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Circuit QED spectra in the ultrastrong coupling regime: How they differ from cavity QED
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Cavity quantum electrodynamics (QED) investigates the interaction between resonator-confined radiation and
natural atoms. Similar phenomena can be explored using superconducting artificial atoms coupled to microwave
resonators. Here, we examine incoherent and coherent spectra in a circuit QED system consisting of a flux
qubit coupled to an LC resonator, considering different coupling configurations to the output transmission
line. Although such systems can be effectively described by the quantum Rabi model, we demonstrate that the
choice of the coupling between the resonator and the input-output channel can significantly affect the emission
properties, particularly in the ultrastrong coupling regime. Specifically, we show that when the resonator is
capacitively coupled with the input-output transmission line, the spectral features at zero flux offset can be
mapped onto those of the cavity QED model. However, this correspondence breaks down for the mutual inductive
coupling case. Extending our analysis to the parity-symmetry broken regime of the flux qubit, we further
highlight how capacitive and inductive coupling mechanisms lead to distinct spectral features, emphasizing the
necessity of a careful input-output treatment for an accurate description of the emission processes.
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I. INTRODUCTION

Superconducting quantum circuits (SQCs) based on
Josephson junctions can behave like artificial atoms. They
have made it possible to implement experiments in atomic
physics and quantum optics on a chip [1]. In contrast to nat-
ural atoms, superconducting artificial atoms can be designed,
fabricated, and controlled for various research purposes [2–7].
Furthermore, the interaction between artificial atoms and elec-
tromagnetic fields can be controlled and engineered with more
freedom [8–11].

Superconducting artificial atoms have been used to demon-
strate phenomena that cannot be realized or observed in
quantum optics experiments with natural atoms. For in-
stance, single- and two-photon processes can coexist in SQCs
[12–14], and the coupling between them and microwave
fields can become ultrastrong. The ultrastrong coupling (USC)
regime was observed for the first time in circuit QED sys-
tems in 2010 [15,16], where normalized coupling strengths
of η = 0.10 to 0.12 were achieved. Within this platform, it is
possible to explore the light-matter USC regime with a single
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two-level system (qubit), instead of considering many atoms
or collective excitations [17–24].

The dimensionless parameter η = g/ω0, defined as the
cavity-emitter coupling rate divided by the qubit transition
frequency (or the resonance frequency of a cavity mode), is
used to quantify this coupling regime. Typically, USC effects
are expected when η � 0.1. At this threshold, the rotating-
wave approximation (RWA), which is valid in the weak and
strong coupling regimes, begins to break down [16,17,25–27],
enabling novel physical processes.

Potential applications of USC include fast and pro-
tected quantum information processing [28–31], quantum
nonlinear optics [14,32,33], and the enhancement of vari-
ous quantum phenomena [34–41]. Recently, experiments in
USC circuit QED have demonstrated a number of intrigu-
ing effects predicted theoretically [33,42]. For a complete
and correct comparison between theory and data, accurate
models of circuit QED systems are highly desired. Further-
more, SQCs operating in the USC regime are also exploited
for the development of topological quantum systems, with
potential applications in topological quantum information
processing [43–45].

In many cases, the agreement between experimentally
measured circuit QED spectra and theoretical predictions in
the USC regime is established by comparing the observed
spectral resonances with theoretically calculated transition
energies (see, e.g., Refs. [15,22,39]). Furthermore, reflection
and transmission spectra in circuit QED are often computed
without explicitly incorporating the specific nature of the
resonator–waveguide interaction. While the output spectra do
not depend significantly on the interaction Hamiltonian de-

2643-1564/2025/7(3)/033037(14) 033037-1 Published by the American Physical Society

https://orcid.org/0009-0002-1292-203X
https://orcid.org/0000-0001-7814-1936
https://orcid.org/0009-0007-4716-5661
https://orcid.org/0009-0001-4926-4299
https://orcid.org/0000-0002-3054-272X
https://orcid.org/0000-0002-9253-3597
https://ror.org/05ctdxz19
https://ror.org/02s376052
https://crossmark.crossref.org/dialog/?doi=10.1103/9zl7-31f3&domain=pdf&date_stamp=2025-07-08
https://doi.org/10.1103/9zl7-31f3
https://creativecommons.org/licenses/by/4.0/


SAMUEL NAPOLI et al. PHYSICAL REVIEW RESEARCH 7, 033037 (2025)

scribing the input-output port in the WC and SC regimes, we
show that they can be substantially affected by the specific
form of this interaction when the qubit-resonator interaction
enters the USC regime.

Here, we theoretically investigate a system consisting of a
flux qubit coupled to an LC oscillator circuit [22,23,46–50],
where both subsystems interact with their respective thermal
reservoirs. We compute both coherent and incoherent spectra
considering arbitrary light-matter interaction strengths, rang-
ing from the weak to the deep-strong coupling (DSC) regime,
where the coupling rate exceeds the bare resonance frequen-
cies [22,46,50,51]. In particular, as in typical experimental
settings, we consider the emission process arising from the
coupling of the resonator to a coplanar open transmission
line (TL), which acts as an input-output port. Two coupling
mechanisms are examined: (i) mutual inductive coupling be-
tween the resonator and the TL, and (ii) capacitive coupling
between the resonator and the TL. Our approach shows that
incorporating the specific form of the resonator-TL interac-
tion, through a rigorous input-output analysis and a master
equation approach, is essential for accurately describing the
emission process in the USC regime, as it can significantly
influence the spectral features. Moreover, it has recently been
shown that the degree of suppression of the Purcell effect
significantly depends on whether the coupling between the
resonator and the TL is capacitive or inductive [31].

Within this theoretical framework, we first analyze inco-
herent emission spectra as a function of the coupling strength
and flux offset, under incoherent (thermal-like) excitation of
the artificial superconducting atom. We find that at zero flux
offset, the spectral properties of the capacitive coupling can
be mapped onto those of a typical cavity QED model (e.g., a
system with a natural atom), as a consequence of the equiva-
lence between the input-output operators in the two systems,
in contrast to the mutual inductive coupling scenario. Subse-
quently, we study the emission spectra as a function of the
flux offset. Finally, we investigate coherent spectra, which are
widely used to characterize the spectral properties of circuit
QED systems.

II. THEORETICAL FRAMEWORK

In this section, we consider a circuit QED system com-
posed of a flux qubit galvanically coupled to an LC resonator
[18,22,46,50]. We also study the coupling of this system,
through a mutual inductance M, to an infinite TL [see
Fig. 1(a)], then the capacitive coupling of the qubit-LC circuit
with a semi-infinite TL [see Fig. 1(b)]. The complete canoni-
cal quantization procedure is described in Appendix A.

