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Cavity control of nonlinear phononics

Dominik M. Juraschek®,!"">" Tom4§ Neuman®,!-” Johannes Flick®,

12 and Prineha Narang © '+

'Harvard John A. Paulson School of Engineering and Applied Sciences, Harvard University, Cambridge, Massachusetts 02138, USA
2Center for Computational Quantum Physics, Flatiron Institute, New York, New York 10010, USA

® (Received 25 February 2020; revised 14 April 2021; accepted 28 July 2021; published 16 August 2021)

Nonlinear interactions between phonon modes govern the behavior of vibrationally highly excited solids and
molecules. Here we demonstrate theoretically control over the redistribution of energy from a highly excited
coherent infrared-active phonon state into other vibrational degrees of freedom of the system using optical
cavities. Specifically, we tune the polaritonic splitting of an infrared-active mode in the cavity so that it is
pushed into resonance with other phonon modes of the system. This technique makes it possible to tune the
efficiency of energy redistribution and even to change the underlying scattering mechanism, which possibly
enables the creation of phonon-induced states in a broad scale of materials that do not naturally exhibit the

required resonance conditions.
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Strong vibrational excitations of solids are able to mod-
ify electronic correlations in a material and induce emergent
states of matter that do not exist in equilibrium [1,2]. Phenom-
ena based on nonlinear interactions between phonon modes
have, most prominently, lead to light-induced superconduc-
tivity [3—10], and control over ferroelectricity [11-16] and
magnetism [17-33] in recent years. These phenomena are
based on the energy redistribution from a coherently excited
infrared (IR)-active mode to Raman-active ones that couple
to the electronic system through transient modulations of the
crystal structure and the electron-phonon coupling. The effi-
ciency of the energy transfer is, however, often hindered due
to a frequency mismatch of the phonon modes participating in
the interaction. At the same time, developments in the field of
strong light-matter coupling have made it possible to engineer
optical properties of materials in cavities. An electromagnetic
mode sustained in the cavity hybridizes with optically active
states of the material to form polariton states, as depicted
in Fig. 1(a). This polaritonic engineering has been used to
modify electronic excitations, such as plasmons and excitons
[34-36] and to modulate the chemical landscape of molecules
[37—-41], and various studies suggest an influence of strong
light-matter coupling on superconductivity [42—45].

Here, we synthesize the physics of nonlinear phononics
and strong light-matter coupling to overcome frequency mis-
matches in phononic scattering processes. The goal of this
study is to demonstrate a proof-of-principle technique that
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allows us to achieve advanced tuning capabilities for coherent
nonlinear vibrational dynamics. We sketch the principle of the
technique for the example of a parametric downconversion
process in Figs. 1(b) and I(c). In Fig. 1(b), an IR-active
mode (eigenfrequency Q) is out of resonance with two
Raman-active modes (eigenfrequencies Qr), preventing effi-
cient coupling between them. By tuning the level splitting of
the IR-active mode in a terahertz-frequency cavity in Fig. 1(c),
one of the phonon-polariton branches is shifted into resonance
with the Raman-active modes, 2_ = 2y, enabling the redis-
tribution of energy between them.

Nonlinear phononic processes. We begin by analyzing
the dominant nonlinear phononic scattering processes be-
tween coherently excited IR-active modes and Raman-active
ones, which we display in Table I. Essential features of

} Qr

FIG. 1. Cavity-induced resonance in nonlinear phononics.
(a) Schematic setup of a sample material in a terahertz cavity. An
IR-active mode g and the fundamental cavity mode w; hybridize
and form two phonon-polariton modes €2, and 2_. (b) Frequency
mismatch between an IR-active and two Raman-active modes 2Qg
hinders the transfer of energy between them. (c) Polaritonic splitting
tunes the energy of the lower branch into resonance with the Raman-
active modes.
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experimentally observed phenomena can be often be reduced
to a few dominant nonlinear phonon couplings that are al-
lowed by the symmetries of their irreducible representations
[10,46,47]. The potential energy V, including the most promi-
nent phonon couplings beyond the harmonic approximation,
can be written as [46]

Q2 Q2
V(Qr, Qr) = %Q%R + TRQﬁ
+cOROR + dOROR +eOR0k. (1)

Here, Qg and Qg are the normal mode coordinates (ampli-
tudes) of the IR and Raman-active modes in A./amu, where
amu is the atomic mass unit. ¢, d, and e are the phonon
coupling coefficients in meV /(A /amu)”, where n is the order
of expansion in the phonon amplitudes. The coefficient d
is nonzero only in noncentrosymmetric (e.g., ferroelectric or
polar) materials.

