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Non-Hermitian Green’s function theory with N-body interactions:
The coupled-cluster similarity transformation
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We present the diagrammatic theory of the irreducible self-energy and Bethe-Salpeter kernel that naturally
arises within the Green’s function formalism for a general N-body non-Hermitian interaction. In this work,
we focus specifically on the coupled-cluster (CC) self-energy generated by the similarity transformation of the
electronic structure Hamiltonian. The main result of this work is a Green’s function formalism for non-Hermitian
many-body quantum systems. We develop the biorthogonal quantum theory to construct dynamical correlation
functions where the time dependence of operators is governed by a non-Hermitian Hamiltonian. We extend
the Gell-Mann and Low theorem to include non-Hermitian interactions and to generate perturbative expansions
of many-body Green’s functions. We introduce the single-particle coupled-cluster Green’s function and derive
the perturbative diagrammatic expansion for the non-Hermitian coupled-cluster self-energy in terms of the
“noninteracting” reference Green’s function, $[G,]. From the exact equation of motion of the single-particle
coupled-cluster Green’s function, we derive the self-consistent renormalized coupled-cluster self-energy, %[G],
and demonstrate its relationship to the perturbative expansion of the self-energy, £[G,]. Subsequently, we show
that the usual electronic self-energy can be recovered from the coupled-cluster self-energy by neglecting the
effects of the similarity transformation. We show how the coupled-cluster ground-state energy can be obtained
from the coupled-cluster self-energy and provide an overview of the relationship between approximations for
the coupled-cluster self-energy, ionization potential/electron affinity equation-of-motion coupled-cluster theory,
and the GoW, approximation. As a result, we introduce the CC-GyW, self-energy by leveraging the connections
between Green’s function and coupled-cluster theory. Finally, we derive the diagrammatic expansion of the

coupled-cluster Bethe-Salpeter kernel.

DOLI: 10.1103/9vdr-vhxg

I. INTRODUCTION

The Green’s function (GF) formalism is one of the major
pillars in the ab initio theory of many interacting parti-
cles [1-3]. Green’s function theory is based on the analysis
of N-point dynamical correlation functions, with the single-
particle Green’s function occupying the central position.
A significant conceptual and computational advantage of
Green’s functions is that they provide a simultaneous de-
scription of ground and excited state many-body correlation.
Knowledge of the single-particle Green’s function gives ac-
cess to the exact addition and removal energies, ground-state
expectation values of any single-particle observable, and, for
two-body interactions, the exact ground-state energy of the
system. Similarly, knowledge of the N-body Green’s func-
tion yields ground and excited state properties of N-body
observables.
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Direct computation of the single-particle Green’s function
scales exponentially with the number of interacting particles,
requiring knowledge of exact eigenstates of the full many-
body Hamiltonian containing different numbers of particles.
However, the single-particle Green’s function can also be con-
structed from the Dyson equation. The Dyson equation relates
a known, reference Green’s function to the exact, interact-
ing Green’s function through the irreducible self-energy. The
irreducible self-energy contains all the many-body interac-
tions a single-particle experiences as it propagates through the
system. The self-energy itself depends on the exact Green’s
function such that the Green’s function formalism constitutes
a self-consistent theory [4]. The self-energy can be expressed
either as a perturbative or self-consistent Feynman diagram-
matic expansion. For systems of particles governed by a
two-body interaction, theories of the self-energy have been
well established and extensively explored in nuclear and con-
densed matter systems [3,5—-11]. Only recently, in the context
of nuclear theory, has the Green’s function formalism been
extended to include three-body interactions [12,13]. Until this
work, the development of the Green’s function formalism in
the context of non-Hermitian N-body interactions has been
entirely unexplored.

The discovery that non-Hermitian parity-time (P7) sym-
metric Hamiltonians can possess real spectra [14] has led
to active areas of theoretical and experimental physics
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research [15—-19]. There has been increasing interest in ex-
ploring non-Hermitian Hamiltonians as they can describe
experimentally verifiable properties of physical systems [16].
For example, non-Hermitian Hamiltonians play a role in the
theory of open quantum systems [3,18,20], dissipative Lind-
bladian dynamics [21,22], and topological quantum phase
transitions [23—26]. Experimental work on probing the spectra
and eigenstates of non-Hermitian Hamiltonians has also re-
cently emerged in the context of optics and photonics [27,28],
magnetic systems [29], exciton-polaritons [30], and ultracold
atoms [31,32]. The continued experimental and theoretical
exploration of non-Hermitian many-body quantum systems
further motivates the development of a Green’s function for-
malism capable of describing their spectral properties.

Another central pillar in the ab initio theory of many
interacting particles is coupled-cluster (CC) theory [33,34].
Coupled-cluster theory is directly concerned with obtaining
ground-state properties of a system of many interacting par-
ticles. It is based on a size-extensive reformulation of the
configuration interaction that leads to hierarchical and sys-
tematically controllable sets of equations that are, in principle,
exact. CC theory is formulated in terms of the non-Hermitian
similarity-transformed Hamiltonian. The CC similarity trans-
formation is determined by the ground-state CC amplitude
equations. In general, when the CC transformation is not
truncated, the similarity-transformed Hamiltonian is an N-
body non-Hermitian operator that possesses different left and
right eigenstates. Excited state properties are then usually
obtained from configuration interaction expansions of the CC
similarity-transformed Hamiltonian, commonly referred to as
equation-of-motion coupled-cluster (EOM-CC) theory.

Previous attempts at combining coupled-cluster and
Green’s function methods have been largely centered around
direct construction of the electronic single-particle Green’s
function using the eigenstates and eigenvalues resulting
from ground state and ionization potential/electron affin-
ity equation-of-motion coupled-cluster theory (IP/EA-EOM-
CC) [35-39]. In our work, we refer to the approach first
presented in Refs. [35,36] as the coupled-cluster repre-
sentation of the electronic Green’s function. The approach
outlined in Refs. [35,36] has led to many practical advantages
over conventional many-body Green’s function techniques
for computing spectral functions and charged excitation en-
ergies [39-42]. However, these approaches to combining
coupled-cluster with Green’s function theory do not connect
to a diagrammatic construction of the irreducible coupled-
cluster self-energy [43]. As a result, the connections to the
coupled-cluster representation of the electronic two-particle
Green’s function remain largely unexplored.

Recently, there has been increasing interest in understand-
ing and exploring the connections between coupled-cluster
and Green’s function theories based on the approximate
GoW, self-energy [44—48]. It has also been demonstrated that
the random phase (RPA) and static GW-BSE approxima-
tions can be recast as approximate forms of coupled-cluster
doubles (CCD) theory where the doubles amplitudes are
solved for by keeping only the ‘“ring” diagrams [(ring
CCD (rCCD)] [44,49]. In the case of the static GW-
BSE approximation, the associated rCCD equations contain
screened interaction intermediates as well as bare Coulomb

vertices [44]. These established connections have also been
useful in the development of analytic nuclear gradients for
the static through its connection to unitary coupled-cluster
theory [46,50,51]. This work has been crucial in furthering
the conceptual understanding of the nature of the many-
body self-energy and Bethe-Salpeter kernel in the context of
wavefunction based approaches. However, Green’s function
theory is centered about universal and exact relationships
between the exact single-particle Green’s function, irreducible
self-energy functional X[G], and its higher-order functional
derivatives [3]. To fully understand the relationship between
the functional-diagrammatic framework of Greens function
theory and the coupled-cluster similarity transformation, it
is necessary to develop new methods in order to construct
the self-energy generated by a higher than two-body non-
Hermitian interaction Hamiltonian. This leads us to introduce
a formally exact formalism that is related to but distinct from
prior work on connecting approximate Green’s function and
coupled-cluster theories.

In Ref. [43], the authors of this work demonstrated the
existence of the irreducible coupled-cluster self-energy and
Bethe-Salpeter kernel within the Brueckner formulation of
coupled-cluster (BCC) theory. In BCC theory, the singles
excitation amplitudes are eliminated by construction. This
was achieved by taking successive functional derivatives of
the BCC Lagrangian with respect to the noninteracting ref-
erence Green’s function. This approach was motivated by
the fact that calculation of the ground-state energy at any
level of approximation for the coupled-cluster representation
of the electronic Green’s function [35,36] results in a dif-
ferent ground-state correlation energy from that obtained at
the same level of approximation of the ground-state coupled-
cluster equations [36,48]. However, the underlying general
non-Hermitian Green’s function formalism was not presented
and the approach taken was based on the assumption of the
diagrammatic method for non-Hermitian systems.

In Ref. [52], Coveney also demonstrated the emergence of
the complete CCD amplitude equations starting from the elec-
tronic self-energy. This work uncovered the set of electronic
self-energy diagrams relevant to ground-state CCD theory and
subsequently how the IP/EA-EOM-CCD approximation can
be recovered. The relationships presented in Ref. [52] are
related to but distinct from the diagrammatic coupled-cluster
self-energy of the similarity-transformed Hamiltonian. This is
because the relevant analysis in Ref. [52] decouples the occu-
pied and virtual sectors of the electronic self-energy, leading
to a “non-Dyson approximation.” Therefore, the self-energy
that gives rise to the CCD amplitude equations cannot be
derived from a functional-diagrammatic expansion with re-
spect to the single-particle coupled-cluster Green’s function
(SP-CCGF).

In this work, we generalize the conventional formu-
lation of Green’s function theory, based on Hermitian
two-body (and recently three-body [12]) interactions, to in-
clude up to N-body non-Hermitian interactions. We present
the diagrammatic theory of the self-energy generated by a
non-Hermitian N-body interaction, focusing specifically on
the coupled-cluster similarity-transformed Hamiltonian. Our
non-Hermitian Green’s function formalism provides a rig-
orous formulation and extension of the results presented
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in Ref. [43] to coupled-cluster theory formulated about an
arbitrary reference state. This formalism unifies and combines
the techniques of CC and Green’s function theory, thereby
furthering the conceptual understanding of ground and ex-
cited state many-body correlation in the context of condensed
matter and nuclear physics. Our approach is based on tak-
ing the coupled-cluster similarity-transformed Hamiltonian
as the fundamental interaction Hamiltonian. This change of
perspective unveils the derivation of the resulting theory of the
self-energy and single-particle Green’s function that naturally
arise within the context of coupled-cluster theory.

The diagrammatic content of the irreducible self-energy
depends on whether it is expanded with respect to the
noninteracting or exact Green’s function. Expansion of the
electronic self-energy with respect to the exact Green’s func-
tion gives rise to self-consistent renormalization and leads to
the GF2 and GW approximations [4,53-60]. In the case of a
two-body interaction, the interaction lines/vertices appearing
in irreducible self-energy diagrams are “bare,” exhibiting no
dependence on the form of the Green’s function itself. While
it is true that Hedin’s equations introduce the screened inter-
action W[G], which is also a functional of the single-particle
Green’s function, this is a choice that is not fundamentally
necessary to construct the self-consistent self-energy expan-
sion. However, in the presence of higher-body interactions, the
interaction lines/vertices appearing in the self-energy expan-
sion are fundamentally dependent on which Green’s function
the self-energy is expanded with respect to. For example,
if the self-energy is expanded with respect to the noninter-
acting Green’s function, Gy, it is composed of one-particle
irreducible (1PI) diagrams that are constructed from effective
interactions that arise when normal ordering the Hamiltonian
with respect to the reference state. However, to construct
the self-energy as a functional of the exact Green’s function
requires effective interactions that arise when normal ordering
the Hamiltonian with respect to the exact ground state. It is a
fundamental consequence of the Green’s function formalism
that interaction vertices of the self-energy are dressed by the
Green’s function. However, this consideration has been en-
tirely unexplored in the context of non-Hermitian interactions
and coupled-cluster theory. This analysis is not only crucial to
construct the correct renormalized self-energy functional but
also to generate the correct diagrams of the Bethe-Salpeter
kernel that arise by taking the functional derivative of the
renormalized self-energy with respect to the exact Green’s
function.

This paper is organized as follows. In Sec. II, we present
a brief summary of the key results presented in this paper. In
Sec. III, we provide an overview of the conventional Green’s
function formalism. Here, we touch on the fundamental prin-
ciples of Green’s function theory and considerations that must
be made when constructing the irreducible self-energy. In
Sec. IV, we review and extend the biorthogonal quantum
theory in order to define the pictures of quantum mechanics
in the presence of a non-Hermitian Hamiltonian. Here, we de-
fine the biorthogonal Schrodinger, Heisenberg, and interaction
pictures, extending the Gell-Mann and Low (GML) theorem
to include non-Hermitian interactions. In Sec. V, we define
the single-particle Green’s function and Dyson equation for a
system governed by an N-body non-Hermitian Hamiltonian.

We demonstrate the generalization of effective interactions
required to construct the non-Hermitian irreducible self-
energy as a functional of the exact Green’s function. In
Sec. VI, we provide an overview of coupled-cluster theory
and the similarity-transformed Hamiltonian. This leads us to
introduce an alternative normal-ordering of the Hamiltonian
required for the self-consistent theory of the coupled-cluster
self-energy. In Sec. VII, we discuss the coupled-cluster repre-
sentation of the electronic Green’s function that leads us to
our approach to the genuine single-particle coupled-cluster
Green’s function. This change of perspective allows us to
define a functional-diagrammatic formalism that unifies the
Green’s function formalism and coupled-cluster theory. In
Sec. VIII, we derive the perturbative expansion of the single-
particle coupled-cluster Green’s function, thereby defining the
irreducible coupled-cluster self-energy. In Sec. IX, we derive
the diagrammatic perturbation expansion of the irreducible
coupled-cluster self-energy, demonstrating its relationship to
the conventional electronic self-energy. In Sec. X, we use
the biorthogonal theory developed in Sec. IV to construct
the nonperturbative renormalized coupled-cluster self-energy
from the exact equation of motion of the single-particle
coupled-cluster Green’s function. Here, we describe how the
perturbative expansion is recovered from the self-consistent
renormalization procedure. In Sec. XI, we demonstrate how
the exact coupled-cluster ground-state energy can be obtained
from the coupled-cluster self-energy. In Sec. XII, we use
the spectral representation of the coupled-cluster self-energy
to derive the associated coupled-cluster Dyson supermatrix.
Here, we also introduce several different approximations for
the coupled-cluster self-energy that may be readily imple-
mented. In Sec. XIII, we demonstrate the relationship between
the coupled-cluster self-energy, IPP/EA-EOM-CCSD, and the
GoW, approximation. This motivates us to introduce CC-
GoW, theory that combines aspects of Green’s function theory
and Hedin’s equations with coupled-cluster theory. Finally, in
Sec. XIV, we derive the relationship between the coupled-
cluster self-energy and the Bethe-Salpeter kernel. We present
our conclusions and outlook for future work in Sec. XV.

Throughout this work, indices and wave vectors
ik;, jk;, ... denote occupied (valence band) spin orbitals
and ak,, bK;, ... will denote virtuals (conduction band).
A mixture of Latin and Greek indices pk,, gK,, aKq, ...
is used to denote general spin orbitals. The wave vector
dependence will be omitted for clarity. We will refer to
the Green’s function and self-energy for the two-body
electronic Hamiltonian as the electronic Green’s function and
the electronic self-energy. The electronic Green’s function
will be denoted by G and the electronic self-energy will
be denoted by X. The Green’s function and self-energy
for the N-body similarity-transformed Hamiltonian will be
referred to as the single-particle coupled-cluster Green’s
function and coupled-cluster self-energy. The single-particle
coupled-cluster Green’s function will be denoted by G and
the coupled-cluster self-energy will be denoted by 3.

II. SUMMARY OF KEY RESULTS

Our goal is to present the diagrammatic theory of the irre-
ducible self-energy and Bethe-Salpeter kernel for an N-body
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non-Hermitian Hamiltonian. We then directly apply the
general formalism presented in this work to the coupled-
cluster similarity transformation of the electronic structure
Hamiltonian.

For the two-body electronic structure Hamiltonian, at equi-
librium and at zero temperature, the single-particle electronic
Green’s function is defined (in the Heisenberg picture) as

iGpq(t1, 12) = (Wo| T{a,(t)al (12)} Wo) .

From its exact equation of motion, it can be demonstrated that
the electronic Green’s function obeys the Dyson equation:

G = Go + GyX[GIG, ey

where G, is a reference Green’s function that we take
within the Hartree-Fock (HF) approximation. X[G] is the
diagrammatic irreducible electronic self-energy expressed as
a functional of the exact electronic single-particle Green’s
function. We have chosen to suppress the time/frequency de-
pendence of Eq. (1) for notational brevity.

The electronic self-energy, X, is defined diagrammatically
as the set of all one-particle irreducible diagrams. These
diagrams are constructed by the contraction of Green’s func-
tion lines with the interactions of the underlying many-body
Hamiltonian (which in this case is the electronic structure
Hamiltonian). The diagrammatic construction of the elec-
tronic self-energy yields a formally exact eigenvalue problem
for the poles and residues of the Fourier transform of the
single-particle electronic Green’s function. The poles cor-
respond to the exact addition and removal energies of the
system.

Taking the functional derivative of the electronic self-
energy with respect to the exact single-particle electronic
Green’s function yields the kernel of the electronic Bethe-
Salpeter equation (BSE):

e OZ[G]
E[G] =i G (2

Knowledge of the BSE kernel allows for the calculation of
the two-particle Green’s function and therefore two-particle
excitation energies. It is central to understand that the Green’s
function formalism rests on the functional-diagrammatic rela-
tionships contained in Eqgs. (1) and (2).

In this work, we introduce the inherently non-Hermitian
single-particle Green’s function, irreducible self-energy, and
BSE kernel for an N-body non-Hermitian Hamiltonian. Tak-
ing the coupled-cluster similarity-transformed Hamiltonian A
as the N-body non-Hermitian Hamiltonian of interest, we
define the single-particle coupled-cluster Green’s function (in
the biorthogonal Heisenberg picture defined in Sec. IV) as

iGpq(t1, 12) = (Bo| Tay(t)a) (12)}| Do) ,

where the time dependence of the operators is governed by H.
Here, |®g) and | W) are the right and left eigenstates of H,
respectively. To the best our knowledge, this propagator has
not been previously defined and, as discussed in Sec. VII, is
distinct from the formalism introduced in Refs. [35,36]. As
demonstrated in Sec. VIII, the propagator G gives rise to the
formally exact coupled-cluster Dyson equation. This allows
us to generate a functional-diagrammatic Green’s function
formalism within coupled-cluster theory.

From the equation of motion for G, we show that G obeys
the exact Dyson equation:

G = Gy + Gy2[G1G,

where %[G] is the diagrammatic irreducible coupled-cluster
self-energy expressed as a functional of the exact single-
particle coupled-cluster Green’s function. Importantly, Gy is
the same reference Green’s function appearing in Eq. (1) (the
electronic Dyson equation) and we have again suppressed the
time/frequency dependence for notational brevity. The poles
of the Fourier transform of G are the exact addition and
removal energies of the system.

In this work, we demonstrate that the irreducible coupled-
cluster self-energy, ¥, is defined diagrammatically as the
set of all one-particle irreducible diagrams resulting from
the contraction of the single-particle coupled-cluster Green’s
function lines with the interactions of the underlying
similarity-transformed Hamiltonian. In Sec. XII, we demon-
strate that the construction of the coupled-cluster self-energy
yields a formally exact eigenvalue problem for the poles and
residues of the single-particle coupled-cluster Green’s func-
tion, G.

The functional derivative of the coupled-cluster self-energy
with respect to the exact single-particle CC Green’s function
yields the coupled-cluster BSE kernel:

Knowledge of the coupled-cluster BSE kernel allows for the
calculation of the two-particle coupled-cluster Green’s func-
tion. The Fourier transform of the exact two-particle CC
Green’s function contains poles at the exact two-particle exci-
tation energies of the system.

In order to demonstrate that our formalism is diagrammat-
ically consistent, we also derive the perturbative expansion of
the coupled-cluster self-energy with respect to the reference
Green’s function, Gy. This demonstrates the importance of
the emergence of effective interactions that are naturally gen-
erated by Green’s function theory with three-body or higher
interactions. To summarize our key findings, we present the
corresponding standard equations of Green’s function theory,
and their exact generalization to the non-Hermitian CC N-
body Hamiltonian.

In Table I, we depict the diagrammatic content of the
self-consistent renormalized self-energy of the electronic and
coupled-cluster similarity-transformed Hamiltonians, respec-
tively. For the diagrams depicted in the second column of
Table I, the double arrows represent the exact electronic
Green’s function G, the single arrows represent the refer-
ence Green’s function Gy, and the interaction line is the
antisymmetrized Coulomb interaction. For the diagrams de-
picted in the third column, the double arrows represent the
exact single-particle coupled-cluster Green’s function G and
the interaction lines are now the one-body, two-body, and
three-body coupled-cluster effective interactions, which are
all functionals of G.

The static component of the standard Hermitian electronic
self-energy is given by the diagrams contained in the second
column-second row of Table I. The two diagrams evaluate
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TABLE I. Summary of the renormalized electronic and coupled-cluster self-energy diagrams up to third order. The third-order coupled-
cluster self-energy diagrams presented here are restricted to those that display two-particle, one-hole/two-hole, one-particle excitation character.

The complete set of third-order diagrams can be found in Sec. X.

Self-energy Electronic: £[G]

Coupled-cluster (This work): £[G]

Static

~0 O

MWW

Second-order

Third-order

R

(p1h/2h1p)
to [3,61] coupled-cluster effective interaction & q.rs[G1, which is also a
~ . 4 0 . functional of G. This diagram is derived in Sec. X and again
XplGl=—i Z (prilgs) [Gor(t —1%) = Gyt —11)] reduces to the second-order electronic self-energy when the

rs

= (prllgs) (ves — V).

rs

where y,s/y"! are the exact/reference electronic one-body
reduced density matrices. Importantly, the two-body Coulomb
interaction is not a functional of the single-particle electronic
Green’s function [43]. The exact static component of the
non-Hermitian coupled-cluster self-energy is depicted in the
diagram of the third column-second row of Table I and evalu-

ates to

S2[G1= G MWW = FiolGl—fpq

where £, is the irreducible one-body effective interaction
arising from the coupled-cluster similarity transformation,
which is explicitly a functional of the single-particle coupled-
cluster Green’s function, G. We subsequently demonstrate
that this diagram reduces to the static electronic self-energy
when the similarity transformation of the electronic structure
Hamiltonian, H = ¢~ THeT, is removed (T = 0). This term
was first derived in Ref. [43] within BCC theory by taking
the functional derivative of the Lagrangian with respect to the
noninteracting reference Green’s function.

