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We propose a geometric quantum computation (GQC) scheme, called Floquet GQC (FGQC), where error-
resilient geometric gates based on periodically driven two-level systems can be constructed via a non-Abelian
geometric phase proposed in a recent study [V. Novičenko and G. Juzeliūnas, Phys. Rev. A 100, 012127
(2019)]. Based on Rydberg atoms, we give possible implementations of universal FGQC single-qubit gates and
a nontrivial FGQC two-qubit gate. By using numerical simulation, we evaluate the performance of the FGQC Z
and X gates in the presence of both decoherence and a certain kind of systematic control error. For the currently
available coherence time of the Rydberg state, T2 ≈ 32 μs, the numerical results show that the X and Z gate
fidelities are about 0.900 and 0.899, respectively. In addition, we find that FGQC is robust against global control
error; both analytical demonstration and numerical evidence are given. As the coherence time of various qubits
grows, FGQC may provide a promising error-resilient quantum computation scheme in the future.
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I. INTRODUCTION

Quantum computations can solve certain problems much
more effectively than classical computations, such as quantum
simulations [1,2], prime factoring [3–5], searching unsorted
data [6], and machine learning [7–9]. High-fidelity universal
gates for quantum bits form an essential ingredient of quantum
computation (QC) and quantum information processing. One
promising approach towards this goal is to use geometric
phases [10–13] that have attracted much attention because
geometric phases depend only on the global properties of the
evolution trajectories, and thus have built-in noise-resilient
features against certain local noises [14–18].

The early applications of geometric quantum compu-
tation (GQC) depend on adiabatic quantum evolution to
suppress transitions between different instantaneous eigen-
states of the Hamiltonian [19–23]. These adiabatic gates
operate slowly compared to the dynamical time scale. They
become vulnerable to decoherence effects that may lead to
the loss of coherence. To overcome the dilemma between
the limited coherence times and the long duration of adia-
batic evolution, nonadiabatic geometric quantum computation

*yung@sustech.edu.cn

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

(NGQC) [24–30] and nonadiabatic holonomic quantum com-
putation (NHQC) [31–44] based on nonadiabatic Abelian and
non-Abelian geometric gates [11,13] have been proposed.
Owing to its intrinsic noise-resistance features and high-speed
implementation, NGQC has attracted considerable interest
[27,31,34,45–71] and has been experimentally demonstrated
with nuclear magnetic resonance [45,46], superconducting
circuits [47–51,72–74], and nitrogen-vacancy centers in dia-
mond [52–57]. However, these nonadiabatic gates require the
driving pulses to satisfy the restrictive conditions, thus reduc-
ing the robustness of the resulting geometric gates against
control errors [41–44]. On the other hand, the use of periodic
control pulses has emerged as a ubiquitous tool for the coher-
ent control and engineering of quantum dynamics [75–81],
with the recent increase in applications in constructing GQC
scenarios [82–85].

In this paper, we propose a geometric computation scheme,
called Floquet GQC (FGQC), where universal error-resistant
geometric gates can be constructed via a non-Abelian ge-
ometric phase. This non-Abelian geometric phase emerges
from a periodically driven quantum system and was found
in a recent study [83]. Based on Rydberg atoms, a possible
experimental realization of our proposal is provided. By ap-
plying this proposal, in the presence of both decoherence and
a certain kind of systematic control error, numerical simula-
tions of the Z and X gates are given. The numerical results
show that, at present, the performance of FGQC based on
the Rydberg state is limited by the short coherence time of
the latter. Furthermore, we find that FGQC is robust against
global control error. An analytical demonstration is given.
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In addition, using a possible set of parameters, we simulate
FGQC X, Z, and nontrivial two-qubit gates in the presence
of global control error, then we compare their performances
with those of the same gates based on dynamical gate (DG)
and NGQC scenarios [24–30]; the results are shown in Fig. 3.
These numerical results provide evidence of the superiority of
FGQC gates over NGQC and standard DG gates, in terms of
solving global control error.

This paper is organized as follows. In Sec. II, the general
theory of GQC and FGQC is introduced. In Sec. III, a pos-
sible implementation of universal single-qubit and nontrivial
two-qubit gates using Rydberg atoms is extensively studied
concretely based on the proposed theory in Sec. II. Section IV
summarizes the findings.

II. GENERAL THEORY

A. General theory of GQC

Consider a quantum system exposed to Hamiltonian
H (t ). For any set of complete basis vectors {|ψα (0)〉}
at t = 0, the unitary temporal evolution operator can be

expressed as U (t, 0) = T e−i
∫ t ′

0 H (t ′ )dt ′ = ∑
α |ψα (t )〉〈ψα (0)|,

where T is the time-ordering operator and |ψα (t )〉 =
T e−i

∫ t ′
0 H (t ′ )dt ′ |ψα (0)〉 is a time-dependent state satisfying the

Schrödinger equation. Now, at each moment of time, a dif-
ferent set of time-dependent bases can be selected, {|μα (t )〉},
satisfying the boundary conditions at t = 0 and t = τ :

|μα (τ )〉 = |μα (0)〉 = |ψα (0)〉. (1)

The time-evolution state can be written as |ψα (t )〉 =∑
β cαβ (t )|μβ (t )〉. By substituting this equation into the

Schrödinger equation, we have

d

dt
cαβ (t ) = i

∑
γ

[Aαγ (t ) − Hαγ (t )]cγ β (t ), (2)

where Hαβ (t ) = 〈μα (t )|H (t )|μβ (t )〉 and Aαβ (t ) =
〈μα (t )|i∂t |μβ (t )〉|, which can be combined to form an
effective Hamiltonian: Heff(t ) = R†(t )[H (t ) − id/dt]R(t ),
with R(t ) = ∑

α |μα (t )〉〈μα (0)|. Consider any unitary
once differentiable operator V (t ) satisfying the boundary
condition V (τ ) = V (0). The operator A(t ) is transformed
as a proper gauge potential under the basis change,
|μα (t )〉 → ∑

γ |μα (t )〉Vαγ (t ), and A(t ) will generally
contribute a non-Abelian geometric phase to the temporal
evolution operator U (τ, 0).