A. System model

A key feature of the flux qubit is the strong anharmonic-
ity of its energy spectrum, hence permitting a safe two-level
approximation even in the presence of very high light-matter
coupling strengths [50]. Thus, the Hamiltonian of the flux
qubit can be easily written in the first two energy states
basis ({|g〉, |e〉}) as Ĥq = ω0 σ̂z/2 (henceforth h̄ = 1), where
ω0 = √

�2 + ε2. Here, � is the tunnel splitting and ε = 2Ip

(�ext − �0/2) is the energy bias between the supercurrents

FIG. 1. (a) Circuit diagram of a flux qubit galvanically coupled
to the LC resonator. The infinite transmission line interacts with the
inductance L of the LC resonator through the mutual inductance
M. The dynamical variables are indicated by the nodes. (b) The
semi-infinite transmission line is connected to the system through
the capacitance CK .

flowing in opposite directions ({|L〉, |R〉}), where Ip is the
critical current of the qubit, �ext is the external magnetic flux
applied to the superconducting loop, and �0 is the flux quan-
tum [3,22,47,50,52,53]. The node flux �̂q across the qubit and
the coupler LC can also be projected on the {|g〉, |e〉} basis,
giving as a result �̂q � IpLC ˆ̃σx, where cos θ = ε/ω0, sin θ =
�/ω0, and ˆ̃σx = (cos θ σ̂z − sin θ σ̂x ), note that potential non-
linear terms have been disregarded. Thus, the Hamiltonian
Ĥ0 of this system, describing the qubit-LC energy and their
galvanic interaction, reads as

Ĥ0 = ω0

2
σ̂z + ωr â† â + ωr η(â† + â) ˆ̃σx, (1)

where η = LCIp Izpf/ωr is the resonator-qubit coupling nor-
malized with respect to the resonance frequency ωr �
1/

√
(LC + L)C of the LC oscillator, current Izpf and flux

�zpf zero-point fluctuations are related so that Izpf = �zpf/L.
It is worth stressing that whatever variation of the applied
flux, which is proportional to ε, would modify the resonance
frequency of the LC circuit ωr , Izpf , and, as a consequence,
the normalized coupling due to the presence of the coupler
LC . However, in this theoretical framework, ωr and Izpf are
assumed to be independent from ε. A thorough analysis of
this aspect can be found in Refs. [22,42].

B. Input-output relations

In this section, we demonstrate how different coupling
schemes with the TL in Fig. 1 lead to distinct input-output
relations. We will show that this aspect has consequences in
the observed spectral features.

Regarding Fig. 1(a), the total Hamiltonian can be
written as

ĤM = Ĥ0 + Ĥtl + V̂M , (2)

where Ĥ0 is the Hamiltonian of Eq. (1). Moreover, Ĥt l =∫ +∞
0 dω ω b̂†

ωb̂ω, where b̂ω(b̂†
ω ) are the bosonic annihila-

tion (creation) operators for the continuum frequency modes
of the TL, satisfying the commutation relation [b̂ω, b̂†

ω′ ]
= δ(ω − ω′).

The mutual interaction term results as

V̂M = i
1

�zpf
�̂L

∫ +∞

0
dω g(ω) [b̂ω − b̂†

ω], (3)
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where �̂L = �̂ − �̂q = �zpf (â + â† − 2η ˆ̃σx ) and g(ω) =√
γr ω/(2πωr ), with

√
γr/(2π ) = α�zpf (
/v0)

√
ωr . Here,

we denote γr as the damping rate of the LC resonator. Further-
more, 
 = √

Z0/4π , Z0 is the TL impedance, α = M/L lT ,
and v0 = 1/

√
lT cT is the velocity of the light in the TL,

lT = LT /�x and cT = CT /�x are the inductance and the ca-
pacitance at each site of the TL per unit of length, and �x is
the distance between two sites.

Figure 1(b) displays the flux qubit-LC-oscillator system
capacitively coupled to the TL. We will show that the different
coupling mechanisms in Figs. 1(a) and 1(b) can influence the
observed spectra, especially when the coupling between the
flux qubit and the LC oscillator reaches the USC or DSC
regime. The total Hamiltonian is

ĤC = Ĥ0 + Ĥtl + V̂C, (4)

where the interaction with the TL reads as

V̂C = i(â† − â)
∫ +∞

0
dω g(ω) i(b̂†

ω − b̂ω ), (5)

where, in this case, g(ω) = √
γr ω/(2π ωr ) and√

γr = CK ωr/
√

v0cT C. We observe that the system operator
X̂C = i(â† − â), appearing in the system-TL interaction
Hamiltonian [see Eq. (5)], differs from that in the case of
inductive coupling: X̂M = â + â† − 2η ˆ̃σx. This difference,
as expected, has a direct impact on the input-output voltage
expressions. In Appendix B, we provide the derivation for
both cases in detail.

We find that for the mutual inductive coupling

V̂ ±
Mout

(x, t ) = V̂ ±
in (x, t ) − M

2L
˙̂�±

L (x, t ), (6)

and for the capacitive coupling

V̂ ±
Cout

(t − x/v0) = V̂ ±
in (t + x/v0) + Z0

CK

C
˙̂Q±(t − x/v0). (7)

Here, the ± label indicates positive (+) and negative (−)
frequency operators.

C. Master equation and emission spectra

In the following, we will numerically diagonalize the
closed system Hamiltonian Ĥ0 and will treat the interaction
of the system with the external reservoirs, including the input-
output TL, within a master equation approach suitable for
light-matter systems in the USC regime.

Equations (2) and (4) lead to generalized master equa-
tions (GMEs), as discussed in Ref. [54]:

˙̂ρ = −i[Ĥ0, ρ̂] + Lg ρ̂. (8)

The Liouvillian superoperator Lg involves the operators that
are responsible for the interaction of the system with the
baths (the complete equation is presented in Appendix C). The
TL, schematically displayed in Fig. 1, is one of the system
baths. Additional bath channels can, for example, describe
qubit spontaneous emission losses and internal losses of the
resonator. We also observe that the two different schemes in
Figs. 1(a) and 1(b) give rise to different terms in the Liouvil-
lian superoperator (see Appendix C). Regarding the qubit, we
assume that the interaction with the relative reservoir occurs

through the operator ˆ̃σx for both cases (the same operator in
the qubit-LC interaction term). Also, the damping rates of the
system are reported in Appendix C.

In Sec. III, we present emission spectra under incoher-
ent (thermal-like) qubit excitation, in the absence of input
drive 〈V̂ ±

in 〉 ≈ 0. As a consequence, for the configuration in
Fig. 1(a), the voltage measured from the input-output port is
determined by the following system operator [see Eq. (6)]:

˙̂�L ∝ ˙̂XM =
[

i (â† − â) − 2η
ω0

ωr
sin θ σ̂y

]
. (9)

For the configuration displayed in Fig. 1(b), the output voltage
is determined by [see Eq. (7)]

˙̂Q ∝ ˙̂XC = −(â† + â + 2 η ˆ̃σx ). (10)

Once the density matrix at the steady state ρ̂ss is nu-
merically derived from Eq. (8), and applying the quantum
regression theorem [55,56], the power spectrum can be ex-
pressed as

SM(C)(ω) ∝ Re
∫ +∞

0
dτe−iωτ 〈 ˙̂X −

M(C)(t + τ ) ˙̂X +
M(C)(t )〉ss, (11)

where, for a generic system operator Ŝ,

Ŝ+ =
∑
i, j>i

Si, j |i〉〈 j| , (12)

represents the positive frequency component of Ŝ, {|i〉} are the
eigenstates of Ĥ0 ordered according to growing energies, and
Si, j = 〈i|Ŝ| j〉 are the matrix elements. The negative frequency
component Ŝ− also corresponds to (Ŝ+)†. All remaining con-
stant factors deriving from Eqs. (6) and (7) are not considered.
Moreover, the time shift between the negative and positive
frequency components and the spatial dependence have no
impact on the resulting spectra, since we evaluate the power
spectra at the steady state. We also analyze the emission
properties for the cavity QED model, where a single-mode
resonator interacts with a real two-level atom (see Sec. III A).
In this case, Eq. (11) has to be specified for the electric field
operator in the dipole gauge, replacing ˙̂XM(C) with