The standard second-order electronic self-energy is given
by the diagram in the second column-third row of Table I. In
the case of coupled-cluster theory, we find the second-order
contribution in the third column-third row of Table I. In the
CC self-energy diagram, the interaction is now the two-body

similarity transformation of the electronic structure Hamil-
tonian is neglected. Three-body and higher diagrams do not
contribute at second order as they evaluate to zero due to the
coupled-cluster amplitude equations.

The standard third-order diagrams of the electronic self-
energy are given in the second column-final row of Table I.
For the coupled-cluster self-energy, third column-final row of
Table I, we see the appearance of many more diagrams at
third order that demonstrate the presence of two- and three-
body effective interactions (introduced by the coupled-cluster
similarity transformation) that are themselves also functionals
of G. These terms are defined in Sec. X, where the three-body
interaction, ¥ pq,ﬁs,u[G], is also defined.

The first two diagrams of the third-order CC self-energy are
topologically identical to the electronic case, containing cor-
relation effects only due to the two-body effective interaction.
However, we also have a special two-particle, one-hole/two-
hole, one-particle diagram containing the three-body effective
interaction. The complete set of third-order CC self-energy
diagrams is presented in Sec. X.

In Table II, we collect the standard equations of the Green’s
function formalism for the electronic and coupled-cluster
similarity-transformed Hamiltonians, respectively. Within
Green’s function theory, the ground-state electronic correla-
tion energy is obtained from the electronic Green’s function
and self-energy through the Galitskii-Migdal formula [62].
This formula is exact because the electronic structure Hamil-
tonian is a two-body operator. In coupled-cluster theory,
the ground-state correlation energy is found directly from
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TABLE II. Summary of quantities obtained from the GF formalism for the electronic structure and coupled-cluster similarity-transformed

Hamiltonians.

GF formalism Electronic

Coupled-cluster (this work)

Energy

E.=3lim, o), [7 $2em 5 (0)Gyp(@)

ESC =1 ,EFY + 3, hiatf)

—00 2mi
f+ x> U \ f+ 5 U V
Dyson supermatrix D = U K> +C> 0 D¢ = U K> +C> 0
vi 0 K<+ C~ \Y 0 K=+ C~

the first-order contribution to the static self-energy as de-
rived in Sec. XI, and is equivalent to the Galitskii-Migdal
formula for the electronic correlation energy for a two-body
interaction.

From the spectral representation of the exact coupled-
cluster self-energy, in Sec. XII we derive the coupled-cluster
Dyson supermatrix [43]. The CC Dyson supermatrix can be
found in column three-row three of Table II. The upper left
block, f + £, is defined over the full set of occupied and
virtual spin orbitals and the off-diagonal “coupling matrices”
U/U, V/V couple the single-particle states to many-particle
excited state configurations. The KS + CS matrices contain
the interactions between the different excited state configu-
rations mediated by the similarity-transformed Hamiltonian.
The CC Dyson supermatrix is to be contrasted with the elec-
tronic Dyson supermatrix D, written in column two-row
three of Table II, which is manifestly Hermitian. The eigen-
values of the exact electronic and exact coupled-cluster Dyson
supermatrices both yield the exact ionization and electron
affinities of the system. Using the CC Dyson supermatrix
representation, in Sec. XII we also derive different approxi-
mations for the coupled-cluster self-energy, restricted to the
space of two-particle-one-hole (two-hole—one-particle) ex-
cited state configurations, that preserve the correct analytic
pole structure of the Green’s function and self-energy.

We arrive at CC-GoyW, theory by employing the ground-
state ring CCD approximation [49] while truncating the
interaction matrices to consist of 2p1h/2h1p excitations:

$y0orCCD rCCD rCCD
Jra + 25 Xpi,ab Xpa,ij
RCC-GoWy __ rCCD A GoWo>
D - Xab.qi Aiah,jcd 0
CCD = GoWo<
Xij.qa 0 Ao

Here, £097CCP is the static component of the coupled-cluster

self-energy evaluated in the rCCD approximation and X;S(i?

is the rCCD two-body interaction that arises when normal or-
dering the similarity-transformed Hamiltonian with respect to
the reference determinant. The interaction matrices are given
by Ago"" = (€adpadij + Hiyig)Sac and AT = (€i8j18ap —
HRP))di, respectively, where H®™ is the RPA Hamilto-
nian. All matrix elements are defined in Sec. XII, where
it is also shown that the D©%% supermatrix provides an
infinite-order summation of coupled-cluster self-energy bub-
ble diagrams.

In Table III, we present the diagrammatic content of the
electronic and coupled-cluster BSE kernels, respectively. The
diagrammatic content of the electronic BSE kernel is given
in the second column of Table III. The coupled-cluster BSE

kernel (up to second order) is also given in the third column

of Table III. Within coupled-cluster theory, derivation of the
BSE kernel is significantly more complicated than for the
electronic case as the interaction lines are also functionals of
G. Therefore, one must take functional derivatives of both
interaction and Green’s function lines of the self-energy to
obtain the correct expression for the BSE kernel. The full
diagrammatic content of the CC BSE kernel at second order,
including three- and higher-body effects, is given in Sec. XIV.

III. REVIEW OF CONVENTIONAL GREEN’S
FUNCTION THEORY

In this section, we present an overview of the conventional
formulation of many-body quantum field theory where the
Hamiltonian is Hermitian. This is necessary in order to pro-
vide a complete description of the forthcoming non-Hermitian
theory where the time dependence of states and operators must
be carefully addressed.

A. The pictures of quantum mechanics

Let us assume that we have a Hermitian Hamiltonian H
that contains no explicit time dependence. The Schrodinger
equation is therefore

a
io; Ws@) = H |Ws(@)) . 3

Given an initial state |Wg(0)), we write the formal solution in
terms of the time-evolution operator as

|Ws(1)) = exp(—iH?) [¥s(0)) . “

In the Schrodinger representation of quantum mechanics,
all operators are time-independent and the time depen-
dence enters via the state vector, |Ws(?)). Alternatively, we
can use the Heisenberg picture where we instead define
time-dependent operators and stationary state vectors. This
formulation corresponds more intuitively to the classical pic-
ture where observables such as position and momentum vary
with time. The state vector in the Heisenberg representation is
time-independent and given by |Wg) = |Ws(0)). Heisenberg
operators are related to Schrodinger operators via [1,2]

Ou(t) = exp(iH1)Os exp(—iH?1). 5)

Finally, we have the interaction picture where we assume
that the Hamiltonian may be written as a sum of two terms
H = Hy + H,, where Hj is the reference Hamiltonian. The
interaction state vector is written as

|Wi(1)) = exp(iHot) [Ws (7)) . (6)
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TABLE III. Summary of the renormalized electronic and coupled-cluster BSE kernel diagrams up to second order. The second-order
diagrams of the CC-BSE kernel depicted here contain only those with two-body effective interactions. The complete set of second-order

CC-BSE kernel diagrams can be found in Sec. XIV.

. 53[G]

BSE kernel Electronic: Z[G] = i =5

Coupled-cluster (This work): Z[G] = i‘ji{i[g]

Static

e

Second-order
(Two-body only)

LELE

MEE

This time-dependent unitary transformation results in the in-
teraction state vector obeying the Schrodinger equation

0
i Wi @) = Hy (@) [ W), (N

where H,(t) = exp(iHyt )H| exp(—iHyt). The formal solution
of the interaction state vector Schrodinger equation is given
by [1]

W (1)) = U2, 1) [Yi1(t))

= T{exp <—i/ dt’ H, (t'))} W),  (8)

where 7 represents the time-ordering operator. Clearly, we
have |Wy) = |\¥;(0)), with the relationship between Heisen-
berg and interaction picture operators as

On(1) =U(0,1)0,(0)U (1, 0), ©))

where we have used the unitarity of the time-evolution opera-
tor. All three pictures coincide at r = 0.

B. The ground state in quantum field theory:
Gell-Mann and Low theorem

In quantum field theory, where the particle number is no
longer a “good quantum number,” the Gell-Mann and Low
theorem provides the central key to find the ground state
and construct propagators perturbatively. In order to derive a
consistent Green’s function theory for non-Hermitian interac-
tions, we must understand the implicit assumptions contained
in the GML theorem for Hermitian systems.

Deriving the GML theorem requires the introduction of the
explicitly time-dependent adiabatic “switching-on” Hamilto-
nian as

H(@t)=Hy+ e "H,, (10)

where 7 is a positive infinitesimal. At large times, this Hamil-
tonian reduces to the reference and at ¢ = 0 it corresponds to
the full Hamiltonian of our system. Using the results on the
relationships between state vectors in the pictures of quantum

mechanics, we immediately write the Heisenberg state vector
as

W) = Uy(0, 10) [ (1)) , )

where U, is given by replacing H,(¢") in Eq. (8) with
e "IH\(t'). Letting the time f, approach —oo, while taking
the physical limit as n» — 0 of Eq. (11), leads immediately
to the GML theorem on the ground state of a quantum field
theory [1,63]. The theorem states that if the quantity

|Wo) . U,(0, £00) | Do)

= lim (12)
(Po|Wo)  n=0 (DPo|U,(0, £00)| Do)

converges, then it is an eigenstate of the full Hamiltonian such
that

[Wo) [Wo)

=FE . (13)
(Po|Wo) (Po|Wo)

In this way, an eigenstate of the full Hamiltonian is generated
adiabatically from |®,) as the interaction is switched on. If
|®y) is the ground state of the reference Hamiltonian, then
the eigenstate generated from this procedure is usually the
true ground state. However, this is not always the case. Impor-
tantly, the limits of the numerator and denominator as n — 0
in Eq. (12) do not exist separately [63]. The theorem only
asserts that if the limit of their ratio exists, then the eigenstate
is well defined and is an eigenstate of the full Hamiltonian.

C. The single-particle Green’s function
and irreducible self-energy

At equilibrium and at zero temperature, the single-particle
Green’s function is defined as

(Wol T {ay(t1)a (12)}|Wo)
(Wo|Wo)

iGpy(ti — ) = , 14)
where a;(t) /a,(t) create/annihilate electrons in spin orbital
|¢,) in the Heisenberg representation, 7 is the time-ordering
operator, and W) is the exact ground state. In general, the
single-particle Green’s function contains information on the
following observables:
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(1) The exact single-particle excitation spectrum.

(2) The ground-state expectation value of any single-
particle operator.

(3) The exact ground-state energy (in the case of a two-
body interaction).

The single-particle Green’s function is related to the one-
body reduced density matrix by

Vpg = —iGgp(ty — 117) = (Wolajay|Wo) , (15)

where the notation tfr = lim,_, ¢+ #; + 1 indicates evaluation
of time argument from above.

Using the GML theorem [Eq. (12)], we construct the per-
turbative expansion for the Green’s function as

iGpy(t1 — 1) = %I_I}(l) (Dol T{Syap(t)aj (i)} Do), (16)

where S, = T{exp(—i [, dte”""!H;(t))} and the subscript
C corresponds to retaining only the connected diagrams in the
expansion using Goldstone’s theorem [1].

The number of diagrams (terms) generated by Eq. (16) at
each order is reduced by collecting all 1PI diagrams in the
expansion. 1PI diagrams are diagrams that cannot be divided
into different subdiagrams by cutting a single propagator line
and their complete set defines the irreducible self-energy ker-
nel, X, (w). All reducible diagrams are then generated by the
geometric Dyson series

Ghy(@) + ) G (0)Z5(0) Gy (). (17

Gp(w) =

Here, Ggq(a)) is the “noninteracting” propagator that results
from independent-particle propagation corresponding to time
evolution under the action of the one-body reference operator
Hy. The Dyson equation allows us to move away from direct
Green’s function perturbation theory and instead focus on the
reduced set of diagrams that constitute the self-energy. In
general, the self-energy is composed of a static component
and a dynamical contribution

Tp(@) = 0 + B} (@) + Tp (o), (18)

where Zgj is the static component and E (a))/ E (a)) are
the forward-/backward-time dynamical contr1but1ons In this
work, we choose to define the static component of the self-
energy with respect to the Fock operator as we define the
noninteracting Green’s function, Gy, within the Hartree-Fock
approximation.

The set of diagrams that constitute the irreducible self-
energy may be expressed with respect to the reference Green’s
function Gy or the exact Green’s function, G. If the self-
energy is expanded in terms of the exact Green’s function,
this restricts the self-energy diagrams to be only those that are
1PI, skeleton, and interaction irreducible. Skeleton diagrams
are self-energy diagrams that cannot be separated into two
pieces by cutting a single fermion line twice at two different
points [3]. Interaction-irreducible diagrams are self-energy di-
agrams that are constructed from the effective interactions that
arise when normal ordering the Hamiltonian with respect to
the exact ground state [12,13]. Expressing the self-energy with
respect to the exact Green’s function X[G] is referred to as
self-consistent renormalization and considerably reduces the
number of diagrams constituting the self-energy expansion. It

is also crucial to construct the functional ¥[G] to correctly
derive the BSE kernel. For example, the effective interactions
corresponding to the two-body Hamiltonian

H= Zh,,qa ag + (2')2 > vpndialaa,  (19)

pq.rs

are given by normal ordering H with respect to the exact
ground state |Wy). This gives

H= E(I)V + Z q{a aq} + == 2')2 Z Upgq, ra{a a asar}7
pq

pq.rs

(20)

where the effective interactions that are used to construct
interaction-irreducible diagrams are defined by

Fpg = fpg+ Z Upr,gs (Vrs - yrrsef)

= fpg + Zpg

(2D
where f,; = h,,q + > U, qéyref is the Fock operator, y,; =
(\IIN |a7a |\IIN ) is the exact one- -particle reduced density ma-
trix, and )/rret (<I>0|a as|®g) is the reference one-particle
reduced density matrix. Here, v, s is the antisymetrized
two-body interaction and E} = (W) |H|W)) is the exact
ground-state energy. The notation {- - - } indicates a string of
operators that is normal ordered with respect to the exact
ground state.

By the relationship between the one-particle reduced den-
sity matrix and the Green’s function [Eq. (15)], we see that
the contribution X7 to the one-body effective interaction is
the exact static component of the self-energy

E;; = Z Upr.qS(Vrs - Vrrvef) (22)

and depends self-consistently on the exact Green’s func-
tion [3,4].

In the case of a two-body interaction Hamiltonian, the
effective two-body interaction is the same as the “bare” two-
body interaction. This is because there are no higher-body
terms present that may dress this interaction. Therefore, the
irreducible self-energy may be expressed in terms of the 1PI,
skeleton, and interaction-irreducible diagrams constructed
from the bare two-body interaction using exact propagators.
Therefore, we are usually not concerned with the effective
interactions that arise when normal ordering H, as the self-
consistent expansion for the self-energy is unchanged when
using the “bare” two-body interaction.

However, generating the effective interactions for a three-
body Hamiltonian is more involved. Consider the three-body
Hamiltonian

H = Zh,,qa aq + (2')2 Z Vpg, ”apa asa,

pq.rs

Z Woar, Y,,,apa aTaua,aY 23)

pqr,stu

(3')2
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Normal ordering this Hamiltonian with respect to the exact
ground state gives

H = EN + Z q{a a} + —= (2')2 va‘i ,S{a a aéa,}

pg.rs

(3,)2 D Worwdajaialaaay), (24)
pqr.stu
where the effective interactions are now

qu = qu + Z vpr,qr(yr\' )’ff’f 2|)2 Z Wprv qtu rv tu
s

rs,tu

= fog + E;;, (25a)
with
qu,rs = Upq.rs + Z qut,rruytuv (25b)

tu

where W,y is the antisymmetrized three-body interaction
and Ty s = (g |ala)asa [ Wy') is the exact two-particle re-
duced density matrix. Here, we clearly see that generating the
self-consistent renormalized 1PI, skeleton, and interaction-
irreducible diagrams for X[G] corresponding to a three-body
Hamiltonian is more involved [12]. The exact static contribu-
tion to the self-energy,

§ ret
pq vl"’ qs )/r s Vrs

now involves the two-particle reduced density matrix con-
tracted with the three-body interaction.

It is central to note that the effective two-body interaction
given in Eq. (25b) is significantly modified and is now a func-
tional of the exact single-particle Green’s function, V[G]. This
is due to the contraction of the bare three-body interaction
with the exact one-particle reduced density matrix. This fact
creates a fundamental distinction between Green’s function
theories of two-body and three-body (and higher) interactions.
Therefore, the self-consistent self-energy functional X[G] is
constructed only from skeleton diagrams using the effective
interactions, V and W, with exact propagators [12,13]. In the
case of a three-body interaction, this greatly reduces the num-
ber of terms in the diagrammatic expansion and this procedure
is absolutely necessary when expressing the self-energy as a
functional of the exact Green’s function. When there are three-
body interactions present, the ground-state energy is no longer
directly obtainable from knowledge only of the single-particle
Green’s function and self-energy [12].

This concludes our summary of the standard results that are
pertinent to the similarity-transformed formulation.

(2!)2 Z WPVS qtu Crstus (26)

rs,tu

IV. BIORTHOGONAL QUANTUM THEORY

Within non-Hermitian quantum theory, time evolution of
states and operators must be formulated carefully. This is
due to the fact that the left and right states can be related to
each other by a nontrivial metric and therefore evolve under
different Hamiltonians. In this section, we will review aspects
of biorthogonal quantum theory, as well as the biorthogo-
nal Schrodinger and Heisenberg pictures. To the best of our
knowledge, for the first time we present the biorthogonal

interaction picture and provide an extension of the GML
theorem to include non-Hermitian interactions. This analysis
is required to define a consistent Green’s function theory
that generates a diagrammatic theory of the self-energy and
Bethe-Salpeter kernel. Finally, the biorthogonal Heisenberg
picture is central to the self-consistent Green’s function theory
presented in Sec. X.

Suppose we have a diagonalizable non-Hermitian Hamil-
tonian H with eigenstates {|W,)} and eigenvalues {E,} such
that

H|V,) = E, |V,) = (V,|H = (V| E;. 27

The eigenstates of the Hermitian adjoint H' are
H'|®,) = &,|P,) = (Pu H = (D E;. (28)

The set {|W,)} is complete in the Hilbert space, with
(D, V) =8 and E, = & V n. Completeness of {|W,)}
implies the completeness of {|®,)} [64,65]. The eigenstates of
H are generally not orthogonal [64]. The basis set {|®,,)}V_,
is referred to as the biorthonormal basis associated with
A ) _, [64-66]. A general state

N
= GilW,) (29)

has an associated state and a dual state

N
= Cul®y)
n=1

The state dual to | V) is given by (\Tl~| and the associated state is
given by its Hermitian conjugate: |\V). The biorthogonal inner

product is defined as
ZWI 31

where (., .);, denotes the biorthogonal inner product. Un-
der the biorthogonal inner product, the set of states
{I¥,.), |d>,,)}1,:’:] forms a complete biorthogonal system. A
generic operator, A, can be represented in the biorthogonal
basis as

N
= (U]=) Cr (Dl (30)

(W, W), = (P|V) =

A Z anm |\Illl m ’ (32)

with a,,, = (®,|A|¥,,). The expectation value of an observ-
able in a pure state |W) is defined as

(W]A|W)
(A) = ——, (33)
(W)

and if the operator is biorthogonally Hermitian with a,,, =
ay,, the expectation value of the observable will be real.
Non-Hermitian quantum mechanics can also be formulated
in terms of conventional quantum theory where the Hilbert
space is endowed with a nontrivial metric. This is known as

pseudo-Hermitian quantum theory [64,67,68].

A. Biorthogonal Schriodinger and Heisenberg pictures

The formalism of quantum field theory takes place in the
Heisenberg picture [69]. Therefore, we must carefully define
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the relationship between the Schrédinger and Heisenberg pic-
tures in order to define the correct extension of the Green’s
function formalism for non-Hermitian interactions.

The time-dependent non-Hermitian Schrodinger equa-
tion is written as

a -
im; Ws@) = H |¥s@)), (34)

where H is a time-independent, pseudo-Hermitian Hamilto-
nian [68]. The formal solution is given by

|Ws()) = U(t,0)|¥s(0)), (35)

where U(t, 0) = exp(—iHt). It is important to note that the
time-evolution operator U is not unitary. The associated states
necessarily obey the conjugate equation

L0 - s
i [Ws@) = H W), (36)
yielding the formal solution

|Ws(0)) = U (t,0) | ¥s(0)) (37

where |WUg(0)) is the associated state of |Wg(0)) and
U'(t,0) = exp(—iHt). This ensures that the norm of the
state is preserved under time evolution as (Tg()|Ws(1)) =
(Fg(0)|Ws(0)). Clearly, we see that associated states evolve
according to a different Hamiltonian (H¥) [70]. This also
has important consequences in the theory of non-Hermitian
quantum electrodynamics [65].

The Heisenberg states are given by the following rela-
tionship: |Wy) = |Ws(0)) and |¥y) = |Ws(0)). Therefore, the
general relationship between an operator in the Heisenberg
and Schrodinger representations under the biorthogonal inner
product is given by

On(t) = exp(iHt)Os exp(—iHt). (38)

It should be noted that the same form has been obtained in the
pseudo-Hermitian theory with respect to the t-inner product,
where 7 is the metric [71]. Now that we have defined the
biorthogonal Schrodinger and Heisenberg pictures, we intro-
duce the biorthogonal interaction picture.

B. Biorthogonal interaction picture

Assume that a time-independent diagonalizable non-
Hermitian Hamiltonian H may be expressed as the sum of
two non-Hermitian terms Hy and H, such that H = Hy +
H,. Let us define the interaction state vector in the Hilbert
space as |W;(¢)) = exp(iHot) |Ws(t)) and its associated state
as |¥; (1)) = exp(il—?gt) |¥g(r)). This transformation leads to
the following Schrodinger equations for the interaction state
vector

0 -
ial‘l’z(m = H,(#) |¥;(2)) (39a)
and its associated state
0 - _ -
i 1) = A0 1%,0)), (39b)

where H,(t) = exp(iHyt)H, exp(—iHyt) and HlT(t) is the Her-
mitian adjoint. An arbitrary matrix element in the Schrédinger

picture requires a general operator in the biorthogonal interac-
tion picture to be defined as

O,(t) = CXp(iI:Iot)OS exp(—iHOt). (40)

In order to find an expression for the time-evolution opera-
tor in the biorthogonal interaction picture, from Eqgs. (39a)
and (39b), we immediately find that

Wi (1)) = T{GXP (—i/ dt’Hh(t'))} W1 (t0))

fo

=U(t, 1) V(1)) (4D

and

W (1)) = T{GXP <—i/ dl'Hf(t’))} W1 (10))

=U"(t, 1) W1 (to)) - (42)

These relations ensure that the biorthogonal norm of the in-
teraction state vector is time-independent. As a result, the
general relationship between the biorthogonal interaction and
Heisenberg pictures under the biorthogonal inner product is
given by

(W) = U0, 1) [Wi(to)) , (432)
Wy) = 070, 10) 1¥1(t0)) (43b)
On(t) = U(0,1)0;(1)T (¢, 0). (43c)

C. Extension of the Gell-Mann and Low theorem for
non-Hermitian interactions

In order to generate a diagrammatically consistent Green’s
function formalism for non-Hermitian interactions, here we
demonstrate that we can extend the GML theorem.