For a GQC scenario, the dynamical phase should be elimi-
nated by engineering H (t ) and the ancillary basis {|μα (t )〉}.
If the effective Hamiltonian is always diagonal in the ini-
tial basis, Aαβ (t ) − Hαβ (t ) = δαβ[Aαα (t ) − Hαα (t )]. Then, the
time-evolution operator can be written as follows:

U (t, 0) =
∑

α

eiφα (t )|μα (t )〉〈μα (0)|, (3)

where φα (t ) = ∫ t
0 dt ′[Aαα (t ′) − Hαα (t ′)] is the sum of the ge-

ometric and dynamical phases. In NHQC [32,33], parallel
transport conditions 〈μα (t )|H (t )|μα (t )〉 = 0 were applied to
the Hamiltonian to remove the dynamical phases, while in the
NHQC+ [31] scenario the parallel transport condition was

replaced with a wilder condition
∫ τ

0 dt〈μα (t )|H (t )|μα (t )〉 =
0 at the end of the cyclic evolution, making it possible for
NHQC+ to be compatible with most of the optimization
schemes.

B. Offsetting the dynamical phase using a part
of the geometric phase

In this subsection, another way to implement GQC is in-
troduced, where the dynamical phase is offset by a part of the
geometric phases [86].

Consider a set of ancillary states {|μα (t )〉} depen-
dent on two time-varying real parameters: λ1(t ) and
λ2(t ). Then, |μα (t )〉 = R(λ)|μα (0)〉 and Aαβ (t ) = A(λ1 )

αβ (t ) +
A(λ2 )

αβ (t ), where λ(t ) = (λ1(t ), λ2(t ))
T

and

A
(λ j )
αβ (t ) = λ̇ j (t )〈μα (λ)|i ∂

∂λ j
|μβ (λ)〉, (4)

that is, the gauge potential can be divided into two parts:
A(λ1 )(t ) and A(λ2 )(t ). If A(λ1 )(t ) is equal to the dynamical part
of the effective Hamiltonian, A(λ1 )

αβ (t ) = Hαβ (t ), then the time-
evolution operator is governed by a part of gauge potential
A(λ2 )

αβ (t ) = Aαβ (t ) − Hαβ (t ). For example, consider R(λ) =
eX (λ); then

A(λ1 )
αβ (t ) = 〈μα (λ)|

[
iλ̇1(t )

∂X (λ)

∂λ1

]
|μβ (λ)〉. (5)

By substituting H (t ) = iλ̇1(t ) ∂X (λ)
∂λ1

in the effective Hamilto-

nian Heff(t ), Hαβ (t ) will be canceled out with A(λ1 )
αβ (t ). The

operator A(λ2 )(t ) is transformed as a gauge potential under the
change |μα (t )〉 → ∑

β |μα (t )〉V ′
αβ (λ2), where V ′[λ2(t )] is any

once differentiable operator satisfied V ′[λ2(τ )] = V ′[λ2(0)].
For a more specific example, consider X (t ) in the following

form:

X [λ(t )] = −iF [λ1(t )]H0[λ2(t )], (6)

where F (λ1) is a λ1-dependent real function and H0(λ2) is a
λ2-dependent hermitian operator. To cancel out the dynam-
ical part of the effective Hamiltonian, H (t ) = iλ̇1(t ) ∂X

∂λ1
=

λ̇1(t ) ∂F (λ1 )
∂λ1

H0(λ2) is selected, resulting in a pure geometric ef-

fective Hamiltonian Heff(t ) = A(λ2 )(t ) = λ̇2(t )R†(λ)i∂λ2 R(λ).
Then, Eq. (2) can be simplified to

d

dt
cαβ (t ) = i

∑
γ

A(λ2 )
αγ (t )cγ β (t ). (7)

The formal solution of Eq. (7) can be expressed as follows:
c(t ) = T exp[i

∫ t
0 A(λ2 )(t ′)dt ′]. Using the cyclic condition

|μα (τ )〉 = |μα (0)〉 and the definition of cαβ (t ), |ψα (τ )〉 =∑
β cαβ (τ )|μβ (0)〉, indicating that c(τ ) is just the transforma-

tion matrix from the initial states to the final states. Therefore,
the temporal evolution operator can be expressed as follows:

U (τ, 0) = c(τ ) = T ei
∫ t

0 A(λ2 ) (t ′ )dt ′
. (8)

This cyclic unitary time-evolution operator is geometric be-
cause A(λ2 )(t ) is a gauge potential.
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C. Non-Abelian geometric phases in periodically driven systems

In this subsection, a brief introduction of the work reported
in Ref. [83] is provided, demonstrating that a non-Abelian
geometric phase will form in the adiabatic evolution of a
quantum system within a fully degenerate Floquet band.

