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Quantum-limited acoustoelectric amplification in a piezoelectric-2DEG heterostructure
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We provide a quantum mechanical description of phonon amplification in a heterostructure consisting of
a two-dimensional electron gas (2DEG) stacked on top of a piezoelectric material. An applied drift voltage
effectively creates a population inversion in the momentum states of the 2DEG electrons, giving rise to
spontaneous emission of phonons. Once an acoustic wave is launched, the pumped electrons release phonons
via stimulated emission, returning to depleted ground states before being pumped back to the excited states. We
show that whereas efficient amplification using a one-dimensional electron gas requires the acoustic wavelength
to roughly equal the mean distance between electrons, a 2DEG enables efficient amplification for any wavelength
greater than this distance. We derive the imaginary and real parts of the 2DEG’s first-order acoustic susceptibility
as functions of electronic drift velocity in specific limits and derive the gain per unit length for the signal and
the quantum noise, with the gain matching the classical result in the short-electronic-lifetime (low-mobility)
regime. Moreover, we analyze the gain clamping due to pump depletion and calculate the maximum achievable
intensity. Our results provide a framework for designing acoustic devices including a quantum phononic laser
and phase-insensitive quantum phononic amplifiers.
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I. INTRODUCTION

Quantum sources of microwave frequency acoustic waves
can be achieved in many systems such as cavity and traveling
wave optomechanics with optical and microwave frequency
electromagnetic fields [1–4], Raman processes [5], as well
as piezoelectric transduction of superconducting qubits and
the microwave photons they can be made to produce [6,7].
These quantum acoustic sources promise to lead to linear
mechanical quantum computing [8–12], quantum interfer-
ometry of phonons [13–17], generating squeezed phononic
states [18] using phonons to mediate microwave-to-optical
frequency conversion [19], and using phonons as quantum
memories [20,21].

In previous work, we have shown experimentally that the
integration of semiconductors on the surface of piezoelectric
materials at room temperature can produce phonon lasers fea-
turing large amplitudes but also significant thermal noise, and
we have shown that the same systems can be used to induce
giant nonlinearities between phonons [22]. As in the case of
quantum photonics, harnessing these phononic nonlinearities
to produce such phenomena as parametric down-conversion,
squeezing, three- and four-wave-mixing processes for fre-
quency conversion, and even means for producing single
phonons requires a large-amplitude, ultracoherent, stable
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phonon source acting as a phonon laser. The first step toward
producing such a source is understanding the dynamics of a
phonon amplifier in the quantum regime, where the noise is
limited by quantum effects instead of classical effects such as
thermal noise and carrier diffusion.

Beyond the production of low-noise sources of coher-
ent phonons, the ability to perform low-noise and phase-
preserving amplification is also crucial to the development
of quantum phononic systems. As an analogy, high-electron-
mobility transistor based amplifiers provide large, phase-
preserving gain and low noise (although not as low an additive
noise as Josephson parametric amplifiers), which have made
them a workhorse of quantum science and technology for
microwave systems for decades. An analogous high-gain,
low-noise, phase-preserving phonon amplifier could play an
equally crucial role for quantum phononics, and here we study
such a system.

Recently, we have harnessed surface acoustic
waves [23–26] to demonstrate the first solid-state and
electrically injected surface-acoustic-wave phonon lasers [27]
by heterogeneous integration of a bulk compound
semiconductor with a piezoelectric medium in a cavity,
as well as traveling-wave phonon amplifiers with high gain
and low noise [28]. However, these devices are far from
the fundamental limits of acoustoelectric amplification and
phonon lasing, which would generally require reducing
thermal noise, increasing mobility, and decreasing electric
field screening. Specifically, the existing devices cannot
operate in these regimes due to carrier freeze-out at cryogenic
temperatures.

Here, we study the quantum limits of amplification
for an acoustoelectric phonon amplifier by analyzing the
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fundamental interactions between the quantum states of a two-
dimensional electron gas (2DEG) and piezoelectric acoustic
waves. Due to the piezoelectric nature of the acoustic medium,
each phonon carries an electric field, which penetrates into
the 2DEG and interacts with the electrons there via elec-
tric dipole interaction. The electric field thus mediates the
electron-phonon coupling [29]. A dc voltage is applied to
the 2DEG, effectively pumping the electron distribution and
giving rise to an inverted population that amplifies a prop-
agating surface acoustic wave through stimulated emission.
The key advantages provided by the 2DEG are an intrinsic
conduction-band population, vastly increased mobility, and
vastly reduced electric field screening compared to a bulk
semiconductor (thus even further enhancing the electron-
phonon coupling strength). To the last point, it is worth noting
that strong acoustoelectric effects have been observed in other
low-dimensional materials such as graphene [30–33] or tran-
sition metal dichalcogenides [34,35].

Our principal focus is to theoretically determine the gain
and saturation effects as functions of drift velocity, carrier
concentration, and mobility for these acoustoelectric ampli-
fiers. To do so, we analyze the electron-phonon interaction in
the quantum regime, deriving the phonon emission rate per
unit electric field intensity, as well as the electric field dielec-
tric screening (which governs the electric field intensity per
phonon). Next, we examine the clamping dynamics, demon-
strating a tradeoff between gain and maximum acoustic field
intensity. Crucially, we show that our findings for the gain
in the short-electronic-lifetime (low-mobility) limit match the
established classical results.

The article is organized as follows: In Sec. II, we con-
nect the classical treatment of the acoustic wave interacting
with the current distribution to the quantum picture consist-
ing of individual electron-phonon interactions. In Sec. III,
we derive the real and imaginary parts of the 2DEG’s first-
order acoustic susceptibility (which, respectively, govern the
phonon emission rate per unit electric field intensity and
the electric field intensity per phonon) in three regimes:
high-mobility/low-drift-velocity, low-mobility, and high-drift-
velocity. In Sec. IV, we synthesize the susceptibilities to
calculate the amplifier gain, with the result in the low-mobility
and high-mobility/low-drift-velocity regimes matching past
literature. Finally, in Sec. V, we expand the Hilbert space to
include both the phonon and electron states and perform a full-
quantum analysis to derive the maximum phonon intensity
where the pump depletion rate overcomes the excited-state
repopulation rate for the electrons, causing the gain to become
clamped.

II. CONNECTING THE CLASSICAL
AND QUANTUM PICTURES

An acoustoelectric amplifier consists of a semiconductor
layer on top of a piezoelectric material that carries an acoustic
pulse. The diagram of the setup is shown in Fig. 1.

A dc electric field Ed is applied to the semiconductor
layer, imparting a drift velocity vd onto the electrons. Next,
an acoustic pulse is launched into the piezoelectric mate-
rial, where the energy of the pulse is split between lattice
vibrations and an associated longitudinal electric field. This

FIG. 1. Diagram of acoustoelectric amplifier. Note that the ex-
ternal dc electric field Ed provides the energy for amplifying the
traveling acoustic wave.

electric field penetrates into the semiconductor layer, where
it interacts with the traveling electrons. Classically, if the
electron drift velocity exceeds the propagation velocity va of
the acoustic wave, then some of the electrons’ kinetic energy
is transferred to the acoustic field, causing the electrons to
slow down and the acoustic field intensity to be amplified [36].
As a result, the overall process consists of the dc electric field
providing the energy needed to amplify the traveling acoustic
wave.

In order to understand the detailed noise dynamics of a
low-intensity amplified signal, it is essential to map the afore-
mentioned classical picture onto a quantum picture. Here,
the key requirement for amplification is the presence of an
inverted population of semiconductor electrons, analogous to
a laser. Intuitively, when a dc electric field is applied to a
semiconductor, its electron distribution should shift by a wave
vector kd = mvd/h̄, where vd is the electron drift velocity
induced by the field. If we consider the one-dimensional (1D)
case, for a sufficiently small drift velocity (vd � vF , where vF

is the Fermi velocity), the positive-momentum states immedi-
ately above the Fermi level become newly populated, while
the negative-momentum states immediately below the Fermi
level are depopulated (where we define the positive direction
as the direction of the electric field). The evolution of the
electronic spectrum is depicted in Fig. 2.

This provides an inverted population, in that an acoustic
pulse can stimulate the transition of electrons in the newly
occupied states above the Fermi level to the newly empty
states below the Fermi level through emission of phonons into
the acoustic field, thereby amplifying the field.

FIG. 2. Shift in semiconductor electronic spectrum due to drift
electric field for the 1D case. Note that the range of occupied states
shifts by the drift wave vector kd , raising (lowering) the highest
occupied energy level for carriers traveling along (against) the dc
electric field by �E in the limit kd � kF .
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Using the band picture, we can derive the condition for the
minimum electron drift velocity required to achieve amplifi-
cation of a spatially delocalized acoustic signal. In order to
achieve net phonon emission, the following condition must be
met based on energy and momentum conservation:

2�E

2kF
> h̄va, (1)

where va is the propagation velocity of the acoustic wave. In
the aforementioned low-drift-velocity regime (vd � vF ), �E
becomes proportional to the Fermi wave vector kF :

�E ≈ h̄2kF

m
kd = h̄vd kF . (2)

Note that the maximum slope is therefore invariant in kF ,
as desired. Consequently, Eq. (1) reduces to the following
condition for net amplification:

va <
2�E

2h̄kF
≈ vd . (3)

This matches the classically predicted intuitive result. Specif-
ically, if the carrier drift velocity exceeds the acoustic wave’s
propagation velocity, then a sufficiently inverted carrier pop-
ulation will exist such that the relaxation rate of the highest
energy carriers through phonon emission exceeds the excita-
tion rate of lower energy carriers through phonon absorption.

We note that in this 1D system, stimulated emission can
only occur if q ≈ 2kF , where q is the acoustic wave vector
and kF is the Fermi momentum of the electron gas. This
corresponds to the regime where the acoustic wavelength is
on the same scale as the average nearest-neighbor spacing
between the electrons. However, in a realistic system, the
carrier density yields a nearest-neighbor electron spacing in
the range of tens of nanometers, whereas for a microwave fre-
quency acoustic signal in the low-end of the gigahertz range,
the wavelength is in the micron range (assuming a speed
of sound of about 4000 m/s in the piezoelectric material).
Consequently, a more realistic assumption is that q � 2kF .
For a 1D electron gas, this process is suppressed by the fact
that the pair of electronic states (initial and final) resonant
and phase matching with the phonon lies far below the Fermi
level, corresponding to an occupied final electronic state (to
which a transition is prohibited due to Pauli exclusion). This
necessitates an electron gas with higher dimensionality.

To achieve amplification in the long-wavelength regime
q � kF , we thus turn to a 2DEG. Here, the presence of the
second degree of freedom ensures that if we project the elec-
tronic states onto the kx axis, there will be multiple bands
crossing the Fermi level, each featuring a different value of
the transverse momentum ky. For a sufficiently high ky, the
longitudinal component of the Fermi momentum kF will be
low enough such that we can find an electronic state pair
resonant and phase matching with the emitted phonon where
the initial (final) state is occupied (unoccupied).

In the 2D regime, near zero temperature and in the ab-
sence of the applied dc voltage, the states within the Fermi
circle (k < kF ) will be occupied, while those outside will be
unoccupied. If we apply a dc voltage corresponding to an
average electron drift momentum kd,full = x̂kd + ŷk⊥ (where
x̂ is the propagation axis of the acoustic wave and ŷ is the

transverse in-plane axis), then the circle shifts in phase space
such that it will be centered at (kx, ky) = (kd , k⊥). We thus
use a coordinate system in phase space (k′

x, k′
y), defined as

k′
x = kx − kd and k′

y = ky − k⊥, such that the shifted Fermi
circle is centered at (k′

x, k′
y) = (0, 0).

Note that since the phonon travels along the x axis, an
electron-phonon interaction conserves the electron’s y mo-
mentum while shifting its x momentum. This accords with
the intuition that an observer in the frame comoving with the
drifting electrons will not see the transverse component of
the wave’s propagation, since the wave’s amplitude is uniform
along the transverse axis. Moreover, in a free electron gas, the
energy varies separately with the momenta along the two axes
(i.e., the variation of the energy with momentum along a given
axis is independent of the momentum along the perpendicular
axis). Therefore, all functions stemming from the interaction
vary only with the x component of the electron momentum
(i.e., with kd ). We thus ignore the y component k⊥ in our
analysis.

Then, we conceptually deduce that in order for net emis-
sion to occur from initial electronic states kx,i to final states
kx, f , the former must feature an excess of electrons relative to
the latter, which is satisfied under the following condition:

|k′
x,i| < |k′

x, f |, (4)

which is equivalent to the condition kd > kc, where kc =
(kx,i + kx, f )/2. Quantitatively, for a given initial-final state
pair kx,i and kx, f = kx,i − q, the range of ky values for which
initial occupied states pair with final unoccupied states is
calculated as follows:

ky,span = 2
(√

k2
F − k′2

x,i −
√

k2
F − k′2

x, f

)
. (5)

It is worth noting that ky,span is positive only if (k′
x,i )

2 <

(k′
x, f )2. This confirms the conceptual condition laid out in

Eq. (4).
We seek to map the required relationship between k′

x,i and
k′

x, f onto a corresponding condition for drift velocity. As dis-
cussed above, we have defined the midpoint between kx,i and
kx, f as kc, such that kx,i = kc + q/2 and kx, f = kc − q/2. We
solve for kc by determining the resonance condition where the
energy difference between a state at kx,i and a corresponding
state at kx, f = kx,i − q equals the phonon energy h̄vsq:

h̄vsq = h̄2

2m

(
k2

x,i − k2
x, f

) = h̄2qkc

m
, kc = mvs

h̄
. (6)

The midpoint thus represents the electronic momentum for
which the electronic velocity equals the phonon velocity. Intu-
itively, this corresponds to the fact that a resonant interaction
occurs when the dipole velocity (i.e., the average velocity be-
tween the initial and final electronic states) equals the phonon
velocity. Since kd must be greater than kc in order for net
amplification to occur, the condition vd > vs must be met,
matching the classical picture.

