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Thermal behavior of Bose-Einstein condensates of polar molecules
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We use the finite-temperature extended Gross-Pitaevskii equation (TeGPE) to study a condensate of dipolar
NaCs molecules under the conditions of the recent breakthrough experiment [Bigagli et al., Nature 631, 289
(2024)]. We report the condensate fraction of the system and its density profile after a time-of-flight expansion for
the coldest experimental case, finding excellent agreement with the experimental measurements. We also report
the peak density of the ground state and establish a comparison with the experimental estimates. Our results,
derived from the TeGPE formalism, successfully describe the Bose-Einstein condensation of polar molecules at
finite temperature.
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I. INTRODUCTION

The recent progress in the control and reduction of reactive
losses for ultracold dipolar molecules [1–5] has culminated in
the first realization of a Bose-Einstein condensate (BEC) of
dipolar molecules [6], which represents a major breakthrough
in the field. While the condensate still lies in the dilute regime,
it represents the first step toward the realization of highly cor-
related, dipole-dominated molecular systems [7]. In fact, the
physics of ultracold quantum dipolar atomic gases has been
the subject of intense experimental and theoretical activity
in the last decade. This is due to the unique combination
of traits of the dipole-dipole interaction (DDI), mainly its
anisotropy and long-range behavior. Due to the high con-
trollability achievable with ultracold quantum gases, dipolar
systems represent the perfect testbed to study the wide vari-
ety of physical phenomena that arise, thanks to their unique
properties. This includes, most notably, the emergence of ul-
tradilute liquid dipolar droplets with magnetic atoms [8–12],
supersolids [13–21], or anomalous thermal behavior [21–24],
to name a few. At present, the vast majority of experiments
on dipolar gases have been realized using highly magnetic
atoms, like dysprosium [25] or erbium [26]. However, in these
systems, the regime in which dipolar interactions dominate
is restricted to low values of the gas parameter, ρa3 � 10−4

(with ρ the density and a the s-wave scattering length), where
the system is very dilute. Increasing n leads to the enhance-
ment of three-body losses, while increasing a implies that
short-range interactions take over the DDI, thus washing out
dipolar effects.
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The physics of dipolar quantum gases can be drastically
changed if one considers dipolar molecules instead of mag-
netic atoms. This is because dipolar molecules have a much
higher dipolar strength (from 10 to 1000 times bigger than
in 164Dy), thus allowing for a drastic increase of a (and con-
sequently, the gas parameter) without losing dipolar physics.
The experimental achievement of a BEC of molecules [6]
also represents an excellent opportunity to benchmark the
validity of Bogoliubov theory and the finite-temperature ex-
tended Gross-Pitaevskii equation (TeGPE) for the theoretical
description of these systems. Remarkably, recent results in the
strongly correlated, dipole-dominated limit show the failure
of the eGPE to reproduce quantum Monte Carlo results for
the critical number required to form molecular droplets [7].
However, it has not been addressed how accurate the TeGPE is
in the specific conditions of the experiment of Ref. [6], which
lies far away from the highly correlated regime.

Temperature is a key parameter in the theoretical descrip-
tion of the molecular condensate achieved in the experiment,
since only a maximum condensate fraction of ∼60% was
achieved. Therefore, there is an important thermal depletion
of the BEC that the state-of-the-art theoretical approach, the
zero-temperature extended Gross-Pitaevskii equation, is not
able to describe [22,27–31]. In fact, recent experimental and
theoretical results have shown that thermal effects play a
rather counterintuitive role in dipolar systems by the promo-
tion of supersolidity by heating [21–24]. Nevertheless, the
study of dipolar systems at finite temperature is a rather unex-
plored topic, and as a consequence, it is important to test and
benchmark the regime of validity of the available theoretical
tools, especially in the context of polar molecules.

II. SYSTEM AND METHODS

A. The temperature-dependent extended
Gross-Pitaevskii equation

In this work, we employ Bogoliubov theory and the lo-
cal density approximation (LDA) to account for thermal
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fluctuations on the condensate [22,30,31]. We aim to study
ensembles of NaCs molecules under the same conditions
as in the recent experiment of Ref. [6]. We employ the
temperature-dependent extended Gross-Pitaevskii equation
for the condensate wave function ψ (r) given by

μψ (r) =
(

− h̄2∇2

2m
+ U (r) +

∫
dr′V (r − r′)

× [|ψ (r′)|2 + ρd(r′)] + Hqu(r) + Hth(r)

)
ψ (r).

