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Transitions of turbulent superstructures in generalized Kolmogorov flow
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Self-organized large-scale flow structures occur in a wide range of turbulent flows. Yet, their emer-
gence, dynamics, and interplay with small-scale turbulence are not well understood. Here, we investigate
such self-organized turbulent superstructures in three-dimensional turbulent Kolmogorov flow with large-
scale drag. Through extensive simulations, we uncover their low-dimensional dynamics featuring transitions
between several stable and metastable large-scale structures as a function of the damping parame-
ter. The main dissipation mechanism for the turbulent superstructures is the generation of small-scale
turbulence, whose local structure depends strongly on the large-scale flow. Our results elucidate the generic
emergence and low-dimensional dynamics of large-scale flow structures in fully developed turbulence and reveal
a strong coupling of large- and small-scale flow features.
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Most turbulent flows, including all large-scale flows in our
oceans and our atmosphere, are geometrically constrained and
driven by anisotropic large-scale forces such as temperature
gradients, rotation, or shear. While their small scales are typ-
ically fully turbulent, the large scales often show strikingly
coherent flow patterns, termed turbulent superstructures. In
boundary layer flows, turbulent superstructures appear in the
form of very large-scale meandering low- and high-velocity
streaks [1–3]. Convective flows, such as Rayleigh-Bénard
convection, exhibit persistent large-scale convection rolls even
in the fully turbulent regime [4–12]. Coherent large-scale flow
states have also been observed in turbulent Taylor-Couette
flow [13–16], turbulent plane Couette flow [17] as well as
in von Kármán flow [18–20]. Superstructures in fully devel-
oped turbulence therefore are a widely occurring, dynamically
emergent phenomenon.

Despite their generic occurrence in a broad range of pro-
totypical flows, the emergence and dynamics of turbulent
superstructures, and in particular their interplay with small-
scale turbulence, are currently not well understood. However,
these aspects are crucial for developing a low-dimensional
description of the large-scale dynamics of fully developed
turbulent flows. Moreover, Landau pointed out in a famous
remark on Kolmogorov’s 1941 phenomenology [21] that the
large-scale structure of a flow impacts the temporal variation
of the rate of energy dissipation, potentially precluding a
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universal statistical theory of turbulence valid for all flows.
Therefore, a characterization of the coupling of large and
small scales has far-reaching implications for the assessment
of universal features (or lack thereof) of small-scale turbu-
lence [22].

The need to simultaneously resolve the slowly evolving
large scales and the rapidly fluctuating small scales ren-
ders this problem challenging, both for experiments and for
simulations. To address this, we here study a prototypical
shear flow—a generalized three-dimensional (3D) turbulent
Kolmogorov flow, which allows the investigation of turbu-
lent superstructures without the complications imposed by
boundaries. Traditional Kolmogorov flow is a simple, two-
dimensional (2D) shear flow driven by a single Fourier mode,
originally proposed by Kolmogorov to study the onset of
turbulence on a periodic domain [23]. Indeed, the onset of
turbulence [24] (for 3D, see Ref. [25]) as well as the chaotic
dynamics significantly above the onset [26–28] have been
studied in detail. In contrast to the simple 2D setting, the direct
energy cascade toward smaller scales in three dimensions
generates fully developed small-scale turbulence. Compu-
tational studies of turbulent 3D Kolmogorov flow revealed
pronounced spatio-temporal large-scale intermittency and in-
homogeneity [29,30], anisotropy [31], as well as translational
symmetry breaking as a function of domain size [32].

Here, we generalize 3D Kolmogorov flow by including
a large-scale drag term, which allows the manipulation of
the range of scales on which turbulent superstructures occur.
We reveal their low-dimensional dynamics in fully developed
turbulence encompassing millions to billions of degrees of
freedom by means of extensive simulations. In particular, we
observe transitions between several large-scale structures as
a function of the damping parameter. Remarkably, we find
that the flow is most effectively driven for strong damping,
when the large-scale flow is shaped to resonate with the shear
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forcing. The generation of small-scale turbulence acts as the
main dissipation channel for the large-scale flow. A detailed
spatio-temporal analysis of the energy transfer between large
and small scales reveals a strong coupling of large- and small-
scale flow features even in fully turbulent flows. In particular,
we find that the mean rate of energy dissipation is well
correlated with the energy injection rate by the large-scale
forcing with a time lag associated to the energy transfer across
scales. This establishes generalized Kolmogorov flow as a
prototypical incarnation of a flow in which the large-scale flow
variation impacts the mean rate of kinetic energy dissipation
as conjectured by Landau [21].

