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Evolution of robust cell differentiation under epigenetic feedback
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In multicellular organisms, cells differentiate into multiple types as they divide. States of these cell types,
as well as their numbers, are known to be robust to external perturbations, as conceptualized by Waddington’s
epigenetic landscape where cells embed themselves in valleys corresponding to final cell types. How is such
robustness achieved by developmental dynamics and evolution? To address this question, we consider a model
of cells with gene expression dynamics and epigenetic feedback, governed by a gene regulation network. By
evolving the network to achieve more cell types, we identified three major differentiation processes exhibiting
different properties regarding their variance, attractors, stability, and robustness. The first of these, type A, ex-
hibits chaos and long-lived oscillatory dynamics that slowly transition until reaching a steady state. The second,
type B, follows a channeled annealing process where the epigenetic changes in combination with noise shift the
cells toward varying final cell states that increase the stability. Finally, type C exhibits a quenching process where
cell fate is quickly decided by falling into preexisting fixed points while cell trajectories are separated through
periodic attractors or saddle points. We find types A and B to correspond well with Waddington’s landscape
while being robust. Finally, the dynamics of type B demonstrate a differentiation process that uses a directed
shifting of fixed points, visualized through the dimensional reduction of gene expression states. Correspondence
with the experimental data of gene expression variance through differentiation is also discussed.

DOI: 10.1103/9vhh-qjj1

I. INTRODUCTION

Epigenetics was introduced by Waddington in 1942 to
explain the generation of differentiated cell types. He de-
scribed this phenomenon as a mechanism in development that
bridges the gap between genes and phenotype [1], proposing
an epigenetic landscape [2] as a visual metaphor for cellular
differentiation, where cells branch into various developmental
pathways. As cell-fate commitment progresses, the branching
of valleys represents differentiation into distinct pathways
making certain cell fates irreversibly inaccessible, leading to
the loss of pluripotency. The expression or repression of genes
controls the underlying shape of the landscape (valleys and
hills), and Waddington identified this gene expression control
as the epigenetic mechanism [1].

The study of epigenetics remained relatively inactive un-
til the 1990s, during which research on chromatin structure
modifications revealed the connection between methylation
and acetylation of histones with the expression levels of genes
[3–5]. These chemical modifications are considered major
mechanisms within epigenetic regulation and play a crucial
role during development [6]. The change in chromatin struc-
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ture adjusts accessibility for transcription and determines gene
expression feasibility over longer timescales than the change
in protein expression levels [7].

In short, the epigenetic modification process can be ex-
plained as follows: Gene expression leads to the synthesis
of messenger RNA (mRNA), which generates the associ-
ated proteins [8]. These proteins can regulate a promoter,
thereby affecting the chromatin structure of the genes [6,9–
12]. The resulting structural changes either suppress or pro-
mote mRNA synthesis, depending on the protein-promoter
interaction [9,13]. Eventually, these effects lead to a stabilized
cellular state, where epigenetic fixation ensures robustness in
gene expression patterns and intracellular protein expression
levels [10,14–17]. Theoretically, such gene expression dy-
namics leading to different cellular states have been pioneered
by Kauffman [18] and were investigated extensively. Dynam-
ical systems’ studies have elucidated the roles of oscillations
[19], transition states [20], geometry, basins of attraction,
and potential landscapes [21–23] in achieving differentiation.
These models exhibit the major features of differentiation [24]
but have not yet fully explained the evolutionary process of
hundreds of attractor states representing multiple cell fates
[25]. Slow epigenetic fixation is modeled through dynamical
systems theory by considering the (protein) expression levels
of genes and their epigenetic modification levels [26]. Gene
expression dynamics describe how proteins regulate gene pro-
moters, controlling the activation or repression of specific
genes. Meanwhile, slower epigenetic modifications lead to
long-term chromatin changes that remain across multiple gene
expression cycles [27]. This modification stabilizes gene ex-
pression patterns and in the end, fixates the cellular state
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[28,29]. Understanding how dynamical systems with fast gene
expression changes and slower epigenetic modifications lead
to robust cell differentiation remains a fundamental research
goal.

Such dynamical systems’ models with gene expression
and epigenetic modifications have been studied previously.
These studies successfully generate fixed-point attractors that
represent distinct final cell states [30,31] and are capa-
ble of recreating cellular reprogramming [32]. By assuming
oscillatory gene expression dynamics [19], these models
successfully reproduced Waddington’s landscape, capturing
hierarchical branching, homeorhesis, and robustness. How-
ever, these prior studies were limited by their reliance on
specific network configurations to induce oscillations and
their dependence on initial conditions to generate distinct
final cell states. In these previous studies, networks were
randomly selected, and only those exhibiting differentiation
into multiple stable states (resulting from oscillatory behav-
ior and adjustments to the initial conditions) were analyzed.
Although the relevance of oscillatory expression was noted in
these studies, such oscillations were not consistently observed
in experimental data. Furthermore, alternative differentia-
tion processes were not explored. Additionally, the role of
stochasticity, an essential factor in gene expression, was not
addressed.

Here, we evolve gene regulatory networks (GRNs) to in-
vestigate how the interplay between gene expression dynam-
ics and epigenetic modifications drives cell differentiation,
as envisioned in Waddington’s epigenetic landscape. Starting
from single cells with identical initial conditions, we exam-
ine how stochastic noise in gene expression levels enables
differentiation into multiple cell fates. Networks capable of
generating multiple cell types, enabled by the stochasticity
breaking homogeneity, are selected through an evolutionary
algorithm. The selected GRNs promote robust multicellular
development, resulting in diverse final cell fates. Through
a dynamical systems analysis, we identified following three
fundamental differentiation processes:

(1) Type A networks (Oscillation Fixation): Gene expres-
sions initially exhibit chaotic dynamics, characterized by a
positive Lyapunov exponent. These dynamics gradually sta-
bilize due to epigenetic modifications. Epigenetic fixation
suppresses the chaotic stage and leads cells toward fixed-point
attractors at later times. The initial chaotic attractor con-
tributes to robust differentiation in response to perturbations
in initial conditions.

(2) Type B networks (Channeled Annealing): Gene ex-
pressions initially exhibit weakly stable fixed points, and cell
differentiation occurs through the migration of fixed-point
attractors. Their fixed point shifts randomly due to noise,
while epigenetic modifications introduce directional changes
in gene expression, enhancing stability.

(3) Type C networks (Quenching): Gene expressions ini-
tially exhibit stable fixed points with on/off states or limit
cycles. Multiple fixed points emerge within a short time span.

We analyzed these three differentiation processes by ex-
amining gene expression level activity, maximal Lyapunov
exponents, variance in gene expression levels, and the ro-
bustness of final cellular states to perturbations. Finally,
we evaluate whether each of the three differentiation types

reconstructs Waddington’s landscape and compare our find-
ings with experimental data, emphasizing the significance of
type B.

II. MODEL

This work can be divided into three simulation procedures
that build upon each other. To start, we have the model con-
sisting of a gene regulatory network with epigenetic feedback,
which directs the gene expression dynamics within a cell.
Second, we have an evolutionary algorithm: by evaluating
the final gene expression levels and computing fitness, we
select the networks with higher fitness among the mutated
variants. Finally, using the evolved networks, we simulate the
intracellular gene expression level dynamics while measuring
and sampling their properties. In this section, we describe the
model we apply and the evolutionary algorithm used to obtain
these networks.

A. Gene-expression-epigenetic-modification model

We use a gene regulatory network with slow epigenetic
modifications to model intracellular dynamics. Here, we adopt
the model by Ref. [33] (see also Refs. [34,35]). This model is
represented by the following stochastic differential equation
[Eq. (1)] for the gene expression level xi(t ), with the coupled
slow-timescale equation [Eq. (2)] for the epigenetic fixation
θi(t ):

dxi

dt
=

⎡
⎣F

⎛
⎝ M∑

j

Ji j√
M

xj + θi + ci

⎞
⎠ − xi

⎤
⎦ + σηi, (1)

dθi

dt
= ν(xi − θi ). (2)

Gene expression levels xi (for i ∈ {1, . . . , M = 40}) are used
to represent protein concentration, which promotes or sup-
presses the expression of other genes. This gene interaction
is modeled through a gene regulatory matrix (GRN) whose
matrix elements are denoted by Ji j ∈ {−1, 0, 1}, where −1, 0,
1 represent suppression, no interaction, and promotion, from
other proteins x j onto xi, respectively.