(1)

In this expression, μ is the chemical potential, m is the
molecular mass, V (r) = Vdd(r) + 4π h̄2a

m δ(r) stands for both
the contact and dipole-dipole interactions, a is the s-wave scat-
tering length, and ρd(r) is the density of molecules out of the
BEC state. The term U (r) = 1

2 m(ω2
x x2 + ω2

y y2 + ω2
z z2) is the

harmonic trap. In the experiment of Ref. [6], the orientation of
the molecular dipoles could not be determined. Nevertheless,
we consider the dipoles to be polarized along the z axis, and
show that our results are robust with respect to variations of
this direction (see Sec. III D). The dipole-dipole interaction is
given by

Vdd(r) = d2
eff

4πε0

(
1 − 3 cos2 θ

r3

)
, (2)

where r = ri − r j , r = |r|, θ is the angle between the vector
r and the z axis, deff is the effective dipole moment, and ε0 is
the permittivity of free space. The terms Hqu and Hth of Eq. (1)
account for the effect of quantum and thermal fluctuations,
respectively. The first term is given by the usual Lee-Huang-
Yang expression [32,33]:

Hqu(r) = 32

3
√

π
g
√

a3Q5(add/a)|ψ (r)|3. (3)

The parameter add = md2
eff/(12π h̄2ε0) corresponds to the

dipole length, and the auxiliary function Q5(add/a) is given
by [33]

Q5(add/as) =
∫ 1

0
du

(
1 − add

as
+ 3

(
add

as

)
u2

)5/2

. (4)

The correction by thermal fluctuations in Eq. (1) is given by

Hth(r) =
∫

dk
(2π )3

V (k)

(eβεk − 1)
[|uk|2 + |vk|2 − 2|uk||vk|],

(5)

where V (k) is the Fourier transform of the DDI plus contact
potential, uk and vk are the Bogoliubov amplitudes, and β =
1/kBT .

B. Calculation of the Bogoliubov amplitudes

We take the following considerations in the calculation of
the thermal correction to the eGPE, i.e., the Hth(r) term of
Eq. (5). The fact that the experimental condensate that we aim
to describe lies in the regime a > add, meaning that the system
is stable at the mean-field level, allows us to account for the
curvature of the condensate for vanishing densities, i.e., near

the edges of the trap. This allows us to modify the usual calcu-
lation under the LDA for dipolar systems [22,30,31] to obtain
a convergent thermal depletion. Under these circumstances,
the Bogoliubov–de Gennes equations for the excitations are

Ekuk(r) =
(

h̄2k2

2m
+ U (r) − μMF

)
uk(r)

+ uk(r)
∫

dr′V (r − r′)|ψMF(r′)|2

+ |ψMF(r)|2uk(r)V (k) − |ψMF(r)|2vk(r)V (k),

(6)

−Ekvk(r) =
(

h̄2k2

2m
+ U (r) − μMF

)
vk(r)

+ vk(r)
∫

dr′V (r − r′)|ψMF(r′)|2

+ |ψMF(r)|2vk(r)V (k) − |ψMF(r)|2uk(r)V (k).
(7)

In this expression, μMF is the mean-field chemical potential
and |ψMF(r)|2 is the mean-field density, i.e., the solution of
Eq. (1) without accounting for beyond mean-field fluctuations.
We can now use the exact identity for the mean-field chemical
potential:

μMF = − h̄2

2m

∇2ψMF

ψMF(r)
+ U (r) +

∫
dr′V (r − r′)|ψMF(r′)|2

(8)

to reach the equations

Ekuk(r) =
(

h̄2k2

2m
+ h̄2

2m

∇2ψMF

ψMF(r)

)
uk(r)

+ |ψMF(r)|2uk(r)V (k) − |ψMF(r)|2vk(r)V (k),
(9)

−Ekvk(r) =
(

h̄2k2

2m
+ h̄2

2m

∇2ψMF

ψMF(r)