III. DERIVING THE ELECTRIC SUSCEPTIBILITY

The key step in determining the amplification gain is de-
riving the first-order electric susceptibility χ (1)(−ω0), where
ω0 is the frequency of the traveling acoustic field. The

023185-3



CHATTERJEE, SOH, AND EICHENFIELD PHYSICAL REVIEW RESEARCH 8, 023185 (2026)

FIG. 3. Phase-space diagram of the regions S [panel (a)] and S′ [panel (b)], depicted as the green-shaded crescent-shaped areas, representing
the electrons that can emit (absorb) phonons of wave vector q = qx̂ due to the corresponding final states being unoccupied.

imaginary part of χ (1) governs the net phonon emission rate
per unit volume per unit intensity of the electric field, while
the real and imaginary parts combine with external screening
mechanisms to govern the material’s overall dielectric screen-
ing, thus inversely controlling the electric field intensity per
phonon. In the following subsections, we will analytically
derive Im[χ (1)(−ω0)] in the high-mobility/low-drift-velocity,
low-mobility, and high-drift-velocity limits. In addition, we
will perform a numerical calculation for the overall range
of mobilities and drift velocities. In all regimes, we will
start with a model based on the Lindhard theory [37], build-
ing on our previous analysis of the susceptibilities in the
zero-drift-velocity case [29]. It is worth noting, however,
that the Lindhard theory treats scattering-induced electronic
state collapse by adding an anti-Hermitian term to the state’s
Hamiltonian (corresponding to the state broadening). Al-
though this accounts for the population decay in the initial
state, it does not take the impact on the potential final states for
the scattered electron into consideration. In the high-mobility
limit, the low scattering rate ensures that this impact is negli-
gible. However, for a generic mobility, we will need to apply
the Mermin correction [38], which ensures electron number
conservation by modeling the scattering process through a
quantum master equation treatment rather than through an
anti-Hermitian effective Hamiltonian:

χ (1)(q,−�, γ ) = −� + iγ

−� + iγ χ
(1)
L (q,−�,γ )

χ
(1)
L (q,0,0)

χ
(1)
L (q,−�, γ ), (7)

where χ
(1)
L (q,�, γ ) represents the Lindhard susceptibility for

a given phonon wave vector q, effective phonon frequency
�, and electronic decay rate γ [defined as γ = qe/(mμ),
where qe, m, and μ are the electron charge, effective elec-
tron mass, and mobility, respectively]. The effective phonon
frequency is defined as the phonon frequency in the frame of
the drifting electrons, thus yielding � = (vs − vd )q. Note that
in the coming subsections, we will label χ (1)(q,−�, γ ) and
χ

(1)
L (q,−�, γ ) as χ (1)(−ω0) and χ

(1)
L (−ω0), respectively, for

purposes of brevity.

A. General derivation for imaginary Lindhard susceptibility

We start with the general derivation for the imaginary part
of the Lindhard susceptibility. Figure 3(a) depicts (in green)
the range of initial states (kx, ky) from which an electron can
transition to an unoccupied final state (kx − q, ky ) by emitting
a phonon of wave vector q, while Fig. 3(b) depicts the range
of states in which an electron can absorb a phonon of wave
vector q and transition to an unoccupied state (kx + q, ky ).The
regions are labeled as S and S′, respectively. Note that S and
S′ are reflections of each other in phase space about k′

x = 0
(i.e., kx = kd ). The effect of the drift velocity manifests itself
in setting the balance between the absorption and emission
rates, thus governing the net emission (or absorption) rate. To
that end, the absorptive detuning for an initial state at k′

x ∈ S′
and the emissive detuning for the corresponding initial state at
−k′

x ∈ S, respectively, take the following form:

ωk′
x+kd +q,k′

x+kd − ω0 = (�ω)k′
x
+ (vd − vs)q, (8)

ω−k′
x+kd −q,−k′

x+kd + ω0 = ωk′
x−kd +q,k′

x−kd + ω0 (9)

= (�ω)k′
x
− (vd − vs)q, (10)

where vd = h̄kd/m and the average of the two detunings is
defined as (�ω)k′

x
:

(�ω)k′
x
= h̄q(q + 2k′

x )

2m
. (11)

Note that this value is always positive, since k′
x > −q/2 for

all k′
x ∈ S′. It is immediately apparent that if vd < vs, the de-

tuning is greater for the emissive case, leading the absorptive
process to be favored. An example of this is the zero-bias case,
where net phonon absorption takes place at any mobility [29].
On the other hand, if vd > vs, the detuning is greater for the
absorptive case and the emissive process is favored. Moreover,
the discrepancy between the absorptive and emissive detuning
values increases with drift velocity, ensuring a similar increase
for the net emission rate with the drift velocity.

It is worth noting, however, that the average detuning is
invariant in the drift velocity. This average value in turn
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equals the electronic transition frequency (i.e., the difference
between the final and initial electronic state frequencies) in
the case of an unbiased electronic distribution. As such, the
effect of the drift velocity is equivalent to the scenario where
the effective speed of sound is shifted from vs → vs − vd .
This matches the intuitive deduction that in the frame of ref-
erence of the drifting electrons, the acoustic wave undergoes
a Doppler shift to an effective frequency (vs − vd )q, labeled
as � above. Consequently, χ

(1)
L (−ω0) will indeed serve as the

χ
(1)
L (q,−�, γ ) input in the Lindhard-to-Mermin conversion

in Eq. (7).
The specific methods for deriving the imaginary parts of

the Lindhard susceptibility are shown in Appendixes A and B
(for the high-mobility/low-drift-velocity and low-mobility
limits, respectively). The general method is described by the
following integral [29]:

Im
[
χ

(1)
L (−ω0)

] = β

∫
S′

dk′
xky,span(k′

x )Im
[

f (1)
net,k′

x
(−ω0)

]
, (12)

where β is a constant function of the 2DEG and piezoelectric
material parameters [29], proportional to the square of the
dipole moment for an electron that has undergone interaction
with the phonon field and inversely proportional to the 2DEG
thickness:

β = q2
ev

2
s

2π2h̄ε0t2DEGω2
0

, (13)

and f (1)
net,k′

x
is defined as the net of the inverse complex detuning

values for the counterresonant (absorptive) process for an
electron at k′

x ∈ S′ and the corresponding resonant (emissive)
process for an electron at −kx ∈ S (see Appendix B). For
each electron-phonon interaction process, the inverse complex
detuning governs the interaction probability, since it serves as
measurement of the closeness of the interaction to resonance.
Specifically, the real part corresponds to the probability of a
coherent interaction, while the imaginary part corresponds to
the probability of a quantum jump (i.e., a phonon absorption
or emission event). The imaginary part takes the following
form in terms of the average detuning from Eq. (11) and the
absorptive and emissive offsets shown in Eqs. (8) and (9):

Im
[

f (1)
net,k′

x
(−ω0)

] = γ(
(�ω)k′

x
− (vd − vs)q

)2 + γ 2

− γ(
(�ω)k′

x
+ (vd − vs)q

)2 + γ 2
.

(14)

As mentioned earlier, (�ω)k′
x

is positive for all k′
x ∈ S′, since

the lower bound of k′
x in S′ is −q/2 [see Fig. 3(b)]. The

electron-phonon detuning for the absorption and emission
processes is thus the same positive value when vd = vs.
As the drift velocity increases, the emissive detuning de-
creases, while the absorptive detuning increases, and vice
versa. Therefore, as expected, a higher drift velocity favors
emission, while a lower drift velocity favors absorption. The
relative values of vd and vs should thus determine the sign
of Im[χ (1)

L (−ω0)], which becomes apparent from expanding

Eq. (14) and taking the numerator:

γ
(
(�ω)k′

x
+ (vd − vs)q)2 + γ 2

)
− γ

(
(�ω)k′

x
− (vd − vs)q)2 + γ 2

)
= 4γ (�ω)k′

x
(vd − vs)q

= 2γ (vd − vs)
h̄q2(q + 2k′

x )

m
. (15)

Since the denominator of each term consists of a sum of
squares, the common denominator is always positive. As a
result, the sign of Im[χ (1)(−ω0)] equals that of the numerator.
We thus analyze the above expression for the numerator. As
previously discussed, q + 2k′

x > 0 for all values of k′
x ∈ S′.

Therefore, if vd > vs (vd < vs), Im[χ (1)(−ω0)] is positive
(negative), indicating net emission and amplification (net ab-
sorption and attenuation).

B. General derivation for real Lindhard susceptibility

We now turn to the real part. In general, this is solved by
using the same methodology as in Eq. (B3) but replacing the
imaginary parts of the inverse detuning with the correspond-
ing real parts, yielding the following integral:

Re[χ (1)(−ω0)] = β

∫
S′

dk′
xky,span(k′

x )Re
[

f (1)
net,k′

x
(−ω0)

]
, (16)

where Re[ f (1)
net,k′

x
] is defined in a manner analogous to Eq. (14):

Re
[

f (1)
net,k′

x
(−ω0)

] = (�ω)k′
x
− (vd − vs)q(

(�ω)k′
x
− (vd − vs)q

)2 + γ 2

+ (�ω)k′
x
+ (vd − vs)q(

(�ω)k′
x
+ (vd − vs)q

)2 + γ 2
, (17)

where the first and second terms represent negative-velocity
and positive-velocity dipole formation, respectively (where
the dipole velocity will be defined relative to the drift velocity
throughout this section). We will make approximations for the
relative size of γ for the analytical calculations, while solving
rigorously in the numerical calculations.

C. High-mobility, low-drift-velocity regime

Here, we analyze the high-mobility/low-drift-velocity
regime (which applies when γ /q, vd � vF ), starting with
deriving the imaginary part of the Lindhard susceptibility.
Since kd � kF in this limit, and since q � kF in general in
the systems we consider, the resonant initial and final wave
vectors will be close to the middle of the Fermi circle (i.e.,
|k′

x,i|, |k′
x, f | � kF ). As we have established in our previous

work [29], if we combine this low-drift-velocity condition
with the high-mobility condition, then the overall 2DEG-
phonon interaction will be dominated by electrons in the
near-resonance regime, which features a phase-space span
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FIG. 4. Phase-space diagram [panel (a)] of the acoustoelectric amplification process in the high-mobility/low-drift-velocity limit given an
acoustic field propagating in the +x̂ direction with wave vector q, along with dimensions of each emissive region [panel (b)]. Note that in
panel (a), the red-shaded regions represent near-resonance electrons capable of emitting phonons and transitioning to unoccupied states, while
the right-hand-side light-blue-shaded region (in between the two red regions) represents near-resonance electrons forbidden from emitting
phonons since the corresponding final states (represented by the left-hand-side light-blue-shaded region) are occupied. This comports with the
fact that the red-shaded regions are subsets of the broader emission-allowed region S.

of kx,span = mγ /(h̄q). Here, the ky span of initial occupied
states that couple to final unoccupied states is approximated
by applying Eq. (5) and taking the limit |k′

x,i|, |k′
x, f | � kF :

ky,span ≈ 2kF

(
− k′2

x,i

2k2
F

+ k′2
x, f

2k2
F

)

= −q(k′
x, f + k′

x,i )

kF

= 2q(kd − kc − �kx )

kF
,

(18)

where �kx = kx − kx,0 represents the offset of the wave vector
from the resonant value. As this expression shows, if the initial
momentum is more positive than the resonant value, then the
ky span is reduced, and vice versa. The phase-space dynam-
ics of the interaction in the high-mobility/low-drift-velocity
regime are shown in Fig. 4. Note that the circle is centered
at kx = kd , while the midpoint kc between the initial and
final electron wave vectors (kx,i and kx, f , respectively) in the
emission process is to the left of the center (i.e., kc < kd ). The
blue band represents the range of ky values for which the final
states are already occupied, thus preventing phonon emission
by electrons in that range. On the other hand, the red zones
represent the initial occupied states that couple to unoccupied
final states, enabling emission. As such, the red regions meet
two conditions: First, the phonon emission process for these
electrons is near resonance, and second, phonon emission cou-
ples these electrons to unoccupied final states. The ky span of
the red regions reduces as kx increases, confirming the result
in Eq. (18).

The imaginary part of χ
(1)
L (−ω0) in this regime is solved

by integrating over the valid phase-space region as shown in

Appendix A, yielding the following result:

Im
[
χ

(1)
L (−ω0)

] ≈ q2
ev

2
s (vd − vs)m2

π h̄3ε0t2DEGω2
0kF

. (19)

Note that the result is identical to the imaginary part of χ (1)

calculated in Ref. [29], except for the replacement v3
s →

v2
s (vd − vs) in the numerator. Regarding this replacement, it

is worth noting that if vd > vs (vd < vs), this expression is
positive (negative), corresponding to net phonon emission (ab-
sorption), i.e., amplification (attenuation) of the phonon field,
as expected. In the case of zero-bias voltage (i.e., vd = 0), the
result reduces to the opposite of the imaginary part of χ (1)

from Ref. [29]. This is because the previous result shows the
net absorption rate, whereas this result shows the net emission
rate.

The linear relationship between the imaginary part of χ
(1)
L

and the drift-velocity-phonon-velocity mismatch vd − vs fun-
damentally relates to the fact that increasing the drift velocity
shifts the carrier distribution without affecting the initial and
final wave vectors kx,i and kx, f that meet the resonance condi-
tion for electron-phonon interaction. If we use the previously
discussed k′

x coordinate system (where we maintain k′
x = 0 as

the center line vertically bisecting the Fermi circle regardless
of how shifted the circle is from kx = 0), then an increase
in the drift velocity leads to a leftward (negative) shift in
the k′

x values of the initial and final wave vectors (i.e., k′
x,i

and k′
x, f become more negative as vd increases). Recall that,

for our analytical calculation in the high-mobility regime,
we used the approximation that both of the initial and final
wave vectors are close to the center line of the Fermi circle
(i.e., |k′

x,i|, |k′
x, f | � kF , which corresponds to the low-drift-

velocity limit vd � vF ), as is the midpoint kc = mvs/h̄ (i.e.,
|kd − kc| � kF ). The ky-vs-k′

x curvature of the Fermi circle
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in this region is approximately parabolic. Since ky,span (corre-
sponding to the excess number of electrons at kx,i relative to
kx, f ) is proportional to the average slope of the circle between
the initial and final wave vectors (which equals the slope of
the circle at kx = kc given q � kF ), the approximate parabolic
curvature of the circle in this regime ensures that ky,span varies
linearly with −(k′

x,i + k′
x, f ) = kd − kc = vd − vs, as implied

in Eq. (18). Consequently, the high-mobility Lindhard sus-
ceptibility also varies linearly with vd − vs in the regime
|vd | � vF .

Next, we derive the real part of the Lindhard susceptibility
in the high-mobility/low-drift-velocity limit. Here, the fact
that the spectral broadening is much smaller than the detuning

for any transition [i.e., γ � |(�ω)k′
x
± (vd − vs)q|] causes

each term in Eq. (17) to approximately reduce to the real
inverse detuning:

Re
[

f (1)
net,k′

x
(−ω0)

]
≈ 1

(�ω)k′
x
− (vd − vs)q

+ 1

(�ω)k′
x
+ (vd − vs)q

.

(20)

We integrate this over S′ using the long-acoustic-wavelength
approximation q � kF , corresponding to the same approxi-
mations for ky,span(k′

x ) and (�ω)k′
x

as in Eq. (B4) and yielding
the following:

Re
[
χ

(1)
L (−ω0)

] = β

∫
S′

dk′
xky,span(k′

x )

(
1

(�ω)k′
x
− (vd − vs)q

+ 1

(�ω)k′
x
+ (vd − vs)q

)

≈ β

∫ kF

0
dk′

x

2qk′
x√

k2
F − k′2

x

(
1

h̄q
m k′

x − (vd − vs)q
+ 1

h̄q
m k′

x + (vd − vs)q

)
= β

2πm

h̄
= q2

ev
2
s m

π h̄2ε0t2DEGω2
0

. (21)

Therefore, as long as the drift velocity is well below the
Fermi velocity, the real part of χ

(1)
L is uniform in the high-

mobility limit, reducing to the previously calculated zero-drift
result [29]. This is due to the fact that as the drift velocity is in-
creased, the increase in the negative-velocity dipole formation
probability due to decreased emissive detuning is canceled
out by the decrease in the positive-velocity dipole formation
probability due to increased absorptive detuning.