Our Kolmogorov flow is governed by the incompressible
Navier-Stokes equation

∂t u + u · ∇u = −∇p + ν�u + f − μũ (1)

on a periodic 6π × 2π × 2π domain. Here, u denotes the
incompressible velocity field (∇ · u = 0), and p the kinematic
pressure. The shear force f = A sin(k f y)ex forces the flow
on a single mode, corresponding to the smallest spanwise
wave number k f = 1, with A = 1/2 (code units). The linear
damping term, controlled by the parameter μ, only affects
the sharp-Fourier-filtered field ũ, which only contains spatial
scales larger than the forcing scale. This permits the manip-
ulation of large-scale flow structures through the damping
parameter, while allowing for freely evolving small scales.
The flow is also subject to viscous dissipation with the kine-
matic viscosity ν.

To investigate the dynamics of turbulent superstructures,
we conduct an extensive series of pseudospectral direct nu-
merical simulations. We confirmed the robustness of our
results for Reynolds numbers up to Re ≈ 1.8 × 104 (with
Re = UL/ν based on the forcing scales L = 2π/k f and
U = (LA)1/2; see Supplemental Material [33]). In the fol-
lowing, we focus on the intermediate Reynolds number of
Re ≈ 7180.

Important features of the flow can be assessed from the 2D
dynamics in the forcing plane, which we obtain by decompos-
ing the velocity field into its z-averaged part and fluctuations,
u = v + wez + u′. Here, v denotes the z-averaged 2D velocity
field in the forcing plane, and w is the z-averaged vertical
(out-of-plane) velocity component, which is expected to be
generally small; u′ denotes the 3D velocity fluctuations. The
averaged 2D dynamics follows (see also Ref. [34]):

∂tv + v · ∇v = −∇〈p〉z + ν�v + f − μ̃v − ∇ · 〈u′u′〉z, (2)

where 〈·〉z denotes z-averaging. Apart from interactions medi-
ated by the 3D fluctuations through the stresses, from which
only horizontal (in-plane) velocity fluctuations contribute to
this equation, the vertical velocity w does not contribute to
the dynamics of the 2D velocity v.

From our simulations, we observe the emergence of
large-scale vortex structures in the forcing plane, which we
characterize by the vorticity of the 2D averaged velocity,
� = ∂xvy − ∂yvx. Figure 1 shows a range of different large-
scale states along with visualizations of the full 3D vorticity
field for three different values of μ. For small μ, a sin-
gle large-scale vortex pair emerges, which can be perceived
as a strongly inhomogeneous agglomeration of small-scale
vorticity. The emergence of this single vortex pair can be

FIG. 1. Turbulent Kolmogorov flow on an aspect-ratio-three do-
main at Re ≈ 7180. (a)–(c): The system exhibits different large-scale
flow patterns as a function of the damping parameter μ. The visual-
ization shows the z-averaged vorticity � along with streamlines of
the 2D flow, averaged over a time window in which the large-scale
pattern is persistent (see text for details, T = L/U ). (d)–(f): Volume
renderings of the instantaneous vorticity field show that the spatial
distribution of small-scale vortex structures and the corresponding
vorticity component flatness depend on the large-scale flow state
(Supplemental Videos 1 and 2).