)
vk(r)

+ |ψMF(r)|2vk(r)V (k) − |ψMF(r)|2uk(r)V (k),
(10)

where V (k) denotes the Fourier transform of the interaction,
i.e.,

V (k) = 4π h̄2a

m
+ 4π h̄2add

m

(
3

k2
z

k2
− 1

)
. (11)

We now replace |ψMF(r)|2 → ρ0 and build a density-
dependent function F (ρ0) = h̄2

2m
∇2ψMF

ψMF (r) by expressing this

quantity in terms of the mean-field density |ψMF(r)|2. Since
the thermal correction ignoring the condensate curvature has
been proven successful in the reproduction of experimental re-
sults on dipolar systems at finite temperature [22], we assume
a completely flat condensate near the center and only account
for the curvature near the edges of the trap. This can be
achieved by retaining the contribution of F (ρ0) for densities
for which F (ρ0) > 0 only. It turns out that in this regime
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FIG. 1. Emergence of a molecular Bose-Einstein condensate as the temperature is lowered. The panels depict the column density ρ(x, y) =∫
dz(|ψ (r)|2 + ρd(r)), with ψ (r) the condensate wave function and ρd(r) the density of depleted molecules. The total number of molecules

is N = 298, while the temperatures are T = 10.5, 9.5, 6, and 0 nK for panels (a)–(d), respectively. The condensate fractions for each case are
fc = 0.01, 0.12, 0.58, and 0.96, respectively. Panel (c) corresponds to the coldest point of the experiment of Ref. [6].

F (ρ0) can be approximately fitted to the density functional
form

F (ρ0) = c1 ln(ρ0) + c2, (12)

with c1 and c2 fitting parameters. This expression is exact
for the ground-state wave function of an isotropic harmonic
oscillator. Thus, we solve the coupled equations:

Ekuk =
(

h̄2k2

2m
+ F̃ (ρ0)

)
uk + ρ0ukV (k) − ρ0vkV (k),

(13)

− Ekvk =
(

h̄2k2

2m
+ F̃ (ρ0)

)
vk + ρ0vkV (k) − ρ0ukV (k).

(14)

where F̃ (ρ0) = Max{F (ρ0),0}. Using uk and vk we can com-
pute the thermal correction of Eq. (5), where the r dependence
stems from the substitution ρ0 → |ψ (r)|2 in the excitation
spectrum εk(ρ0) and the Bogoliubov amplitudes.

C. Calculation of the density of thermal molecules

In order to solve Eq. (1) iteratively, we need to obtain
the density of thermal molecules at each iteration. Within
Bogoliubov theory, the thermal density of depleted molecules
for a homogeneous system can be computed as (see Eq. (35)
of Ref. [30])

ρth =
∫

dk
(2π )3

1

eβεk − 1
(|uk|2 + |vk|2). (15)

In order to obtain the depleted cloud of thermal molecules
from Eq. (1), we compute ρth for different values of the con-
densate density of the homogeneous system, ρ0, thus building
a density functional. Then, we solve Eq. (1) iteratively through
imaginary time propagation and evaluate the thermal density
at each point in space by computing ρth(ρ0 = |ψ (r)|2); i.e.,
we replace the homogeneous density by the value of the
trapped density, as it is typically done in the LDA.

III. RESULTS

To match the conditions of the experiment of Ref. [6],
the dipolar length is add = 1250a0, while the s-wave scatter-
ing length is set to a = 1500a0, meaning that εdd = add/a =
0.83 < 1, so that dipolar effects are not dominant. The trap
frequencies are (ωx, ωy, ωz ) = 2π (23, 49, 58) Hz. In what

follows, we employ the characteristic length and energy scales
set by r0 = 12πadd and ε = h̄2/(mr2

0 ).

A. Condensate fraction

By numerically solving the TeGPE, we can obtain the
condensate wave function ψ (r) as well as the depleted density
nd(r). Since the gas lies in the dilute regime (ρa3 < ρpeaka3 �
7.2×10−4, with ρpeak the peak density), the quantum depletion
of the condensate due to interaction effects is significantly
smaller than the thermal one, within the range of experimental
temperatures. With this theoretical approach, we can describe
the formation of the dipolar molecular BEC as the temperature
decreases, as shown in Fig. 1. The figure shows both the rise
of a density peak and the tightening of the density distribution
as more and more molecules fall into the condensate.