Exact eigenstates of the full non-Hermitian Hamiltonian
can be generated adiabatically by introducing the time-
dependent Hamiltonian

I:I = [‘7() + e_mtlﬁl, (44)

where 7 is a positive infinitesimal. Here, we have made the
implicit assumption that H can be partitioned as the sum of
two diagonalizable non-Hermitian Hamiltonians Hy and H;.
At very large times, the Hamiltonian reduces to Hy and at
t = 0, the Hamiltonian is the full non-Hermitian Hamiltonian.
The general solution for the interaction and associated states
is given by

W1 (0) = Uy(t, 10) [ Wi (to))
1Wr(1)) = T, (2, 10) W1 (1))
where the time-evolution operator now takes the form

U,(t, 1) = T{exp <—i / dr'e " |, (r’))}, (46)

fo

(45a)
(45b)

with the analogous form for ﬁj (t,1). Using these relation-
ships, we take the time limit #o — —oo and the physical limit
as n — 0 by extending the GML theorem (see Appendix A)
such that if the limits of the quantities

|Wo) lim U, (0, —00) | D)
(Do Wy) =0+ (Do|U, (0, —00)| Do)

(47a)
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and
W) _ . 0,(0, —00) | Do)
(o[ Wg) =0+ (BT, (0, —00)| Do)

(47b)

exist, then they are the “right” and “left” eigenstates of the full
Hamiltonian H:
gl ) ) W)
(Po|Wo) (@o|Wo) (@o|Wo) (Po|Wo)
(48)
Importantly, the limit as n — O of both the numerators and
denominators of Egs. (47a) and (47b) do not separately exist.
The proof can be derived in a similar way to the original
proof presented for the Hermitian case but can only be ob-
tained by careful analysis of the role of time dependence of
operators for non-Hermitian quantum systems. The theorem
also applies equally to the state obtained from evolving from
t = +oo [1,63]. Using our definition, the associated state is
written as

(Dol _ . (@0l Ty(0, —00)
(To|@g)" 1=0* (D] T, (0, —00)| Do)
(®o] U, (—00, 0)

im —— = 49)
10" (Do |Uy (=00, 0)| Do)
Therefore, the state obtained from the adiabatic procedure is
an eigenstate of the full non-Hermitian Hamiltonian, which
may be obtained from either evolving “forward” or “back-
ward” in time.

By making use of our extended GML theorem, we can
construct perturbative expressions for time-dependent corre-
lation functions by evolving on the right from —oo and on the
left from 400 as follows (making use of the linked diagram
theorem [1,33]):

R(tlv t2s L) tI‘L)

(Wo| T{OH(11)Op (12) - - - Op (1)} W)
(| o)

nl_i)%l+<&)0|7-{sn01(tl)ol(t2) ~ 01t} ®o)e » (50)

where the subscript C indicates that only connected diagrams
contribute to the expansion. Here, S, = U, (00, —00) is the
nonunitary scattering operator. If we choose the partition-
ing such that the reference Hamiltonian is Hermitian, i.e.,
Hy = HOT , the results above hold and we have

Rty  ta, ..., 1)
= nli%l+<¢0|7{gn01(l1)01(l2) < Ot ®o) e, (51

where now the left and right states of the Hermitian reference
are simply related to each other via Hermitian conjugation.

V. THE SINGLE-PARTICLE GREEN’S FUNCTION FOR
N-BODY NON-HERMITIAN INTERACTIONS

In this section, we define the single-particle Green’s
function for the case of an N-body non-Hermitian inter-
action Hamiltonian and discuss the construction of the
non-Hermitian irreducible self-energy that emerges. This

analysis provides the foundation for the analysis of the dia-
grammatic coupled-cluster self-energy presented in Secs. IX
and X.

Suppose we have an N-body non-Hermitian Hamiltonian

_ _ 1 .
— ¥ = ot
H = E hpqapaq + W E Upg,rs@,0 g0y
1z 7 pgrs

_1 - .
i i
BNEnE Y Wpgrsuaiaala,aa
’ pqr,stu
—1 i Tttt
* (4?2 ZMI’CI’S,tuvzapaqaraS

pqars
tuvz

a;a,a,a;

1 .
Z - Fotot ot g
+ W qursn,tuuzmapaqara5anamazavauat + - )

pqrsn
tuvzm

(52)

with right and left eigenstates given by H |¥)) = E} |¥)
and H' |W)) = E}' |U)'). The biorthogonal single-particle
Green'’s function of the non-Hermitian theory is defined as the
biorthogonal expectation value

iGpq(t1, 1) = (O | THa,(t)al (1)} W7)), (33)

where the time dependence of the field operators is given by
ay(t)) = efa,e™H  as defined in the biorthogonal Heisen-
berg picture. The notation G is used to indicate that the
Green’s function is defined with respect to the biorthogonal
inner product.

By partitioning the non-Hermitian Hamiltonian into an ar-
bitrary reference operator Hy, and an interaction term H; =
H — Hy, we can use the extended GML theorem [Eq. (50)] to
write the perturbative expansion for the Green’s function as

iqu(tl s tZ)

= (Do|T {exp (—i / dt Hl(m)ap(n)a;(rz)}|<I>o>c,
(54)

where the time dependence of the field operators is now
defined in the biorthogonal interaction picture: a,(t;) =
et g e~ ! Here, |®g) and (Py| are the right and left ground
eigenstates of the reference operator, Hy. We have dropped the
implicit limit as n — 0 in Eq. (50) for notational simplicity.
Equation (54) immediately gives rise to the exact geometric
Dyson series

Gpg(@) = G5 (@) + Y G0 (0)E(@0)Gy(w), (55

where G is the noninteracting Green’s function of the refer-
ence. The non-Hermitian self-energy can be exactly written as
the sum of the static and forward-/backward-time dynamical
contributions

Sp(@) =%+ 55 (@) + £ (), (56)

and is a functional of the exact biorthogonal single-particle
Green’s function, £[G]. The 1PI, skeleton, and interaction-
irreducible diagrams that make up the self-energy functional
$[G] are obtained from effective interactions. These inter-
actions arise when normal ordering H with respect to the
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biorthogonal ground-state expectation value. In this case, the
one-body term is given by

Pq - hP‘] + Z Upr, qsyrs (2‘)2 Z wprs qturls tu

rs rs,tu

(3;)2 Z Uprst,quuz Frst woz T

rst,uvzg

z - - - t
= fra + Z Upr,gs (Vrs - rrse
s

')2 E wprsqtu rs,tu

rs,tu

+ == ( ‘)2 Z uprst quszrst wz +

rst,uvz
_ 7 00
- fl"i + qu’

where f,, is the non-Hermitian Fock operator, the exact
one-particle reduced density matrix is defined as p,, =
(Y |aTaq|\IJN ), and the reference one-particle reduced den-
sity matrix is 7' = (Polajay|Po). The two-body effective
interaction is obtalned as

l_}pq.rs+ E a}pqt,rsuf/tu

tu

(57a)

qu,rs =

(2,)2 D fpgrursve Lz + - (57b)
tu,vz
with the three-body effective interaction
qur,stu = a}pqr.sru + Z apqrv,stuxf/ux
vXx
(2’)2 Z qurvw vtulonw lo+ . (57C)
vw,lo
The four-body effective interaction is
qurs,tuvo = ﬁpqr‘s.tuvo + Z /zpqrxy,tuvoxf/yx + - (57d)

yx

This procedure is continued up to the N-body interac-
tion. The two-particle biorthogonal reduced density matrix
is defined as [y = (¥ |a}a Jasa,|¥y') and so on for the
higher-body equivalents.

We immediately find the exact static component of the non-
Hermitian self-energy £°°[G] as the remainder of the one-

body effective interaction, F — f:

= ~ f
qu = Z Upr,gs (yrs V,rf (2')2 Z Wprs, qtu rs,tu

rs,tu

(3‘)2 Z Uprst,quuz 1—‘rst wz T (58)

rst,uvzg

To construct the non-Hermitian self-energy functional self-
consistently, it must be composed of the effective interactions
V, W, U, and so on, which are required in order to gener-
ate interaction-irreducible self-energy diagrams. Therefore, it
is these effective interactions that appear as vertices in the
self-consistent expression of the self-energy functional, £[G].
Importantly, all effective interactions up to the N-body term
are explicitly functionals of the single-particle Green’s func-
tion. The perturbative expansion for the self-energy [Go]

is obtained by expanding both the propagators and effective
interactions with respect to the reference Green’s function,
Gy. For the remainder of this work, we will focus on gener-
ating the interaction-irreducible Feynman diagrams resulting
from the coupled-cluster similarity-transformed Hamiltonian.
However, the analysis presented in this work is general and
can be applied to any N-body Hermitian or non-Hermitian
interaction Hamiltonian.

VI. OVERVIEW OF COUPLED-CLUSTER THEORY

Within coupled-cluster theory, the following ansatz is made
for the exact ground-state wavefunction of a system of N
interacting particles:

W) = e" [®y) . (59)

where |®) is the reference determinant. The wave operator
T creates all excitations with respect to the reference determi-
nant and is defined as

T = Ztaa,

Z t’j’,’faka;takakajal + ., (60)

ijkabc

ab
2')2 Zt a ahaja,
ijab

(3')2
where {t,“,tgb,tl‘j’,’j,...} are the cluster amplitudes. Using
the CC ansatz, we write the non-Hermitian CC eigenvalue
problem for the right and left eigenstates of the similarity-
transformed Hamiltonian as

H D) = ESC Do), (BolH = (Y| EgC,  (61)

where
H=e¢THe (62)

is the similarity-transformed Hamiltonian and H is the bare
Hamiltonian. Here, we see that the reference |®) is the right
eigenstate of the similarity-transformed Hamiltonian. The left
eigenstate is given by (¥y| = (®g| (1 + A), where A is the
deexcitation operator defined as

A= Zkaa g+ —— (2')2 Zk;’l,aTaTabaa
abij

jk
|)2 > rhalalalaaa, +--- . (63)
abci jk
with {A, )x;jb, )“.;JZ(C’. ..} representing the deexcitation ampli-
tudes. The excitation, deexcitation amplitudes and ground-
state energy are obtained from minimization of the coupled-
cluster Lagrangian [34]

L§Et, 2) = (Fo|H| Do)
= (QolH[®Do) + Y A (DulH|Do),  (64)

"

where |®,) represents the manifold of excited Slater deter-
minants given by |®¢) = ala; |Po), etc. Minimization of the
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Lagrangian gives rise to the excitation and deexcitation am-
plitude equations

L _ (o, 1 Idg) = 0 (652)
= =0, a

o, S

LG ; 7

T (@olHT, | Do) + Y Ay (Dul[H, 7,]|o) = 0,

v

(65b)

where 7, is the excitation operator associated with the cluster
amplitude #,,. Once the excitation amplitudes are determined,
the ground-state energy is simply given by
EC = (DolH|®) = (Do H | Do) . (66)

When T is not truncated, the ground-state energy obtained
from this procedure is formally exact. Importantly, the ref-
erence state |®() can be constructed such that the singles
amplitudes, t{, are zero by construction. This approach is
referred to as BCC theory and implies that the reference state
has maximum overlap with the exact ground state. BCC the-
ory uses spin orbitals that are determined by unitary rotation
using the singles amplitude equations [72-74].

In terms of the cluster amplitudes and general spin orbitals,
the coupled-cluster ground-state energy corresponding to the
electronic structure Hamiltonian is given by

ESC = Ef + - Z (ijllab) (e + 24117) + > fiatf, (67)

t]ab

where Eéef is the energy of the reference and (pq||rs) is the
antisymmetrized Coulomb interaction.

The similarity-transformed Hamiltonian A possesses the
same spectrum as the electronic structure Hamiltonian, H.
As H is non-Hermitian but contains a real spectrum, it is
necessarily pseudo-Hermitian (see Appendix E). This fact is
not commonly expressed in the literature on coupled-cluster
theory. Additionally, H is not P7 symmetric, in contrast to
most of the Hamiltonians studied in the literature on non-
Hermitian quantum systems [15,17-19,26,68,70,75].

In IP/EA-EOM-CC theory, the charged excitation energies
are obtained by diagonalization of the similarity-transformed
Hamiltonian expressed in the basis of all Slater determinants
containing (N =+ 1) electrons. This is exactly equivalent to
a configuration interaction expansion of H. Focusing on the
removal energies, the IP-EOM-CC eigenvalue problem can be
written as

[H.R] @) = —&) 'R |®y) (68)
where Rf)P |®) is the right (N — 1)-particle eigenstate of H,
[wN=1). In IP-EOM-CC theory, the operator creates all deter-
minants consisting of (N — 1) electrons:

RF = Zr,(v)a, + Z rl](v)a aja; +---.  (69)

i i<j,a

The IP-EOM-CC eigenvalue problem is written in matrix
form in terms of the non-Hermitian supermatrix:

<(Di|I:II_V|d>j>
b |Hy|®;) |

(@;|Hy|Pf;)

ArPEOMCC _ | ¢ cpfn n| HNM)ZI)

(70)

where Hy = H — ES€. An analogous supermatrix for the
EA-EOM-CC eigenvalue problem can also be constructed. In
IP/EA-EOM-CC theory, the ionization potential and electron
affinity sectors are automatically decoupled as the formalism
is based on configuration interaction expansions of H. This
approach to obtaining charged excitation spectra can be made
to be formally exact, but is distinct from the diagrammatic
Green'’s function formalism that does not decouple the ioniza-
tion potential and electron affinity sectors.

A. The similarity-transformed Hamiltonian

The analysis of the effective interactions generated by the
CC similarity-transformed Hamiltonian will be crucial when
constructing the perturbative and renormalized expansions of
the coupled-cluster self-energy and Bethe-Salpeter kernel in
Secs. IX, X, and XIV.

The full similarity-transformed Hamiltonian is an N-body
operator written as

V+W+..

h +
Zﬁp‘/al’ 44+ 5% (zy)z Z h”‘l ”aP jlasar
Pq

pq,rs

(3y)2 Z par,stud a:;ajaua,aY +---, (71)

pqr.stu

where {h pas qu,,s, qu,,sm, ...} are the one-body, antisym-
metrized two-body, three-body, and so on matrix elements.
Using the notation of Ref. [43], normal ordering this Hamil-
tonian with respect to the reference determinant gives [33]

H ECC + ZFq{a aq}O + == (2')2 Z Xpq, rs{a a asar}O

rq pq.rs
(3‘)2 Z qurstu{apaqaraualaa}o +-, (72)
pqr.stu

where the notation {- - - }o indicates normal ordering with re-
spect to the reference, |®g). The set of effective interaction
matrix elements {F,;, Xpq,rs> Xpgr.stus - - -}» Up to the four-body
effective interaction, can be found in Refs. [33, 76]. This is
the conventional normal ordering of H usually presented in
the context of coupled-cluster theory and is central to the
perturbative expansion of the irreducible coupled-cluster self-
energy and Bethe-Salpeter kernel with respect to the reference
Green’s function.

However, we can also normal order the Hamilto-
nian with respect to the biorthogonal expectation value
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(®o|Po)pe 1= (Wo| Do), as defined in Sec. IV, yielding

H = ECC + Zqu{a agt+ —= (2')2 Z Eipg, rs{a a asar}

Pq pq.rs
(3y)2 Z X pgr.stul a q Iauatax} 4+ (73)
pqr,stu

To the best of our knowledge, this normal ordering of H has
not been reported in the literature before. It is this normal
ordering that will be central to the development of the self-
consistent Green’s function formalism within coupled-cluster

theory.
Thg relatlonshlp between all matrix elements
{ ‘pq> _pq rs» pqrstus . } { pq> Xpq.rss Xpqr.stus - - ~}» and

{Fpqs» Epg,rs» Xpgrstus - -} s derived in Appendix B. The
coupled-cluster amplitude equations are given by the
effective interaction elements{F,;, Xab.ij, Xabe,ijk> ---} that
all evaluate to zero at convergence [33]. Since these
effective interaction elements vanish, the interaction elements
{F, @ah,i i» Xabe,ijks - - -3 also evaluate to zero. All effective
interaction matrix elements with four or more lines below the
vertex, apart from the two-body terms y;; ., and Ei‘,-,ub, vanish
as a result of the coupled-cluster similarity transformation.
Finally, it is useful to split the similarity-transformed
Hamiltonian into two terms

H=F+H,

= Z qua;aq + Z(}_’pq - fp,,)a;a(,
Pq Pq

(2')2 Z hpq ,Sa al dsr

pPq.rs

(3;)2 Z hpqrsmapaqaraua,as+ ., (74)

pqr.stu

J

iGpq(t1 — ) = (Vo| T {ap(t)a) (12)}| Do) +
+ (B[ T {[ap, T

Due to the commutator of the creation/annihilation operators
with T, it is clear that the coupled-cluster representation of
the electronic single-particle Green’s function is in fact a
collection of “many-particle” Green’s functions of specified
time orderings, including up to the N-body Green’s function.

However, the occupied-virtual part of the coupled-cluster
representation of the electronic Green’s function is in fact a
single-particle propagator:

iGia(t; — 12) = (Wo| TH{@;(t1)a@. (12)}| ®o)
= (Uy| T {ai(t)a (1)} | Do) - (79)

This is because [a;, T] = [aZ, T]=0. Through Eq. (78),
we see that the full coupled-cluster representation of the
electronic Green’s function is a complicated combination
of many-body Green’s functions. However, the many-body

(Uo| T{lap, T1(t)a; (12)} Do) +
1(t0)la), T1(62)} o) -

where F is the Fock operator and H; = H — F is the N-body
operator containing all the interactions and effects introduced
by the similarity-transformed Hamiltonian.

VII. THE COUPLED-CLUSTER REPRESENTATION
OF THE ELECTRONIC GREEN’S FUNCTION

As stated in Sec. 11, the single-particle Green’s function of
the Hermitian, two-body electronic structure Hamiltonian H,
is defined as

iGpg(t — 1) = (W0 | THap(t)a) )} ¥g'),  (75)

where |\IJ{)v ) is the exact N-electron ground-state wavefunction
and the time dependence of the field operators is governed by
the electronic structure Hamiltonian: a,(t) = e a,e=H".
Attempts at combining coupled-cluster theory with the
Green’s function formalism have largely focused on direct
computation of Eq. (75) for the electronic Green’s function
using coupled-cluster theory [35-38]. This approach leads to
the coupled-cluster representation of the electronic Green’s
function. We use the biorthogonal theory developed in Sec. IV
to obtain the time-domain expression for this propagator as

iGpg(t1 — 1) = (Wo| T{@,(11)a) (12)}| Do) , (76)
where  a,(1) = exp(iHt)a,exp(—iHr) and  aj(n) =
exp(iHt)a) exp(—iHt), with a,=eTay,e’ and a) =

e Tale", respectively. The notation G is chosen to distinguish
the coupled-cluster representation of the electronic Green’s
function from the electronic Green’s function, denoted by G.

Performing the similarity transformation on the operators
entering Eq. (76) gives

C_lp(l‘l) = ap([l) + eiHrl [Clp, T]e—il-?tl
=a,(t)) + [a,, T1(t), a7

where [a,, T1(1)) = efn la,, Tle " Inserting this relation
into the time-ordered expectation value gives

(Wo| T ap(t)la;, T1(12)} Do)
(78)

(

Green’s functions are explicitly coupled to each other through
their exact equations of motion (see Sec. X) and it is exactly
this hierarchy of coupled many-body Green’s functions that
we want to decouple by introduction of the coupled-cluster
self-energy.

To obtain the spectral from of the coupled-cluster represen-
tation of the electronic Green’s function, we take the Fourier
transform of Eq. (76), resolving the identity of (N £ 1)-
particle eigenstates of H, to give

Gpy(@) = Z

m

(Wola | W) (U |a| @o)

_ gN+1 4y
w—¢g,; 7" +1In

(Wolay |0 ~") (B~ |a,| Do)

+Z w—eN=1 —ip ' (80)

013322-14



NON-HERMITIAN GREEN’S FUNCTION THEORY WITH ...

PHYSICAL REVIEW RESEARCH 8, 013322 (2026)

where et = EN*! — E) and ¢)~!' = E)f — E)~! are the
exact addition and removal energies of the system of interact-
ing electrons, within a complete basis when T is not truncated.
This is the expression that was first presented by Nooijen and
Snijders in Refs. [35,36].

In principle, knowledge of the exact coupled-cluster rep-
resentation of the electronic Green’s function gives the exact
single-particle spectrum, coupled-cluster ground-state energy,

and the non-Hermitian one-particle reduced density matrix
Vpg = —iGap(t — 1) = (Folafay| Do) . (81)

However, it should be noted that calculation of the ground-
state energy at any level of approximation for the coupled-
cluster representation of the electronic Green’s function
results in a different ground-state energy from that obtained at
the same level of approximation of the ground-state coupled-
cluster equations [35,36,48].

Formally, the Dyson equation for the coupled-cluster rep-
resentation of the electronic Green’s function is written as

Gpg(@) = G5 (@) + Y G (0)5(0)Gyg (). (82)

However, it is important to note that the “self-energy,” ¥, is
not the same object as the electronic self-energy, 2. This is
because ¥ is an object that connects Gy to G rather than G
of the Hermitian electronic structure Hamiltonian. As a result
the “self-energy” is non-Hermitian.

Due to the fact that the coupled-cluster representation of
the electronic Green’s function introduces a fundamental cou-
pling to every N-particle Green’s function, the “self-energy”
% entering Eq. (82) cannot be defined in the diagram-
matic way as the set of all 1PI diagrams of the underlying
similarity-transformed Hamiltonian. Therefore, the coupled-
cluster representation of the electronic Green’s function,
G, does not concern the diagrammatic coupled-cluster self-
energy and therefore does not fully connect Green’s function
and coupled-cluster theories.