The gene expression is modeled through a smooth step
function F (z) = tanh(βz), with steepness β = 40 to create an
on-off transition. Lower values for β allow for more interme-
diate gene expression values; however, for lower values (e.g.,
less than 10), the stepwise behavior of tanh(βz) is lost, and
fitness is not easily increased as differentiation to on/off states
is harder. Fully expressed state (xi = 1) follows if the gene
interaction term

∑M
j

Ji j√
M

xj exceeds the threshold −(θi + ci);
otherwise the expression approaches the unexpressed state
(xi = −1). This activation threshold consists of a constant ac-
tivation shift ci ∈ [−0.5, 0.5] and the slow epigenetic fixation
term θi from Eq. (2).

The −xi ensures our system is stabilized within the region
xi ∈ [−1, 1] as the image of the activator function F (z) is re-
stricted to this codomain. Finally, we introduce ηi, a Gaussian
white noise process with variance 1, multiplied by the noise
strength σ to represent the stochastic effects. This last term,
σ , represents noise in the expression levels breaking symme-
try between cells and making the dynamics stochastic. This
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FIG. 1. Schematic representation of a simplified network with
M = 4. All genes (xi) have a positive feedback cycle with their
epigenetic factor (θi). Gene interactions are not symmetric and can
promote (red) and suppress (blue) all genes, including themselves.

accounts for intracellular noise in the gene expression, known
as stochastic gene expression [36–41]. While the relevance of
multiplicative noise to stochastic gene expression dynamics
has been discussed [42], here we adopt the standard additive
noise as it can be analyzed easily. In the present study, the
role of noise is to perturb attractors or to shift fixed points. As
our simple model already exhibits these properties, there is no
qualitative change between additive and multiplicative noise.
The three types that will be discussed exist independently of
the choice of noise.

Next, following Ref. [30], epigenetic modification is intro-
duced by Eq. (2), which changes the feasibility of expression
so that the threshold level −(θi + ci ) changes, i.e., θi(t ) rep-
resents the dynamically changing modification level. This
modification level changes with time depending on the ex-
pression level. Generally, when a gene is expressed (not
expressed), the modification occurs so that the feasibility of
expression is increased (decreased), respectively. Hence, there
is a positive feedback loop between the expression level and
modification [43,44]. An example GRN with M = 4 using the
positive feedback through θi is given in Fig. 1. In summary,
the expression levels xi increase or decrease based on the sign
of the activator function’s argument. Eventually, due to the
epigenetic modification, they settle into a stable fixed point
with a value of ±1, representing either the fully expressed or
nonexpressed state.

Here, ν represents the speed of modification level relative
to that of expression whose inverse gives the timescale of
the epigenetic modification. In general, change in epigenetic
modification occurs much slower than the expression level
itself. In the first set of simulations, following Ref. [30], we
adopt ν = 6 × 10−4, whereas larger values of ν (e.g., 0.01)
are tested, which show equal capacity of differentiation. As
xi approaches ±1, the corresponding modification level θi

converges to a fixed point at ±1.
The gene expression dynamics for fixed θi have been stud-

ied extensively [33–35,45]. Depending on the matrix Ji j , the
system’s attractor can be chaotic or (quasi)periodic, where

gene expressions continuously switch on and off. In other
cases, stable fixed points are reached, where gene expression
remains constant. By including the change in the modification
(θi), the thresholds are gradually adjusted to match the gene
expression levels, causing the expression levels to be drawn
toward fixed points. Eventually, the time-dependent attractors
are replaced by stable fixed points, with gene expression levels
xi and epigenetic modification levels θi converging to ±1.

Due to the presence of a stochastic noise term, the system
is no longer fully deterministic, thus requiring a statistical
approach. The different stochastic perturbations experienced
by individual cells make it so that each cell may converge to
different fixed points. Understanding the distribution of final
cellular states is a crucial question for multicellular organisms.
In our model, we address this by initializing multiple cells
with the same GRN and initial conditions. Through cell divi-
sions, we generate multiple cells and analyze the distribution
of their final fixed points. Specifically, we perform six suc-
cessive divisions, yielding N = 26 = 64 individual cells, and
then explore the gene expression dynamics of each cell. Here,
we neglect cell-cell interactions and external environmental
inputs. The final distribution of cell states acts as a model for
how a multicellular organism might look after differentiation.
Since cell-cell interactions are absent, a key advantage is that
cellular dynamics can be studied independently, where all ob-
served properties are attributed to the epigenetic modifications
and gene expression level dynamics from the GRN.

B. Evolution

In this model, different cell types are given by distinct
gene expression patterns represented by xi = ±1. Here, we
postulate that organisms in the model have a higher fitness
if more cellular types are achieved. Cells undergo dynamics
depending on the GRN interactions by Ji j , these dynamics
have to be optimized to achieve a greater number of cell types.
Therefore, we select networks that produce more distinct cell
types by mutating the Ji j connections. A more detailed de-
scription of this selection is as follows:

1. Initialization

In our setup, we keep initial gene positions xi(t = 0),
ci, and the noise strength σ fixed throughout the evolution
procedure. For the noise, we choose σ ∈ {0.01, 0.04, 0.1},
corresponding to low, medium, and high noise levels. During
evolution, only the GRN matrix connections Ji j vary as
they are mutated across generations. We start with 32
different networks and run 4 identical copies of each, totaling
128 runs per generation. The GRN is generated using a
directed Erdős–Rényi model with a connection probability
of p = 5/M. Any nonzero connection Ji j is assigned −1 or 1
with equal probability.

2. Dynamics

Each of the 128 runs consists of N = 64 independent cells
with M = 40 genes xi and epigenetic factors θi. The cells
for a given network start from the same initial conditions but
diverge due to the stochastic term σdW , potentially leading to
different cell fates. All cells are run until t = 20 000, which is
12 times longer than the slowest timescale τθ = 1/ν ≈ 1666
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to ensure cells are fixated. Cell-fate commitment is repre-
sented based on the gene expressions xi at the end of the
simulation.

3. Fitness, selection, and mutation

Network selection is based on fitness, defined as the num-
ber of distinct cell types present in the final 64 cells of each
network. Cell types are identified based on the on/off ex-
pression of the Nt target genes. Here, we set Nt = 4 so that
x1, x2, x3, and x4 act as the target genes, with a maximum of
(� = 2N

t ) cell types. This is to ensure that the network creates
a proper differentiation process targeted to specific genes [46].

There are 2Nt possible cell types, determined by the target
gene expression patterns. We require N = 64 � 2Nt for the
count of individual cells to produce all requested cell types.
Furthermore, as the number of target genes increases, it is
more difficult to achieve the requested cell types. If Nt is closer
to the number of genes M, the evolution to achieve postulated
cell types is harder. The existence of nontarget genes is rele-
vant for achieving distinct cell types robustly. We adopt 4 tar-
get genes among M = 40 genes, as in this case, the robust dif-
ferentiation process into distinct cell types is achieved through
evolution. Reducing target cell types, by decreasing Nt to 3 or
less, does not change the differentiation processes that will
be presented in this work. While increasing Nt = 6 such that
N = 64 = 2Nt makes it difficult for a network to achieve high
fitness, as each cell needs to differentiate to a unique cell type
without any form of cell-cell communication. Further increas-
ing the target genes such that N = 64 � 2Nt breaks down any
targeted differentiation process, making the gene dynamics
highly chaotic and causing cell types to be irreproducible.

The network size M = 40 was chosen because a suffi-
ciently large network is required to make chaotic orbits or
limit cycles common. Mutations and genetic drift are also less
destructive for larger networks since many genes will not play
a role in the differentiation process, which eases the evolution-
ary process. It is also small enough to make the simulation and
evolutionary durations numerically feasible. Furthermore, we
have performed evolutionary runs for M ∈ [10, 20, 80] where
we reconfirmed the presence of the three types discussed in
this work.

The score of a given network is the mean number of dis-
tinct cell types generated across its four copies. The top 8 of
the 32 networks are selected for the next generation. From
the selected network, we create one direct copy without any
mutation and three mutated versions. To mutate the network,
we select one random nonzero connection Ji j and set it to 0;
we also take one Ji j = 0 and set it to either −1 or 1 with equal
probability. This ensures that the network’s connection den-
sity remains unchanged, preventing different behaviors from
arising purely due to changes in network density rather than
the rearrangement of connections. This process is repeated up
to 2000 generations to obtain GRNs that generate a sufficient
number of differentiated cell types. As shown in Fig. 2, GRNs
with more than 12 cell types are commonly evolved across all
simulation runs. The primary goal of this study is to explore
and analyze typical differentiation processes rather than the
evolutionary process itself. Thus, the evolutionary procedure
here is not necessarily biologically realistic.

FIG. 2. The fitness, i.e., the distinct cell types (y axis) plotted
as a function of generation (x axis). The black line shows the best-
performing network, while the red with the blue ribbon shows the
mean and standard deviation in scores. The fitness increases step-
wise. It stays stable for 50–350 generations until mutation around
generation 350 connects one of the target genes such that it is now
able to differentiate into about twice as many types.