Leading nonlinear phononic mechanisms can be classi-
fied as those linear and squared in the Raman-active phonon
amplitude. In the linear case, the square of the IR-active
phonon amplitude Qf, acts as an effective driving force
on the Raman-active mode. If QR ~ A sin(Qr?) is si-
nusoidal with a time-dependent amplitude Ajg then QIZR ~
A%R[l — 2cos(2Q2rt)] possesses a static component and one
oscillating at twice the frequency. More generally, for fi-
nite linewidths, difference, and sum-frequency components
Qi F Qro appear. Depending on whether the IR-active
mode has a higher or smaller frequency than the Raman-
active one, this coupling leads to either difference-frequency
(DF) or sum-frequency ionic Raman scattering (SF-IRS), see
Table I. The static force component in DF-IRS transiently
distorts the crystal structure and it is held responsible for the
enhancement of superconductivity in yttrium barium copper
oxide [3,48-50], and for switching of ferroic order in a ferro-
electric [11,12,16] and in a magnet [26]. SF-IRS, in contrast,
is a two-phonon absorption process resonant at Qg = Qr/2,
transferring energy to higher-frequency Raman-active modes
[51-55].

In the quadratic case, the IR-active phonon amplitude
effectively modulates the Raman-active phonon frequency
Q2 = Q2 + 2d0OR + 2¢Q%. This modulation leads to a
parametric amplification of the Raman-active mode, when
either resonance condition Qr = 2Qr (Q1RQ2R coupling)

or Qr = Qry/ 1+ e(AR/Qr)? (0% 03 coupling) are ful-
filled, see Table I. Parametric amplification was suggested
to enhance superconductivity through an enhancement of
electron-phonon coupling [5-7,56], and can be used to gen-
erate squeezed phonon states [57,58]. The symmetry of the
parametric coupling allows an IR-active mode, in addition to
Raman-active modes, to also couple to silent phonon modes
that are otherwise inaccessible for coherent excitation [59]. To
demonstrate the principle of coherent control over nonlinear
phonon dynamics, we will focus on the leading-order contri-
butions from three-phonon processes in the remainder of the
manuscript and set e = 0.

Nonlinear phonon dynamics in a cavity. We now investigate
how the redistribution of energy changes when we tune the
cavity mode in and out of resonance with the IR-active mode
in the geometry shown in Fig. 1(a). The coherent state of light-
driven phonons can be described by semiclassical oscillator
equations, taking into account the light-matter interaction and
the nonlinear phonon couplings [11,21-24,46-48,51,60-64].
The coupled equations of motion for the amplitudes of the
IR-active, Raman-active, and fundamental cavity modes, O,
Or, and A, can be written as

Ay + k1A + 0]A; = B1E(t) + D1 O, (2)
Or + kRO + oV = G141, (3)
Or + krOr + 99,V = 0. )

The fundamental cavity mode is excited by irradiating
the mirrors of the cavity with a terahertz pulse, which
in turn radiate into the cavity, coupling to the IR-active
mode in the sample. For a detailed derivation of the equa-
tions, please see the Supplemental Material [65]. Here,
E(t) = Eyexp{—t*/[2(1 /+/8In2)?]} cos(wpt) is the electric-
field component of the terahertz pulse, where Ej is the peak
electric field, wy is the center frequency, and 7 is the full width
at half maximum duration. Because of the small momentum of
terahertz radiation compared to the crystal momentum, we can
neglect any wave-vector dependence in the equations above.
For the material specific parameters, we choose values typical
for transition-metal oxides [11,22,23,25,46,48,62,63]. We set
the coupling coefficients to ¢ = d = 100 meV/(A/amu)?,
the mode effective charge of the IR-active mode to Zjg = 1

TABLE I. Nonlinear phononic processes. From left to right: difference and sum-frequency ionic Raman scattering, and cubic and quartic-
order parametric amplification. Shown are the terms of the lattice potential expansion in the IR and Raman-active phonon amplitudes Qjr and
Oir in Eq. (1), as well as the resonance conditions for their frequency components Qg 2) and Qg.