Consider a driven quantum system with the following
Hamiltonian:

H (t ) = f [λ1(t )]H0[λ2(t )], (9)

where f (λ1 + T ) = f (λ1) is a periodic real function with pe-
riod T and

∫ T
0 f (λ1)dλ1 = 0. To remove the dynamical phase

using the strategy introduced in Sec. II B, R(λ) = eX (λ) should
be selected, where X (λ) can be expressed as (6). F (λ1) is the
primitive function of f (λ1). It can be verified that F (λ1) is
also periodic with period T , as are both R(λ) and A(λ2 )(λ1, t ).
A(λ2 )(λ1, t ) and c(λ1, t ) can be expanded in a complete set of
bases of λ1 parameter space, {eilλ1(2π/T )|l ∈ Z}, with which
Eq. (7) can be recast into

d

dt
c(k)
αβ (t ) =

∑
γ ;m

iHF
αγ ;km(t )c(m)

γ β (t ), (10)

where HF (t ) ≡ A(λ2 )(λ1, t ) − i∂λ1 and Oαγ ;km(t ) =
(1/T )

∫ T
0 dλ1e−i(k−m)(2π/T )λ1〈μα (λ)|O(t )|μγ (λ)〉 is the

matrix element of operator O(t ). When λ1(t ) = ωt and
T = 2π , we have

HF
αγ ;km(t ) = A(λ2 )

αγ ;km(t ) − kωδkmδαγ . (11)

Clearly, |l̃〉 = eil (2π/T )λ1 are the eigenbases of operator i∂λ1

with eigenvalues −l (2π/T ). These eigenvalues do not change
when the time t is varied; hence, they form bands, which
are referred to as Floquet bands [83]. In other words, the
operator i∂λ1 is diagonal in basis |l̃〉. The operator A(λ2 )(λ1, t )
in general is not diagonal in this basis; its off-diagonal terms
describe the coupling between different Floquet bands. How-
ever, according to Eq. (4), A(λ2 )

αγ ;km(t ) is proportional to λ̇2(t ). If
λ2(t ) changes slowly in time and λ1(t ) is a fast time-varying
parameter so that A(λ2 )

αγ ;km(t ) 	 kω, ∀k, we may ignore all the
terms of HF (t ) with k �= m, i.e.,

HF
α,γ ;k,m(t ) ≈ [

A(λ2 )
αγ ;km(t ) − kωδαγ

]
δkm. (12)

In analogy to the conventional adiabatic approximation, this
is the adiabatic approximation of the Floquet band. Using
Eq. (12), the approximate solution of Eq. (10) can be obtained
as follows:

U (τ, 0) = c(τ ) ≈ T ei
∫ τ

0 A
(λ2 )
0 (t )dt , (13)

where A(λ2 )
0 (t ) = (1/T )

∫ T
0 A(λ2 )(λ1, t )dλ1.

By comparing Eq. (13) with Eq. (8), it can be clearly
observed that A(λ2 )(λ1, t ) can be replaced with an average
quantity A(λ2 )

0 (t ), which can be interpreted as a gauge potential
resulting from the adiabatic motion in a single degenerate
Floquet band. However, it is still not clear what benefits this
replacement will provide to quantum computing tasks and
whether a universal quantum computation scheme can be con-
structed in practice using the gauge potential A(λ2 )

0 (t ). We will
address these problems in the next section.

FIG. 1. (a) Setup for the two-level Rydberg atom. The two-level
system is driven off-resonantly with time-dependent detuning 
(t ),
Rabi frequency ε(t ), and phase ϕ(t ). (b) Illustration of control of
the two-qubit gate based on RRI between two identical two-level
Rydberg atoms, where V is the RRI strength. For individual Rydberg
atoms, a resonant microwave pulse with Rabi frequency �α can be
applied to facilitate the transition |0〉 → |1〉.

III. FLOQUET GQC BASED ON RYDBERG ATOMS

For universal QC, at least two types of noncommutable
single-qubit gates and one nontrivial two-qubit gate are
needed [87]. On the other hand, the Rydberg atom provides
an appealing experimental platform for the implementation
of quantum computation because of its long coherence time
[88,89]. In this section, using the gauge potential A(λ2 )

0 (t ) in
Eq. (13), we give possible physical realizations of universal
single-qubit gates and a nontrivial two-qubit gate based on
Rydberg atoms. They constitute a universal geometric QC
scheme. This geometric QC scheme is referred to as FGQC.
Notably, our theory can be applied to other platforms; only the
Rydberg atom has been used to show the feasibility.

A. Single-qubit gates

Consider a Rydberg atom with the ground state and the
Rydberg state encoding |0〉 and |1〉, respectively. By applying
appropriately selected laser light, the ground state can be
directly coupled to the Rydberg state using one photon process
or via a multiphoton process using one or two intermedi-
ate (non-Rydberg) states [90]. After performing an adiabatic
elimination of the intermediate state, the Hamiltonian in the
rotating frame can be written as follows:

H (t ) = 
(t )

2
σz + ε(t )

2
[cos ϕ(t )σx + sin ϕ(t )σy]. (14)

This Hamiltonian drives the transition |0〉 → |1〉 with Rabi
frequency ε(t ) exp[iϕ(t )], as shown in Fig. 1(a), where 
(t )
is the effective detuning. In an actual experiment, the laser
parameters can be modulated with an acousto-optic modulator
driven by an arbitrary waveform generator. By combining
with some feed-forward approaches, the experimentally ap-
plied pulse can be ensured to be a faithful representation of
the desired profile [88–90].