X̂D = i(â − â†) − 2η σ̂x, (13)

see Refs. [56,57] for further details.
In order to inspect how the emission spectra depend on the

transition matrix elements of the operators in Eq. (11), it is
useful to derive a more explicit form for the emission spectra.
Specifically, by applying the quantum regression theorem and
numerically diagonalizing the Liouvillian (see Appendix C),
we obtain

SC(M )(ω) � −β
∑
l 
=k

∣∣Ẋ k,l
C(M )

∣∣2
ρk,k

ss

λ
(R)
k,l(

ω − λ
(I )
k,l

)2 + λ
2(R)
k,l

. (14)

Here, β is a proportional factor, while λ
(R)
l,k and λ

(I )
l,k denote the

real and imaginary parts of the Liouvillian eigenvalues, re-
spectively. Thus, Eq. (14) shows that the emission spectrum is
a sum of Lorentzian profiles spanning all transitions from the
k-th to the l-th eigenfrequency determined by the Hamiltonian
in Eq. (1). The amplitude of each peak depends on the squared
modulus of the matrix element associated with the specific
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transition: |Ẋ k,l
C(M )|2 = |〈k| ˙̂XC(M )|l〉|2, as well as a thermal-like

population factor ρk,k
ss . This relation is also valid for the cavity

QED case, substituting ˙̂XC(M ) with X̂D. More details on the
derivation of Eq. (14) and the discussion of the Liouvillian
spectrum can be found in Appendix C.

D. Reflection

In this subsection, we outline the method used to compute
the coherent (reflection) spectra which will be presented in
Sec. IV. The theoretical description of a USC system under
coherent drive requires particular care [32]. In this regime,
the time dependence of the driving Hamiltonian, involving
the operators coupled to the TL [see Eqs. (3) and (5)], can-
not be eliminated through a unitary transformation, due to
the presence of counter-rotating terms [58]. This limitation
prevents the existence of a stationary steady state, resulting
in a periodic time-dependent density matrix ρ̂ss(t ). The period
T = 2π/ωd only depends on the frequency of the input signal
ωd/2π . This behavior aligns with the Floquet formalism, as
discussed in Refs. [32,33,42,59]. Consequently, the steady
state can be expressed as

ρ̂ss(t ) =
+∞∑

k=−∞
ρ̂ (k)eikωd t ,

where k is an integer number. By employing this expansion
and using the generalized master equation (see Appendix C
for details), the different Fourier components of the density
matrix can be determined. In particular, when computing
the expectation value of a positive-frequency operator, e.g.,
〈X̂ +〉 at the drive frequency ωd , the k = −1 contribution
is the only relevant term. For a driving tone in a coherent
state, the frequency-dependent reflection SM

11 for the mutual
inductive coupling can be directly obtained from Eq. (6) (see
Appendix C), yielding

SM
11 =

∣∣∣∣∣
〈
V̂ +

Mout

〉
〈V̂ +

in 〉

∣∣∣∣∣ =
∣∣∣∣∣1 −

√
2π

|bin|
√

ωd γm

ωr
TrX̂ +

M ρ̂ (−1)

∣∣∣∣∣, (15)

where |bin|2 represents the photon rate of the coherent drive
and γm denotes the damping rate of the input-output port. It is
important to note that Eq. (15) describes a one-port excitation-
detection configuration from the perspective of the circuit
QED system (reflection). However, from the standpoint of the
TL, this setup can also be interpreted as a two-port scheme,
since the signal is detected on the side opposite to the input.
In Sec. IV, we compare our spectra with those reported in
Refs. [22,46]. Since Ref. [46] treats â + â† as the system op-
erator coupled to the input-output port, it is instructive to also
evaluate the reflection spectrum using a trace over (â + â†)+,
rather than X̂ +

M as in our primary analysis. We therefore define

S̄11 =
∣∣∣∣∣1 −

√
2π

|bin|
√

ωd γm

ωr
Tr[(â + â†)+ρ̂ (−1)]

∣∣∣∣∣. (16)

Similarly, starting from Eq. (7), the reflection in the capac-
itive coupling scheme can be written as

SC
11 =

∣∣∣∣∣
〈
V̂ +

Cout

〉
〈V̂ +

in 〉

∣∣∣∣∣ =
∣∣∣∣∣1 +

√
2π

|bin|
√

ωd γc

ωr
TrX̂ +

C ρ̂ (−1)

∣∣∣∣∣, (17)

where γc is the damping rate of the input-output port. A
similar method to derive a semi-analytical expression of the
coherent spectra, as well as the relationship between the
matrix elements of the output operators and the spectral am-
plitude, can be found in Ref. [42].

III. EMISSION SPECTRA

In this section, we investigate the emission properties of the
system under incoherent excitation of the qubit. For simplic-
ity, we assume a zero temperature for the photonic reservoir
(Tr = 0). Moreover, we consider the following damping rates:
γq/� = 10 × γr/ωr = 10−2, so the system losses originate
mainly from the qubit. The incoherent excitation of the qubit
is modeled by assuming a qubit reservoir at an effective
temperature Tq/ωr 
= 0 (the Boltzmann constant kB is set to
1). Numerical simulations are performed with QuantumTool-
box [60], which is a cutting-edge Julia package designed for
quantum physics simulations, closely emulating the popular
Python QuTiP package [61,62].

A. Parity symmetry (zero flux offset)

We start analyzing the zero flux offset case (ε = 0, im-
plying θ = π/2), corresponding to a system described by
the standard quantum Rabi model (QRM) Hamiltonian [see
Eq. (1)].

We study the nonequilibrium dissipative dynamics of this
circuit QED system under incoherent (thermal-like) exci-
tation. In particular, we solve numerically the steady-state
master equation, setting the effective temperature of the qubit
Tq/ωr = 0.1. The system’s incoherent excitation through the
qubit reservoir is able to populate the lowest energy excited
states of the system |ñ±〉, which in turn decay toward the
lower energy states. In the QRM, beyond the strong-coupling
regime, the eigenstates do not exhibit the simple structure
of the Jaynes-Cummings (JC) model. Therefore, we use a
generalized notation for these states by introducing a tilde
[56,63]. In particular, the system energy states are labeled so
that in the small η limit |ñ±〉 coincides with the corresponding
JC state |n±〉.

Figures 2(a) and 2(b) present the resulting emission steady-
state spectra as a function of the system coupling rate η.
Specifically, Fig. 2(a) shows the case of capacitive coupling
with the TL, while Fig. 2(b) displays the spectra obtained
for the inductive coupling with the input-output TL. Both
panels clearly highlight the transitions (1̃−, 0̃), (2̃−, 1̃−), and
(1̃+, 0̃) (in ascending order of frequency). As expected, the
(1̃−, 0̃) transition line is the most intense for any values of
η at such low effective temperature, being the lowest energy
transition. The other transitions tend to become brighter at
increasing coupling strength, until the decoupling fate occurs
in the DSC limit [51,64]. We observe that the mutual inductive
spectra exhibit a quenching of the (1̃+, 0̃) spectral line when
the coupling ranges roughly from 0.4 to 1 [see Fig. 2(b)]. This
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FIG. 2. Logarithmic emission spectra obtained for Tq/ωr = 0.1,
�/ωr = 1, and ε = 0. (a) Logarithmic spectra SC (ω) as a function
of η at the steady state ρ̂ss, for the system capacitively coupled to
the TL (also valid for the cavity QED case). (b) Logarithmic spectra
for the mutual inductive coupling, SM (ω), with the TL. Spectra
(a) and (b) are normalized with respect to the absolute maximum
value. (c) Logarithmic spectrum computed for η = 0.4. (d) In this
case, the logarithmic spectrum is evaluated at η = 1. Spectra (c) and
(d) are normalized with respect to the maximum value of spectra
(a) and (b).

different behavior between the two spectra is determined by
the matrix elements of the corresponding system observables
coupled to the output channels (see Fig. 3). Figures 2(c) and
2(d) display the spectra obtained fixing specific values of the
normalized coupling: η = 0.4, 1, respectively.