VIII. THE SINGLE-PARTICLE COUPLED-CLUSTER
GREEN’S FUNCTION AND THE COUPLED-CLUSTER
SELF-ENERGY

In this work, we take the similarity-transformed Hamil-
tonian as the fundamental interaction Hamiltonian and use
the biorthogonal formulation for non-Hermitian Hamiltonians
developed in this paper to define the single-particle coupled-
cluster Green’s function as

iGpy(t1 — 1) = (Bo| T{ap(t)a)(t2)}| Do), (83)

where the time dependence of the operators is governed by
the similarity-transformed Hamiltonian, H, via Eq. (38). This
propagator arises simply by application of the general non-
Hermitian theory presented in Sec. V to the coupled-cluster
similarity-transformed Hamiltonian. As we shall demonstrate,
it is by defining this quantity that we can develop a consistent
and formally exact diagrammatic theory of the coupled-cluster
self-energy. Therefore, Eq. (83) represents the diagrammatic
Green’s function native to both coupled-cluster and Green’s
function formalisms. We note that G;,(w) = Giu(w).

This single-particle propagator [Eq. (83)] remains coupled
to all higher-order many-body Green’s functions through its
exact equation of motion. It will subsequently be shown that
G also contains the exact charged excitation spectrum as well
as the coupled-cluster ground-state correlation energy through
its associated self-energy. In the following, we refer to G
as the electronic Green’s function, G as the coupled-cluster
representation of the electronic Green’s function, and G as the
single-particle coupled-cluster Green’s function.

A. Lehmann representation of the single-particle
coupled-cluster Green’s function

The diagrammatic single-particle coupled-cluster Green’s
function is defined in Eq. (83). By expanding the time-ordered
product, resolving the identity of (N % 1)-particle eigenstates
of A and taking the Fourier transform, we find the Lehmann
representation of the SP-CCGF:

. (Wola,| BN (T |af | Do)
G =
pa(e) ZM: w— el +in

(Wola) (U =) (B a,| Do)
+y oV T —in 2]

v

We immediately see that the SP-CCGF contains the exact
single-particle spectrum and we will subsequently show how
the associated self-energy also contains the exact ground-
state energy. The only difference between the SP-CCGF and
the coupled-cluster representation of the electronic Green’s
function [Eq. (80)] arises in the form of the residues, which
in Eq. (80) are different due to the explicit contribution of
the higher-order N-particle Green’s functions. We introduce
the residues of the coupled-cluster propagator defined in
Eq. (84) as Yp“ = (\Ilﬁ’“|a;|<bo) , Yp" = (\I/0|a,,|\112’“) ,Xl‘; =
(W) ay|®o), and X) = (Vyla)|¥)~"), and rewrite the
single-particle coupled-cluster Green’s function as

X'XY
q-p
Y oy 9

Yyryy

G = Y
n I3

The four blocks of the SP-CCGF are given by

i xRy
Gij(w) = Z m, (86a)
. yryt
_ b
Gu(w) = Z #H'Fi’f (86b)
% I3
. YrYH XXy
Gi — 1 a a 1 ,
a(@) Xﬂza)—el’l’+l+in+;a)—e{j’—l—in
(86¢)
Ga,-(a)) =0. (86d)

Note that ¥/ = X" = 0. Therefore, we see that the oc-
cupied block contains only backward-time contributions, the
virtual block contains only forward-time contributions, the
occupied-virtual block contains both forward and backward-
time contributions, and that the virtual-occupied block
vanishes.
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B. The irreducible coupled-cluster self-energy

The perturbative expression for the SP-CCGF is given by
[Eq. 51)]

iqu(tl - t2)

= (<D0|T{exp <—i/ dt 1‘71(1))%01)61202)}|<D0)c,
(87)

where the operators are implicitly defined in the biorthogonal
Heisenberg picture in the first equality and the biorthogo-
nal interaction picture in the perturbative expansion: a,(t) =
e'a,e= ', Here, we have taken the reference state |®)
corresponding to the Fock operator F, and have dropped
the implicit limit of n — 0. This procedure was outlined in
Sec. IV and results in a diagrammatic perturbation theory for
the Green’s function.

The set of diagrams generated by Eq. (87) is reduced by
collecting all 1PI diagrams and performing a geometric series
summation through the coupled-cluster Dyson equation

Gpg(@) = G5 (@) + Y G (0)E(0)Gyg (@), (88)

where Ggq(w) is the reference Green’s function of the Fock

operator and ipq(w) is the coupled-cluster self-energy. As
G, = Gy, it should be noted that £, = Z,,.

From the Lehmann representation of the SP-CCGF
[Eq. (84)], we immediately identify the spectral form of the
coupled-cluster self-energy as

ipq(a)) = i);; + ilqu(a)) + i)qu(w)

=52+ Uullw+inl — K +C)I; 00,
JJ'

+ Y Vol — in) 1 — (K= + CH)] i Vg -
AAY
(89)
Here, i;f[ is the exact static component of the coupled-
cluster self-energy. The indices JJ'/AA’ label forward-
time/backward-time multi-particle-hole intermediate state
configurations (ISCs). ISCs are excited-state configurations
that contain (N =+ 1) particles resulting from interactions a
single-particle experiences as it propagates through the sys-
tem. The matrices K7, + C;,, and K}, 4+ Cj,, represent the
interactions between the different ISCs and the K-matrices are
block diagonal by definition (I_(jj, = I_(jjé ;7). The quantities
U,;/U;, and V,,; /V4, represent the coupling matrices that link
initial and final single-particle states to the different ISCs. The
spectral form of Eq. (89) was initially proposed in Ref. [43]
through the diagrammatic analysis obtained by the functional
derivatives of the BCC Lagrangian. Here, we see that the spec-
tral form of the self-energy arises directly from the structure
of the SP-CCGF.
For the occupied-occupied block of the self-energy, we
have

Sij(@) =55+ Val(w — i)l — (K= + CH)I{ V.
AA/

(90)

The occupied block of the coupled-cluster self-energy only
contains poles above the real axis and is a consequence of
backward time propagation alone. The self-energy of the
virtual-virtual block is

Sa(@) =55+ Uul(w+inl — (K= + CH1; 07,
JJ
o1)

and contains poles only beneath the real axis resulting
from forward time propagation only. The self-energy of the
occupied-virtual block contains the combined forward and
backward propagation and has poles both above and below
the real axis as

Sia(@) =53+ Oyllw+in)l — (K> + C)1; U4
JJ

+ Y Vial(w — in)1 — (K= + CH)] i Vaar (92)
AA/

As G,i(w) = 0, the self-energy of the virtual-occupied block
also vanishes: ¥,(w) = 0. The vanishing virtual-occupied
block of the self-energy is directly the result of the coupled-
cluster amplitude equations [Eq. (65a)].

An important limit is when the cluster operator vanishes,
ie., T =0 (G — G). In this case, the coupled-cluster Dyson
equation [Eq. (88)] reduces to the electronic Dyson equa-
tion [Eq. (17)], where H; is the bare two-body Coulomb
interaction subtracted by the HF potential. The coupled-
cluster self-energy then reduces to the two-body electronic
self-energy.

IX. DIAGRAMMATIC PERTURBATION EXPANSION
OF THE COUPLED-CLUSTER SELF-ENERGY

The perturbative expansion for the irreducible coupled-
cluster self-energy is formally defined by the set of all
one-particle irreducible diagrams constructed from reference
propagators contracted with interactions generated by nor-
mal ordering the underlying many-body Hamiltonian with
respect to the reference state. In this section, we derive the
perturbative diagrammatic expansion of the coupled-cluster
self-energy functional, $[Gol, to third order.

The number of diagrams in the perturbative expansion for
the coupled-cluster self-energy can be reduced by restricting
the diagrammatic expansion to contain only interaction-
irreducible diagrams [12]. This results in a combined series
that involves renormalization of the propagators and in-
teraction vertices. Diagrams are referred to as interaction
reducible when they can be split into two diagrams by cut-
ting an interaction vertex into two parts [12,13]. As long
as only interaction-irreducible diagrams are included, where
all propagators are dressed, the diagrammatic expansion for
the coupled-cluster self-energy is equivalent to replacing the
perturbation H; in Eq. (87) with the effective interaction

= ~ 1 ~
= i
H, = Z(qu — qu)a;aq + W Z \:pq,,sapagasar
P4

pq.rs

1
+ (312 Z qur,srua;a;ajaua,as + ... (93)

pqr
stu
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obtained from the normal ordering of the similarity-
transformed Hamiltonian with respect to the biorthogonal
ground-state expectation value [Eq. (73)]. Obtaining the per-
turbative expression for the coupled-cluster self-energy in
terms of effective interactions resulting from normal ordering
with respect to the reference |®g) requires the relationships
between the effective interactions, which are defined in Ap-
pendixes B and D. The effective interactions arising from
normal ordering with respect to the reference arise when ex-
panding the self-energy with respect to the reference Green’s
function, Gy. Therefore, the self-energy expansion with re-
spect to the noninteracting propagator is obtained by the
expansion of interaction-irreducible interactions that enter
1PI, skeleton self-energy diagrams.

In the following, we employ the antisymmetrized
Hugenholtz-Shavitt-Bartlett diagram convention [77]. Dia-
grammatically, the effective interactions that arise when
normal ordering the Hamiltonian with respect to the reference
state are represented by

PexrArare ! =
r s = Xpgrs >

p ..___..q___. ro_

s P u = Xpgrstu >
q r

p = = = wo_

s & T == .=u_ e, = X pgrw,stuv >

and so on for the higher-body terms. The effective interactions
that arise from normal ordering the Hamiltonian with respect
to the biorthogonal expectation value are obtained by contract-
ing the diagrams above with the corresponding A-matrices as
outlined in Appendix B.

A. First-order diagrams

The first-order contribution in the perturbative expansion is
the static term

i;:3<°>[co]=q ===23X = Fp—fp . 4

This term was derived in Ref. [43] as the first contribution to
the functional derivative of the BCC Lagrangian with respect
to the noninteracting Green’s function. However, Eq. (94)
represents the generalization to coupled-cluster theory formu-
lated about an arbitrary reference state.

Depending on the external time orderings of the legs, this
self-energy contains different sets of diagrams. For simplicity,
we take the reference to be the HF state such that the reference
Green’s function is the HF Green’s function. Focusing on the

occupied-occupied contribution, we have

i;o(0)= ::::X

e

95)

where we have employed the standard Goldstone diagram
notation of Ref. [33]. This set of Goldstone diagrams corre-
sponds to the equation

l X a a . . a
557 = 2 Y Gikllab) (e57 +21§17) + Y (ikllja) . (96)

kab ka

Likewise, the first-order self-energy of the virtual-virtual
states is given by

by NN

which is written as

£,000) __Z (ijl1be) (1 +2605) + > (akl|be) tf.

ije

&00(0)
Eab =

o7

The contribution to the occupied-virtual block is given by
2510(0) (®¢|H|®g) = 0, which are the singles amplitude
equations. The virtual-occupied self-energy contribution is

given by

$h00(0) _ — ; b

X = i = %}: (ik||ab) t;.

These terms represent the most important 1PI contribution to
the coupled-cluster self-energy [43]. It should be noted that if
we work with the Brueckner reference, the first-order contri-
bution decouples the IP/EA sectors of the self-energy. From
this analysis, we see the general feature of the coupled-cluster
self-energy in that it combines Feynman diagrams in terms
of propagators with Goldstone diagrams that represent the
interaction vertices arising from the similarity-transformed
Hamiltonian.

When the similarity transformation is not present (I’ =
0), our expression reduces to the perturbative electronic
self-energy expansion and hence )DT =0,0000) — E"O(O) =0 as
required.

B. Second-order diagrams

At second order, both static and frequency-dependent
terms arise. The only explicitly frequency-dependent second-
order perturbative contribution to the coupled-cluster self-
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energy is the diagram
2@ [Go] = ) (98)

Fixing the external indices, the Feynman diagram contains
two contributions corresponding to forward and backward
time orderings

- 1
s =T

abi

+2

ija

Xpi,abXab,qi
w+€—€,—€+in

Xpa,ijXij.qa (99)
W+€—€—€;—in

If both external indices are in the occupied space, we have

Xik,abXab,jk

- 1
$Pw) = =
H (@) 2 ;w+ek—ea—eb+in

+ Z Xia,kl Xkl,ja )

- (100)
T W+ €, — € — € — 1IN

However, since the matrix element y, jx = (@?2 |H|®g) =0
via the amplitude equations, the forward-time contribution
of the second-order self-energy within the occupied-occupied
subspace vanishes. Therefore, we are left with

- 1 Xia.kl Xkl ja
$@D(p) = = fakl AKLJ )
”( ) 2%@—1—6(1—6;(—61—1'17

(101)

This expression is exactly of the spectral form of the exact
self-energy given in Eq. (90). Likewise, the second-order con-
tribution to the virtual-virtual block is

< 1 Xak.cd Xcd bk
$P(w) = sed 2ed, :
ab (@) ZCdew—i-ek—ec—ed—i—in

(102)

In this case, the backward-time contribution vanishes due to
the doubles amplitude equations . ;; = 0. Again, this con-
tribution is exactly of the form given in Eq. (91). Turning
to the second-order contribution corresponding to hole to
particle propagation, we have i]fnz) = 0. This is because both
Xbe,ij = Xab,jt = 0. However, both time orderings remain in
the particle to hole block

- 1 .. i
21(3)(0)) _ 5(2 Xijbe Xbe,aj

w+e; —€,—¢€ i
bej +/ b c+77

Xib, jk X jk,ab
+ .
Z w+ € )
Jjkb

p— € — € — 1IN

(103)

Therefore, at second order, the perturbative expansion of the
coupled-cluster self-energy is exactly that of the spectral form
outlined in Sec. VIII B.

The forward-time dynamical contribution to the coupled-
cluster self-energy in the occupied-occupied space vanishes as
a result of the similarity transformation. These contributions
appear instead in the first-order static term, ii‘j.o(o) . This is
because the forward-time contributions that would appear in

the second-order electronic self-energy are instead contained
in the doubles amplitudes £* that enter the similarity transfor-
mation. Therefore, if these forward-time contributions were
also included in the second-order dynamical coupled-cluster
self-energy, they would be double counted. The same struc-
ture is observed for the backward-time contribution of the
coupled-cluster self-energy in the virtual-virtual space that is
now contained in the static contribution, EZ’Z(O). The occupied-
virtual block of the coupled-cluster self-energy must vanish in
order to consistently determine the doubles amplitudes that
contain these contributions. When 7' = 0, the second-order
expression for the coupled-cluster self-energy in Eq. (99)
reduces the MP2 self-energy, i.e., ig;0(2>(w) = E%Pz(a)) as
Xpq.rs = (Pqllrs).
Other second-order diagrams such as

and so on, containing elements up to N-body from the
similarity-transformed Hamiltonian, vanish as a result of hav-
ing four or more lines below any interaction vertex. The
coupled-cluster self-energy diagram of Eq. (98) represents
an excitation process whereby the intermediate scattered
states consist of excited states containing two-particle—one-
hole (2p1h) and two-hole—one-particle (2h1p) configurations.
Likewise, the diagrams of Eq. (104) contain intermediate
scattered states of 3p2h/3h2p and 4p3h/4h3p character, which
vanish within coupled-cluster theory, but will contribute in the
case of a generic N-body interaction Hamiltonian.

The final diagrams that appear at second order are the static
terms where the two-body effective interaction is contracted

with the static self-energy and where the three-body effective
interaction is contracted with the two-body interaction:

(104)

+ . (105)

.——_ -——

These static contributions evaluate to give

S o0o(0)
& Xpe.gk Xy
pq

o (ex — €. +in)

1 Xpab,qijXij,ab
+ : : — -
(2!)? % (€i+ € —€a—ep+in)

(106)

The contributions resulting from the contraction of the four-
body with the three-body effective interaction and so on
vanish as a result of containing four or more lines below the
interaction vertex. In Brueckner theory, the first term van-
ishes because f);:co @ =9 [43]. However, it should be noted
that these terms are manifestly interaction reducible as they
result from the perturbative expansion of the exact static
self-energy, £%°.
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C. Third-order diagrams

In order to reduce the number of diagrams depicted at third order, we present only the 1PI, skeleton, and interaction-irreducible
coupled-cluster self-energy diagrams. This restriction requires the self-energy to be written in terms of fully dressed Green’s
functions because the self-energy insertions are already included in the propagator renormalization. They are depicted below:

563 [Go] =

vanish due to the fact that matrix elements of the similarity-
transformed Hamiltonian with four or more lines below a
vertex are zero.

Other dynamical third-order contributions such as the dia-
grams

are in fact interaction reducible as they are obtained by
contracting the three-body effective interaction with a single-
particle Green’s function and the four-body effective inter-
action with a two-particle Green’s function. Therefore, these
diagrams will appear in the perturbative expansion of the self-
energy with respect to Gy, but they do not contribute to the
series of third-order 1PI, skeleton, and interaction-irreducible

(107)

diagrams that enter $[G]. These interaction-reducible dia-
grams are actually contained in the self-consistent renormal-
ized coupled-cluster self-energy expansion at second order to
be presented in Sec. X.

When T = 0, the third-order coupled-cluster self-energy
diagrams exactly reduce to the two skeleton diagrams of the
electronic self-energy as

2O [Go] = + ,

where the interaction line is now the antisymmetrized
bare Coulomb interaction. Therefore, we have f);qzo(”(a)) =
Eﬁ)(a)) as expected.

To demonstrate the evaluation of a typical third-order con-
tribution to the coupled-cluster self-energy, we focus on the
third diagram of Eq. (107). In this diagram, from the Feynman
rules [1-3,12,13], we have two sets of two equally oriented
Green’s function lines that give rise to a total symmetry factor
of ﬁ There is also one closed fermion loop giving rise

013322-19



CHRISTOPHER J. N. COVENEY AND DAVID P. TEW

PHYSICAL REVIEW RESEARCH 8, 013322 (2026)

& 2plh / 2hip(0)
Z g

00 LD

FIG. 1. The 2p1h/2hlp excitation character restricted third-order one-particle irreducible coupled-cluster self-energy diagrams expressed

with respect to the reference Green’s function, G.

to an overall phase factor of —1. Therefore, the diagram evaluates to

N

rstuvx
yzwnol

N

X Xuvx,yzw

Evaluation of all the different time orderings associated
with this diagram gives rise to six contributions. These
are partitioned into three forward-time diagrams and three
backward-time diagrams. This is a reflection of the general re-
lationship: An nth-order self-energy Feynman diagram gives
rise to n! time-ordered Goldstone diagrams [1,61]. However, it
is important to note that specific time orderings of a coupled-
cluster self-energy diagram can evaluate to zero as a result of
the CC amplitude equations.

The first three diagrams of Eq. (107) encode excitations
that contain mixtures of 2plh/2hlp states. In the case of
three-body interactions, it was proposed that these diagrams
make up the dominant contribution to the self-energy at third
order [12,13]. The rest of the diagrams all contain combina-
tions of 3p2h and 2plh excitations. Higher-body excitations
are possible in the case of a generic N-body interaction, but
vanish within coupled-cluster theory due to the structure of
the similarity-transformed Hamiltonian [33].

To conclude the perturbative analysis presented in this
section, we depict the diagrammatic content of the set of per-
turbative third-order 1PI coupled-cluster self-energy diagrams
restricted to the space of 2plh/2hlp intermediate excitation
states in Fig. 1. The fifth and sixth diagrams of Fig. 1
arise by insertion of the static coupled-cluster self-energy
diagram (the first diagram) into the second-order dynamical
term (the fourth diagram). As a result, they are nonskeleton

J

iGY, (11, 1313, 1a) = (Wo| THag(t2)a, () )al (t3)a] (1)} Do) ,

iG (1, 1o 13314, 15, 16) = (Wo| THar (13)ag(t)ap(t)al (ta)aj (25)al (t6)} Do)

. =8pt
iGP

(CL);)G (w4)Xn0 quZX((UZ + wy — w).

s (1 12, 13, 143 15, o, 17, 18) = (Do Tag(ta)ar (13)aq (t2)a,(t)a; (t5)a (te Yal (1), (1)} Do) -

+ dwidwydwsd
s X [ GG @G, (o + 02— )

(108)

(

contributions. The second and third diagrams are static contri-
butions that are interaction reducible.

X. SELF-CONSISTENT RENORMALIZATION
OF THE COUPLED-CLUSTER SELF-ENERGY

In this section, we construct the renormalized coupled-
cluster self-energy from the exact equation of motion for the
single-particle coupled-cluster Green’s function. Our analysis
demonstrates the formally consistent functional-diagrammatic
formulation of the non-Hermitian CC self-energy. As a result,
profound connections are uncovered between the effective
interactions generated by the self-consistent Green’s function
theory and those that arise from the functional derivatives
of the BCC Lagrangian presented in Ref. [43]. From this
analysis, we also demonstrate how the perturbative series for
the self-energy derived in Sec. IX emerges from the self-
consistent formalism.

A. Exact equation of motion and the renormalized
coupled-cluster self-energy

Through its exact equation of motion, the single-particle
coupled-cluster Green’s function is coupled to the 4-point, 6-
point, 8-point, and so on Green’s functions. In the spin-orbital
basis, these higher-point Green’s functions are defined as

(109a)
(109b)
(109¢)

013322-20



NON-HERMITIAN GREEN’S FUNCTION THEORY WITH ... PHYSICAL REVIEW RESEARCH 8, 013322 (2026)

The 10-point and higher Green’s functions are defined analogously. The relationship between the 4-point Green’s function,
the two-particle-hole Green’s function, and the two-particle reduced density matrix is given by

G €5 15170 =GR = 1), (1102)
with
ogrs = iG (1 — 1) = (Wo|alalaga,| o) . (110b)

Here, the notation ¢ — ¢ denotes evaluation of the second time argument of the Green’s function with a positive infinitesimal,
ie., tT =1+ n, where n — 0 from above. Analogous relationships hold between the higher-body Green’s functions and
corresponding reduced density matrices.