By fixing the total number of harmonically trapped
molecules to the values of the experiment of Ref. [6], we can
directly compare the TeGPE results for the condensate deple-
tion with that measured in the experiment. We show the results
in Fig. 2. Notice that each point in the figure corresponds
to a different total number of particles as well as a different
temperature, since the experimental measurements were taken
during an evaporative cooling sequence. Remarkably, and as
we can see from the figure, our result is in excellent agreement
with the experimental prediction within the error bars, even

FIG. 2. Condensate fraction of the NaCs molecular condensate
under the experimental conditions of Ref. [6]. The horizontal axis
corresponds to the total number of molecules, while the color bar
indicates the temperature.
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when the condensate fraction is as low as 20%. The agreement
is expected to worsen at higher temperatures, as the theory
is expected to be more accurate at low temperatures, when
less-excited states are populated. The good agreement be-
tween the eGPE and the experimental observations indicates
that the system is in the universal regime, where the specific
details of the molecular interaction do not significantly alter
its properties. This means that, in the weakly dipolar regime,
the parameter that controls the physics of the system is the
scattering length a. Furthermore, our results also stress the
robustness of the finite-temperature Bogoliubov theory for
the description of dipolar systems in the contact-dominated
regime, where a > add. This accuracy is still present in the
dipolar-dominated regime (a < add), where supersolids of
164Dy atoms arise [22]. However, further decreasing the scat-
tering length in a system of dipolar molecules, which in turn
leads to higher densities, breaks the validity of the theory [7].

It must be stressed that, while our condensed fractions are
computed from the lowest free-energy solution of the trapped
system, those of the experiment of Ref. [6] are obtained after
a 17-ms time-of-flight (TOF) expansion. However, due to the
comparatively large lifetime of the condensate, of the order of
seconds (see Fig. 5 of Ref. [6]), the condensate fraction should
remain unchanged after this expansion, which allows us to
compute it and find excellent agreement without the need to
perform a TOF expansion. In Ref. [6], the condensate fraction
is estimated by fitting a bimodal density distribution to the
experimentally measured density profile after the expansion.
The bimodal distribution is given by

ρfit (x) = 15NTF

16σTF
Max

{
1 −

(
x − xTF

σTF

)2

,0

}2

+ NG√
2πσG

exp

(
− (x − xG)2

2σ 2
G

)
, (16)

where NTF, NG, σTF, σG, xTF, and xG are fitting parameters.
The first term on the right-hand side of Eq. (16) corresponds
to the contribution of the condensate to the density, while
the second term accounts for the thermal density. Moreover,
σTF,G represents the width of the fit, xTF,G the centers, and
NTF,G the number of condensed and thermally excited parti-
cles, respectively. The condensate fraction is then estimated
as fc � NTF/(NTF + NG). It is interesting to benchmark this
procedure to obtain fc by applying it to our theoretical density
profiles and comparing the results with our TeGPE estimation
for the same quantity. We show the results in Table I.

TABLE I. Condensate fraction obtained from the TeGPE cal-
culations for different values of N and T corresponding to the
experiment of Ref. [6]. fc indicates the value computed by solving
the TeGPE, fc,fit corresponds to the estimation applying the bimodal
fit of Eq. (16) to the density profiles, and f exp.

c denotes the experi-
mental values.

(N , T ) f TeGPE
c f TeGPE

c,fit f exp.
c

(289, 6 nK) 0.58 0.54 0.6 ± 0.1
(394, 8.2 nK) 0.36 0.28 0.35 ± 0.06
(884, 12.4 nK) 0.195 0.156 0.19 ± 0.03

FIG. 3. Ground-state column density ρ(x), condensate density
ρc(x), and depleted density ρd(x) of the molecular condensate at
three different points of the experiment of Ref. [6]: (N = 289, T =
6 nK) (top), (N = 394, T = 8.2 nK) (middle), and (N = 884, T =
12.6 nK) (bottom). We also include the Gaussian and TF contribu-
tions of the bimodal fit of Eq. (16), which are obtained by fitting the
total density.