Figure 3 shows the squared modulus of the system ma-
trix elements determining the output emission associated to
the transitions |1̃−〉 → |0̃〉 and |1̃+〉 → |0̃〉, versus the nor-
malized coupling strength η: |〈1̃−| ˙̂XM(C)|0̃〉|2 [Fig. 3(a)] and

|〈1̃+| ˙̂XM(C)|0̃〉|2 [Fig. 3(b)].
These results are clear evidence of how the calculated spec-

tra are influenced by the observable coupled to the output port.
This influence, however, becomes evident only in the USC or
DSC regime. It is also interesting to compare these findings
for circuit QED systems with the corresponding results for
a cavity QED model, we consider the atomic transition in-
teracting with the cavity field via standard dipolar coupling
[56,57,65–68], and where the photodetection rate is propor-
tional to the expectation value of the product of the negative
and positive electric-field operators [69] [see Eq. (13)]. It turns
out that the dipolar cavity QED spectra coincide with the
circuit QED ones computed for the capacitive coupling to the
output TL [see Fig. 2(a)]. This can be understood by observing
that, applying a phase rotation â → iâ (â† → −iâ†) to the
cavity QED Hamiltonian and to the electric-field operator X̂D,
the circuit QED Hamiltonian, and the output operator propor-
tional to ˙̂Q [see Eq. (10)] are obtained. We can interpret this
correspondence, noting that the output capacitive coupling
carries the information of the electric field.

In Appendix D, we report additional parity-symmetry
spectra at a higher effective temperature Tq.

(a) (b)

FIG. 3. Squared modulus of two transition matrix elements as
a function of η, where ε = 0 and �/ωr = 1. Panel (a) shows
|〈1̃−| ˙̂XM(C)|0̃〉|2, while panel (b) displays |〈1̃+| ˙̂XM(C)|0̃〉|2. As shown
in Sec. III A, for ε = 0, the operator associated with the electric field
in the dipole gauge has the same expression as ˙̂XC , up to a phase
rotation. Consequently, the matrix elements of X̂D coincide with
those of ˙̂XC (red curves). This observation is crucial in explaining
why the emission spectra of the capacitive coupling scheme match
those of the cavity QED model in Fig. 2(a).

B. Symmetry breaking (non-zero flux offset)

Circuit QED systems consisting, for example, of an LC os-
cillator interacting with a flux qubit are usually characterized
by detecting spectra as a function of the qubit flux offset ε

[22,46,50]. For ε 
= 0, the parity selection rule of the standard
QRM breaks down, and the system can be described by a
generalized quantum Rabi model [see Eq. (1)]. In this subsec-
tion, we present incoherent emission spectra versus the flux
offset ε for a normalized coupling strength η = 0.6. We also
consider an effective temperature of the qubit Tq/ωr = 0.15.
Figure 4 displays the evolution (as a function of the flux offset)
of several transitions. Note that we have switched the notation

FIG. 4. Logarithmic emission spectra obtained for Tq/ωr = 0.15,
�/ωr = 1, and η = 0.6. (a) Logarithmic spectra SC (ω) as a function
of ε/ωr , for the system capacitively coupled to the TL. (b) Loga-
rithmic spectra for the mutual inductive coupling, SM (ω), with the
TL. Spectra (a) and (b) are normalized with respect to the absolute
maximum value. The specific spectral lines discussed in the text are
indicated in panel (a). Panels (c) and (d) report two relevant transition
matrix elements of ˙̂XC and ˙̂XM (the transitions displaying differences,
see text).
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FIG. 5. Energy transitions as a function of ε/ωr for η = 1.01 and
�/ωr = 0.69. The dotted lines indicate the transitions that exhibit
the differences discussed in Sec. IV.

of the energy eigenstates from |ñ±〉 to |ñ〉, increasing n, the
energy grows.

We observe that the lowest transition, (1̃, 0̃), is the most
dominant for any ε for both of the interaction kinds with the
TL.

Figures 4(c) and 4(d) show the squared modulus of the
expectation values of the relevant output system operators de-
termining the intensity of two emission lines (associated to the
transitions |2̃〉 → |0〉 and |3̃〉 → |1〉). As explicitly illustrated
in Figs. 4(c) and 4(d), these two transitions are forbidden
at ε = 0. Moreover, we observe that these matrix elements
explain the different intensities of the lines highlighted in
Figs. 4(a) and 4(b).

In Appendix D, we investigate emission spectra in the DSC
regime and also varying �.

IV. COHERENT SPECTRA

In this section, we examine the coherent emission proper-
ties of the system. Specifically, we calculate reflection spectra
obtained by coupling inductively [SM

11(ωd )] and capacitively
[SC

11(ωd )] the circuit-QED system with an input-output TL,
according to the configurations sketched in Fig. 1. For the
calculations, we considered parameters which are very similar
to those describing ‘CIRCUIT III’ in Ref. [22]: η = 1.01 and
�/ωr = 0.69.

In Fig. 5, we plot the transition energies as a function of the
normalized flux offset ε/ωr . They determine the main spec-
tral lines in the considered spectral window (see Fig. 6). As
expected, the transition energies in Fig. 5 correspond to those
observed in Refs. [22,46] (here, the considered spectral range
is larger) and will not be discussed further here. Throughout
this section, we use the following damping rates: γm/ωr =
γc/ωr = 10−3 and γq/ωr = 0.005. The effective temperatures
are all put to 0.55. In order to also excite higher energy levels,
|bin| is set to 0.03. All the coherent spectra have been obtained
using the generalized Liouvillian described in Appendix C.

Figure 6(a) shows the reflection for the mutual inductive
coupling with the TL (SM

11) as a function of ωd/ωr and ε/ωr .

FIG. 6. Coherent spectra obtained for η = 1.01 and �/ωr =
0.69. (a) Reflection spectra SM

11(ωd ), (b) S̄11(ωd ), and (c) SC
11(ωd ). The

output operator used in each case is indicated in the top-right corner
of each panel. Transitions discussed in the main text are explicitly
labeled. The colormap is normalized such that the maximum value
is 1, and the minimum corresponds to the lowest value across all
spectra.

The transitions (1̃, 0̃), (2̃, 0̃), and (2̃, 1̃) are those with the
lowest reflection (the highest reduction of the input signal).

As discussed in Sec. II D, a complete comparison between
different models also requires computing S̄11. For this reason,
we include this case in Fig. 6(b). Moreover, in Fig. 6(c), we
display the reflection spectra (SC

11) for the system capacitively
coupled to the TL. The main differences between the three
panels in Fig. 6 can be associated to the (2̃, 0̃), (3̃, 0̃), and
(4̃, 1̃) spectral lines.