Taking the time derivative of the first argument of the coupled-cluster Green’s function [Eq. (83)], using Eq. (38) and the
definitions of the higher-order Green’s functions, we have

.9 ~ = ~ 1 !
Z (la_[l(spr - fpr)Grq(tl - t2) = 8pq5(tl - t2) + Z(hpr - fpr)Grq(tl - t2) + 5 Z hpr,erslp,trq(tls tl;t1+v t2)

Torst

—1 A ~6pt
+ 3121 Zh”’“”“Grﬁv,rsq(h, f, tl;t;rJr’ t1+, 0)
tors

tuv

1 A ~8pt
+ 4131 Zhpmt’”v"lGugol,rstq(tl’ t, 1, tl;tlJrJﬁL, t;ur, t1+, H)+ . (111)

rst
uvol

In contrast to the electronic Green’s function where the interaction Hamiltonian is a two-body operator, since H is an N-body
operator, the single-particle coupled-cluster Green’s function is coupled all the way up to the N-particle Green’s function. Using
the functional inverse for the “noninteracting” Green’s function and taking the Fourier transformation of this expression, we
rewrite the equation of motion as the Dyson series

~ _ ~ 1 - *® dwdw, -
Gpg(@) = G (@) + 3 Gy (@) s = f1)Gig(@) = 57 D G (@ / G (01, 0230, 01 + 03 — )

tu,gs
rstu % (27[ )2 !

rs
1 o - ® dwidwrdwsdwy g
+ 31 Z G s (st uvw /_OO T GuEu,,r,,r(wl, W, W3 W4, ®, W] + Wy + W3 — W4 — W)
rst
uvw

1 0 - * dwdwrdwydwsdwsdwe
- W Z Gpn(a))hnrst,uvol '/_oo 2 )6

rst
uvol

~8pt
X Guuol,qrsr

(w1, wr, w3, Wy W, W5, W, W] + W) + W3 + Wy — W5 —wWg — W)+ ..., (112)
where the continuing series implies coupling of the five-body interaction to the 10-point Green’s function and so on. Therefore,
knowledge of the single-particle Green’s function requires the knowledge of all N-point Green’s functions. In order to derive
the self-consistent expression for the coupled-cluster self-energy, we first introduce expressions for the 4-point, 6-point, 8-point
vertices, and so on. These interaction vertices contain only 1PI diagrams and are related to the self-consistent equations of motion
for the 4-point, 6-point, 8-point Green’s functions, and so on, respectively.

In the frequency domain, the 4-point vertex function is defined as [3,78]

G (o1, 02503, 04) = 2Ti(8(01 — 03)8(w2 — 04)Gpr(@1)Gys(@2) — 8(w1 — @1)8(w2 — W3)G s (1) Gy (2))

pq.rs
=) G (@)Gau(@) AR, (@1, 023 03, 04)Gr (03) G (3). (113)

tuvw

This equation presents the 4-point Green’s function as the sum of the antisymmetrized propagation of two independent particles,
with A*' representing their effective interaction. The 4-point vertex, A", is very closely related to the Bethe-Salpeter kernel
and “vertex” of Hedin’s equations (see Sec. XIV and Appendix C). However, it is constructed from 1PI diagrams as opposed to
the two-particle irreducible (2PI) diagrams that enter the BSE kernel. It is important to note that Eq. (113) is formally exact and
does not constitute an approximation.
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Similarly, the exact equation of motion for the 6-point Green’s function can be written as [3,12,78]

6pt
Gorstu(@1, @2, 033 w4, 05, W)

= — (27 Affpor gon.ron 1 [8(@1 — ©4)8(@2 — @5)8 (03 — 06)Gps(@1)G oy (02)Gru(@3)]

—2m iP[{pwl,qwz,rw3}]P[{‘vw4.lw5,uw(,}] (8(601 - (,()4)61”(6()1) Z qu (wZ)er (0)3)1&113’10((1)2, w3; Ws, wG)Glt (wS)Gou(a)6)>

vwlo

+ 3 Gpu(@)Ggu(@)Gr(@3)A, (@1, 02, 03304, 05, 06)Gos(03) Gt (05) G (06). (114)

vwl
omn

Here, we employ the notation of Ref. [12], where A{{pw, gw,.rws)] T€Presents the antisymmetric sum of all possible pairs of
permutations of the index-frequency pairs and Pi{pe,,gw»,res)] Sums all cyclic permutations of each index-frequency pair. The
antisymmetrized and cyclic permutation summations are required to ensure that the fermionic exchange symmetry is obeyed
during multiparticle propagation. In general, there are n! terms that contribute to the independent-particle propagation of n
fermions. A single fermion propagating independently with respect to the coupled propagating of (n — 1) interacting fermions
gives rise to n’ equivalent combinations. For the case of the 6-point vertex equation, we have 3! = 6 independent-particle
propagation terms, 3> = 9 terms corresponding to the propagation of a single fermion with two interacting fermions [78].

From this equation, we immediately see the emergence of the coupling of the 6-point vertex function to the 4-point vertex.
This is a consequence of the fact that the 6-point vertex is related to the functional derivative of the 4-point vertex with respect
to the single-particle Green’s function. Continuing this process up to the N-body Green’s function and 2/N-point vertex function
yields expressions that couple to all propagators and contains the correct permutation symmetry with respect to the Fermi
statistics. Again, it must be emphasized that all equations involving the vertex functions are exact by definition and inserting
these expressions into Eq. (112), using the definition of the self-energy through the Dyson equation, we obtain the following
expression for the irreducible coupled-cluster self-energy:

ipq(w) = < rqa i thrqs sr(t +) + 5 (2')2 thrs l[tu lef}:”?(t - t+) + - ) - qu
rstu

1
+ 21 ( psitu Zhl’mtun wo(t —17) + (2,)2 thmntuengghm(t _t+)+'~->

stu ONneK

vwl
doidw, ~ ~
2n ) Gtv(wl)Guw(a)Z)Avw (@1, 0250, 01 + 0y — ©)Gig(w) + w2 — )
3’2‘ ZZ spt uw lzhsptﬂ uvwe eﬂ(t_t+)+ ( ')2 Zhsptﬂe uvszp 8p, ﬂe(t_t+)+
L”Y)tw al}zzk Be Bedp
dwldwzdw3dw4
— ul(wl)Gva(wZ)Gwa(w3)A[Ja (01, 0, 03304, 0, 0] + 02 + W3 — W4 — ©)
(27[)4 sV g

X Gys(w4)éat(a)l + wy + @3 — Wy — w)

4’3‘ Z Z < pstu,ywol — lzhpstua vwolﬂG,Bot(t —1 ) + == (2‘)2 Z hpstuotﬂ vwoly¢Gy¢ aﬁ(t - t+) + - )

stu 08 et
vwol yyes
dwidwr,dwsdwsdwsdwg &
x / (%4 )6 Guo (@1 )GwE(wZ)Goz(w3)Gly (wyg)
X Aipgtz, ayes (@1, 02, 03, 0130, W5, W6, W) + W) + W3 + Wy — W5 — W5 — ®)
X Giys(@5)Ger (06)Giu(@1 + 03 + 03 + 04 — 05 — 06 — )+ (115)

From the equation of motion for the Green’s function, this expression continues up to the 2N-point vertex. Remarkably,
as a result of the exact vertex equations, the effective interaction elements appearing here correspond exactly to those of
the similarity-transformed Hamiltonian normal ordered with respect to the exact ground-state biorthogonal expectation value
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[Eq. (73)]. Therefore, we may simplify the above expression to obtain the fully renormalized coupled-cluster self-energy as

dwldwg ) _
Spg(@) = (Fog = fpg) + 5 Z Emin | Gy — = Gn(@)Gu(@) A (01, 030, 01 + 01 — ©)Giy(0) + 03 — )
vwl
dwlda)gdw3dw4 ~
i X Zomine / e Gu@) G (@G @3)
LnYth al;/j,(
x Ai’:; ya (@1, @2, W35 04, 0, 01 + W) + W3 — W4 — )G, (04)Gor (0] + Wy + 03 — w4 — @)
dwldwzdwgdw4dw5dw6 ~
RTEY] %’: ng” Xpstu,vwol / 2y Go (@01)Gug(@2)Go(@3)Giy (ws)
vwol yyes§

3 8pt .
X Aoy gyes (@1, W2, 03, 04,0, W5, W6, W1 + Wy + W3 + W4 — W5 — W5 — ®)

X Gyy(05)G e (w6)Gou(w1 + Wy + w3 + 04 — ws — wg — @) + -+ - . (116)

The Feynman diagrammatic representation of this equation is given by

Adpt (117)

where the higher-order diagrams are represented by propagators coupled to the five-body interaction and the 10-point vertex
function and so on. Here, we have introduced the diagrammatic notation for the “vertex” functions, A*/%/%', Diagrammatically,
through the vertices, the renormalized self-energy is expressed as the sum of all 1PI, interaction-irreducible skeleton diagrams.
From the Feynman rules, we see that the correct prefactors of the self-energy are reproduced. The first vertex diagram has one
set of two equally oriented Green’s function lines, therefore giving a total symmetry factor of % The second vertex diagram
contains one set of three and one set of two equally oriented Green’s function lines giving rise to the total symmetry factor of
3,2, The third vertex diagram contains one set of four and one set of three equally oriented Green’s function lines giving rise to
the total symmetry factor of 5
(up to third order)

and so on. This results in the self-consistently renormalized series for the self-energy functional

4!3;’

(118)
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Subsequently, we observe the renormalization of both propa-
gators and interaction vertices as required by the presence of
the interaction-irreducible diagrams. This is the result of the
implicit normal ordering of the Hamiltonian generated by the
Green’s function formalism. Third-order diagrams such as

vanish due to the fact that the renormalized three-body, four-
body, and so on matrix elements of the similarity-transformed
Hamiltonian that contain four or more lines below a vertex
are zero. This is analogous to the corresponding perturbative
analysis presented in Sec. IX. The explicitly static term is
given by

& oo p
ZPQ

[
=)
[
o
s}
)
=
s

. . 1 -
$200 + Z;\axpa,qi + WZAngpabqu ¥

ia ijab
(119)

Remarkably, this exactly corresponds to the static term first
derived in Ref. [43] from the functional derivative of the
BCC Lagrangian with respect to the “noninteracting” single-
particle Green’s function. This profound result provides the
rigorous proof of the fully diagrammatic approach taken in
Ref. [43].

When T = 0 (meaning that G is also replaced by G), we
find that

lim £%° = lim F,, —
T—0 pa T—0 Pq qu

=—i Yy (prllgs) (Got —t7) = GOt — ™))

> (prllgs) (ves — vi")

rs

_ o
_qu’

(120)

which is the exact static part of the two-body electronic self-
energy [see Eq. (22)]. It is important to note that the property
F,; = F,; = 0 holds for the interaction-irreducible effective

interactions. However, F; is no longer simply the singles am-
plitude equations but contains all amplitude equations. This
can clearly be seen by inspection of the structure of Eq. (119).

The effective two-body interaction is given by the follow-
ing Goldstone diagram series:

—=pq,rs — r N

%

*---0--

A 1 }
= Xpgrs T Z A ;qua,rsi + (2!)2 Z A gbquab,rsij
ia ijab (121)

+ o ..

Once more, we uncover the connection between the self-
consistent Green’s function formalism and the CC La-
grangian. This effective interaction was also derived in
Ref. [43] by taking the second derivative of the BCC La-
grangian with respect to the noninteracting Green’s function
and corresponds to the exact static component of the BSE
kernel (see Sec. XIV). We also have Eab,ij = Xab,ij = 0 due
to the coupled-cluster amplitude equations.
The three-body effective interaction is similarly given by

)?pqr,stu

«C=-0= =6¢:

>

(122)
o« = &=

and so on. The higher-body terms are constructed analogously
by contracting the higher-order effective interaction matrix
elements {x} with the corresponding A-matrices. These rela-
tionships demonstrate that the effective interactions generated
by the self-consistent Green’s function theory correspond to
the higher-order derivatives of the CC Lagrangian with respect
to the noninteracting Green’s function. Within the coupled-
cluster (theory) with single and double excitations (CCSD)
approximation, all dressed effective interactions contributions
are truncated to contain contractions of terms up to the dou-
bles deexcitation amplitudes, {AZ}}, only.

013322-24



NON-HERMITIAN GREEN’S FUNCTION THEORY WITH ...

&2plh /2hlp  _
i 7 dev}(Jr m + % + % +

FIG. 2. The 2p1h/2hlp excitation character restricted third-order one-particle irreducible skeleton coupled-cluster self-energy diagrams
expressed with respect to the exact single-particle coupled-cluster Green’s function, G.

PHYSICAL REVIEW RESEARCH 8, 013322 (2026)

Using the expression for the effective two-body interac-
tion, the corresponding second-order self-consistent coupled-
cluster self-energy takes the form

SO [é] =

(123)

and so on for the terms containing the higher-body
deexcitation amplitudes. Here, we have introduced the
mixed Feynman-Goldstone diagram notation to represent
the Green’s functions and interaction-reducible matrix el-
ements. The dressed propagators are to be identified as
Green’s functions, while undressed fermion lines contract-
ing with the A-matrices are to be interpreted as Goldstone
diagrams that contribute to the effective interaction, X,q.s-.
From the diagrammatic expansion, it is straightforward to see
that the interaction-reducible diagrams are contained in the
interaction-irreducible effective interactions.

Using the Green’s function residues and poles defined in
Sec. VIII, as an example, we evaluate the second-order self-
consistent contribution to the renormalized coupled-cluster

J

~dpt .
G (w1, 02 w3, wy)

self-energy to give

5 2 1 ~ ~2plh/2hl =
Z:[(’%])[G](w) = 5 Z c‘[’htlthzfr,sz{w p(w) Eisv,quw- (124)

rst

uvw

Here, we have identified the resolvents generated in Eq. (124)
in terms of the propagator

~2plh/2hlp _
Gtur,svw (w) - Z

K12V

(}7;“' Y’ull-z)zrvl )Y_'S/l-l Y_'U/tz)zwvl
ot e = el i
X,V‘ X;Z Yrm (YSVI )Zvvz Y]Lu )
Z w4 e+l —el=l — =1 —ip’

ViV
(125)

representing correlated simultaneous charged excitation pro-
cesses involving three particles. The space spanned by the
indices © and v is much larger than the spin-orbital space as
they index the removal/addition poles of the Green’s function
and are directly connected to charged excitation processes.
To conclude this subsection, in Fig. 2 we depict the dia-
grammatic content of the set of renormalized third-order 1PI
skeleton coupled-cluster self-energy diagrams restricted to
the space of 2plh/2hlp intermediate excitation states. These
diagrams contain excitations involving renormalized inter-
mediate states of 2plh/2hlp excitation character and will
therefore constitute the most important contributions to the
coupled-cluster self-energy at third order. All diagrams de-
picted in Fig. 2 are 1PI, skeleton, and interaction irreducible.

B. Aside on the vertex functions

The vertex functions introduced in Sec. X A provide us
with a formally exact, closed-form equation for the coupled-
cluster self-energy. However, they are clearly related to
the equation of motion of their corresponding higher-body
Green'’s function, thereby constituting a self-consistent self of
equations.

For example, by taking the time derivative of the first ar-
gument of the 4-point coupled-cluster Green’s function, using
the biorthogonal Heisenberg equation of motion and taking
the Fourier transform, we have

=27i(8(w) — @3)8(w2 — 4)G,(@1)Gys(@2) — 8(w1 — W4)8(w3 — 3)Gy(@1)Ggr (7))

+ Z G(p)u(wl)(f_lm - fut)Gif,lrs(wl, W5 w3, Wy)
ut
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- dodo'dw’dw”
0 8pt
+ 301 G (@) huy,wic / W wloq,rtvs
wlo

In Eq. (113), all single-particle Green’s functions appearing
are exact, whereas in Eq. (126) we see that one of the prop-
agators is undressed in the first line. However, inserting the
vertex equations that define A%, A%, A% and so on into
Eq. (126) results in order-by-order self-consistent dressing of
the noninteracting Green’s function. As a result, we are left
with a self-consistent equation for the 4-point vertex function
A** that is coupled to all higher-order vertices A%, APt
and so on. In addition to the dressing of the single-particle
Green’s function arising from the vertex equations, we also
find that the interaction vertices are also renormalized and
dressed. This procedure is analogous to that observed in the
case of the EOM for the single-particle Green’s function, as
discussed in Sec. X A. The same analysis also applies to the
6-point, 8-point, and so on vertex functions. The relationship
between the 4-point vertex and the BSE kernel is discussed at
length in Appendix C. To lowest order, the n-point vertices
are given by the corresponding (3)-body antisymmetrized
effective interactions. The n-point vertex is generated by the
functional derivative of the (n — 2)-point vertex with respect
to the single-particle Green’s function, with the 4-point vertex
generated by the functional derivative of the self-energy with
respect to the Green’s function.

C. Recovering the perturbative expansion

Recovering the perturbative expansion for the coupled-
cluster self-energy requires careful consideration. This is due
to the fact that the interaction-irreducible matrix elements
of the similarity-transformed Hamiltonian also depend on
the exact Green’s function. The self-consistent self-energy at
second-order is composed of two diagrams

£@ [G1= MWW+ m (127)

However, the effective interactions as well as Green’s
function lines have corresponding Dyson expansions.

/ . /
(0, 0, ;03,0 + & — wi, ws)

/ /! 1/ / 1 "
(0,0, 0", w03, 0", 0+ @ + " —wy — &, w4)+ - .

(126)

[
Diagrammatically, these take the form (see Appendix D)

+ +

(128)

with

RS +

*---0--

(129)

@=¢c==

Now, retaining only terms up to secondorder (diagrams con-
taining up to two interaction lines), we insert Eqs. (128)
and (129) into Eq. (127) to obtain the second-order pertur-
bative expansion of the self-energy as

(130)

o - - -——

This is exactly the expression obtained at second order
in the perturbative expansion as presented in Sec. IX. All
higher-order perturbative diagrams are obtained from the self-
consistent expression by successive diagrammatic expansion
of exact propagators and interaction vertices.
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XI. THE COUPLED-CLUSTER GROUND-STATE ENERGY

In this section, we demonstrate how the coupled-cluster
correlation energy can be obtained from the coupled-cluster
self-energy through the equation of motion for the SP-CCGF.
The coupled-cluster ground-state energy is given by the ex-
pectation value

ESC = (®o|H| Do)

f
= Z hpq Vpg T

rt
(2|)2 Z hpq rs Pil rs

pq.rs

(3')2 Z h pqr,stu pqrstu"‘”' (131)
pqr,stu
J
L§C = (Vo|H| Do) = <\Tfo|/31|d>o> - <%|V|<I>o> (| W| Do) +

_ ref
= Z hqupq
P4

+ ) hpg (Alajay| Do) +

Pq pq.rs

ref
(2!)2 Z hP‘I ST pg.rs

pq,rs pqr, stu

where (A| = (Pg| A is the state obtained from applica-
tion of the deexcitation operator onto the reference. From
the equation of motion for the single-particle CC Green’s
function [Eq. (111)], it appears that the total ground-
state energy cannot be obtained from the self-energy
because

i X[

=3 Z(hpq — o) (Dol(L + A)alay| Do)
rq

e qu (“))qu(“))

2;)2 thq rs (ol (1 + A)a)al asa,| Do)
pa.rs

1

Taran D" Ipgrsnu (@ol(1 + Aa)abala,aa| @)

pTqTr
pqr.stu

+ -,

which equates to

— lim Z/ —6’ ’/‘“qu(w)Gq,,(a))

2 n—0+

(134)

1 - _
= 5 (@ol(1 + A)(hy = F)|Po) + (Po[(1 + A)V|Po)

+ % (Dol(1 4+ AW Do) + (135)
Hence, the correct prefactors required to give the coupled-
cluster Lagrangian in Eq. (133) are not generated by the
equation of motion for the single-particle Green’s function,
as demonstrated by Eq. (135). Therefore, the amplitude equa-
tions are not correctly reproduced from the equation of
motion. This is analogous to the fact that the ground-state
energy of a three-body Hermitian interaction Hamiltonian is

(2')2 Z pq.rs <A|a a a, ar|q>0

From Eq. (131), we have
E()CC Zhu+ Zhuu

=Ef" + 5 LS Gijllab) (12 + 2u0) + 3

ijab ia
= Ey" +ESC. (132)
All additional higher-body terms evaluate to zero due to the
structure of the coupled-cluster similarity-transformed Hamil-
tonian as any matrix elements with four or more lines below
the interaction vertex vanish [33]. The ground-state energy is
also given by the coupled-cluster Lagrangian via

(3V)2 Y g+

3')2 Z pqr,stu A|apaqarauatax|q>0) +---, (133)

pqr,stu

(

not obtainable from the equation of motion for the single-
particle Green’s function [12]. However, the coupled-cluster
ground-state energy is still accessible from the coupled-cluster
self-energy.

To demonstrate how this is the case, we evaluate the fre-
quency integral in Eq. (135) analytically by making use of
the pole structure of the SP-CCGF and associated coupled-
cluster self-energy given in Sec. VIIL. As the coupled-cluster
self-energy consists of a static and dynamical part, £(w) =
$ 4 $P(w), we have

2nﬁo+2/
ZE‘I””" 2 IE&Z/

— — lim Zf mean(w)Gba(w)s

2 n—0+

—e" 8, (0)Gyp(w)
I"‘”ED(w)G,,(w)
(136)

where we have used G,(w) = £D(w)=0. The dynami-
cal part of the self-energy is given by the sum of the
forward- and backward-time contributions: £P = £F 4+ £B,
The one-particle reduced density matrix is given by ¥,, =
(Wolafaq|Po). The poles of the occupied-occupied block of
the self-energy and Green’s function lie above the real axis
and the poles of the virtual-virtual block of the self-energy
and Green'’s function lie below the real axis. Therefore, from
the residue theorem, the integrals over frequency vanish and
we are left only with the static contribution

2 nlg{)l* Z/

1
¢S, ()G yp(@) = ZE,,mq
Pq

(137)
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From the definition of the one-particle reduced density matrix
and the static component of the coupled-cluster self-energy,
Eq. (137) evaluates to

2 nlggl* Z./
:Ezi" + Z/\’ D
Z EOO(O) =+ = Z )\aXla ik + —= (2')3 Z )"abxl“/’ ikl

ika iklab
+ 3 ; A (Fui = fai),
£°0 we

where we have used Eq. (119) to identify £ = £

have also used Eq. (119) to write the second equality of
Eq. (138), alongside the definition floo(o) = Fpq — fpg> given
in Sec. IX. We have derived these equatlons using a gen-
eral reference state |®g), such that 200(0) # fui # 0. Using
Egs. (133) and (135), we can write the CC ground-state energy
as

e ine E,,q (a))Gq,,(a))

(138)

ESC= 3 Y ST+ 5 Yk~ fu)

| B | I
T3 (Wol(h1 + F)|®o) — 3 (Wo|W Do) +
(139)

The second and third terms evaluate to give

(lIJ()'(hl +F)|(DO zz(hn"_fn) + Zal)hil(hal"i_fai)'
The additional three-body component results in the expression

2')2 Z a aljklj

ijka

1
—z(‘I’O|W|¢’0

(2')3 Z )‘abhabk ijk

kijab

-5 (3,)2 > dpehabeije. (140)

ijkabc |

EgC = %Z(hii‘f‘ﬁi‘f‘igo(O)jLthtﬁ)

where we have used the definition of the reference energy as Eff =

Therefore, we have

The higher-body terms in Eq. (139) give rise to a similar
structure of terms whereby the higher-body interactions are
contracted with different deexcitation amplitudes. Using these
identities, we can simplify Eq. (139) to give

E(S:C — 5 Z <hu +fu + EOO(O) + Zhiah‘tl)
a

t5 Z My (Fai + hai)

+ = Z )" aXai, ki T (2')3 Z )“abxahl ki +

ika iklab
- Akn
(2')2 a az/kzj ')3 ab abkz/k
: ijka kijab
2 (3')2 Z abc ubc Jijk +- (141)
ijkabc

where we have used &; = h;; + >4 hiat{. We have also used
the antisymmetry of the matrix elements to rewrite terms
originating from the trace of the static component of the
self-energy (fl;j) such as Xiqz.ik = Xaiki and so on. Using the

definition of £7°© from Eq. (96), we find

| - 1 1
3 Z 5000 = Z > ijllab) (1 4 2611%) + 5 > ftf

i ijab ia

1
+ 5 D ijllai) s,

iaj

(142)

remembering that f;, # O for a general reference state. Us-
ing this result, we identify the first term of Eq. (141) as
the coupled-cluster ground-state energy obtained from the
ground-state coupled-cluster equations as

EF 4+ = Z (ijllab) (2 +26012) + ) fuat?, (143)

zjab

=3 Z (hii + fi)- This result is clearly identical to Eq. (132).