By taking |0〉, |1〉 as the computational basis, an arbitrary
one-qubit nonadiabatic geometric gate can be achieved as
follows:

U (τ, 0) = eiγ F·n, (15)

where F = 1
2 (σx, σy, σz )T, n = (sin θ cos φ, sin θ sin φ, cos θ )

is an arbitrary unit vector, and γ is an arbitrary phase with
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geometric feature. Equation (15) describes a rotational opera-
tion around the axis n by an angle γ . If the pulse shapes of the
following form are selected,


(t ) = 
0(t ) cos(ωt + θ0), (16)

ε(t ) = ε0(t ) cos(ωt + θ0), (17)

where ω and θ0 are time-independent parameters, 
0(t ) and
ε0(t ) are in general time-dependent real functions. Then, the
Hamiltonian can be rewritten as follows:

H (t ) = cos(ωt + θ0)F · r(t ), (18)

where r(t ) = (ε0(t ) cos ϕ(t ), ε0(t ) sin ϕ(t ),
0(t ))T. Equation
(18) has the same form as Eq. (9) if λ1(t ) = ωt + θ0,
f [λ1(t )] = cos[λ1(t )], and H0(t ) = F · r(t ). According to
Eq. (6), for a FGQC scenario, the ancillary basis is given by
the transformation R(ωt, t ) = exp [ − i sin(ωt+θ0 )

ω
F · r(t )]. This

transformation will result in the following approximated ef-
fective Hamiltonian [83]:

A(λ2 )
0 (t ) = �(t ){1 − J0[|r(t )|/ω]}F · n(t ), (19)

where �(t )n(t ) ≡ r(t ) × ṙ(t )/|r(t )|2 with n(t ) a unit vec-
tor; J0(a) is the zeroth-order Bessel function. If the plane
determined by vectors r and ṙ is fixed, then n(t ) does
not change, and the effective Hamiltonian (19) at different
times is commutable. The time-evolution operator (13) can
be simplified into U (τ, 0) = exp [iγ (τ )F · n(t )] with γ (τ ) =∫ τ

0 dt�(t )[1 − J0(|r(t )|/ω)]. U (τ, 0) has the same form as
(15). As n and γ (τ ) can take any value, a universal single-
qubit gate can be applied using the FGQC scenario.

Taking the Z and X gates as examples, we will give a
possible set of pulse shapes and parameters for each gate.
Moreover, to evaluate the performance of these gates with the
given parameters, numerical results in the presence of both
decoherence and a certain kind of systematic error will be
presented (we also present similar contents for the Hadamard
and T gates in Appendix B). To implement a single-qubit
Z gate using FGQC, we select 
0(t ) = 0, ε0(t ) = �0, and
ϕ(t ) = Nt , where �0 and N are real constants which sat-
isfy N[1 − J0(|r(t )|/ω)]τ = π , and τ is the run time of
the gate. Here, |r(t )| = �0; the pulse shapes are shown in
Fig. 2(a). In the numerical simulation, we set �0 = 2 ×
2π MHz, ω ≈ 0.513 × 2π MHz, N ≈ 45.728 × 2π KHz, and
the run time τ ≈ 7.797 μs. For the X gate, ε0(t ) = �0 sin Mt ,

0(t ) = �0 cos Mt , and ϕ(t ) = π/2 with M = N real time-
independent constants. The corresponding pulse shapes are
shown in Fig. 2(b). Other parameters are the same as the Z
gate. In Figs. 2(c) and 2(d), for the X and Z gates in the
absence of decoherence, the temporal evolutions of popula-
tions are shown for states |0〉 and |1〉 with a given initial state
|ψ (0)〉 = |1〉.

To evaluate the performance of FGQC in the presence
of decoherence and global control error, we consider noisy
time evolution which is described by the master equation as
follows:

dρ(t )

dt
= −i[H ′(t ), ρ(t )] +

2∑
i=1

Li[ρ(t )], (20)

(a)

(c)

(e)

(d)

(b)

FIG. 2. (a) Detuning 
(t ) (blue dashed line) and Rabi frequency
ε(t ) (black solid line) for the numerical simulation of the X gate
using FGQC. (b) Detuning 
(t ) (blue dashed line), Rabi frequency
ε(t ) (black solid line), and phase ϕ(t ) (red dotted line) for the numer-
ical simulation of the Z gate using FGQC, and temporal evolution
of populations (blue dashed line for state |1〉, black dot-dashed line
for state |0〉). (e) Gate fidelities Fave (with δ = 0.05) vs the coherence
time T2 for the X (black dashed line) and Z (blue solid line) gates. The
two solid triangles represent two landmarks in the coherence time of
the Rydberg state [91,92] and its corresponding X gate fidelities; the
solid gray circle represents a recent landmark in the coherence time
of the superconducting fluxonium qubit [93] and its corresponding X
gate fidelity (rounded off to three significant figures, almost all of the
Z gate fidelities are the same as those of the X gate). In the numerical
simulation, we set γ1 = γ2.

where H ′(t ) = (1 + δ)H (t ) with H (t ) the ideal Hamiltonian,
δ represents the amplitude of global control error, Li[ρ] =
γi[AiρA+

i − (1/2){A+
i Ai, ρ}] is the Lindblad superoperator

which acts on the density matrix ρ of the quantum system,
and {a, b} = ab + ba is the anticommutator. In the case of a
two-level Rydberg atom, the incoherent processes, including
decay and dephasing, are A1 = σ− and A2 = σz, where σ− is
the spin ladder operator and σz is the Pauli z matrix; thus, γ1

and γ2 are the decay and dephasing rates, respectively. Here,
we select γ1 = γ2 (i.e., T1 = T2, for Ti = 1/γi, i ∈ {1, 2}) and
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δ = 0.05. The nonunitary gate fidelity is defined by Fave =
(1/2π )

∫ 2π

0

√〈ψI (τ )|ρ(τ )|ψI (τ )〉d�, for the initial states of
the form |ψ (0)〉 = cos �|0〉 + sin �|1〉, where a total of 101
different values of � were uniformly selected in the range
[0, 2π ], |ψI (τ )〉 represents the ideal final state, and ρ(τ ) is
the final state of the nonunitary process.