The transition (2̃, 0̃) is visible up to ε/ωr = 1.5 in both
S̄11 and SC

11 spectra, as shown in Fig. 6. However, this spectral
line quenches for ε/ωr � 1.2 in the SM

11 reflection spectra [see
Fig. 6(a)].

The (3̃, 0̃) spectral line displays a greater reduction of
the input signal (i.e., lower reflection) in Fig. 6(c) compared
to Fig. 6(b). Additionally, Fig. 6(a) highlights the highest
reflection for this transition among the analyzed cases, with
quenching observed for ε/ω � 0.3. Finally, the (4̃, 1̃) tran-
sition is not visible in Fig. 6(a), while it is present in both
Figs. 6(b) and 6(c). All the previous observations are sup-
ported by the matrix elements shown in Fig. 7. Unfortunately,
this spectral region was not reported in Ref. [22]. In summary,
the results in Fig. 6 show that the coherent spectra calculated
using â + â† (S̄11) as system operator coupled to the output
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FIG. 7. Squared modulus of three transition matrix elements
as a function of ε/ωr , with η = 1.01 and �/ωr = 0.69. Panel
(a) shows |〈3̃|X̂M(C)|0̃〉|2 and |〈3̃|(â + â†)|0̃〉|2, while panel (b) reports
|〈4̃|X̂M(C)|1̃〉|2 and |〈4̃|(â + â†)|1̃〉|2.

port can differ significantly from those associated with X̂M

(SM
11), which accounts for the inductive coupling between the

resonator and the TL.

V. CONCLUSIONS

We presented a general framework for calculating spec-
tra in circuit QED systems, which is also suitable for those
operating in the USC and DSC regimes. We applied it to cal-
culate emission spectra in a system constituted by a flux qubit
coupled to an LC electromagnetic resonator, under incoherent
(thermal-like) excitation of the qubit. We find that, even at
zero flux offset, when the energy levels correspond to those of
the quantum Rabi model for dipolar atomic emitters (cavity
QED), the circuit QED spectra may significantly differ from
the corresponding cavity QED ones. In particular, we show
that the circuit QED spectra can depend on how the resonator
is coupled to the output port used for detection. In the case
of a resonator capacitively coupled to the output port, cavity
QED spectra are recovered in the absence of qubit flux offset.

We also computed reflection spectra under coherent drive.
In this case as well, the spectra can depend on how the system
is coupled to the input-output TL. These differences between
circuit and cavity QED spectra, even at zero flux offset, orig-
inate from different light-matter coupling Hamiltonian (or
Lagrangian) terms. In cavity QED, the interaction Lagrangian
term is of the form coordinate-momentum (field coordinate-
matter momentum in the Coulomb gauge and conversely in
the dipole gauge), see, e.g., Ref. [34]. In contrast, in the circuit
QED systems here considered, the corresponding interaction
term is of the form coordinate-coordinate (or momentum-
momentum in the so-called charge gauge [52]).

These results indicate that an accurate description of both
incoherent and coherent spectra in the USC and DSC regimes
requires taking into account the proper system variable which
is probed. An interesting extension of the theoretical ap-
proach adopted in this work would be its application to a
multiqubit system described by the generalized Dicke model
[39,70,71]. Indeed, the ability to engineer the relative phases
of qubit-resonator couplings (see, e.g., Ref. [39]) and to con-
trol the single-qubit flux offsets enables the realization of
highly tunable circuital configurations. This would enhance
the differences in spectral features between these circuital
schemes, mostly in the USC and DSC regimes. This topic

will be the object of future studies. This framework can also
be applied to study quantum nonlinear optics processes in
ultrastrong circuit QED [33,39,42]. Very recently, it has been
shown that spontaneous Raman scattering of incident radia-
tion can be observed in USC cavity QED systems without
external enhancement or coupling to any vibrational degree of
freedom [32]. Raman scattering processes can be evidenced as
resonances in the emission spectrum, which become visible as
the cavity-QED system approaches the USC regime. It would
be interesting to calculate the corresponding Raman spectra
in circuit QED, which is an ideal platform to observe these
effects.
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APPENDIX A: CIRCUIT QUANTIZATION

In this Appendix, we present the Lagrangian and the
Hamiltonian of the circuital system considered throughout
this work (see Fig. 1). Such a circuit is subsequently coupled
to TLs operating as input-output ports.

We consider a single flux qubit whose Lagrangian Lq is
given by [3]

Lq = 1/2 Cj�̇
2
q − �2

q/2L̃ + Ej cos[2π/�0 (�q − �ext )],

where L̃ � (L LC )/(L + LC ) is the equivalent inductance
which does not take into account the contribution of the loop
inductance Lj .

Considering that CK � {CT ,C}, the total Lagrangian (con-
sisting of the circuit QED system coupled capacitively to the
input-output TL) is given by

LC = Lq + 1

L
��q + 1

2
�̇

T
C �̇ − �2

2L
− (�1 − �0)2

2LT

+
∞∑

i=1

CT

2
�̇i

2 −
∞∑

i=1

(�i+1 − �i )2

2LT
, (A1)

where

�̇ =
(

�̇

�̇0

)
, C =

(
C + CK −CK

−CK CT + CK

)
. (A2)

From Eq. (A1), it is possible to obtain the total
Hamiltonian:

HC = H0 + Htl + CK

CCT
Q Q0, (A3)

where

H0 = Hq + HLC + Hg,

is the flux gauge Hamiltonian, including, respectively, the
qubit Hamiltonian [50]

Hq = Q2
q

2Cj
+ �2

q

2L̃
− Ej cos

[
2 π

�0
(�q − �ext )

]
, (A4)
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the LC oscillator term

HLC = Q2

2C
+ �2

2L
, (A5)

and the coordinate-coordinate (galvanic) interaction term

Hg = − 1

L
��q.

Moreover, the Hamiltonian of the TL is given by

Htl = 1

2CT
Q2

0 + (�1 − �0)2

2LT

+
∞∑

i=1

Q2
i

2CT
+

∞∑
i=1

(�i+1 − �i )2

2LT
.

We take the continuum limit of the TL and, as a conse-
quence, need to introduce the continuous quantities φ(x) for
the flux field and ρc(x) = Qn/�x for a charge density field
[4]. The canonical quantization can be performed by promot-
ing the canonical variables to operators, that is [�̂, Q̂] = i,
[�̂q, Q̂q] = i, and [φ̂(x), ρ̂c(x′)] = i δ(x − x′).

We now consider a semi-infinite TL, which acts as an
input-output port. In this particular case, we can expand the
charge field operator as (see, e.g., Ref. [18])

ρ̂c(x) = i
∫ ∞

0
dω

√
ω cT

πv0
cos

(
ωx

v0

)
(b̂†

ω − b̂ω ). (A6)

In the LC circuit, the charge operator can be expressed as

Q̂ = iQzpf (â† − â), (A7)

where Qzpf = √
(Cωr )/2. Thus, by substituting Eqs. (A7) and

(A6) in the last term of Eq. (A3), we recover Eqs. (4) and (5)
in the continuum limit of the TL.