Finally, we convert these Lindhard results to the Mermin
susceptibilities. To that end, we note that both the real and
imaginary parts of the Lindhard susceptibility are invariant
in mobility in this regime, thus equaling the same result at
any electronic decay rate γ as they would in the limit of
undamped electronic states, where γ = 0. Moreover, since the
ratio between the imaginary and real parts is approximately
(vd − vs)/vF (where vF = h̄kF /m is the Fermi velocity), and
since |vd − vF | � vF in the low-drift-velocity limit, the over-
all Lindhard screening is dominated by the real part. In
turn, the fact that Re[χ (1)

L ] is invariant in drift velocity im-
plies that it is the same for any effective phonon frequency
� as in the limit of zero effective speed of sound where
� = 0. Consequently, for all � and γ satisfying the high-drift-
velocity/low-mobility condition, we can make the following
approximation:

χ
(1)
L (q,−�, γ ) ≈ q2

ev
2
s m

π h̄2ε0t2DEGω2
0

= χ
(1)
L (q, 0, 0). (22)

This implies that the Mermin screening approximately equals
the Lindhard screening, per Eq. (7), yielding the following
Mermin real and imaginary susceptibilities:

Im[χ (1)(−ω0)] ≈ q2
ev

2
s (vd − vs)m2

π h̄3ε0t2DEGω2
0kF

, (23)

Re[χ (1)(−ω0)] ≈ q2
ev

2
s m

π h̄2ε0t2DEGω2
0

. (24)

In the following subsections, we will use the second equality
in Eq. (22) to define χ

(1)
L (q, 0, 0) in the Lindhard-to-Mermin

conversions.
Figure 5 depicts the real and imaginary parts of the

susceptibility as functions of drift velocity in the high-
mobility/low-drift-velocity regime, given a phonon frequency
of 1 GHz (corresponding to ω0 = 2π × 109 s−1), speed of
sound vs = 4 × 103 m/s, a carrier density n = 2 × 1015 m−2,
a carrier effective mass m = 0.067m0, and a 2DEG thickness
t2DEG = 2 × 10−8 m. The Fermi velocity for the given carrier
density and electron effective mass relates to the speed of
sound as vF ≈ 48vs. For |vd | � vF , the numerical results for
the specific mobility values μ = 100 or 1000 m2/(V s) match
the analytical predictions, featuring a constant (linear) rela-
tionship between the real (imaginary) susceptibility and the
drift velocity.

D. Low-mobility regime

We now turn to the low-mobility limit (corresponding to
vd , vF � γ /q), starting again with the imaginary Lindhard
susceptibility. Here, the spectral broadening of the electronic
states causes the energy conservation requirement to be re-
laxed. Therefore, the probability that any electron in the
green-shaded crescent-shaped region in Fig. 3 emits a phonon,
or that any electron in the corresponding region in Fig. 3
absorbs a phonon, is roughly uniform for all electrons in the
respective regions. The ky span of each region at a given kx is
given as follows in the long-wavelength limit q � kF [29]:

ky,span(kx ) ≈ 2q|k′
x|√

k2
F − k′2

x

. (25)

The approximate uniformity of the transition probability for
all interactions also ensures that we need to account for both
the resonant (emission) and counterresonant (absorption) pro-
cesses, which counteract each other.
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FIG. 5. Numerical results for the real [panel (a)] imaginary [panel (b)] parts of χ (1)(−ω0) as functions of the drift velocity vd , given
a mobility [in units of m2/(V s)] of 100 (solid, blue), or 1000 (solid, green), along with the analytical results (dotted, red) for the high-
mobility/low-drift-velocity limit γ /q, vd � vF . We assume a phonon angular frequency of ω0 = 2π × 109 s−1, speed of sound vs = 4 × 103

m/s, a carrier density n = 2 × 1015 m−2, a carrier effective mass m = 0.067m0, and a 2DEG thickness t2DEG = 2 × 10−8 m.

Appendix B shows the detailed derivation for the imagi-
nary part of the Lindhard susceptibility in the low-mobility
regime, yielding the following result:

Im[χ (1)
L (−ω0)] ≈

(
vd − vs

vs

)
q2

eω0k2
F

πε0mt2DEGγ 3

=
(

vd − vs

vs

)
2m2ω0nμ3

ε0qet2DEG
, (26)

where in the second line, we make the replacement k2
F → 2πn

in order to express the imaginary part of χ (1) as a function
of carrier density, in addition to applying the substitution γ =
qe/(mμ). The cubic rather than linear dependence on mobility
is attributable to the fact that the absorptive and emissive
contributions destructively interfere with each other, with the
rates of the two processes becoming increasingly balanced as
the mobility is lowered. The result in terms of carrier density
accounts for the high-temperature case kBT � h̄vF kF , where
the carrier density exceeds the value predicted from the Fermi
wave vector due to Fermi-Dirac broadening, demonstrating
that Im[χ (1)

L ] for a given carrier density and mobility is in-
variant in temperature in both the medium-temperature and
high-temperature regimes. This can be attributed to differ-
ent reasons for the two regimes. In the medium-temperature
regime, as the thermal energy is increased from kBT ∼ h̄vF q
to kBT ∼ h̄vF kF , the fraction of electrons participating in
electron-phonon interaction increases linearly as kBT/(h̄vF q)
(corresponding to an effective widening of the crescent in
Fig. 3), while the average interaction probability for each
eligible electron is attenuated by a factor h̄vF q/(kBT ) due to
the corresponding attenuation in the Fermi-Dirac occupation
number difference between the initial and final electronic
states, with the changes canceling each other out. In the
high-temperature regime, increasing the spectral broadening
beyond kBT ∼ h̄vF kF causes the average electron-phonon de-
tuning 〈(�ω)k′

x
〉 to increase as approximately

√
kBT/(h̄vF kF ),

causing the raw interaction probability per electron (i.e., the
probability assuming occupied initial and unoccupied final
electronic states) to increase by the same factor. However,
the average occupation number difference between initial and
final electronic states is reduced by the same factor, thus
canceling out the increase in the raw interaction probability.

It is worth noting that this result is equivalent to that cal-
culated for the low-mobility case in Ref. [29], except for the
factor (vd − vs)/vs. As with the high-mobility case, if vd > vs

(vd < vs), the expression is positive (negative), corresponding
to phonon-field amplification (attenuation). Also, as in the
high-mobility limit, the case of vd = 0 yields a result equal
and opposite to that for Im[χ (1)(ω0)] in Ref. [29], demon-
strating that the emission rate in this case is opposite to the
previously calculated absorption rate, as desired.

Next, we analyze the real part of the Lindhard susceptibil-
ity in the low-mobility limit. Unlike the high-mobility case,
we approximate that the spectral broadening is much larger
than the detuning for any transition [i.e., γ � |(�ω)k′

x
±

(vd − vs)q|], causing each term in Eq. (17) to approxi-
mately become linear in the real detuning. As a result, the
drift-velocity-dependent offsets for the positive-velocity and
negative-velocity dipole formation processes cancel out, re-
ducing Eq. (17) to a linear function in (�ω)k′

x
:

Re
[

f (1)
net,k′

x
(−ω0)

]
≈ (�ω)k′

x
− (vd − vs)q

γ 2
+ (�ω)k′

x
+ (vd − vs)q

γ 2

= 2(�ω)k′
x

γ 2
. (27)

This is identical to the corresponding term for the real part of
the Lindhard susceptibility in the low-mobility regime from
Ref. [29]. Therefore, integrating over S′ leads to the same
result, independent of the drift velocity:

Re
[
χ

(1)
L (−ω0)

] ≈ q2
e k2

F

2πε0mt2DEGγ 2
= mnμ2

ε0t2DEG
, (28)

where we made the replacement k2
F → 2πn in the second step.

For the same reason as with the imaginary part of χ
(1)
L , the

variation of the real part of χ
(1)
L with carrier density and mobil-

ity is identical in the medium-temperature (vF kF � kBT/h̄ �
vF q) and the high-temperature (kBT/h̄ � vF kF ) regimes, par-
ticularly because the raw electron-phonon interaction rates for
both the real and imaginary cases feature the same variation
(i.e., a linear variation) with the average electron-phonon de-
tuning 〈(�ω)k′

x
〉 (see the discussion in the derivation for the

low-mobility result for Im[χ (1)] for an explanation of how this
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ensures a temperature-invariant interaction rate per electron
per mobility cubed in the high-temperature limit).

As with the high-mobility/low-drift-velocity limit, the in-
variance of the real part of χ

(1)
L in drift velocity is explained by

the changes in negative-velocity and positive-velocity dipole
formation probabilities counteracting each other as the drift
velocity is changed. This is especially clear in the low-
mobility case since the changes in emissive detuning and
absorptive detuning with respect to drift velocity cancel each
other out. Here, the ratio between Im[χ (1)

L ] and Re[χ (1)
L ] [from

Eq. (B4)] becomes the following:

Im
[
χ

(1)
L (−ω0)

]
Re

[
χ

(1)
L (−ω0)

] ≈
(

vd − vs

vs

)
2mω0μ

qe
= 2(vd − vs)q

γ
.

(29)

Since vd , vs � γ in the low-mobility regime, the real part is
dominant in the overall Lindhard screening. However, this real
part is much lower than the real Lindhard screening in the
high-mobility/low-drift-velocity limit, as evidenced by taking
the ratio between Eqs. (28) and (21):

f = h̄2k2
maxω

2
0μ

2

2q2
ev

2
s

= 1

2

(
vmaxq

γ

)2

, (30)

where we define kmax = (2πn)1/2 in order to account for
the case of γ � vF kF . Note that f � 1 in the low-mobility
limit, since vmax � γ /q. Since the real part of the Lind-
hard susceptibility is dominant in both the low-mobility
and high-mobility cases, we can make the approxima-
tion f ≈ χ

(1)
L (q,−�, γ )/χ (1)

L (q, 0, 0), yielding the following
Lindhard-to-Mermin conversion:

χ (1)(q,−�, γ ) ≈ −� + iγ

−� + i f γ
χ

(1)
L (q,−�, γ ). (31)

The real and imaginary parts of the Lindhard susceptibility
thus map to the corresponding parts of the Mermin suscepti-
bility in the following manner:

Re[χ (1)] ≈ (�2 + f γ 2)Re
[
χ

(1)
L

] + �γ Im
[
χ

(1)
L

]
�2 + f 2γ 2

≈ −�2 + f γ 2

�2 + f 2γ 2
Re

[
χ

(1)
L

]
, (32)

Im[χ (1)] ≈ (�2 + f γ 2)Im
[
χ

(1)
L

] − �γ Re
[
χ

(1)
L

]
�2 + f 2γ 2

≈ − �γ

�2 + f 2γ 2
Re

[
χ

(1)
L

]
, (33)

where the first approximation in both expressions is based on
the condition f � 1, while the second approximation for both
lines derives from substituting Im[χ (1)

L ] ≈ −(2�/γ )Re[χ (1)
L ]

per Eq. (29). Specifically, for the second expression, this
substitution renders the first term of the numerator much
smaller than the second term, since γ � � and f � 1 in
the low-mobility limit. Note that the imaginary part of the
Mermin susceptibility is dominated by the real rather than the
imaginary Lindhard susceptibility.

The susceptibility results can be divided into three
regimes for the velocity mismatch (i.e., the difference
between the drift velocity and the speed of sound):

high-mismatch (vmax/
√

2 � |vd − vs| � γ /q), intermediate-
mismatch [v2

maxq/(2γ ) � |vd − vs| � vmax/
√

2], and low-
mismatch [|vd − vs| � v2

maxq/(2γ )]. In the high-mismatch
regime, the real Lindhard susceptibility simply undergoes a
sign flip to produce the real Mermin susceptibility, while
being amplified by a factor of −γ /� = γ /((vd − vs)q) to
produce the imaginary Mermin susceptibility:

Re[χ (1)(−ω0)] ≈ −Re
[
χ

(1)
L (−ω0)

] ≈ − mnμ2

ε0t2DEG
, (34)

Im[χ (1)(−ω0)] ≈ − γ

�
Re

[
χ

(1)
L (−ω0)

]
≈ nqeμ

ε0t2DEG(vd − vs)q
. (35)

As such, in the high-mismatch regime, the imaginary suscep-
tibility is greater than the real susceptibility. Note that both
the real and imaginary parts here match the classical results
from the Drude model. On the other hand, in the intermediate-
mismatch regime, while the imaginary Mermin susceptibility
relates to the real Lindhard susceptibility in the same man-
ner as in the high-mismatch regime (thus also matching the
classical Drude result), the real Mermin susceptibility is now
produced by amplifying the real Lindhard susceptibility by a
factor of f γ 2/�2 = v2

max/(2(vd − vs)2):

Re[χ (1)(−ω0)] ≈ 1

2

(
vmax

vd − vs

)2

Re
[
χ

(1)
L (−ω0)

]

≈ π h̄2n2μ2

ε0t2DEGm(vd − vs)2
, (36)

Im[χ (1)(−ω0)] ≈ nqeμ

ε0t2DEG(vd − vs)q
. (37)

Here, the imaginary part is also greater than the real part,
but the ratio changes to �/( f γ ) = 2(vd − vs)/(v2

maxq) (which
by definition is greater than 1 in the intermediate-mismatch
regime). Finally, in the low-mismatch regime, the real part
reaches a peak at the high-mobility result for the Lindhard real
part, while the imaginary part becomes linear in the velocity
mismatch:

Re[χ (1)(−ω0)] ≈ 1

f
Re

[
χ

(1)
L (−ω0)

] = q2
ev

2
s m

π h̄2ε0t2DEGω2
0

, (38)

Im[χ (1)(−ω0)] ≈ − �

f 2γ
Re

[
χ

(1)
L (−ω0)

]

≈ q3
em2(vd − vs)

π2ε0h̄4nt2DEGq3μ
. (39)

In this limit, the real part becomes greater than the imagi-
nary part by a factor f γ /� = v2

maxq/(2(vd − vs)). In the case
where vd = vs, the imaginary part goes to 0, while the real part
converges onto the high-mobility result as discussed above.

Figure 6 depicts the real and imaginary parts of the suscep-
tibility in terms of drift velocity in the low-mobility regime.
We use the same material parameters as in Fig. 5, except
for changing the mobility to 0.3 m2/(V s) for the numerical
example. It is interesting to note that our quantum model
broadens the Drude model’s divergence for the imaginary part
of the susceptibility around vd = vs. This provides a more
physically complete picture, since a finite carrier density and
a finite dipole length (limited by the half wavelength of the
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FIG. 6. Numerical results (solid, green) for the real [panel (a)] imaginary [panel (b)] parts of χ (1)(−ω0) as functions of the drift velocity
vd , given a mobility of 0.3 m2/(V s), along with the analytical results for the low-mobility limit vd , vF � γ /q in the low-velocity-mismatch
(dotted, red), medium-velocity-mismatch (dashed, blue), and high-velocity-mismatch (dash-dotted, magenta) regimes. Note that the high-
mismatch results for both the real and imaginary parts, as well as the medium-mismatch result for the imaginary part, match the corresponding
classical results. We assume a phonon angular frequency of ω0 = 2π × 109 s−1, speed of sound vs = 4 × 103 m/s, a carrier density n =
2 × 1015 m−2, a carrier effective mass m = 0.067m0, and a 2DEG thickness t2DEG = 2 × 10−8 m.

applied ac electric field) ensure that even a maximally po-
larized electron gas cannot fully cancel out the applied field,
thus rendering the divergence of the imaginary part at vd = vs

physically untenable.