By solving the TeGPE, we can obtain the ground-state den-
sity profiles, together with the condensate and excited density
distributions. We can use our results to further benchmark
the bimodal fit of Eq. (16) by comparing the shape of the
condensate and thermal components to the fitting functions.
We denote the Gaussian and Thomas-Fermi (TF) components
of the fit of Eq. (16) as ρTF(x) and ρG(x), respectively, and
show our results in Fig. 3. From both the figure and the
data of Table I, we see that the bimodal fit consistently and
slightly underestimates the condensate fraction, although it
lies indeed close to the computed condensate fractions when
applied to the TeGPE profiles. Regardless, we see that the
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fit quantitatively captures the width of the condensate and
depleted distributions, and also gives a solid approximation
of the density at the center of each distribution.

Our formalism is capable of estimating the critical temper-
ature of the condensate for a fixed total number of molecules
N . This is done by solving Eq. (1) at different temperatures
to find the one for which N = Nd, with Nd the number of
depleted molecules. To further characterize the coldest con-
densate obtained in the experiment of Ref. [6], we perform
calculations for a system of N = 289 particles and find that
the condensate should disappear at T � 9.8 nK.

B. Density profiles after TOF

To further characterize the system, one can have a look
at the molecular density profile. As stated previously, in the
experiment of Ref. [6], the column densities of the molec-
ular cloud are measured after a TOF expansion of 17 ms.
To compare our density profiles with the experimental ones,
therefore, we need to simulate this TOF expansion. Solving
the TeGPE in the presence of the trap allows us to find the
lowest free-energy quantum state. Subsequently, taking its
solution as an initial state, we can approximately simulate the
TOF expansion of the system by solving the time-dependent
TeGPE (tTeGPE) when the trap is removed, which is given by

ih̄
∂ψ

∂t
=

(
− h̄2∇2

2m
+ U (r)

)

+
∫

dr′V (r − r′)(|ψ (r′, t )|2 + ρd(r′, t ))

+ Hqu(r, t ) + Hth(r, t ))ψ (r, t ), (17)

= K̂ψ (r, t ) + V̂TeGPE(r, t )ψ (r, t ). (18)

where K̂ = P̂2

2m is the kinetic energy operator. In principle, this
equation must be solved simultaneously while numerically
performing the time evolution of the noncondensed density
ρd(r, t ), which is governed by the time-dependent Bogoliubov
equations. However, the depleted cloud is obtained under
the local density approximation, which ignores the trapping
potential away from the low-density regions. Since the Hamil-
tonian that is used in the time evolution has the trapping
potential removed, we assume that the depleted cloud remains
unchanged during the TOF expansion, and compute the time
evolution of the condensate component by solving Eq. (17)
for the static distribution of noncondensed molecules.

In practice, to implement the real-time evolution, we apply
the time-evolution operator to the wave function iteratively,
which we split as

Ôt � exp

[
−i

V̂TeGPE
t

2h̄

]
exp

[
−i

K̂
t

h̄

]

× exp

[
−i

V̂TeGPE
t

2h̄

]
, (19)

which is exact up to order 
t2. If the time step is small
enough, we can use the initial state at every iteration to com-
pute VTeGPE(r, t ), which depends on the density. The terms of
the propagator that contain the potential are applied in position

FIG. 4. Ground-state (dashed line) and time-evolved density pro-
files (solid line) obtained, respectively, from the solution of the
TeGPE and the tTeGPE. The time evolution corresponds to a 17-ms
TOF expansion. Dots indicate the experimental density distribution
of Ref. [6]. The number of particles is N = 289, while the tempera-
ture is T = 6 nK.

space, while the kinetic term is applied in momentum space by
using a fast Fourier transform algorithm.

We show in Fig. 4 the tTeGPE result after the TOF
expansion, together with the TeGPE ground-state and post-
TOF experimental density distributions, for the coldest point
recorded in the experiment (N = 289, T = 6 nK). Remark-
ably, we obtain an excellent agreement between theory and
experiment. Moreover, we see that, for the case shown, where
the condensate fraction is fc � 0.6, the expansion dynamics
are mostly governed by the molecules in the condensate, de-
spite the presence of a significant thermal cloud.