III. THREE TYPICAL DIFFERENTIATION PROCESSES

Once the networks evolved and exhibited multiple cell
types, we analyzed their underlying dynamical systems to
understand how they achieved robust differentiation. We iden-
tified three distinct processes that frequently show up in
network behavior. Each process possesses unique properties
that contribute to the efficiency of robust cell-fate decisions.
These three types are classified according to the type of initial
attractors.

In this section, we first discuss the classification based on
the initial attractors, analyze the dynamics underlying these
three types, and discuss how they may be classified at later
times. Animated versions of the orbits in principal component
(PC) space for all types (Figs. 3, 6, and 10), as well as the
plots for Fig. 9 are available [84]. Finally, we discuss the
occurrence of these processes and their reliance on the speed
of epigenetic feedback ν. Due to the high dimensionality
(M = 40) of gene expression level dynamics, we frequently
use Principal Component Analysis to visualize the orbits and
differentiation process. [Note that 60%–90% of the variance
of xi is captured by three PCs in the examples below, whereas
any discussion on fixed points are those in the M-dimensional
(M = 40) dynamical system].

Classification through initial attractor. The three types
are classified by the attractors of the initial gene expression
dynamics at θi = 0. These initial attractors are quantitatively
identified by calculating the Lyapunov exponent λ for gene
expression dynamics with θi fixed at 0. The three types are
classified as follows:

(1) Type A: Chaotic attractor (λ > 0);
(2) Type B: Weakly stable fixed points (xi ≈ 0 and −1 <

λ < 0); and
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FIG. 3. Orbits in PC space at various stages of differentiation for a given evolved network. The color indicates the different final cell types.
PCs are obtained from xi’s for the developmental time T = 1 to 2500. Orbits of xi(t )’s are plotted by three PCs for the displayed ranges of
developmental time. These time ranges represent the different developmental stages. This specific example finishes type A differentiation much
faster (T ≈ 400) when compared to other type A processes (T ≈ 1000) but is chosen for its clearer visualization. The initial shared periodic
attractors diverge and they eventually reach fixed-point states. We verified these were fixed points in the 40-dimensional phase space of gene
expression levels as confirmed by their time series.

(3) Type C: Stable attractors in the form of limit cycles
(λ = 0) or highly stable fixed points (λ ≈ −1).

Depending on the initial attractor, distinct bifurcations oc-
cur, which are responsible for the multiple cell fates of the
multicellular system. Therefore, the initial dynamics function
as an appropriate proxy in determining the differentiation
process allowing us to distinguish between the three types
clearly. Before explaining each type in depth in later sections,
we briefly summarize the behavior of each type below.

Type A networks undergo a reduction of dimensionality for
their attractors to go from chaotic attractors to fixed points,
and they are classified by their positive Lyapunov exponent
(λ > 0). The change in θi instigates this reduction from chaos
to limit cycles to fixed points. The state of xi determines the
change in θi, leading to the succeeding limit cycles being sepa-
rated into varying phase spaces that define multiple subcycles.
These are then further reduced to fixed points that represent
the final cell state. In this hierarchical subdividing, orbits are
successively separated, and the dimensionality of the network
gradually decays.

For type B, the initial fixed point includes some xi’s with
xi ≈ 0, far from the fixed points at ±1; thus, the fixed point is
weakly stable. The differentiation occurs through a slow mi-
gration of the fixed point, either xi = +1 or xi = −1, induced
by noise and the change in θi to +1 or −1, respectively. Then,
bistable states in θ are generated.

For type C, the initial attractor is either a limit cycle (λ =
0) or a stable fixed point for which all xi ≈ ±1. Through the
change in θ , multiple fixed points are generated by saddle
nodes or saddle node bifurcation on invariant circle (SNIC).

Since the attractors of gene expression dynamics are classi-
fied to chaos, limit cycle (or quasiperiodic state), and weakly
or fully stable fixed points, the classification is widely applica-
ble and generally valid across models with different parameter
values. Still, while networks can be distinguished through
their initial attractor, there were some networks whose behav-
ior changed as the epigenetic factors θi evolved. This causes
networks to differentiate in multiple stages with different
types (see Fig. 21 in the Appendix). We do not use such
networks in our analysis, and we do not regard this as a fourth
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FIG. 4. The time course of the first principal component through-
out differentiation for a type A network. Initial dispersion (T ≈
101.3) is followed by cells sharing and jumping between subcycles
(t = 101.5−102.5) to eventual fixation once these cycles have died
out (T = 103). The simulation continues until T ≈ 104.3 = 20 000
but no longer shows any changes. The color indicates the different
final cell types.

type since it is possible to recover the three types by consider-
ing these as distinct sequential differentiation processes.

A. Type A: Oscillation fixation

The first type appears in both low- and high-noise simula-
tions. It is characterized by long-lasting oscillatory dynamics
that remain even in the absence of noise. Initially, cells enter
a chaotic attractor, but as epigenetic modification levels (θi)
change, their orbits transition into periodic attractors. Small
noise-induced variations are amplified by chaotic dynamics,
causing cell orbits to diverge. Once gene expression level dy-
namics settle into cycles, continued epigenetic fixation leads
them to distinct fixed points, depending on their expression
history.

Figure 3 demonstrates example orbits from a type A net-
work. Up to T = 100, all cell types share a chaotic attractor.
At T = 100, orbits begin to diverge, and cells settle into two
distinct cycles. Here, noise plays a supportive role; small
differences introduced by noise are amplified by the instability
in chaotic dynamics. This amplification shifts the cycles, with
epigenetic modifications stabilizing the displacement. By T =
200, orbits are fully separated into two distinct regions. Over
time, orbits undergo hierarchical separation due to epigenetic
modifications. The red and black cell types remain in the

FIG. 5. Attractors for the genes xi are displayed in PC space for fixed θi at the given times. The color indicates the different final cell types
as defined by the target genes. By setting θi as a constant, we can analyze the full orbit of xi and distinguish these dynamics from the change
in θi during development. Trajectories are generated by assigning each cell the gene expression levels xi and epigenetic factors θi exhibited by
a cell at the given times as it goes through a differentiation simulation. (This plot shows a different example from Figs. 3 and 4.)
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leftmost orbit, while the orbits on the right have begun to
separate. At this time, some cells exhibit fixed gene expression
levels, while others continue oscillating. Over time, contin-
ued changes in epigenetic modification θi lead all the cycles
toward fixed points. By T = 400, epigenetic modifications
stabilize cellular states into their final differentiated forms,
preventing noise from disrupting the fixed points.

This entire progression, from chaotic dynamics to shared
cycles, subcycles, and eventual fixation, is discernible in the
time series of principal components in Fig. 4. Notably, since
only the first four genes determine cell type, different fixed
points can occasionally correspond to the same cell type, as
seen for cyan and gray.

To see how the gene expression dynamics change with
the slow change in epigenetic modifications, we freeze the
epigenetic factors (θi) at specific time points and analyze the
resulting gene expression dynamics. This approach makes
it possible to characterize the dynamics of gene expression
levels xi for given θi. Figure 5 illustrates the various stages of
the differentiation process. At T = 50, the dynamics exhibit
a chaotic attractor, causing gene expression levels to disperse.
As we take θi at later times, the orbits split apart from the

chaotic attractor for T = 250 and undergo further differentia-
tion at T = 650 (see black + green on top and pink + blue +
maroon on the left). Finally, the system stabilizes at later times
(T = 950), although some gene expression levels continue to
fluctuate. A more detailed quantitative analysis of this process
is given in Sec. IV A.

Note that at the last stage of differentiation into fixed
points, epigenetic fixation by noise as in type B or saddle-node
bifurcation as in type C sometimes follows. These networks
exhibiting a secondary differentiation processes have been
excluded from the analysis for simplification.

B. Type B: Channeled annealing

The second type mostly occurs in high noise conditions
and is infrequent in low noise cases. Here, when noise and
epigenetic modifications are removed, gene expression levels
converge to fixed points and remain stable. With noise present,
these fixed points migrate and diverge, leading to distinct final
states. The epigenetic modifications θi determine the position
of these fixed points. This migration is constrained to a low-

FIG. 6. Orbits in PC space at various stages of differentiation. The color indicates the different final cell types. The time ranges represent
developmental stages, and their exact values differ from network to network. The dots represent the fixed points at the start of the snapshot in
which the cells will fall if the noise is turned off and the epigenetic modifications are kept constant.
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FIG. 7. Orbits of the fixed point for various final cell types. Each
cell has a distinct fixed point that directionally slowly moves due to
the change in epigenetic modification. The orbits initially start close
to the center before diverging out into parallel channels.

dimensional space, as illustrated by the PC visualization in
Fig. 6.