- ~ e e
(s (a /7
o Qir1 QuqV Qr Q|R" QOr
"2l 3~ Q—— Qr QR ry Y
w_/ I
. Or Ry v Qr Qle Qr
Regime I II I 11T
Process DF-IRS SF-IRS Parametric O(Q?%) Parametric O(Q*)
Coupling Q%RQR Q%RQR QIRQQR QIQRQ%{
Resonance Nonresonant Qir = Qr/2 QR = 20R Qr = Qr/1 + e(Ar/Or)?
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FIG. 2. Nonlinear phonon dynamics in regime I. (a,b) Normalized integrated spectral densities S;/S, of the 15 THz IR (i = IR) and 6.75
THz Raman-active (i = R) phonon modes for different frequencies of the laser pulse w, and cavity mode w;. The circle marks a point where
the IR and Raman-active modes are out of resonance Qg > 22g, which hinders the transfer of energy. The diamond marks the point, where
the polariton splitting in the cavity tunes the IR and Raman-active modes into resonance €2_ = 2, enabling parametric amplification. (c,d)
Time evolution of the normalized phonon amplitudes, Q;/Qy, of the IR and Raman-active modes in and out of resonance. (e,f) Normalized
FFT spectra, F;/Fy, of the IR and Raman-active modes in and out of resonance. The black arrow points to the static zero-frequency response.

amu~le [66], where e is the elementary charge, the volume
of the unit cell to V, = 50 A3, and the phonon linewidths to
ki = 0.05 x Q;/(2m), where i € {1, IR, R}. The coefficients
Bi, Dy, and G, contain the light-matter and phonon coupling
coefficients and are further dependent on the geometry of the
system and the sample thickness. We specify them in the Sup-
plementary Material [65]. We find that a sample thickness of
Az = 100 nm is sufficient to yield a significant splitting of the
phonon-polariton branches (>20% of Qir), while justifying
the approximations made in the derivations of Egs. (2) to
(4). This splitting is sufficient to cover commonly occurring
frequency mismatches in transition-metal oxides. We vary
the frequencies of the terahertz pulse and the cavity mode
as possible in an experiment, and look at the two regimes
of three-phonon processes: First (I), Qg > Qg, for DF-IRS
and cubic-order parametric amplification, and second (II),
QIR < QR, for SF-IRS.

Results for regime I. We start with the example of a 15 THz
IR and a 6.75 THz Raman-active mode that are detuned by
AQ/(2m) = 1.5 THz such that Qg — AQ = 2Qg. We show
the response of the phonon modes to the excitation by a tera-
hertz pulse with a peak electric field of Ey = 10 MV /cm and
a duration of T = 250 fs in Fig. 2. Figures 2(a) and 2(b) show
maps of the integrated spectral densities, S; = fooo |F;|*dw, us-
ing fast Fourier transformation (FFT) spectra F; of the phonon
amplitudes Q; that we obtain solving Egs. (2) to (4). We plot
the maps as a function of the pulse frequency wy and cavity
frequency w;. The values are normalized to the maxima of the
respective phonon modes Sy = max[S;(w)].

The integrated spectral density of the IR-active mode S,
in Fig. 2(a) forms two continuous bands that exhibit avoided
crossing, a clear signature of phonon-photon strong coupling.

Stk increases towards the center of the map, where w;
approaches the value of Qir, as the IR-active mode couples
resonantly to the cavity mode, but reduces at the very
center of the map, where the two modes hybridize and
the energy is shared between the two phonon-polariton
branches. In contrast, the integrated spectral density of the
Raman-active mode, Sg, in Fig. 2(b) exhibits a sharp peak
at wy/(2mw) = 15.6 THz and w;/(27) = 16.2 THz and two
sidepeaks. To illustrate the effect of resonance tuning, we
select two distinct points in these frequency maps, at which
the response of the IR-active mode is roughly equivalent in
magnitude, but the response of the Raman-active mode differs
drastically. The diamond symbol marks the point where
the integrated spectral density of the Raman-active mode is
maximal Sg /Sy = 1 and the circle marks a point with a much
smaller Sg /Sy value, which is here chosen at wy/(27) = 15.4
THz and w;/(27) = 13.4 THz.