The numerical results indicate that, for the X (Z) gate, to
achieve the average fidelity Fave = 0.999, the coherence time
should be T2 ≈ 4 ms (4.2 ms); to achieve Fave = 0.9999, we
need T2 ≈ 98 ms (100 ms). The currently available coherence
time of the Rydberg state is T2 ≈ 32 μs [92], which results
in FX,ave ≈ 0.900 (FZ,ave ≈ 0.899). Therefore, at present, the
performance of FGQC based on the Rydberg state is limited
by the short coherence time of the latter. We also evaluated the
corresponding gate fidelities of a recent landmark coherence
time of a superconducting fluxonium qubit, T2 ≈ 1.48 ms
[93], and got FX,ave ≈ FZ,ave ≈ 0.997, with FX,ave and FZ,ave the
nonunitary gate fidelities of the X and Z gates, respectively. In
Fig. 2(e), we show how the X and Z gate fidelities vary with
the coherence time, and the corresponding X gate fidelities of
some important coherence time (rounded off to three signifi-
cant figures; almost all of the Z gate fidelities are the same as
those of the X gate).

With respect to the feasibility of our proposal, a recent
experimental study in Ref. [90] was selected for comparison.
In this study, the amplitude of ε(t ) can be changed from 0
to 5 × 2π MHz within 0.5 μs, and the detuning 
(t ) can be
changed from −15 × 2π MHz to a value larger than 7.5 ×
2π MHz within 1 μs. Also, the pulses in this study were given
by a numerical optimization method known as RedCRAB;
their shapes are not that smooth. In our proposal, taking the
X gate as an example, the parameters ε(t ) and 
(t ) should
be changed smoothly within the range [−2, 2] × 2π MHz in
about 7.797 μs; clearly, the pulses in this proposal are more
smooth and change more slowly within a smaller range. In
other words, by comparing with recently experimental results,
this proposal needs a series of smoother, more slowly varying
pulses with smaller ranges. Therefore, the control in imple-
menting the FGQC X gate is achievable. The control of the
FGQC Z gate is also slow and smooth, despite 
(t ) = 0; it
also requires ϕ(t ) = Nt , that is, ϕ(t ) increasing linearly at a
slow rate; to our knowledge, it is not clear weather this kind
of control is achievable.

B. Two-qubit gate

It is shown that an arbitrary one-qubit FGQC gate can be
obtained by addressing an individual Rydberg atom with laser
pulses. To achieve universal GQC, a nontrivial two-qubit gate
is needed in addition to one-qubit gates. We here demonstrate
how to achieve a nontrivial two-qubit FGQC gate using the
Rydberg-Rydberg interaction (RRI).

Consider two two-level Rydberg atoms with RRI V , as
shown in Fig. 1(b). The αth atom is resonantly driven by a
microwave pulse to achieve the transitions |0〉α → |1〉α , with
Rabi frequency �α (t ). In the rotating frame, the Hamiltonian
of the two-Rydberg-atom system can be expressed as follows
[27]:

H12 = H1 ⊗ I2 + I1 ⊗ H2 + V |11〉〈11|, (21)

where Hα = �α (t )(|0〉α〈1| + |1〉α〈0|) is a single-atom Hamil-
tonian describing the interaction between the αth atom and
laser pulses; Iα is the identity operator acting on the αth
Rydberg atom.

To achieve a nontrivial two-qubit gate, the Rabi frequencies
of laser pulses can be taken as �1(t ) = −�R(t ) cos(φ/2) and
�2(t ) = �R(t ) sin(φ/2). Thus,

H12(t ) = �R(t )(|B〉〈00| − |B′〉〈11| + H.c.) + V |11〉〈11|,
(22)

where |B〉 = sin(φ/2)|01〉 − cos(φ/2)|10〉 and |B′〉 =
cos(φ/2)|01〉 − sin(φ/2)|10〉.

Further, taking a rotation U = exp[−iV t |11〉〈11|], the two-
atom Hamiltonian can be recast as follows:

Hrot(t ) = �R(t )(|B〉〈00| − |B′〉〈11|e−iV t ) + H.c. (23)

If V � �R(t ), the off-resonant terms are negligible, and the
simultaneous excitation of two atoms from the ground state to
the Rydberg states is inhibited; therefore,

Hrot(t ) ≈ �R(t )|B〉〈00| + H.c. (24)

According to Eq. (24), the effective Hamiltonian only
affects subspace S = Span{|B〉, |00〉}. Therefore, S
was set as the computational space. Consider �R(t ) =
[�0/2] f (ωt ) exp[iϕ(t )] where �0 is a real constant. Both
f (ωt ) and ϕ(t ) are real functions. The Hamiltonian (24) can
be rewritten as follows:

Hrot(ωt, t ) = f (ωt )F · r′(t ), (25)

where F ≡ (σ̃x, σ̃y, σ̃z )T /2 and r′(t ) = �0(cos ϕ(t ),
− sin ϕ(t ), 0)T with σ̃x ≡ |B〉〈00| + |00〉〈B|, σ̃y ≡
−i|B〉〈00| + i|00〉〈B|, and σ̃z ≡ |B〉〈B| − |00〉〈00|. To
be more specific, we considered f (ωt ) = cos ωt ; then,
Hrot(ωt, t ) = cos ωtF · r′(t ). To construct a FGQC gate,
select R(t ) = exp[−i�0 sin ωtF · r′(t )/ω], satisfying the
boundary condition R(τ ) = R(0) = I if ωτ = kπ,∀k ∈ N+.
The corresponding effective Hamiltonian can be written as
follows:

Heff(t ) = ϕ̇(t )R†(t )(−i∂/∂ϕ)R(t ). (26)

Similar to the derivation of Eq. (13), if ω � ϕ̇(t ), then at t =
τ the time-evolution operator can be approximated as follows:

U (τ, 0) ≈ T e−i
∫ τ

0 H (0)
eff (t )dt , (27)

where H (0)
eff (t ) = [1 − J0(�0/ω)]F · (r′ × ṙ′)/�2

0. If ϕ(t ) =
Nt , then r′ × ṙ′/�2

0 = −N (0, 0, 1)T and H (0)
eff (t ) = −N[1 −

J0(�0/ω)]σ̃z/2.
In terms of the basis {|00〉, |01〉, |10〉, |11〉}, the matrix

form of the average effective Hamiltonian can be expressed
as follows:

H (0)
eff (t ) = C ·

⎛
⎜⎜⎜⎜⎝

0 0 0 0

0 cos2
(

φ

2

) − sin φ

2 0

0 − sin φ

2 sin2
(

φ

2

)
0

0 0 0 −1

⎞
⎟⎟⎟⎟⎠, (28)
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where C ≡ −(N/2)[1 − J0(�0/ω)]. The time-evolution oper-
ator is given by

U (τ, 0)

=

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0 1
2 (D1 − D2 cos φ) 1

2 D2 sin φ 0

0 1
2 D2 sin φ 1

2 (D1 + D2 cos φ) 0

0 0 0 eiCτ

⎞
⎟⎟⎟⎟⎠,

(29)

where D1 = 1 + exp(−iCτ ) and D2 = 1 − exp(−iCτ ).
Clearly, when eiCτ = −1 and φ = π/2, we have

U (τ, 0) =

⎛
⎜⎝

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

⎞
⎟⎠. (30)

This operation is a SWAP-like gate because

U (τ, 0)|10〉 = |01〉, (31)

U (τ, 0)|01〉 = |10〉, (32)

which is a nontrivial two-qubit gate ensuring that universal
quantum computation can be applied using FGQC.

C. The robustness of FGQC against global control error

Since only a gauge potential A(λ2 )
0 (t ) can be attributed

to the cyclic unitary evolution operator (13), FGQC is a
geometric scenario. However, as shown in Ref. [44], a geo-
metric scenario is not necessarily resistant to global control
error. Here, we will demonstrate that the FGQC is a resis-
tant GQC scenario to global control error. To prove this,
we consider a quantum system which is subject to global
control error. Given the initial state |ψm(0)〉, the corre-
sponding time-evolution state can be expressed as |ψ ′

m(τ )〉 =
U ′(τ, 0)|ψm(0)〉 with U ′(τ, 0) = T exp{i ∫ τ

0 dt[A(λ2 )(ωt, t ) −
δH (ωt, t )]}. Normally, δ is a small quantity in experiment
and it is reasonable to assume that δHαγ (t ) 	 kω. Similar
to the derivation of Eq. (13), U ′(τ, 0) can be approximately
expressed as follows:

U ′(τ, 0) ≈ T ei
∫ τ

0 [A
(λ2 )
0 (t )−δH̄ (t )]dt , (33)

where H̄ (t ) = (1/T )
∫ 2π

0 H (λ1, t )dλ1; then, using perturba-
tion theory up to O(δ),

|ψ ′
m(τ )〉 = |ψm(τ )〉 − δ · i

∑
n

|ψn(τ )〉Qnm(τ ) + O(δ2),

(34)

where |ψm(τ )〉 = U (τ, 0)|ψm(0)〉 is the ideal time-evolution
state and Qnm(t ) = ∫ t

0 dt ′〈ψn(t ′)|H̄ (t ′)|ψm(t ′)〉.
Equation (34) clearly shows that to eliminate the second

term at the right side Qmn(τ ) should be equal to zero:∫ τ

0
〈ψn(t )|H̄ (t )|ψm(t )〉dt = 0 ∀m, n. (35)

Equation (35) maintains the robustness of FGQC against
global control error to the first order in δ. In a FGQC scenario,

H̄ is given by

H̄ (t ) = f̄ (λ1)H0(λ2), (36)

where f̄ (λ1) = (1/T )
∫ T

0 f (λ1)dλ1 and f (λ1) is a periodic
function with period T . In this paper, f (λ1) = cos(λ1), f̄ (λ1)
is equal to zero, H̄ (t ) = 0, and Eq. (35) is satisfied. The above
analysis is based on single-qubit FGQC theory, but it can
also be applied to the two-qubit gate case. For the two-qubit
case, one only need replace A(λ2 )

0 (t ) and H (t ) with H (0)
eff (t ) and

Hrot(t ), respectively. Therefore, FGQC is resistant to global
control error.

D. Numerical evidence of the robustness of FGQC against
global control error

In Figs. 3 and 4, numerical results of the single-qubit X
and Z gates and the two-qubit gate described in Eq. (30) are
given. They show the single- and two-qubit gate fidelities vs
δ, respectively; clearly, the FGQC scenario is more robust
than the standard dynamical scenario and the NGQC scenario
in solving global control errors (see Appendix A for details
of the standard dynamical and NGQC gates). The parame-
ters of the FGQC two-qubit gate were selected as follows:
�0 = 2 × 2π MHz, ω ≈ 0.52 × 2π MHz, N ≈ 0.58 MHz,
V ≈ 0.33 GHz, and the run time τ ≈ 7.7 μs. Due to the
presence of the |B′〉〈11| term and its hermitian conjugation,
the fidelity at δ = 0 is not 1: for FGQC and NGQC, F (δ =
0) ≈ 0.9982 and 0.9989, respectively. The single-qubit FGQC
T and Hadamard gates were also simulated, and the results are
shown in Appendix B.