Differentiation follows a highly structured pattern along
parallel channels in the PC space of gene expressions, con-
trasting with type A, which exhibits chaotic oscillations and
varies significantly across generations. For type B, the initial
transient dynamics are brief, and cells quickly settle into fixed
points. With noise and epigenetic dynamics turned off, cells
are attracted toward a weakly stable fixed point. Near this
fixed point, small amounts of noise are sufficient to cause
gene expression levels xi to diffuse. With epigenetic modifi-
cations, the fixed points shift gradually within a constrained
low-dimensional space.

An example of this differentiation process is shown in
Fig. 6. For T = 1 − 100, all fixed points are initially clustered
together, while orbits, influenced by noise, explore a large re-
gion of space. Around T = 100, the stable region in which the
gene expressions of cells exist begins to shift, and cells with
similar final fates cluster together. This shrinking of the stable
regions is due to the change in θi, driving the fixed points of
cells to migrate. By T = 200, the stable regions have shrunk
considerably, forming a framelike structure. These parallel
lines are the channels through which the fixed points of each
cell migrate to their final position. Finally, at T = 500, the
cells have mostly settled down into their final states.

This fixed-point migration was confirmed by disabling
noise at various snapshots and tracking fixed points as the
epigenetic modifications changed. The fixed points, corre-
sponding to their current epigenetic modifications, move over
time through the channels toward their final state, as shown
in Fig. 7. These fixed points are also shown in Fig. 6, where
one can observe how the noisy cell orbits are located near and
dragged along with the fixed points.

Interestingly, rather than creating multiple fixed points as θi

changes, only a single fixed point is present for each cell. The
absence of other fixed points was verified numerically by tak-
ing snapshots in our simulation, removing all noise, freezing,
and setting the epigenetic factors to those of a random cell.
Independently of the current cell position or snapshot time,

FIG. 8. Upper: The time course of gene expression level xi cor-
responding to targets (full), for nontargets (dash-dot) and epigenetic
factors θi (dashed + transparent) at successive time snapshots of
the simulation with frozen θ and noiseless orbits. Lower: Values of
maximal Lyapunov exponent throughout development indicating the
presence of a stable state that is not a fixed point. As a reference,
the blue and red lines correspond to the exponent for a periodic limit
cycle and a fixed point at xi = ±1, respectively.

all cells converge to the same fixed point (see Fig. 20 in the
Appendix).

How do fixed points exhibit directional motion despite
noise-induced diffusion? Note that, during the differentiation
process, fixed points of xi are not close to ±1 for some genes
i, as shown in the upper panel of Fig. 8. We refer to these as
frustrated fixed points, as the value of some gene expressions
is stuck in an intermediate state around x∗

i ∼ 0, and requires
the fixation through epigenetic modification to become fully
stable. In fact, the maximal eigenvalue of the Jacobi matrix is
larger than −1, which would be the expected value [47] for the
stabilized fixed points xi ∈ {−1, 1}, as seen in the lower panel
of Fig. 8. This suggests that stability is weaker compared
to fixed points in on/off states. As these xi values of the
fixed point move toward ±1, stability increases, causing the
influence of noise to diminish. Thus, the directional motion
of fixed points with xi = ±1 follows. The fixed points move
along the eigenvectors corresponding to eigenvalues larger
than −1, influenced by noise and epigenetic modifications,
leading to the framelike structure seen in Fig. 6. It also demon-
strates that the timescale over which these genes change can
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FIG. 9. Orbits of quenching fixed-point type C processes with color used to indicate the final cell types. (a) Early gene expression dynamics
start at the star and pass by the saddle points (−0.5,0) and (−3,0) along the unstable manifolds. (b) The orbits of gene expression levels with
perturbed initial conditions and where noise is removed. Orbits move toward multiple fixed points with the orange arrow indicating the direction
and position of the cells at T = 10, circles represent the final fixed point. Animated versions of these plots are in our public GitHub repository
[84].

vary widely depending on the genes. For example, the expres-
sion of genes 3 and 13 approaches ±1, while genes 4, 30, and
32 remain at intermediate values between ±1, demonstrating
much slower dynamics.

C. Type C: Quenching

The type C quenching process is most commonly observed
for the lower noise case. The cells quickly approaches stable
fixed points after passing a saddle point or a limit cycle, where
they undergo a sudden cell-fate decision process without suc-
cessive reduction in the oscillation (type A) or slow migration
of fixed points (type B). After initial transient oscillations,
several stable fixed points, separated by saddle points, appear
within a short time interval, and the cellular states are attracted
to each of them and fixed. There are two ways to achieve
different fixed points.

First, when the cellular state crosses a saddle point by
noise, slight differences in gene expressions cause the cellular
state to be on opposite sides of the unstable manifold of the
saddle point, from which cells are led to distinct final fates. In
the second version, periodic attractors collide with the saddle
points, and thus, once the periodic attractor disappears, orbits
are attracted to fixed points that are then generated.

Figure 9(a) illustrates a type C differentiation process with
quenching fixed points. The initial orbits, starting from the
star, lead the cells through two saddle points indicated by the
arrows. Passing the first saddle point at (−0.5,0), one set of
orbits moves to the second saddle point at (−3,0), while other
orbits go up (cyan, red) and down (green, pink, black, and
yellow). Then, the orbits are separated by the second saddle
point, either moving to the right (maroon) or dispersing orbits
going up (green, pink, orange, black, and maroon). The orbits,
now sufficiently spread apart, continue their dynamics and

FIG. 10. Orbits of quenching attractor type C mechanisms with color used to indicate the final cell types. Left: Gene expression dynamics
before quenching. The initial attractor halts around T ≈ 150 and transitions into stable fixed points and transient orbits for T = 150−400.
Right: All cells have stabilized in fixed points with some slowly shifting positions (maroon, pink).
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FIG. 11. The time series of the first principal component
throughout differentiation for a type C network. 64 cells from the
same initial conditions are plotted and demonstrate rapid spreading
and commitment to their final cell fate at T = 50.

quickly fall into a nearby fixed point that will become the
final cell state. The presence of these fixed points and the
attraction to each of them are demonstrated on the right in
Fig. 9(b). Here, the noise is set to 0, and the initial conditions
are perturbed to induce different cell fates. Cells that initially
undergo similar dynamics are quickly spread apart to distinct
cell fates following the unstable manifold of saddle points.

Figure 10 shows the dynamics of the quenching peri-
odic attractor process. The initial periodic attractor, shown
in Fig. 10(a), is maintained until the orbits suddenly quench
to fixed points. This quenching allows cells to fall into fixed
points or undergo transient dynamics before settling down, as
seen in Fig. 10(b).

The time course in type C is distinguishable from types A
and B. In type A, complex orbits are successively replaced
by simpler, smaller-scale limit cycles, whereas in type C, the
periodic orbit suddenly terminates in a short time span and
is replaced by fixed points. These fixed points are sufficiently
stable so that they do not diffuse by noise in contrast to type
B.

Figure 11 demonstrates the time course of differentiation
by using the first principal component for Fig. 9(a). After
the initial dynamics, most cell fates become fixed after T =
80. Some cells still exhibit some oscillation after cell-fate
commitment, but these decay due to the change in epigenetic
modifications that freeze out all gene expression levels at
later times. Quenching from oscillatory states gives a similar
PC time series where they exhibit global oscillation before
quenching.

Differentiation for type C is sometimes accompanied by
the noise-induced epigenetic fixation in type B. For instance,
starting with a type C, which crosses saddle points and leads
to branched orbits. Later in the differentiation process, they
adopt weakly stable fixed points from which a secondary
differentiation follows. Figure 21 in the Appendix shows the
two-dimensional (2D) PC dynamics of such a network.

FIG. 12. Occurrence of the three types of networks analyzed for
50 networks with M = 40 evolved under low, medium, and high
noise. Networks are identified through the Lyapunov exponent at
θi = 0. Networks that have λLyap > 0.001 are classified as type A.
Networks that have λLyap ∈ [−0.97, −0.15] are considered to be type
B. Otherwise, it is a type C network with λLyap ∈ [−0.15, 0.001] or
λLyap < −0.97. Type B networks favor high noise environments as it
makes differentiation more feasible.

1. Noise level dependence

We examined the fractions of type A, B, and C by 50
samples randomly chosen from the evolution by using the
Lyapunov classification scheme. We also explore how these
fractions change with the noise levels σ ∈ {0.01, 0.04, 0.1}.
Figure 12 demonstrates that the fraction of type B networks
decreases for lower noise levels, whereas types A and C be-
come more common. This trend is caused by the fact that type
B networks rely strongly on noise to achieve differentiation,
in contrast to types A and C, where internal dynamics allow
differentiation at lower noise levels.

