 (I A€ 2/L%) and SYV(q) =
(1> )Ang,,-e"‘l""|2/L2> to detect the correlations in the SU(2)
and U(1) sectors, respectively. The R-B Néel and MUCN
phases can be identified by S5V (q) with ordering vectors
q=0,=(m,m) and g = 0, respectively. We confirm that
there is no crossing point of £3Y® /L for different system sizes
down to low temperatures [see a typical case in Fig. 4(a)],
which indicates no long-range order at T > O as expected.
In Fig. 3, we plot the crossover temperature 7.* from disor-
dered to short-range correlated state by choosing the condition
g5V = 10 sites [see Fig. 4(b)], which is comparable to the
linear system size in typical cold-atom experiments in two
dimensions [9].

The emergence of the nontrivial true long-range order
between the regions with the R-B Néel and MUCN short-
range correlations for 7 > 0 is of particular significance.
In this phase, most of the snapshots in the sMC simula-
tions show a checkerboard pattern where one sublattice is
occupied mostly by |G) and the other by random superposi-
tions of [R) and |B): [;,) = |G), |¥i;) = cos (05, /2)|R;;) +
' sin (0, /2)|B;,), where 6;,, ¢;, are randomly chosen at
each site in each sMC snapshot [i.e., disordered in the SU(2)
sector]. This state breaks neither SU(2) nor U(1) symme-
try, but only the discrete translational symmetry. Thus, the
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FIG. 4. Typical examples of the numerical data for the scaling
analyses that obtain the finite-temperature phase diagram shown in
Fig. 3. (a) Scaled correlation length £5V® /L and (b) correlation
length £59@ along D/J = 2/+/3. (c) Scaled correlation length and
(b) scaled spin susceptibility with respect to Ag at D/J = —1/2+/3.

Mermin-Wagner-Hohenberg theorem [1,2] does not forbid a
finite-temperature phase transition to this checkerboard par-
tially disordered state (CBPD) with true long-range order.
In fact, as seen in Fig. 4(c), the scaled correlation lengths
gYMD/L, obtained from SV (g = Q,), for different linear
sizes L cross each other at a certain critical point 7, > 0.
According to the finite-size scaling theory the scaled magnetic
susceptibility Y /L>7", where xYV = (J/kgT)SVD(Q,),
should become size independent at the critical temperature 7;:
Fig. 4(d) shows that this scaling law is reproduced with critical
exponent n = 1/4, indicating the 2D Ising universality class,
as expected from the Z, translational symmetry breaking of
the checkerboard pattern.

Let us discuss the mechanism of the emergence of CBPD
order. Within the mean-field approximation, this phase is
included in the infinitely degenerate ground-state manifold
at the SU(3)-symmetric point, since each pair of the d;
vectors on neighboring sites is orthogonal. For 7 > 0 one
sublattice is disordered in the SU(2) sector while the checker-
board pattern is kept. Since the partial disorder compensates
the loss of entropy, thermal fluctuations select this phase
from the zero-temperature degenerate manifold [30]. Let us
also recall that the three-sublattice state selected by purely
quantum fluctuations is unstable for any 7 > 0, according
to linear flavor-wave theory [15], in favor of two-sublattice
states, and therefore the CBPD phase is expected to be robust
against the inclusion of quantum effects beyond single site.
in the three-dimensional case, the entropic selection of two-
sublattice phases has also been reported [18], although the
three-sublattice phase is not completely excluded near zero
temperature due to the higher dimensionality.
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FIG. 5. Thermal phase diagram as a function of the population
imbalance P,. The thick horizontal line corresponds to the SU(3)-
symmetric point. Along that line, the variational solution is highly
degenerate.

Experimental detection. From an experimental perspective,
it is convenient to describe the thermal phase diagram (Fig. 3)
as a function of the global population imbalance P, defined

by P, =33, (hss) = %, where N, represents the
global population of color u [21], because this quantity, rather
than D, is controllable in cold-atom experiments [21]. Figure 5
shows the T-P, phase diagram. Note that a phase separation
region appears between CBPD and MUCN. The detection
of the CBPD order may be realized as follows. First, the
|G) state is removed from the entire lattice via optical pump-
ing [25] and horizontal pairs of neighboring lattice sites are
merged into single sites so as to form a new square lattice.
We then look for signatures of the Mott insulating state, in
which ideally all sites are singly occupied by either R or B
state, with the established techniques [31-33]. The experiment
is repeated and the same protocol is operated with vertical
pairs instead. If, in both instances, the Mott insulating state is
detected, this would be proof of the realization of the CBPD
order. In addition, the eventual extension of the quantum gas
microscope technique to SU(N') systems [34] could detect
each phase more directly. Note that the sSMC method re-
places the statistics of discrete quantum levels by approximate
continuous classical statistics of the vectors d;. Since this
treatment should overestimate the entropy of paramagnetic
states, thus underestimating the transition/crossover temper-
atures, the lines of T.(7.*) in Fig. 5 should be taken as lower
bounds.

Conclusion. We have investigated the emergence of long-
range order by thermal disorder in the square-lattice SU(3)
Fermi gas at strong coupling with population imbalance and
proposed experimental setups to realize and detect our pre-
dictions with alkaline-earth(-like) atoms. Applying mean-field
theory and the sMC method to the SU(3) Heisenberg model,
we found that the competition between antiferromagnetic
interactions and the population imbalance gives rise to sev-
eral interesting magnetic states, including a true long-range
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ordered state that breaks only a discrete symmetry. This state
enjoys an entropic advantage coming from the abundance of
color degrees of freedom and is therefore favored by thermal
fluctuations. This scenario generalizes the idea of emergent
discrete symmetry breaking in low-dimensional systems with-
out the traditional forms of magnetic frustration. Furthermore,
we recall that the quantum fluctuations at D = 0 (no pop-
ulation imbalance) select the three-color stripe order, which
should then persist for sufficiently small D < 0. This creates
the condition for a finite-temperature transition originating
from the difference between quantum and thermal order-
by-disorder selection, a very rare phenomenon in magnetic
systems [35,36].

In conclusion, our work offers other directions in SUN >
2) magnetism, which is presently under intensive investigation
in cold-atom experiments, showing further examples of the
rich physics induced by population imbalance. It also provides
more insight into the phase transition phenomena of highly
symmetric systems, which can prove beneficial in other con-
texts, such as solid-state physics [24].
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