C. Peak density

We estimate the peak density from the ground-state density
profiles (no TOF expansion is performed) and compare it to
the experimental results in Fig. 5. It must be remarked that the
authors in Ref. [6] use the number of condensed molecules
after the TOF expansion to obtain the peak density of the
system before the expansion. They use the expression

ρpeak = 152/5

8π
[m3ω3Nc/(h̄3a3/2)]2/5, (20)

where Nc is the number of condensed molecules and ω =√
ωxωyωz is the geometric mean of the trapping frequen-

cies. This expression ignores both the effect of the DDI
and the presence of the thermal cloud [34]. From the re-
sults, we see that the TeGPE estimates lie relatively close
to the experimental ones for the highest values of the con-
densate fraction, while the agreement worsens for the largest
temperatures/lowest condensate fractions, mainly due to the
experimental results neglecting the thermal cloud. Because
of this, we also include the values for the peak density of
the condensate alone (squares in Fig. 5). In this case, we
find excellent agreement with the experimental results at all
temperatures.

033080-5
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FIG. 5. Peak density of the molecular condensate under the ex-
perimental conditions of Ref. [6]. The horizontal axis corresponds to
the total number of particles, while the color bar indicates the temper-
ature. The “TeGPE” results correspond to the peak density of the total
cloud obtained from a TeGPE simulation, while the “TeGPE cond.”
results correspond to the peak density of the condensate molecules
alone. Note that the experimental estimation does not account for the
effect of the DDI nor the thermal cloud [6,34].

D. The pseudopotential and the intermolecular interaction
under double MW shielding

The full nature of the intermolecular interaction in the
experiment is not disclosed in Ref. [6]. However, Refs. [35,36]
shed more light on this question. The long-range part of the
interaction between molecules under a circularly polarized
microwave (MW) field σ+ and a linearly polarized MW field
π can be expanded in spherical harmonics (see Eq. (24) of
Ref. [35]):

Vlong(r) = −2
∑

m

(
dm

eff

)2 Y m
2 (θ, φ)

4πε0r3
, (21)

where r is the relative position vector between two molecules,
θ and φ are the polar and azimuthal angles, respectively, and
Y m

2 (θ, φ) is the l = 2, m spherical harmonic. The z axis is
taken here as the direction of the polarization. Using the con-
vention of Ref. [35], the effective dipole moment in Eq. (21)
can be either a real or an imaginary number, depending on the
sign of the effective dipole length am

dd = m(dm
eff )2/(12π h̄2ε0)

associated with each partial wave channel. In the absence of
ellipticity, the interaction is just given by the m = 0 term,
while the magnitude and sign of the effective dipole length a0

dd
can be changed by tuning the Rabi frequencies and detunings
of the MW fields (it can also be completely canceled) [35,36].
Thus, in this case, the long-range part of the interaction corre-
sponds to the standard dipole-dipole interaction for dipoles
polarized along the z axis for a0

dd > 0 and the anti-dipolar
interaction for a0

dd < 0. In this sense, the interaction employed
in our work matches the intermolecular interaction for zero
ellipticity and a0

dd > 0. In this case, we can relate the effective
dipole moment d (0)

eff with the Rabi frequencies and detun-
ings employed in the experiments to achieve the double MW
shielding. By comparing Eq. (21) with Eq. (21) of Ref. [36],

FIG. 6. Ground-state density distribution of the molecular con-
densate for the coldest experimental point (N = 289, T = 6 nK,
εdd = 0.83) for a system of dipoles polarized along the z axis (α = 0,
blue line with markers) and for a system polarized along the x axis
(α = π/2, orange markers). Here, α is the tilting angle of the dipoles
in the x-z plane.

we obtain

d (0)
eff =

√
−1

3

√
π

5
d2(3 cos(2β ) − 1) cos2 α sin2 α, (22)

where d is the bare dipole moment of the molecules and α

and β are two Euler angles, which depend on the detunings
(δσ , δπ ) and Rabi frequencies (�σ , �π ) of the σ+ and π

polarized fields. These Euler angles arise from the diagonal-
ization of the single-molecule Hamiltonian in the presence
of the aforementioned fields, and their dependence on the
parameters �σ ,�π, δσ , and δπ is not analytical.