2. ν dependence

So far, we adopt the case with ν = 6 × 10−4, implying
that the epigenetic modification is sufficiently slow. Now,
we examine the dependence of the results on this epigenetic
timescale τθ = 1/ν. Samples that were evolved for 6 × 10−4

are examined whether their cell differentiation still works
when ν is increased up to 10−1. First, for type A, almost all
of the differentiated cell types are retained up to ν = 10−2.
Increasing to ν = 10−1 reduces the number of recovered cell
types but still retains the differentiation process.

For type B, the amount of recovered cell types is halved
for ν = 10−2, and any form of differentiation is lost as ν

approaches 10−1. For type B, the increase in ν is equivalent
to increasing the speed of cells in the differentiation channels,
causing the cell-fate valleys to split apart rapidly. Due to this
rapid cutoff, cells will no longer have the time to diffuse in
their channels to different final cell fates, leading to a reduc-
tion in the number of final cell types.

The type C is more vulnerable to the increase in ν. Some
networks show the loss of some cell types at ν = 10−2, while
other networks already lose some for ν = 10−3. This is proba-
bly explained as follows: The basins of attraction for the fixed
points increase due to the change in epigenetic modification.
When ν is increased, some of them grow much faster and
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FIG. 13. Attractor count (y axis) of type A, B, and C networks determined by freezing out the epigenetic factors at various times (x axis).
The upper plots display the number of cells that fall into oscillatory attractors or a fixed point. The lower plots show the number of distinct
fixed points, where cells that fall in the same fixed point are only counted once. The figures plot the results for five, eight, and seven networks
for types A, B, and C, respectively. For type A, all cells are initially in cycles; as the simulation progresses, the change in epigenetic factors
replaces cycles with fixed points starting around T = 102. For type B, virtually no cycles exist, but the amount of fixed points varies drastically
throughout the simulations. The initial fixed points have an early divergent period where they spread apart, leading to the peak at T = 102.
Once channelization occurs, these fixed points approach and merge, leading to the decline in distinct fixed points. We have marked the end of
the variance bottleneck (see Sec. IV B) as this coincides with fixed points’ channelization toward the final cell state. For type C, cycles may
be present dependent on the version, but in much lower quantities and dying out much earlier than type A. Cells fall into fixed points between
T = 101 and T = 102 and merge around T = 4 × 102. These mergers are caused by fixed points of similar cell types that are still approaching
a common final state.

catch cells during transient dynamics, eliminating the attrac-
tion to some other types.

IV. ANALYSIS

In this section, we make a quantitative analysis to un-
derstand and distinguish the three types of differentiation
processes.

A. Statistics of attractor types with the change in θ

We examine the attractors of gene expression dynamics by
fixing the epigenetic modification θi and study how their frac-
tion changes with the temporal change in θi through the course
of differentiation. First, we distinguish the fixed-point and the
non-fixed-point attractors. The latter is either (quasi)periodic
or chaotic, which can be distinguished by computing the Lya-
punov exponent and judging if it is positive or not.

For the analysis, the gene expression dynamics are run
without noise and by fixing θi, after sufficient transient steps
to allow for the cell to reach its attractor. We examine if the
attractor is time varying or a fixed point by computing the
following quantity α:

α =
∫ τ

0

M∑
i=1

∣∣∣∣dxi(t )

dt

∣∣∣∣dt . (3)

The state is considered to be in a fixed point if α ≈ 0 (numer-
ically α/τ < 10−4). Next, we compute if there are multiple
fixed points and count their number. This is achieved by
computing the Euclidean distance of fixed points, and if this
distance is beyond 0.1, it is regarded as a distinct fixed point.
To examine if the dynamics are chaotic or not, we compute
the maximum Lyapunov exponent for the gene expression
dynamics while fixing θi and removing noise. We adopt the
standard algorithm by using the Jacobian matrix, and conver-
gence of the Lyapunov exponent is verified with the moving
average.

We plot the time course of the fraction of each attractor
type for A, B, and C networks in Fig. 13. Initially, all the
cells are in a dynamically varying, mostly chaotic, state for
type A (see also Fig. 14). Starting at T = 102, some cells
start to fall into fixed points, and cycles disappear. In this
stage, in the original simulation with noise, cellular states may
not always remain at fixed points and may jump back into
a cycle by noise. As time continues, all cycles are eventu-
ally eliminated and gradually replaced by fixed points. The
number of distinct final fixed points over the cells increases
monotonically with some sample dependence, as seen in the
lower plot of Fig. 13(a). The large number of distinct fixed
points is likely due to chaos and long-lasting cycles, allowing
for more opportunities for cells to diverge.

The fraction of fixed points in Fig. 13(b) is almost unity
from T = 1, and there appear almost no oscillatory states.
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FIG. 14. Maximal Lyapunov exponents plotted for three, three,
and four type A, B, and C networks, respectively. Each network has
the exponents of ten cells plotted to sample the behavior. Type A
networks exhibit positive values indicating a high degree of chaos
while type B is always negative and stable. Type C networks exhibit
negative and 0 for their exponents due to their dynamics consisting
of fixed points and periodic cycles.

Rather, the attractor for given θ is only a single fixed point
that moves slowly. As shown in the lower column, this fixed
point is initially shared by all cells until the number of distinct
fixed points suddenly increases at around T = 101. The fixed
points spread through the system so that the number of distinct
fixed points reaches its maximum value. Later, due to the
continued migration of fixed points, the number of distinct
fixed points decreases as they approach the same final state
and merge. Note that for some rare examples, a few cells
experience cycles.

In Fig. 13(c), fixed points appear from early times, while
some exhibit periodic states. The number of distinct fixed
points shows a peak at T = 102 and then slightly decreases.
Some type C network cells fall into various fixed points,
which then merge due to the epigenetic fixation, leading to
the peak and decrease in the number of distinct fixed points
similar to type B. Other type C networks initially show cycles
before quenching and transitioning into fixed points. This is
similar to type A, but in this case, the cycles are replaced
by fixed points in a short time span. This also leads to the
observed peak for the number of distinct fixed points as all
cells suddenly fall into fixed points and slow migration with
mergers occurs slowly. This is in contrast to the monotonic
increase of the number of distinct fixed points for type A.

The properties of the attractors (chaotic, periodic, and
fixed points) are examined in Fig. 14 by computing the
maximal Lyapunov exponent throughout the development for
multiple cells in different networks. For type A, chaotic dy-
namics remain over the initial stage where the Lyapunov
exponent remains positive. For some cells, the maximal
Lyapunov exponent sometimes reaches zero, implying the
(quasi)periodic behavior. Later, some cells sporadically take
negative Lyapunov exponents. These negative exponents sug-
gest the emergence of temporary or accidental fixed points,
and finally, all cells take negative values when reaching their
final fixed points.

FIG. 15. The average number of genes whose expression levels
temporally change for ten, nine, and four type A, B, and C networks,
respectively. First, the temporal average of the actively changing
gene expressions over all 64 cells is calculated for a single network.
This is repeated for multiple networks that were evolved under the
same noise strength. This average is plotted by thick lines, while
the ribbon indicates the standard deviation between networks of the
same type. Type C processes start with a very sharp drop off, with
only a single nonfixated gene left at T = 300, indicating rapid dif-
ferentiation. Type A, however, still has roughly a quarter of its genes
nonfixated at T = 300 since it is still going through differentiation.

For type B, from the early stages, cells take negative
Lyapunov exponents, indicating that the orbits reach a sta-
ble fixed-point attractor. As already discussed, the computed
exponent is initially much larger than −1, whose value is
expected for xi = ±1, indicating fully stable fixed points. The
intermediate value of the exponent (around −0.6 to − 0.9)
slowly decreases toward −1. This demonstrates the presence
of weakly stable fixed points and later moves to fully stable
fixed points.

Type C networks do not clearly show the existence of
positive Lyapunov exponents. They instead have null expo-
nents implying the existence of periodic attractors, followed
by eigenvalues λ ∼ −1, implying quenching to stable fixed
points with xi = ±1. Intermediate Lyapunov exponents, simi-
lar to type B, are observed during transitions between periodic
attractors and fixed points, but unlike B, these do not persist
and immediately transition to λ ∼ −1 instead.

Another way to distinguish the three differentiation pro-
cesses is to analyze the number of genes whose expression
levels are not fully fixed at xi ∼ ±1. We define the threshold
|xi| > 0.9, and such genes xi are regarded to not be fully fixed.
The number of such genes is plotted as a function of times for
various networks in Fig. 15. This shows the late fixation of
type A networks compared to types B and C.