E. High-drift-velocity regime

Finally, we discuss the case of a high drift velocity, where
the drift momentum significantly exceeds both the Fermi mo-
mentum as well as the spectral broadening in phase space
due to electronic decay (i.e., vd � vF , γ /q, which also yields
vd � vs, since vF � vs). We first solve for the imaginary
Lindhard susceptibility by recalculating the integral from
Eq. (B4) using these assumptions:

Im
[
χ

(1)
L (−ω0)

]
= βγ

∫
S′

dk′
xky,span(k′

x )

(
1(

(�ω)k′
x
− (vd − vs)q

)2 + γ 2

− 1(
(�ω)k′

x
+ (vd − vs)q

)2 + γ 2

)

≈ βγ

∫
S′

dk′
xky,span(k′

x )
4qvd (�ω)k′

x

q4v4
d

≈ 4βγ

q3v3
d

∫ kF

0
dk′

x

2qk′
x√

k2
F − k′2

x

h̄qk′
x

m

=
(

4βγ v3
s

ω3
0v

3
d

)(
π h̄ω2

0k2
F

2mv2
s

)

= 2nq3
e

ε0m2t2DEGω3
0

v3
s

μv3
d

. (40)

In the second line, we apply the aforementioned approxi-
mations vd � vF � vs and vd � γ /q. This corresponds to
the fact that the detuning is approximately the same for
all transitions, equaling vd q for absorptive processes and
−vd q for emissive processes. In the third line, we apply
the long-wavelength approximation kF � q, as in the low-
mobility/low-drift-velocity case. In the last line, we apply the
replacements k2

F → 2πn and γ → qe/(mμ).

As this result shows, the imaginary Lindhard susceptibil-
ity drops as 1/v3

d in the high-drift-velocity regime. This is
because in this regime, the carrier distribution has already
been pushed far enough in momentum space such that no
electron-phonon interaction in the near-resonance range (i.e.,
an interaction where the detuning is less than the electronic
spectral broadening) is available. Therefore, increasing the
drift velocity pushes the carrier distribution even farther away
from resonance. It is also worth noting the inverse variation
with the mobility μ. This is because a lower mobility relaxes
the resonance requirement, expanding the near-resonance
window by increasing the spectral broadening. Since all
electron-phonon interactions in the high-drift-velocity regime
are off resonance, this has the effect of increasing the interac-
tion strength.

Turning to the real part of the Lindhard susceptibility, given
the approximations vd � vF � vs and vd � γ /q, the result
of the sum over negative-velocity and positive-velocity dipole
formation processes as encapsulated by Eq. (17) changes to
the following:

Re
[

f (1)
net,k′

x
(−ω0)

]
≈ (�ω)k′

x
− (vd − vs)q

(qvd )(−qvd )
+ (�ω)k′

x
+ (vd − vs)q

(qvd )(−qvd )

= −2(�ω)k′
x

q2v2
d

. (41)

As in the low-mobility limit, this result is also linear in
(�ω)k′

x
. Integrating over S′ thus yields the following result:

Re
[
χ

(1)
L (−ω0)

] ≈ − nq2
e

ε0mt2DEGω2
0

v2
s

v2
d

. (42)

Similarly to the low-drift-velocity/high-mobility case, the re-
sult is invariant in mobility. This is because in both cases,
the average dipole-phonon detuning is vastly greater than the
electronic spectral broadening. However, unlike the low-drift-
velocity cases (where the real part of χ

(1)
L is invariant in

the drift velocity), Re[χ (1)
L ] in the high-drift-velocity regime

declines with increasing drift velocity as 1/v2
d . This is due to

the fact that, whereas changes in the absorptive detuning and
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emissive detuning counteract each other as the drift velocity
is increased within the low-drift-velocity regime, both of the
detuning values increase in magnitude if the drift velocity is
increased within the high-drift-velocity regime. As a result,
shifting the drift velocity higher suppresses both the negative-
velocity and the positive-velocity dipole formation processes.

It is also worth considering the medium-temperature and
high-temperature cases (vF kF � kBT/h̄ � vF q and kBT/h̄ �
vF kF , respectively). Although these thermally broadened
regimes are naturally associated with the low-mobility limit
(since the thermal broadening sets the baseline for the elec-
tronic spectral broadening), the fact that vd � vF in the
high-drift-velocity limit implies that there may exist a tem-
perature window in the medium-temperature range associated
with a high-mobility regime (where the spectral broadening
is less than the electron-phonon detuning). It is important to
note that as the temperature is varied within this window,
the change in the number of transition-allowed electrons is
roughly canceled out by the change in the average Fermi-
Dirac occupation number difference between initial and final
electronic states, as explained in the previous subsection. On
the other hand, the high-temperature range can generally be
assumed to fall within the low-mobility regime, since q � kF ,
implying that the drift velocities featuring significant gain are
close enough to the Fermi velocity such that vd q � vF kF .

The ratio between the imaginary and real parts of χ
(1)
L is

roughly inverted from the low-mobility case:

Im
[
χ

(1)
L (−ω0)

]
Re

[
χ

(1)
L (−ω0)

] ≈ − 2qevs

mω0μvd
= − 2γ

vd q
, (43)

where we used the result for the imaginary part from
Eq. (40). Since vd � γ /q in the high-drift-velocity regime,
the imaginary part is negligible compared to the real part.
Consequently, the Lindhard susceptibility can be approxi-
mated as the real part shown in Eq. (42), leading to the
following ratio between the Lindhard susceptibility in this
limit and that given γ = � = 0 [see Eq. (21)]:

f ′ = χ
(1)
L (q,−�, γ )

χ
(1)
L (q, 0, 0)

≈ −1

2

(
vF

vd

)2

. (44)

In the high-drift-velocity limit, | f ′| � 1 since vF � |vd |.
Combined with the fact that γ � |�| in this limit, the sec-
ond term in the Lindhard-to-Mermin conversion factor from
Eq. (7) can be neglected, causing the expression to approxi-
mately simplify to the following:

χ (1)(q,−�, γ ) ≈
(

1 − i
γ

�

)
χ

(1)
L (q,−�, γ ). (45)

Given the fact that the imaginary Lindhard susceptibility
is much smaller than the real Lindhard susceptibility [see
Eq. (43)], along with the fact that |γ /�| � 1, the real Mer-
min susceptibility approximately reduces to the real Lindhard
susceptibility:

Re[χ (1)(−ω0)] ≈ Re
[
χ

(1)
L (−ω0)

] ≈ − nq2
e

ε0mt2DEGω2
0

v2
s

v2
d

.

(46)

On the other hand, the imaginary Mermin susceptibility
receives inputs of similar magnitudes from both the real
and imaginary parts of the Lindhard susceptibility, as evi-
denced by substituting Im[χ (1)

L ] ≈ (2γ /�)Re[χ (1)
L ] into the

Lindhard-to-Mermin conversion:

Im[χ (1)(−ω0)] ≈ Im
[
χ

(1)
L (−ω0)

] − γ

�
Re

[
χ

(1)
L (−ω0)

]
≈ γ

�
Re

[
χ

(1)
L (−ω0)

]
≈ nq3

e

ε0m2t2DEGω3
0

v3
s

μv3
d

. (47)

Note that this is almost identical to the imaginary part of the
Lindhard susceptibility, except for a factor-of-2 reduction.

The real and imaginary parts of the susceptibility in the
high-drift-velocity limit are shown in Fig. 7. Note that these
are in log-log scale, with the first plot actually depicting the
opposite of the real susceptibility (since the real susceptibility
in this regime is negative). As expected, both the real and
imaginary parts decline with increasing drift velocity in this
regime. However, while the real part for any given drift ve-
locity is invariant in mobility, the imaginary part is about 10
times lower for a mobility of 1000 compared to 100 m2/(V s),
reflecting the aforementioned inverse variation between the
imaginary susceptibility and the mobility.

F. Analysis

Having solved for the susceptibility in various limits, we
now specifically analyze the behavior in the high-mobility
limit across drift velocities. We start with the imaginary part.
As shown in Fig. 7(b), the numerical result spikes well above
the analytically predicted values in the high-mobility regime
as |vd | approaches vF . On the other hand, once |vd | surpasses
vF , the susceptibility rapidly drops off below the analytical
results extrapolated from the low-drift-velocity limit. These
shifts are particularly pronounced at higher mobility values.

The linear rise of the imaginary part of χ (1) with the drift
velocity in the low-drift-velocity limit |vd | � vF is explained
by the approximately parabolic curvature of the Fermi circle
around the resonant states in that limit, as discussed previ-
ously in this section. However, if the Fermi circle is shifted
enough such that |k′

x,i| and |k′
x, f | are no longer far smaller

than kF (corresponding to vd no longer being well below
vF ), then the ky-vs-k′

x curvature of the Fermi circle becomes
significantly sharper than a parabolic curvature. Moreover, the
curvature keeps increasing as |k′

x,i| and |k′
x, f | approach kF .

Consequently, ky,span and thus the high-mobility susceptibility
increase nonlinearly as vd approaches vF , as seen in Fig. 7(b).
The excess number of initial wave vector electrons (relative to
final wave vector electrons) is maximized once |k′

x, f | reaches
kF , since the number of occupied states at the final wave
vector reaches zero. As the Fermi circle is shifted beyond
this (i.e., as |k′

x,i| approaches kF ), the number of occupied
states at the initial wave vector also rapidly drops toward zero,
explaining why the high-mobility susceptibility sharply drops
after crossing the peak.

Next, we analyze the real part. As discussed earlier, the
real susceptibility is invariant in drift velocity in the low-
drift-velocity limit, since shifting the drift velocity in this
limit approximately conserves the overall dipole formation
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FIG. 7. (a) Numerical results for the real part of χ (1)(−ω0) given mobility values of 100 (dash-dotted, blue) and 1000 (dashed, green)
m2/(V s), along with analytical results (dotted, red) for the high-drift-velocity limit γ /q, vF � vd . (b) Analogous results for the imaginary
part, with solid and dotted lines representing numerical and analytical results, respectively, for mobilities of 100 (blue, upper) and 1000
(green, lower) m2/(V s). We assume a phonon angular frequency of ω0 = 2π × 109 s−1, speed of sound vs = 4 × 103 m/s, a carrier density
n = 2 × 1015 m−2, a carrier effective mass m = 0.067m0, and a 2DEG thickness t2DEG = 2 × 10−8 m.

probability despite changing the balance between positive-
velocity and negative-velocity dipoles. However, as shown in
Fig. 7(a), once the drift velocity crosses the Fermi velocity,
the real part of χ (1) sharply shifts to a negative value, before
dropping rapidly toward zero. The sign flip and sharp peak
around |vd | = vF is explained by the fact that the average
emissive detuning crosses over resonance and shifts from
positive to negative. Subsequently, the monotonous drop in
the magnitude is because both the emissive and absorptive
detuning amplitudes rise as |vd | is increased beyond vF , sup-
pressing both negative- and positive-velocity dipole formation
processes, thus steadily reducing the electric field screening.

IV. CALCULATING THE AMPLIFIER GAIN

We now merge the imaginary and real parts of χ (1) to
calculate the gain per unit length. The gain is composed of
a product of two quantities: the phonon stimulated emission
rate per unit electric field intensity and the field intensity per
phonon. The former is governed by the imaginary part of
χ (1) in a straightforwardly proportional manner. The latter,
however, is inversely proportional to the amplitude squared
of the 2DEG’s dielectric screening. This screening, in turn,
relates to χ (1) as follows:

|ε(−ω0)| = ε0a(|ω0|)((εp + ε0a(|ω0|)Re[χ (1)(−ω0)])2

+ (ε0a(|ω0|)Im[χ (1)(−ω0)])2)1/2, (48)

where εp is the piezoelectric material’s dielectric coefficient.
Note that a(|ω|) ∼ t2DEGq is the attenuation factor for the
screening due to the thin-film nature of the 2DEG. The gain
per unit length is solved by merging the results for the di-
electric screening and the imaginary part of χ (1). To this end,
we double the amplitude attenuation per unit length α from
Ref. [29] and convert to decibel-based units by multiplying
by 10/ln(10), yielding

G = 10

ln 10

ε0C2t2DEGω0

vsLz

Im[χ (1)(−ω0)]

|ε(−ω0)|2 , (49)

where we have assumed that the 2DEG covers the surface
of the piezoelectric material. It is worth noting that in the

high-mobility/low-drift-velocity limit, this result matches the
past findings by Mosekilde [39], as calculated in Appendix C.

Figure 8 shows the gain per unit length for the amplifier
waveguide for given mobility values in the high-mobility
regime, assuming an acoustic field mode depth Lz ∼ vs/ω0.
Counterintuitively, the peak gain is maximized in the high-
drift-velocity regime (at about 5 times the Fermi velocity
given our parameters). This is explained by the fact that for
|vd | > vF , an increasing drift velocity yields a tradeoff: The
drop in the imaginary part of χ (1) reduces the phonon emis-
sion rate per unit electric field intensity, while the drop in the
dielectric screening increases the field intensity per phonon.
In the high-drift-velocity regime, the latter rises faster than the
former drops (at rates of v4

d and v−3
d , respectively). As a result,

the net effect is for the gain to rise with drift velocity in the
high-drift-velocity regime. However, the dielectric screening
amplitude eventually reaches its floor once the 2DEG screen-
ing roughly cancels out the piezoelectric material’s screening,
at which point the electric field intensity per phonon and thus
the gain sharply rise. Thereafter, the screening starts to rise
again, asymptotically approaching εp, thus causing the gain to
decrease from the sharp peak.