For a time-dependent error δ = δ(t ), we should modify the
unitary time-evolution operator in Eq. (33) by replacing δH̄ (t )

(a)

(b)

FIG. 3. Fidelities of the Z (a) and X (b) gates vs the amplitude of
the global control error (without considering decoherence in the sim-
ulation). The results of three different protocols are shown: FGQC
(red solid line), NGQC (blue dashed line), and standard DG (black
dot-dashed line).
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FIG. 4. The fidelity F vs the amplitude δ of global control er-
ror for the same two-qubit gate using FGQC (red solid line) and
NGQC (blue dashed line), respectively. The two-qubit gate is given
by Eq. (30).

in the exponent with the following expression:

(1/T )
∫ 2π

0
δ(t )H (λ1, t )dλ1. (37)

In our proposal, λ1 = ωt and H (λ1, t ) = cos(ωt )H0(t ) with
ω a time-independent real number and H0(t ) a slowly vary-
ing operator; the expression Eq. (37) can be rewritten as
(1/T )

∫ 2π

0 dt cos(ωt )δ(t )H0(t ). Clearly, when δ(t ) is slow
enough, this expression is approximately equal to zero. There-
fore, FGQC is still a robust scenario when δ(t ) is slow enough.
A numerical demonstration is also given through simulating a
Z gate in the presence of δ(t ). A stochastic process called the
Ornstein-Uhlenbeck (O-U) process is considered to describe
the time dependence of δ(t ). To be specific, the O-U process
is a stochastic process with power spectral density S(ω) =

�
π (�2+ω2 ) , where 1/� is the correlation time. The Hamiltonian
is given by

H ′(t ) = [1 + Mδ(t )]H (t ), (38)

where H (t ) is the ideal Hamiltonian and M is a zoom factor.
In the simulation, we set �τ = 0.001. For each M, we first
sampled 100 such processes randomly, {δi(t )|i = 1, . . . , 100};
then, we calculate the gate fidelity for each δi(t ) and obtain the
average gate fidelity for these 100 processes. The results are
shown in Fig. 5.

IV. CONCLUSION

A geometric scheme called FGQC is reported. In a FGQC
scenario, error-resilient geometric gates based on periodically
driven two-level systems can be constructed via a non-Abelian
geometric phase. This non-Abelian geometric phase emerges
from a periodically driven quantum system and was found in
a recent study [83]. To construct FGQC, possible implementa-
tions of universal single-qubit gates and a nontrivial two-qubit
gate using Rydberg atoms were proposed. To numerically
evaluate its realistic performance, the X and Z gates were sim-
ulated in the presence of both decoherence and global control
error using recent experimental parameters. The numerical
results indicate that, at present, the performance of FGQC

FIG. 5. The average gate fidelity FS vs M for the Z gate based
on FGQC (blue dots), NGQC (yellow rectangle), and DG (green
diamond), respectively.

based on the Rydberg state is limited by the short coherence
time of the latter: for the currently available coherence time
of the Rydberg state (T2 ≈ 32 μs [92]), we got FX,ave ≈ 0.900
(FZ,ave ≈ 0.899). Moreover, the robustness of FGQC against
global control error was analytically demonstrated using per-
turbation method. By comparing the numerical results of
FGQC with NGQC and DG, the superiority of FGQC in
solving global control error was confirmed. Because FGQC
is based on two-level systems, compared with NHQC, it has
the advantage of not requiring complex quantum control on
a multilevel structure. Although the FGQC scenario is sen-
sitive to decoherence, as quantum technologies evolve, the
coherence time of various qubits (e.g., qubits based on the
Rydberg state [92] and superconducting qubits [93]) grows;
in the future, FGQC may become a competitive quantum gate
architecture approach.
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APPENDIX A: DETAILS OF OTHER SCENARIOS

1. Simulating the Z gate: The NGQC Z gate

The corresponding Hamiltonian reads

H (t ) = (�0/2)e−iφ(t )|1〉〈0| + H.c., (A1)
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where

φ(t ) =
{
π 0 � t < τN1Z,

−π/2 τN1Z � t � τNZ,
(A2)

with τN1Z = τNZ/2 and the run time τNZ = 2π/�0 = 0.5 μs.

2. Simulating the Z gate: The standard dynamical Z gate

For this scenario, the Hamiltonian can be written in the
same form as Eq. (14) in the main text, but with 
(t ) = �0,
ε(t ) = 0, and the run time τDSZ = π/�0 = 0.25μs.

3. Simulating the X gate: The NGQC X gate

The Hamiltonian of this scenario can be written in the same
form as Eq. (A1) but with

φ(t ) =
⎧⎨
⎩

−π/2 0 � t < τNX1,

π τNX1 � t < τNX2,

−π/2 τNX2 � t � τNX,

(A3)

where τNX1 = (1/4)τNX, τNX2 = (3/4)τNX, and τNX =
2π/�0 = 0.5 μs.

4. Simulating the X gate: The standard dynamical X gate

The Hamiltonian of this scenario can be written in the same
form as Eq. (14) in the main text with 
(t ) = 0 and ϕ(t ) = 0;
we set ε(t ) = �0 and the run time τDSX = π/�0 = 0.25 μs.

5. Details of the NGQC two-qubit gate

The corresponding Hamiltonian of the NGQC two-qubit
gate [27] can be written in the form of Eq. (23) in the main
text, but �R(t ) is time independent. We set �R(t ) = �0, the
run time τ = 2π/�0 = 0.5 μs, and other parameters are the
same as the FGQC gate.