For these two points, we show the time evolutions of the
phonon amplitudes Q; in Figs. 2(c) and 2(d), and their corre-
sponding FFT spectra F; in Figs. 2(e) and 2(f). The values are
again normalized to the respective maxima Qp = max[Q;(t)]
and Fy = max[F;(¢)]. The IR-active mode in Fig. 2(c) shows
the typical evolution of a resonantly driven and slowly de-
caying phonon mode at the out-of-resonance point, while an
additional frequency component appears at the in-resonance
point. This can be understood from looking at the FFT spec-
trum in Fig. 2(e). Out of resonance, the spectrum shows just a
single peak that is slightly detuned from the eigenfrequency
Qr, but in resonance, the spectrum shows two frequency
components that correspond to the contributions of the IR-
active mode to the upper and lower phonon-polariton branches
that arise from its hybridization with the cavity mode. The
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FIG. 3. Nonlinear phonon dynamics in regime II. (a,b) Normalized integrated spectral densities S;/S, of the 7.5 THz IR (i = IR) and 16.5
THz Raman-active (i = R) phonon modes for different frequencies of the laser pulse w, and cavity mode w;. The circle marks a point where
the IR and Raman-active modes are out of resonance Qg < 2g /2, which hinders the transfer of energy. The diamond marks the point where
the polariton splitting in the cavity tunes the IR and Raman-active modes into resonance 2, = Qg /2, enabling parametric amplification. (c,d)
Time evolution of the normalized phonon amplitudes Q;/Q, of the IR and Raman-active modes in and out of resonance. (e,f) Normalized FFT
spectra, F;/Fy, of the IR and Raman-active modes in and out of resonance.

effect of this hybridization on the Raman-active mode can
be seen in Fig. 2(d): out of resonance, the phonon amplitude
exhibits a transient shift of its equilibrium position and only
small vibrational amplitude, a typical feature of DF-IRS. In
resonance, a large-amplitude oscillation builds up over time
through the cubic-order parametric downconversion process.
This reflects in the FFT spectrum in Fig. 2(f), where out
of resonance there is only a small static component at zero
frequency, but in resonance, a large peak at the eigenfrequency
of the Raman-active mode appears. Comparing the two FFT
spectra, it becomes clear that the frequency of the lower
phonon-polariton branch is shifted into resonance with the
Raman-active mode Q2_ = 2Qg enabling parametric down-
conversion.

Results for regime 1I. We next investigate the case of a
7.5 THz IR and a 16.5 THz Raman-active mode that are
detuned by AQ2/(2m) = 0.75 THz such that 2(Q)r — AQ) =
Qr. We show the response of the phonon modes to an exci-
tation by a terahertz pulse with Ey = 7 MV/cm and t = 500
fs in Fig. 3, which is structured analogously to Fig. 2. As in
regime I, the integrated spectral density of the IR-active mode
Sir in Fig. 3(a) shows avoided crossing as a result of phonon-
photon strong coupling. Sg in Fig. 3(b) in turn exhibits a
peak around wy/(27) = 8.2 THz and w;/(27) = 5.7 THz.
We again select the in-resonance point, as well as one out-of-
resonance point, which is here chosen at wy/(27) = 6.4 THz
and w; /(2) = 8.1 THz. We find that the dQIRsz coupling is
negligible in this regime, as the dynamics remain unchanged
when we set d = 0. The features of the Raman-active mode
response are therefore determined entirely by SF-IRS.

We show the time evolutions of the phonon amplitudes Q;
in Figs. 3(c) and 3(d), and their corresponding FFT spectra

F; in Figs. 3(e) and 3(f). In Fig. 3(c), the IR-active phonon
shows similar behavior both at the out-of and in-resonance
points, a resonant build-up of the phonon amplitude, which
then drops as it transfers energy to the Raman-active mode.
In resonance, and additional frequency component emerges,
which can be seen more prominently in the FFT spectrum
in Fig. 3(e), and which again correspond to the upper and
lower phonon-polariton branches. The amount of transferred
energy strongly differs for the two cases, as can be seen from
the response of the Raman-active phonon in in Fig. 3(d). The
Raman-active phonon amplitude Qg is oscillating with small
amplitude at the out-of-resonance point and gets strongly
enhanced when the cavity tunes the IR-active modes into
resonance with the Raman-active one. Comparing the two
FFT spectra, it becomes clear that the frequency of the up-
per phonon-polariton branch is shifted into resonance with
the Raman-active mode 2, = Qg /2 enabling sum-frequency
excitation. The increase of Qr by a factor of 4 in this case
increases the efficiency of energy redistribution by a factor
of 16, as the energy scales quadratically with the phonon
amplitude.

Concluding remarks. We demonstrated a technique that
allows us to tune the energy redistribution from highly excited
IR-active into Raman-active modes on demand. This effect is
reciprocal and can also be applied to cases, in which an energy
transfer from Raman-active modes into the different branches
of the phonon polariton is desired. The principle of the tech-
nique is general and can straightforwardly be applied to the
coupling of IR-active phonons to other collective excitations.
In particular, we anticipate that the technique may accelerate
the utilization of nonequilibrium states arising from nonlinear
coupling of phonon modes to electronic and superconducting
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order-parameter excitations [10,67-70], to magnetic and fer-
roelectric degrees of freedom [71-73], and to exotic photonic
states [74].
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