It is worth specifically analyzing the dependence of the
peak gain on mobility (within the high-mobility range) and
carrier density. In the high-drift-velocity regime, the gain is
counterintuitively lower for higher mobilities (except in the
vicinity of the peak). This is because the imaginary part of
the susceptibility, and thus the phonon emission rate per unit
electric field intensity, scales inversely with mobility, while
the electric field intensity per phonon is roughly invariant in
mobility since the dielectric screening is dominated by the
mobility-independent real susceptibility. However, the gain
peaks at higher values for higher mobilities, due to the fact
that the peak corresponds to the zeroing out of the real part of
the susceptibility, making the imaginary part dominant in the
screening and causing the electric field intensity to scale as the
inverse squared of the imaginary susceptibility. The peak gain
thus varies inversely with the imaginary susceptibility, hence
increasing with mobility. We can confirm this quantitatively
by deriving the optimal drift velocity vd,opt (i.e., the drift
velocity where the real part of the 2DEG screening cancels
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FIG. 8. Numerical results for the amplifier waveguide gain per unit length G as a function of the drift velocity vd for lower [panel (a)]
and higher [panel (b)] drift velocities, given mobilities [in units of m2/(V s)] of 100 (solid, blue), or 1000 (dashed, green). We assume a
phonon angular frequency of ω0 = 2π × 109 s−1, speed of sound vs = 4 × 103 m/s, a carrier density n = 2 × 1015 m−2, a carrier effective
mass m = 0.067m0, a 2DEG thickness t2DEG = 2 × 10−8 m, and a mode depth Lz = vs/ω0.

out the piezoelectric material’s screening):
εp = −ε0aRe[χ (1)(vd )],

vd,opt ≈
(

aq2
ev

2
s

mt2DEGω2
0εp

)1/2

n1/2 ≈
(

q2
e

mqεp

)1/2

n1/2, (50)

where we substituted the high-drift-velocity result for the
real part of χ (1) from Eq. (46), along with the relationship
a ∼ t2DEGq. Note that the optimal drift velocity is invariant in
the mobility, matching the plot in Fig. 8(b). On the other hand,
the optimal drift velocity increases with the carrier density as
n1/2, thus making it proportional to the Fermi velocity. The
corresponding maximum gain is calculated by substituting
this into the imaginary part of χ (1) in the high-drift-velocity
regime from Eq. (47) and then into the gain equation from
Eq. (49), yielding

Gmax = 10

ln 10

ε0C2t2DEGω0

vsLz

1

a2ε2
0 Im[χ (1)(−ω0)]

≈ 10

ln 10

(
C2t1/2

2DEGm1/2ω0

a1/2vsLzε
3/2
p

)
μn1/2

≈ 10

ln 10

(
C2m1/2q3/2

ε
3/2
p

)
μn1/2, (51)

where in the first line, we reduced the screening to only
the imaginary part since the real part cancels out, and in
the last line, we substituted a ∼ t2DEGq and Lz ∼ 1/q. As
we intuitively deduced above, the maximum gain increases
with the mobility. It is also worth noting that it increases
with carrier density. This is because the positive correlation
between optimal drift velocity and carrier density, combined
with the strong negative correlation between Im[χ (1)] and the
drift velocity, cause Im[χ (1)] to decline with increasing carrier
density. The peak gain’s inverse variation with this imaginary
screening causes it to rise with carrier density.

We now turn to the cavity gain per unit length in the
high-mobility regime, depicted in Fig. 9 as a function of the
drift speed |vd |. This is determined by averaging the forward-
propagating and backward-propagating waveguide gains:

Gcav(|vd |) = 1
2 (G(vd ) + G(−vd )). (52)

The fact that the waveguide gain is centered at vd = vs rather
than vd = 0 breaks the velocity symmetry, yielding nonzero

net cavity gain. In the low-drift-velocity regime, the linear
variation between the waveguide gain and the drift velocity
ensures that the cavity gain approximately features a stable
negative value, roughly equaling the waveguide gain at zero-
drift velocity. As the drift velocity reaches the Fermi velocity,
the waveguide gain’s saturation causes the cavity gain to
become positive and reach a peak, thereafter dropping back
down into the negative range. This is because the negative
waveguide gain in the negative drift velocity regime flattens
and reverses at lower drift speeds than the corresponding pos-
itive gain in the positive drift velocity regime, causing the net
gain to increase before the waveguide gain magnitude starts
to increase again, thus making the cavity net gain negative
again. A similar effect occurs around the waveguide gain
peak (vd = 297vs given our parameters), where the fact that
this peak occurs at a lower drift speed for the negative drift
velocity case than for the positive case causes the cavity gain
to exhibit a biphasic peak and shift from negative to positive
net gain.

It is also useful to consider the amplifier waveguide gain
in the low-mobility regime and compare it to classical results.
To that end, the fact that the real part of χ (1) declines with
decreasing mobility in the low-mobility regime (since the
real susceptibility varies as μ2 in this regime, as derived in
the previous section) implies that ε0a|Re[χ (1)| � εp (i.e., the
piezoelectric material’s screening dominates the real part of
the dielectric response). We express the imaginary part of χ (1)

for most of the drift velocity range except for the immediate
vicinity of the speed of sound (i.e., the low-velocity-mismatch
regime discussed in Sec. III D) by rewriting Eq. (35) [or
equivalently, Eq. (37)] in terms of the three-dimensional (3D)
carrier density n3D = n/t2DEG:

Im[χ (1)(−ω0)] ≈ n3Dqeμ

ε0(vd − vs)q
= − σ

ε0ω0�
, (53)

where σ is the 2DEG conductivity and � = 1 − vd/vs is the
Doppler shift coefficient experienced by the drifting electrons.
Substituting this, along with the relationship a ∼ t2DEG/Lz

for the thin-film attenuation factor, into Eq. (49), we find
that the gain per unit length reduces to the following in the
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FIG. 9. Numerical results for the amplifier cavity gain per unit length Gcav as a function of the drift speed |vd | for lower [panel (a)]
and higher [panel (b)] drift speeds, given mobilities [in units of m2/(V s)] of 100 (solid, blue), or 1000 (dashed, green). Note that in the
high-drift-velocity range, the gain is negative (positive) for |vd | < 297vs (|vd | > 297vs). We assume a phonon angular frequency of ω0 =
2π × 109 s−1, speed of sound vs = 4 × 103 m/s, a carrier density n = 2 × 1015 m−2, a carrier effective mass m = 0.067m0, a 2DEG thickness
t2DEG = 2 × 10−8 m, and a mode depth Lz = vs/ω0.

medium- and high-mismatch cases:

G ≈ 10

ln 10
ε0

(
K2

0 εp
)
aq

−σ/(ε0ω0�)

ε2
p + (ε0aσ/(ε0ω0�))2

= 10

ln 10
K2

0 q
(vd/vs − 1)aσ/(εpω0)

(vd/vs − 1)2 + (aσ/(εpω0))2
, (54)

where K2
0 = e2/(εpκ ) represents the baseline electromechan-

ical coupling for the piezoelectric material. The imaginary
wave vector shift [determined by converting G to the am-
plitude attenuation per unit length α using the ratio α/G =
ln (10)/20] matches the classical result [40] if we make the
replacement aσ/(εpω0) → Rωc/ω0 (where R and ωc are the
space-charge reduction factor and the dielectric relaxation
frequency, respectively [40]).

We can also demonstrate a match between the low-mobility
quantum results for the gain and the classical gain in the
low-velocity-mismatch regime. Here, the real part of the sus-
ceptibility sharply peaks, causing the 2DEG’s own screening
field to dominate the dielectric response (i.e., ε0a|Re[χ (1)| �
εp, ε0a|Im[χ (1)|). Substituting Eqs. (38) and (39) into Eq. (49)
yields the following gain in the low-mismatch regime:

G ≈ 10

ln 10
ε0

(
K2

0 εp
)
aq

q3
em2(vd − vs)/(π2ε0h̄4nt2DEGq3μ)

a2ε2
0

(
q2

ev
2
s m/

(
π h̄2ε0t2DEGω2

0

))2

= 10

ln 10
ε0

(
K2

0 εp
)
aq

(vd − vs)q

ε0a2n3Dqeμ

= 10

ln 10
K2

0 q
(vd/vs − 1)εpω0

aσ
. (55)

Since |σ/(ε0ω0�)| � εp, and thus aσ/(εpω0) � |vd/vs − 1|,
the gain expression in the low-mismatch limit is approxi-
mately equivalent to Eq. (54), thus matching the classical
result as well.

Figure 10 depicts the gain per unit length for a mobility
of 1 m2/(V s) for a broader [panel (a)] and enlarged [panel
(b)] range of drift velocities. It is worth noting that the nu-
merically determined gain consistently matches the classical
Drude-model results (given by the high-mismatch results).
Considering the overall range of drift velocities, the low-
mobility gain is maximized when the two denominator terms
in Eq. (54) match each other, yielding the following optimal

drift velocity:

vd,opt ≈ vs

(
1 + aσ

εpω0

)
≈ vs

(
1 + nqeμ

εpvs

)
. (56)

The optimal drift velocity in the low-mobility regime thus
increases with both carrier density and mobility, featuring a
linear relationship with each parameter given aσ � εpω0. At
this drift velocity, the fractional term in the gain equation sim-
ply reduces to 1/2, yielding

Gmax ≈ 5

ln 10
K2

0 q, (57)

which is independent in both carrier density and mobility
(within the low-mobility range).

Finally, we briefly discuss the effect of temperature. As
discussed in Sec. III, the variation of the Lindhard suscep-
tibilities with temperature is mediated approximately fully
through carrier density and mobility. This implies that the
Mermin susceptibilities, and therefore the overall gain, are
also similarly invariant in temperature if carrier density and
mobility are given quantities, a conclusion borne out by the
fact that the low-mobility gain equation calculated above
matches room-temperature experimental results [27]. It is also
worth noting that since the initial phonon population in any
given mode is set by the Bose-Einstein occupation number,
the overall thermal energy gain for the system can be deter-
mined by performing a weighted sum of the single-mode gain
derived above over all possible modes using the Bose-Einstein
occupation numbers as the weighting factors.

V. CLAMPING

Having determined the amplifier gain, we now shift our
focus to deriving the clamping condition. Here, it is essen-
tial to account for the general time evolution of the phonon
mode through a beam-splitter Hamiltonian covering both the
phonon and the 2DEG electron modes. Assuming a beam-
splitter Hamiltonian consisting of N pumped electrons, each
coupling with the phonon field through a time-varying cou-
pling coefficient g j (t ) (corresponding to the jth electron), the
noise and the signal intensity feature the same gain per unit
length (as shown in Appendix D), causing the signal-to-noise

023185-14



QUANTUM-LIMITED ACOUSTOELECTRIC … PHYSICAL REVIEW RESEARCH 8, 023185 (2026)

FIG. 10. Numerical results (solid, green) for the amplifier waveguide gain per unit length G as a function of the drift velocity vd , given a
mobility of 0.3 m2/(V s), along with the analytical results for the low-mobility limit vd , vF � γ /q in the low-velocity-mismatch (dotted, red),
medium-velocity-mismatch (dashed, blue), and high-velocity-mismatch (dash-dotted, magenta) regimes. Note that the high-mismatch results
match the classical results. We assume a phonon angular frequency of ω0 = 2π × 109 s−1, speed of sound vs = 4 × 103 m/s, a carrier density
n = 2 × 1015 m−2, a carrier effective mass m = 0.067m0, and a 2DEG thickness t2DEG = 2 × 10−8 m.

ratio to remain constant throughout the amplification process
(analogously to a laser or maser). This common gain per unit
length is given in terms of the coupling coefficient between a
single electron and a phonon as follows:

G = (gτ )2NM

L
= g2τN

vs
, (58)

where τ is the time elapsed in a single amplifier segment
(with a corresponding length of vsτ ), g = 〈|〈g j (t )〉t |2〉1/2

j is
root-mean-square (over the N electrons) of the time-averaged
amplitude (averaged over the period τ ) of the coupling coeffi-
cient, and M = L/(vsτ ) is the number of amplifier segments.
We can conceptualize τ as the effective reset time for an
electron after it emits a phonon (i.e., the time the electron
takes to return to the original state). Given an electronic decay
rate γ /2 for the initial and final states each, the overall reset
time is given approximately as τ ≈ 1/γ .

Although the gain per unit length at low phonon intensity
is proportional to g2N , the clamping condition will be solely
dependent on g itself, as we will show later in this section.
As such, we aim to disaggregate g and N by separately de-
riving g. We start by solving the interaction coefficient gemit

corresponding to phonon emission by pumped electrons. This
coefficient acquires a time dependence due to electronic de-
cay and electron-phonon detuning, as shown in the following
composite interaction Hamiltonian, where we sum over the
interactions with all electrons in the region S [see Fig. 3(a)]:

Hemit (t )

= h̄g0

∑
j∈S

(
b†

qe−iω0t ck j ,k j−qeiωk j ,k j −qt−γ t

+ bqeiω0t c†
k j ,k j−qe−iωk j ,k j −qt−γ t )

= h̄
∑
j∈S

(
gemit, j (t )b†

qck j ,k j−q + g∗
emit, j (t )bqc†

k j ,k j−q

)
, (59)

where b(†)
q is the annihilation (creation) operator for a phonon

of wave vector q, c(†)
k j ,k j−q takes an electron from a wave vector

k j to k j − q (k j − q to k j), and gemit, j (t ) is defined as

gemit, j (t ) = g0e(i(ωk j ,k j −q−ω0 )−γ )t
, (60)

where g0 is the following [29]:

g0 = qeEzpf (ω0)

h̄q
= qevsEzpf (ω0)

h̄ω0
. (61)

Intuitively, g0 represents fully resonant coupling between
a single electronic dipole moment and the electric field
associated with a single phonon, equaling qe/q and Ezpf ,
respectively. The electron-phonon detuning manifests itself
in oscillation of this coupling over time, while the spectral
broadening (i.e., the electronic decay rate) provides an expo-
nentially decaying envelope. Using the reset time 1/γ as the
effective time span of this decay, we average gemit over this
period:

〈gemit, j〉t = γ

∫ 1/γ

0
dtgemit, j (t ) ≈ −ig0γ

(ωk j−q,k j + ω0) − iγ
,

(62)

where in the second step, we made the approximation
gemit, j (0) − gemit, j (1/γ ) ≈ 1.

Next, we examine the phonon absorption process by elec-
trons in the region S′ [see Fig. 3(b)]. As with the emissive case,
we incorporate the effects of detuning and spectral broaden-
ing through time-dependent terms, leading to the following
Hamiltonian:

Habs(t )

= h̄g0

∑
j∈S′

(
bqeiω0t c†

k j+q,k j
e−iωk j +q,k j t−γ t

+ b†
qe−iω0t ck j+q,k j e

iωk j +q,k j t−γ t )
= h̄

∑
j∈S′

(
g∗

abs, j (t )bqc†
k j+q,k j

+ gabs, j (t )b†
qck j+q,k j

)
, (63)

where gabs, j (t ) is defined as

gabs, j (t ) = g0e(i(ωk j +q,k j −ω0 )−γ )t
. (64)

We average this over the reset time 1/γ , yielding

〈gabs, j〉t = γ

∫ 1/γ

0
dtgabs, j (t ) ≈ ig0γ

(ωk j+q,k j − ω0) + iγ
. (65)

We are now ready to determine the composite coupling coeffi-
cient g by calculating the root-mean-square of the interaction
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coefficient amplitudes. Since the electronic states undergoing
absorption and emission are largely separate from each other
(with emission and absorption undergone by the electrons in

regions S and S′, respectively), we separately consider the
rms coefficients of the two types of processes and take the
difference to determine the net emissive coefficient:

g2 = 1

N
(NS〈|〈gemit, j (t )〉t |2〉 j∈S − NS′ 〈|〈gabs, j (t )〉t |2〉 j∈S′ )

≈ 1

N

⎛
⎝∑

j∈S

|g0|2γ 2(
ωk j−q,k j + ω0

)2 + γ 2
−

∑
j∈S′

|g0|2γ 2(
ωk j+q,k j − ω0

)2 + γ 2

⎞
⎠

= ε0V2DEG

h̄

γ

N
Im

[
χ

(1)
L (−ω0)

]|Ezpf (ω0)|2, (66)

where N = NS + NS′ , and the final line is determined by sub-
stituting in Eq. (61) as well as the definition of χ (1) [29].
Substituting this into the generic gain expression from
Eq. (58) and setting the reset time to τ = 1/γ as previously
discussed, we find that the gain per unit length takes the
following form:

G = g2τN

vs
≈ ε0V2DEG

h̄vs
Im

[
χ

(1)
L (−ω0)

]|Ezpf (ω0)|2. (67)

Substituting |Ezpf (ω0)|2 = C2h̄ω0/(|ε(ω0)|2V ) for the zero-
point electric field [29] and multiplying by 10/ ln (10) to
convert to decibel-based units, the gain expression matches
the amplification coefficient from Eq. (49) as long as the imag-
inary Lindhard susceptibility equals the imaginary Mermin
susceptibility, which holds fully in the high-mobility/low-
drift-velocity limit and up to a factor of 2 in the high-drift-
velocity limit. Intuitively, the time evolution of the phonon
population occurs through a series of parabolic increases, each
spanning the reset time τ and corresponding to a coherent
evolution in which the increase in the phonon population is
balanced out by an equal and opposite decrease in the pumped
electron population. As the reset time passes, however, the
electron scattering processes cause the 2DEG to revert to
a fully pumped set of states, causing a coherent evolution
process to begin. Therefore, the overall time evolution consists
of a steady exponential increase in the phonon population and
a constant pumped electron population.