B. Inter- and intracellular variance

To see how cell-cell variation changes through the cell
differentiation process, we also computed the variance in
the gene expressions across cells. We first compute global
intercellular variance � as the variance between all cells of
all types, and then we compute the intra-cell-type variance
�Intra that is only across cells sharing the same final cell
type. The former gives a degree of fluctuations across cells,
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FIG. 16. Interphenotypic variance for various differentiation processes. The variance �(t ) is computed over all N = 64 cells. Thick lines
give a time-averaged smoothed approximation of the exact values of �, which are plotted opaquely. Curves with different colors indicate results
from different networks. All processes exhibit an initial peak but differ in their behavior afterward. Variance for type A gradually increases as
orbits shift throughout the longer differentiation process. For type B, the initial peak gets reduced to a bottleneck as cells fall into their channels
and increases again once these cells diverge apart toward their final states. Type C stays mostly the same, and most of the variance in these
systems is obtained during the initial peak.

leading to differentiation. While the latter gives the fluctua-
tion within the same cell type. Low-variance states indicate
similarity in cells as there are fewer differences in the gene
expression levels. To be specific, the above two variances �

and �Intra are defined as follows: By denoting the ith gene
expression of cell j as xi, j , the average expression of gene
i as Xi is defined by Xi(t ) = ∑N

j=1
xi, j (t )

N . Then, the variance
measures are computed through the standard variance as given

by �(t ) = ∑M
i=1

∑N
j=1(xi, j (t )−Xi (t ))2

N−1 .
The time course for �(t ) is shown in Fig. 16. For type A

networks, the variance has a fast initial increase due to chaos
and then a later gradual increase throughout the differentia-
tion. Type B networks exhibit a salient bottleneck in �(t ).
Here, the variance initially increases (by noise) but is then
followed by a strong drop (usually around 20%–50%) before
increasing again throughout differentiation. This behavior for
type B will be explained as follows: Initially, expression levels
of all cells are close to each other, but by noise, the orbits are
diversified. Shortly after this burst of the variance, it decreases
as cells start to fall into their channels, which leads to the
final cell stages. This channelization reduces the variance in
gene expressions by cells, leading to the local minima around
T = 100. Finally, the epigenetic values start to change more,
the steady state of the cells migrate away from each other and
through this, the variance increases again.

For type C, the variance shows a huge initial growth, as
seen in type A. Shortly after this growth, they approach steady
values for their variance. For some networks, secondary dif-
ferentiation or a slow drifting of the final cell types leads to a
small monotonic increase in the variance. The main difference
from type A is that the increase in variance is rather small and
is quenched at earlier times.

So far, we have discussed the global variance over cells
covering different cell types. Next, we study the intra-cell-
type variance between cells with the same final type, where
the equations for Xi and �(t ) are adjusted with a filtered
summation to only include cells that share their final pheno-
type. [This is done by summing over the subset of integers
Cj = {k|p( j) = p(k)}, where p( j) represents the cell-type fate
of cell j, the division of N − 1 is also replaced with |Cj | − 1.]
This variance measure indicates the variance of gene expres-
sions for given cell types and gives an estimate of when cells
have committed to their final state.

The time course of the intra-cell-type variance is plotted
in Fig. 17. For all types A–C, there is an initial peak in the
variance that decays back down as cells approach their final
states. The differentiation processes have differences in their
timing. For type A, the peak in variance tends to last for a long
time before decaying (T ≈ 100). For type B, there is a peak
at earlier times (T ≈ 10) where cells fall into differentiation
channels. After this peak, the variance gradually decreases

FIG. 17. Intra-cell-type variance for a single type A, B, and C network. One typical network per type is used, and the color indicates
different final cell fates. All networks and phenotypes go through an initial higher variance state during differentiation. At later stages, this
variance is reduced again as cells that will eventually share their phenotype approach each other.

013059-13



DAVEY PLUGERS AND KUNIHIKO KANEKO PHYSICAL REVIEW RESEARCH 8, 013059 (2026)

during the annealing process (T = 10 − 400). In contrast,
type C has a very sharp peak and early drop (T ≈ 15) as cells
quickly approach their final cell state. In the discussion, we
will compare these data with recently reported experimental
results.

C. Robustness

The robustness is a measure of the reproducibility of cellu-
lar states, given a constraint or disruption. Here, we consider
this robustness of the number distribution of cells of each type
i (i = 1, . . . , 24) with respect to perturbations of the initial
conditions for the obtained GRN.

First, we examine the number distribution of each cell type
after the final cell types are reached at T = 20 000. Then, we
repeat the simulations from perturbed initial conditions 10
times and examine the variation of the number distribution.
This variation in cell-type number is small for types A and
B but has a large half-width for type C. Figure 22 in the
Appendix shows an example of the distribution of the final
cell types.

To make a proper comparison, we quantify the robust-
ness of the cell-type distribution. For this, we adopt the
Kullback-Leibler Divergence (KLD), which measures the loss
of information between two distributions of final cell-type
states under the application of perturbations. We define the
vector (

−→
Xτ ) = (n1, n2, ni, . . . , nl ) with i representing cell type

(l = 24) and ni the number of cells with the ith cell type
generated from the initial 64 perturbed cells. The average
−→
X is computed according to

−→
X = ∑T

τ=1

−→
Xτ

T where index τ

represents different samples of
−→
Xτ generated from 10 sets of

perturbations with all 64 cells affected by the same perturba-
tion.

Then, KLD is defined by the equation: KLD =
1
T

∑T
τ=1

∑24

k=1 Xτ [k]log( Xτ [k]
X [k]

), where the summation over
τ is taken across different samples with different initial
conditions [48], and the summation over k represents the
distinct final cell types (recall that there are 4 target genes
and thus 24 possible final states). Here, it is noted that
the selection in evolution is based only on the number of
existing cell types, while this robustness measure also takes
the number distribution of each cell type into account. This
robustness refers not only to the existence of the same cell
types but also the number distribution of each type.

The KLD values of the multiple perturbed networks are
calculated and binned together in Fig. 18. In type C, the
KLD distribution is extended to large values, indicating that
the number distribution of final cell types crucially depends
on each sample. In contrast, for types A and B, the KLD
distribution has a peak at a lower value and does not extend to
higher values. Therefore, type A and B networks give rise to
cell-type distributions robust against perturbations. In type A,
attraction to distinct chaotic attractors over initial conditions
is expected to lead to such robustness. In type B, generated
fixed points are restricted into a common low-dimensional
space, independent of initial conditions. In contrast for type
C, multiple fixed points are generated and which of them
are normally reached through dynamics depends on initial
conditions leading to the lack of robustness.

FIG. 18. The values of KLD for 13, 15, and 9 type A, B, and
C networks, respectively. They are obtained for the high noise case
(σ = 0.1). Calculated through repeated simulations and perturbing
the initial conditions for 10 runs per network by a radius of 5 (±0.79
per xi). The distribution for type A and type B networks mostly
overlaps and consists of relatively low KL values, which makes them
robust. Type C is much more spread out toward higher values, indi-
cating their dependency on the initial conditions for differentiation.

V. DISCUSSION

In the present paper, we have investigated the gene expres-
sion dynamics under noise, together with a positive feedback
change for the epigenetic factors. Through the evolutionary
change, we have succeeded in obtaining GRNs that are ca-
pable of differentiation to generate multiple cell types. The
dynamics for differentiation are identified, categorized into
three basic types (A, B, and C), and analyzed in terms of
dynamical systems, as summarized below.

Here, we have three types of differentiation processes in
our epigenetic modification model. Since the classification
is based on initial attractors, we can confidently state that
types A and C account for all the well-established attractors
in dynamical systems theory (chaos, limit cycles, and fixed
points). For each type, the later time course of differentiation
is identified as in Table I. Through extensive exploration of the
examples that generate many cell types, they are categorized
into the aforementioned three types. However, since it is not
possible to rule out other possibilities of time courses empiri-
cally, we therefore focus our discussion on the three observed
types without ruling out that others may arise.

Type A adopts chaotic gene expression dynamics, which
are replaced by a few periodic attractors, representing oscil-
latory gene expressions. Then, these oscillatory dynamics are
replaced gradually through the change in epigenetic modifi-
cation toward several stable fixed points representing distinct
cell types. Here, initial chaotic dynamics amplify cell-to-cell
differences in gene expression, as a result of orbital instabil-
ity. Then, they are differentiated to subcycles that are later
stabilized into fixed points corresponding to the epigenetic
changes.

This is reminiscent of the previously proposed hierarchical
attractor generation from limit cycle [30], whereas here, the
initial attractor before the start of epigenetic modification is
chaotic. By chaotic dynamics, gene expression states are di-

013059-14



EVOLUTION OF ROBUST CELL DIFFERENTIATION … PHYSICAL REVIEW RESEARCH 8, 013059 (2026)

TABLE I. Summary of the three types and their differentiation properties.