E(?C =E0 + = Z)‘l (Faz +haz)+ Z)‘a)(al ki + (2')3 Z)‘athhl ki + -

ika iklab
kp AKp
— (2')2 )‘a aijkij — ')3 Z ab abk ijk — 2(3')2 Z abe abcx,zjk + . (144)
' ijka kijab ijkabc

In order for this equation to be correct, we must demonstrate that the remaining terms of Eq. (144) vanish as a result of the CC
amplitude equations. To do so, we use the relationship between the effective interactions given in Appendix B. The additional
terms generated from the expectation values such as —% (Wo|W|Pp) and so on give rise to the correct prefactors required to
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generate the CC amplitude equations. This can be seen by rearranging the terms in Eq. (144) as

EgC =E5C + % Z hoFui + % kz Ay (ilak + Z Xaiki = % Z Baijkij + -+ >
ia a i ij

iklab

where the additional terms outside the brackets contain the
four-body interaction matrices contracted with the corre-
sponding four-body deexcitation amplitudes and so on. We
can identify the terms in brackets as the effective interactions
defined in Appendix B, {Fuy, Xpg,rs> Xpgr.stus - - -}» Which arise
when normal ordering the similarity-transformed Hamiltonian
with respect to the reference state. To make this explicit, for
the first bracketed term of Eq. (145), we have terms of the
form

hai + Y Xaiki —% >~ haijuij +
i Coj
= ha+ Y haisi + Y haijiij +
i ij
= hy + E Raixi + % E }_’aij,ki.i +
i T

= Fui, (146)

1 -
Yl Zhaij,kij +
ij

where we have used the expansion for x, ; given in Ap-
pendix B. From this analysis, it is clear that the correct
prefactors required to form the CC amplitude equations are
generated by subtraction of the missing higher-body expec-
tation values that are not included in the coupled-cluster
Galitskii-Migdal formula [Eq. (135)]. The first term of the
second line of Eq. (145) vanishes as the series in the brack-
ets cancels the effective interaction, y,p; ;- Combining these
results together, Eq. (145) can be rewritten as

CC CC
EO E +Z)La ai — N A 7. (3')2 Z achabcuk‘l'

ia ijkabc

(147)

Written is this form, it is clear that the additional terms in
Eq. (147) vanish as they contain exactly the CC amplitude
equations, Fy; = Xabij = Xabe,ijk = 0, and so on. Therefore,
within the Green’s function formalism, the coupled-cluster
correlation energy is generally given by the expression

ESC = %Z( °°‘°)+tht )

1

(148)

In the Brueckner basis, the second term vanishes and the
correlation energy is simply given by the first term of the
static contribution to the coupled-cluster self-energy [43].
Hence, the coupled-cluster ground-state correlation energy
is completely determined by the coupled-cluster self-energy.
From Eq. (148), we find that the coupled-cluster ground-state
energy obtained at any level of approximation of the CC

')3 E ab <Xabt kli — habl kli — E habzm klim — °° )

2. (3')2 Z ijbk(( abe,ijk + Z Ijlabim,klim + - > + -,

ijkabc
(145)

(

self-energy gives the same ground-state energy as that
obtained at the same level of approximation of the ground-
state coupled-cluster equations. As explicitly mentioned in
Sec. VII, this is not the case for the coupled-cluster represen-
tation of the electronic Green’s function.

XII. THE COUPLED-CLUSTER DYSON SUPERMATRIX
AND SELF-ENERGY APPROXIMATIONS

In this section, we provide an overview of the coupled-
cluster quasiparticle equation and Dyson supermatrix. Stan-
dard Green’s function theory is centered around the
frequency-dependent quasiparticle equation, which gives ac-
cess to the poles and residues of the Green’s function. This
allows us to directly combine coupled-cluster theory with
the methodology employed in the Green’s function formal-
ism, leading us to introduce several approximations for the
coupled-cluster self-energy that preserve its correct spectral
form.

The Dyson equation for the SP-CCGF can be used to
derive the coupled-cluster quasiparticle Hamiltonian using the
identity

(“)51}4 - G;ql (“))) = fpg + ipq(a))’

where G;ql (w) = [Go];q1 (w) — Xpg(w), with [G()];q1 (w) =
(wdpg — fpg)- The poles and residues of the SP-CCGF are
then given by the eigenvalues and eigenvectors of the self-
consistent frequency-dependent coupled-cluster quasiparticle

equation:
X e, =

Here, y is a composite index that spans both forward- and
backward-time poles and residues of the SP-CCGF: y = u, v
When the full set of 1PI diagrams are included in the coupled-
cluster self-energy, the eigenvalues of Eq. (150) are the exact
addition and removal energies of the system. As discussed
in Sec. VIII, the coupled-cluster self-energy is inherently
non-Hermitian. Therefore, the coupled-cluster quasiparticle
Hamiltonian possesses distinct left eigenstates given by

> AVH,(e,) = e,AT.
q

Hpy(w) = (149)

(150)

(151)

The right and left eigenvectors are related to the SP-CCGF
residues defined in Sec. VIII through

— , { Np“ = (\Ilo|ap|\lfﬁl+l> ,

= (0 gy,

YV
14
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- Y= (UM gl D),
AY=HY E{ p < 1% | 1’| 0> (152b)

vV _— N -1
? Xy = (Wola) |w)).
Similarly, the eigenvalues are related to the poles of the SP-

CCGF as
N+l
Ey=nv =\ N-1
, eN-

(153)

’

which are at the formally exact removal and addition energies
of the system.

Using the spectral form of the CC self-energy, given in
Eq. (89), the frequency-dependent coupled-cluster quasipar-
ticle equation [Eq. (150)] can be written in terms of the
frequency-independent “upfolded” coupled-cluster Dyson su-
permatrix eigenvalue problem

H U v A A
U K +C 0 W = WH], (154)
Vv 0 K<+C</\W- w-

where H = f + £ is the sum of the Fock matrix and the
exact static component of the CC self-energy. Here, we have
employed matrix notation for the coupling and interactions
between the forward- and backward-time multi-particle-hole
ISCs. The eigenvalues, ¢, are the exact addition and removal
energies of the system. Diagonalization of the coupled-cluster
Dyson supermatrix yields all the forward- and backward-time
poles and residues of the SP-CCGF at once. The CC Dyson
supermatrix was first arrived at in Ref. [43]. However, the
explicit analysis of its relationship to the SP-CCGF as well
as its eigenvector components was not presented. Throughout
t~hCe Crest of this paper, we denote the CC Dyson supermatrix as
D*-.

Since the coupled-cluster self-energy is non-Hermitian, the
coupled-cluster Dyson supermatrix also has distinct left and
right supereigenvectors. However, the exact CC Dyson super-
matrix is pseudo-Hermitian, due to the similarity-transformed
Hamiltonian H, as it possesses a real spectrum. In Ap-
pendix E, we show that the exact coupled-cluster self-energy
is biorthogonally positive semidefinite. This property follows
from the pseudo-Hermiticity of the CC Dyson supermatrix
and CC self-energy. It should be noted that the exact electronic
self-energy of the Hermitian electronic structure Hamiltonian
is positive semidefinite, which is an important property that
ensures the correct causal structure of the theory [79-81].

The components of the right and left eigenvectors in the
space of excited multi-particle-hole ISCs are found as

W, = (e,1 — (K* + C));, U A%, (155a)
J"p
W = Z(s 1— (K= +C)); LV A%, (155b)
A Y AA” > p’
A"p
W, =3 " AY0, (e, 1 — (K* + C7))5ly. (1550)
"
W =3 ANV, (e, 1 — (K= 4+ Co))ply, (155d)
A pVpATEY AA>
PpA”
where (A W+ W) is the left supereigenvector solu-

tion. From these formal solutions, it should be noted that

the W7 /W+7 components of the eigenvectors are explicit
functions of the corresponding eigenvalue, ¢, .

If we impose the normalization condition ) ATAY =1,
the quasiparticle renormalization factor can be found from the
inverse of the overlap of the supereigenvectors as

-1
“o (ZAZAZ + 2 WITWIT ) WAJWA#)

4 J A

-1
w—sy>

However, if we instead require that full supereigenvectors be
normalized under the biorthogonal inner product, then the
renormalization factor is simply given by Z, = )~ AJA}.

From the right and left supereigenvector solutions of the
CC Dyson supermatrix [Eq. (154)], it is possible to reconstruct
the exact SP-CCGF by taking the resolvent of the Dyson
supermatrix in the single-particle spin-orbital subspace. For
the retarded SP-CCGEF, the result is given by

%% (156)

_ (1 05, (@)

GF (@) = (@ + in)1 — D) ]
- ALAY
S w—¢&, +in
P IR/A 1
- w—eNtl+in  —w—elt+in’
(157)

where we have used the relationships given in Eqs. (152)
and (153) to go from the second equality to the third equality.
As can be seen, this expression agrees with the exact Lehmann
representation given in Eq. (85) (remembering that the dif-
ference between the time-ordered and retarded single-particle
Green’s function is that the retarded propagator simply places
all the poles below the real axis [1-3]).

By introducing the coupled-cluster Dyson supermatrix,
we preserve the correct analytical structure of the self-
energy required to obtain the correct convergence of the
Feynman-Dyson diagrammatic perturbation expansion [77].
This representation forms the basis of the algebraic dia-
grammatic construction method [13,61,80]. In the following
subsections, we construct the upfolded Dyson supermatrices
for different 2p1h/2hlp CC self-energy approximations that
preserve the correct analytic structure. To be consistent with
the treatment of 2p1h/2h1p excitations, all coupling and effec-
tive interaction matrices appearing in these subsections will be
implicitly taken within the CCSD approximation (T = T} +
T»). These CC self-energy approximations reveal the connec-
tion to IP/EA-EOM-CCSD theory and allow us to leverage
the connections between Green’s function and coupled-cluster
theory.

The equations derived in this work are no more complex
than those that have been derived in the context of EOM-
CC theory [82-84], the algebraic diagrammatic construction
method [13,80], and the Gorkov-Green’s function formal-
ism [85,86]. Therefore, similar hierarchies of approximations
and powerful numerical techniques can be ported over for
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the efficient solution of the coupled-cluster Dyson superma-
trix [13,42,87-98].

In the following subsections, we will use the fermionic
antisymmetry of the effective interaction matrix elements to
restrict our sums to be over ordered sets of single-particle
Green’s function indices: (i < j;a), (i < j <k;a < b), (v; <
Vs ), (V1 < vy < v3; < W2), and so on. We can recover
the general case using unrestricted summations by intro-
duction of the relevant symmetry factors of the Feynman
diagrams presented in Secs. IX and X.

A. Second-order perturbative and self-consistent
approximations

From the second-order perturbative coupled-cluster self-
energy [Eq. (99)], we see that J = (i;a < b)/A = (i < j;a)
are restricted to the space of 2p1h/2h1p excitations such that

ﬁzg?ilb = Xpi.ab (158a)
T ) = Xab.gi- (158b)
Viarg = Xijqas (158¢)
Vp«Ba = Xpa.ij- (158d)

The ISC interaction matrices are given by K2, jed =

(€4 + €5 — €)(Sacpa — 8aadpc)dij and K5, ) = (€ +€j —
€4)(8ixbj; — 818 jx )dap, respectively. This leads to the follow-
ing upfolded CC Dyson supermatrix:

$00(0 v 00(2 7(0) 7(0)
f,,q+2;;3<>+2;g<> Uyins v©o

p.ija
NCC __ 7(0) K
D(Z) - Uiab,q Ki?zb,jcd 0
~(0) _
Vija,q 0 Kij'a,klb

(159)

Alternatively, we also carry out this procedure for the
second-order self-consistent, renormalized coupled-cluster
self-energy given in Eq. (124). This self-energy also consists
of 2plh/2hlp excitation character [J = (vi; ) < w2)/A =
(vi <vy; )] and gives rise to the following coupling
matrices:

O =2 Bl TR (1602)
rtu

O =2 Bl TRy, (160b)
o

o = 2 Epr X KT (160c)
rtu

Vo) o= B X X2TS (160d)

svw

. . . > >
The interaction matrices become KJ . . . =

N+1 N+1 N—1
(SM + €, T &y )((S,U-l/ts 8#2#4 - 8#1#4&12#3 )SVIVZ

i< _ (oN—1 N—1 _ N+I _
and Kvlvzul,mmm - (81)1 + 81)2 Svl )(5\)1‘)38\)21)4

80104005038, 1, Within this approximation, the resulting

coupled-cluster Dyson supermatrix is given by

S~ ooCCSD 7s¢(2) 7sc(2)
qu + qu Up,vuuuz Vp,vwml
NnNCcCc  __ 7s¢(2) >
DSC(2) - leltluz’q meuz,vw;m 0
7s¢(2) I <
VVI V21,9 0 ViVa[Ly,V3V4 L2

(161)

The static contribution, E%CCSD , 1s taken within the CCSD
approximation to be consistent with the treatment of
2plh/2hlp excitations contained in the second-order self-
energy:

~ ol [ l j
$20CCSD _ $i000) 4 § iy G D hih Xpabaais-

ia ijab

(162)

The solution of Eq. (161) requires iterative diagonalization,
whereby the coupling and interaction matrices are updated at
each step. The zeroth-order iteration is taken as the second-
order perturbative supermatrix defined in Eq. (159) and the
resulting eigenvectors and eigenvalues are subsequently fed
into the definition of the coupling and interaction matrices.
This process is repeated until convergence of the spectrum of
f)scc%) is achieved.

B. Coupled-cluster self-energy approximations including
the complete set of 2p1h/2h1p interactions

The second-order coupled-cluster self-energy contains in-
teractions between ISCs that are fundamentally of 2p1h/2h1p
excitation character. This is demonstrated by the fact that the
ISCs are parametrized by the ordered sets of single-particle
Green’s function indices: J = (i;a < b)/A = (i < j;a). We
can include the complete set of 2plh/2hlp interactions be-
tween these ISCs by defining the interaction matrices as

K s e + Cingjea = (@7 [Hy |57, (163a)
Ko+ Coiup = — (@ [Hn|®f),  (163b)

where the matrices K;b,jc g /Ki_<ju, wp are defined in Sec. XII A
and are block diagonal by definition (see Sec. VIII). This ap-
proximation corresponds to allowing all particles to propagate
independently, to interact pairwise via the static component of
the two-body interaction as well as the combined three-body
interaction of the similarity-transformed Hamiltonian normal
ordered with respect to the reference determinant [43,99,100].
The explicit expression for the interaction matrices are there-
fore given by

Citred = 00081800 — 558160 + £y P8aci;
— 500804817 — 5 80cp0 + £ V048
+ Xja,ciSbd + Xjb,diSac + Xab,cddij
— Xja.diSbe = Xjb,ciSad + Xjab,cids (164a)

~<(0 < 0 < 0 < 0
¢ Z;f( '8up8 1 — Eiolo( "8anSjx + E}’f( 8upSik

ija.klb =
000 €000 000
- E}):( 28andit + 550083855 — £2°08485
+ Xib,a18jk + XjbakOit — XijkiSab

— Xib.ak8j1 — Xjb.alOik + Xijb.kal- (164b)
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To include the full set of time orderings of the coupled-cluster self-energy diagrams corresponding to the interaction matrices
defined in Eq. (163) requires the modification of the 2p1h and 2h1p coupling matrices given in Sec. XII A as

2p1h(0) _ Xkl,ab
Up iab Xpi,ab + = Z Xpikl

€+ € —€,— €

§ : Xik,be Xik,ac
+ ch,ak— - E ch,bk—
. €+ € —€p— € o € +e€r—€,— €.

. ioo . 200(0) $
_ j : Xpikb &y, + Z Xpika&yp + Z Xpe,ab 7 (165a)
X € — €4 X € — €p - €; — €
- 1 i e -
2h1p(0) Xij,cd Xkj,ca Xki,ca
ijaq Xijga ™ 5 ch €ite€—€ —€ Xed.qa ch € t+e€ —€ —€ Xic.qk ch €+ € —€ — ¢, Xje.qk
00(0) & 00(0)
XCj qga E Xciga Eka Xij.qk
+ - - . (165b)
Z — € XC: € — € Xk: €k — €4

In the Brueckner basis, the final three terms of Eqs. (165a) and (165b) vanish. The coupling matrices UISZ) / Vp(g).u remain the
same as those defined in Sec. XII A. This reflects the inherent non-Hermitian structure of the coupled-cluster self-energy. There
are no terms in the coupling matrices containing the three-body effective interaction as these terms vanish as a result of the CC
amplitude equations.

Using the definition of the interaction and coupling matrices defined above leads to the upfolded CC Dyson supermatrix

oopt2 2p1h(0) 5(0)
f["] +(02): Up abi o) Vp,ija
~CC >
Dipcapinoy = (ghl i, K7, jed +C, jed 0 o | (166)
P <
klb q 0 Klja klb + Clja klb
where %7 2 202(0) + 2"2(2) This approximation corresponds to the infinite-order summation of the coupled-cluster self-

energy diagrams depicted in Fig. 1 and is closely related to IP/EA-EOM-CC theory truncated to the space of 2plh/2hlp
excitations. However, the upper left block of the coupled-cluster Dyson supermatrix is defined over the combined set of occupied
and virtual spin orbitals. This definition of the interaction and coupling matrices results in the 2p1h(0)/2h1p(0) coupled-cluster
self-energy approximation

$ADC(2p1h(0 0 2 2 lh(()) > >(0 0)
qu (2p1h( ))(a)) ZOO( ) 4 EOO( by (2')2 ZUpIt’ab (a) +in)l — (K> +C ( )))mb chchdq

jcd

2')2 > V(@ —inl — (K= +
kla
mnb

2h1p(0)
kla,mnb mnb q

c=y) ! (167)

Similarly, we can further generalize the 2plh/2hlp
coupled-cluster self-energy approximation by allowing the
interaction matrices to be composed of the full effective in-
teractions arising when normal ordering H with respect to the
biorthogonal ground-state expectation value. This results in
the following interaction matrices:

E 81 /(Shd -

tab jed 25251'/'5& + 5:1325“55,‘

— £5084a8ij — £578acOba + 55 8aaSbe

+ Eja,ciabd + Ejb.disac + Eab,cdaij

— Ejaaibse — EjpciSud + Rjavcia,  (168a)
Clun = X 8ardj1 — 8 ik + L5 8undin

- i;]fSab(Sil + E08u8 1k — Tpodud i

+ Eimadjx + Ejpakit — Eijridap

— Einakdji — Ejp.adic + Fijbkal- (168b)

To reiterate, in order to be consistent with the treatment
of the 2p1h/2h1p excitation character of the intermediate state
configurations, the static coupled-cluster self-energy contribu-
tion and the effective interactions = pq,rs a0d ¥ g1 1y appearing
in Egs. (168a) and (168b) are taken in the CCSD approxima-
tion. Then, we define the coupling matrices to be composed
of the renormalized interactions as follows:

[

kl,ab

2plh ~ IE:F’«

U = o b+ = [ A —
b pi,a pi,

piia 2 m € +e€ —€,— €

Eik,be

+ S pe,ak
E: pesak

+ € — € — €
ke

=~ Eik,ac EP’ kbzku
- E Eipe, bk E
€; €
ke it k

k— €a — € € — €q

Hpt ka
+

E upc ah P

(169a)
€ — €p
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Y
0 - [y
Y

FIG. 3. The set of third-order 2p1h/2hlp excitation character restricted 1PI coupled-cluster self-energy diagrams that are obtained from
the diagrams in Fig. 2 by replacing the self-consistent propagators with their lowest-order linearized equivalents: G — Gy + Gy £*G,.

~2plh =~
Uiab,q = Sab,qis (169b)
~2hlp A 1 Eij,cd ~
VH = & + - Sed
s J,qa z : cd,qa
a.q 2 —€itej—e—€
Ekj,ca =
+ E Sic,qk
o 6k+51_€c_€a
Z Eki ca o)
- —C‘jc,qk
€+ € —€ —€
T8
w ucha je Seiqa
+ E — E A
B € — €c B € — €
208 gk
=Y Sk Sk (169¢)
& €k — €q
52hlp _ =
Vyija = Bpaij- (169d)

This definition of the coupling matrices ensures that all
time orderings of the 2plh/2hlp CC self-energy diagrams
are included in the CC Dyson supermatrix, thereby going
beyond the analysis presented in Ref. [43]. The CC Dyson

& ADC(2plh) — $00CCSD
qu () = 2:Pq 21)2 Z

iab
jed

2hip
(2|)2 Z VP kla((w
ot

As demonstrated in Appendix F, the coupled-cluster
Dyson supermatrices of Egs. (166) and (170) are identi-
cal to the third-order algebraic diagrammatic construction
method [ADC(3)] applied to the 2p1h/2hlp coupled-cluster
self-energy diagrams depicted in Figs. 1 and 3. However, it
should be noted that the vanishing different Goldstone time

02! (@ + in)1 — (K* + €))7 ]

p.iab

supermatrix within this approximation is given by

CC
DADC(2plh)

$300CCSD {jih y2hip
qu + 2 q p.iab p.ija
_ ~2plh S >
- chl;i .q Kiab,jcd + Ciab,jcd 0
Ip < (<
Vklb q 0 Kija,klb + Cija,klb

(170)

The CC Dyson supermatrix approximations, defined in
Egs. (166) and (170), can be viewed as infinite-order summa-
tions of coupled-cluster self-energy diagrams. Equation (166)
is constructed from the infinite-order summation of the pertur-
bative coupled-cluster self-energy diagrams depicted in Fig. 1,
whereas Eq. (170) results from the infinite-order summation
of the diagrammatic series depicted in Fig. 3.