Analogously to the capacitive case, we can obtain the full
Hamiltonian for the mutual inductive coupling between the
circuit and the TL [see Fig. 1(a)]. The total Hamiltonian
(consisting of the circuit QED system coupled inductively to
the input-output TL) reads

HM = Hq + Q2

2C
+ 1

2 L̃
�2 + 1

2 L
(� − �q)2 + 1

2CT

×
∑
j=1

Q2
j + 1

2L̃T
(�n+1 − �n)2 + 1

2 LT

×
∑
j 
=n

(� j+1 − � j )
2 + � − �q

M̃
(�n+1 − �n). (A8)

Note that from the last term in the last row of Eq. (A8), we can
argue how the coupling with the TL is obtained through an
effective mutual inductance M̃ = (L LT − M2)/M (Ref. [9]).
Furthermore, note that we have introduced in Eq. (A8) the
rescaled inductances L̃ = (L LT − M2)/LT and L̃T = (L LT −
M2)/L.

Considering the infinite extension of the TL, performing
the continuum limit and the quantization procedure, the flux
field φ̂(x) operator can be expanded as [4]

φ̂(x) =
∫ +∞

0
dω


√
ω

(b̂ω eikx + b̂†
ω e−ikx ), (A9)

where k = ω/v0 is the wave number. The interaction Hamil-
tonian between the system and the TL, V̂M , can be expressed
as

V̂M = α�̂L

∫ ∞

−∞
dx δ(x)

∂φ̂(x)

∂x
, (A10)

where

�̂L = �̂ − �̂q = �zpf [â + â† − 2η (cos θ σ̂z − sin θ σ̂x )].

In the end, we find

V̂M = i
1

�zpf
�̂L

∫ +∞

0
dω α�zpf




v0

√
ω [b̂ω − b̂†

ω], (A11)

so Eqs. (2) and (3) are demonstrated.

APPENDIX B: INPUT-OUTPUT THEORY

In this Appendix, we derive the input-output relations in
order to establish which system operator is related to the
voltage measured for both coupling schemes.

In the case of the infinite TL connected to the qubit-LC sys-
tem through a mutual inductance, we find that the continuum
limit of the Hamiltonian of Eq. (A8) reads as

ĤM = Ĥ0 +
∫ +∞

−∞
dx

(
ρ̂2

c (x)

2cT
+ (∂xφ̂)2

2lT

)

+ M

LlT
�̂L

∫ +∞

−∞
dx δ(x)∂xφ̂. (B1)

Therefore, the resulting Heisenberg equations of motion are

˙̂φ(x) = ρ̂(x)

cT
, (B2)

and

˙̂ρ(x) =
∫ +∞

−∞
dx′

{
i

lT
∂x′ φ̂[∂x′ φ̂, ρ̂(x)]

+ iM

LlT
δ(x′)[∂x′ φ̂, ρ̂(x)]

}

= −
∫ +∞

−∞
dx′ 1

lT
(∂x′ φ̂) ∂x′δ(x′ − x)

−
∫ +∞

−∞
dx′ M

L lT
δ(x′)∂x′δ(x′ − x)�̂L

= 1

lT

(
∂2

x φ̂
) + M

LlT
δ′(x)�̂L. (B3)

Substituting this last equation in Eq. (B2), we obtain

¨̂φ(x) =
˙̂ρ(x)

cT
= v2

0

(
∂2

x �̂
) + M

cT LlT
δ′(x)�̂L, (B4)

corresponding in the Fourier space to(
k2 + ∂2

x

)
φ̂(x, ω) = − M

v2
0 cT LlT

�̂L(ω)δ′(x). (B5)

The solution to this differential equation can be expressed by
means of the Green’s functions [72]:

φ̂±
Mout

(x, ω) = φ̂±
in (x, ω) −

(
M

2v2
0 lT LcT

e±i k|x|�̂±
L (ω)

)
. (B6)
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Thus, since V̂ ±
Mout

= ˙̂φ±
Mout

, we obtain the output voltage as

V̂ ±
Mout

(x, ω) = V̂ ±
in (x, ω) ± iω

M

2L
e±i k|x| �̂±

L (ω). (B7)

The last equation can be written in the time domain as

V̂ ±
Mout

(x, t ) = V̂ ±
in (x, t ) − M

2L
˙̂�±

L (x, t ), (B8)

where

�̂±
L (x, t ) =

∫ ∞

0
dω e±i (ω/v0 )|x| �̂±

L (ω)e∓iωt . (B9)

For the capacitive coupling with the semi-infinite TL,
following the quantum network theory and imposing the
boundary condition at x = 0 [4,55,73], the resulting output
voltage can be written as

V̂ ±
Cout

(t − x/v0) = V̂ ±
in (t + x/v0) + Z0

CK

C
˙̂Q±(t − x/v0).

(B10)

APPENDIX C: GENERALIZED LIOUVILLIAN, EMISSION
SPECTRUM, AND REFLECTION FORMULAS

In this Appendix, we explicitly present the full form of
the generalized Liouvillian used in Eq. (8). Following the
derivation in Ref. [54], we obtain

Lg ρ̂ = 1

2

∑
i=(r,q)(ω,ω′ )>0

{
γi ω

′

ωi
nth(ω′, Ti )[Â

−
i (ω′)ρ̂(t )Â+

i (ω) − Â+
i (ω)Â−

i (ω′)ρ̂(t )] + γi ω

ωi
nth(ω, Ti )

× [Â−
i (ω′)ρ̂(t )Â+

i (ω) − ρ̂(t )Â+
i (ω)Â−

i (ω′)] + γi ω

ωi
[nth(ω, Ti ) + 1][Â+

i (ω)ρ̂(t )Â−
i (ω′)

− Â−
i (ω′)Â+

i (ω)ρ̂(t )] + γi ω
′

ωi
[nth(ω′, Ti ) + 1][Â+

i (ω)ρ̂(t )Â−
i (ω′) − ρ̂(t )Â−

i (ω′)Â+
i (ω)]

}

+ γq

2�
Tq D

[
ˆ̃σ (0)

x

]
ρ̂(t ) + γq

2�
(Tq + 1)D

[
ˆ̃σ (0)

x

]
ρ̂(t ), (C1)

where nth(ω, Ti ) = (eω/Ti − 1)−1 describes the mean number
of thermal photons and ω (or ω′) is used for the transition
frequencies of the light-matter system. Â+(−)

i denotes the pos-
itive (or negative) frequency component of the corresponding
operator written in the diagonal basis of Ĥ0 [see Eq. (1)]. Us-
ing the following relation for the diagonal terms of a generic
system operator

Ŝ(0) =
∑

i

Si,i |i〉〈i|, (C2)

the last row of Eq. (C1) can be shown to describe the pure
dephasing effects associated to the zero-frequency component
of ˆ̃σx, where

D
[

ˆ̃σ (0)
x

]
ρ̂ = ˆ̃σ (0)

x ρ̂ ˆ̃σ (0)
x − 1

2
ˆ̃σ (0)

x
ˆ̃σ (0)

x ρ̂ − 1
2 ρ̂ ˆ̃σ (0)

x
ˆ̃σ (0)

x , (C3)

is the Lindblad dissipator. If the parity symmetry of the flux
qubit is not broken (ε = 0), this term goes to zero. In Eq. (C1),
for i = r, ωi corresponds to the LC resonance frequency ωr ,
whereas, for i = q, ωi is associated with �. Moreover, the
operator Âr corresponds to X̂C , X̂M , or X̂D in the case of
the capacitive coupling, inductive coupling, or cavity QED,
respectively. Regarding the qubit internal losses, Âq = ˆ̃σx for
both circuit schemes, and γq represents the damping rate for
this loss channel, whereas Âq = σ̂x when we consider the
cavity QED dissipation (see Secs. II B and II C).