Having derived the single electron-phonon coupling coef-
ficient g, we now consider the clamping condition, which is
a result of pumped-state depletion, specifically in the high-
mobility regimes where the imaginary Lindhard and Mermin
susceptibilities roughly match each other. The overall Hamil-
tonian is expressed in the following time-dependent form by
adding Eqs. (59) and (63) corresponding to phonon emission
and absorption, respectively:

H = h̄

( ∑
j∈S

(gemit, j (t )b†c j + g∗
emit, j (t )bc†

j )

+
∑
j∈S′

(gabs, j (t )bc†
j + g∗

abs, j (t )b†c j )

)
, (68)

where for j ∈ S, c j is defined as ckj ,k j−q (corresponding to a
carrier shifting from k j in the region S to k j − q), while for j ∈

S′, c j is defined as ckj+q,k j (corresponding to a carrier shifting
to k j in the region S′ from k j + q). The time-varying coupling
coefficients gemit, j (t ) and gabs, j (t ) are defined as in Eqs. (60)
and (64), respectively.

Per Appendix E, the resulting change in the phonon pop-
ulation from t = 0 to the reset time τ takes the form of a
superposition of Rabi oscillations with varying frequencies
proportional to each coupling coefficient. Given the coupling
coefficients in our two-level carrier systems, this takes the
following form:

�(b†b)(τ )

≈
∑
j∈S

sin2 (|g j,emit|√nphτ ) −
∑
j∈S′

sin2 (|g j,abs|√nphτ ),

(69)

where nph is the phonon number, and |gemit, j | and |gabs, j | rep-
resent the amplitudes of the time-averaged coefficients, which
we solve based on Eqs. (62) and (65) as

|gemit, j | = |g0|γ√(
ωk j−q,k j + ω0

)2 + γ 2
, (70)

|gabs, j | = |g0|γ√(
ωk j+q,k j − ω0

)2 + γ 2
. (71)

It is worth noting that the coupling coefficients become
approximately uniform in the high-drift velocity. Here, as
discussed earlier, the spectral broadening γ is negligible
compared to the detuning, which in turn features a uniform
amplitude of approximately vd q. The coupling coefficients
thus all approximately converge to the same value:

|gemit, j | ≈ |g0|γ
vd q

≈ |gabs, j |. (72)

The time-averaged coefficients are significantly attenuated
from the maximum value |g0| due to the rapidly oscillatory
behavior of the time-varying coefficients in the interval t = 0
to τ . Therefore, the phonon population roughly oscillates at
the single frequency ωRabi = |g0|√nphγ /(vd q). This causes
the phonon density at clamping to be enhanced from the
low-mobility result by a factor of (vd q/γ )2 = (vdω0/(vsγ ))2,
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yielding

nph

V
≈ h̄ω3

0v
2
d |ε(ω0)|2

q2
ev

4
s C2

. (73)

The phonon density here is independent of the reset time τ =
1/γ , since the effective coupling coefficient varies inversely
with the reset time.

Next, we examine the low-drift-velocity/high-mobility
limit. This regime is complicated by the fact that the effective
detuning [defined as the denominator in Eq. (70) or Eq. (71)]
varies over a wide range (specifically, from γ for resonant
interactions to about vF q for maximally detuned interactions).
The phonon population is thus constituted from a superpo-
sition of Rabi oscillations with vastly differing frequencies,
resulting in a lack of a well-defined clamping value. We can,
however, make two heuristic observations: first, that the car-
rier population is concentrated near the maximum detuning
vF q (see Fig. 3), and second, that the maximum Rabi oscil-
lation period is set by those maximally detuned interactions
(since the effective coupling rate varies inversely with the
effective detuning). As such, we can roughly estimate that
the interactions with effective detuning amplitude vF q set the
clamping dynamics, yielding the following set of uniform
effective coupling coefficients:

|gemit, j | ∼ |g0|γ
vF q

∼ |gabs, j |. (74)

This yields an analogous result for the maximum phonon
density as the high-drift-velocity result, except with the re-
placement vd → vF :

nph

V
∼ h̄ω3

0v
2
F |ε(ω0)|2

q2
ev

4
s C2

. (75)

The phonon density here is also independent of the reset time
due to the inverse variation between the effective coupling
coefficient and the reset time.

It is interesting to note that for both regimes, the maxi-
mum phonon density increases with the screening as |ε(ω0)|2.
This is due to the fact that a higher screening value sup-
presses the electron-phonon coupling by reducing the 2DEG
electric field per phonon, requiring a higher phonon den-
sity in order for the overall interaction rate between each
electron and the acoustic field to reach the carrier reset
rate and start to deplete the pump. On the other hand, the
gain at low phonon numbers varies inversely with |ε(ω0)|2,
since suppressing the electron-phonon coupling results in a
reduced gain. Therefore, there is a tradeoff in setting the
screening value: A lower screening causes a faster gain but
a reduced amplitude ceiling, and vice versa for a higher
screening.

VI. CONCLUSION

We have theoretically demonstrated a high-gain, low-noise,
phase-preserving acoustic amplifier in a 2DEG-piezoelectric
heterostructure. The 2DEG is pumped by a dc electric field,
and we determine the gain as a function of drift velocity in var-
ious mobility regimes, with the analytical results matching the
numerical simulations in the low-mobility, high-drift-velocity,

and low-drift-velocity/high-mobility limits. Moreover, the re-
sults in the low-mobility and low-drift-velocity/high-mobility
limits match established literature, further validating our
findings.

Our method consisted of separately deriving the phonon
emission rate per unit electric field intensity and the electric
field intensity per phonon as functions of drift velocity and
mobility. Furthermore, we derived the time evolution of the
quantum noise by expanding the Hilbert space to incorporate
the electron modes along with the phonon modes, with the
results showing that the phonon field’s noise increases linearly
with the amplitude in the constant-gain regime. Finally, using
the same expanded Hilbert space, we also derived the gain
clamping condition for the various drift velocity and mobility
regimes.

The high-gain per unit length at microwave frequencies
offered by this acoustoelectric amplifier design potentially
unlocks a vast array of quantum and semiclassical phononic
applications. For example, it can be used to amplify phonon
sources for quantum optomechanical systems. Moreover,
it promises to lead to ultracoherent sources of phonons
on a chip and ultra-narrow-linewidth microwave sources:
phononic lasers. We have recently demonstrated such a
phonon laser operating in a classical regime using a bulk
semiconductor-piezoelectric heterostructure [27], and we be-
lieve that we can obtain substantially narrower linewidths
for such phonon lasers using this 2DEG system. In ad-
dition, we have shown both theoretically in the quantum
regime [29] and experimentally in the classical regime [22]
that these heterostructures provide giant second- and third-
order acoustic nonlinearities. Combining these giant phononic
nonlinearities on the same chip as a phonon laser can yield
more sophisticated quantum circuits. For example, the phonon
laser could be used to pump a degenerate parametric os-
cillator to create a single-mode squeezed state, or another
cavity—like the phonon laser cavity—could be filled with
a 2DEG and engineered to strongly favor Kerr processes
(which we have previously shown to be extremely large in
the same material system [29]), creating anharmonicity that
could lead to an acoustic qubit. The on-chip phonon laser
could then be used, together with modulation, to perform
single-qubit rotations on that qubit in the cavity. All these
and more enable nonclassical phononic resource states, thus
paving the way to circuit and linear mechanical computing
architectures.
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APPENDIX A: IMAGINARY PART OF LINDHARD CHI(1)
IN HIGH-MOBILITY/LOW-DRIFT-VELOCITY

CALCULATION

Here, we derive the imaginary part of χ
(1)
L in the high-

mobility/low-drift-velocity limit. We start by integrating over
the valid phase-space region S′ [see Fig. 3(b)] as follows:

Im
[
χ

(1)
L (−ω0)

] = β

∫
valid
states

dkxky,span(kx )Im
[

f (1)
kx

(−ω0)
]
,

(A1)
where β is a constant function of the 2DEG and piezoelectric
material parameters [29], proportional to the square of the
dipole moment for an electron that has undergone interaction
with the phonon field and inversely proportional to the 2DEG
thickness:

β = q2
ev

2
s

2π2h̄ε0t2DEGω2
0

, (A2)

and f (1)
kx

corresponds to the closeness of the electron-phonon
interaction to resonance (i.e., the inverse of the complex
detuning) and is thus a function of the electron transition
frequency ωkx−q,kx = ωkx−q − ωkx :

f (1)
kx

(−ω0) ≈ 1

ωkx−q,kx + ω0 − iγ
, (A3)

where γ relates inversely to the electron mobility μ as γ =
qe/(mμ). Note that this only takes into account the resonant
term, since in the high-mobility limit, the near-resonance pro-
cess will dominate. Consequently, f (1) becomes a function of
the electron-phonon detuning �ω = ωkx,kx−q − ω0, yielding

Im[ f (1)(�ω)] ≈ γ

(�ω)2 + γ 2
. (A4)

It is convenient to convert the phase-space integral in Eq. (A1)
to an integral over �ω. We note that dkx is linear in d (�ω),
since any shift in the electron transition frequency ωkx,kx−q is
proportional to the shift in kx:

dkx = m

h̄q
d (�ω). (A5)

In the high-mobility limit, the contributions to the integral
will be dominated by the near-resonance region (see Fig. 4).

There, the deviation of ky,span from the value at resonance
approximately varies linearly with �ω:

ky,span(�ω) ≈ 2m

h̄kF
(ω′ − �ω), (A6)

where ω′ is defined as follows:

ω′ = h̄q(kd − kc)

m
= ω0(vd − vs)

vs
. (A7)

Note that ky,span at resonance [i.e., 2mω′/(h̄kF )] increases with
the drift velocity in the low-drift-velocity limit, becoming
positive for vd > vs. This matches the intuition laid out earlier
in this work. Substituting the above expressions into Eq. (A1),
we calculate the imaginary part of χ

(1)
L in the following

manner:

Im
[
χ

(1)
L

] ≈ β
2m2

h̄2qkF

∫ ∞

−∞
d (�ω)(ω′ − �ω)

γ

(�ω)2 + γ 2

= β
2m

h̄kF
(kd − kc)

∫ ∞

−∞
d (�ω)

γ

(�ω)2 + γ 2

= β
2m2

h̄2kF
(vd − vs)π

= q2
ev

2
s (vd − vs)m2

π h̄3ε0t2DEGω2
0kF

, (A8)

where in the second line, we kept only the integrand term that
is even in �ω. Specifically, since Im[ f (1)(�ω)] is even in �ω,
we dropped the second term in ky,span.

APPENDIX B: IMAGINARY PART OF LINDHARD CHI(1)
IN LOW-MOBILITY LIMIT

We turn to deriving the imaginary part of χ
(1)
L in the low-

mobility limit. In this regime, all possible electron-phonon
interactions will fall within the near-resonance window.
Therefore, f (1) needs to incorporate both resonant (emissive)
and counterresonant (absorptive) terms. We label these terms
as f1 and f2, respectively,

f (1)
1,k′

x
(−ω0) = 1

ωkx−q,kx + ω0 − iγ

= 1

ωk′
x+kd −q,k′

x+kd + ω0 − iγ
, (B1)

f (1)
2,k′

x
(−ω0) = 1

ωkx+q,kx − ω0 + iγ

= 1

ωk′
x+kd +q,k′

x+kd − ω0 + iγ
. (B2)

We solve for the net imaginary part of χ
(1)
L by integrat-

ing the resonant emissive terms and the counterresonant
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absorptive terms over the regions S and S′, respectively (see Fig. 3):

Im
[
χ

(1)
L (−ω0)

] = β

( ∫
S

dk′
xky,span(k′

x )Im
[

f (1)
1,k′

x
(−ω0)

] +
∫

S′
dk′

xky,span(k′
x )Im

[
f (1)
2,k′

x
(−ω0)

])

= β

( ∫
S′

dk′′
x ky,span(−k′′

x )Im
[

f (1)
1,−k′′

x
(−ω0)

] +
∫

S′
dk′

xky,span(k′
x )Im

[
f (1)
2,k′

x
(−ω0)

])

= β

∫
S′

dk′
xky,span(k′

x )Im
[

f (1)
net,k′

x
(−ω0)

]
= βγ

∫
S′

dk′
xky,span(k′

x )

(
1(

ω−k′
x+kd −q,−k′

x+kd + ω0
)2 + γ 2

− 1(
ωk′

x+kd +q,k′
x+kd − ω0

)2 + γ 2

)

= βγ

∫
S′

dk′
xky,span(k′

x )

(
1(

ωk′
x−kd +q,k′

x−kd + ω0
)2 + γ 2

− 1(
ωk′

x+kd +q,k′
x+kd − ω0

)2 + γ 2

)
, (B3)

where in the second step, we established the coordinate k′′
x =

−k′
x, in the third step, we folded both of the integrals over

S′ into the single coordinate k′
x (using the fact that ky,span is

even about k′
x = 0) and defined the quantity f (1)

net,k′
x
= f (1)

1,−k′
x
+

f (1)
2,k′

x
, in the fourth step, we expressed the imaginary part of this

quantity in terms of the electronic transition frequencies, and
in the fifth step, we used the evenness of the electronic energy
spectrum (i.e., the fact that ωkx, f ,kx,i = ω−kx, f ,−kx,i ) to rewrite
the first term (representing the emission process).