understood as a long-wavelength instability of a flow which
is initially proportional to the forcing (kx = 0) and then desta-
bilizes, leading to a spanwise velocity on the smallest possible
wave number (kx = k f /3). Interestingly, this wave number is
also expected based on a linear stability analysis of laminar
2D Kolmogorov flow [23,35]. By increasing μ, this mode
can be stabilized, triggering different flow patterns. For large
μ, the large-scale flow predominantly organizes into three
vortex pairs. The small-scale turbulence also becomes more
homogeneous, resulting in a reduced vorticity flatness when
compared to the single-vortex-pair state; see Fig. 1. Since the
turbulent Taylor-scale Reynolds number increases from small
non-zero values of μ to larger ones, this trend is not due to an
increase of small-scale turbulence [33]. Overall, this suggests
that different superstructures can induce different levels of
small-scale intermittency. For intermediate values of μ, the
flow dynamically switches between the three different states
(one, two, and three vortex pairs). Therefore, the flow cannot
be characterized by a single, universal large-scale flow state
for a fixed set of parameters in this range. The spontaneous
symmetry breaking in the form of the occurrence of one to
three vortex pairs is a feature of the aspect-ratio-three domain.
In domains of aspect-ratio one [29,30,32], the mean velocity
field is proportional to the forcing and therefore invariant
with respect to continuous x translations. Larger-aspect-ratio
domains, on the other hand, allow for an even greater variety
of turbulent superstructures.

To characterize the large-scale dynamics, and in particular
the switching between large-scale states, we compute the
stream function ψ , given by �ψ = −�. From its Fourier
transform ψ̂ (kx, ky), we compute the relative intensity of
the three dominant streamwise Fourier modes through I j =
|ψ̂ ( jk f /3, 0)|2/[|ψ̂ (k f /3, 0)|2+|ψ̂ (2k f /3, 0)|2+|ψ̂ (k f , 0)|2]
with j ∈ {1, 2, 3}. Since I1 + I2 + I3 = 1, the large-scale
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FIG. 2. The large-scale flow structures exhibit a low-dimensional
dynamics. Time series of the large-scale flow states characterized
by their relative intensity (a) and their mean wave number (b) show
that the large-scale flow states depend on the damping parameter. For
μ = 0, the flow organizes into a single vortex pair. For intermediate
damping, the flow dynamically alternates between different large-
scale flow states, whereas for μT = 3.5, the three-vortex-pair state
is the only stable structure.

dynamics takes place in a triangle, whose corners
correspond to the pure one-, two- and three-vortex-pair
states. By computing a mean streamwise wave number
ks = k f (I1 + 2I2 + 3I3)/3 and averaging the solution over
intervals of time where ks(t ) is approximately constant,
we can identify the well-defined large-scale states shown
in Fig. 1. Figure 2 shows the large-scale dynamics in the
intensity plane along with the mean streamwise wave number
of the large-scale structures as a function of time. For
small values of the damping parameter, the large-scale flow
organizes into a single vortex pair, which from time to time
destabilizes due to strong, self-induced spanwise flow (see
streamlines in Fig. 1) and then re-emerges (Supplemental
Video 3). For intermediate damping 0.67 � μT � 1.8, the
large-scale flow dynamically switches between the metastable
one-, two- and three-vortex-pair states (Supplemental Videos
4 and 5; Supplemental Figs. S3–S5). For large values
of μT � 1.8, we find that only the three-vortex-pair state
remains accessible to the dynamics, with bursts destroying the
pattern only for it to be reformed with a possible streamwise
offset (Supplemental Video 6).

To uncover the role of small-scale turbulence for the large-
scale dynamics, we investigate the energy budget of the flow.
The total energy E (t ) = 1

2 〈u · u〉xyz is a sum of the con-
tributions from the z-averaged 2D velocity field E2D(t ) =
1
2 〈v · v〉xy, from the z-averaged vertical velocity Ew(t ) =
1
2 〈w2〉xy, and from the remaining 3D fluctuations E ′(t ) =
1
2 〈u′ · u′〉xyz. The energy of the 2D flow evolves according to

d

dt
E2D = ε f − εμ − εν − 	 . (3)

Here, ε f (t ) = 〈v · f 〉xy denotes the energy input into the flow
by the shear forcing, εμ(t ) = μ〈̃v · ṽ〉xy is the dissipation by
large-scale damping, and εν (t ) = ν〈∇v : ∇v〉xy is the viscous
dissipation. The term 	(t ) = −〈∇v : 〈u′u′〉z〉xy is the work
performed by the 2D flow on the 3D stresses and characterizes