In the interaction picture, the terms in the first six rows
of Eq. (C1) oscillate at frequencies ±(ω − ω′). As shown
in Ref. [54], if such a difference is much greater than the
damping rates, these highly oscillating terms can be neglected.
Their numerical computation can give rise to singularities
in the logarithmic spectra, which can be prevented by the

introduction of a Gaussian numerical filter:

F (ω,ω′) = e− |ω−ω′|2
2b2 . (C4)

The generalized master equation can be reconnected to the
dressed master equation found in Ref. [63] for very low values
of b. The GME works adequately for quantum optical systems
displaying hybrid harmonic-anharmonic energy spectra and
for whatever coupling strength regime, even if the Lindblad
form is lost at T 
= 0.

We now derive the semi-analytical formula for the power
spectrum expressed in Eq. (14). By applying the quantum re-
gression theorem [55,74], the correlation function in Eq. (11)
at steady state, i.e., in the limit t → ∞, can be expressed as

〈X̂ −(τ )X̂ +(0)〉ss,

where we introduced a generic system operator X̂ . Notice that
this derivation is general and needs to be explicitly specified
according to the corresponding output operator that is consid-
ered [see Sec. II C]. Thus, the power spectrum of Eq. (11) can
be written as

S(ω) ∝ Re
∫ ∞

0
dτ e−iωτ 〈X̂ −(τ )X̂ +(0)〉ss

∝ Re
∫ ∞

0
dτ e−iωτ TrX̂ −eLgτ [R̂(0)], (C5)

where we have traced out the bath degrees of freedom and
employed the quantum regression theorem. To apply the time
evolution generated by the Liouvillian, it is convenient to
expand R̂(0) = X̂ +ρ̂ss (where ρ̂ss is the steady-state density
matrix), which can be interpreted as an initial pseudostate, in
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a basis of Lg eigenmatrices [75]. Here, we denote by ρ̂n the
right eigenmatrices of Lg and by μ̂n the left ones:

Lg ρ̂n = λn ρ̂n, (C6)

μ̂nLg = μ̂n λn. (C7)

The notation in Eq. (C7) indicates that we sorted the eigen-
values and eigenmatrices so that the n-th left eigenvalue
coincides with the corresponding right one. Moreover, λ0 =
0 and ρ̂0 corresponds to ρ̂ss. At t = 0, we expand R̂(0) =∑

n cnρ̂n, thus

R̂(τ ) = eLgτ R̂(0) = c0ρ̂0 +
∑

n

cn eλnτ ρ̂n.

As a consequence, Eq. (C5) becomes

S(ω) ∝ Re

[∑
n>0

cnTrX̂ −ρ̂n

∫ ∞

0
dτ e−(iω+λn )τ

]
, (C8)

and by evaluating the time integral, the power spectrum is
finally given by

S(ω) ∝
∑
n>0

cnTrX̂ −ρ̂n
−λ(R)

n(
ω − λ

(I )
n

)2 + λ
2(R)
n

, (C9)

where λ(R)
n < 0 represents the real part of the n-th Liouvillian

eigenvalue, while λ(I )
n denotes its imaginary part. Examining

Eq. (C9), the emission spectrum can be interpreted as a sum
of Lorentzian profiles centered at various λ(I )

n , with widths
associated with λ(R)

n . The steady-state contribution (λ0 = 0)
is excluded because it would result in a Dirac delta at ω = 0.
The expansion coefficients cn are given by

cn = Trμ̂nR̂ = Trμ̂nX̂ +ρ̂0.

This observation not only validates the convergence of the
aforementioned time integral but also confirms the associ-
ation between the real part of the Liouvillian eigenvalues
and the dissipative losses of the light-matter system, up to a
dressing factor. Regarding the imaginary parts λ(I )

n , N2 − N
eigenvalues can be associated to specific transition frequen-
cies determined by Ĥ0 [see Eq. (1)], subject to minor shifts
resulting from the interaction with the reservoirs. Here, N =
(nph × 2) denotes the dimensionality of the light-matter sys-
tem’s Hilbert space, where nph represents the cutoff dimension
of the photonic subspace. Notably, apart from the steady
state, the remaining N eigenvalues exhibit zero imaginary
part; the corresponding eigenmatrices are diagonal (in the
basis that diagonalizes Ĥ0) and possess zero trace. Based on
these observations, we substitute n with {l, k}, such that λ

(I )
k,l

corresponds to the transition frequency between the l-th and
k-th eigenstates of the light-matter system (Ĥ0). Similarly, as-
suming nondegenerate transitions and a weak coupling regime
between the light and matter subsystems and their respec-
tive baths, it is reasonable to approximate ρ̂k,l ≈ |l〉〈k| and
μ̂k,l ≈ |k〉〈l| (this holds only if l 
= k, hence for eigenmatri-
ces associated to eigenvalues having nonzero imaginary part).

Consequently, Eq. (C9) can be reformulated as

S(ω) � β
∑
l 
=k

Tr|k〉〈l|X̂ +ρ̂0TrX̂ −|l〉〈k|

× −λ
(R)
k,l(

ω − λ
(I )
k,l

)2 + (
λ

(R)
k,l

)2 , (C10)

with β being a proportional factor. Given that ρ̂0 is a thermal
steady state, it takes a diagonal form with unit trace. Using
Eq. (12), we finally recover Eq. (14):

S(ω) � β
∑
l 
=k

|X k,l |2ρ̂k,k
0

−λ
(R)
k,l(

ω − λ
(I )
k,l

)2 + (
λ

(R)
k,l

)2 , (C11)

where ρ̂k,k
0 = 〈k|ρ̂0|k〉 and |X k,l |2 = |〈k|X̂ |l〉|2. The emission

spectra presented in the main text are calculated by numeri-
cally diagonalizing Lg and vectorizing the operators defined
in the Hilbert space of Ĥ0.

In Sec. II D, we introduced the reflection formulas. To
derive the expressions of SM

11 and SC
11, we start from the input-

output relations. For the mutual inductive coupling with the
TL, the expectation value of the output voltage, considering
only its positive-frequency component, is obtained by evalu-
ating Eq. (B8):

〈
V̂ +

Mout

〉 = 〈V̂ +
in 〉 + M

2L
(iωd )�zpf〈X̂ +

M 〉. (C12)

Here, we neglect the spatial dependence of V̂ +
Mout

since we
evaluated the spectra far from the interaction point between
the circuit QED system and the TL. Moreover, we assume that
˙̂X +
M ≈ −iωd X̂ +

M (steady state). For a coherent-state driving
tone, the expectation value of the input voltage is given by

〈V +
in 〉 = −i|bin|
√

ωd . (C13)

Using the definition of the damping rates
√

γr/2π in Eq. (3),
we obtain

SM
11 =

∣∣∣∣∣
〈
V̂ +

Mout

〉
〈V +

in 〉

∣∣∣∣∣ =
∣∣∣∣∣1 −

√
2π

|bin|
√

ωdγm

ωr
〈X̂ +

M 〉
∣∣∣∣∣. (C14)

Similarly, following the same procedure, we derive the reflec-
tion for the capacitive coupling with the TL:

SC
11 =

∣∣∣∣∣
〈
V̂ +

Cout

〉
〈V +

in 〉

∣∣∣∣∣ =
∣∣∣∣∣1 +

√
2π

|bin|
√

ωdγc

ωr

〈
X̂ +

C

〉∣∣∣∣∣. (C15)