Next, we seek to approximate the above integral in the
low-mobility limit. Substituting Eq. (11) into Eq. (B3), we
approximate the imaginary part of χ

(1)
L in the low mobility

as follows:

Im
[
χ

(1)
L (−ω0)

]
= βγ

∫
S′

dk′
xky,span(k′

x )

(
1(

(�ω)k′
x
− (vd − vs)

)2 + γ 2

− 1(
(�ω)k′

x
+ (vd − vs)q

)2 + γ 2

)

≈ βγ

∫
S′

dk′
xky,span(k′

x )
4q(vd − vs)(�ω)k′

x

γ 4

≈ 4βq(vd − vs)

γ 3

∫ kF

0
dk′

x

2qk′
x√

k2
F − k′2

x

h̄qk′
x

m

=
(

4βω0(vd − vs)

vsγ 3

)(
π h̄ω2

0k2
F

2mv2
s

)

=
(

vd − vs

vs

)
q2

eω0k2
F

πε0mt2DEGγ 3
. (B4)

Here, in the second line, we apply the low-mobility approx-
imation γ � (�ω)k′

x
, ω0 (corresponding to the fact that all

valid transitions approximately occur with the same proba-
bility in the low-mobility regime, as previously discussed),
yielding an expression analogous to that calculated for the
imaginary part of χ (1) in Ref. [29], but with the replacement
vs → vd − vs. In the third line, we apply the long-acoustic-

wavelength assumption that since kF � q, and since the
average wave vector for the electrons in the region S′ is on the
order of k′

x = kF , we can approximate that k′
x � q, yielding

(�ω)k′
x
≈ h̄qk′

x/m. In the fourth line, we solve the integral
from the third line as in Ref. [29]. Finally, in the fifth line,
we substitute the definition of β.

APPENDIX C: GAIN COMPARISON
IN LOW-DRIFT-VELOCITY/HIGH-MOBILITY LIMIT

Here, we seek to compare our results for the gain to that
determined in previous studies. In particular, the gain was
previously derived by Mosekilde in the high-mobility/low-
drift-velocity limit [39]. In this Appendix, we will use the
Mosekilde results to calculate the corresponding real and
imaginary parts of χ (1) as well as the acoustoelectric gain.
We will then seek to compare these to our result for the
high-mobility/low-drift-velocity limit.

First, we verify that the Mosekilde derivation specifi-
cally requires a simultaneously high-mobility and low-drift-
velocity electron gas. To this end, it is stated in the work
that the results apply to the case of ql � 1, where q is the
acoustic wave vector and l is the electron mean free path.
Assuming that the electrons participating in electron-phonon
interactions are concentrated near the Fermi surface (as is
the case for the long-acoustic-wavelength limit q � kF ), we
can relate the mean free path to the Fermi wave vector and
the electronic decay rate γ as l = vF /γ = h̄kF /(mγ ). Sub-
stituting the definition of mobility μ = qe/(mγ ), this yields
the mobility condition μ � qe/(h̄qkF ), which matches our
definition for the high-mobility limit [29]. Regarding the drift
velocity, Mosekilde states the assumption that the drift wave
vector kd is much smaller than the characteristic electron
wave numbers [39]. This implies that kd � kF and thus vd �
vF , corresponding to the low-drift-velocity limit discussed
above.

Having established the regime in which the Mosekilde
results apply, we start our quantitative analysis by breaking
down Q(q, ω) from Eq. (29) [39]. Since our system features
a well-defined speed of sound vs such that ω = vsq, we can
reduce Q to a function of just ω. Note also that ε(q, ω) =
χ (1)(ω). We can thus relate the real and imaginary parts of
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Q to the real and imaginary parts of χ (1) in the following
manner:

Re[χ (1)(ω)] = Re[Q(ω)]

q2
+ 1 ≈ v2

s

ω2
Re[Q(ω)], (C1)

Im[χ (1)(ω)] = Im[Q(ω)]

q2
= v2

s

ω2
Im[Q(ω)], (C2)

where the approximation in the first equation is due to the
assumption that Re[χ (1)] � 1. Examining the imaginary part
of Q as given in Mosekilde’s Eq. (32) and substituting the
definitions of B, y, a, and f0(a) from Eqs. (34)–(37) [39], we
find the following result for Im[χ (1)]:

Im[χ (1)(ω)] = − v2
s

ω2

(
q2

e m2kBT

2πε0h̄4q

)(
h̄ω

kBT

)(
vd − vs

vs

)

× (
eh̄2(q2−4k2

F )/(8mkBT ) + 1
)−1

≈ −q2
ev

2
s (vd − vs)m2

2π h̄3ε0ω2
, (C3)

where in the second line, we took the limit of the exponential
as T → 0, in addition to substituting q = ω/vs in the first
parenthetical term. Note that this matches, up to a negative
sign, our result from Eq. (23) for the high-mobility/low-drift-
velocity limit (with the exception of the replacement t2DEG →
2/kF to convert from a 2DEG to a bulk electronic distribu-
tion). It is also useful to note that since q � 2kF in the relevant
regime, f0(a) ≈ 1 as long as the temperature T is well below
the Fermi temperature TF = EF /kB. Intuitively, this results
from the fact that if T � TF , the thermal broadening in phase
space is much narrower than the Fermi circle radius. As a
result, as the temperature is increased from absolute zero in
this regime, any suppression of interaction probabilities that
were prevalent at zero temperature is almost exactly canceled
out by an increase in interaction probabilities that were invalid
at zero temperature, causing the overall carrier-phonon inter-
action probability to remain constant.

Next, we examine the real part of Q from Mosekilde’s
Eq. (33) and substitute the definitions of B and G from
Eqs. (34) and (38) [39] to determine Re[χ (1)]. Here, the most
important task is to analytically simplify the integrand in
Eq. (33) using the definition of G from Eq. (38). In the limits
T � TF and q � kF , we find the following:

G

(
1

2
h̄q − x

)
− G

(
1

2
h̄q + x

)

= ln

(
1 + e(EF −( 1

2 h̄q−x)2/(2m))/(kBT )

1 + e(EF −( 1
2 h̄q+x)2/(2m))/(kBT )

)

≈
⎧⎨
⎩ln

(
e

1
kBT ( h̄qx

2m − −h̄qx
2m ))

, EF >
(

1
2 h̄q ± x

)2
/(2m),

0, EF <
(

1
2 h̄q ± x

)2
/(2m)

≈
{

h̄qx
mkBT , x �

√
2mEF ,

0, x �
√

2mEF ,
(C4)

where in the second line, we applied the low-temperature
approximation T � TF , while in the third line, we applied the
fact that q � kF . Regarding the latter, the detailed calculation
shows a separation of the result as a function of x into three

regions: x <
√

2mEF − h̄q/2, x >
√

2mEF + h̄q/2, and an
intermediate region

√
2mEF − h̄q/2 < x <

√
2mEF + h̄q/2.

Since
√

2mEF = h̄kF , the long-acoustic-wavelength limit
q � kF ensures that the intermediate region is negligible, and
that the result for x <

√
2mEF − h̄q/2 (x >

√
2mEF + h̄q/2)

applies generally for x �
√

2mEF (x �
√

2mEF ). We thus
solve the integral in Mosekilde’s Eq. (33), substitute B from
Eq. (34), and convert from Re[Q] to Re[χ (1)] as follows:

Re
[
χ (1)(ω)

] ≈ v2
s

ω2

2

π

(
q2

e m2kBT

2πε0h̄4q

) ∫ √
2mEF

0

dx

x

h̄qx

mkBT

= q2
ev

2
s m

π2h̄3ε0ω2

√
2mEF

= q2
ev

2
s mkF

π2h̄2ε0ω2
, (C5)

where in the final line, we substituted the relationship√
2mEF = h̄kF between the Fermi energy and the Fermi

wave vector. As desired, this matches our result for the high-
mobility/low-drift-velocity regime [see Eq. (24)], with the
exception of the replacement t2DEG → π/kF to convert from
2DEG to bulk, and the result is invariant with temperature
in the regime T � TF . The 2DEG-to-bulk conversion factors
differ slightly (by a factor of π/2) between the imaginary and
real parts of χ (1), which can be explained by the fact that the
thickness at which a 2DEG transitions to a bulk is a range
rather than a well-defined value.

Finally, we verify how the gain varies with the real and
imaginary parts of χ (1). Here, Mosekilde’s Eq. (26) converts
the dielectric constant to an acoustoelectric gain [39], and we
simplify this expression as follows:

β = K2qIm[(χ (1)(ω))−1]

= K2qIm

[
1

Re[χ (1)(ω)] + iIm[χ (1)(ω)]

]

= K2q

|χ (1)(ω)|2 Im(Re[χ (1)(ω)] − iIm[χ (1)(ω)])

= −ε2
0 K2ω

vs

Im[χ (1)(ω)]

|ε(ω)|2 . (C6)

We note that this matches, up to a negative sign, the gain per
unit length that we laid out in Eq. (49) [without the factor
10/ ln (10) required to convert to decibels] given t2DEG = Lz

(since the bulk piezoelectric material features equivalent mode
depth and electron gas thickness), provided that the electrome-
chanical coupling squared is defined as K2 = e2/(ε0κ ) =
C2/ε0, where e and κ are the piezoelectric coupling coefficient
and elasticity, respectively. The negative sign is canceled out
by the fact that the imaginary part of χ (1) calculated from
Mosekilde’s work is opposite to our result [see the discussion
after Eq. (C3)].

APPENDIX D: AMPLIFIED PHONON WAVE
AND QUANTUM NOISE

In this Appendix, we will calculate the amplified phonon
wave and the quantum noise in the phonon amplifier. We
first consider a unitary evolution without the Lindbladian
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operator defined in the previous appendix. We will calculate
the noise characteristics including the Lindbladian decoher-
ence operator.

The initial quantum state for the electrons that can con-
tribute to the amplification process is

|�a(t = 0)〉 =
N∏

k=1

|h〉k . (D1)

Note that all N electrons can potentially change to |l〉k state
while emitting a phonon with an energy h̄ω. To be clear, we
will divide the entire amplifier length into M segments with
identical lengths. N is the number of “excited” electrons in
each segment.

A quantum operator A evolves in time as

A(t ) = e
i
h̄ Ht A(0)e− i

h̄ Ht . (D2)

To calculate the evolution of operator, we use the “truncated”
expansion of the evolution [41]

eξBAe−ξB � A + ξ [B, A] + ξ 2

2
[B, [B, A]], (D3)

where we truncate the third order of ξ or higher assuming that
the time the phonon field spends in a particular segment is
short enough.

We are particularly concerned with the following operators
b (annihilation operator for the acoustic wave field), n (=b†b)
(phonon number operator), x1 = (b + b†)/2 (in-phase phonon
quadrature operator), x2 = (b − b†)/(2i) (out-phase phonon
quadrature operator), x2

1, x2
2, and n2. The squared operators

are related to the quantum noise.
We start with the following beam-splitter Hamiltonian,

consisting of a sum over N electron-phonon interactions, each
with a time-varying coupling coefficient gj (t ):

H =
N∑

j=1

h̄(g∗
j (t )|h〉〈l| jb + g j (t )|l〉〈h| jb

†). (D4)

Let us first examine the phonon number operator n:

n(τ ) = e
i
h̄

∫ τ

0 Hdt ne− i
h̄

∫ τ

0 Hdt (D5)

= e
i
h̄ 〈H〉t τ ne− i

h̄ 〈H〉t τ

= n − iτ
N∑

j=1

(−g∗
j |h〉〈l| jb + g j |l〉〈h| jb

†)

+ τ 2
N∑

j=1

(
|g j |2{(|h〉〈l| j |l〉〈h| j − |l〉〈h| j |h〉〈l| j )n + |h〉〈l| j |l〉〈h| j} +

∑
j′ �= j

g∗
j′g j |h〉 〈l| j′ |l〉 〈h| j

)

= n − iτ
N∑

j=1

(−g∗
j |h〉〈l| jb + g j |l〉〈h| jb

†) + τ 2
N∑

j=1

(
|g j |2{(|h〉〈h| j − |l〉〈l| j )n + |h〉〈h| j} +

∑
j′ �= j

g∗
j′g j |h〉 〈l| j′ |l〉 〈h| j

)
,

(D6)

where g j = 〈g j (t )〉t , i.e., the expectation value for the cou-
pling coefficient g j (t ) over the time period τ . Then, we
calculate for b:

b(τ ) = b − iτ
N∑

j=1

g j |l〉〈h| j (D7)

+ τ 2

2

N∑
j=1

|g j |2(|h〉〈l| j |l〉〈h| j − |l〉〈h| j |h〉〈l| j )b

=
⎧⎨
⎩1 + τ 2

2

N∑
j=1

|g j |2(|h〉〈h| j − |l〉〈l| j )

⎫⎬
⎭b (D8)

− iτ
N∑

j=1

g j |l〉〈h| j . (D9)

Here, τ is the propagation time through one segment. We
then take advantage of the knowledge about the atom’s initial
state in Eq. (D1) and take the partial expected operator of the

phonon number at the end of the first segment:

〈n(τ )〉a = 〈�a(0)|n(τ )|�a(0)〉 = G0n + (gτ )2N, (D10)

where G0 = 1 + (gτ )2N and g is defined as the square root of
the expectation value of |g j |2 over the N electrons, i.e., g =
〈|g j |2〉1/2

j = 〈|〈g j (t )〉t |2〉1/2
j . We also take the partial expected

operator of the phonon field as

〈b(τ )〉a =
{

1 + (gτ )2

2
N

}
b ≈ √

G0 b, (D11)

where we approximated
√

1 + (gτ )2N ≈ 1 + (gτ )2N/2.
These operators go through evolution in the second seg-

ment as

n(2τ ) = e
i
h̄ 〈H〉t τ 〈n(τ )〉ae− i

h̄ 〈H〉t τ

= G0e
i
h̄ 〈H〉t τ ne− i

h̄ 〈H〉t τ + (gτ )2N (D12)

and

b(2τ ) = √
G0b(τ ). (D13)
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Taking the partial expectation operator using the atom’s initial
condition in the second segment, given also as Eq. (D1), we
obtain the partial expected operators after the second segment
as

〈n(2τ )〉a = G2
0n + (gτ )2N (1 + G0) (D14)

and

〈b(2τ )〉a = (
√

G0)2b. (D15)

After M segments, we obtain the following partial expected
operator for the phonon number operator and the phonon-field

operator:

〈nout〉a = GM
0 n + (gτ )2N

M−1∑
k=0

Gk
0 = Gn + G − 1,

〈bout〉a = (
√

G0)Mb =
√

Gb, (D16)

where we set G = GM
0 .