FIG. 3. Energy budget of turbulent Kolmogorov flow. (a) Differ-
ent contributions to the mean total energy. The energy contained in
the 2D flow is comparable to the energy in the 3D turbulent fluctua-
tions. (b) Energy budget of the 2D flow. The energy input into the 2D
flow ε f increases with increased damping. The energy injection rate
is almost completely balanced by the transfer of energy 	 from the
2D component to the 3D fluctuations. Dissipation through large-scale
damping and viscous diffusion are comparably negligible. Error bars
span 1 SD computed with respect to temporal variations.

the energy transfer between the 2D flow and the 3D turbulent
fluctuations [36]. Figure 3(a) shows the time-averaged con-
tributions to the kinetic energy as a function of the damping
parameter μ. The total energy splits up into comparable con-
tributions from the 2D energy and the energy in 3D turbulent
fluctuations, with a negligible amount of energy contained in
the average vertical velocity.

Remarkably, the total energy in the flow increases as we
increase μ. At first, this appears counterintuitive given that
we increase the strength of a dissipative term. We can explain
this effect through the individual terms in the 2D budget which
are shown in Fig. 3(b). The first important observation is that
the energy input into the flow ε f increases with the damp-
ing parameter. Because ε f (t ) = 〈v · f 〉xy, the energy input is
maximal if v‖ f , i.e., if the 2D flow is a simple shear flow in
streamwise direction. Out of the three large-scale states, the
three-vortex-pair state is closest to a simple shear flow, as seen
by comparing the streamlines in Fig. 1 with the forcing. Tun-
ing the flow to this state by increasing the damping therefore
maximizes the energy input.

Figure 3(b) also shows that the energy input into the 2D
flow is almost completely balanced by the energy transfer
from the 2D flow to the 3D fluctuations. The generation of
small-scale turbulence therefore is the main dissipation chan-
nel for the 2D flow. The dissipation by the large-scale damping
is small for the entire parameter range, showing that its pri-
mary effect is that of shaping the large-scale flow. Because
the 2D flow is predominantly large scale, viscous dissipation
is also negligible. We have also tested the robustness of these
results across Reynolds numbers (Supplemental Fig. S6).

To characterize the interplay of the large-scale flow and
small-scale turbulence in more detail, we analyze how the
inhomogeneity of the mean flow affects the spatial structure of
the local energy transfer term 	(t, x, y) = −∇v : 〈u′u′〉z; see
Fig. 4. The explicit argument (t, x, y) indicates the coordinates
over which no averaging was performed. The time-averaged
energy transfer term is predominantly positive throughout
the plane, as expected, and the large-scale state is clearly
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FIG. 4. The energy transfer and turbulent kinetic energy are
strongly coupled to the large-scale flow (cf. Fig. 1). (a)–(c): time-
averaged energy transfer term. Energy is predominantly transferred
to 3D fluctuations at saddle points of the averaged 2D flow (indi-
cated by streamlines). (d)–(f): time- and z-averaged energy of 3D
fluctuations. The energy of the fluctuations shows strong similarities
to the energy transfer term. The relative standard deviation ρ of the
fluctuation energy as a measure of inhomogeneity depends on the
large-scale state.

reflected in its spatial structure, with maxima close to saddle
points of the mean flow. As this term injects energy into
the 3D fluctuations, it leaves a footprint in the distribution
of fluctuation energy E ′(t, x, y) = 1

2 〈u′ · u′〉z. Further analysis
confirms that, for all three states and across all values of μ,
correlation coefficients of at least 60% and up to 90% are
reached for the two quantities. We quantify the inhomogeneity
of the 3D fluctuations by the relative standard deviation of
the energy ρ = 〈(〈E ′〉t − 〈E ′〉txy)2〉1/2

xy /〈E ′〉txy [time average
taken over time spans with the same large-scale structure,
computed from E ′(t, x, y)]. The values of ρ are close for the
two-vortex-pair and three-vortex-pair states, but significantly
higher for the one-vortex-pair state. This is consistent with
the vorticity flatness values given above, further highlighting
the connection between the large-scale state and small-scale
statistics (Supplemental Figs. S3–S5 and S7).