The coupled-cluster self-energy diagrams depicted in
Fig. 3 are obtained from the self-consistent diagrams pre-
sented in Fig. 2 by retaining the third-order 2plh/2hlp
self-energy diagrams that result upon replacement of the
self-consistent propagators with their lowest-order linearized
equivalents: G — Gp + GoX*Gy. This replacement gives
rise to the sixth and seventh diagrams of Fig. 3 that are one-
particle irreducible, nonskeleton contributions.

Downfolding the CC Dyson supermatrix in Eq. (170) into
the single-particle spin-orbital subspace spanned by the upper
left block results in the following coupled-cluster self-energy
approximation:

;i

iab, jed ]((1 q

y2hip

ln)]l — (K< + C ))kla mnb man o

(

orderings of the third-order CC self-energy diagrams, as a
result of the CC amplitude equations, is in contradistinc-
tion to the Hermitian ADC(3) electronic Dyson supermatrix
construction [61,80]. In the case of the Hermitian electronic
self-energy, these different time orderings are nonzero and
give rise to additional contributions to the coupling matrices.

013322-33



CHRISTOPHER J. N. COVENEY AND DAVID P. TEW

PHYSICAL REVIEW RESEARCH 8, 013322 (2026)

The reader is referred to Refs. [13,61,80] for a comprehensive
review of the algebraic diagrammatic construction method.

XIII. RELATIONSHIP TO IP/EA-EOM-CC AND G,W,
APPROXIMATIONS

In this section, we provide an overview of the connections
between approximations for the coupled-cluster self-energy,
IP/EA-EOM-CC, and GoW, theory. Subsequently, we arrive
at CC-GoW, theory.

A. Equation-of-motion coupled-cluster theory

The IP-EOM-CC method was presented in Sec. VI. The
electron removal energies are obtained from the IP-EOM-CC
eigenvalue problem given in Eq. (70). Restricting the IP-
EOM-CC supermatrix to contain only 2h1p interactions gives
the [P-EOM-CCSD approximation:

(@i|Hy|®;)

FIP-EOM-CCSD _ _ A
(@, |Hy| ;)

<©i|HY|©ZZ> . (172)
<q>£1n |HN|<DZI>

By identifying that the upper left block is — (®;|Hy|®;) =

fii+ 55, that in the Brueckner basis, (®;|Hy|®) =

—Xiia and (®° |Hy|®;) = —xjpmn, We rewrite the IP-
EOM-CCSD supermatrix as
& 00(0
fP-EOM-CCSD _ fi + E;O( : ) Xkl ia o
ij,mn Kk<la,mnb + Ckla,mnb
(173)

where we have used Eq. (163) to identify the interaction
matrices as the lower right block of the IP-EOM-CCSD super-
matrix. Downfolding this supermatrix into the single-particle
occupied-occupied subspace, we have [43,52]

- - 1
EOM-CCSD 00(0)
Hij (w) = fji + Eji + Z Z Xja.kl (0)1
i
< (< -1
- (K + C (0)))kla,mnbxm”’ib'

Transposing Eq. (174), we identify the effective EOM-CCSD
“non-Dyson self-energy” as

SEOM-CCSD (4)) — FEOM-CCSD (1)) _ £,
3 1
©)
=S50+ 2D diow(wl

kla
mnb

(174)

- (K< + C<(O)))]:Ii’manmn,jb-
By comparison with Eq. (167), we see that the IP-EOM-
CCSD effective self-energy is related to the transpose of
the 2plh(0) coupled-cluster self-energy restricted to the
occupied-occupied block. However, the contribution f)loo @
does not appear in IP-EOM-CCSD theory. It arises from the
correct treatment of the static component in the perturbative
expansion of the coupled-cluster self-energy resulting from
the Green’s function formalism. Additionally, the coupling
matrices of the ADC(2p1h(0)) CC self-energy [Eq. (167)]
contain different time orderings that are neglected in the IP-
EOM-CCSD approximation that is based on a configuration

(175)

interaction expansion. As a result, ADC(2plh(0)) CC self-
energy diagrams such as

are not included in IP-EOM-CCSD theory. However, it should
be noted that the untruncated algebraic-wavefuction-based
IP/EA-EOM-CC theory and the full set of 1PI coupled-cluster
self-energy diagrams are both formally exact approaches for
obtaining the charged excitation spectrum of the similarity-
transformed Hamiltonian despite their differing mathematical
formulations [43].

B. The GyW, self-energy and CC-GyW, theory
The dynamical GoW self-energy is given by [4,46,90,101]
W,.aW, W, W;
EGUWO — p.avVav,q p.iv'Wiv,q ’
pi (@) gw— Qv—ea+in+i2vw+9,, —€ —1in
(176)
where the coupling and interaction matrix elements W, ,,, and
2, are usually found by solution of the RPA equations

(B Z)0)==Q)
where
Aiajp = (€a — €88 + (ibllaj) . (178a)
Bia,jb = (ijllab) (178b)
Wygo = D ({pallgh X}, + (pillga) ¥;2).  (178¢)

a

In the GoW, approximation, the exchange interaction is
usually separated from the direct interaction and one is left
with only the direct RPA (dRPA) equations. Here, we instead
choose to work with the antisymmetrized RPA equations to
more easily exploit the connections to coupled-cluster the-
ory. The exchange contributions may be trivially removed
from our equations to recover the GoW, approximation using
dRPA [46,48]. In terms of the upfolded Dyson supermatrix
representation, the GoW, eigenvalue problem takes the form

qu Wp,av Wp,iv
DO = | Way  AQYT 0] (179)
GoWy<
VViv,q 0 Aiv(,]jvo/
with
AGW> = (€4 + Q)Sabur, (180a)
ASS = (€1 — )81 800 (180b)

where the index v is a quasiboson index that spans a
set of values much larger than the spin-orbital index. The
RPA eigenvalue problem can be rewritten in terms of ef-
fective coupled-cluster doubles amplitudes by identifying
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iqu-GoW0= === + @J’- ®+ + +
*----8--

FIG. 4. Diagrammatic representation of the CC-GoW, self-energy. The bubble diagrams are summed to infinite order through the DC-Go%
supermatrix representation [Eq. (184)] and the two-body antisymmetrized effective interactions are evaluated within the rCCD approximation.
The noninteracting Green’s function lines appearing in the dynamical self-energy diagrams are not fully antisymmetrized with respect to

fermionic exchange.

T =YX !. Using this expression in the RPA equa-
tions [Eq. (177)] leads to the ring CCD approxima-
tion [43,49,102]

B* + A*T + TA + TBT = 0, (181)

with the RPA Hamiltonian written as

HEP = (€a — €881 + (ibllaj) + Y (ikllac) (£7), cop-
ke
(182)

As aresult, the RPA eigenvalue problem becomes

D CHEMXE = QX (183)
jb

where the rCCD doubles amplitudes do not retain fermionic

antisymmetry [49].

To demonstrate the connection between the GoW, approx-
imation and the coupled-cluster self-energy, we restrict our
analysis of the coupled-cluster self-energy to the space of
2h1p/2plh excitations. In doing so, we introduce the CC-
GoWy Dyson supermatrix as

Sy oorCCD rCCD rCCD
Jra+ EWI Xpiab Xpa,ij
NCC-GoWy __ rCCD 1 GoWp>
D - Xab,qi Aiah,jcd 0 , (184)
rCCD 1 GoWp<
Xij.qa 0 Ao

where the effective interactions { X,‘,S’Cr? } are found from the

two-body matrix elements of H, but are formed from only

the rCCD diagrams and amplitudes. For example, the element

X1CCP is given by

XD = Gallkl) + > (imllke) (159) - (185)

The interaction matrices are defined as
AGN™ = (€abpabis + Hiy ) Sac (1862)
AJs = (€i81bay — Hiy ) i (186b)

The static contribution, f];;‘CCD , can be evaluated exactly
within the rCCD approximation and is given by

~ - 1 ..
oorCCD __ $voo(0)rCCD rCCD ij
Em - EM + (21)2 Z X pab.qij ()‘ah)rCCD’

ijab

(187)

where (AZ’;)rCCD are the rCCD deexcitation amplitudes ob-
tained from the rCCD Lagrangian [47]. There are no singles
amplitudes in the coupled-cluster doubles approximation. The

three-body interaction elements can be found in Ref. [33], an
example of which is the element

Xiig??ﬁcl = Z ernczcl? (tr{tllh)rCCD + Z Xirtscc'kD(t.;}h)rCCD' (188)

n c

Using these coupling and interaction matrix elements, the
diagrammatic representation of the CC-GoW, self-energy di-
agrams contained in the DC~%% supermatrix is depicted
in Fig. 4. We clearly see that this approximation results in
the infinite-order summation of the coupled-cluster bubble
self-energy diagrams, analogous to the GoW, approximation
that performs an infinite-order summation of electronic bubble
self-energy diagrams.

Finally, from Eq. (148), the ground-state correlation energy
in CC-GyW, theory is the RPA correlation energy [43,49]

1 - 1
BN =3 DIEEYR = 3 L b (1) o

ij,ab

(189)

Through this reformulation of the GoW; approximation in the
framework of coupled-cluster theory, we may now include
“vertex” corrections that go beyond the GoW; approximation,
while maintaining the correct spectral form of the self-energy.
This is achieved by simply modifying the doubles excitation
and deexcitation amplitudes that enter the approximation. For
example, using Eq. (184), one may use the full CCSD singles
and doubles excitation and deexcitation amplitudes instead
of the rCCD amplitudes. This would provide a simple way
to extend the GoyW, approximation to include effects of sin-
gles excitations and go beyond RPA screening by including
the complete set of interactions, (<I>lj’-|ﬁN|<I>f), between singly
excited configurations in the definition of the interaction ma-

. . % GoWo> ; 1 GoWo<
trices defined in Aiab,jcd/Aija,klb [43].

XIV. THE COUPLED-CLUSTER
BETHE-SALPETER EQUATION

Within the Green’s function formalism, the Bethe-Salpeter
equation describes two-particle correlation processes and
gives access to neutral and two-particle excitation energies.
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The coupled-cluster Bethe-Salpeter equation is written as

Lygrs(ti itz 1) = igq,m(fl, it3, 14) + Z / dtdt'dt" di"'[°

tuvw

where igq,m(n, ity  ts) = —iGps(t1, 14)Gyr(t2, 1) corre-
sponds to the propagation of two-independent particles [3],
and & is the coupled-cluster Bethe-Salpeter kernel. The
correlated 4-point linear response function L is defined as

7 . < )
Lpg.rs(t1, 12583, 14) = Gplq)frs(ll, 113, 14)

- iGpr(tl’ I3 )Gqs(tZa t4)

and can be expressed as the functional derivative of the single-
particle Green’s function with respect to a fictitious external
potential via application of Schwinger’s functional derivative
technique to the biorthogonal interaction picture (Sec. IV).

It is important to note that the coupled-cluster BSE is
not an equation for the coupled-cluster representation of the
electronic 4-point response function, which is defined as

(191)

3 . ~4 .
Lpgrs(ti 12313, 14) = G (1, 1313, 1)

— Gy (11, 13)Gys (12, 1),

where

iG (11, 12313, 1) = (Bo| T{ag(12)a,(11)a) (13)a) (14)} Do)

is the coupled-cluster representation of the electronic 4-
point Green’s function. This is because the coupled-cluster
representation of the electronic 4-point electronic response

J

pt,ru

(t1, 1513, 8 ) Byt 1751, 8 Vg st 123" 12),  (190)

(

function can only be obtained by direct computation
using quantities obtained from ground state and EE-EOM-
CC theory, which remains largely unexplored. Instead, the
coupled-cluster BSE naturally arises as a result of the cou-
pling between the SP-CCGEF and the 4-point response function
through the diagrammatic coupled-cluster self-energy.

In the real-time domain, the kernel of the coupled-
cluster BSE is given by the functional derivative of the
coupled-cluster self-energy with respect to the single-particle
coupled-cluster Green’s function as

~ 8% (t1,13)

= . . pr )

C‘pq,rs(tl’ bhilz, ly) =i————.
(Squ(t4vt2)

The kernel is composed of two-particle irreducible dia-
grams [3]. The BSE is fundamentally different from the
corresponding Dyson equation for the single-particle Green’s
function because it cannot be cast as a closed form equa-
tion for the ph/hp response function. The ph/hp response
function is defined as [61]

. 3 .
by (t, 02) = Lpg rs(tr, 123177, 1),

(192)

(193)

The Fourier transform of the exact coupled-cluster ph/hp re-
sponse function [Eq. (193)], obtained by resolving the identity
of N-particle eigenstates of H, possess poles at the exact
neutral excitation spectrum:

I ()= z(

v£0

where Q, = EN — E(I)V are the exact neutral excitation energies of the system.

Now, restricting the BSE to that of the ph/hp sector, we have

pq,rs pq,rs

tuvw

It is the presence of the kernel, &, that means we cannot send
the time arguments in the propagators to the corresponding
ones for the ph/hp propagator [103—108]. Therefore, we do
not have a closed equation for the ph/hp response function as
Eq. (195) is not a functional of [Pt This is because the BSE
contains a fundamental coupling between the particle-hole,
particle-particle, and hole-hole response functions through the
kernel [109].

A. The coupled-cluster Bethe-Salpeter kernel

By taking the functional derivative of the coupled-cluster
self-energy defined in Eq. (117) with respect to the coupled-
cluster Green’s function, we generate the coupled-cluster BSE
kernel. Diagrammatically, this functional derivative is found
by cutting the Green’s function and interaction lines in the

EPh (t, ) = Eph(O)(tl’ H) + Z / dldt/dl//dtho

(Wolala,| BN (BN |ala, Do) B (Wolalag [ W) (BY |ala,| Do) (194)
w— Q0 + in o+ Q, —in ’
1, 65057 1) B (0 1758, 8" ) Lg s (" 130" 1) (195)

(

Feynman diagram series for the renormalized coupled-cluster
self-energy. To do this, we first analyze the variation of the
interaction lines with respect to the Green’s function. In the
real-time domain, the static component of the self-energy is
given by

Soe(t1, 13) = Soed(t, 13)
= (ill’f/ - iz}_lpr.qsésr(tl — f1+
rs

i A ~2ph
+ Z ;mhprx,qtuGr,im(ﬁ — tlJr) + .. ')5(1‘1, ).

(196)
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The functional derivative of the static component with respect to the exact Green’s function is therefore

Eyr(llvl3)
. SG — qrs_i h G +
_ h Su-u ; o
Sq(l4112) P, Z pgt.1 [(ll 1 )+

rs,tu

where @;q’rs(tl,tz;tr’ , 1) represents the contribution that is

dependent on functional derivatives involving the A2 ver-
tices and is explicitly related to multiparticle correlation
effects. This additional term Z¢ is similar in origin to the
functional derivative of W with respect to the Green’s func-
tion in the GW approximation that arises when deriving the
electronic GW -BSE kernel. The first term inside the brackets
is simply the series for the two-body effective interaction (see

Appendix B), and so we have
BEX(, 13)

i— = Eprsd(t1, 13)8(t1, 12)8(t;, 14)
8Gsta ) :

+ & (st )81, 1), (198)

Therefore, at first order, the functional derivative is the static
two-body effective interaction and arises due to “independent
particle” propagation. The additional term E¢ must also be
accounted for and is a dynamical contribution.

To derive the additional component Z¢, we adopt a
simplified notation whereby the spin-orbital indices and
time/frequency arguments are removed. With this notation, we
write the 4-point and 6-point vertex equations from Eqgs. (113)
and (114) as

G* = iA{GG) — GGAM' GG (199)

J

(G — i A[GGY) = —2GAP'GG — GG——GG,
5G 5G

with

s . . g a8
E(G"’P‘ + AGGGY) = —(3N)GGAP GG — 3%iGGG

8(t1, 13)8(tr, 12)8 (] 1a) + B, (11, 13 1], 14)8(11, 13),

(197)

(

and

G = —A{GGG) — iP{GGGA*™ GG} + GGGA™ GGG,
(200)

where A generates the correct fermionic symmetry associated
with independent-particle propagation and P is the cyclic per-
mutation symmetry required to correctly describe fermionic
statistics of two correlated particles propagating with respect
to a third independent particle. Using this simplified notation,
the static component of the self-energy becomes

$00 — b _ G £E3bG4pt _ ;E%ém -
1 + 1 g +
(201)

where 4" represent the n-body matrix elements of the

similarity-transformed Hamiltonian. The contribution of
the functional derivative % due to antisymmetrized
independent-particle propagation gives the static two-body
effective interaction, 22°. The functional derivatives of
the higher-body Green’s functions with respect to the
single-particle propagator (removing the antisymmetrized

independent-particle propagation) gives rise to the general

structure
A 4pt s
(202a)
Adpt o L _SAOP
5C GG+ 3GGAP' GGG + GGG 5C GGG (202b)

and so on for the higher derivatives. In these equations, the prefactors represent the number of equivalent terms generated by
the different functional derivatives with respect to permutation of the fermionic states. Therefore, the functional derivative of the
static component of the coupled-cluster self-energy gives rise to

8% aop U o mramags 8D
— = %+ —— I 21GAM GG + 66— GG
56 T ° Tay TG
1 - e V.G L e 8AOPL
+ G h4b(—(3!)2iGGA4P‘GG —3%GGG 55 00+ 3GGA'GGG + GGG e GGG) 4+ (203)

Collecting like terms together along with the higher-order contributions arising from functional derivatives of the higher-order
Green’s functions, we have
SE®

o
_ /A2 .
Se T T

_ s s 1 - s L L SAW
B — G+ . WGAPGG) + —— B — in*G+ - )| 66——GG
( i +-)( )+ Qe i +--0) G

Lz oshr R T Py
+W(h —i°G+ )| 3GGA™ GGG + GGG——GGG | + - - . (204)
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Identifying the expressions in brackets as the effective
interactions that arise when normal ordering the similarity-
transformed Hamiltonian with respect to the biorthogonal
ground-state expectation value, we find

U b x 6t o
+ 3 X GGA™' GGG

+ L yveeet™ 6o +
3k 56 ’
where the series continues with the higher-order effective
interactions contracting with higher-order vertices in this
schematic derivation. At first-order, the explicitly frequency-
dependent contribution gives rise to the following diagrams,
which correspond to the second term of the right-hand side of

Eq. (205):

(205)

=e(l)
=pq.rs

(206)

Here, we have reinserted the spin-orbital indices and ac-
counted for the different external index permutations. Di-
agrammatically, this term arises from cutting the Green’s
function lines in the following diagram contributing to the

J

static component of the self-energy:

soo(e 1) —
Zpr (207)

o« =
p
r

This diagram appears when expanding the 4-point Green’s
function in the expression for £°° through the 4-point vertex
equation [Eq. (113)]. The resulting contribution is explicitly
dynamical. A similar expression holds for the two-body ef-
fective interaction elements

sE rs ~
PLE§(t1,13) = Fpgrrsud(t1, 13)8(t1, )81, ta)

l—
(SGm ([4’ t2)

+ Kpgtrsu (115 12317 12)8(11, 13). (208)
Using our simplified notation, we find

g2 1 g
i 86 — X3b+ 5X4b(GA4ptGG)
b e(eeh 6
(21)? 8G
1 e
+ 35 P PGGAP GGG
| Y. Vi
+W GGG——GGG + - - - (209)

and so on for the derivatives of higher-body interactions. In the
case of a three-body Hamiltonian, this derivgltive would only
generate the bare three-body interaction, i % = )~(3b = 3,
as there are no higher-body interactions present. Using these
results, the corresponding expansion for the coupled-cluster
BSE kernel is given by the following series of Feynman dia-

grams (up to second order):

CI p
I’VWVVV\,I
L1
R ;

(210)
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We obtain the perturbative expansion, E[Gy], to second order
by inserting Eq. (129) into Eq. (210) while replacing all ef-
fective interactions and Green’s functions by their reference
counterparts: ¥ — x, G — Go. As can be seen from the
general diagrammatic series, the CC-BSE kernel reduces to
the electronic BSE kernel when T = 0 and the effects of the
similarity transformation are removed. The second, third, and
fourth diagrams of the first line of Eq. (210) arise by cutting
the Green’s function lines of the second-order dynamical self-
energy diagram of Eq. (122). The fifth and sixth diagrams
of Eq. (210) appear when taking the functional derivative
of the two-body effective interaction lines appearing in the
second-order self-energy diagram. They are the first-order
contributions according to Eq. (208). The final two diagrams
of Eq. (210) are those that arise due to derivatives of the static
component of the self-energy, as outlined in Eq. (206).

We can also take the functional derivative of the vanishing
second-order self-energy diagram (see Sec. IX)

However, as these diagrams have four Green’s function lines
below the three-body vertex, they also vanish due to the
coupled-cluster similarity transformation. If we take the func-
tional derivative of the two-body interaction in Eq. (207),

J

$voo(0)
qc,rsk Ekc

at first-order we generate the complementary exchange
diagram

which also vanishes. At first order, the functional derivative of
the three-body effective interaction in Eq. (207) gives rise to
the diagram

p q
r s

which explicitly contains the four-body effective interaction.
Depending on the ordering of the external indices, this dia-
gram may not vanish and will give a nonzero contribution to
the CC-BSE kernel.

From our analysis, we see that the diagrams of the Bethe-
Salpeter kernel generated by an N-body interaction result
from functional derivatives of different components of the
self-energy. We note that the corresponding expression for the
6-point vertex function is obtained by the functional derivative
of the BSE kernel with respect to the single-particle Green’s
function, APt ~ l‘;—g and so on for the higher-order vertices.
These relationships arise as the 6-point Green’s function is
generated from the functional derivative of the 4-point Green’s
function and so on.

Using the general analysis presented in this work, we can
generate the diagrammatic series for the coupled-cluster BSE
kernel order by order. When restricted to the Tamm-Dancoff
approximation, the perturbative expansion of the coupled-
cluster BSE kernel derived here is closely related to the
EE-EOM-CC eigenvalue problem. To conclude this section,
we write the terms appearing in the second-order perturbative
expansion of the CC-BSE kernel as

ka,.s‘c ch,rk
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1 (Xabq,rkska,ab + Xpkq,abs Xab,rk + Xpab,rks Xkg,ab + Xpab,rsk qu,ab)
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+ l Z (Xqu,msXpa,kl + Xpag.kisXki,ra + Xpki,ras Xag,kl + kal,rsana,kl)
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Here, the first three terms arise due to the perturbative ex-
pansion of the two-body effective interaction [see Eq. (129)].

The remaining terms correspond to the remaining diagrams of

@211)

(

Eq. (210), where the Green’s function and interaction lines
are replaced by Gy and yx equivalents. We clearly see the
similarity between the fourth, fifth, sixth and seventh terms of
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Eq. (211) and those obtained within the second-order pertur-
bative approximation for the electronic BSE kernel [45,105—
107]. Using Eq. (211) for the CC-BSE kernel, we can formu-
late closed equations for the particle-hole response function
that give access to neutral excitation energies.