Type
Criteria by initial attractors at

θi = 0 Time course
Differentiation process in terms

of dynamical systems
Noise and initial condition

dependence

A Chaotic orbits (λLyap > 0) Reduction from chaos to
oscillation to fixed point

Hierarchical branching of chaos
to subcycles and to fixed points

Robust to noise and initial
perturbations

B Weakly stable fixed points
(−1 < λLyap < 0) and frustrated

fixed points (x∗
i ∼ 0)

Slow change in fixed points
toward the direction with higher
stability and eventual stable final

state

Bifurcation of fixed points by
directed motion with epigenetic

fixation of noise-induced
perturbations

Positive role of noise for
differentiation; robust to initial

perturbations

C Limit cycle (λLyap = 0) or stable
fixed points (λLyap = −1)

Sudden switch to multiple
different fixed points

SNIC or Saddle-Node
bifurcation

Not robust to perturbations; high
noise leads to loss of

differentiation

versified by cells, which allows for the generation of multiple
states, organized hierarchically. (See also Refs. [49–53] for
the possible role of oscillation and chaotic gene expression to
pluripotency, respectively.)

In type B, the gene expression dynamics are restricted
within a low (say two) dimensional space, within which
fixed-point attractors continuously exist depending on the epi-
genetic modification levels. For these states, the expression
levels of a few genes take intermediate values between on and
off, and these fixed points are easily moved by noise. Then,
under the epigenetic modification change, the fixed points mi-
grate to a few directions so that the stability of the fixed points
is increased (i.e., so that they are less vulnerable to noise)
until the expressions finally fixate to on or off. Here, the state
changes occur under low-dimensional channels corresponding
to the slow changes in the expression of the few genes. The
cellular state changes slowly within the channel, driven by
the noise and fixated by the epigenetic change, toward stable
differentiated states.

Here, noise and epigenetic modifications are essential to
drive differentiation, as well as the presence of a few genes
that slowly change their values (toward 1 or −1). Such
changes act as a driver of the differentiation into a few given
cell types, where the expression change induced by the noise
increases the stability through epigenetic modifications. It is
of interest that although the noise is random and causes no
directional motion per se, the epigenetic fixation process gives
rise to directionality. The slow positive feedback with the
change in θi results in directional motion in gene expression
levels xi, as observed in the ratchet mechanism [54].

In the type C, multiple fixed points are generated at an
initial stage, which are separated by saddle points. Due to
noise, different fixed points are reached and are further fixated
by epigenetic changes. This differentiation process induces an
early cell-fate decision process from spread orbits. Due to this,
the cell fates are heavily dependent on their initial conditions.
Hence, this process lacks robustness in the cell-type distribu-
tion.

Since Ji j is not symmetric, the gene expression dynamics
cannot be generally represented by a flow that falls down
along a potential gradient. Still, in Morse-Smale systems
[23,55], this global attraction can be represented by a poten-
tial except for the dynamics in the vicinity of the attractor.
Generally speaking, bounded dynamical systems with a finite
number of limit cycles and fixed-point attractors fall under

Morse-Smale systems; thus, types B and C can initially be
represented by a potential landscape. In contrast, type A ex-
hibits chaotic attractors that do not satisfy the conditions for
Morse-Smale and thus a potential is not guaranteed mathemat-
ically; however, since there is global attraction in a bounded
system, we may still draw a schematic representation of the
landscape. Additionally, the usage of a potential landscape as
visualized by Waddington is still insightful for visualizing and
understanding the generation of distinct orbits and fixed points
generated from the initial chaotic orbit. Here, with the slow
change in θ , gene expression dynamics for xi are changed.
Hence, the landscape slowly changes, as represented by the
changes along the depth axis in Waddington’s picture.

Following the argument above, the three processes for cell
differentiation are schematically summarized in Fig. 19, in-
spired by Waddington’s landscape. Types A and B exhibit the
formation of successive valleys as proposed by Waddington.
In type A, a shallow valley with chaotic dynamics splits into
smaller valleys that correspond to different periodic attractors,
which are then replaced by deeper valleys corresponding to
fixed points in dynamical systems. This globally attracting
chaotic attractor may schematically be represented by a pro-
cess falling along a valley. The later differentiation of cycles
or fixed points is represented by branching valleys. The land-
scape as in Fig. 19(a) may represent this. However, since
chaotic dynamics are not covered by a Morse-Smale system,
future studies will be necessary.

In type B, a shallow valley corresponding to weakly stable
fixed points is moved to two distinct directions and gradually
deepens, corresponding to the increase in stability, as a re-
sult of the migration of fixed points and epigenetic fixation.
This differentiation process also comes closer to fulfilling the
conditions for a Morse-Smale system. Here, the epigenetic
fixation and increase in stability can be represented by a
parametrization of the landscape depending on θ . A cell state
settles into a fixed point, a stochastic perturbation occurs and
updates the parametrization of the landscape according to the
change in θ from this perturbation, moving the fixed point
slightly. Alternatively, one can define a continuous representa-
tion of the parametrized landscape by also using the epigenetic
factor θ as a depth coordinate. The gradual increase in the
stabilization of type B may fit Waddington’s landscape [see
Fig. 19(b)].

As the gene expression dynamics in type C fall on the
Morse-Smale system, the potential landscape can be gener-
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FIG. 19. Simplified schematic of the differentiation process for Waddington’s landscape. Type A undergoes initial chaotic dynamics,
transitions to (quasi)periodic cycles, and finally falls into fixed points. For type B, there are no cycles present, but rather, the landscape shifts to
determine where the stable fixed point is located. Cells can end on either side of the initial potential hills through noise however, this process
becomes irreversible as cell-fate commitment progresses. Type C networks do not slowly transition into their final cell states but instead have
a rather abrupt transition as the dynamics suddenly quench.

ated. The behavior of the quenching fixed points through
unstable orbits and saddle points fit well and can be rep-
resented by a Mores-Smale system, similarly the quenching
periodic attractor can be obtained through SNIC bifurcations
as visualized in Fig. 1(G) in Rand et al. [23]. However,
multiple fixed points become attractors all at once. Hence,
multiple deep valleys are generated almost simultaneously
within a short time span. This rapid fixation may deviate
from Waddington’s picture since cell-fate decision happens
suddenly rather than through hierarchic splitting of valleys
[see Fig. 19(c)].

Next, the robustness to perturbation to noise and variation
in initial conditions is achieved in types A and B but not
in type C. In type C, the resultant cell types may crucially
depend on the initial condition or samples with different noise
realizations. Even if the same cell types are generated by
samples, the number distribution of each cell type depends
crucially on each run of simulations and its initial conditions.
Hence, type C would not be appropriate to be adopted in cell
systems. In fact, type C is mostly evolved when the noise
level in the expression dynamics is low, whereas the gene
expression dynamics are rather noisy. Given the postulate
that the differentiation works under larger stochasticity, it
would be reasonable to assume types A and B to be more
appropriate.

High variations and fluctuations in gene expression levels
play an important role in the differentiation process and are
thought to be induced by noise [56]. In our work, the increase
in variance is observed in Fig. 16 during the differentiation
process. Interestingly, type B networks exhibit a decrease
of variance in the middle stage during differentiation as the
differentiation process adopts stabilization of the gene expres-
sion levels after an initial dispersion.

The variance of gene expression levels in cell populations
generally increases due to the varying cell fates and hetero-
geneous pluripotent states that have been observed [57]. Cells
with shared final cell fates exhibit a peak in their variance that
reduces after differentiation [58,59]. This intracell variance,
shown in Fig. 17 indicates how gene expression states with
large variation are eventually stabilized to the same final cell
fate. Gene expression dynamics need to show a high degree

of plasticity to comply with the high increase in variance
for cellular populations and the strong decrease in intracell
variance leading to stable final cell fates.

The migration of fixed points with weak stability in type
B suggests the emergence of slow expression change of a
few genes. Slow changes in the expression levels stabilize
the cellular states, which also control and stabilize the ex-
pressions of other genes. Such low-dimensional slow modes
have been noted in the numerical evolution of morphogenesis
by reaction-diffusion process [60], as well as in the numer-
ical evolution of intracellular reaction dynamics [61,62]. In
these cases, the emergence of a few slow modes leads to the
dimensional reduction of phenotypes, which can increase the
controllability of the gene expression states and evolvability
[63]. The relevance of such a slowly changing expression to
the cell differentiation process and morphogenesis, as well as
the generality of dimensional reduction, needs to be explored
further in both simulations and experiments.