Next, we calculate the variance operators. For this, let us
define the quadrature operators x1 = (b + b†)/2, x2 = (b −
b†)/(2i). We are interested in calculating the evolution of
X1 = x2

1, X2 = x2
2. We first calculate X1 in the first segment of

the amplifier:

X1(τ ) = X1 − iτ
N∑

j=1

(g j |l〉〈h| j − g∗
j |h〉〈l| j )x1

+ τ 2

⎧⎨
⎩

N∑
j=1

|g j |2(|h〉〈l| j |l〉〈h| j − |l〉〈h| j |h〉〈l| j )X1 + 1

4

N∑
j=1

|g j |2(|l〉〈h| j |h〉〈l| j + |h〉〈l| j |l〉〈h| j )

+ 1

4

N∑
j=1

∑
j′ �= j

(g∗
j |h〉 〈l| j − g j |l〉 〈h| j )(g j′ |l〉 〈h| j′ − g∗

j′ |h〉 〈l| j′ )

⎫⎬
⎭

= X1 − iτ
N∑

j=1

(g j |l〉〈h| j − g∗
j |h〉〈l| j )x1 + τ 2

N∑
j=1

|g j |2
{

(|h〉〈h| j − |l〉〈l| j )X1 + 1

4

(|l〉〈l| j + |h〉〈h| j
)}

+ τ 2

4

N∑
j=1

∑
j′ �= j

(g∗
j |h〉 〈l| j − g j |l〉 〈h| j )(g j′ |l〉 〈h| j′ − g∗

j′ |h〉 〈l| j′ ). (D17)

Its average over the atom state is

〈X1(τ )〉a = X1 + (gτ )2

(
NX1 + N

4

)
= G0X1 + N (gτ )2

4
. (D18)

The evolution in the next segment is calculated as

〈X1(2τ )〉a = 〈
e

iτ
h̄ 〈H〉t 〈X1(τ )〉ae− iτ

h̄ 〈H〉t
〉
a = G2

0X1 + N (gτ )2

4
(1 + G0). (D19)

After a sequential calculation over M segments, we obtain

〈X1,out〉a = GM
0 X1 + N (gτ )2

4

M−1∑
k=0

Gk
0 = GX1 + 1

4
(G − 1). (D20)

Similarly, we also obtain

〈X2,out〉a = GX2 + 1
4 (G − 1). (D21)

We also calculate the operator Nb = n2 in the following. The evolution in the first segment is

Nb(τ ) = e
iτ
h̄ 〈H〉t n2e− iτ

h̄ 〈H〉t = (
e

iτ
h̄ 〈H〉t ne− iτ

h̄ 〈H〉t
)(

e
iτ
h̄ 〈H〉t ne− iτ

h̄ 〈H〉t
)

= Nb − iτ
N∑

j=1

{(−g∗
j |h〉〈l| jb + g j |l〉〈h| jb

†)n + n(−g∗
j |h〉〈l| jb + g j |l〉〈h| jb

†)}

+ 2τ 2
N∑

j=1

|g j |2{(|h〉〈l| j |l〉〈h| j − |l〉〈h| j |h〉〈l| j )Nb + |h〉〈l| j |l〉〈h| jn}

+ τ 2
N∑

j=1

|g j |2{(|h〉〈l| j |l〉〈h| j + |l〉〈h| j |h〉〈l| j )n + |h〉〈l| j |l〉〈h| j} + 2τ 2
N∑

j=1

∑
j′ �= j

g∗
j′g j |h〉 〈l| j′ |l〉 〈h| j n
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= Nb − iτ
N∑

j=1

{(−g∗
j |h〉〈l| jb + g j |l〉〈h| jb

†)n + n(−g∗
j |h〉〈l| jb + g j |l〉〈h| jb

†)}

+ 2τ 2
N∑

j=1

|g j |2{(|h〉〈h| j − |l〉〈l| j )Nb + |h〉〈h| jn} + τ 2
N∑

j=1

|g j |2{(|h〉〈h| j + |l〉〈l| j )n + |h〉〈h| j}

+ 2τ 2
N∑

j=1

∑
j′ �= j

g∗
j′g j |h〉 〈l| j′ |l〉 〈h| j n. (D22)

Then, we take the partial average operator over the atom state
using the atom state in Eq. (D1):

〈Nb(τ )〉a = Nb + (gτ )2(2NNb + 3Nn + N )

� G2
0Nb + (gτ )2(3Nn + N ), (D23)

where we approximated 1 + 2(gτ )2N ≈ (1 + (gτ )N )2 in the
limit gτN � 1. This operator evolves in the second segment

as

〈Nb(2τ )〉a = 〈e iτ
h̄ 〈H〉t 〈Nb(τ )〉ae− iτ

h̄ 〈H〉t 〉a

= G2
0〈Nb(τ )〉 + (gτ )2(3N〈n(τ )〉a + N )

= G4
0Nb + (gτ )2(3N )(〈n(τ )〉a + G2

0n)

+ (gτ )2N (1 + G2
0).

This sequential calculation leads to

〈Nb,out〉a = G2M
0 Nb + (gτ )2(3N )

M−1∑
k=0

G2(M−1−k)
0 〈n(kτ )〉a + (gτ )2N2

M−1∑
k=0

G2k
0

= G2Nb + 4G(G − 1)n + 2(G − 1)2 − G(G − 1)n + (G − 1)

= G2Nb + 3G(G − 1)n + (2G − 1)(G − 1). (D24)

In summary, we calculated the following:

〈nout〉a = Gn + G − 1 ≈ Gn,

〈bout〉a =
√

Gb,

〈X1,out〉a = GX1 + 1
4 (G − 1) ≈ GX1,

〈X2,out〉a = GX2 + 1
4 (G − 1) ≈ GX2,

〈Nb,out〉a = G2Nb + 3G(G − 1)n + (2G − 1)(G − 1).

(D25)

1. Coherent-state phonon input wave

From these, we can now calculate the various quantities.
Let us first assume that the input phonon field is in a coherent
state |α〉. Then, the average phonon number at the end of the
amplifier is, using Eq. (D25)

〈α|nout|α〉 = Gn0 + (G − 1) (D26)

and the average field is

〈α|bout|α〉 =
√

Gα. (D27)

Here, we set n0 = 〈α|n|α〉 and we used that 〈α|b|α〉 = α.
Equation (D26) indicates that the output phonons are

of two types having different characteristics: (1) stimulated
emission phonons whose mean phonon number is propor-
tional to the input mean phonon number with a gain G, and
(2) spontaneously emitted phonons whose mean phonon num-
ber is unaffected by the input mean phonon number but is

(nearly) proportional to the gain G. On the other hand, the
field in Eq. (D27) indicates that the mean output phonon-field
amplitude is simply proportional to the mean input amplitude
with a gain

√
G. This shows that the phonon waves that are

stimulated emitted add on top of the original input phonon
wave coherently in phase.

Next, we calculate quantum noise in the output. For this,
we calculate the following:

δx2
1,out = 〈α|X1,out|α〉 − 〈α|x1,out|α〉2

= G〈α|x2
1 |α〉 + 1

4 (G − 1) − G〈α|x1|α〉2

= 1
2 (G − 1) + 1

4 , (D28)

where we used

〈α|x2
1 |α〉 = 1

4 〈α|b2 + (b†)2 + bb† + b†b|α〉
= 1

4 〈α|b2 + (b†)2 + 2b†b + 1|α〉,
= 1

4 (α2 + (α∗)2 + 2|α|2 + 1),

〈α|x1|α〉2 = 1
4 (α + α∗)2 = 1

4 (α2 + (α∗)2 + 2|α|2), (D29)

therefore, 〈α|x2
1 |α〉 − 〈α|x1|α〉2 = 1/4. Similarly, we obtain

〈α|X2,out|α〉 − 〈α|x1,out|α〉2 = 1
2 (G − 1) + 1

4 . (D30)

These results indicate that the quadrature noise increases sym-
metrically regardless of whether it is in in-phase or out-phase
quadrature. Also, the noise has two contributions: (1) the first
term (G − 1)/2 is added noise from the spontaneous emission
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of the amplifier and (2) the second term is the original shot
noise (1/4).

2. Fock-state phonon input wave

Next, we examine the output from a Fock-state phonon
wave input |nb〉, where nb stands for the number of phonons of
the Fock state. Using the output operator given in Eq. (D16),
we calculate

〈nb|nout|nb〉 = Gnb + (G − 1), (D31)

which indicates that the output phonons have two contribu-
tions: the amplified number of phonons (Gnb) and the number
of spontaneously emitted phonons (G − 1). Because the spon-
taneously emitted phonons are not exactly in any integer Fock
state, the quantity (G − 1) corresponds only to the averaged
number of spontaneously emitted phonons.

Then, we can calculate the noise (variance) in the output
phonon numbers by calculating the following:

δn2
out = 〈nb|〈Nb,out〉a|nb〉 − 〈nb|〈nout〉a|nb〉2. (D32)

We use the Eq. (D25) and obtain the following:

δn2
out = G2〈nb|n2|nb〉 + 3G(G − 1)〈nb|n|nb〉 + G(G − 1)

− (G〈nb|n|nb〉 + G − 1)2

= G2n2
b + 3G(G − 1)nb + (2G − 1)(G − 1)

− (G2n2
b + 2G(G − 1)nb + (G − 1)2)

= G(G − 1)nb + G(G − 1).

Therefore, the phonon number fluctuation has two contri-
butions: (1) the first term G(G − 1)nb is the (spontaneous-
emission)-signal beat noise and (2) the second term G(G − 1)
is the noise of the spontaneously emitted phonons.

APPENDIX E: DETAILED DERIVATION
OF ELECTRON-PHONON INTERACTION

In this Appendix, we derive the detailed time evolution of
the phonon population due to interaction with the carriers.
We are specifically interested in the population dynamics at
and near the phonon population at clamping. Conceptually,
clamping should occur when the interaction timescale is on
par with the reset time, and we will thus no longer assume
that the former is much longer than the latter. For convenience
of notation, we rewrite the Hamiltonian from Eq. (D4) as
follows:

H =
∑

j

h̄(g j (t )b†c j + g∗
j (t )bc†

j ), (E1)

where c j = |l〉 〈h| j . We are specifically interested in the time
evolution from t = 0 to τ , where τ is the reset time for the
carrier population. To that end, the composite wavefunction’s
evolution is equivalently governed by the average Hamilto-
nian 〈H〉τ (averaged over the period 0 to τ ), as demonstrated
by the fact that we can express the propagator in the following
two forms:

U (τ ) = e−i
∫ τ

0 dtH (t ) = e−iτ 〈H〉τ . (E2)

The average Hamiltonian is calculated simply by taking the
time-averaged value of the coupling coefficients:

〈H〉τ =
∑

j

h̄(g jb
†c j + g∗

jbc†
j ), (E3)

where g j = 〈g j〉τ .
We now use this averaged Hamiltonian to derive the time

evolution of the populations for the individual two-level car-
rier systems. It is important to note that for all systems j, the
standard fermionic relationships c†

j c j + c jc
†
j = 1, c2

j = 0, and

(c†
j )

2 = 0 apply. The time derivative of the carrier population
for a given system j is calculated as follows:

d

dt
(c†

j c j ) = −i(g jb
†[c†

j c j, c j] + g∗
jb[c†

j c j, c†
j ])

= −i(−g jb
†c jc

†
j c j + g∗

jbc†
j c jc

†
j ), (E4)

where we omitted the terms containing c2
j or (c†

j )
2. As ex-

pected, the first derivative of the carrier population depends
on the phase dynamics of the phonon and carrier states. We
abstract these out by taking the second derivative:

d2

dt2
(c†

j c j )

= −
∑

j′
(−g jg j′b

†[c jc
†
j c j, c j′ ] − g jg

∗
j′ [b

†c jc
†
j c j, bc†

j′ ]

+ g∗
jg j′ [bc†

j c jc
†
j , b†c j′ ] + g∗

jg
∗
j′b[c†

j c jc
†
j , c†

j′ ]). (E5)

The first and fourth commutators go to 0 since they contain
double-lowering and double-raising operators, respectively:

[c jc
†
j c j, c j′ ] = δ j, j′ (c jc

†
j c

2
j − c2

j c
†
j c j ) = 0, (E6)

[c†
j c jc

†
j , c†

j′ ] = δ j, j′ (c
†
j c j (c

†
j )

2 − (c†
j )

2c jc
†
j ) = 0. (E7)

On the other hand, the second and third commutators simplify
to alternating sequences of raising and lowering operators:

[b†c jc
†
j c j, bc†

j′ ]

=
{

(b†b − bb†)c jc
†
j c jc

†
j′ , j �= j′,

b†b(c jc
†
j )

2 − bb†(c†
j c j )2, j = j′

=
{

−c jc
†
j c jc

†
j′ , j �= j′,

−(c†
j c j )2 + b†b((c jc

†
j )

2 − (c†
j c j )2), j = j′,

(E8)

[bc†
j c jc

†
j , b†c j′ ]

= −[b†c jc
†
j c j, bc†

j′ ]
†

=
{

c†
j c jc

†
j c j′ , j �= j′,

(c†
j c j )2 − b†b((c jc

†
j )

2 − (c†
j c j )2), j = j′.

(E9)

Substituting these commutators back into the time evolution
of the carrier population, we find that the second derivative
contains a term scaling in the phonon population b†b that
conserves the two-level system j, while another term couples
disparate two-level systems j and j′:

d2

dt2
(c†

j c j ) = |g j |2b†b(2(c jc
†
j )

2 − 2(c†
j c j )

2)

−
∑

j′
(g jg

∗
j′c

†
j′c jc

†
j c j + g∗

jg j′c
†
j c jc

†
j c j′ ). (E10)
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The first term represents the change in the carrier population
due to direct carrier-phonon interaction, while the second
term represents the change due to phonon-induced interaction
with other carriers. Quantitatively, therefore, the amplitude
of the first term scales roughly as the product of the phonon
number and the effective carrier number (i.e., the number of
carriers in the near-resonance region), while the amplitude of
the second term scales roughly as the square of the effective
carrier number. Applying the assumption that the phonon
number at clamping is much greater than the effective carrier
number, we omit the second term from the above expression,
yielding

d2

dt2
(c†

j c j ) ≈ |g j |2b†b(2(c jc
†
j )

2 − 2(c†
j c j )

2)

= 2|g j |2b†b(1 − c†
j c j )

≈ −4|g j |2n

(
c†

j c j − 1

2

)
, (E11)

where in the second line, we apply the relationship c jc
†
j =

1 − c†
j c j , and in the third line, we make the approximation that

the phonon population remains roughly static at a number n,
due to the assumption that the effective number of two-level
systems is far less than n (which ensures that the oscillation
range of the phonon number is negligible compared to n).

This shows that the excited-state population of each two-level
carrier-state pair undergoes a Rabi oscillation with a median
value of 1/2 and an angular oscillation frequency of 2|gj |√n.
For two-level systems initialized in the excited state or ground
state, respectively [i.e., c†

j c j (0) = 1 or c†
j c j (0) = 0, respec-

tively], we find the following excited-state population at the
reset time τ :

c†
j c j (τ ) ≈ ± 1

2 cos (2|g j |
√

nτ ) + 1
2

=
{

1 − sin2 (|g j |√nτ ), j excited,

sin2 (|g j |√nτ ), j ground,
(E12)

where the first (second) case represents the set of two-level
systems initially in the excited state (ground state). As such,
given an initially excited two-level system, the excited-state

population shifts by − sin2 (|g j |√nτ ), while for a two-level
system initially in the ground state, the excited-state popula-

tion shifts by + sin2 (|g j |√nτ ). Since the sum of the phonon
and carrier populations is conserved during the period t = 0
to τ , the change in the phonon population from t = 0 to τ

is opposite of the change in the total carrier excited-state
population:

�(b†b)(τ ) ≈
( ∑

j excited

−
∑

j ground

)
sin2 (|g j |

√
nτ ). (E13)
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