As discussed in Sec. II D, we employ a master equation ap-
proach combined with the Floquet formalism to compute
〈X̂ +

M 〉 and 〈X̂ +
C 〉. Differently from the scenario where only

incoherent processes occur, the Liouville equation in this case
takes the form of

˙̂ρ = −i[Ĥ0, ρ̂] + (Lg + L+eiωd t + L−e−iωd t )ρ̂, (C16)

where Lg accounts for the system dissipation channels and
follows the structure of Eq. (C1). The terms L± in Eq. (C16)
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originate from the coherent driving of the system. Specifically,

L±ρ̂ = ±i|bin|e±iϕ

√
γc ωd

2πωr
[X̂C, ρ̂], (C17)

L±ρ̂ = ∓i|bin|e±iϕ

√
γm ωd

2πωr
[X̂M , ρ̂], (C18)

where Eq. (C17) applies to the capacitive coupling case, while
Eq. (C18) corresponds to the mutual inductive coupling one.
The parameter ϕ represents the phase of the driving tone. The
opposite signs in these equations originate from the nature
of the interaction Hamiltonian [see Eqs. (3) and (5)]. By
substituting the Fourier expansion of the steady-state density
matrix,

ρ̂ss(t ) =
+∞∑

k=−∞
ρ̂ (k)eikωd t , (C19)

into Eq. (C16), we derive the following recursive equa-
tion [33]:

(Lg − ikωd )ρ̂ (k) + L+ρ̂ (k−1) + L−ρ̂ (k+1) = 0. (C20)

The components ρ (k) are numerically computed by solving
this equation while truncating the Fourier series at the desired
order [33]. The component k = −1 is the only significant
contribution in the calculation of 〈X̂ +

M 〉 and 〈X̂ +
C 〉 at the drive

frequency, allowing us to recover Eqs. (17) and (15). In
Sec. IV, we also numerically compute S̄11. In that case, â + â†

replaces X̂M in Eq. (C14) and in the preceding expressions.

FIG. 8. Logarithmic emission spectra obtained for Tq/ωr = 0.18,
�/ωr = 1, and ε = 0. (a) Logarithmic spectra SC (ω) as a function
of η, for the system capacitively coupled to the TL (also valid
for the cavity QED case). (b) Logarithmic spectra for the mutual
inductive coupling, SM (ω), with the TL. Spectra (a) and (b) are
normalized with respect to the absolute maximum value. (c) Log-
arithmic spectrum computed for η = 0.5, the capacitive coupling
emission spectrum is enhanced by a factor of 10. (d) In this case, the
logarithmic spectrum is evaluated at η = 1.2. Spectra (c) and (d) are
normalized with respect to the maximum value of spectra (a) and (b).

FIG. 9. Squared modulus of two transition matrix elements as
a function of η, where ε = 0 and �/ωr = 1. (a) This panel shows
|〈3̃−| ˙̂XM(C)|2̃−〉|2, while panel (b) reports |〈2̃−| ˙̂XM(C)|1̃+〉|2.

APPENDIX D: FURTHER SPECTRA

In this Appendix, we extend the treatment discussed in
Sec. III. Specifically, we will consider higher excitation
strength (Tq) for the parity-symmetry emission spectra. Sub-
sequently, we will calculate emission spectra varying ε, with
fixed � = 1 (as shown in Sec. III B), for higher couplings η

in the DSC regime. In the end, further incoherent spectra will
be presented for different values of �/ωr .

1. Parity symmetry (zero flux offset)

Here, we present emission spectra obtained using the same
parameters considered in Sec. III A with a different effective
temperature, Tq = 0.18 (see Fig. 8).

In contrast to Fig. 2(b), the (1̃+, 0̃) spectral line is also
visible for coupling strengths ranging from 0.4 to 1 (see Fig. 8)
due to the higher qubit effective temperature Tq, considering

the mutual inductive spectra. However, when ˙̂XM matrix

FIG. 10. Logarithmic emission spectra obtained for Tq/ωr =
0.15, �/ωr = 1, and η = 1.2. (a) Logarithmic spectra SC (ω) as a
function of ε/ωr , for the system capacitively coupled to the TL.
(b) Logarithmic spectra for the mutual inductive coupling, SM (ω),
with the TL. Spectra (a) and (b) are normalized with respect to the
absolute maximum value. The specific spectral lines discussed in the
text are indicated in panel (a). Panels (c) and (d) report two relevant
transition matrix elements of ˙̂XC and ˙̂XM (the transitions displaying
differences, see text).
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FIG. 11. Logarithmic emission spectra obtained for Tq/ωr =
0.15, �/ωr = 0.5, and η = 1. (a) Logarithmic spectra SC (ω) as a
function of ε/ωr , for the system capacitively coupled to the TL.
(b) Logarithmic spectra for the mutual inductive coupling, SM (ω),
with the TL. Spectra (a) and (b) are normalized with respect to the
absolute maximum value. The specific spectral lines discussed in the
text are indicated in panel (a). Panels (c) and (d) report two relevant
transition matrix elements of ˙̂XC and ˙̂XM .

elements vanish for this particular transition [see Fig. 3(b)],
we observe a suppression of the mutual inductive power
spectra.

Two additional transitions have been highlighted: (2̃−, 1̃+)
and (3̃−, 2̃−). When η reaches 0.5, the former is noticeable
principally for the mutual inductive spectrum. For η = 1.2,
the transition (3̃−, 2̃−) is present only for the capacitive
coupling spectrum [see Figs. 8(c) and 8(d)]. The relative ma-
trix elements of Fig. 9 explain this behavior.

2. Symmetry breaking (nonzero flux offset)

In the following, we present additional emission spectra as
a function of the flux offset, considering different values of
the normalized coupling strength.

Figure 10 displays results obtained for η = 1.2. The spec-
tral lines corresponding to the transitions (2̃, 0̃) and (3̃, 1̃)
exhibit similar features of Fig. 4. However, the transitions

FIG. 12. Logarithmic emission spectra obtained for Tq/ωr =
0.15, �/ωr = 1.5, and η = 0.7. (a) Logarithmic spectra SC (ω) as
a function of ε/ωr , for the system capacitively coupled to the TL.
(b) Logarithmic spectra for the mutual inductive coupling, SM (ω),
with the TL. Spectra (a) and (b) are normalized with respect to the
absolute maximum value. The specific spectral lines discussed in the
text are indicated in panel (a). Panels (c) and (d) report two relevant
transition matrix elements of ˙̂XC and ˙̂XM .

(3̃, 0̃) and (4̃, 1̃) are more visible for the capacitive coupling
scheme [see Figs. 10(a) and 10(b)]. Matrix elements for these
transitions, which are shown in Figs. 10(c) and 10(d), explain
the origin of differences between Figs. 10(a) and 10(b).

3. Varying �

Throughout this work, we have used �/ωr = 1 for all
incoherent spectra. Figure 11 is obtained for �/ωr = 0.5 and
η = 1. In this case, there are still differences between the spec-
tra in Figs. 11(a) and 11(b) observed for particular spectral
lines, which are reported in Fig. 11(a), despite the very small
differences in the matrix elements [see Figs. 11(c) and 11(d)].

Emission spectra of Figs. 12(a) and 12(b) have been cal-
culated for �/ωr = 1.5 and η = 0.7. Also in this case, it is
interesting to compare some differences in intensity of partic-
ular spectral lines with the corresponding matrix elements in
Figs. 12(c) and 12(d).
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