In the type B case, fixed-point attractors for gene expres-
sions xi are located on a line depending on the change in
epigenetic modification θi. This may remind one of the line
attractors studied extensively in neural networks [64,65]. In
the present case, however, the fixed points are not for identical
dynamical systems sharing θi’s but are for dynamical systems
with different θi. In both cases, fixed points are strongly at-
tracted from the directions orthogonal to the lines, leading
to the motion along the line to be more feasible. Such sep-
aration of scales between on and off manifolds will also be
relevant to control in gene expression dynamics (or neural
systems as well). Note that the dynamics with the on/off
states with a steplike function as in the present model, are
also adopted by neural networks and spin-glass problems in
statistical physics. In the latter, the emergence of multistable
states against quenching randomness has been explored (as in
type C), whereas annealing that slowly changes the connec-
tion matrix Ji j prunes some metastable states. The existence
of annealing and quenching, observed for types B and C, is
of interest in this regard, although here the change occurs not
by the change in Ji j but with the autonomous change in θi.
Extension of the statistical-physics approach to the present
case will be of interest in the future.
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Furthermore, a natural extension of the model would be
to include spatial effects such as through reaction-diffusion
[66], lateral inhibition [67], or morphogen gradient signaling
[68]. While the cells in our model are not spatially configured,
biological development involves spatial organization, which
requires positional information for differentiation [69]. A sim-
ple way to extend the current model is through the inclusion
of morphogen gradients as inputs to the GRN. Cells can be ar-
ranged on a one-dimensional line or a 2D square and produce
robust spatial patterns through the information provided by the
morphogen. Previous works have discussed the information
that can be provided by noisy morphogens [70] and how
such systems may be optimized for self-organization [71].
Spatiotemporal averaging through the epigenetic factor θ may
also play an important role in circumventing errors induced by
noise or reading out many bits of information through tempo-
rally averaging morphogen gradients. Additionally, the model
would be ideal in understanding how morphogen signals are
translated to the cell-fate decisions and leads to canalization
through GRNs. Our preliminary results have already shown
the type B process to be able to extract multiple bits of
information from a single noisy morphogen through gene
concentration in intermediate values as discussed by Tkačik
and Gregor [70].

Lateral inhibition as done through Notch signaling, would
also be a valuable extension for the current model. Here,
bistable states that undergo developmental patterning are cre-
ated in nondividing cells [72] and during regeneration [73].
These behaviors are reminiscent of type B’s weakly stable
fixed points, and lateral inhibition may be an alternative pro-
cess to induce directed diffusion leading to differentiation.
Future studies are required to investigate how type B will
behave with similar lateral inhibition models.

Finally, we discuss possible connections between the
present study and experimental studies. Through the abun-
dance of mRNA molecules extrapolated from dissociated
cells, it has been possible to obtain data on the gene expression
patterns through the course of cell differentiation. Techniques
to trace cell-fate commitments that reconstruct the cellular lin-
eage and its gene expression levels have gone through major
advancements. Nevertheless, there are several limitations to
tracking the gene expression dynamics at a single cell level
and tracking the epigenetic modification levels, which is much
more difficult.

Noting such limitations in mind, we here discuss a possible
connection between our theoretical results with experimental
results. For example, the transcriptional uncertainty in stem
cells is examined by Gao et al. [58] by computing the neg-
ative log-likelihood of an individual cell’s gene expression
levels with respect to the gene expressions of an interpolated
cell-fate decision process. They reconstructed the cell-to-cell
variability detected in other differentiation processes [74,75].
The phenotypic variance, calculated in Fig. 17, is comparable
to their log-likelihood as they both measure the variation be-
tween cells of a given cell type. Both the experimental data
and our model show a salient peak of the variance before
cell-fate commitment. Cells undergo this high-variance state
as an exploratory phase to ensure that all the possible final
states can be reached while the variance is reduced as a result
of the commitment and stabilization of the final cell type. The

results for types A and B suggest a gradual decrease in the
variance after the peak, which can be verified experimentally
in the future.

Another example of experimental comparison is the re-
duction in the dimensionality of gene expressions analyzed
by Biondo et al. [76], where the intrinsic dimension of tran-
scriptomic data is measured and used as a proxy for the
differentiation potential of a cell in Waddington’s landscape.
Cell-type potency is reduced with the decrease in intrinsic
dimension throughout differentiation. Such dimensional re-
duction is consistent with our results for types A and B.

Other measures could be adopted in experimental data and
theoretical models to deepen our understanding of the process
behind differentiation. For example, in the experimental anal-
ysis of cellular robustness under perturbation, the presence
and fraction of genes whose expression levels fluctuate, oscil-
late, or slowly change will be important. For instance, Moussy
et al. [77] tracked transcriptional and morphological changes
in hematopoietic cells during cell-fate commitment and found
that cells can exhibit intermediate states rather than a simple
binary switch. Oscillations in the methylation of genomes
have also been observed in experiments [78,79], supporting
the idea of differentiation through oscillatory gene expression
dynamics [32].

So far, it is difficult to judge whether type A or type
B is more appropriate for experimentally observed cell dif-
ferentiations. Both exhibit a Waddington-type epigenetic
landscape, robust irreversible cell differentiation under noise,
dimensional reduction in expression dynamics, and transient
increase in the variance. Some reports suggest the presence
of oscillatory gene expression in the initial stages of devel-
opment or in pluripotent cells [80–82], whereas the cell-cell
variation by stochastic gene expression has been noted in
other studies [37,83].

In conclusion, we have identified and analyzed three funda-
mental processes of cell differentiation through evolutionary
simulations of gene expression dynamics with a slow epi-
genetic fixation process: (1) successive fixation of chaotic
dynamics, (2) annealing of fixed points via noise and epi-
genetic fixation, and (3) quenching of fixed points. The first
two processes exhibit robustness against initial perturbations
and noise, generating an epigenetic landscape consistent with
Waddington’s classical picture. Our findings provide insights
into the dynamical systems framework for cell differentiation,
incorporating slow/fast timescales that align with experimen-
tal observations and pave the way for further exploration of
cell differentiation from an evolutionary and dynamical sys-
tems perspective.
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FIG. 20. Noiseless orbits of cells for type B network by giving the same θi values. At the indicated times, the cells θi values are manually
set to those of the first cell. The cells that are spread apart suddenly converge onto the fixed point of the first cell (indicated by the circle),
demonstrating the presence of only a single fixed point and that its location is fully determined by its epigenetic factors θi rather than its gene
expression xi. We have performed this analysis at various times, with θi of different cells and multiple type B networks, all with the same
results.

APPENDIX

To confirm this single fixed-point attractor for given θ for
type B, we plotted several orbits for xi, starting from different
initial conditions in Fig. 20. We use the positions of the 64
cells to generate the different initial conditions. This allows

us to sample the system’s behavior in the subspace where
the dynamics of the gene expression levels of our cells re-
side. While we cannot exclude that other fixed points exist
for highly perturbed systems, these are either too distant and
cannot be reached by the network’s dynamics, or their basin

FIG. 21. 2D orbits in PC space at various stages of differentiation for combination type. The star on the first plot indicates the origin, and
color is used to indicate the different final cell types. For these gene dynamics, we observe type C in the first plot and types A and B in the next
three plots.
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FIG. 22. Target cell-type distribution of a single typical A, B, and C network for ten simulations with perturbed initial conditions (radius
of 5, ±0.79 per xi). The amount of a given target cell (y axis) remains relatively constant for A and B; for C, it can fluctuate from 0 to almost
90% of all cells.

of attraction is too small to play any role. By setting θ for
all cells equal to those at a given developmental time T , a
singular, distinct fixed point is reached in each case. All cells
converge to this identical fixed point, indicating the absence of
other fixed points for type B networks and that the position of
fixed points is fully determined by the epigenetic modification
level θi.

While we have already discussed idealized cases, differ-
entiation in some other networks consists of combinations of
the three processes. We show one such network in Fig. 21
that has all three previously mentioned processes throughout
differentiation.

The initial periodic attractor, located at PC 1 <0.5, is
quickly reached [Fig. 21(a)]. This global attractor quickly dis-
appears and is quenched rather than evolving or migrating into
another shape. This can be observed through the cells with

various fates that migrate from (−3,0) toward a cycle on the
right at (1,−2). At T = 80 [Fig. 21(b)], none of the cells are
present in this initial attractor, rather they have formed three
smaller clusters with their own secondary differentiation pro-
cess. Figure 21(c) demonstrates these branched cell dynamics,
in the top left corner, cells end up falling on fixed points that
slowly move and branch into two separate final cell states.
This branching of weakly stable fixed points and epigenetic
stabilization is akin to the type B process. Cells at the top
right corner fall into periodic attractors that change shape,
disappear, and eventually become fixed points as observed for
type A [Fig. 21(d)]. In the bottom left corner is another chaotic
attractor from which the differentiation progresses.

In Fig. 22, we plot the number of each cell type when
perturbing the initial conditions. For simplicity, we only plot
a single network for each of the three types, further analysis
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has been performed for all samples used in the robustness plot
(Fig. 18). For types A and B, the number of each cell type is
mostly unaffected by the perturbations with their half-width
below ten cells (except for cell type 1110 for type A) and

relatively few, small outliers. Type C, however, has three target
cell types with a half-width above ten and three target cell
types whose full width or outliers have a range of over half
the total count of 64 cells.
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