We now turn to the temporal evolution of the energy in-
jection, transfer, and dissipation rates. Complementing the
energy balance of v, the energy budget of the spatially av-
eraged 3D fluctuations takes the form

d

dt
E ′ = 	 − ξν − ξw , (4)

where ξν (t ) = ν〈∇u′ : ∇u′〉xyz denotes viscous dissipation of
the 3D fluctuations and ξw(t ) = 〈〈u′

zu
′〉z · ∇w〉xy denotes the

energy transfer to the mean vertical flow. We find ξw to be
two orders of magnitude smaller than 	 and ξν , thus we only
focus on the interplay of ε f , 	 and ξν in the following.

The temporal evolution of the self-organized large-scale
flow allows us to investigate the delays between large- and
small-scale flow dynamics, which are otherwise only accessi-
ble through external temporal modulation [37,38]. Figure 5
shows the time traces of the energy injection into the
large-scale flow, the energy transfer term, and the viscous dis-
sipation of the 3D fluctuations for a representative μT = 1.1

FIG. 5. Cross-correlations between large-scale forcing, energy
transfer, and small-scale dissipation. Temporal evolution of energy
budget terms (top) and their cross-correlations (bottom) for Re ≈
7180 and μT = 1.1. Cross-correlations are computed to quantify
the temporal offsets between the different signals (measured as the
location of the maximum correlation). The inset shows the temporal
offsets for different values of μ.

at Re ≈ 7180 along with the normalized cross-correlations.
Strong oscillations are evident, as well as a fairly strong cor-
relation between the different time traces.

Cross-correlations between the energy transfer term and
the large-scale energy injection, C(	, ε f ; τ ), as well as the
cross-correlations between the dissipation of 3D fluctuations
and the energy transfer term, C(ξν,	; τ ), reach values of
about 90% for a temporal offset of approximately 0.6T ; ξν (t )
is also strongly correlated with ε f (t ), with a temporal offset of
approximately 1.2 T . The inset in Fig. 5 shows the temporal
offsets between the different signals as they change with the
damping parameter μ. For most values of μ the offset between
ε f (t ) and ξν (t ) approximately equals the sum of the other
two offsets. This can be explained by the fact that energy is
transferred from the forcing scale to the dissipation scale by
a direct cascade, in which the transfer between the 2D flow
and the 3D fluctuations is an intermediate step. Remarkably,
the two offsets are very similar in size. These observations
do not hold for very small values of μ, where we also find
significantly lower peak correlations between the injection
rate and the dissipation rate (ca. 40–50% rather than 80–90%).

Overall, our results draw the following picture: turbulent
superstructures in Kolmogorov flow consist of accumulations
of small-scale vortices, which emerge through an instability
of the largest streamwise scales accessible to the dynamics.
These scales can be controlled by large-scale damping. As a
function of the damping parameter, we find a rich transition
scenario between several large-scale states with single, two,
and three vortex pairs. For intermediate damping, the system
dynamically switches between various superstructures, illus-
trating that the system parameters do not uniquely determine
the large-scale flow state. The generation of 3D turbulent
fluctuations is the main dissipation channel for the large-scale
flow, dominating over viscous dissipation and dissipation by
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damping. The 2D mean flow and the 3D fluctuations are
strongly coupled through the energy transfer: the topology of
the 2D mean flow determines the spatial distribution of the
turbulent energy transfer rate, leading to inhomogeneities in
the kinetic energy of the 3D fluctuations. Additional analysis
shows that these inhomogeneities likely persist even at much
higher Reynolds numbers. Generalized Kolmogorov flow is
therefore one striking example of a flow in which the rates of
energy transfer and ultimately dissipation vary considerably
in response to the self-organization of large-scale superstruc-
tures, which has implications for the spatio-temporal structure
of small-scale turbulence. Since a coupling of large- and
small-scale flow features has been widely observed (see, e.g.,
Refs. [1,3,39,40]), the scenario outlined by Landau is pre-
sumably relevant for a large class of flows. Furthermore, our
results suggest the possibility of a low-dimensional descrip-
tion of large-scale superstructures in fully developed turbulent

flows. Since the presented mechanisms governing their emer-
gence and dynamics are quite generic, we expect our results to
be relevant for a broad range of flows including geophysical
and astrophysical flows.
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