XV. CONCLUSIONS AND OUTLOOK

In summary, we have presented the diagrammatic the-
ory of the irreducible self-energy and Bethe-Salpeter kernel
that is generated by a general N-body Hermitian or non-
Hermitian interaction Hamiltonian. We have centered our
analysis around the non-Hermitian coupled-cluster similarity-
transformed Hamiltonian.

To generate a consistent functional-diagrammatic the-
ory of the coupled-cluster self-energy, we introduce the
single-particle Green’s function G, of a general N-body
non-Hermitian interaction within the biorthogonal quantum
theory. We extend the GML theorem to include adia-
batic generation of the right and left ground states of a
psuedo-Hermitian Hamiltonian, which leads to the perturba-
tive expansion of the non-Hermitian single-particle Green’s
function. Using our extended GML theorem, we define the
non-Hermitian Dyson equation and generate the perturba-
tive expansion for the coupled-cluster self-energy, [G].
From the exact equation of motion for the single-particle CC
Green’s function, we reveal the structure of the self-consistent
renormalized coupled-cluster self-energy, £[G], and demon-
strate how the perturbative self-energy is generated from this
functional. The analysis presented in this work clearly demon-
strates the emergence of different effective interactions that
appear when expanding the self-energy with respect to ei-
ther the noninteracting or the exact Green’s function. These
interactions correspond to those appearing when normal or-
dering the Hamiltonian with respect to the reference or exact
ground state. Further, we show how the electronic self-energy
emerges when the similarity transformation of the electronic
structure Hamiltonian is removed.

We subsequently derive the coupled-cluster Dyson super-
matrix from the exact, analytic spectral representation of
the coupled-cluster self-energy and present several approx-
imate expressions for the coupled-cluster self-energy that
are restricted to the space of 2plh/2hlp excitations. In the
process, we have firmly demonstrated the relationship and
connections between the coupled-cluster self-energy, IP/EA-
EOM-CC theory, and the GoW; approximation. This analysis
leads us to introduce CC-GoW, theory that combines as-
pects of the GyW, approximation with the coupled-cluster
self-energy presented in Sec. X. This approximation will be
explored in future work. Our formulation also allows us to
explore approximations beyond GoW, theory by using the
full CCSD singles and doubles excitation and deexcitation
amplitudes in place of the rCCD amplitudes. Use of the full
CCSD amplitudes goes beyond RPA screening by including
the complete set of interactions, (<I>5’-|I-_IN|<I>?), between singly
excited configurations [43].

Finally, we derive the coupled-cluster BSE kernel in terms
of the functional derivative of the coupled-cluster self-energy
with respect to the single-particle coupled-cluster Green’s
function. We demonstrate that diagrams of the CC-BSE ker-

nel are generated both by cutting Green’s function lines in
self-energy diagrams while also taking derivatives of the inter-
action vertices. These diagrams are closely related to the terms
that arise within EE-EOM-CC theory once further approxi-
mations are made in defining an effective kernel that depends
only on a single frequency [103,106,107].

Of particular interest in the context of non-Hermitian
quantum systems are P77 -symmetric Hamiltonians. However,
in certain parameter regimes, not every eigenstate is also
PT-symmetric with a corresponding real eigenvalue solu-
tion [18,26]. It has been well established that a P -broken
phase can exist where eigenstates take on complex eigenval-
ues [14,64,68,70]. The Green’s function formalism presented
here is rooted in the biorthogonal theory whereby the left
and right eigenstates of the Hamiltonian are dealt with ex-
plicitly. As a result, our approach is not concerned with the
construction of a P7 -symmetric metric for the Hilbert space.
Therefore, our formalism allows for the calculation of the full
spectra of a generic non-Hermitian Hamiltonian, including
complex eigenvalues corresponding to a P7 -broken phase.
This is also supported by the fact that the CC similarity-
transformed Hamiltonian does not possess P77 symmetry. In
fact, the presence of complex solutions can occur in trun-
cated CC theories [110,111], although their interpretation in
the context of CC theory indicates a deficiency in the sim-
ilarity transformation rather than the presence a P7 -broken
phase.

Our formalism provides the rigorous theoretical foundation
for many possible implementations as a result of different
approximations of the coupled-cluster amplitude equations.
A potential further application of the formalism presented
in this work would be to generate the self-energy and BSE
kernel for the transcorrelated Hamiltonian [112—-115]. The
theory presented in this work provides a unified and com-
plete description of the seemingly disconnected approaches
of coupled-cluster theory and the Green’s function formalism.
Our findings should form the basis for improved formulations
of Green’s function theory for systems of many interacting
particles.

DATA AVAILABILITY
No data were created or analyzed in this study.
APPENDIX A: PROOF OF EXTENDED GELL-MANN

AND LOW THEOREM

From the “adiabatic switching on” procedure, we have the
time-evolution operator in the interaction picture as

0
U,(0, —00) = T{exp (—i/ dt Hl(t)e_"’l)}. (Al)

o0

If the limit

i ~Un(_0’ —OO) |CDO> = ~| ‘Ijo) (A2)
=0 (Do|U, (0, —00)[ D)  {Do|Wo)
exits, then
g _p 1Yo (A3)
(Do Wo) (Do] Vo)
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Therefore, the quantity < il:ll?lzw is an eigenstate of the full Hamiltonian, H.

Proof: Consider the quantity
(Ho — E9) [Wo(n)) = (Ho — E®)U,(0, —00) |®o) = [Ho, Uy(0, —00)]|Py) . (A4)

In the biorthogonal interaction picture, we have that

L0 - - -

IEHI (1) = [H, (1), Hol. (AS)
Evaluating the commutators arising in Eq. (A4), we have

n

B ® o an—1 0 0 9 _ _
(Fo — EO) 1oy = -3¢ l), / dny - / dtne—""+"'+’"'(2 —)T{Hl(n)---Hlon)}|<1>o>. (A6)

n! 00 oo = 01

n=1

Performing integration by parts with respect to ¢;, we have
- - .0
(Ho — E@) 1Wo(m) = —Hi [Wo(m) + ing - 1Wo(n)) (A7)

where we have assumed that the interaction H; is proportional to an arbitrary coupling constant, g, which allows us to
identify [1,63]

(—iy"! .9 (=)
=jg— ) A8
o e\ T (A8)
Therefore, we have
_ )
(H—EV) [Wo(n) = ing . 1Wo(n) (A9)
. . . . (Do
and projecting on both sides with ooy e get
(DolH |Wo(m)) . 0 5
—_— = — Dy |W = AE(n). Al0
(@[ Vo(m) mgag( 0g (Do|Wo(n))) (n) (A10)
However, we also have that
. [Wo(n)) in 0
(A -0y 0T 8Ty p) (ALD)

(Dol Wo(m) (Dol Wo(n)) D8
by multiplying Eq. (A9) by m. This equation can be rearranged to give

] 0\ W) o (1)) N
H-EO —) _ = — < — log (B | W, ) Al12
< 1850 ) Bolwolm) — @olWo(m) < \ 185 108 {Fol Tl (B12)

However, by Eq. (A10), we may rearrange the expression to give

(7 B App) ) _ 0 1) A3

(Dol Wo(n)) 38 (Do Wo(n))

Now, we are in a position to take the limit as n — 0. By assumption, the right-hand side is finite to all orders in perturbation
theory. Therefore, the multiplication by 7 as n — 0 sends the right-hand side to zero. As a result, we have

[Wo(n))

(H—-E)lim ————— = (Al14)
=0 (Po[Wo (1))
and hence we have the extended Gell-Mann and Low theorem. By analogy, we also have
. ¥,
A — E)lim — 22 _ (A15)
=0 (Do|Wo(n))
for the left eigenstate. As a result, the ground-state energy shift is given by
do|Hi | Do|H] [P
E:(0| 1] 0)=<0| llo)’ (A16)

(Po|Wo) (o] o)
where AE = E — E©,
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APPENDIX B: NORMAL ORDERINGS OF THE SIMILARITY-TRANSFORMED HAMILTONIAN
The similarity-transformed Hamiltonian is written as
3 -T

H=e¢THeT Zh qa aq + (2’)2 th,, ”a a "asa, + W Z h,,q,m,a a Tayaras + - - . (B1)

pq.rs pqr,stu

Normal ordering this Hamiltonian with respect to the reference determinant gives the expression

H = (®o|H| Do) + ) Fpglahaglo + = (2,)2 > xmarstababasasto + — (3,)2 > Xpgrsulapalalaaao+---, (B2

rqg pq.rs pqr, stu

where the effective interaction matrix elements are given by [43]

Fog = hpg — "Z}_’pnqngr(’ Dt Gy (2|)2 thrs G = 1) 4+ (B3a)
rs rs,tu
Xpars = Mpgrs — th rsuGot —17) 4+ —— (2')2 Zh dursin G Dt —1F) 4o (B3b)

fuwv

and so on for the three-body and higher effective interactions. Here, —iGO S —1) = (d>0|aTap|<I>o) and inghﬁg))(t -t =
(®olalal Taga,| o) are the reference one- and two-particle reduced density matnces respectively. The higher-order contributions
are given by contracting higher-body matrix elements with reference reduced density matrices. However, we can also write the
similarity-transformed Hamiltonian as

H = (W|H| Do) + Y Fpglabag) + — (2,)2 > Epnlaialaa) + — (3,)2 > fppsulajalalaaa) +--- . (B4

Pq pq.rs pqr,stu

where ES¢ = (Wo|H|®g) = (®o|H| D) from the coupled-cluster Lagrangian. The normal ordered effective interactions become

P‘I - hl’q Zhl”q? S"(t t+)+ (2|)2 Zh[?rr qtu lu rs t _t+) + -

rs,tu

- ' + Z Xpa, ql a (2')2 Z Xpab, ql/)‘ab +- (BSa)
ijab

qu rs — h pq,rs —th qt,rsu ut(t _t+)+ Zqutu rswv wv, [u(t _t+)+

fuwv

= Xpg.rs + Z Xpqa, rsz)\l (2')2 Z Xpgab, m])“ab +e (B5b)

ia ijab

(2')2

arld so on for the three-body and higher effective interactions. Here, —iG,,q(t —th) = (\TJO|aZ]a,,|d>0> and in,g}fm t—tt) =
(‘llo|aiajaqap|<bo) are the biorthogonal one- and two-particle reduced density matrices, respectively. The higher-order con-
tributions are given by contracting higher-body matrix elements with biorthogonal reduced density matrices.

APPENDIX C: RELATIONSHIP BETWEEN THE BSE KERNEL AND THE 4-POINT VERTEX FUNCTION

The BSE kernel & and the 4-point vertex function A*" are closely related. From Eq. (113) for the 4-point vertex function, in
the real-time domain, we have

4 ) e ~ . ~
G,};‘”(tl, ;t3,14) = iGp (11, 13)Gys (12, 14) — IGps(t1, 14)Gyr (B2, 13)

-3 / dtdt' dt"dt" G (01, 1)Ggu(ta, VAR, (1 11 1,87)Gor (8, 1) G (1 1), (Ch

tuvw

This equation can be rewritten using the definition of the 4-point response function L and its noninteracting counterpart L, as

Log.rs(ti, a3 ta, 1) = pq Lt bt 1) + Z/dtdt/dt”dt”’Lov Lttt )Af},"vw(t t";t, t”’)qu W@ st 1), (C2)

tuvw
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Comparing Eq. (C2) with Eq. (190), we see that the 4-point vertex function is the reducible BSE kernel. With this identification,
we can immediately write the relationship between the BSE kernel and 4-point vertex as

APt tits ta) = Epg st its ta) + / dtdt'dt"dt" B py i (11, 1383, 1)L, (0 1750, VR (7 130" 1) (C3)

tuvw

Using this relationship, we have
L=Ly+LyA"Ly = Lo + Lo(& + ELyA™)Ly = Lo + Ly EL, (C4)

which is the Bethe-Salpeter equation [Eq. (190)]. Since the 4-point vertex is the reducible kernel of the BSE, it consists of 1PI
diagrams and hence appears in the self-consistent expansion for the self-energy. As a result the 4-point vertex can be viewed as

the functional derivative of 3 with respect to G: A%t ~ ;2% 5 G The irreducible BSE kernel E consists only of 2PI diagrams as the
BSE performs the geometric series summation of these terms.

APPENDIX D: EXPANSION OF INTERACTION-IRREDUCIBLE VERTICES

Here, we present the diagrammatic expansion of the interaction-irreducible one-body vertex. The derivation for higher-order
interaction vertices is analogous. The one-body interaction-irreducible vertex is given by

Fpg = hpg — iZ;’pnqsésr(’ )+ W Z prs.qiuGrans(t —17) + - (D1)

rs rstu

Using the Dyson equation for the single-particle Green’s function

Gt —1') = Ggq(t —1) +/dt1dt2 Zva(t —t)Eu(t1 — 1)Guyta — 1) (D2)

vw

and expanding the equal time two-particle Green’s function as the antisymmetrized sum of the first two terms from independent-
particle propagation

G (1 — 1) % iGyp(t — 1)Gust — 11) — iGiy(t — 1) Gt — 1), (D3)

we insert the Dyson equation into Egs. (D1) and (D3) to obtain

rt Ssuwo

» . 2ph(0
FP‘IZF}"I_[Z< prgt — 1 Zh[mqruG (t_t+)+wz prvuthaGw%(m)(t t+)+"')

x Z/dtldt2 — 1)t = 12)Gur(ty — 1) + - (D4)

vw
Now, the expression in brackets is exactly that of the effective interaction x4 and so this expression simplifies to
qu = qu - IZ Xprgr X /dtldIZG?v(t - tl)ivw(tl - t2)Gwr(t2 - t+) +-- (DS)
rrow
By further perturbative expansion of the higher-body Green’s functions, we arrive at the expression

pg = Xpg =1 D Xprar X / dnd,G)(t — 1)yt — 0)Gup(ty —17)

rtvw

2,)2 Z Kprs.gtu X /dtldtZGzl(tl — )Gty — tz)Alftvw(tl, 11312, )Gty — 11)Gs(ty — 1) + -+ - (D6)

rstu
vwlo
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A 4pt(0)

Perturbative expansion of the Green’s function G ~ Gy, the self-energy £ ~ £ and the 4-point vertex function as A5 ~

Xpqg.rs allows us to write this expression diagrammatically

D7)

This is exactly the diagrammatic series presented in Sec. X when recovering the perturbative expansion of the coupled-cluster
self-energy. The derivation for the expansion of the two-body effective interaction is entirely analogous.

APPENDIX E: FORMAL PROPERTIES OF THE CC DYSON
SUPERMATRIX AND CC SELF-ENERGY

The CC quasiparticle Hamiltonian [Eq. (150)] and CC
Dyson supermatrix [Eq. (154)] are non-Hermitian but possess
the same real spectrum. As first demonstrated in Ref. [68],
a diagonalizable non-Hermitian matrix possesses a real spec-
trum if and only if it is pseudo-Hermitian with respect to a
linear Hermitian automorphism (metric) of the form

T = ATA. (E1)

This results in a biorthogonal formulation of quantum me-
chanics whereby the relationship between an arbitrary vector
and its associated vector is given by [64]

V=r1v. (E2)

This definition requires the CC Dyson supermatrix to be
pseudo-Hermitian:

(D) = DCr . (E3)

It can also be shown that a diagonalizable matrix possesses
a real spectrum if and only if there is a pseudocanonical
transformation that maps the matrix into a Hermitian one [68].
This requires the CC and electronic Dyson supermatrices to be
related by the similarity transformation

D¢ = ADCCA!, (E4)

such that D = (D))", Therefore, we can show that for an
arbitrary state y, we have

y' Dy = y'ADCA "y, (ES)

Now, defining the arbitrary state v = A’ly, we can write its
associated state as V = ATA(A~'y) = ATy. This results in the
general relationship

yTDely — vTﬁCCV (E6)

for any arbitrary vectors y and v related to each other by the
invertible transformation y = Awv.

We can also provide a similar analysis for the dynami-
cal CC quasiparticle equation. By working in the canonical
basis that diagonalizes the Fock operator, we can write the
frequency-dependent CC quasiparticle equation [Eq. (150)] as

$(e)C = AeC, (E7)

where Ae = ¢ — € is real and € is the matrix of eigenval-
ues of the Fock operator. Therefore, as the eigenvalues of
the non-Hermitian coupled-cluster self-energy are real, the
coupled-cluster self-energy must also be pseudo-Hermitian.

(

The pseudo-Hermiticity of the CC self-energy is expressed
with respect to the metric

n =B'B. (E8)

Therefore, a general state and its associated state are related
via ¥ = nv for some general vector v. As this is the case, we
can define the pseudocanonical transformation that takes the
coupled-cluster self-energy into the Hermitian electronic self-
energy via

Y(w) =B (w)B!, (E9)

with ¥(w) = (E(w))". Therefore, for any arbitrary state x, we
have the biorthogonal relationship

x'T(w)x = W E(w)w, (E10)
which holds for the general states x and w related by the
invertible transformation w = B~'x. As a result, we im-
mediately conclude that the coupled-cluster self-energy is
biorthogonally positive semidefinite as a result of the positive
semidefinite property of the electronic self-energy [79-81].
This property is summarized by the following equations for
the imaginary part of the time-ordered CC self-energy:

Im(W E(@)w) >0: 0 > pu,

Im(W E(w)w) <0:w < pu, (E11)
for an arbitrary state w and its associated state w, where
w is the chemical potential. Therefore, the CC self-energy
preserves causality in the biorthogonal formalism.

The pseudo-Hermitian property displayed in coupled-
cluster theory can be further demonstrated by the rela-
tionship between the Hermitian electronic structure Hamil-
tonian H and the similarity-transformed non-Hermitian
Hamiltonian H:

H=¢ He . (E12)
From this relationship, we find that the similarity-transformed
Hamiltonian is necessarily pseudo-Hermitian with respect to
the metric defined by
= (eN)e’. (E13)
Clearly, this metric is Hermitian and possesses an inverse.
Therefore, coupled-cluster theory can be formulated as a
biorthogonal pseudo-Hermitian quantum theory with a non-
trivial metric defined by Eq. (E13).

013322-44



NON-HERMITIAN GREEN’S FUNCTION THEORY WITH ... PHYSICAL REVIEW RESEARCH 8, 013322 (2026)

APPENDIX F: ALGEBRAIC DIAGRAMMATIC CONSTRUCTION OF THE CC SELF-ENERGY

To demonstrate the connection between the diagrammatic coupled-cluster self-energy and the ADC method, we use the
Lippmann-Schwinger equation

(@F in1 — K>+ Co)l =) (@Finl K3, Y e C(@F il - K)o, (F1)
L n=0
where L = J, A is a general composite index representing either forward- or backward-time ISCs. By taking the second Born
approximation for this propagator [116], we have

. 7, ~ _ . = _ . = 1 AS . = _
(@F il — (K> +C3) ) ~ (0 Fiml =KL + > (0 Finl —K=),CL (0 Fiml —KS),l,.  (F2)

'L

Inserting Eq. (F2) into Eq. (171), using the expression for the interaction matrices in Eqs. (168a) and (168b), gives the series of
Feynman diagrams depicted in Fig. 3. At third order, a self-energy Feynman diagram contains 3! = 6 different time orderings
or Goldstone self-energy diagrams [1,61,80]. These are distributed equally in the form of three distinct forward-time and three
distinct backward-time Goldstone self-energy diagrams, X (w)/ %8 (w). To illustrate these results, we take the forward-time self-
energy contribution of the fifth diagram of Fig. 3. There are three different Goldstone diagrams corresponding to the forward-time
component of this diagram. The first time ordering gives the Goldstone diagram:

N
2pth.2b > : >>\—1 772plh
Z 05" (0 + im1 — K7) G ((w + in)l = K)5, 078, (F3)
J,, ¥
Y
remembering that the 2plh ISC index J = (i;a < b). From the diagram, we immediately identify the coupling matrix elements
as U;‘}lh 2 _ g piab and U 2”1; = E.a,qj- The three-body interaction matrix element is C7); J,, = —Xabj.cdi = X jab.cid» Where we

use the antisymmetry of the effective interaction matrix element.
The second time ordering gives rise to the following Goldstone diagram:

=Y 07" (0 + ipl — K05, (F4)

JJ

2plh 2b

from which we can immediately identify the first coupling matrix as U =E pi.ab- The second coupling matrix element

contains effects resulting from the three-body interaction and is given by

- 1 Fabe ki Eki ge
U3b J— 2 4 — O. FS
lq 2§ek+e;+ei—ea—eb—ec )

This term vanishes as a result of the CC amplitude equations: Fup ;i = 0. Therefore, the second time-ordered contribution
vanishes as a result of the CC amplitude equations. The third and final time-ordered contribution to this coupled-cluster self-
energy Feynman diagram is given by the Goldstone diagram:

Z 5+ i)l — K> 00" (F6)

The first coupling matrix element contains the three-body effective interaction and evaluates to give

_ 2 Z Xkli,abc = pe,kl -0 (F7)
€T € +€ —€ —€—€
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This coupling term also vanishes due to the structure of the CC similarity-transformed Hamiltonian as effective interactions that
have four or more lines below a vertex are zero: ¥ 4»c = 0. The second coupling matrix element is identified as g _ = 2. qi-
Therefore, the third time-ordered contribution to the CC self-energy Feynman diagram also vanishes as a result of the CC
similarity transformation.

Bringing these results together, the forward-time contribution of this third-order self-energy diagram, fl,lj‘fb (w), is given by

Sh(w) = Z 03" (0 + in)1 — K7 0Co0 (0 + in) 1 — K>, 0000 (F8)
P
The forward-time component of the second-order diagram, the second diagram of Fig. 3, evaluates to

> O (0 + iml — K700 (F9)
JJ

) =

Adding Egs. (F8) and (F9) together, we can use the spectral representation of the self-energy and the corresponding Lippmann-
Schwinger equation [Eq. (F1)] to perform the infinite-order summation of these two diagrams by writing

EE{}zpihob)(w) Z U2p1h ® (e + in)l — (K> + C )0 %plh ) (F10)

Using the upfolded Dyson supermatrix representation, we can simply sum this self-energy contribution to infinite order by
identification of the three-body interaction matrix element: C;fb. Performing this analysis for all the forward- and backward-
time interaction matrix elements defined in Egs. (168a) and (168b) will give the infinite-order summation of the CC self-energy

diagrams depicted in Fig. 3. The same analysis presented here can also be applied to the set of diagrams depicted in Fig. 1 and

yields the coupled-cluster Dyson supermatrix of Eq. (166).
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