While we have assumed the dipoles to be polarized along
the z axis, the polarization direction of the dipoles in the
experiment is unknown, as mentioned in the supplementary
information of Ref. [6]. In order to quantify the effect of the
polarization in our results, we have performed calculations
at the coldest experimental point (N = 289, T = 6 nK) for a
system of dipoles polarized along the x axis (see Fig. 6). Our
results show that the TeGPE density profile is only slightly
affected by drastically changing the polarization. Moreover,
the condensate depletion is only modified by � 0.01. This
means that the uncertainty in the polarization direction does
not change the physical picture presented in this work.

Lastly, the short-range part of the full intermolecular po-
tential corresponds to a term decaying with the intermolecular
distance as ∼1/r6 and anisotropic, with a dependence on θ

at zero ellipticity [36]. In our work, we have considered a
pseudopotential of the form [7,37]

V (r) = 4π h̄2a

m
δ(r) + Vdd(r), (23)

with Vdd(r) given in Eq. (2). This is a good approximation
as long as the generalized scattering lengths am=0

l are in-
sensitive to the anisotropy of the short-range potential for
l > 0 (see Ref. [38]). While we cannot explicitly check this,
because we do not have access to the full intermolecular
potential, we performed T-matrix calculations employing the
intermolecular potential under a single, circularly polarized
MW field of Ref. [38] and checked that these scattering
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lengths are unaffected by the short-range anisotropy. There-
fore, it is reasonable to assume that the same will happen
for the doubly MW shielded interaction at zero ellipticity,
since the dependence on the intermolecular distance of the
short- and long-range parts of the interaction is the same, and
there is only anisotropy through a dependence on θ in both
cases. Thus, we can argue that the pseudopotential employed
in our work is accurate enough to describe the experimental
system.

IV. CONCLUSIONS

In conclusion, we have employed the temperature-
dependent extended Gross-Pitaevskii equation to theoretically
model the condensate of dipolar molecules of Ref. [6]. We
have reported calculations for the condensate fraction that
are in excellent agreement with the experimental values. We
have also obtained excellent agreement with the experimental
density profile after a 17-ms TOF expansion in the coldest
experimental conditions, where the condensate fraction is the
highest. Moreover, we have reported results for the peak
density of the condensate component, and found excellent
agreement between our results and the experimental ones,
which neglect the presence of the thermal cloud. We also
provide the values of the peak density accounting for the
presence of such thermal density of depleted molecules.

Our results, thus establish the validity of Bogoliubov the-
ory and the TeGPE for the description of the molecular
condensates in the dilute regime, away from strong dipolar
interactions, which need exact ab initio methods like quantum
Monte Carlo algorithms to be properly described [7]. Even
in the regime considered in this work, slight quantitative im-
provements in regard to the density profiles and peak densities
could be achieved by means of quantum Monte Carlo sim-
ulations, which are able to exactly account for the excited
thermal cloud. Moreover, the use of these methods can also
allow for the quantification of the superfluid density present
in the system.

We believe that the control of dipolar molecular conden-
sates will open interesting research avenues in the near future.

Future work should address the study of dipolar molecules
in the strongly dipolar regime, where the enhanced dipolar
moment will play a dominant role. Although it is difficult to
anticipate all the possibilities that these systems will offer,
a direct comparison with magnetic atom setups can give us
some insight. First, as it happens with dipolar atoms, the
formation of self-bound molecular clusters (droplets) is ex-
pected to occur. However, the critical number of molecules
to form them can be up to ten times smaller than the one
observed in experiments with Dy and Er atoms [7]. Second,
while a supersolid state formed by arrays of atomic clusters
has been experimentally realized, it is still unclear whether
the smaller, and more correlated, molecular dipolar clusters
are able to maintain phase coherence between them or, on the
contrary, they will form an insulating state. Finally, in dipolar
condensates of magnetic atoms, it has been observed that a
supersolid state can be reached after heating a gaseous BEC
by increasing the temperature in the nK regime [21]. Thus, a
third important line of research will be to elucidate whether
the balance between thermal fluctuations, quantum correla-
tion, and anisotropic interaction can lead to the observation
of similar exotic phenomena in molecular dipolar condensate.
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