APPENDIX B: TWO MORE GATES: THE T
AND HADAMARD GATES

To illustrate the universality of the FGQC, we numerically
simulated the T and Hadamard gates using FGQC theory.
For both the T and Hadamard gates, the Hamiltonian can be
written in the following form:

H (t ) = 
(t )

2
σz + εx(t )

2
σx + εy(t )

2
σy. (B1)

For the FGQC Hadamard gate, 
(t ) = −�0 cos(ωt )
sin(NHt )/

√
2, εx(t ) = �0 cos(ωt ) sin(NHt )/

√
2, and

εy(t ) = �0 cos(ωt ) cos(NHt ) with �0 = 2.0 × 2π MHz,
ω ≈ 0.513 × 2π MHz, NH ≈ 45.728 × 2π KHz, and
the run time τH ≈ 7.797 μs. This kind of Hamiltonian
can be obtained through applying a rotating frame
transformation H0(t ) → H (t ) = U †

0 (t )H0(t )U0(t ) to
H0(t ) = cos(ωt )[sin(NHt )σx + cos(NHt )σy] with U0 =
exp[−i(π/4)σy/2]. For the FGQC T gate 
(t ) = 0,
εx(t ) = �0 cos(ωt ) cos(NT t ), εy(t ) = �0 cos(ωt ) sin(NT t )
with �0 = 2.0 × 2π MHz, ω ≈ 0.513 × 2π MHz,
NT ≈ 45.728 × 2π KHz, and the run time τ = 1.95 μs.
The Hamiltonian of the FGQC T and Z gate has the same
form, and the parameters of these two gates are almost
the same except the run time of the T gate is shorter. The

(a) (b)

(c)

(e)

(d)

FIG. 6. The pulse shapes in numerically simulating the T (a) and
Hadamard (b) gates. The temporal evolutions of populations with a
given initial state |ψ (0)〉 = |1〉 for the FGQC T (c) and Hadamard
(d) gates are shown. (e) Gate fidelities Fave (with δ = 0.05) vs the
coherence time T2 for the T (blue solid line) and Hadamard (black
dashed line) gates. The solid circles (triangles) represent gate fideli-
ties of two landmark coherence times of the Rydberg state [91,92]
for the T (Hadamard) gate. In the inset of (e), the solid gray circle
(triangle) represents the T (Hadamard) corresponding gate fidelity of
a recent landmark coherence time of the superconducting fluxonium
qubit [93]. In the numerical simulation, we set γ1 = γ2.

pulse shapes of the Hadamard and T gates are shown in
Figs. 6(a) and 6(b), respectively. In Figs. 6(c) and 6(d), for the
Hadamard and the T gate, respectively, we show the temporal
evolution of state populations for |0〉 and |1〉 with a given
initial state |ψ (0)〉 = |1〉.

To evaluate the realistic performance of the FGQC T and
H gates, we have numerically investigated their gate fidelities
in the presence of both global control error and decoherence.
The time evolution is described by the master equation in
Eq. (20). In the simulation, we set δ = 0.05 and γ1 = γ2 (i.e.,
T1 = T2). The numerical results indicate that for the Rydberg
state’s currently available coherence time (T2 ≈ 32 μs [92]),
we got the T gate fidelity FT,ave ≈ 0.97 and the Hadamard gate
fidelity FH,ave ≈ 0.90. We also evaluated the corresponding
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(a)

(b)

FIG. 7. Fidelities of the Hadamard (a) and T (b) gates vs the
amplitude of the global control error (without considering the de-
coherence in the simulation). Results of four different protocols
are shown: FGQC (red solid line), NGQC (blue dashed line), and
standard DG (black dot-dashed line).

gate fidelities of a recent landmark coherence time of the
superconducting fluxonium qubit [93], T2 ≈ 1.48 ms, and got
FT,ave ≈ 0.999, FH,ave ≈ 0.997. The relative results are shown
in Fig. 6(e). In terms of the robustness against the global
control error, we compare the performance of the FGQC
Hadamard and T gates with that of other typical scenarios
based on two-level systems: the NGQC and the standard DG
gates. The results are shown in Fig. 7. It is readily seen from
these figures that the FGQC scenarios perform much better
than the other two scenarios.

1. Simulating the T gate: The NGQC T gate

We set �0 = 2 × 2π MHz hereinafter. The Hamiltonian of
this scenario can be written as

HNT = (�0/2)e−iφ(t )|1〉〈0| + H.c., (B2)

where

φ(t ) =
{
π/2 0 � t < τNT/2,

π/2 + π/8 τNT/2 � t � τNT,
(B3)

and the run time τNT = 2π/�0 = 0.5 μs.

2. Simulating the T gate: The standard dynamical T gate

The corresponding Hamiltonian reads H (t ) = �0σz/2 and
the run time is given by τDGT = (π/4)/�0 = 0.0625 μs.

3. Simulating the Hadamard gate: The NGQC Hadamard gate

The Hamiltonian has the same form as Eq. (B2), but the
time-dependent phase φ(t ) is given by the following expres-
sion:

φ(t ) =
⎧⎨
⎩

−π/2 0 � t < τNH1,

0 τNH1 � t < τNH2,

−π/2 τNH2 � t � τNH,

(B4)

with τNH1 = τNH/8, τNH2 = 5τNH/8, and τNH = 2π/�0 =
0.5 μs.

4. Simulating the Hadamard gate: The standard dynamical
Hadamard gate

The Hamiltonian reads H (t ) = �0(σx + σz )/2
√

2, and the
run time τDGH = π/�0 = 0.25 μs.
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